Electronic Journal of Differential Equations, Vol. 2003(2003), No. 115, pp. 1-21.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

OSCILLATION AND NONOSCILLATION OF SOLUTIONS TO
EVEN ORDER SELF-ADJOINT DIFFERENTIAL EQUATIONS

ONDREJ DOSLY & SIMONA FISNAROVA

ABSTRACT. We establish oscillation and nonoscilation criteria for the linear
differential equation

(_1)n(to¢y(n))<n> - t;/:;aa Yy = q(t)y7 « g {17 37 B 2n — 1}7

where
n

1 2
e =5 [[@F—1-0)
k=1
and ¢ is a real-valued continuous function. It is proved, using these criteria,
that the equation

1) (¢ (n)\(n) _ ( Ino Y -0
( ) ( Y ) (t2n7a + 2n—o ngt)y

is nonoscillatory if and only if

n n
1

1
VS g [l @1y o
o e (2k—1—a)

1. INTRODUCTION

In this paper we investigate the oscillatory behavior of the two term self-adjoint

linear differential equation of the form

(D" (g™ ™ = ptyy, ag{1,3,...,2n -1},

where p is a continuous function.

(1.1)

Oscillatory properties of equation (1.1) has been investigated in several recent
papers, see [5, 7, 9, 10, 11, 12, 13, 16] and the references given therein. In these

papers, equation (1.1) is seen as a perturbation of the one term equation
(_l)n (tay(n))(”) =0,
or of the Euler-type equation

(—1)" (g )™ — 7;2’_”@@/ =0,
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where
n—1 n
1
Vo = (—1)"kli[0(Afk;)(moszfnﬂA mopme = o U 2k —1—a)?, (1.3)
e., (1.1) was considered in the form
n(pa, (n)) (M) In,a
(0" (y™) ™ - ey =)y, (1.4)

in the latter case.
If n =1 and a = 0, then (1.1) reduces to the second order equation
y" +p(t)y=0 (1.5)
whose oscillation theory is deeply developed, see [18]. In the classical oscillation
criteria, (1.5) is viewed as a perturbation of the equation y” = 0 and oscillatory
nature of (1.5) depends on “how much p is positive”, the last vague expression
being specified in the quantitative way in particular (non)oscillation criteria. If
(1.5) is viewed as a perturbation of the Euler equation with the “critical” constant
1/4
1
—y=0,
Y+ 4t2y
e., (1.5) is written in the form
y// Jr

vty =0, o) =p(t) - 3 (1.6)

4 42
one gets more refined Criteria and (non)oscillation of (1.5) is “measured” by posi-
tivity of the difference p(t) — 57z. Generally, the second order equation with iterated
logarithms

1 1
T g e 1g2t1g§tm1git)y_0’ (L.7)
where lg, t = 1g(lgt), lg,, t = lg(lg,,_, t) and lg denotes the natural logarithm, is
nonoscillatory and one can view (1.5) as perturbation of (1.7). The more logarith-
mic terms are involved, the more refined oscillation criteria are obtained.
Here we follow this line in case of higher order equations. Equation (1.1) (and
hence also (1.4)) is viewed as a perturbation of the equation

n (. (n)) (M) Tn,o Y _
(_1) (t y( )) - (th—a + 2n—a 1g2 t)y =0 (18)

y +@(1+

with
n

1
:~na:: n,a ) L.
V= Tna =T, k§:1ﬁ(2k_1_a)2 (1.9)

Yn,o Deing given by (1.3). We establish oscillation and nonoscillation criteria for
(1.4) and we show that (1.8) is oscillatory for v > 7, . and nonoscillatory for
¥ < An,o. This approach can be regarded as a generalization of the results of the
papers [7, 13], dealing with the fourth order equations, i.e. with the case n = 2.

To study equation (1.4), we use methods based on the factorization of discon-
jugate operators, variational technique and the relationship between self-adjoint
equations and linear Hamiltonian systems, similarly as in the papers mentioned
above. We also use some combinatorial identities to determine the exact value of
the oscillation constant 4, o of (1.8).
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This paper is organized as follows. The next section contains necessary defini-
tions and some auxiliary results concerning self-adjoint equations. In section 3 we
present the main results of the paper — oscillation and nonoscillation criteria for
(1.4). In Section 4 we discuss some open problems and possibilities of the exten-
sion of our results. The last section contains technical computations related to the
combinatorial identities used in (non)oscillation criteria of Section 3.

2. PRELIMINARIES

We start with a statement concerning factorization of the formally self-adjoint
differential operators

L) = 31 (el ®)

k=0

Note that the differential operator generated by the left-hand side of (1.4) is a
special case of the operator L.

(k)
=0, ra(t)>0. (2.1)

Lemma 2.1 ([1]). Suppose that equation (2.1) possesses a system of positive solu-
tions yi, ..., Yan such that Wronskians W(yr,...,yx) #0, k =1,...,2n, for large
t. Then the operator L admits the factorization for large t

_ =Dt ra(t) (1 1 Sy )Y
L) = ao(t) (al(t)('“a%(t)(an_l(t) '“al(t)(aoy(t)) ) ) > ’

where

w e Yir)W Y .
ap = Y1, alz(%)/, a; = W Y ) Ww, -y 1),z:1,...,n—1,

Y1 W2(y1a'~'7yi)

and a, = (ag- - ap_1)" L.

