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A new theorem on exponential stability of
periodic evolution families on Banach spaces *

Constantin Buge & Oprea Jitianu

Abstract

We consider a mild solution vy(-,0) of a well-posed inhomogeneous
Cauchy problem o(t) = A(t)v(t) + f(¢), v(0) = 0 on a complex Banach
space X, where A(-) is a 1-periodic operator-valued function. We prove
that if vs(-,0) belongs to APy(R4, X) for each f € APy(R4+, X) then for
each z € X the solution of the well-posed Cauchy problem () = A(t)v(t),
u(0) = x is uniformly exponentially stable. The converse statement is also
true. Details about the space APy(R4, X) are given in the section 1, be-
low. Our approach is based on the spectral theory of evolution semigroups.

1 Introduction

Let X be a complex Banach space and £(X) the Banach algebra of all linear and
bounded operators acting on X. The norms of vectors in X and of operators in
L(X) will be denoted by || - ||. Let R4 the set of all non-negative real numbers
and let J be either R or Ry. The Banach space of all X-valued, bounded and
uniformly continuous functions on J will be denoted by BUC(J, X), and the
Banach space of all X-valued, almost periodic functions on J will be denoted
by AP(J,X). It is known that AP(J,X) is the smallest closed subspace of
BUC(J, X) containing functions of the form

t— fua(t) = eMg:J—X, peR, zeX,

see e.g. [14]. The set of all X-valued functions on Ry for which there exist
ty > 0and Fy € AP(Ry, X) such that f(t) =0if t € [0,t¢] and f(t) = Fy(t) if
t > t; will be denoted by Ag(R4, X). Let APy(Ry, X) the smallest closed sub-
space of BUC(R, X) which contains Ay(R, X). The subspace of BUC(J, X)
consisting of all X-valued, continuous, 1-periodic functions such that f(0) =0
will be denoted by PP (J, X). An X-valued, trigonometric polynomial function
is given by
t—p(t) = Z ke le, R — X, ¢, €C,up € Rz € X.

k=—n
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The set of all functions f on Ry for which there exist {; > 0 and a X-valued,
trigonometric polynomial function py such that f(¢) =01if ¢t € [0,¢f] and f(t) =
py(t) if t > ¢y will be denoted by TPy(R4,X). It is clear that TFPy(R4, X)
is a subset of Ag(Ry,X) and PY(R4, X) is the closure in BUC (R4, X) of a
part of TPy(Ry, X). Let T = {T'(t) : t > 0} C L(X) be a strongly continuous
semigroup on X and A : D(A) C X — X its infinitesimal generator. It is well
known that the Cauchy problem

a(t) = Au(t) ¢>0

u0)=2z, ze€X (L1.1)

is well-posed (see [22, 23, 15] and the references therein for the well-posednness
of abstract differential equations) and the mild solution of (1.1) is given by
u(t) = T(t)x,(t > 0). Moreover, for a locally Bochner integrable function
f Ry — X, the mild solution of the inhomogeneous Cauchy Problem

a(t) = Au(t) + f(t), t>0,
u0) =y, yeX

is given by ,
urlt) =Ty + [ Te-0f©d t>0
In particular the Cauchy problem
u(t) = Au(t) + ezt >0,
u(0) =0,

where 4 € R and x € X, has the solution

t
up(t,0) = uy ,(t) = /0 T(t—&)eeade, t>0.

The Datko-Neerven’s theorem ([8, 18]) states that a strongly continuous semi-
group T = {T'(t) : t > 0} C L(X) is exponentially stable, that is, there exist the
constants N > 0 and v > 0 such that

IT(#)|| < Ne ¥ forall t >0,

if and only if it acts boundedly on one of the spaces LP (R, X) or Co(Ry, X) by
convolution. With other words if X is one of the spaces LP (R4, X) or Co(R4, X)
then the strongly continuous semigroup T is exponentially stable if and only if
for each function f € X the solution uy(-,0) belongs to X. Here Co(R4,X) is
the space consisting of all X-valued, continuous functions vanishing at infinity,
endowed with the sup-norm, and LP?(R;,X), 1 < p < oo, denotes the usual
Lebesgue-Bochner space of all measurable functions f : Ry — X identifying
functions which are equal almost everywhere and such that

