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Some integral inequalities for functions of two
variables *

Sever S. Dragomir & Young-Ho Kim

Abstract
In this article, we establish some integral inequalities for function with
two independent variables. Also we show applications of these inequalities
for finding bounds of solutions to partial differential equations.

1 Introduction

Let u : [, « + h] — R be a continuous function satisfying the inequality

t

0 <u(t) < / [a+ bu(s)]ds, fort € o, a0+ R,

where a,b are nonnegative constants. Then u(t) < ahe’® for t € [a,a + h].
This result was proved by Gronwall in 1919, and is the prototype for the study
of many integral inequalities of Volterra type, and also for obtaining explicit
bounds of the unknown function. Therefore integral inequalities of this type
are usually associated with the name of Gronwall. Integral inequalities are a
necessary tool in the study of various classes of equations. During the past few
years many authors (please, see refeences below and some of the reference cited
therein) have established several Gronwall type integral inequalities in two or
more independent variables. In [8], Pachpatte considered the finite difference
inequality in two independent variables. Many of these are analogues of integral
inequalities already known to us. Our main objective here, as an integral ver-
sion of Pachpatte’s finite difference inequalities in [8], is to establish some new
integral inequalities involving functions of two independent variables which can
be used in the analysis of certain classes of partial differential equations.

2 Results

Throughout this paper, all the functions which appear in the inequalities are
assumed to be real valued and all the integrals exist on their domains of defi-
nitions. We shall introduce some notation: R denotes the set of real numbers
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and R} = [0,00). The first order partial derivatives of a functions z(z,y) de-
fined for z,y € R with respect to « and y are denoted by z,(z,y) and z,(z,y)
respectively. We need the inequalities in the following lemma, which appear in
[6, p. 356].

Lemma 2.1 Let u(t) and k(t) be continuous and a(t) and b(t) Riemann inte-
grable functions on J = [, 8] with b(t) and k(t) nonnegative on J.

1. If u(t) < a(t) + b(t) f: kE(s)u(s)ds fort € J, then

t

u(t) < alt) + b(t) / a(s)k(s) exp ( / t b(r)k(r)dr) ds, 1€ J

[e3

2. If u(t) < a(t) + b(t) ftﬁ k(s)u(s)ds fort € J, then

u(t) < a(t) + b(t) /t ’ a(s)k(s) esp /t | b(r)k(r)dr) ds, 1€ J

Also, we need the inequalities in the following lemma which is given in [1,
p. 110].

Lemma 2.2 Let u(x,y),a(x,y),b(z,y) be nonnegative continuous functions de-
fined for x,y € R,.

1. Assume that a(z,y) is non-decreasing in x and non-increasing in y for
z,y €Ry. Ifu(z,y) <alz,y)+ [y fyoo b(s,t)u(s,t)dtds for all z,y € Ry,
then

u(z,y) < a(z,y)exp </OW /yoo b(s,t) dtds).

2. Assume that a(z,y) is non-increasing in each of the variables x,y € Ry.
If u(z,y) < alz,y)+ [° f;c b(s,t)u(s,t)dtds for all z,y € Ry, then

w(z,y) < alz,y) exp ( / - /y T b(s. 1) dtds).

The proofs of these inequalities can be completed as in [1, p. 109-111]; thus,
we omit the proof.

Theorem 2.3 Let u(z,y),a(z,y),b(z,y),c(z,y),d(z,y), f(z,y) be real-valued
non-negative continuous functions defined for x,y € Ry. Let W(u(z,y)) be
real-valued, positive, continuous, strictly non-decreasing, subadditive, and sub-
multiplicative function for u(x,y) > 0 and let H(u(x,y)) be a real-valued, con-
tinuous, positive, and non-decreasing function defined for xz,y € Ry. Assume
that a(z,y), f(x,y) are nondecreasing in x for x € Ry. If

x

u(z,y) <a(z,y) + bz, y) / (s, y)uls,y) ds

e

2 oo (2.1)
+ f(a?,y)H(/O /y d(s,t)W(u(s,t)) dtds)
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for a,x,y € Ry with a < x, then

u(w,y) <p(e,y){ale,y) + f@, ) H[GH(G(As, 1)

v oWt 0s ) )]}

for a,z,y € Ry with a < x, where
o) = 1+0(e0) [ esmen ([ b s @3)
A(s,t) = /000 /OOO d(s,t)W (p(s, t)a(s, t)) dtds, (2.4)

" ds
"= / W) Tt 2

Here G~ is the inverse function of G and

G(/Ooo /OOO d(s,t)W(p(s,t)a(s,t)) dtds) _|_/03c /:o d(s,t)W(p(s,t)f(s,t)) dtds

is in the domain of G™! for x,y € R .
Proof. Define a function z(z,y) by

2(x,y) = a(z,y) + f(z,y)H / / (s, )W (u(s, 1)) dtds). (2.6)

Then (2.1) can be restated as

x

u(z,y) < =(z,y) + bz, ) / (s, y)u(s, y) ds. (2.7)

[e3%

Clearly z(z,y) is a nonnegative and continuous in z,z € Ry. Treating y,y € Ry
fixed in (2.7) and using 1 of Lemma 2.1 to (2.7), we get

x

u(z,y) < 2(z,y) + bz, y) /

[0

z(s,y)c(s, y) exp (/j b(r,y)e(r,y) dr) ds.