An important role is played in our investigation by the following specification of
the factorization formula to the differential operator given by the left-hand side of
(1.2).

Lemma 2.2. Let a # {1,3,...,2n—1}. Then we have for any sufficiently smooth
function y

(y) = (—1)" (toy™) " — ey

{2n—a
(=" (1 ° 1 1 vy (22
 aot) (al(t) < a?i(t)(an,l(t) al(t)(aoy(t)) ) ) ) ’
where

ap(t) = %0, ap(t) =t~ 171 =1 n—1, ay(t) =t n-1,

with ag = 2"_21_0‘ and ayg < -+ < ap—1 the first roots (ordered by their size) of the
polynomial
n—1
PO =D A=A —n+a—i) = ypa- (2.3)
i=0
Proof. By a direct computation one can verify that the functions y = t**, k =
0,...,n — 1, where ay are the roots of the polynomial P, are solutions of (1.2).
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Substituting into the formulas in Lemma 2.1 with y; = t*°, y, =t k=2,...,n,
we have
ag(t) =10 =757, () = (L) = (a1 — ag)em 70,
hn
In computing the remaining functions ax, k = 2,...,n — 1, we use the formula for

computation of Wronskians of power functions

W) = [ (8= gy

1<i<j<k

k(k—1)
2

(2.4)

see Lemma 5.4 in the last section. Using (2.4), for k =2,...,n — 1,

ar(t)
W (oo, .. 1o )W (£, ... tok-2)
(W(too, ..., tor-1))2

tao+"'+0(k—Wtao-i-"'-‘rakfz—

(k=1)(k—2)
2 (j—a;) [l (a5 —a)
0<i<j<k 0<i<j<k—2

(ta°+m+ak71_@ [Mo<icj<k—i1(a; = Oéi))z
_ Hi‘:ol(ak - ai)tak—ak,l—l
[0 (o — )
(o — o) (g —a1) - (ag — ag-1) ek —ar—1—1
(ag—1—ao)(ag—1 —a1) - (ar—1 — ax_2)

and
t(n—l)—an,l
ap = .
(Oén—l - Oéo)(Oén—l - 041) T (Oén—l - Oén—Q)
Since the product of all factors (a;; —«;) appearing in the functions ay, . . ., a, equals
1, we can neglect these terms and the factorization of the Euler operator is really
as stated. O

Now we recall basic oscillatory properties of self-adjoint differential equations
(2.1). These properties can be investigated within the scope of the oscillation
theory of linear Hamiltonian systems (further LHS)

' = A(t)z + B(t)yu, ' =Ct)x— AT (t)u, (2.5)

where A, B,C' are n X n matrices with B, C' symmetric. Indeed, if y is a solution
of (2.1) and we set

y (—l)n_l(’l"ny(n))(n_l) 4+ rly’
v .
xr = . , U= : ’
: —(rny("))' + Tn—ly(n_l)
y(n_l) Tny(n)

then (z,u) solves (2.5) with A, B, C' given by
B(t) = diag{0,...,0,r, (1)}, C(t) = diag{ro(t),...,mn_1(t)},

A A — 1, ifj=i+1,i=1,...,n—1,
o 0, elsewhere.
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In this case we say that the solution (z,u) of (2.5) is generated by the solution y of
(2.1). Moreover, if y1,...,y, are solutions of (2.1) and the columns of the matrix
solution (X,U) of (2.5) are generated by the solutions y1,...,y,, we say that the
solution (X, U) is generated by the solutions y1, ..., yn.

Recall that two different points t1,to are said to be conjugate relative to system
(2.5) if there exists a nontrivial solution (x,u) of this system such that x(¢;) =0 =
x(t2). Consequently, by the above mentioned relationship between (2.1) and (2.5),
these points are conjugate relative to (2.1) if there exists a nontrivial solution y of
this equation such that ) (t;) = 0 = y@(t5), i = 0,1,...,n — 1. System (2.5)
(and hence also equation (2.1)) is said to be oscillatory if for every T € R there
exists a pair of points t1,ts € [T, 00) which are conjugate relative to (2.5) (relative
to (2.1)), in the opposite case (2.5) (or (2.1)) is said to be nonoscillatory.

Using the relation between (2.1), (2.5) and the so-called Roundabout Theorem
for linear Hamiltonian systems (see e.g. [17]), one can easily prove the following
variational lemma.

Lemma 2.3 ([14]). Equation (2.1) is nonoscillatory if and only if there exists
T € R such that

FlTooo) = [ T[S nu® )2 >0
T “k=0

for any nontrivial y € W™2(T, 00) with compact support in (T, c0).
One of the main tools in our investigation is also the following Wirtinger-type
inequality.