1= ([ hrepas) ™ < o
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When X is a complex Hilbert space the Neerven-Vu’s theorem ([19, 20, 24])
states that the strongly continuous semigroup T on X is exponentially stable if
and only if

sup sup ||uy.(t)|| = M(z) < oo for each z € X. (1.2)
HER >0
In fact Neerven and Vu showed that if (1.2) holds then the resolvent R(\, A) :=
(A — A)~! exists and is uniformly bounded in {\ € C: Re()\) > 0}. This result
is valid for semigroups defined on Banach spaces. The Gearhart-Priiss-Herbst-
Howland’s theorem (see [10, 11, 12, 13, 21, 25]) states that for semigroups on
Hilbert spaces the uniform boundedness of the resolvent in {Re(\) > 0} implies
the exponential stability. A short history of these results and many more details
about their relationships with abstract differential equations can be found in
[2, 4, 24].
For a well-posed, non-autonomous Cauchy problem

u(t) = A(t?(t% t=0, (1.3)

u(0) = reX

with (possibly unbounded) linear operators A(t), the mild solutions lead to an
evolution family on Ry, U = {U(t,s): t > s> 0} C L(X), that is:

(e1) U(t,r)=U(t,s)U(s,r) forallt > s>r>0and U(t,t) = I for any t > 0,
(I is the identity operator in £(X));

(e2) the maps (t,s) — U(t,s)z : {(t,s) : t > s > 0} — X are continuous for
each z € X.

An evolution family is exponentially bounded if there exist w € R and M, > 0
such that
|U(t,s)|| < Mye“*=*), forall t > s >0, (1.4)

and ezponentially stable if (1.4) holds with some negative w. If the evolution
family U verifies the condition
(e3) U(t,s) =U(t—s,0) forall t > s >0,

then the family T = {U(¢,0) : t > 0} C £(X) is a strongly continuous semigroup
on X. In this case the estimate (1.4) holds automatically. If the Cauchy problem
(1.3) is 1-periodic, that is, A(t+1) = A(¢t) for every ¢ > 0, then the corresponding
evolution family U is 1-periodic, that is,

(e4) Ut +1,s+1)=Ul(t,s) forall t > s > 0.

Every 1-periodic evolution family is exponentially bounded, see for example ([5],
Lemma 4.1). For a locally Bochner integrable function f : Ry — X, the mild
solution of the well-posed, inhomogeneous Cauchy problem

o(t) = A(t)v(t) + f(t), t=0,
u(0) =z



4 stability of periodic evolution families EJDE-2003/14

is given by

ve(t,x) == U(t,0)z +/0 U(t,7)f(r)dr, (t>0).

We also consider evolution families on the line. We shall use the same notations
as in the case of evolution families on R except that the variables s and ¢t can
take any value in R. For more details about the strongly continuous semigroups
and evolution families we refer to [9]. The Datko-Neerven’s theorem can be
extended for evolution families in the both cases, on the line and on the half-
line, see the papers ([8, Theorem 6], [17, Theorem 2.2], [7], or the monograph
[6]. Tt seems that the Neerven-Vu’s theorem cannot be extended for periodic
evolution families, but some weaker results, which will be described as follows,
hold.

We recall the notion of evolution semigroup. For more details we refer to
[6, 7] and references therein. Let U = {U(t,s) : t > s € R} be a 1-periodic
evolution family, ¢ > 0, and G € AP(R, X). The function given by

s—= (S#)G)(s) =U(s,s —t)G(s —t) : R — X, (1.5)

belongs to AP(R,X) and the one-parameter family S = {S(t) : t > 0} is a
strongly continuous semigroup on AP(R, X), see for example [16]. S is called
an evolution semigroup on AP(R, X).

2 Results

Lemma 2.1 Let f € APy (R, X), 7> 0andU = {U(t,s) :t > s € R} C L(X)
be a l-periodic evolution family of bounded linear operators on X. Then the
function S(7)f given by

{U(s,s—T)f(S—T)a fs=>T (2.1)

0, f0<s<r

belongs to APy(R, X).

