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DOUBLY NONLINEAR PARABOLIC EQUATIONS RELATED TO
THE p-LAPLACIAN OPERATOR: SEMI-DISCRETIZATION

FATTHA BENZEKRI & ABDERRAHMANE EL HACHIMI

ABSTRACT. We study the doubly nonlinear parabolic equation

0B (u)
ot

with Dirichlet boundary conditions and initial data. We investigate a time-
discretization of the continuous problem by the Euler forward scheme. In
addition to proving existence, uniqueness and stability questions, we study
the long time behavior of the solution to the discrete problem. We prove
the existence of a global attractor, and obtain its regularity under additional
conditions.

— DNpu+ f(z,t,u) =0 in Q xR,

1. INTRODUCTION

In this paper we study a doubly nonlinear parabolic partial differential equation
related to the p-Laplacian operator estudied in [7]. We examine the validity of
numerical solutions as approximations to solutions for long times. This work is
inspired, on one hand by the results of El Hachimi and El Ouardi [7], and, on the
other hand, by the work of Eden, Michaux and Rakotoson [4]. It is a generalization
in different directions of several results.

The problem under consideration has the form

0B(u)
ot

—Apu+ f(z,t,u) =0 in Qx]0, 00|,
u=0 on dNx]0,00], (1.1)
B(u(.,0)) = Blug) in Q,

where Apu = div (|Vu|p*2Vu), 1 < p < +00, (3 is a nonlinearity of porous medium
type, and f is a nonlinearity of reaction-diffusion type. The continuous problem
(1.1) has been extensively treated in [7] for p > 1, and for the case p = 2 in [3].
Here, we shall discretize (1.1) and replace it by

BU™) —1AU™ + 7f(x,nT,U") = BU™) inQ,
U" =0 on 09,

BU°) = Blug) in Q.

2000 Mathematics Subject Classification. 35K15, 35K60, 35J60.
Key words and phrases. P-Laplacian, nonlinear parabolic equations, semi-discretization,
discrete dynamical system, attractor.
(©2003 Texas State University-San Marcos.
Submitted April 16, 2003. Published November 11, 2003.
1



2 F. BENZEKRI & A. EL HACHIMI EJDE-2003/113

The case p = 2 of this equation is studied in [4]. Here, we study the case p >
1 to obtain existence, uniqueness and stability results. Furthermore, we obtain
existence of absorbing sets and of a global attractor. Under some conditions on f
and p, additional regularity result for the global attractor and, as a consequence, a
stabilization result are obtained when §(u) = u.

This paper is organized as follows: In section 2, we give some preliminaries.
In section 3, we show the existence and uniqueness of solutions of problem (2.1).
The question of stability is studied in section 4, while the semi-discrete dynamical
system study is done in section 5. finally, section 6 is dedicated to obtaining some
regularity for the attractor.

2. PRELIMINARIES

2.1. Notations and useful lemmas. Let § be a continuous function with 3(0) =
0. For t € R, define
/ B(s

The Legendre transform is defined as ¢*(7) = sup,cr{7s — ¢ (s)}. Let Q stand for
a regular open bounded set of R%, d > 1 and 99 be it’s boundary.
The norm in a space X will be denoted by
o |- if X =L"(),1<r < 4o0;
o ||llq if X =Wh(Q), 1 < g < +oo;
e ||.||x otherwise
and (.,.) denotes the duality between W, ?(Q) and W17 (Q).
For p > 1 we define it’s conjugate p’ by % + i = 1. In this paper, C; and C will
denote various positive constants. We shall use the following results.

Lemma 2.1 ([11]). Ifu e W "P(Q) is a solution to the equation
—TApu+ F(z,u) =T,
where T € W=LT(Q) and F satisfies EF(x,€) > 0 in Q x R, then we have the
following estimates
(a) If r> -5, thenw € L(Q) and ullo < O(10=20)P /7,

(b) If p/ <7 < p%dlf then u € L™ (Q) and ||ul/- < C(H:F”%“)p//p, where
1_ 1 1

el sy B
(¢) If r = p%l and r > p' then u € Li(Q) for any ¢, 1 < ¢ < oo and

Hu”q S C(HTHT—I,T)Z) /P'