Lemma 2.4 ([14]). Let y € W3(T,00) have compact support in (T,00) and let
M be a positive differentiable function such that M'(t) # 0 for t € [T,00). Then

= = A1)
M'(¢ 2dt§4/ 2 dt
/T M ()] [ Sro

Now we express the quadratic functional associated with (1.2) in a way suitable
for the application of the Wirtinger inequality. This statement can be proved using
the repeated integration by parts, similarly as in [7, Lemma 4].

Lemma 2.5. Lety € WSIQ(T, 00) have compact support in (T,00). Then

o 9 7y
| ey - gt e

- R GG )]

where aq, ..., a, are given in Lemma 2.2.

We finish this section with the concept of the principal system of solutions of
(2.1). A conjoined basis (X,U) of (2.5) (i.e. a matrix solution of this system with
n x n matrices X, U satisfying X7 (#)U(t) = UT(¢)X(¢) and rank (XT,UT)T = n)
is said to be the principal solution of (2.5) if X (¢) is nonsingular for large ¢ and for
any other conjoined basis (X, U) such that the (constant) matrix X7U — UT X is
nonsingular lim; ., X ~*(#)X(t) = 0 holds. The last limit equals zero if and only if

~1

lim (/tXl(s)B(s)XTl(s) ds) =0, (2.6)

t—o0
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see [17]. A principal solution of (2.5) is determined uniquely up to a right multiple
by a constant nonsingular n X n matrix. If (X U ) is the principal solution, any
conjoined basis (X, U) such that the matrix X7U — U7 X is nonsingular is said to

be a nonprincipal solution of (2.5). Solutions y, ...,y of (2.1) are said to form the
principal (nonprincipal) system of solutions if the solution (X, U) of the associated
linear Hamiltonian system generated by w1,...,y, is a principal (nonprincipal)

solution. Note that if (2.1) possesses a fundamental system of positive solutions
Y1, .-, Yan satisfying y; = o(ys+1) ast — 0o, @ = 1,...,2n—1, (the so-called ordered
system of solutions), then the “small” solutions y1, ..., y, form the principal system
of solutions of (2.1). In particular, if L(y) = (—1)"(t*y™)™) — 5, ,t¥~2"y and
ag,...,an_1 are the same as in Lemma 2.2, then y, = t**, k = 1,...,n — 1,
Yn = t(2717=)/2 ig the ordered principal system of solutions of (1.2).

3. MAIN RESULTS — OSCILLATION AND NONOSCILLATION CRITERIA

We start this section with a statement where nonoscillation of (1.4) is compared
with nonoscillation of a certain associated second order differential equation.

Theorem 3.1. If the second order linear differential equation

— ()2 =0 3.1
E, (t) (3.1)

is nonoscillatory, then equation (1.4) is also nonoscillatory.

(') +

Proof. Let T € R and y € W™2(T,00) be any function having compact support
in (T,00). Using Lemma 2.5, Wirtinger inequality (Lemma 2.4), which we apply
(n — 1)-times, and also Lemma 5.1 from the last section, we have

/T |17 (v ™) = Sry?| dt

[ G2
STy ) [y P

a
k=1 T 0

B 0 y 172
= 47”’QL t|:(7t(2n717a)/2) ] dt.

2n—1—a)/2

If we denote z = y/t¢ then, since (3.1) is nonoscillatory, it follows from

Lemma 2.3, that

o 1
t(2' ()% — —— 217 ogq(8)22(t) | dt > 0.
| [t T ()2 (1)]
Summarizing

> « n)\2 Tn,o 2
|60 = (s + o) 2
- > Y "2 1 9
2 47n,a/T f{ [(m) } - mq(t)y (t)}dt
e [ [ ) | 2 Y o
= %Tn,a " t@n—1-a)/2 .o q t(2n—1-a)/2 ’
The nonoscillation of (1.4) follows now from Lemma 2.3. O
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In the proof of the next oscillatory counterpart of the previous theorem, in addi-
tion to the constant 7y, ., three other constants appeared, namely K, ,, f(ma and
L, o. To prove the statement of this theorem, we needed the equalities K, o, = f(n,a
and Ly o = Yn,o. The formulas which defined these constants looked completely
different on the first view (compare below given formulas (3.7), (3.8), (3.9)) and the
proof of the required equalities leads to interesting combinatorial identites which

are presented in the last section.

Theorem 3.2. Suppose that q(t) > 0 for large t and

Yn,a ) 2n—1—a
t) — ————— |t lgtdt = oo. 3.2
/ (q( ) t2n—a 1g2 ¢ g ( )

Then equation (1.4) is oscillatory.

Proof. Let T € R be arbitrary, T < tg < t1 < t3 < t3 (these values will be specified
later). Further, let

f € C™[to, t1] be any function such that
fP%) =0, f9 ) =rP (1), j=0,....n—1,
and g be the solution of (1.2) satisfying the boundary conditions
gD (t2) = k9 (t2), gV(t5) =0, j=0,...,n— L. (3.3)

We construct a function 0 # y € W™2(T, c0) with compact support in (7, 00), as
follows

0, t <o,
f@t), to<t<ty,
y(t) = q h(t), t1 <t <t (3.4)
g(t), ta <t<t,
0, t>t3.

