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SOLVABILITY OF A (P, N-P)-TYPE MULTI-POINT
BOUNDARY-VALUE PROBLEM FOR HIGHER-ORDER
DIFFERENTIAL EQUATIONS

YUJI LIU & WEIGAO GE

ABSTRACT. In this article, we study the differential equation
()" PzM™ @) = f(t,z(t), 2 (¢),..., 2" V@), 0<t <1,
subject to the multi-point boundary conditions
1‘“)(0) =0 fori=0,1,...,p—1,
z(i)(l) =0 fori=p+1,...,n—1,

Z a;zP) (&) = 0,
i=1

where 1 < p < n — 1. We establish sufficient conditions for the existence of at
least one solution at resonance and another at non-resonance. The emphasis
in this paper is that f depends on all higher-order derivatives. Examples are
given to illustrate the main results of this article.

1. INTRODUCTION

In recent years, there have been many studies concerning the solvability of multi-
point boundary-value problems for second order differential equations at resonance
case; see for example [14, 15, 17, 20, 21, 22, 26] and the references therein. However,
there has no publication concerning the solvability of multi-point boundary-value
problems for higher order differential equations at resonance.

In this paper, we consider the differential equation

(=) P @) = f(t,2(t),2'(t),..., 2" V@), 0<t<1, (1.1)
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subject to the boundary conditions
P0)=0 fori=0,1,...,p—1,
tP(1)=0 fori=p+1,...,n—1,

> () =0,
=1

where f:[0,1] x R™ — R is continuous, m > 2, n > 2 are integers, 1 <p <n —1
is a fixed value, a; ER (i =1,2,...,m) and 0 < & < & < -+ < &, < 1 are fixed.
When 31" a; # 0, the linear operator La(t) = (—1)" Pz (t), defined in a
suitable Banach space, is invertible. This is called the non-resonance case; other-
wise, it is called the resonance case.
Ifn=3 m=1,p=1, f(t,z,y) = g(z) and 0 < & < 1, the boundary-value
problem (1.1)—(1.2) becomes

" (t) = g(x), 0<t<l,
z(0) = 0,12’ (&1) =0, 2”(1) =0,

(1.2)

(1.3)

where ¢ is continuous. Anderson [8] studied the existence of multiple positive
solutions of (1.3) when ay # 0.
The boundary-value problem

2™ (t) = ftx(t), 0<t<L,
;L'(Z)(O) :O’ fOI‘i:O,ly--wpi]" (14)
x(i)(l)zo fori=p,...,n—1,

is called the (p,n — p) right focal boundary-value problem [1, 3, 4, 5, 7, 13, 18], and
is a special case of (1.1)-(1.2). Many authors studied (1.4) and its special cases;
see for example [1, 13, 18, 29]. We remark that in the papers mentioned above, f
depends only on ¢t and x(t), or on ¢ and even order derivatives z(t), 2" (t),. ... Since
(1.1)—(1.2) is a generalization of (1.4), we call this (p,n — p)-type boundary-value
problem.

To the best of our knowledge, (1.1)—(1.2) has not been studied till now. Mo-
tivated and inspired by [10, 15, 19, 25], we establish sufficient conditions for the
existence of at least one solution of (1.1)—(1.2) at resonance and another solution
at non-resonance. The emphasis in this paper is that f depends on all higher-order
derivatives. The method used is based on the coincidence degree method developed
by Gaines and Mawhin [16] and on Shaeffer’s theorem [27].

This paper can be placed in the existence theory of boundary-value problems for
ordinary differential equations. The foundations and many important results on this
theory were established by Agarwal, O’Regan and Wong, whose scientific output
is summarized in the monographs [1, 6]. It is observed that this particular branch
of differential equations has been developed and gained prominence since the early
1980s. In recent years, many authors have discussed the boundary-value problems
at non-resonance or resonance for second-order differential equations [1, 16, 21, 26].

This paper is organized as follows. In Section 2, we establish existence results
for solutions of (1.1)—(1.2) at resonance. In section 3, we show the existence of
solutions of (1.1)—(1.2) at non-resonance. In section 4, we give some examples to
illustrate the main results of this paper.
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2. SOLVABILITY OF (1.1)—(1.2) AT RESONANCE

In this section, we establish sufficient conditions for the existence of at least one
solution of (1.1)—(1.2) in the resonance case, i.e. > ", ; = 0. In this case, the
operator Lz(t) = (—1)""Px(™(t) is not invertible. We assume that >°;*, a2 # 0.
For convenience, we first introduce some notation and an abstract existence theorem
proved by Gaines and Mawhin [16].