Lemma 2.2. Let g(z,s,£) be a Caratheodory function such that sign& g(z,s,§) >
—C1 and |g(x,s,&)| < b(|s])(|€]P + c(x)), where b is a continuous and increasing
function with (finite) values on RT, c € L' (), ¢ > 0 and Cy is a nonnegative
real. Also let h € WY (Q). Then the problem

—Apu+ g(z,u,Vu) =h inD'(),
u e WyP(Q),

has at least one solution.
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Remark 2.3. Since in [1], C; = 0, a slight modification has to be introduced in
the proof therein. Indeed, we consider u. € W, ?(Q) such that

_Apus + ga(xau&‘) VU/E) = h/a

where g. = g/(1 + €lg|). Thanks to the sign condition, it is easy to obtain a
Wol’p(Q)—estimate on u.. By extracting a subsequence, u. tends to u in WOLP(Q)
weak. The problem will be solved whenever the convergence is proved to be strong
in W, (), and this follows the same lines as in [1] provided we replace h by h+C}.

2.2. Assumptions and definition of solution. For (1.1), we consider the Euler
forward scheme

BU™) — AU + 7f(x,nT,U") = BU™ Y in Q,
U" =0 on 04, (2.1)
BU°) = Blug) inQ,

where N7 = T, T a fixed positive real, and 1 < n < N. We shall be concerned
with one of the following two cases:
case 1 wug € L*®(Q), and we assume the following hypotheses:

(H1) The function S is an increasing and continuous from R to R, and 5(0) = 0.

(H2) For £ € R, the map (z,t) — f(z,t,&) is measurable and, a.e. in Q x RT,
& — f(x,t,€) is continuous. Furthermore we assume that there exists
C1 > 0, such that for a.e. (z,t) € @ x Rt sign{f(z,t,£) > —Ci.

(H3) There is Cy > 0, such that for almost (z,t) € QxR £ — f(x,t,&)+C23(€)
is increasing.

Case 2 uy € L*(9), and we assume the following hypotheses:

(H1’) The function 3 is increasing and continuous from R to R, 5(0) = 0, and for
some C3 > 0, Cy > 0, ﬁ(f) < 03|§| + Cj for all £ € R.

(H2’) For any £ in R, the map (z,t) — f(x,t, &) is measurable and, a.e, in Q x R,
& — f(x,t,€) is continuous. Furthermore we assume that there exist ¢ >
sup(2,p) and positives constants Cs,Cs and C7 such that

sign & f (z,t,€) > Cs[¢]7 — Cé.

Also assume that |f(z,t,&)| < a(|£]) where a : RT — R is increasing and
limsup |f(z, ¢, &) < Cr(J¢|"~" +1).
t—0+
(H3’) There is Cy > 0 such that for almost all (z,t) € Q x R", & — f(x,t,€) +
C33(€) is increasing.

Remark 2.4. In the hypothesis (H2’), the monotonicity condition on a is not
restrictive since we can replace a by the increasing function a(s) = supy<,<, a(t).

Definition 2.5. By a weak solution to the discretized problem, we mean a sequence
(U™)o<n<n such that B3(UY) = B(ug), and U™ is defined by induction as a weak
solution of the problem

BU) — 7A,U +1f(z,nr,U) =AU ") inQ,
Ue WiP(Q).
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3. EXISTENCE AND UNIQUENESS RESULT
Case 1: ug € L*(Q). Assume (H1)-(H3), we derive an a priori estimate.
Lemma 3.1. The function U™ is in L>=°(Q) forn=20,...,N.

Proof. In this case U’ € L*°(Q). To show that U € L>(Q), we can write (2.1)
as

—7'ApU1 + Fl(x,Ul) = B(up) + C4 sign(Ul) =
Ule Wpt(9),

where Fi(z,§) = 7f(z,7,&) + (&) + Cisign(§), and ¢1 € L*(Q). According
to (H1) and (H2), {Fy(x,€) > 0 for all £ € R. By lemma 2.1 we can conclude
that U' € L*°(€). By a simple induction, we deduce that U™ € L () for all
n=20,...,N. ([