We show that for ¢y, t3 sufficiently large

oo

FlyT.o0) = [

. {ta (v ()" - (;Z’_aa + q(t)) yz(t)] dt <0

and hence (1.4) is oscillatory according to Lemma 2.3. To this end, denote
t1

K= [ [ (50)° - (o2 + ) £20)]

to

Concerning the interval [¢1, t2], let us compute (h(”))2 . We use the usual convention
that the value of a product H”m equals 1 whenever the lower multiplication limit m
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is greater that the upper limit n. Using Lemma 5.2 from the last section we have
h(")(t)

_ (t2n—21—a \/1g7t>(n)

1 _
:2—HH(2k—1—a)t = /lgt
k=1
i n 1 n (— )]_1 a b 2j—1-a
+ <> — H (2k—1—-a) { + —=Z—+o(lg 2t)}t 2
o\ 2 t7 lgt 1g° ¢
—l—a 1 i A’I’L B’I’L —
—t {%’E(Wﬂ—l—a) lgt+ L+ 1g3t+0(lg ik
as t — 0o, where
n . n s n
A, =Y (1) 1<j> o IT er-1-0), (3.5)
j=1 k=j+1
n B n b n
By =S (1) 1(]') i I ek-1-a) (3.6)
=1 k=j+1
Then we have
(n) 2 —1l—a 1gt - 2 Aﬂ -
(h™)* =t {4—”1_[(21@—1—04) + 5 [Tk —1-a)
k=1 k=1
B n 2 B2
- 2k —1—a)+ 2 422" 4 ”+01*3t}
2"*11gtk1;[1( ) Igt g%t 1g*t (™)
as t — oo. If we denote
A, —
Kna = 375 [[ek—1-0), (3.7)
k=1
Lo A2+ D0 - 2k —1 3.8
n,o +— n+ on—1 H( - 70‘)7 ( )
k=1

we get

(h(n))2 _ 4 1a [7a lgt + K, o+ IIgL: +0 (Ig7%¢) }

as t — oo. Consequently,

2 a (1(n) 2 Yr,o 52 2 gt
/tl [t (A ®) = k(1)) dt = Ko lgts + Lo /t fgr b+l
as t — 0o, where L is a real constant.
Now we turn our attention to the interval [to,t3]. Using the assumption that

q(t) > 0 for large t we have

/ts [t (9 (t)>2 - (tZZZf; +a(0) 0] i

ta

< [M e (170) - ]

ta
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Further, denote

g (1 (tgtm) h
g/ . h/
T = i , U= : , h=
; —(trgmYy :
g g () B—1)

Since g is a solution of (1.2), we can use a relationship between this equation and
associated LHS (2.5). In this case

B(t) = diagf{0,...,0,t™°}, CO(t) = diag{— =% 0,...,0},

2n—a e

A Jn =i ni=1
I 0, elsewhere.

This relationship, together with conditions (3.3) imply that
ts
2 n,a
[ [y o - Jesgo]a
to
t3
_ / [T (8 B(£)u(t) + 27 (H)C (1) (t)]dt

to

= / B[UT(t)(xl(t) — Ax(t)) + 2T ()C(t)z(t))dt

= uT (t)x(t) 2 n /t 8 2T ([~ (t) — ATu(t) + C(t)z(t)]dt
= —UT(tg)[E(tQ).

Let (X,U) be the principal solution of the LHS associated with (1.2).Then (X, U)
defined by

/ X1(s)B(s) X7 (s)ds,

Ut)=U(t) Cx Hs)B(s)XT  (s)ds — XT7H(1)

t
is also a conjoined basis of this LHS, and according to (3.3) we get

XN B(s)X T (5)ds)

to

o) = x(0) | CXH () B(s)X T (s)ds

x X (ta)h(ts),

XU5)B(s)XT (s)ds — X7 (1))

x ( ttSX1(5)B(5)XT1(s)ds>_1X1(t2)f1(t2)
and hence
-1 3
—UT(tQ)CL'(tQ) = iL tg XT 1 tg ( )XT 1( )ds) X_l(tg)h(tg)

~ BT (t2)U (t2) 2)h(ts).
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Using the fact that the principal solution of LHS associated with (1.2) is generated
by y1(t) = 91, ya(t) = t2, ... yp_1(t) = to=1, yo(t) =t = t""2*, where o,
k=0,...,n— 1, are the roots of (2.3), we have

o o fan t2n7217a
altal—l . aniltan,l—l 2n—21—at2”*23*a
X(t) =
n—2 i 1 n—2 1 n l1—a
[ (—kytr=nt e T (apog =kt n—t7mH Ly ] (2k—1—a)t™ 2
k=0 k=0 k=1
[Ll,é]tal +a-2n+1 f%’g]t%
U(t) = : : ;
Emg]tal—koz—n o f[ﬁgl]t(’;l
where
n—1 n—2
o = (=) [ (ea =) [ (ea + a—n =),
=0 =0
n—1 . 2
Jlin] _ 2n—-1-a« H n—-1-2j—-«
n,a 9 J 9 )
7=0
n—1
gg;n,’(xl] = H(al - ])a
=0
n—1 .
o 2n —1—-2j — «
E[n,&] = H <2> s
=0
and
t2n721—o¢ \/@
) £ (ke lgi 4 0(gH (1))
h(t) = i , ast— 0o