Proof First we prove that S(7)g € Ao(Ry, X) for any ¢ in Ag(R4, X). Let
ty and Fy (as in the definition of the set Ag(Ry, X)). Let tgr)y := 7+t
and Fgryg = U(,- = T)Fy(- — 7). If 7 <5 < 7+1t, then g(s —7) =0
and [S(7)g](s) = 0. Moreover, if s > 7+t then g(s — 7) = Fy(s — 7) and
therefore [S(7)g](s) = Fg(r)¢(s). Thus S(1)g € Ao(Ry,X). Let now ¢ > 0
and g € Ag(Ry, X) such that ||f — gllpuc®,,x) < & Then S(7)g belongs to
Ag(R4, X)), and

I15(r)f = S(MgllBuce, x) = swp [[U(s; s = 7)lf(s = 7) = g(s = 7l

< Me“"sup ||f(s —7) —g(s —7)|| < Me“"e.

s>T
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This completes the proof. O

Now, it is easy to see, that the family {S(7) : 7 > 0} is a semigroup of linear
and bounded operators on APy(R, X).

Lemma 2.2 LetU be an 1-periodic evolution family of bounded linear operators
on X. The semigroup S = {S(¢t) : t > 0} associated to U on APy(R,, X)),
defined in (2.1) is strongly continuous.

Proof For each f € APy(R4, X) and any 7 > 0, we have

IS(T)f = fllare..xy < sup  [[f(s)l+  sup  [[(S(7)f)(s) = F(s)ll

sE[tf,T-i-tf] sE[t—i—tf,oo)

< |IS(T)Fy = Frllapm,x) + Sw 1 (s)1I-
selty, T+ty

The last term tends to 0 when 7 — 0, because the semigroup S (which is defined

in (1.5)) is strongly continuous, the function f is uniformly continuous on R,
and f(ty) =0. O

The semigroup S is called an evolution semigroup associated to U on the
space APy(R,4, X). The main result of the our paper is the following theorem.

Theorem 2.3 Let U = {U(t,s) : t > s € R} be an I-periodic evolution family
of bounded linear operators acting on X. The following two statements are
equivalent:

(i) U is exponentially stable;

(i1) vs(-,0) belongs to APy(Ry, X) for each f € APy(Ry, X).

The following Lemma is the key tool in our proof of (i) implies (ii) from
Theorem 2.3.

Lemma 2.4 Let U = {U(t,s) : t > s € R} be a 1-periodic evolution family
of bounded linear operators on X, S = {S(t) : t > 0} the evolution semi-
group associated to U on the space APy(Ri, X), defined in (2.1), (G, D(G)) the
infinitesimal generator of S and u and f € APy(R4,X). The following two
statements are equivalent:

(j) uw € D(GQ) and Gu = —f;

(77) u(t) = fot U(t,s)f(s)ds for all t > 0.

Proof This Lemma can be shown as in [17, Lemma 1.1]. For sake of complet-
ness we present the details.
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(j) implies (jj). For each t > 0, S(t)u —u = fg S (&) Gudg; therefore,

t

u(t) = (S(tyu)(£) — ( / S(€)Gude) ()

— U(t,0)u(0) /0 U(t,t — €)(Gu)(t — €) de
— [vtt-ose-9dc= [ vt
0 0
(jj) implies (j). Let t > 0 be fixed. We prove that
%(—S(t)u +u) = % /0 S(r) fr. (2.2)

If s > t, we have:

S0+ u)(s) = 1[-Uls, s~ Duls — 1) +u(s)

= 1[/5 U(s,7)f(r)dr — /051t U(s,)f(7)dr]

t"Jo
zllf/otU(&s—r)f(s—r)dr

1 t
=3[ seang.

If 0 < s < t, we have

S0+ u)(s) = Juls) = 1/0 U(s,7)f (r)dr

= 1 /OSU(s,s—r)f(s—r)dr
1 S
=3[ swypans)
=3[ styranye)
Passing to the limit as ¢ — 0 in (2.2) we get the conclusion (j). O

Recall that o(L) denotes the spectrum of the bounded linear operator L
acting on X, and p(L) := C\ (L) is the resolvent set of L. The spectral radius
of Lisr(L) := sup{|A| : A € 0(L)} and the spectral bound is s(L) := sup{Re(A) :
A € o(L)}. For the proof of the following result see for example ([1], Proof of
Theorem 4 and Lemma 3).

