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SDDES LIMITS SOLUTIONS TO SUBLINEAR
REACTION-DIFFUSION SPDES

HASSAN ALLOUBA

ABSTRACT. We start by introducing a new definition of solutions to heat-
based SPDEs driven by space-time white noise: SDDEs (stochastic differential-
difference equations) limits solutions. In contrast to the standard direct def-
inition of SPDEs solutions; this new notion, which builds on and refines our
SDDESs approach to SPDEs from earlier work, is entirely based on the approx-
imating SDDEs. It is applicable to, and gives a multiscale view of, a variety of
SPDEs. We extend this approach in related work to other heat-based SPDEs
(Burgers, Allen-Cahn, and others) and to the difficult case of SPDEs with
multi-dimensional spacial variable. We focus here on one-spacial-dimensional
reaction-diffusion SPDEs; and we prove the existence of a SDDEs limit solu-
tion to these equations under less-than-Lipschitz conditions on the drift and
the diffusion coefficients, thus extending our earlier SDDEs work to the nonzero
drift case. The regularity of this solution is obtained as a by-product of the
existence estimates. The uniqueness in law of our SPDEs follows, for a large
class of such drifts/diffusions, as a simple extension of our recent Allen-Cahn
uniqueness result. We also examine briefly, through order parameters €; and
ez multiplied by the Laplacian and the noise, the effect of letting €¢1,e2 — 0 at
different speeds. More precisely, it is shown that the ratio e2/ ei/ 4 determines
the behavior as €1,€e2 — 0.

1. INTRODUCTION AND STATEMENTS OF RESULTS

We consider the parametrized space-time white noise driven SPDE on R 2
TxR=10,T] xR:

8U€ € €1 82W
L2 — AU, . b(Uq, e, €1.62) TE) t, ,T] x R,
ot 2 Ueryez + (Ul, ) + e2a(U , )8t8m ( 1') € (0 ] X (1.1)

U61,€2 (va) = f(x), z €R,

where T' > 0 is fixed but arbitrary, A is the Laplace operator in space, and a,b :
R — R are Borel measurable. W (¢, z) is the Brownian sheet corresponding to the
driving space-time white noise—with intensity Lebesgue measure—written formally
as 0°W/0tdx. As in Walsh [19], white noise is regarded as a continuous orthogonal
martingale measure, which we denote by W, with the corresponding Brownian sheet
as the random field induced by W in the usual way. £(z) is taken to be a continuous
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bounded deterministic function. The parameters €1,€2 > 0 are order parameters,
which allow us to control the competing effects of the Laplacian A and the driving
space-time white noise W /9tdx. We denote the SPDE in (1.1) by efL:(a, b, €)

Before going into the statements of our results, let’s highlight one of the main
features of this article. We introduce and formalize the notion of SDDEs limit
solutions (see Definition 1.4 and Remark 1.5 below), and most of our treatment
here focuses on this class of solutions to e;1?(a, b, £) whose elements are limits of
an approximating sequence of stochastic-differential-difference equations (SDDEs)
(see [3, 6]). SDDEs are obtained from ey!’*(a, b, §) by discretizing space but leaving
time continuous. We have used SDDEs before in [6, 3] to give a non-nonstandard
proof of Reimers’ existence result for eye..(a,0,€) (the case of zero drift) when a
is continuous and satisfies a linear growth condition. In addition to extending our
existence proof there to the case of nonzero continuous drift (Theorem 1.6) and
examining the effects of the order parameters €;, €2 on e (a, b, ) (Theorem 1.8),
our new definition (Definition 1.4) of solutions to SPDEs as limits of approximating
SDDEs establishes a general approach of SPDEs in which solutions to the SPDE
in question are defined entirely in terms of its approximating SDDEs and their
limits (more on this approach and its implications in d-dimensional space as well
as for other SPDEs is detailed in [4]). It is important to note that (even in one
dimension spacial variable) this is different from, and has several advantages not
shared with, the traditional direct approach (in which solutions to e;'’?(a,b,&)
are understood in the sense of either the standard test function (1.8) or Green
function formulations (1.9) of e;l?(a,b,&)). In addition to the obvious numerical
advantage; 1. this is a multiscale approach which allows us to view the model under
consideration in two different scales simultaneously (the microscopic-in-space SDDE
scale and their limiting SPDE scale), and thus be able to see which properties of the
SPDESs being approximated is captured by their SDDEs and which ones are different
(e.g. Proposition 2.7, Lemma 2.10, and Lemma 2.11 show how some regularity
properties for e;1)(a, b, £) are captured by their SDDEs, and the proof of Theorem
1.8 part (ii) is the same for both ey!?(a, b, &) and the corresponding SDDEs, while
the proof of Theorem 1.8 part (i) is an example of an argument which holds in the
continuous setting but not in the SDDE one, possibly pointing to different behaviors
in the two different scales), 2. the role of the heat Green function for e;.%*(a, b, £) is
played by a continuous-time random walk density in the case of SDDEs, allowing us
to use powerful and simpler random walk arguments like coupling (see Lemma 2.4)
and others to get needed estimates to prove existence and regularity for e;'?(a, b, £)
under mild conditions on a and b (more on the intimate connection between the
Green function and the random walk density is also detailed in [4]), and 3. unlike
the usual Green’s function formulation in the direct approach to SPDEs, these
SDDEs make sense as real-valued random fields in any spatial dimension d, and we
use them in [4] to extend our Definition 1.4 below to a class of solutions for SPDEs
in any dimension. In this last regard, SDDEs limit solutions to SPDEs are similar
to Lions-Crandal notion of viscosity solutions in that they are defined as limits of
more “regular” solutions.