5" (2% " (2k—1-a)VIgt+O(lg™? t))

Next we compute the asymptotic formula for (UTB)TX_lﬁ‘t:tQ. Using Lemma 5.4

we have
~ n—1l—a 1
X W)y~ =1, . n—1,
( ) i
(X7h), = /gt (1+0(g7"'t)), ast— oo
Here f1 ~ fo for a pair of functions f1, fo means that lim;_, o ggg = L exists and
0 < L < co. By a direct computation, for i =1,...,n — 1,

(UTh): = Ut~ Vgt

the constants liﬂa can be computed explicitly, but their values are not important. As
for (U™ h),, denote by u,, the last column of U. Then, again by a direct computation,

(UTh)p = ulh = K, o/1gt(1 +O(Ig7 1)), ast — oo,
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where

2 n n
Kno=—[[@k-1-0a) .
Tl @) 1;1 Zk;—l—a (39)

Consequently,
AT (t2)U (to) X ~1(t2)h(te) = Kp.olgts + Lo 4 o(1), as tg — o0,

where Lo is a real constant.
Summarizing all the above computations

ta dt ta
Fly;T,00) < K + Ky, o lgta + Ln’a/ @ +Li+0(1) - / q(t)hz(t)dt
tl tl

+ET(t2)XT—1(t2)( U XU ) Bs)XT s)ds ) X (1))

to

- Kn,algh — Ly —o0(1), asty — oo.

It follows from Lemma 5.8 that K, o = ~n7a and Ly o = Yn,o according to Lemma
5.9. Using (3.2) let t2 > t; be such that

2 dt f2 2 2 :Y 2 1
Lm/ —f/ q(t)h tdt:f/ (qtn’a)t”algtdt
o) i), 10RO M COR ey
—(K + Ly — Ly +2).

Since (X, U) is the principal solution, it is possible to choose t3 > t5 such that

-1

- Xl(s)B(s)XTl(s)ds> XY (ta)h(ty) <1

ta

R (02) X7 (1) (

Finally, if ¢o is so large that the sum of all the terms o(1) is less then 1, then for
these t9, t3 we have

Fly;T,00) < K — (K+L1 —La+2)+ L1 +14+1—Ly =0,

which means that (1.4) is oscillatory. O

Corollary 3.3. The equation (1.8) is nonoscillatory if and only if v < Y q-

Proof. If v < Ap.«, then the second order equation

1 gl
tZ/ /_|_ _ t2n—l—o¢ =0
( ) 4'Yn,a {2n—a ngt

is nonoscillatory, which follows from the fact, that the equation

(t2") + “2 z2=0
tlg®t
is nonoscillatory for < 1. Hence, (1.8) is nonoscillatory according to Theorem
3.1. Conversely, if v > 4, , then for ¢(t) = W condition (3.2) holds and we

have oscillation of (1.8) using Theorem 3.2. O
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4. REMARKS AND OPEN PROBLEMS

(i) The oscillation criterion given in Theorem 3.2 is proved under the assumption
q(t) >0 for large ¢. (4.1)

This restriction has been successfully removed in oscillation criteria presented in
some recent papers [3, 4, 5, 13, 16]. In particular, it was proved for equation (1.1)
with n = 2 that the function g/h (the function h, g apper in (3.4)) is monotonically
decreasing and this fact enabled to remove the assumption (4.1) via the second mean
value theorem of integral calculus, see [4]. The computations proving monotonicity
of g/h are rather complex even for n = 2 and we have not been able to prove this
monotonicity in the general case yet. However, we believe that the function g/h
is monotonic also in the general case treated in our paper and we conjecture that
Theorem 3.2 remains valid without assumption (4.1).

(ii) In [6] we have discussed the problem of the value of the best constants in
oscillation and nonoscillation criteria for equations of the form (1.1) and (1.4). In
particular, it is known (see [6, 9]) that equation (1.4) is oscillatory if

M = tlim lgt/ q(s)s" 1 ds > wyy 0 (4.2)
— 00 ¢

and it is nonoscillatory if the above limit is less than w,, /4, where

o~ EVTE O =)A=+ a—i) = na

o= ()\ _ 2n721704)2 )\Zizn—zl—ﬂ ’

(4.3)

An open problem remained what is the oscillatory nature of (1.4) if the limit in
(4.2) is between wy, o/4 and w,, . Here we answer this question by showing that
the “right” oscillation constant is wy, /4, i.e. (1.4) is oscillatory if the limit in (4.2)
is greater than this constant.

Observe that wy, /4 = Fnq, this identity is proved in Lemma 5.5 of the last
section. If ¢(t) = W’\lgzt, the next statement is in the full agreement with
Corollary 3.3.

Theorem 4.1. Suppose that (4.1) holds. Equation (1.4) is oscillatory if the limit
M in (4.2) is greater than 4y, o and it is nonoscillatory if it is less than this constant.