Theorem 3.2. For n = 1,...,N, there ezists a unique solution U™ of (2.1) in
Wy P (Q) N L®(Q) provided that 0 < T < C%
Proof. We can write (2.1) as
—7AU + F(z,U) = h,
UeW,"(Q),

where U = U™, h = B(U"Y) and F(x,&) = 7f(z,n7,&) + B(£). According to (H1)
and (H2),
signé F(z,6) > —7Cy and he WL (Q).
Hence the existence follows from lemma 2.2.
Next, we obtain uniqueness. For simplicity, we set

w=U", f(zr,w)=f(z,nr,U"), and g(x)=pU"1)
Then problem (2.1) reads
—TApw + 7 f(z,w) + Bw) = g(z),
we WyP(Q)NL=(Q).

If wy and we are two solutions of (3.1), then

(3.1)

—TApwi + TApwr + 7(f (2, w1) — f(2, w2)) + B(wi) — B(wz) = 0. (3:2)
Multiplying (3.2) by w; — wo and integrating over €, gives

(—TApw1 + TApwe, w1 — wa) + 7'/Q (f(z,w1) — f(z,w2)) (w1 — wa)da

+/ (B(w1) — Blwz)) (w1 — we)dz = 0. (3.3)
Q
Applying (H3) yields
/ (f (2, w1) = f(2, w2)) (w1 — wo)da > —Cz/ (B(wr) — B(wa)) (w1 — wa)dx. (3.4)
@ Q

Using this equation and the monotonicity condition of the p-Laplacian operator,
(3.3) reduces to

(1-7Cy) /Q (Blawn) — Blws)) (wr — ws) da < 0.



EJDE-2003/113 DOUBLY NONLINEAR PARABOLIC EQUATIONS 5

Then by (H1), if 7 < 1/Cs, we get w1 = ws. O

Uniqueness can be also obtained under the following assumption:
(H3”) For all M > 0, there exists Cy > 0 such that, if [£] 4 |¢'| < M then

[f(t,2,€) — f(t,2,6)|* < Cu(B(E) - BE))(E - E)
{2 if1<p<2,
where a = .
p ifp>2.

Proposition 3.3. Assume in the case 1 that (H1), (H2) and (H3”) hold, and that
p > 2d/(d +2). Then the solution of (2.1) is unique provided that 0 < T < T,
where T is a prescribed constant.

Proof. Let wy and wy be two solutions of (3.1). Using the stability result which we
will establish below (see theorem 4.1), we have

lwi oo + welloc < M and 77 (Jun]

Lp + [lwell1p) < K, (3.5)

where M and K are positive constants which do not depend on N. Now, let us

recall the relations verified by the p-Laplacian (see [8] or [12] for example). For
every u and v in W, ?(Q), we have

(=Apu+ Apv,u—v) > Cpllu—v|f , ifp>2 (3.6)

||’LL - U”%,p

(lullyp + llollp

(i) If p > 2, then from (3.3), (3.6), (H3”), Young’s and Poincare’s inequalities, we
get

(—Apu+ Apv,u—v) > C,

if1<p<?2 (3.7)

P

MCyrwn — ws 7 + / (Bw) — Blw2)) (wn — wa)da

- - . poP/P
1 (2, wr) = F(a,wa) I}, + —H

= m [|wy — w2||§
pp/p’

< = [ (Bwn) = Bwn)) (s = wado + Ty — wlf,

where A; is the first eigenvalue of —A,. Then, from (H1), we obtain

p/p’
TPC);

(AlcpT— )le — w2 < 0.

pA1Cp ) 1/(p—1)
7
ox

(ii) If dQ—fQ < p <2, then from (3.3), (3.7), (H3”) and Young’s inequality, we obtain

Therefore, when 0 < 7 < ( , we get wy = wa.

PG = wally + [ (Bwn) = ) (s - wa)do

K2-»
20y
2

1 _
< ——f (@, w1) — fla,wa)3 + [wy — wa 3

2Cm
1

7_2
<5 [ (Bwn) = Bu)) (wr = wa)da + 5 o — .
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2d

Since p > a+2°

we have [|w; —wz|2 < Cpllwy —wz|[1,,- Then, from (H1), we obtain

C 1 / 2
7_2/17 ([{2p_p - 57—2/1) CMC; > HU/1 - U)Q”%IJ S 0.