Consider the sequence of lattices (X,,) -, defined by

Xn é { te 37257“ 7677.’0’571326717 o }7
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€1,€2

where §,, — 0 as n — oo. Then, following [3], e;.?(a,b,£) may be approximated
by the sequence of SDDEs {efPP®(a,b,&,n) bnen:

dU® (t):[%Anﬁ’” () +b(T7 (1))t

n,€1,€2 n,€1,€2 n,€1,€2

~ dWZ(t
Faulfaa) 0% (o) 0.7 x %, (12
ﬁnz,€1,€2 (0) = f(l‘); x E Xﬂd

where A, f(z) is the n-th discrete Laplacian

VTR (2 ARSI EEL)
n

For each n € N, we think of W7 (¢) as a sequence of independent standard Brownian
motions indexed by the set X,, (independence within the same lattice). We also
assume that if m # n and z € X,;, N X,, then W72 (t) = WZ(t), and if n > m and
x € X, \ X,,, then WZ () = 0.

m

Definition 1.1. Fiz €1,€e3. A solution to the SDDE system {ei2P%(a,b,&,n)}2° ;

with respect to the Brownian (in t) system {W3(t)}(n.z)enxx, on the filtered prob-
ability space (0, F{F:},P); is a sequence of real-valued processes

(s = (00 (10) € (T K

n=1

(1.3)

with continuous sample paths in t for each fized x € X,, and n € N such that, for
every (n,x) € Nx X, Uy ., ., (t) is Fi-adapted, and
t
T €1 T T T de(S)
Un,61,62 (t) = /O [EAnUn,El,EQ (S) + b(Un,el,eg (8))j| ds + GQG(Un,el,eg (S))W
n
+&(x); (tz)eTxX,, neN, as. P
(1.4)
A solution is said to be strong if {W3(t)}(n,z)enxx, and (Q,F{F:},P) are fived a
priort; and with
Fi=c{o(W3(s);0<s<t,xeX,,neN)UN}; teT, (1.5)
where N is the collection of null sets

{0 136G € J(U o (We(s);0<s<tzeXpne N)), 0 C G and B(G) :0}
>0
A solution is termed weak if we are free to choose (0, F{F:},P) and the Brownian
system on it and without requiring F; to satisfy (1.5).

Unless otherwise stated all filtrations are assumed to satisfy the usual conditions,
and any filtered probability space with such filtration is called a usual probability
space.

Now, as in Lemma 2.1 in [3], we easily have the following representation and
existence result for our approximating SDDEs

Lemma 1.2. Under the conditions
(a) a(u) and b(u) are continuous in u; u € R,
(b)) a®(u) < K(1+u?) and b*(u) < K(1+u?); ucR, (1.6)

(¢) & is continuous, nonrandom, and bounded on R,
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for some constant K > 0, the SDDE system (1.2) is equivalent to the discrete-space
continuous-time Green function formulation

s;r— dWrzi S 7Y
Genet)= 3 [ Q2 aat0 D PR 0, 1005
yeXn " (1.7)

+ ) Q5 ey (te) e Tx Xy,
yeX,

where Qg‘:ﬂ is the fundamental solution to the parametrized deterministic heat
equation on the lattice X,,:
du? (t)
nC’;tl = An n el( ) (t,fE) € (OaT] X Xﬂ

Furthermore, there is at least one weak solution to (1.2) (and hence (1.7)).

Similar to the zero drift case (Lemma 2.1 in [3]), the equivalence assertion in
Lemma 1.2 follows as in the continuous time-space case (e.g., Walsh [19]) from an
equivalence of test function and Green function formulations argument, and the
existence is a straightforward generalization of standard SDEs arguments and the
details will be omitted.

Remark 1.3. Just as in the continuous time-case, where we can look probabilisti-
cally at the fundamental solution of the deterministic heat equation as the density
of Brownian motion, we note that ng’el is the density of a symmetric 1-dimensional
random walk on X,,, in which the times between transitions are exponentially dis-
tributed with mean 62 /e1, for all n. To simplify notations, we will suppress the
dependence on the parameters €1, €5 unless we want to expressly consider the effect
of variations in them on the SPDE or SDDE (the subscript §,, in ng is to remind
us that the lattice points are §,, apart). Of course, by enlarging the filtration F,
we can accomodate random initial £. Also, if the space R is replaced by a closed
bounded interval L = [a, b], a,b € R then X,, is replaced by X, NL; and the random
walk will be either reflected or absorbed at a and b, with corresponding densities
()s,,, depending on whether we have Neumann or Dirichlet boundary conditions.

Using linear interpolation, we extend the definition of the already continuous-
in-time process (jﬂf (t) on T x X,,, so as to obtain a continuous process on T x R,
for each n € N, which we will also denote by f]ﬁ (t). Henceforth, any such sequence
{U,} of interpolated U,’s will be called a continuous solution to eS°P®(a, b, £, n).
We now give our definitions of SDDEs limit solutions to e;.*(a,b,&) (of course
solutions on R, x R are defined in the same way, replacing T with R).

Definition 1.4. [SDDEs limits solutions to e;'*(a,b,£)] We say that the ran-
dom field U(t,x) is a continuous SDDE limit solution to ej*(a,b,§) on T x R
iff there is a continuous solution {UZ(¢)} to the SDDE system €22 (a,b,&,n) on

a usual probability space (Q,F{F;},P) and with respect to a Brownian system
{WZ(t)} (n,2)enxx, such that U has P-a.s. continuous paths on T x R, and U is
the limit or a modification of the limit of U, (or of a subsequence U,,) as n /* oo
(k /" 00). When desired; the types of the solution and the limit are explicitly stated
(e.g., we say strong (weak) SDDEs weak, in probability, L, or a.s. limit solution
to indicate that the solution to the approximating SDDEs system is strong (weak)
and that the limit of the SDDEs is in the weak, in probability, L?, or a.s. sense,
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respectively). We say that uniqueness in law holds if whenever U and V are SDDEs
limit solutions, U and V have the same law.

Remark 1.5. Although in this article we restrict our treatment to the weak SDDEs
weak limit solutions and weak uniqueness (in law), Definition 1.4 easily admits
limits in any sense, not only those mentioned above, as well as stronger uniqueness
(pathwise).

Next, we use the existence in Lemma 1.2 to show the existence of a SDDE limit
solution to e;l?(a,b,£), and that this solution is a solution in the standard sense
of satisfying the test function formulation of e;!'??(a,b,&). This complements the
results in [3] by treating the case of continuous drift which grows no more than
linearly.