Let X and Y be Banach spaces, L : dom L C X — Y be a Fredholm operator of
index zero, P: X — X, @ :Y — Y be projectors such that

ImP=kerL, kerQ=ImL, X =kerL®kerP, YV =ImL®ImQ.

It follows that
Lldgom Lrker p : dom LNker P — Im L
is invertible, we denote the inverse of that map by K,
If Q is an open bounded subset of X, domLNQ # ®, the map N : X — Y
will be called L-compact on 2 if QN () is bounded and K,(I — Q)N : Q@ — X is
compact.

Theorem 2.1 ([16]). Let L be a Fredholm operator of index zero and let N be
L-compact on Q). Assume that the following conditions are satisfied:

(i) Lx # ANz for every (z,)) € [(dom L/ ker L) N 9Q] x (0,1)
(ii) Nz ¢ Im L for every x € ker L N 9%Y;
(iii) deg(AQN’kerL7 QnNkerL,0)#0, where A : Y/Im L — ker L is an isomor-
phism.

Then the equation Lx = Nx has at least one solution in dom L N Q.

We use the classical Banach spaces C*[0,1]. Let X = C"71[0,1] and Y = %[0, 1].
The space Y is endowed with the norm |[|y|l = max;eo,1y|y(t)|. The space X
is endowed with the norm ||z|| = max{||z||sc, [|Z'locs - - - » |2 ||oc}. Define the
linear operator L and the nonlinear operator N by

L:XNdomL —Y, Lx(t)=(-1)""PzM™ (1),
N:X =Y, Nz(t)=f(tz@),21),..., 2" D),
where

dom L ={z € C"[0,1] : 2 (0) = 0 for i = 0,1,...,p — 1,
m
@) =0fori=p+1,...,n—1, Zaix@’)(@) =0}.

Lemma 2.2. The following results hold.
(i) ker L = {ct?, t € [0,1], c € R}

(i) ImL={yeY, X" o fl (s (:L 3: 1p, 1y( )ds = 0}

(iii) L is a Fredholm operator of index zero

(iv) There are projectors P : X — X and Q : Y — Y such that ker L = Im P
and ker @ = Im L. Furthermore, let Q0 C X be an open bounded subset with
QNdom L # ®, then N is L-compact on

(v) z(t) is a solution of (1.1)—(1.2) if and only if x is a solution of the operator

equation Lx = Nx in dom L.
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Proof. (i) Let = € ker L, then (™ (t) = 0 and 2 (0) = 0 for i = 0,1,...,p — 1
and (1) =0fori=p+1,...,n—1Land 3;", azP (&) = 0. It is easy to get
x(t) = ct?, thus « € {ct? : t € [0,1], ¢ € R }. On the other hand, if z(¢) = ct?, then
we find that = € ker L. This completes the proof of (i).

(ii) For y € Im L, then there is € dom L such that (—1)""Pz(™(t) = y(t) and
z@D0) =0fori=0,1,....,p—1and 2D(1) = 0fori = p+1,...,n — 1 and
S ax® (&) = 0. Thus

2@ () = / 1 wy(s)ds + A

(n—p-—1)!
Then L e
2P (&) = / ((Sn_&p)_l)!y(s)ds +Afori=1,....m
Hence . S
Zaz/ Sn__& _: ry(s)ds = 0. (2.1)

On the other hand, if (2.1) holds, we let
bt —s)p=t [t (u—s)n Pt AtP
z(t) = w)duds + —, t € [0,1].
0= [ G0r | oyt + 5 e
Then z € dom L N X and Lz = y. Thus the proof of (ii) is completed.

(i) From (i), dimker L = 1. On the other hand, we claim that there is k €
{0,1,...,m — 1} such that

3_51
Z / E— kds;«éO

In fact, if for all k € {0,1,...,m — 1}, we have

ZO"/ S_& kds—O
(n—p—1)!

It is easy to see that the determinant of coefficients of above equations is

_ n p—1
[
n p—l mxm

1 < 1 n—p—1 1 —& n—p—1 _
Je, Lg(n%—l)! ds o Jo SRmrsm s
(5=&m)" P77 )" Pt L §m)w P gm—
fgm (n—p—1)! ds ... fgm (n—p—1)! 1d5
T N L) N (B LAl
(n—p)! (n—p+1)! (n—p+2)l
L&)t
1 kk!(li‘
1—€,)" P 1—¢ n—p+1 m— 1—¢ )n—p+m—1
S RS ()T - DR
= z #0
(1_£m)nfp (1 E )n p+1 m—1 (1_£m)n—p+m71
(n—p)! —k (n—p+1)! NN (—1) (m - 1)'m
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since it can be transformed into a Vandermon dominant and 0 < & < & < -+ <
&m < 1. Hence, we get oy = -+ = ay,, = 0, which contradicts Y ;" a? #0.
Now, for y € Y, let

_gznp ! _fznp !
Yo=Y — Zaz/ > dst Z / Sn T kds).