20,

’
_=2bp  \p'/2 : _
CMCLQKQ_I,) / , We obtain wp = Wwa. O

Therefore, when 0 < 7 < (

Case 2. The function ug is in L?(Q2).

Theorem 3.4. We assume the hypotheses (H1’)—(H3’) and p > dQT‘_iQ, then for each
n=1,--- N there exists a unique solution U™ of (2.1) in W&’p(ﬂ) provided that

0<7<1/Cs.

The proofs of existence and uniqueness are the same as those of Theorem 3.2,
with h = B(U™1) in L?(Q) ¢ WP (Q) for p > 2d/(d + 2). Therefore, we omit
it.

4. STABILITY
Case 1. The function ug in L>®(£2).

Theorem 4.1. Assume (H1)-(H3). Then there exists C(T,ug) > 0 depending on
T, up, B, g and 2, but not on N, such that for alln=1,--- /N,

[U"[leo < C(T, uo), (4.1)
/Q GHEUdz + 73U, < C(T,up), (4.2)
k=1
SO IBU*) — BUR)E < (T, uo). (4.3)
k=1

Proof. (a) From lemma 3.1, U™ € L°°(2). Then, multiplying the first equation
of (2.1) by |B(U™)|FB(U™), using Holder’s inequality and the hypotheses on f, we
obtain

IB@MIEL < IBWIENBU™ sz + CrIBOMIE
Since ||B(U™) |lg+1 < C||BU™)||k+2, it follows that
BU k42 < 18U lls2 + C,
and, by induction, we deduce that
1BU™)lk+2 < 1B(uo) k42 + NCT.

Finally, as k — oo , we obtain ||[U™||ec < C(T,ug). Thus (4.1) is satisfied.
(b) Multiplying the first equation of (2.1) (with k instead of n) by U¥, and using
(H2) and the relation

[ ot — [ ety < [ (50" - k) U,
Q Q Q
we obtain

/W(ﬁ(U’C))dx—/¢*(5(Uk_1))d$+TIIU'“Il’f,p <OrllUFh (44)
Q Q
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Now, summing (4.4) from k =1 to n, gives
/Qw*(ﬂ(U”))dfv +ry UM, < Cr Y IIU L +/Q1/)*(ﬂ(Uo))dx- (4.5)
k=1 k=1

(From (4.5) and Lemma 3.1, we deduce (4.2).
(c) Multiplying the first equation of (2.1) (with k instead of n) by 3(U*) and using
(H2), we have

/Q(ﬁ(U’f) — BUFY) B + (- AU, BUH)) < 017/9 BU)|de. (4.6)
With the aid of the identity 2a(a — b) = a® — b%> + (a — b)?, from (4.6) we obtain

1B = 18U + 18U = BT Y3 < CrlIBUTS)- (4.7)
Now summing (4.7) from k = 1 to n, yields

= k=1

IB@™I3+ Y 1BW*) = BUF 5 < 1Buo)3 +Cm Y _18WHI. (48)
k=1

Hence, by (4.8) and Lemma 3.1, we conclude (4.3). O
Case 2: The function ug is in L*(Q).

Theorem 4.2. We assume hypotheses (H1’)-(H3’) and p > 2d/(d+2). Then there
exists a positive constant C(T,ug) such that, for alln=1,--- /N,

/Q B de+ 7S UM+ Cr S ORI < O(Tue)  (49)
k=1

k=1

1<k<n

max [|BUM)]3+ Y 18U*) = BUF 3 < C(T, o). (4.10)
k=1

Proof. Since the proof is nearly the same as that of theorem 4.1, we just sketch it.
(a) Asfor (4.5) , we obtain

/ W (BUM)dr+7 Y UM, +C7 Y UG < Cr Y U+ / V" (B(uo))da
@ k=1 k=1 k=1 Q2
Thanks to Young’s inequality, for all £ > 0 there exists C. (T, up) such that

/Q G Bz + 3N, + O SR < er 3 [UFE + Co(T, o).
k=1

k=1 k=1
Now for a suitable choice of €, we have

er Y _IUR|IE < Cu(T, ug).
k=1
Therefore, (4.9) is satisfied.
(b) From (4.8), (H1’) and (H2’), we obtain

IBO™I3 + > 18WU*) = BUFHIE < 1Buo) I3 +C7 Y 1B(U*)h

k=1 k=1
As in (a), we conclude (4.10). O
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5. THE SEMI-DISCRETE DYNAMICAL SYSTEM

In the remainder sections, we assume uy € L?({2) and the hypotheses (H1’)—
(H3’), we fix 7 such that 0 < 7 < min(1, C%), and assume that p > 2d/(d + 2).
Theorem 3.4 allows us to define a map S, on L?(Q2) by setting

S,Ut=pn.