Theorem 1.6 (Weak existence, uniqueness, and regularity). Fiz e; and es. If the
conditions in (1.6) hold for some constant K > 0, then every sequence of continuous
SDDEs solutions is tight in C(T x R;R) and we have a weak SDDE weak limit
solution U to e;'5*(a,b,&). Moreover, there is a continuous random field Y, with

the same law as U, that satisfies the test function formulation of €15 (a,b,§):

-6 =5 [ 0@Leis— [0
(1.8)

—a t [ ol (st as

for every ¢ € C*(R;R), where (-,-) denotes the scalar product on L*(R). The
continuous paths of Y are Holder 5 € (0,%) in space and Hélder v, € (0,%) in
time and are LP bounded for every p > 2. If a(u) = u”, with 1/2 < v < 1 and
b(u) = Zf\il c;u®i for constantsc; € R, N e N, and1>a; >~,i1=1,...,N; then
uniqueness in law holds for e;*25%(a,b,€) on [0,T] x [0, L], for any T, L € Rf_, and
hence the convergence to U is along the whole SDDEs sequence.

Remark 1.7. In Theorem 1.6 we suppressed the dependence on the epsilons, since

the results are given for fixed €, €z;i.e., U =U¢, ¢, and Y =Y, ,.

The next result reveals that the behavior of e;!?(a,b, &) as €1,€e2 N\, 0 is con-

trolled by the ratio 62/611/42 the solutions blow up in L? if 62/611/4 /" 0o and they
converge to the deterministic e; \, 0 limit in L29 (¢ > 1) if €5/ /4 \, 0.

Theorem 1.8 (Limits of e;.?(a, b, &) as €1, €3 \, 0). 1) Suppose that the conditions
in (1.6) hold, and that there are constants K;, K;, > 0 such that K; < a(u) < K,
for allu € R. If e;,ea \, 0 (or €1,€5 / 00) such that the ratio es/e;*/* — oo;
then, supg< < Supger EUZ . (s,x) / oo, for any T > 0 and for any SDDEs weak

€1,€2
limit solution U, ., to e;.5*(a,b,€) ii) If, in addition to the conditions in (1.6), b
is Lipschitz and a is bounded; and if U, (t,x) is the solution to the deterministic
PDE obtained from e;15* (a,b,§) by settinga =0, and Ue, ., is a SDDEs weak limit
solution to e;-5%(a, b, §), then for every g > 1
sup supE|U, o,(t,z) — Ue, (t, )] — 0
0<t<T z€R

as €1, €2, and 62/61/4 — 0. Also, if {Uﬁ’q@) (t)} is a solution to the SDDEs system

{e5PPE(a,b,&,n)} and if {Un’q} is a solution to the deterministic system obtained
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from ePPE(q b, &, n) by setting a = 0, then for every g,n > 1

2q
sup supE|US . ., (t) = Upe (t,z)] —0
0<t<T z€R

1/4
as €1, €a, G/ﬂd62/61/ — 0.

Remark 1.9. Taking note of Remark 1.7, it follows from well known facts in Walsh
[19] that, under (1.6), (1.8) is equivalent to the Green function formulation (1.9)
below

Yoo () — / G (12, 9)E(y)dy
(1.9)

_ /R /Ot Gy (5,15, 9) [e20(Ye, (5, 9))W(ds, dy) + B(Vey o (5,9) sy

where 1
e, (t;2,y) = —e—=e (70)"/201,
altiy) = o=
Also, note that when e, ey are fixed, supyc,<psup,cg EUZ ,(s,2) < oo for all

T > 0 (see Proposition 2.7, (2.23), and note that Y has the same law as U).

2. EXISTENCE, UNIQUENESS, AND REGULARITY

The proof of Theorem 1.6 proceeds in several steps as in the heat SPDE in [3],
with the extra difficulty caused by the extra term b(U): we first get Kolmogorov
type estimates on the spatial and temporal differences of the continuous U,f (t)s
establishing tightness, and so by Lemma 1.2 and Definition 1.4 this implies the
existence of a weak SDDE weak limit solution to e;’i?(a,b,£). Then we show that
the limit satisfies the test function formulation of e;’;?(a, b, &). Since Theorem 1.6
is stated for fixed €1, €2, we suppress the dependence on these parameters (except
in Lemma 2.1 below which we use in Remark 3.1 in the third section), and we
assume without loss of generality that they are both 1. Throughout the article, K
will denote a constant that may change its value from one step to the next.

2.1. Random walk estimates. The first set of estimates we need are bounds on
the random walk density Qf{:. Since all the results in this section hold for all n, we
will suppress the dependence on n, except in (2.10), to simplify the notation. The
first three lemmas are taken directly from [3] p. 32 and are reproduced below for
convenience:

Lemma 2.1. There is a constant K such that

SOQF) < K6V and Y (QF)" < Ko/,

zeX zeX
and hence
t t
/ Z ( §’z)2 ds < K6Vt and / Z (Qg:fl)z ds < K&,/ —.
0 zex 0 zex €1

Lemma 2.2. There is a constant K such that

t
| @ - qp)as < K,
0

zeX
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Lemma 2.3. There is a constant K such that

t
0

zeX
for r < t, and with the convention that Q¥(t) =0 if t < 0.

The next three Lemmas are needed to deal with the reaction term b(U) in the
SPDE.

Lemma 2.4. There is a constant K such that
3T Tz z
105 - Q< 1A K (2.1)
zeX ¢

and thus

t
/ 15T — Q5| ds < Kz, (2.2)
0

zeX

Proof. We use a standard maximal coupling argument. For details on coupling
and related techniques the interested reader could consult [18] and the references
therein.

Denote by A (t) the law of the random walk, starting at x, after time ¢; and let
| - || denote the total variation norm. Then we are trying to bound

AL /O |AZ(s) — AZ*#(s)|| ds

So, using a coupling argument, we start two copies of the random walk at 0 and
z and run the maximal coupling. The total variation at time ¢t between the two
random walks laws ||[A(t) — AZ(t)]| is exactly the probability of not yet coupling,
which is readily seen to be at most 1 A K|z|/t'/2, for some constant K. Thus,
we get the first inequality (2.1), and the second inequality (2.2) (the bound on A)
immediately follows. (Il

Lemma 2.5. There are constants K and 6* such that

. Vi—\fs
tix s 1 K
2195~ Q| S LA KT

whenever s < t and 6 < 0*, and hence
t
—S8;x T—S8\T t
| 1@ - s < K1+ dos [ )6 - ),
0 zeX t=r
forr <t and § < 6*, and with the convention that Qg;x =01it<O.