It is easy to check that yo € ImL. Let R = {ct* : ¢t € [0,1], ¢ € R}. Then
Y =R+ImL. Again, RNImL = {0},s0 Y = R®Im L. Hence dimY/ImL = 1.
On the other hand, Im L is closed. So L is a Fredholm operator of index zero.

(iv) Define the projectors @ : Y — Y and P: X — X by

m 1 n—p—1

3 (s =&)""

Qy(t) = tk - [e%} /I my(s)ds for VRS Y7
Px(t) = P (1)tP  for z € X.

It is easy to prove that ker L = Im P and Im L = ker@. Then the inverse K,
Im L — dom L Nker P of the map L : dom L Nker P — Im L can be written by

t —1 1 n—p—1
(t—s)P / (u—s)"""
Koyt :/ u)duds for y € Im L.
In fact, for y € Im L, we have
t —1 1 n—p—1
(t—s)P / (u—s)""

LK t:L/ w)duds | = y(t).

i) =L( | =5 | s, myrvduds) =u(0)
On the other hand, for « € ker P N dom L, it follows that

(K, L) () = K, ((—1)" 2™ (1))
B t (t _ S)p—l 1 (u _ s)'n,—p—l o px w ds
—A L (—1)" 72 (u)dud

(p—1)! (n—p—1)!
:/0 (t@_s)f)!(x@)(1)+x@>(s))ds
t(t— g)P1
:/0 ((p)l)! P (s)ds
= z(t).

Furthermore, one has

QNz(t) = Qf (t, x(t), &' (t), ..., V(1))
m s — 51 n p—1 , (n—1)
_Z / = f(s,x(s),2'(s),...,x (s))ds

(n—p—1)!
and
Kp(I — Q)Nz(t)
- K, [f(t,x(t),x/(t),...,le)(t))
—Zal/ (s = &)™ Y f(s,a(s), 2 (s), ..., 2V (s))ds

(n—p-—1)!
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= (/ (Eln_s)"_i; 2w, (@), 2D )i ) ds

_ZO‘Z/ = p—l Y f(s,x(s),2'(s), ..., 2"V (s))ds

t— )P~ 1 1 _ \n—p—1
X/( 5) (/ (u—s) )ds.
o (=D \Jg (n—p-1)
Since f is continuous, using the Ascoli-Arzela theorem, we can prove that QN (Q)

is bounded and K,(I — Q)N : Q — X is compact, thus N is L-compact on (2.
(v) The proof is simple and is omitted. O

For the next theorem, we set the following asumptions:

(A1) There is M > 0 such that for any = € dom L/ ker L, if |z (¢)| > M for all
t€(0,3), then

npl

Z / (n— p—l sy ()2 (9), 2T (s)ds £ 0

(A2) There is a function a € C°[0, 1] and positive numbers a;(i = 0,1,...,n—1)
and §; € [0,1) (¢ =0,1,...,n— 1) such that

|f(t,.’£0,931, ey Tn—1 |<a +Z

fort € [O, 1] and (130,5617 - ,an_l) € R"”
(A3) There is M* > 0 such that for any ¢ € R then either
n p—1

CZ%/ = p—l Y f(s,esP,epsPTr, L epl,0,...,0)ds <0 V¢ > M*

or

m s—&"pl

-1 *
CZ%/ —p=1) = f(s,esP,epsP™, ... epl,0,...,0)ds >0 V|c| > M".

Theorem 2.3. Under Assumptions (A1)—(A3), the boundary-value problem (1.1)—
(1.2) has at least one solution.

Proof. To apply Theorem 2.1, we define an open bounded subset €2 of X so that
(i), (ii) and (iii) of Theorem 2.1 hold. To obtain 2, we do three steps. The proof
of this theorem is divide into four steps.

Step 1. Let

O ={zxedomL/ker L, Lv = ANz for some X € (0,1)}.
For x € Q, x ¢ ker L, A ;é 0 and Nz € Im L, thus QNz = 0. Then
. (n=1)
/ n— _
Z / = p—l = f(s,x(s),2'(s),...,x (s))ds = 0.
Hence by (A1), we know that there is to € (0, 3) such that |2 (t5)| < M. Thus

‘x(p)(t” < |x(p) (t0)| + ‘/ x(p+1)(s)ds
to
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1
< M+/ 2@+ (s)|ds
0

<M+ 2@V o,
ie. |z || < M + [|2®+V)] . On the other hand, it is easy to prove that
lzlloo < ll2"lloo < -+ < 12® oo and [zl < -+ < (|27 |cc

So ||z|| = max{[|2?®| s, 2" Vs }. Now, we prove that there is t; € [0,1] such
that

|x(”_1)(t1)| < w. (2.2)
In fact, if
12D (1)) > W for all t € [0,1],
then either :
2D (1) > W‘f for all £ € [0, 1] (2.3)
or
2N () < (g :fo_nlp' - forallt €0,1], (2.4)
or
2D () > W for some t € [0, 1]
R Ul T VL1 -
- (t) < T tgy=rt for other ¢ € [0,1].