Since S, is continuous, we have S?U° = U™.

Our aim is to study the discrete dynamical system associated with (2.1). We
begin by showing the existence of absorbing balls in L>(£2). (We refer to [13] for
the definition of absorbing sets and global attractor).

5.1. Absorbing sets in L>=(2).

Lemma 5.1. Ifp > 2d/(d+ 1), then there exists n(d,p) € N* depending on d and
p, and C > 0 depending on d,Q) and the constants in (H1’)-(H3’) such that

Um e L*°(Q) for alln > n(d,p), (5.1)
n C o
I 2| < (lluoll3

where o = p' /p. Moreover, if d =1,d =2 or d < 2p then n(d,p) = 1.

P

1), (5.2)

Proof. The proof follows from a repeated application of lemma 2.1. We can write
(2.1) as

—7A,(U™) + Fop(z,U™) = BU™ 1) + Cgsign(U™) = Tp,  in Q,
U™ =0 on 09,

where Fy,(x,&) = 7f(x,m7,&) + B(§) + Cssign(§). Note that by (H1’) and (H2’)
we have €F,,(z,€) > 0 for all ¢ and T, € W17 ().

Now, applying lemma 2.1, we can find an increasing sequence (a(m))m>1 such
that -
1 1 1
a(m) >/, = -, 5.3
(m) = p am+1) (p—Da(m) d (5:3)
Cm
U™ [lagmy < m(”“ﬂ 5 +1). (5.4)

We shall stop the iteration on m once we have a(m — 1) > d/p. Indeed, if ¢ > d/p,
then there exists r > d/(p — 1) such that LI(2) C W~1"(Q). Then we have
T, € W=LT(Q) and thus U™ € L>®°(Q). n(d,p) will be the first integer m such

that a(m — 1) > d/p. Then (5.2) follows from (5.4) and lemma 2.1. O
Remark 5.2. (i) If d = 1 or d = 2, then for all ¢ > 1, we have L*(Q) c W~19(Q),
in particular for ¢ > ﬁ. If d > 3 and d < 2p, we can choose ¢ > 1 to be such

that % <q< d%dz. In the two cases, Ty € W~14(Q) for some q > % and, from

lemma 2.1, U! € L*°(Q). We have then n(d, p) = 1.

(ii) If a(m) < % for all m, then [ = lim,, . a(m) exists and equals f}%’l’d. Con-
sequently, for p > 2d/(d 4+ 1), we have | < p’ , which contradicts the fact that
a(m) > p'. Hence, the existence of n(d,p) is justified.

In the remaining of this article, we set ng = n(d,p) and C; = C(|uol|$™" +1).
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Lemma 5.3. Let k be such that 1 < k < g—1 and k < 1+ —. Then, there
exist v > 0,0 > 0 depending on the data of (H1’)-(H3’) and p > O depending on
no, q,7, 90, k such that, for all n > ng, we have

n 0\1/(g-1) Ci+p
||ﬁ(U )HOO < (7) ! + 1/(k—1)°
v (Tﬁ(n—no-i-l))
1 ifa <1,
where § = {ano Fasl

Proof. From lemma 5.1, for n > ng, we have

U™ € L°(Q) and [|U"0||o < Cy /7ote T ta™,
Multiplying the first equation of (2.1) by |3(U™)|™B(U™) for some positive integer
m, we derive from (H1’) and (H2’), after dropping some positive terms, that

1BU™)mi2 _/ B BU ) dx + O [BU™) mts — CTIBU™) g

By setting
Ym = 18U lm+2 and 2z, = [|B(U")]|o0

and using Holder’s inequality, we deduce the existence of two constants v > 0,9 > 0
(not depending on m nor on U™) such that

Yo 7 ()T S OT + Y
As m approaches infinity, we then obtain
Zn 728 < 6T+ 2,

with z,, < Cl/Ta+a2+...+ano.
(i) If <1, then a + o + -+ + a™ < ng. So, we have

Zng S Cl/TTLOv
Zn + ’YTZ,?l_l <67+ zp—1.