This is a central limit theorem type argument, which we briefly present here for
convenience.
Proof. To see the first inequality, note that the total variation distance is
15 () = A5 ()] = sup |A5 (s)([=k, k]) = A5 () ([, K]]I, (2.3)

where A% (t) is as in the proof of Lemma 2.4. By the central limit theorem, we
see that the limit as § — 0 in (2.3) is bounded by a constant multiple of (t'/2 —
s/2)/t1/2; then there is a 6* > 0 such that, whenever § < §*, the total variation
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distance in (2.3) is bounded by a constant multiple of (t'/2 —s'/2)/t'/? as well, with
a possibly different constant. So, for small enough §, we get the first inequality.
The second inequality follows upon using the fact that (¢'/2 —s/2)/t1/2 < (t—s)/t
and integrating, using the convention that Q?I =0ift <O. O

From this point on, and without explicitly stating it, we will assume & < §*
whenever needed. Consequently, we have the following statement.

Lemma 2.6. There is a constant K, depending only on T, such that
t . . —1
[ S lor - @ = e s )
0 zex
for 0 <r <t <T, and with the convention that Q5" =0 if t < 0.
Proof. In light of Lemma 2.5, it suffices to show that

TvV1 -1

log [m} <(TVv)Et-r)° (2.4)

for 0 <r <t <T. So, setting =t — r and letting £(x) £ log[(T'V1)/z] —(T'V
1):5’6_1, we see from an easy calculus computation that

max {(x) = L([(TV1)/e]*) = (1 —e)log[T v1] <0,

proving (2.4). O

2.2. Bounds on moments of U*(t). The main result of this subsection is as
follows.

Proposition 2.7. There exists a constant K depending only on q, max, |{(z)|,
and T such that

M,(t) < Kexp{Kt}; YO0<t<T, ¢>1,

where M,(t) = sup, E[U*(t)[*1. In particular, M, is bounded on T for all ¢ > 1,
and

sup M, (t) < Kexp{KT}. (2.5)
teT

The proof of Proposition 2.7 proceeds via the following lemma and its corollary.

Lemma 2.8. There exists a constant K depending only on g > 1, max, |{(x)|, and
T such that

Mq(t)SK(l—l—/Ot [\A/?(ilthq(s)]ds); YO<t<T, qg>1.
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Proof. Fix ¢ > 1, let U%(t) 2 > yex Q5™€(y) (the deterministic part of U). Then,
for any (t,x) € T x X, we have:

2q

E|T*(t)|* —E‘ Z/ Q5 Y| \/g ))dWy(s) +b(UY(s))ds] + Up(t)

yeX

< i ( ‘Z/ Qs ())dWy( )‘2q+)05(t)‘2q) (2.6)

+KIE’Z/ ngs;m,yb(ﬁy(s))ds‘ 2q
yeX 0
Applying Burkholder inequality to
6

yeX

Reduces (2.6) to

EanL |2q <K ‘Z/ t sa:,u (U;;( ))ds‘ + |Uﬁ(t)|2q)
(2.7)
+KE’Z/ QLS Yh(TTY (s ))ds‘

yeX

Now, for a fixed point (t,z) € T x X let u¥ and v{¥ be the measures on [0,#] x X

defined by duf (s,y) = ((Q5™*)"/6)ds and dvf (s,y) = Q5 *¥ds, and let |:f| =
i ([0,¢] x X) and |vF| = v ([0,t] x X). Then, we can rewrite (2.7) as

q
/ GQ(Uy(S))dlut (iay)
[0,t] xX |1z

x| | on o e

Iz

E|T (t)|2 gK(E

1"+ [T (0))

(2.8)

Observing that pf/|uf| and vf/|v¥| are probability measures, we apply Jensen’s
inequality, the growth condition on a and b, and other elementary inequalities to
(2.8) to obtain

BT (t)]% < K(E[/

[0,¢]xX
- 2q dvf(s,y
+KE[/ [b(0¥(s)) ils.y) )}\ v
[0,t] xX vi|

= K[/ (1 + E\Uy(S)IQq) dpii (s, y)} uF |+ KU (1))
[0,t]xX

I gy 000

|t |

la(07(s)

k[ (1+E\Uy< )20) dv (s, )
t s

-%([3 / (1 + B0V ()27) ds] [ | + |05 (1))
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K[yz.g;g/ot Qfgis;w,y (1 +E|0y(s)|2q) ds] |Vtm|2q71.

Using the simple fact that 3, Q5 %Y =1 and Lemma 2.1, we see that [vf| and
| | are uniformly bounded for ¢ < T'. So, using the boundedness of £, and hence
of U%(t), Lemma 2.1 and the definition of M, ( ), we get

t szy

B[ ()2 < K 1+Z/ My (s) + Q4 M, (s)] ds )

yeX

n L My(s)
2 K(l n %) | M,(s)]d )
2 /O[F_s ()]s
Here, R; follows from Lemma 2.1 and the fact that ZyGX Qt %Y — 1. This implies
that
M,(s)

M,(t) < K(l +/Ot [h +Mq(8)]ds).

O

Corollary 2.9. There exists a constant K depending only on q, max, |£(x)|, and
T such that

t
Mq(t)gK(lJr/O Mq(s)ds); 0<t<T, ¢>1.

Proof. Tterating the bound in Lemma 2.8 once, and changing the order of integra-
tion, we obtain

M,() <K {1 +K[/Ot (\/tl_is)ds

/M /m\/m”/wfs s)dr
/M \/7ds dr +/O Mq(s)ds}

gK 1+/0 Mq(s)ds).

(2.9)

O

Now the proof of Proposition 2.7 is a straightforward application of Gronwall’s
lemma to Corollary 2.9.