It is easy to see that if (2.5) holds, there exists t; € [0,1] such that 2~V (t;) =
(n—p—1)!M/(1—t5)""P~1, thus (2.2) holds, which is a contradiction. Therefore,
for all t € [0,1], we have

e 1—t)" Pt (n—p—1)IM
_1)yn—p—1,(P) (¢ (
e RN
or
o 1-t)" Pl (n—p—1)IM
—1)—P—1,(0) (¢ _( .
O < o
Hence
() > LD (nmp = DM
(n—p—1! (1 —tg)r—r-1°
Then we obtain
_ n—p—1 —p—1)

(n—p-—1! (1 —tg)»r-1
which contradicts [z()(tg)| < M. Hence there is ¢; € [0,1] such that

—p—1)IM
(n=p-1) < 2" P Hn —p—1)IM.

(=) < 22— 27
e D)) < G <

Thus we get

t
2D (0)] < [V (1)) + | / ) (5)ds|
ty

<2 o= p = DM+ [ 5090/ (5) 0 (s)
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1 n—1 1 )
< 2n—p—1(n —p— 1)|M + / a(s)ds + Z a,i/ |x(l)(s)|ﬂid8
0 i=0 0
1 n—1
IRy AT S
0 ‘
1 P
Sgnfpfl(n_p—l)!M+/ ds+(za)|\$

0 =0

n—1
(X a)la I,

i=p+1
t
/ 2PV (s)ds
to

< M+/ 2P+ (5)|ds

and

P (1)] < [P (k)] +

_ n p—2
7M+// — _f(u,z(u), 2 (u),. ..,z (u))|duds

np2

s s,z(s),2 (s Y (s))|ds
<ot [ 60,86, )

1 sn—p—2 1 n-l (i)
§M+/ —a(s)ds + ——M— ail|z\V )| %
o -p-2n"? <n—p—1ﬁ§: ol

n—p-—2)! =
1 n—p—2
s
§M+/4————— s+ o
o<n—p—2>() 'E: ”
T, =1 (n— )! Z a;l2"~
'z =p+1
Without loss of generality, suppose that ||z(*~ Do, > 1, then
[l

SZ"‘p_l(n—p—l)!M+/ ds—|—ZazHac

@+-§: illz"~

i=p+1
1
<2 P lp—p-1)IM +/ a(s)ds + Zai(M + ||z | 0 )P
0 i=0
n—1
+ > aga Y
i=p+1

1 P
<Pl —p—1)M +/ a(s)ds + Zai(M + 2D o)
0 i=0

+Z Al

1=p+1
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It follows from f3; € [0,1) that there is M; > 0 such that ||z("~V| . < M;. Hence

1 n—p—2
S
Hﬂ«”(p)Hoo < M+/O 7(7171)72) a(s )ds+ ZaszC( )||
1 n—1
oy & o
_ |
(n—p-1! 2=

We see from above inequality and 8; € [0,1) that there is My > 0 such that

2P| < M. Hence we get ||z|| < max{M;, My} = M’. It follows that Q; is

bounded.

Step 2. Let Q3 = {z € ker L : Nz € Im L}. For = € Qy, then z(t) = ct? for some
€ [0,1]. It suffices to prove that there is M" > 0 such that |c| < M. Nz € Im L

implies

(s —&)" P~ ! 1
Z / ol ————— f(s,csP,epsP ™, ... epl,0,...,0)ds = 0.
(n—p-—

By (A3), we get |¢| < M*. Thus Qs is bounded.
Step 3. According to (A3) for any ¢ € R if |¢| > M*, then either

npl

E Q; 7‘3 S P 1,0,...,0)ds < 0 2.6
c / n—p (s,cs?,epsP™, ,epl, 0, ,0) (2.6)
or

S - 51 n p=l —1
ZO‘Z = f(s,csP,epsP ™, ..., epl,0,...,0)ds > 0. (2.7)
(n—p-—1)!
If (2.6) holds, let
Qey={xckerL: -ANz+(1-NQNzx=0, Ae€l0,1]},
where A is the isomorphism given by A(ct?) = ct* for all ¢ € R. Now, we shall show
that Q3 is bounded. Since for ct? € 3, we have
n p—1

Ae=(1-X Z / o p—l Y f(s,csP epsPTE L epl,0,...,0)ds.