Proof. It M > w,  in (4.2), equation (1.4) is oscillatory by [9, Theorem 4.1]. Hence
we suppose that ¥, o < M < wp o = 49n,«- In this case we use Theorem 3.2. Since
M > 7y o, there exist € > 0 and T" € R such that

/ q(s)s?" 1 ds > In T € fort > T,
t lgt

and hence, multiplying the last inequality by % and integrating it from T to b we
get

b [e'S)

1 om—1— - lgb

- n @ o 1 57
Joa ) s> e s 9te )
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for b > T'. Integration by parts yields

/b (q(s) _Jna )tzn_l_algtdt

T - t2n—a lg2 t

b
1 - lgb
= O gt dt — Ao le (o
/Tq() g An, g(lgT)

b b )
. + /T %(/t q(s)s?n1e ds) dt — Fn.alg (llgg—;)
> — lgt/oo q(s)s?n—1e ds‘b + (Fna +€ = Fna)lg (H) — 00
‘ T ’ k lgT
as b — oo since the first term in the last line of the previous computation is bounded
as t — co. Hence, by Theorem 3.2 equation (1.4) is oscillatory. O

flgt/ q(s)s*" 17 ds
¢

Note that assumption (4.1) in the oscillatory part of Theorem 4.1 can be removed
if the conjecture formulated in the previous remark turns out to be true.

(iii) Let L be a formally self-adjoint differential operator given by (2.1) and
consider the equation
Liy) = Aw(t)y, (4.4)
where w is a positive continuous function. This equation is said to be conditionally
oscillatory if there exists a constant A\g, the so called oscillation constant, such that
(4.4) is oscillatory for A > X\¢ and nonoscillatory for A < Ag. If we put now

L e (1) () (n) [ Tn, Tn,o 45
(y) = (=1)" (t"y™) et g )Y (4.5)

a natural question is for what fuction w equation (4.4) with L given by (4.5) is
conditionally oscillatory equation. Theorem 3.1 and oscillatory behavior of the
second order equation (3.1) lead to the conjecture (whose proof is a subject of the
present investigation) that this term is

1

w(t) =
®) t2n—alg? t1g%(Igt)
and that the oscillation constant is Ao = Yp.a-
(iv) The previous remark, again together with Theorem 3.1, lead to the following
conjecture.

Conjecture 4.2. Let
K := lim lg(lgt)/ (q(s) — %)sQn_a_llgst.
t—o00 ¢ S2n7a lg s
There exists a constant 5 (presumably ¥ = Fy.q) such that (1.4) is oscillatory
provided K > 4.

Note that the nonoscillatory complement of the previous conjecture is true by
Theorem 3.1. Indeed, the second order equation (3.1), when written in the form

t2n—1—aq(t) 1
Tz uTt ( - T )“ =
is nonoscillatory, provided
t2n—1—o¢ t 1
) _ >0
47n,o¢ 4t lg t

(tu) + (4.6)
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for large t and

> sgn_l_aq(s) 1 1
lim lg(lg ¢ ( ~ - )lsds<f 47
Jim lg(lg )/t e i) 1 (4.7)

and the last conditions just the condtion K < 4, . Condition (4.7) follows from
the Hille nonoscillation criterion which states that the second order differential
equation

(r(t)z") +c(t)z =0
with () > 0, [ ¢(t)dt < oo and [~ r~1(t)dt = oo is nonoscillatory provided

i ([ o) ([0 <

The transformation u = v/Igt v transforms (4.6) into the equation

t2n—1—aq(s> B 1
4’?”,@ 4t 1g2t

(tlgtv’)l—l—< )lgtvzo

and Hille’s criterion applied to this equation gives (4.7).

(v) Throughout the paper we consider the case o € {1,3,...,2n — 1} only. The
reason is that for a € {1,3,...,2n — 1} the Euler equation

n(so, (n)) () A
(D" (™)™ = Gy =0 (4.8)
is no longer conditionally oscillatory and one has to consider the equation
n A
—1)" (> mym _ A = 0. 4.9
(=) (t*y™) o alg?e? (4.9)

According to [6] and [10], equation (4.9) is oscillatory for the values A > vy, ,, 1=
[m!(n —m —1)!]?/4 and m := (2n — 1 — «)/2, and nonoscillatory in the opposite
case. In the proof of Theorem 3.2 we have defined the function g as the solution
of (1.2) (satisfying certain boundary conditions) and we have used the fact that we
know solutions (even if with generally unknown exponents) of (1.2). Concerning
equation (4.9), we do not know solutions explicitly even for n = 2 and A = v 4, so
we cannot apply directly the method used in the proof of Theorem 3.2. Nevertheless,
we conjecture that the equation

n)y (1) Un,m
()" - Gy =y, e € (L3 1), (10)

is oscillatory provided ¢(t) > 0 for large ¢ and

tlim lg(lg t)/ q(s)s*" g sds > V. (4.11)

Note that by [10, Theorem 3.1] equation (4.10) is nonoscillatory provided the second

order equation
2m

(tu') +

(q(t) + V”im)u =0 (4.12)

12n—a 1g2 t

is nonoscillatory. The application of the nonoscillation criterion (4.7) with 7, o
replaced by v, », to this equation gives nonoscillation of (4.12) if the limit in (4.11)
is less than vy, .