2.3. Bounds on spatial and temporal differences moments and tightness
of the approximating SDDEs. Let U*(t) = U%(t)+U%(t), where U%(t) denotes
the first two (random) terms on the r.h.s. of (1.7). It is easily seen (see [17]) that
the deterministic part UD( ) converges pointwise to the solution of the deterministic
heat equation as n — oo (d, — 0);

lim U /G tix,y)é(y)dy, V(t,z) € Ry. (2.10)

n—oo
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So, to show weak convergence of a subsequence of U®(t); it is enough to show
tightness, and hence the weak convergence, of the random part Uf(t). Using the
inequalities of the previous two subsections, we obtain

Lemma 2.10 (Spatial differences). There erists a constant K depending only on
q, max, [£(x)|, and T such that

- ~ 2q
E[0%() - UR0)] " < K (o —yl? + 2 — yf*),
forallz,y e X andt € T.

Proof. Using Burkholder inequality, we have for any (¢,z,y) € T x X2
q

2 (0 () ds|

E|U%(t) — U4t <KE)Z/ (@ -

t S5Y, z)2

., (211

+KE‘Z/ Qt s:rz_ t— s,yz) (UZ(S))CIS‘
zeX
For any fixed but arbitrary point (¢, z,y) € T x X2 let u}” and v;"¥ be the measures
defined on [0,t] x X by dui*¥ (s, 2) = ((Q5 ¥%% — Q5*¥7) /5)ds and dv;"Y (s, z) =
Q55" — Q5 ¥¥*| ds, and let |uy Y| = pi ¥ ([0, 1] x X) and 7Y = v7Y(]0, 1] x X).
So, from (2.11), Jensen’s inequality, the growth condition on a and b, the definition
of M,(t), and elementary inequalities, we have

- ~ 29 - 2q du’Y
Bl - o <k [ Ja@ e[ LG e
[0,£]xX Y
~ 2q dvY (s, z) 2
+RE[ [ )] e e
[0,t] xX 28 (2.12)
dpii (s, 2) '
<k [ M) P e
[0,t]xX | My ‘
dvyY (s, z) 2
e[ [ (o) FG e
[0,¢]xX | Vi |
Now, using the boundedness of M, on T (Proposition 2.7), we get
. N 2q
E|0R() — 00| < K (I + W 1P7) < K (Jo = yl7 + o — 1),
where the last inequality follows from Lemma 2.2 and Lemma 2.4. O

Lemma 2.11 (Temporal differences). There exists a constant K depending only
on q, max, [£(x)|, and T such that

~ ~ 2q .
B |0R(t) — Oa(r)| < K (It = r[o/2 4 |t = rf20 4 ¢ = r 207D
for all x € X and for all t,r € T.

Proof. Assume without loss of generality that r < ¢t. For a fixed point (r,t,z), let
pi, and v, be the measures defined on [0,] x X by

it (s,2) = ((Q""" = Q5" )"/d)ds
dl/trSZ ’Qt sxz_Qg S;T— Z‘ds,
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with the convention that Q5" = 0 if t < 0, and let |uf,.| = uf,.([0,] x X) and
v, = v{,.([0,t] x X). Then, arguing as in Lemma 2.10, we obtain

7T T 2 x |9 x |29
E[0%®) - 08| < K (Juf, |7+ v, )
<K ((t — )2 (=) (- r)2q(1‘571)) ;
where the last inequality follows from Lemma 2.3 and Lemma 2.6. O

Following [3], we conclude from Lemma 2.10 and Lemma 2.11 that the random

~ %)
part of the sequence of (interpolated) continuous SDDEs solutions (Uff (t)) is
n=1

tight on C(T x R;R). This and (2.10) imply that there exists a weakly convergent
subsequence Uy, . So, by Lemma 1.2 and Definition 1.4 we have proven the existence
of a weak SDDE weak limit solution to e;'(a,b,£). Then, following Skorokhod,

we can construct processes Yy £ f]nk on some probability space (2%, %, P%) such
that with probability 1, as k — oo, Yi(¢,2) converges to a random field Y (¢, z)
uniformly on compact subsets of T x R for any 7.

We will now show that Y'(¢,z) is a solution to e;l’:?(a,b,€) in the traditional
sense, by showing that it solves an equivalent martingale problem to the test func-
tion formulation (1.8) for e;'*(a,b, &) (see Theorem 2.12 and Theorem 4.1), and
this will complete the proof of the existence assertions in Theorem 1.6. It is worth
noting that Theorem 4.1 eliminates the need for a second martingale problem (as in
Theorem 5.3 in [3]), and provides a simpler way to establish the equivalence to the
test function formulation of any heat-based SPDE (not just for reaction diffusions
SPDEs).

2.4. The Martingale problem. For every ¢ € C°(R;R) let

S? (Y, t)
= Z [Yi(t, z) — &(x)] () 6n,, — %/ Z Yi(s,2) Ap,o(x) 6p, ds
T€Xn, 0 zex,, (2.13)
- [F st ds
0 T€Xn,

and let G; be the filtration on (Q%,F5 P°) generated by the process S®(Yy,t) for
all p and all k; i.e., Gy = 0 [S?(Vy,5);0 < s <t,p € CP(R;R),k=1,2,---].

Theorem 2.12. For ¢ € CX(R;R) we have
(i) {M*¥(t),S:} is a martingale, for every ¢ € CX(R;R), where

(YV(t) - €¢)— 2 / (¥ (s), ¢")ds — / (B(Y(s)),)ds; 0<t<T,

>

M) ;

where (-,-) denotes the scalar product on L*(R),

(i) (M#()e = (Vi) = [y Jp a®(Y*(5)0? (@) dads

Proof. (i) Assume that the sequence of Brownian motions W2 (t) in (1.2) is defined
on some probability space (2, F,P) and adapted to a filtration {JF;}i>0. We first
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observe from (1.2) that for any k

02,0~ 0] (@0 — [ 380,02, + 603, ()] (a1

is an Fy-martingale for each z € X,,, (this easily follows from the growth condition
on a ((b) in (1.6)) and Proposition 2.7, along with the boundedness of ¢). Now
since ¢ has a compact support, it follows that

> {Uﬁk(ﬂ—ﬁ(w)} p() / ST 2.0 (s)p()d,, ds

xEXnk xEX
= [ 3 O e@bnds

0 xEXnk

(2.14)
= ¥ [0 - @] @i [ T pt)inds

zEXnk xEX

- / S BT, ()(@)0nyds 2 S (T, 1)