If A =1, it follows from above equality that ¢ = 0. Otherwise, if |¢| > M*, in view
of (2.2), one has

_ n p—1
(1-X Zaz/ 5 51 f(s,csp,cpsp_l,...,cp!,O,...,O)ds<O,

which contradicts A¢ > 0. Thus 3 is bounded.
If (2.7) holds, let

Qs={xe€kerL: ANz+ (1 - XN)QNx =0, A €[0,1]}.

Similarly to above argument, we can prove that (23 is bounded.

Next, we show that all conditions of Theorem 2.1 are satisfied. Set 2 be a open
bounded subset of X such that Q@ D U3_;Q,. By Lemma 2.2, L is a Fredholm
operator of index zero and N is L-compact on Q. From the definition of €, we have
the first two conditions for Theorem 2.1:

e Lz # ANz for z € (dom L/ ker L) N9 and X € (0,1)
e Nz ¢ ImL for z € ker L N ON.
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Step 4. We shall prove the third condition for applying Theorem 2.1:
b deg(QleerL> QN ker L, 0) 75 0.

Let H(z,A\) = £A Az + (1 — N)QNzx. According the definition of 2, we know
H(xz,\) # 0 for x € 9Q Nker L, thus by homotopy property of degree,

deg(QNlker L,Q Nker L,0) = deg(H(-,0), 2 Nker L, 0)
=deg(H(-,1),2Nker L,0)
= deg(£A, QNker L,0) # 0.

Thus by Theorem 2.1, Lz = Nz has at least one solution in dom L N Q, which is a
solution of (1.1)—(1.2). O

For the following theorem, we need the following assumptions:

(A4) There exists M > 0 such that for all 2 € dom L if |2®)(t)| > M for all
t €[0,1], then

—-p

n 1—
E: l/ n—l—- st )6 )ds £ 0

(A5) There exists ag € C°[0, 1] and non-negative numbers a; such that

n—1

|f(t,$0,x1,.. sy Tn—1 |<a0 +Zaz|xz

for all ¢ € [0,1] and (xq,...,Zn—1) € R™.

Theorem 2.4. Under Assumptions (A3), (A4), (A5), the boundary-value problem
(1.1)~(1.2) has at least one solution provided that

p n—1
Zai<(n—l—p)!, Zai<17
i=0 i=p+1

n—1
(Zf:o ai) (Zi:p+1 ai) )
i <
Za (n—1-p!=3" a

i=p+1

Proof. The proof is similar to that of Theorem 2.3. We need to do four steps. Let
Q;(i =1,2,3) be defined in the proof of Theorem 2.3.
Step 1. Prove that €y is bounded. For z € Qq,

n 1-p
Z / f(s, z(s),2'(s),..., 2"V (s))ds = 0.
(n— 1 —
It follows from (A4) that there is to € [0, 1] such that |z()(t5)| < M. On the other
hand, z € ; implies
£ (8) = A (b 2(0), 2 (1), ., e D (1), e (0,1).
Integrating it from 0 to ¢ if p <n — 2, or from ¢y to t if p=n — 1, we get
n-1) (4 |21 (0) + )\fg a(s),...,""V(s))ds| forp<n-—2,
|$ )= ’ (n— 1) (n—1) _
x —l—)\ft z(s),...,x (s))ds| forp=n—1
Jo |£(s,2( w("_l)(S))ld&
M—|—f0 \f s x( ), $(”71)(5))|d5



EJDE-2003/120 SOLVABILITY OF A (P,N-P)-PROBLEM
1 n—1
0 i=0
1 n—1 1
< M+/ ao(s)ds + Zai/ 12 (s)|ds.
0 : 0

It is easy to see that z()(¢)] < ||z || for i = 0,1,...,p and |z (t)] < 2"V
foralli=p+1,...,n—1and ¢t € [0,1]. Hence

(n—1) ' - (p) (n—1)
n— D n—
D010+ [ alo)ds+ (3 as) o] +(§j D™

1=0 i=p+1
Thus
1 p n—1
||gc(n—1)||C>O < M+/ s)ds + (Za >||x P)|| ( Z ai)||x(n_l)”oo
0 i=0 i=p+1

On the other hand, we have

1 _ f\n—1—p
2P (1) = A/t Mf(s,x(s),...,m("1>(s))d5.