4y m
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5. TECHNICAL RESULTS

In this section we present some technical lemmata needed in the proofs of our
main results.

Lemma 5.1. Let ag, k=1,...,n— 1, be the first n — 1 roots (ordered by size) of
the polynomial (2.3) and g = 22==%. Then

n—1

- 2n—1—« 2
47n@3: II (Aggjiggg’g’ak)

k=1
where Ay, o is given by (1.9).
Proof. Denote (3 := W —ag, k=1,...,n— 1. Then, since the roots of (2.3)

are ag, 2n—l—a—ag, k=1,...,n—1, a0 = (2n—1—a)/2 (ayp is the double root),
we can write them in the form aj = 2"’217‘1 — 0B, 2n—1—a—ai = w + Bg.

The substitution p = w — A converts the polynomial
n—1
PO = ()" A=A =n+a—i) = 7.
i=0

into the polynomial

Pl = 0 TT (=2 =) (52 = ) = e

| CLEL

The coefficient by p2 in (—=1)"P(p) is

(2n—3-a)*)2n—5-a)® (1 —a)?

4n—1
+@2n—1-a)@2n—-5-a)*...(1-a)?+---

—|—(2n—1—a)2(2n—3—a)2-~-(3—a)2]

1 -
4n1H2k—1 Zm:“%w

On the other hand, according to the above substitution, since the roots of P(u) are
6k, k=1,...,n—1, By =0 (double root), it is possible to express (—1)"P(u) in
the form

(—1)"P(n) = p*(1® = B (1 = 53) -+ (u® = By)
and the coefficient by p? in P(u) is Hz;ll 3%. Comparing the both expressions by
32 we have the result of this lemma. O

Lemma 5.2. For arbitrary j € N

(/)" = 5= (G i o679

where a;, b; are given by recursion

i1 = kag; by =0, bpyr = kby + & (5.1)

ayp = B

57
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Proof. If j = 1, then (\/lgt)/ = ﬁ@’ and hence a; = %, b; = 0. By induction

1 —1)k1/ g b _3 4
(\/1gt)(k+ ) _ {( 1136 ( F;t + ngt +O(lg 2 t))}
D%k s a b _3
- (m)l (\/ét * \/1;‘375 +o(le 1))

(71)k< I 4 30k +0(lg_%t))

+

N9 1t 2/185¢
-k k kb 2 :
:( ) ( ay n k+ak/ o(lg_%t)>.
tk+1 RV lgt 1/1g3t
O
Remark 5.3. Using (5.1) we have a,+1 = na,, which implies
n—1
an = a1 szf(n—l)'
j=1

and b,4+1 = nb, + %an =nb, + i(n —1)!. Solving the last difference equation using
variation of parameters method, we obtain

(n—1)! =

7 Zl,nZQ.

=17

by =

The next lemma presents basic rules for computation of Wronskians.

Lemma 5.4. Let W(f1,..., fn) denote the Wronskian of the functions in brackets.
Then the following statements hold.

(i) We have (with a function ) W(rfi,...,rfn) = r"W(f1,..., fn). In par-
ticular, if f;(t) #0 for some i € {1,...,n}, then
— fiy/ fimive (fivrys fnyr
W(fi,ooosfn) = (D)W ((5), .., , oo (2.
(Froeos ) = COT W) (5 () (F))
(i) Let fi =15, ... fo =P, then
n g _nln-1)
W(ft,. fo) === I (8- 8))
1<j<i<n
(iii) Let X be the Wronskian matriz of the functions f1,..., fn, and let h =
(hy b, B =NT " Then
W(f17 s 7fi—17hafi+17 s 7fn)
W(flv"',fn)
(iv) If fi, i =1,...,n, are the same as in (i) with B; # B;, i # j, X is their
Wronskian matriz and h(t) = t%~\/Igt, then

(X~'h); =

(X_liz)ifvtm_ﬁ"77 1=1,....n—1,

(X~ 'h)n = VIgt(1+0(g™" 1)),

here f1 ~ fo for a pair of functions f1, fo means that lim;_. ggg =L
exists and 0 < L < oo.
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Proof. The statements (i) and (iii) are proved in [1, Chap. III]. The statement (ii)
can be found e.g. in [8] and the claim (iv) can be proved by a direct computation
using the rules (i)—(iii). O

Lemma 5.5. Let wy o and o be given by (4.3) and (1.9), respectively. Then
Wn, oz/4 = ';/n o

Proof. Using the substitution 4 = A — £2==% and then i = n—1—j in the product
formula for wy, , we have

D" A=) —n+a—i) — na

Wn,a =

()\ _ 2n717a)2 A= 271,721—a
2
B (_1)n H;L:—Ol ('u + 2n—1;a—2j) (u _ 2n—1;o¢—2j) — Y
,LLQ pn=0
_ 9.2
(~D)" I (12 = ool — o
a u2 n=0

n—1 .
2n—1—a — 2i\2 1 1
:4 ( ){ 7}:4~na.
g 2 Gn—1—a2Z U tTaZaps =M

The proofs of the next two combinatorial results can be found in [15]