IEX

is a finite sum, and hence an JF;-martingale. Replacing the Uﬁk (t) in (2.14) by the
Yi(t, z), and letting k — oo, we get that S¥(Yy,t) — M¥(t) a.s. (uniformly on T).
In addition, S¥(Y%,t) are uniformly integrable for each ¢ and each ¢. To see this,
observe that for each ¢ € T and each ¢ € C°(R;R), we have

E|S? (Vi t)|* = E|S? (Un,, 1)

:]E‘/OtZa @V Wi, (9]
t

< K/ Z EaQ(Ur"’fk(s))cf(x)énkds < K < oo,

for some constant K > 0 independent of k, where the last two inequalities fol-
low from Burkholder’s inequality, the boundedness and compact supportedness of
¢, the growth condition on a ((b) in (1.6)), and Proposition 2.7. Thus, uniform
integrability of the sequence {S%?(Yy,t)}r follows for each ¢ and each ¢. So, If s < ¢

E[M#(t) = M#(s)[G,] = lim E[S¥(Ve,t) = 59(Yi,5)[S,] = 0

This proves (i).
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(ii) From (1.2) it follows that

2€Xn,
=2 a( ) (@) /O, AW, (t
2€X,
P30 (AT 0+ 005, () ()b, ] i
w€Xnp,
- E > Un (DA e(@)on, + Z b(U )6nk}dt
TE€Xp, 2EXy,
+ 0 a(05,1) pl0)y/EudWs, (¢
zeX

ny,

Observing that the first two terms on the right hand side of the last equality in the
above equation are of bounded variation, and that the (Wffk (t))x cx, 1sasequence
’Vlk

of independent Brownian motions, we obtain, after inspecting (2.14), that

(°(0n)) = (2 ng(.)¢(x)5nk>t=/ot[ > @ (02.09)) ¢2(@)6n, | ds

T€EXn

(2.15)
Again, replacing the Uy, (t) in (2.15) by the Yj(¢, ), we get, for 0 <r <t < T,

(2.16)
Again, we observe that (S¥(Yj,t) — S (Y, 7))” are uniformly integrable, for each
r and ¢t and each . To see that, fix p > 1,0 <r <t <T, and ¢ € C*(R;R); and
apply Burkholder’s inequality to obtain

/Z (Yi(5,2)) () /O AW (5 ’

"oxeX,,

<KIE‘ Z / (Yi(s,z) 2($)5nkds‘p

zeX

E [(S@(Yk,t) - S?(Yi,r) / Z (Yi(s,2)) 0*(2)0n, ds

z€Xp,

E|S? (Y, t) — S¥(Yi,7)

(2.17)

n

for some constant K > 0 independent of k. Now, let ni be the measure defined on
[0,t] x X, by dnf (s, ) = ¢* ()0, ds and let |n'| = n ([0,1] x Xy, ). Clearly, for a
fixed ¢,
sup | < K
keN
0<t<T

for some constant K > 0 independent of k& (K depends only on T, sup, ©?(z), and
the Lebesgue measure of the support of ¢). Then, rewriting (2.17) and—observing
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that 7’ /|n!| is a probability measure—applying Jensen’s inequality yields
E[S?(Yi,t) — S°(Yi,r)|*

d t
<KE‘/ 0 (Vi(s, 2)) TIL2:7) G
[0,t] XX, | |
< PK E [a® (Yi(s, 2))] dn (s, ) (2.18)
[0, t]xXnk
<K Z / P (Yi(s,2))] ¢*(2)6p,ds < K < oo,

.LEX

for some constant K > 0 independent of k£, where in the next to last inequality we

also used the growth condition on a ((b) in (1.6)) and Proposition 2.7 (Y} 4 Un)s
along with the compact supportedness and boundedness of ¢. Thus,

lim]E[(SS"(Yk,) S (Y, r) ‘9] —E{(M*”() w(r))z\gr] (2.19)

k—oo

Also, for the same reasons as in the next to last inequality in (2.18), we see that
/ Z (Yi(s,z) 2(x)5nkds < K < o0,
T wEXnk
for some constant K > 0 independent of k. Therefore, for each r,t and each ¢,
/ Z (Yi(s,x) 2(ac)(5nkds}
r z€Xp, k

is a uniformly integrable sequence and thus

klin;oE /T Z (Yi(s,x) 2(as)énk_als T}
o&Eny, (2.20)

/ / (Y®(5)) o2 () dzds 94.

Now, equations (2.16), (2.19), and (2.20) yield

/ / (Y*(s (x)dxds, (2.21)

and (ii) is proved. O

2.5. Regularity and Uniqueness. Having established existence for the SPDE
erl % (a, b, &) under our conditions (1.6), we turn to the proof of some properties of

our solution Y.

Proof of the regularity part of Theorem 1.6. We divide the proof in two steps:

(1) Y is LP bounded for all p > 2: First, note that Yy £ 0% and Proposition 2.7
give us, for each ¢ > 1:

~ 2q
E|Yi(t,z) =E|02, (t)‘ < Kexp(KT) < o0; V(kt,2) e NxT xR, (2.22)
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for some constant K (independent of k, ¢, ). It follows that, for each (¢,z) € Tx R
the sequence {|Yj(¢, )P}, is uniformly integrable for each p > 2. Thus,

E|Y (t,2)]P < klim E|Yi(t,z)]" < K <oo; V(t,z) € Tx R, Vp > 2, (2.23)

and the desired conclusion follows.
(2) The continuous paths of Y are Holder v, € (0, 3) in space and Hélder v, € (0, 1)
in time: Using Proposition 2.7, we get, for each ¢ > 1, that
E |Yi(t, @) = Ya(t,9)I" + E|Yi(t, 2) — Ya(r, )
< K (EIYi(t, 2)/* + BIY ()P0 + EIYi(r,0) ) (224)
<K; V(k,rtxy) eNxT? xR

So, for each (r,t,z,y) € T? x R?, the sequences {|Yi(t, ) A }k and
{ IV(t, ) = Yi(r, z)|* }k are uniformly integrable, for each ¢ > 1. Therefore, using
Lemma 2.10 and Lemma 2.11, we obtain