Integrating from ¢y to ¢, we get

2P @) = [+ (o) + A | osals),alm(s)ds

= M+/ / n__ e (s )

M / 1£(5,2(5), .., 2D (s)|ds

(n—1-p)

§M+(n_11_p)(/ ao(s ds+Zal|x |ds)

Similarly, we get

1 _

i=p+1
Hence
n—1 1 »
(1 - > a@)\lgg(nfl)Hoo < M+/ s)ds + (Za )”x oo,
i=p+1 —
P
(
(1- = 2 o) Il
1=0
1 1 n—1
SM—i-i(/ ap(s)ds + ;|2 Oo).
o1\, ©0) i:,;_,, |z
Thus we get from the assumptions of the Theorem 2.4
n—1 1 ) .
(1— Z a1>|‘m("—1)”00 §M+/ ao(s)ds+ 7, oY [M
= 0 1— —— IZ: a;
i i im0
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n—1

+(nllp)!(/01 ap(s)ds + Z ai||a:("_1)\|oo)}.

i=n—1—p

ie.,

(1 - "il ai — (o @) (X754 i) ) [EXai

D TR VRS Ry By

' (n—1-p>7 qai L '

< M+/O ap(s)ds + n—1=p) =57 . a [M—&- 1= p) /0 ao(s)ds}.
It follows from the assumptions of Theorem 2.4 that there is M; > 0 such that
=V [|infty < M. Thus there is My > 0 such that [|2(P)|| < M. So ||z|| <
max{Mi, Ms}. Thus €4 is bounded.
Step2. Prove that Q5 is bounded. It similar to the Step 2 of the proof of Theorem
2.3 and is omitted.
Step 3. Prove that{23 is bounded. It is same to the Step 3 of the proof of Theorem
2.3 and is omitted.
Step 4. It is same to the Step 4 of the proof of Theorem 2.3 and is omitted.

Thus the proof is complete. O

3. SOLVABILITY OF (1.1)—(1.2) AT NON-RESONANCE

In this section, we obtain sufficient conditions for the existence of at least one
solution of (1.1)=(1.2) at non-resonance, i.e. when Y., a; # 0. In this case, the
operator Lx(t) = (—1)"Pz(™(t) is invertible. The method employed is based on
Scheaffer’s theorem, see for example [28, Theorem 4.3.2] or [[27].

Theorem 3.1 ([27, 28]). Let (X,|| * ||) be a Banach space. T is a continuous
mapping of X into X which is compact on each bounded subset of X. Then either
(i) The equation x = ATz has a solution for A =1, or
(ii) The set of all such solutions x, for A € (0,1), is unbounded.

Combining the differential equation (1.1) with the boundary conditions (1.2), a
solutions z(t) satisfies

P (1) — 2P (1) = /t Mf(s, z(s),2'(s),..., 2"V (s))ds.

Since Y1 | a;zP) (&) = 0, we have

.7;(1)) :#ma, 1w s.z(s).2'(s l‘(”_l)s <
=522 / (5092 (5) 2D s,

Thus

m

z(®) -1 oy 17(5_&)”71071 s,z(s),2'(s 2"V (s))ds
0= g s [ )0 a0

1 n—p—1
(S — t) P n—
-y a6 s
Integrating above equation, we have

x :;ma‘ 1w s.2(s). 2'(s 2D () ds
0= s 2 T RO RO R D
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(n—p
m 1 _ ¢ \n—p—1 )
= Em11 o Zai/ (?n_glp)_l)'f(s,x(s)w’(s), e ,x("_l)(s))ds%
=1 = i : :
nigte L gnopolog , (n—1)
Z;) Gtp) /0 (n_p_l_j)!f(s,m(s),x(s),...,x Y(s))ds

—s n—1
+ (—=1)nptt /0 (t(n—)l)!f(s’ z(s),z'(s),..., 2"V (s))ds.

Define the Banach space
X={zec"0,1]:2(0)=0fori=0,1,...,p—1
and 2V (1) =0fori=p+1,...,n—1},

whose norm is ||z|| = max{||z|/sc,- .., |z Vs }, where ||z = maxyeo,1 |2(t)]-
It is easy to show that

]| = max{||z® oo, "o}

Define the nonlinear operator 7': X — X as

z __ Y a; 17(8_&)”_[)_1 s,x(s),2'(s 2D (s s—p
Talt) = o3 [ ()0 a0V )

"B igite (1 gn—p-1-j
+ Z ((jli—;)! /0 ( . 'f(s,x(s),a?’(s), 2 (s))ds

= n—p—1-j)!

+ (=1)nPtt /0 (t(;s):)_'f(s, z(s),2'(s),..., 2"V (s))ds.

Theorem 3.2. Assume that the nonlinearity [ is bounded. Then (1.1)~(1.2) has
at least one solution.