Lemma 5.6. Let x, z € R be arbitrary, n € N. Then

sev()(57) i
S ()() (Sad) et 09

=1 i=1

é<j><><f JRens

_(r+z+n\(r+n 1[271: 1 B - 1 }
a n n ~itw i:1i+x+z'

Lemma 5.7. Let n € N and {F,,}, {fn} be sequences such that F,, = 37, (") f;-

Then ’
0 ()

J=1

Lemma 5.8. Let n € N. Then
n n 1

2 n
1o)== J[@k-1-a?Y
o) = 1 V2 GEi—a)

k=1 k=1 k=1

where A, is given by (3.5).
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Proof. Using (3.5) and Remark 5.3 we get

A=y [(—1y- <?> ;{;Pf ﬁ (2%~ 1)

1 k=j+1

I o (n 27N -1
27 -1 JZI( b (J) i (2k—1-a)

k=1

1 ni( 1)j< " > 2
pa— 7& . T .
! i+ T @k —1-a)

7=0

.
Il

N)‘._.

ﬁ2
f[z

M‘H

‘We have to show that

JR ~ 1
7H (2k —1—a) Zlm (5.5)

k=1

i.e.

S >J‘( n ) 25! !
-1 , e N S
=0 I+ B k-1-0a) &Z2%-1-a

Denote C,, the expression on the left-hand side and C,, the expressmn on the right-
hand side of the last formula. If n = 2, then Cy = 22-a) = (5. By induction,

~ T (1-o)(3—a)
it remains to show that AC,, = AC,,, where

AC = n+1—C

-2 [60) -6 e

= i“”j @ H?;i@zi:ﬂ 1-a)’

j=0

- - 1
A =Crn =Co=g

Substituting = (1 — a)/2 into (5.2) we obtain

S ()0 wes

=0

and since

]+177a _ H?;:_lQ(Zk_l_a) (5 6)
j B 27 5! ’ '

we have AC,, = AC,,. [l

Lemma 5.9. Let A,, B, be given by (3.5), (3.6) respectively. Then for arbitrary
neN

n

Ana = A2 + —1-a).
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Proof. Similarly as in the proof of Lemma 5.8, using Remark 5.3 we can express
B,, in the following form

_ - IRV AL b HZ:1(2k_1_a)
B"_;( D (j)Q"j [T, (2k—1-a)

| EESED i(_l)j_lw 2,

= J 112k —1-0)
Hk 12k —1—-a) i Y- 1(n> 27(5 —1)! <J11)
on - G) AT 2k —1— o)\ i

—

H:l(k* *a)n_ if 1! !
— 1l 22n 1 (-1) <]+1)Hi+11(22kj104 (Z%)

j=1 i=1

Using this formula and (5.5), we obtain

" D@10 2
—1-a J4n [(I;Qk—ll—a)
+ Z(_l)j (,] _T_ 1> H?ctll(;k];j_' 1— a) (Zz_: %)} ’

(From the definition of 4, o, it suffices to show that D, = Dn, where we have
denoted

1

n

[ n 7 7 J
D=y w(,h) HM(;" o)

1 i=1

<.
Sl

_ 1 1 n 1 2
Dn (2k—1—a)2_<;2k—1—a)'

= D, and we verify equality AD,, = AD,,. We

>
Il
—

One can see that Dy = —m

have

s S (e (5
- ) Hﬂ@ijj—' 1)

- }”j () m*i(zz/j—l—a)(g )
(- m;;"_'l_a (>

>3
=Yy <”> TR (22;; - (Z 3

=1

>

i=1

/

| —

~

S
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and
~ n+1 1 n
AD,, = B
;(Qk—l—a ;Wf—l—a

n+1 1 n 1

(e - (Eamd) |

1 1 " 1 1
_ _ 2 ]
@2n+1-a)? 2n+1—a[;2k—1—a+2n+1—a

 +l-afg2%k-1-a

Using (5.3) for x = (1 — «)/2 and (5.6) we get the following identity

Z(il)j (?) n;ﬂ(;;j_! 1-aq) (Z; i +112°‘) T = - 57)

< (1-a) (552 +n)°

Next we substitute z = 5%, z = 2L into (5.4). Using (5.6) and the fact that

(f)(l QJ+J) 1:(_1)j2j1+_1aa’
(g (S )
Sl P 0 ZH

l-«a 2

we obtain

J:1

Next we use Lemma 5.7 in case f; := (—1)7 g ) and F, indicates

2]+1 a( =1 1+1 o
the term on the right-hand side of the above equality. Then

S I 1
n+1-a\&Tyle B 2k —1—al&it 5 &

j=1 i=1

and hence, using (5.7)

n

1 1 n
= - _ADna
2n+1a(;i+1;0‘) (1—04)(1_a+n)2

which implies

2 1
AD, = g = 2
2n+1—ai=121+1—a (1_0[)(15@_”1)
2 n 1 5
= =AD,
2n+1—a;21—1—a
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