(i) E[Y(t,a)—Y(ty)*
= lim E|Yi(t,2) — Yi(t, y)|*
k—o0

~ - 2q
= kllrroloE ‘U,fk(t) - Uf{k(t)‘ < K|z —y|?; whenever |z —y| < 1,

2.25
(i) E[Y(t,x) - Y(r,z)* (2.25)

= lim E|Yi(t,2) = Yi(r, )

- - 2
= klim E ’U"L’ (t) = Uy, (1) ! < K|t — |72 whenever |t —r| < 1.

ng

Now, letting g, =n+1 for n € {0,1,...} and let n =m + 1 for m € {0,1,...}, we
then have from (2.25) that

(i) E|Y(t,z)—Y(t, )" < K|z —y|/"t"  whenever |z —y| < 1,

At2m Lom (2.26)

(1) E|Y(t,x) —Y(r,z)] < K|t—r|'"2; whenever |t —r| < 1.
By Theorem 2.8 p. 53 [14] we get that 75 € (0, 5%5) and v € (0, %) Vm,n,
from which the proof follows upon taking the limits as m,n — oco. (I

Proof of the uniqueness part of Theorem 1.6. Consider e;!%(a, b, &) on the rectan-

gle Rr 1, £ [0,T] x [0, L] for some T, L > 0, and assume that a(u) and b(u) are as
given in Theorem 1.6. Then as in the proof of Theorem 1.2 in [1] (see also the com-
ment after Remark 1.1 in [2]), we only need to show that, if A is Lebesgue measure
on Rt 1, then the ratios b(U)/a(U) and b(V')/a(V') are in L?(Ry 1, A) almost surely
whenever U solves ;13 (a,0,£) and V solves €L (a, b, &). But this easily follows
as in the proof of Theorem 1.2 [1] under our conditions, since we always assume
that solutions to e (a, b, &), and hence U and V are continuous. d

3. THE VANISHING OF THE LAPLACIAN VS. NOISE

We now prove of Theorem 1.8, which asserts that ey/ €1'/% is the correct scaling
of €1 and €5 when we investigate the asymptotic behavior as €1, €3 — 0.
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Proof of Theorem 1.8. Throughout this proof we use the process Y of Theorem 1.6,
Remark 1.7, and Remark 1.9 to get to the desired conclusions. This is justified by
the fact that Y has the same law as U.
(i) We prove it by contradiction. So, assume there is a T' > 0 such that

lim sup supEY,

€1,6210  0<s<T zeR
1/4
ea/er —00

x) < 00

€1, 62( ?

and assume without loss of generality that & = 0. Observe that

E|Ye, e (t,2))"

2
=8| [ [ G152 20 Ve s 5 WEds ) + 60V 5,90 ]
_62// G S t z y Ea’ (K1,62(87y))d8dy

2
B ( [ [ Gatostir v closasiy)
R JO
t
+20B( [ [ G5t alYy o (s.0)Wids, )
RJO
t
<[ Gl timahlVe, o (s.)dsdy)
2
162// GZ (s, t;x ydsdy+E // Ge, (8, t;2,9)b(Ye, en (S, y))dsdy)

%E//Q$¢MWMW@MW®@)
RJO
t
X// Gel(s,t;x,y)b(i’el,m(s,y))dsdy)
R JO

where we used the assumption 0 < K; < a(u) to get the last inequality in (3.1).
Now, denoting by Py, the product inside the expectation in the last term in (3.1),
applying Cauchy-Schwarz, using the assumption that a(u) < K, the fact

¢ Vit
G? (s, t;x,y)dsdy = , 3.2
/R /0 & ( y)dsdy N (3.2)

(3.1)

and letting Cp = 2K T'/*/n'/*, we get that

t
|262EPL| é 262 \//R /0 G?l (87 t; Z, y)Ea’2 (Yvel,eg (S, y))dey

X\/]E //tGﬁl(sat;-%‘,y))b(yel,ez(s,y))dsdy)2 (3.3)

2B [ [ Gatotin o eaasas)]

Now, for a fixed point (t,2,€1) € T x R x Ry let v5:* be the measure on [0,¢] x R
defined by dvh*(s,y) = G, (s, t;x,y)dsdy, and let |[v5*| = v57([0,t] x R). Then,
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observing that

t
il = ( /R /O Gy (s, ti 2, y)dsdy) = 1, (3.4)

and that I/ﬁiz / |1/§f| is a probability measure, we apply Jensen’s inequality and the

growth condition on b to (3.3) to get

€ dl/:’x s,y)\ 1/2 ,
12e,EPL| < Cp 12/4 (/ Ebz(ﬂl,@(&y))#) V:ﬂ
€1 [0,t] xR |l,61 |
t,x
= € (/ 9 dvi; (s,y))l/z
S Eb 1/5 s€ s,y 0tz
Fal/ A\ Jpxr (et ca(5:9) vE"|
22 1/2
< T 77 S sup (Eb*(Ye, e, (s, 2))) (3.5)
<s<T z€R
© 2 1/2
< Kr i 3up, sup (L EYE o (5:0)

62 2 1/2
<K —(1—1— sup sup |EY. . (s, @ )
- T611/4 ogngzeﬁ[ v >]

Equations (3.5), (3.2), and (3.1) then yield

9 t €2 €2 1/2
BNV (o)l = WP\ o+ K2 (14 sup sipBY2 (s.0)] ) >0
o (3.6)

Taking the limit as e;,e; \, 0 in (3.6) such that ep/e;'/* — oo and using the
finiteness assumption on supg< <y SUp,cg IEYSI,62 (s,z) (and hence the finiteness of
E|Y,, ., (t,z)]?), we obtain the desired contradiction (since the negative term is of
order €3/./e1). The fact that Y, ., has the same law as our SDDEs limit solution
Ue, e, completes the proof. The proof for the case or €, €z /" 0o follows exactly the
same steps.