Then we can apply [4, Lemma 7.1] to obtain

5. 1/(a=1) C
zn < (= + Lt H — = ca(n).
v (T(n—mng+1)) 7
(i) If @ > 1, then a4+ a? + - - + a™ < nga™. By setting 7| = 72" we have
< CH/Tlno7

1 /
Zn + Y leq <d&m+zp_1,

1—qm0 1—qm0

where v =7 vyand ¢ =71

7.1] to obtain

0. Then, once again, we can apply [4, lemma

5. 1/(a=1) C
Zn < (= + il —— = ca(n).
v (ti(n —ng +1)) T
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Remark 5.4. In the case a > 1, a slight modification has to be introduced in the
proof of [4, lemma 7.1], since  depends on §" and 4" and hence on 7. In fact, with
the same notation, it suffices to choose p such that

5 s k—1 =
7| = ptm = 28 /(k = 1).
Y
and to remark that 7/ > ~.
Consequently, lemma 5.3 implies that there exist absorbing sets in L4(2) for all
q € [1,00]. Indeed, this is due to the fact that

1U™ oo < max (87 (ca(n)), |87 (—ca(n))]),
5yl =)

Y

for all n > ng, with co(n) — ( as n — 0o.

5.2. Absorbing sets in Wol’p(Q), existence of the the global attractor. Mul-
tiplying equation (2.1) by §,, = U™ — U"~!, we obtain

ﬁ(U") _ ﬁ(U"_l

T

( ),5n> +/ VU™ P2vU" (VU™ — VU Ydx
Q
+ (f(z,nT,U"),0,) =0. (5.5)
By setting
Fg(u) = /0 (f(x,nT,w) + Cgﬁ(w))dw,
we deduce from (H3’) that Fj(u)(u — v) > F(u) — F(v), and then
<f(JU,TLT, Un)v 5n> = (f(a:,m', Un) + CZﬂ(Un)a 5n> - 02<ﬂ(Un)a 5n>
> [ (BaU") = Fa(Un ) do = Calp(U™),5,).
Q
Now, using (H1’), we get ¥'(v)(u — v) < 9(u) — 1»(v). Therefore,
/Qﬁ(U")(U" — U Y)da
= [ (@ — ) O = v Nde+ [ s - U e
Q Q

< / (BU™ -pU ) (U =U")dx +/ (W(U™) — (U™ 1)) da.
Q

Q
With the aid of the inequality

1 1
alP~%a.(a — b) > ~|alP — —|b|?, 5.6
P %aa—8) = - [aP = b (5.6)
we obtain
R A G TR U T Al TN L)

Since 7 < 1/Cy, from (5.5) we obtain

%HU"HILP—&-/QFg(U")dx < CQ/Q (VU™ —p(U™)) dx+/QFB(U"—1)d:c. (5.8)
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Now, setting F(u) = [ f(z,n7,w)dw yields

/Fg(u)dac:/F(u)dx—i—C’g/ P(u)dz.
Q Q Q
Hence, from (5.8), we get
1 1
=™ % +/FU"dm§f ure +/FU”*1dx.
pll 17,5 ; ") pH 7,5 ; ")
By setting
1
= 0", + [ Pz,
p Q
we get ¥, < yn_1. And by choosing N7 = 1, using the boundedness of U™ and the

stability analysis, there exists n, > 0 such that

no+N
T Z y" <ay, foralln>n,.

n=ngo

Then we apply the discrete version of the uniform Gronwall lemma [4, Lemma 7.5]
with h,, = 0 to obtain

1
fHU”HIfP—i—/F(U”)deC for all n > n,.
D ’ Q

On the other hand, since U™ is bounded, we deduce that ||U"|,, < C. We have
then proved the following result.