Theorem 2.5 Let U = {U(t,s) : t > s} be a l-periodic evolution family on
the Banach space X, V := U(1,0) the monodromy operator and S the evolution
semigroup associated to U on the space AP(R, X), given in (1.5). The following
four statements are equivalent:
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(i) U is exponentially stable;
(i) r(V) < 1;
(ii1) suppen || Yopeo €MFVF| = M, < oo, for all p € R;

(iv) for each f € PP(Ry,X) and each p € R the function
t— fot Ul(t,s)e” s f(s)ds is bounded on R

Proof of Theorem 2.3 (i) implies (ii). Let S denote the evolution semigroup
associated to U on the space APy(Ry,X), defined in (9) and (G, D(G)) its
infinitesimal generator. U is exponentially stable, that is, (2.1) holds with some
negative w for every pairs (¢,s) with ¢ > s, so wo(S) is negative and 0 € p(G).
Then G is an invertible operator. It follows that for every f € APy(R;, X) there
is u € D(G) such that Gu = —f. Using Lemma 2.4 it results that u = vs(-,0),
so vs(-,0) belongs to APy(R4, X).

(i) implies (i). Let p € R and f € PY(R4,X). The function ¢ — e ™! f(t)
belongs to the space APy(R4, X). Thus the function t — fot Ul(t,s)e s f(s)ds
is bounded on R, because it belongs to the space APy(Ry,X), too. Using
Theorem 2.5 ((iv) implies (1)), it follows that U is exponentially stable. O

Remark 2.6 Combining the equivalence between (i) and (iv) from Theorem 2.5
with the result from Theorem 2.3 it is easy to see that an evolution family U, as
in Theorem 2.3, is exponentially stable if and only if for each f € APy(Ry, X),
the solution vs(-,0) is bounded on Ry.

3 Applications

An immediate consequence of Theorem 2.3 is the spectral mapping theorem for
the evolution semigroup S on APy(R, X). Similar results can be found in ([17],
Theorem 2.2) for evolution semigroups on Coo(Ry, X) and in [2, Theorem 5] for
evolution semigroups on AAP)(R,, X). Here Coo(R, X) denotes the space of
all X-valued continuous functions on R such that f(0) = lim; o f(¢) = 0 and
AAPy)(R4, X) is the space of all X-valued functions h on Ry such that h(0) =0
and there exist f € Co(R4, X) and g € AP(Ry4, X) such that h = f + g.

Theorem 3.1 LetU be a 1-periodic evolution family of bounded linear operators
on X. The evolution semigroup S associated to U on APy(R4, X) satisfies the
spectral mapping theorem, as follows

(@) = 5 (S(t)\ {0}, t>0.
Moreover, o(G) = {\ € C: Re()) < s(G)}, and

o(S(t) ={A €T |\ <r(S(t)}, forallt>o0.
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Another application of Theorem 2.3 is the following inequality of Landau-
Kallman-Rota’s type. For more details about the theorems of this form, see
[3] and [2]. Let Y one of the following spaces: Cpo(Ry,X), AAPy(R4, X), or
APy(R4, X).

Theorem 3.2 LetU = {U(t,s) : t > s > 0} be a 1-periodic evolution family of
bounded linear operators acting on X and let f € Y. Suppose that the following
conditions are fulfilled:

(i) vy(-,0) = [y U(,5)f(s)ds belongs to V;

(i) wy(-) == [,(- = s)U(-,s)f(s)ds belongs to Y.

If sup{||U(t,s)|| :t>s>0} =M < oo then
lvg (- 0)I3 < 4M? ([ flly - ws()lly-

For the proof of Theorem 3.2 in the cases Y = Cpo(R4, X) or Y = AAP (R4, X)
we refer the reder to ([3, 2]). The last case can be obtained in a similar way.
The hypothesis from the Neerven-Vu’s theorem can be formulated as follows:

There exist a positive constant K such that

t

sup | [ T(§e " xd]| < K|le™ x| puc,,x),
>0 Jo

for all x € X.

Then the following result is natural.

Theorem 3.3 Let U = {U(t,s) : t > s € R} be a 1-periodic evolution family
of bounded linear operators acting on X. The following two statements are
equivalent:

1. U 1is exponentially stable;

2. for each p € TPy(Ry, X) the solution vy(-,0) belongs to APy(Ry, X) and
there exists a positive constant K such that

[op(, 0)lapy s x) < Kllpllar @y ,x)- (3.1)

Proof The proof of 1 = 2 is obvious. We will prove that 2 implies 1. Let f €
APy(Ry, X) and p, € TPy(R4, X) be such that the sequence (p,,) converges to
fin APy(R4, X). From (3.1) it follows that (v, (+,0)) converges in APy(R4, X).
On the other hand it is easy to see that (vp, (+,0)) converges pointwise to v (-, 0).
Thus vs(-, 0) lies in APy(R4,X) and the assertion follows from Theorem 2.3.
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