Proof. Let M > 0 be such that |f(t,z(t),2'(t),...,z™"D(t))] < M for t € [0,1],
(0,21, ..,Zn—1) € R™. For p € [0, 1], consider the equation

x = plz. (3.1)

If 2(t) is a solution of this equation, then:

o= [ Die1 ; / (n— pn—zl) /(s x(s)’x/(s)""’x(n_l)(s))dé‘g
w (—1)itite gn—p—1—j s 2ls) 2 (s LD (s
+jz::0 (4 +p) /0 (n—p_l_j)!f(’ (5),2'(s),..., (s))d

+(—1)"-P+1/0 (t(;_s):)_!f(s,x(s),x'(s)7...,x("_l)(s))ds],

xP)(t) = #mal lw s, x(s), z'(s 2D (s))ds
(t) M[erilaz; 1/7: (n—p—l)! f(7 ()7 (),..., ())d
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1 —p—1
(s —)"" / 1
- 7‘]0(8 z(s),2'(s), ..., 2"V (s))ds]|,
/t (n—p—1)!
and

(—1) P la D (1) = / F(s,2(s),2'(s), ..., "D (s))ds.

So, we have

1 m 1 (S _ g,)nfpfl 1 gn—p—1
® _ / (s = &) / s
WP ()| < uM | == o ds + ds|,
=0 < [Zi_lai; . (n=p—-1)! g (n—p—1)

2D (1)] < .

This shows that all solutions of (12) satisfy ||z| = max{||z®||s, |2 V|s} is
bounded. Taking into account that 7" is continuous and compact on each bounded
subset of X and using Schaeffer’s theorem, we obtain that T has a fixed point,
which is a solution of (1.1)—(1.2). O

We remark that the hypotheses in Theorem 3.2 are strong, but it is convenient
to apply them. Next, we give another existence result.

Theorem 3.3. Assume there exist a; € [0,+00) (i =0,1,...,n—1) and a € C0, 1]
and B; € [0,1](i =0,1,...,n — 1) such that

|f(t, 2o, 21, ..., 2po1)| < alt) + aolzol®™ + -+ + an_1|zn_1|* (3.2)

fort €0,1] and (xo,21,...,2Zn—1) € R™ and Z?;plﬂ a; < 1. Then (1.1)—«(1.2) has
at least one solution.

Proof. For x € X, we have

f(ta(t), 2/ (2),....a" D ()] < alt +Za\x<

If x(t) is a solution of (3.1), then

|f(t,z(t), 2/ (1), ...,z V@) = alt +Zat|m(’+1) )P+ ap|x® (t)|Pr

+ Z at|m(l+1) |BL+a 1|x(n_1)(t)|5n—1
i=p+1

P
a(t) + Zaiﬂx(”
=0

ﬁ1+2 il

i=p+1
Thus
2P (t)]

[\Z — |Z|al|/ ( +Za\|x
n— 1 n—
+ Z ale(n_l)”&)ds'*'A (ns_ p—1 ( +Za ||{,C p)”ﬁb

i=p+1 p—
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n—1
+ Y alle® Y )ds|

i=p+1

<w{rrag Sl [ Gy s [ e
« (gain Eo)+/£ mds(z adlle )2
—i—/01 @S:,Ztll)!a(s)ds+/ol J:)Iill)!a(S)ds(g“i“x(p)”@

=p+1
1 gn—p—1 n-1 (n—1)115;
+/0 7(n_p_1)!a(s)ds< Z a;llx OC)}

i=p+1

{‘Zz - |Z| A[/i Snfi_l)_ a(s)ds
)_ n—1

e (zazn ) + CEEE (Y aet )

—p) i=p+1

+/0 ma(s)ds—kmlp)!(;aﬂx(p)nfg)
%))

;)'( Z ail|lzY
[ s
) 50/5 —p=1) a(s)d$+/0 (n_p_l)!a(s)ds

+
(n—p i=p+1

p
=D aille
=0

i 1 (ZZO |ail (1—&)" 7+ 1) zp:ale(p) Bi
m 7 3 (o]
m n—1
12 ad _ 1y
- (BFoi-g) 7 +1) Y alle™ V%],
and
01 <] [ o ds+§ja O+ S el )]
i=p+1
Hence

n—1
+ ) agfa™

i=p+1

1 P
o Vloe < ] [ alo)ds + 3 adla® | %)
0 i=0

Without loss of generality, suppose ||2("~V)||o > 1, then

||x(n—1)||00§/ ds+Zaz||x p)”ﬂz_,_ Z .ch(n—l)”c)@

i=p+1
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Thus
n—1 _1 1 P
e < (1= 3 @) ([ alohds + D aila ).
i=p+1 0 i=0
Hence
2o

<MUZ% Z| |/ e [ s

: .(Zz%lzl( sz>”p+1)(i§p%a¢||w@>||§g)