Proposition 5.5. If 7 < 1/Cy, there exist absorbing sets in L™ () N Wy (Q).
More precisely, for any ug € L?(Q), there exists a positive integer n, such that

U loo + U l1p < C, Y1 = nr, (5.9)
where C' does not depend on T.

For the nonlinear map S, to satisfy the properties of the semi-group, namely
SntP = S"oSP, we need (2.1) to be autonomous. So, we assume that f(x,t,&) =
f(x,€). Thus, S, defines a semi-group from L?(Q) into itself and possesses an
absorbing ball B in L () N W, (Q). Setting

Ar = () Un=nS7(B),

neN

A, is a compact subset of L?() which attracts all solutions. That means that for
all ug € L*(Q),
dist (.AT, Sfuo) — 0 asn— oo.

Therefore, we have proved the following result.

Theorem 5.6. Assuming that ug € L?(2) and (H1’)-(HS’), the discrete problem
(2.1) has an associated solution semi-group S, that maps L?*() into L°°(Q2) N
WyP(Q). This semi-group has a compact attractor which is bounded in L>(€2) N
WyP (Q).
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6. ADDITIONAL REGULARITY FOR THE ATTRACTOR

In this section, we shall show supplementary regularity estimates on the solutions
of problem (2.1) in the particular case where §(£) = £&. We obtain therefore more
regularity for the attractor obtained in section 5. The assumptions are similar to
those used for the continuous problem in [7]; namely u, € L?(2) and f verifying
the following assumption

(H4") f(x,t,&) = g(€) — h(x) where h € L>() and g satisfying the conditions

(H1)—(H3).
The problem (2.1) becomes
o — DU +g(U) = f, (6.1)
where 6, = UH%W First, we state the following lemma which we shall use to

prove the main result of this section.

Lemma 6.1. There exists a positive constant C' such that for all ng > n., and all

N in N, we have
no+N

Y .l <C (6.2)

n=ng

Proof. Multiplying (6.1) by d,,, using (5.7), (5.9), (H4’) and Young’s inequality, we
get after some simple calculations

1 2 1 n 1 n—1
17 110nll2 + EIIU 17, = EIIU 11, < Cr. (6.3)
Summing (6.3) from n = ng to n = ng + N, yields
1 sy 2 1 no+N ||P 1 no || P
i > H5n||z+2;||U 17, < Z;IIU 17, + CNT. (6.4)
n=no
Now, if ng > n,, U™ is in an Wol’p(Q)-absorbing ball, and Choosing N7 = 1, we
therefore obtain (6.2) from (6.4). O

Theorem 6.2. For alln > n,, we have ||6,||2 < C, where C is a positive constant.

Proof. By subtracting equation (6.1) with n — 1 instead of n, from equation (6.1)
and multiplying the difference by §,, we deduce from the monotonicity of the p-
Laplacian operator, Young’s inequality and (H3’) that

1 1
L1813 < S 18cn3 + Orlaal3
Setting y, = 3|6, |3 and h,, = C||6,[3, and using [4, lemma 7.5] and lemma 6.1,
we deduce that
c

Nt
If n > n,; and N7 = 1, then we get the desired estimate. O

Using this theorem, we have the following regularizing estimates.

Corollary 6.3. If p > 2d/(d+2) and p # 2, then there erists some 0, 0 < o < 1,
such that
HUn”B;;rw(Q) < C foralln >n,,

where BLP(Q) denotes a Besov space defined by real interpolation method.
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If p=2, then |U"|lw22(q) < C for alln > n,.

Proof. (i) If 2d/(d 4+ 2) < p < 2 then there exists some o/, 0 < ¢’ < 1 such that

L2(Q) — WP (Q) (6.5)
By (6.1), (6.5), (H4’) and theorem 6.2 we get
- APU”\\B;G/,p/(Q) <C foralln>n,.

Therefore, Simon’s regularity result in [12] yields

||U”HBg(l_g/)(p_l)a,p(Q) <C foralln>n,.

(ii) If p > 2, then, by (6.1), (H4’) and theorem 6.2, we get || — A,U" ||,y < C for all
n > n,. Therefore, Simon’s regularity result in [12] yields

<C foralln>n,.

|| nH HW”’
Boo ©

(iil) For p = 2, see [4]. |
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