(ii) The difference between our SPDE and its deterministic counterpart, whose
solution we denote by U,,, is given by

t
Yoy ey (to2) — Usy (t,2) = / / Gy (5,12, y)eaa(Ye, oy (5,4))W(ds, dy)
RJO

+ / / t Ge,(s,t:2,7) b(Y;heg(s,y))fb(Uel)}dsdy.
. (3.7)

Let 5" be the measure on [0, ¢] xR defined as in part (i) above, and let du*(s,y) =
G2 (s,t;x,y)dsdy and let |pb®| = pb*([0,¢] x R); then, using Burkholder and
Jensen’s inequalities; and finally using the boundedness on a and the Lipschitz
continuity assumption on b and the simple fact that fR G, (s, t;x,y)dy = 1, we get
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for 0 <t < T that

E[Ve, o (t,2) = Uy 1, 2)
t
<K{E| [ [ Gl timpeanVea(oi) W(ds. dy)
RJO

‘Qq

)

+ E’ /R/O Gel (8’ t; Z, y) [b(}/ﬁ&z (57 y)) - b(Uel (3, y))] dS, dy

t d t,x
< K{ei"// Ea® (Y., ¢, (s, ) =2 fs’y)\u?f q}
R JO

e (3:8)
t dV:’w(&y) x
R { [ R0 o) s P P )
- t = Ktq/2€2q
< K% {// E Yoy ea(5,9) = Uey (5, 9)/* v (s, ) | + ey
0
‘ KTq/2 2q
< KTQ”?*I{/ SUDE [V o (5,2) = Uy (s,2)|* ds} + 22
0 z€R (7T61)q

Letting Cr = K (1 V T2771) we get, upon applying Gronwall’s Lemma,

sup supE|Y,, o, (t,z) — Ue, (t,z)[*? < ——2_

0<t<T w€R (mep)a/?

as €1, €z, and 62/61/4 approach 0. The conclusion follows from the fact that Y, ,

has the same law as U, .,. Denoting the solution to the deterministic counterpart

of our approximating (discrete space) SDDE by Un,ela replacing the integral over

space (R) with sum over the lattice (X,,) in the above argument, replacing the

Green function G, above with the random walk density Qs ,, and following the
same steps as above we get

~ - 2q
sup sup E|\U; . (t)—U;  (t)] —0 as 61,62,62/61/4 — 0.
0<t<T z€X, Y ’

(]

Remark 3.1. In contrast to part (ii) of the above proof, the argument in part (i)
doesn’t work for the approximating SDDEs, this becomes clear upon comparing
Lemmas 2.1 and (3.2).

Acknowledgement. I would like to thank Robin Pemantle for pointing out to me
the elegant coupling proof of Lemma 2.4. T would also like to thank the referee for
his positive and thorough comments.

4. APPENDIX

We now show that the (local)-martingale problem in Theorem 2.12 is equivalent
to the test function formulation of e;’?(a,b,£). To simplify notations, we assume
€1 = €2 = 1 (the case of general parameters is proven in the same way with only
obvious notational differences). This equivalence holds as well for the RY, d > 1,

case; and we will prove it in this generality.

Theorem 4.1. Assume that a,b, and £ satisfy the conditions in (1.6). Then,
the (local) martingale problem in Theorem 2.12 is equivalent to the test function
formulation of e;15*(a, b, §).

heat
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Proof. If the test function formulation of e;!’i?(a, b, &) holds on (Q, F{F;},P), then

M) 2 U ~€0) — 5 [ W)= [ 06U,
:/ / a(U(s,x))p(x)W(dz, ds) (4.1)
0 JR4

— /Ot /S a(U(s,z))p(x)W(dz, ds),

where S? C R¢ is the compact support of . It follows from the assumptions on a
and the boundedness of ¢ that M¥(t) is an F;-local martingale under P and that

(M*(- tf/ /Sv dxdsf/ /Rd ©*(x)dxds. (4.2)

For the other direction, assume that M¥(t), as defined in (4.1), is a local mar-
tingale on (2, F{F;},P) with quadratic variation given by (4.2). Suppose also
that a vanishes almost nowhere in (u,w) € R x Q (if this fails we can always do
the same as in the finite dimensional case cf. Tkeda and Watanabe [13] or Doob
[12]). Now let A denote Lebesgue measure on B(R; x RY) and on B(R%); and,
for each t > 0, define the random measure M;(A) = M([0,¢] x A) on the ring

RE {A € B(RY); \([0,t] x A) < 0o, V¢ >0} by the recipe

/0 t /A o(2)M(dz, ds) = /0 t /R ) M(dr, ds) 2 M (1) sy

VA € R with A(AAS?) = 0 or such that A D S, Vo € C°(R%R).

By assumption, we have that M¥(t) is a continuous local martingale for each ¢ €
C(R%; R). Furthermore, if o1, o € C°(R?; R) have disjoint supports (S¥1NS¥2 =
®), then for any disjoint A, B € R with A(AASY) = 0 and \(BASY) = 0 we have
by the deﬁnition of M¥#(t), the fact that the second and third terms in M%(t)’s
definition in (4.1) are of bounded variation, (4.2), and (4.3)

/0/4,01 M(dx,ds) //cpz das,ds)>t

Ut) =& 1), (UR) =& p2))

1 (4.4)
= [<( (t) =& o1+ w2))e — (U(t) = & 01 — p2))i]

/ /Rd 1(x)p2(z)drds =0.

Thus, M is a continuous orthogonal local martingale measure [5]. By the quadratic
variation assumption on M¥(t), we also have that for each ¢ € C>(R%;R)

//Rd (s,x) dxds- //]Rd dx,ds)>t
//Rd x)vy(de, ds).

So that the intensity measure vy of M is given by

vyi(dx,ds) = a*(U(s,z))dzds, on sets of the form [0,%] x A, A € R. (4.6)
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We now show that there is a space-time white noise W such that

/ / o(z)M(dz, ds) :/ / a(U(s,z))p(x)W(dx, ds), chGC’é’o(Rd;R). (4.7)
0 JR4 0 JR4

For each A € R, let
t
N M(dx, ds)
W, (A :/ / —_—,
) 0 Jaa(U(s,x))

W = {W;(A);t € Ry, A € R} is clearly a continuous orthogonal local martingale
measure with intensity vy = A([0,¢] x A), where X is Lebesgue measure, so it is a
white noise and clearly (4.7) holds, completing the proof. O
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