(Bl e ) (- 8wy

Jj=p+1 i=p+1
1 P 3
X (/ a(s)ds+2ai||x gg) }
0 i=0

Since §; € [0,1), there exists M; > 0 sufficiently large and independent on p such
that [|z(P)| o < My, and

I ds+ZazMﬁb+ S a0z
0

i=p+1

Similarly, it follows that there is My > 0 sufficiently large and independent on u
such that ||z(® Y|/, < Ms. These show that ||z|| = max{[|z®|/s, |z Vs }
is bounded. On the other hand, T is continuous and compact on each bounded
subset of X. Therefore, by Schaeffer’s theorem, we obtain the existence of at least
one fixed point for the operator T, which is a solution of (1.1)—(1.2). The proof is
complete. O

4. EXAMPLES

In this section, we present some examples to illustrate the main results.
Example 1. Consider the following boundary-value problem

L s+ ;COSZ t sinfw(t)]2/?,

2 (t) = e(t) + ”

11 1 (4.1)

_ 1) = Z4/(= Lo '

H0) =0, #(1)= La(5) + 12'(0)
Corresponding to (1.1) and (1.2), we find n = 2, & =0, & = 3, & = 1, and
Q) = %, Qg = %7 ag =-—1. f(t,z,y) =e(t)+ ﬁy2/3+$cos2t sin z2/3. Tt is easy to

see |f(t,z,y)| < |e(t) + 2|z[*/® + L |y|*/® with B = 2 and 81 = 2. So Assumption
(A2) holds. Since

/fsz ))ds+; F(s,2(s) dsf/fsa: (s))ds

1/2
1/2

= 5 f(s,2(s),2'(s))ds + [ f(s,x(s),2/(s))ds,
0 1/2
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it is easy to see that if |2/(¢)| > 14%/2 (|le]|o + —)3/2 for all t € [0,3], and e(t) >

L cos?t for t € [4,1], choosing M = 1432 (|le]| o + %) , Assumption (A1) holds.
Furthermore,

/fsx ))der1

2 )12

F(s,2(5), 2/ (s))ds — / F(s,2(5), 2/ ())ds

1/2 1
=3 /0 (ce(s) + 1€ A3+ 78 cos? ssm(cs)2/3> ds

1
1
—|—/ (ce(s) b =384 2 s ssm(cs)2/3> ds >0
" TR

for sufficiently large |¢|. So (A3) of Theorem 2.3 holds. From Theorem 2.3, (4.1)
has at least one solution for every e € C°[0,1] with e(t) > £ cos?¢ for all ¢ € [§,1].

Example 2. Consider the boundary-value problem

1 t 12
() = e(t) + — [ (£)]¥° + - cos® ¢ sinfz(t)]?/® + 3 sin? ¢ cos[z” (£)]*/°,

14

11 1 (4.2)
z(0) =0, 2/'(1)==2'(3)+ =2'(0), 2”(0) = 0.
2 2 2
Corresponding to (1.1)—(1.2) we find n = 3, & =0, & = %, & = 1 and o = ;,
ar =3, a5 =—1. f(t,z,y,2) = e(t) + Hy*/3 + L cos?t sina?/3 + §81n t Cosz4/5.

It is easy to see |f(t,2,y,2)| < le(t) + 2|2|*/3 + & |y|*/3 + L|2[*/® with By = 2 and
B = % and (3 = %. So Assumption (A2) holds. Similarly, we can prove that (Al)
and (A3) hold if e(t) > £ cos® t+ % sin®t for all t € [4, 1]. Hence from Theorem 2.3,
(4.2) has at least one solution for every e € C°[0,1] with e(t) > Lcos®t + & © sin?¢
for all ¢ € [3,1].

Example 3. Consider the boundary-value problem

Z a;isinz®(t) + apa:(p)(t) + e(t),
i=0,ip
x(7)(0):07 fori:O717,_,7p—1,p+1,...,n—1

2P (1) = Z oz (&),
i=1

where 1 < p<n—-1,0< & < - <& <1la >0, 0 >0forali#p
with > a; = 1. It is easy to see above problem is a special case of (1.1)—(1.2).
Furthermore, |f(¢,zo,...,2n—1)| < le(t)] + >y "a;]z;|. So (A5) holds. Since
|f(t, 2o, ..., Tno1)| > aplay| — 0 71 ip 1@il|i| — [le[|oc, we find that there is M >0
such that if |z(®)(t)] > M for all t € [0,1], then (A4) holds. As in Example 1, we
find that there is M* > 0 such that (A3) holds. Thus from Theorem 2.4, (4.3) has
at least one solution provided that

p n—1
ZIai|<(n—1—p)!7 Z la;] <1,
i=0

i=p+1

(4.3)

)
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