Moreover, z(z,y) is nondecreasing in x,2 € R, we obtain

u(z,y) < z(z,y)p(z, y), (2.8)
where p(z,y) is defined by (2.3). jFrom (2.6) we have
u(w,y) < pla.y) (al@,v) + fla,) H (v(,v)), (2:9)

where v(s,y) is defined by

o(@,y) = /OI /yoo d(s, )W (u(s, 1)) dtds.
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(From (2.9), we observe that

(z,y) / / (s, ) W { (s,t) Jrf(s,t)H(v(s,t))]) dtds

< / / d(s, t)W (p(s, t)a(s,t)) dtds
0 vy

+ /Ox /yoo d(s7t)W(p(s7t)f(sJ))W(H(v(s,t))) dtds (2.10)

< /000 /000 d(s, t)W (p(s, t)a(s,t)) dtds
+ /x /00 d(s7t)W(p(s7t)f(sJ))W(H(v(s,t))) dtds,

since W is subadditive and submultlphcatlve functlon Define r(z, y) as the right
side of (2.10), then r(0,y) = r(z,00) = [5° [57 d(s,t)W (p(s, t)a(s,t)) dtds,
v(z,y) <r(z,y), r(x,y) is non-increasing in y,y € R+ and

(x,y) / d(x, t)W f(x,t))W(H(v(x,t))) dt
< / d(z, )W p (z,t f(x,t))W(H(r(x,t))) dt (2.11)

) |

) YW (p(, t) f (. )) dt.
by W (H (r(

<
)

t
Dividing both sides of (2.11) x, y))) we get

( oo
(
( oo
W(H(r(x,y)) - /y d(=,

JFrom (2.5) and (2.12) we have

G (r(z,y)) < /OO d(z, )W (p(z,t) f(z,t)) dt. (2.13)

TI x’y

gm(H@ d(z,
) z, )W (p(z,t) f(z,1)) dt. (2.12)

Now setting = s in (2.13) and then integrating with respect to s from 0 to z,
we obtain

G(r(z,y)) < G(r(0,y)) + /I /°° d(s, t)W (p(s,t) f(s, 1)) dtds. (2.14)

Noting that 7(0,y) = [, [, d(s, t)W (p(s,t)a(s,t)) dtds, we have

! G /o /0 d(s, t)W (p(s, t)a(s,t)) dtds)
+ /O /yoo d(s, )W (p(s,£) f(5,1)) dtds}.

The required inequality in (2.2) follows from the fact that v(x,y) < r(z,y), (2.7)
and (2.15). O

(2.15)
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Theorem 2.4 Let u(z,y), a(z,y), b(z,y), c(z,y), dlx,y), f(z,y), Wu(z,y)),
and H(u(z,y)) be as defined in Theorem 2.3. Assume that a(z,y), f(z,y) are
non-increasing in x for v € Ry. If

B
u(z,y) Sa(x,y)er(x,y)/ c(s,y)u(s, y) ds

+f(w7y)H(/ r

; /y s, HW (u(s, 1)) dtds)

for B,x,y € Ry with x < 3, then
u(e,y) <pla,y{atz.y) + fap) |G (G(Als D)
7] 0w s, 0) )]

for B x,y € Ry with x < 8, where

p(z,y) =1+ b(z,y) /j c(s,y) exp (/I b(r,y)e(r,y) d?") ds,
A(s, 1) = /0 h /O " d(s, W (p(s, Dals, 1)) deds,

" ds
G(T):/TOVI/((I{(S))’ ’I"Z’f'0>07

G~ is the inverse function of G and

G(/OOO/OOO d(s, t)W (p(s, t)a(s,t)) dtds) +/:o/yoo d(s, )W (B(s, 1) f (s, 1)) dtds

is in the domain of G~ for z,y € R,.

The details of the proof of Theorem 2.4 follows by an argument similar to
that in the proofs of Theorem 2.3 with suitable changes. We omit the proof.

Theorem 2.5 Let u(z,y), a(x,y), b(z,y), c(z,y), f(z,y) be real-valued non-
negative continuous functions defined for x,y € Ry and L : Ri — Ry be a
continuous function which satisfies the condition

0 < L(z,y,u) — L(z,y,v) < M(z,y,v)¢" " (u — ) (2.16)

foru>wv >0, where M(x,y,v) is a real-valued nonnegative continuous function
defined for x,y,v € Ry. Assume that ¢ : R, — Ry be a continuous and strictly
increasing function with ¢(0) = 0, ¢~ is the inverse function of ¢ and

¢~ (uv) < 67 (u)g ™ (v)
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for u,v € Ry. Assume that a(z,y), f(x,y) are nondecreasing in x for x € Ry.

If
u(w,y) Sa(x,y)+b(w7y)/ c(s,y)u(s, y)ds

+f(x,y)¢(/0x /yoo L(&t,u(s,t))dtds)

for a,x,y € Ry with o < x, then

(2.17)

u(e,y) < pla.y) {ale,y) + f(2,9)0|e(a.y)
X exp A / (s.t.0(s. Da(s. )0~ (s, ) (s, 1)) deds) |} (2.18)
for z,y € Ry, where
p(z,y) =1+ bz, y / (5, ) eXp /x b(r, y)e(r, ) dr) ds, (2.19)
/ /:OL s.1.p(s. a(s. 1)) dids. (2.20)

o

Proof Define the function
e = aw) + Faa)o( [ [ Lstouts. ) dras), (2.21)
Y

Then (2.17) can be restated as

x

u(z,y) < z(z,y) + b(m,y)/ c(s,y)u(s,y) ds. (2.22)

(o3

Clearly z(z,y) is a nonnegative and continuous in z,x € Ry. Treating y,y € Ry
fixed in (2.22) and using (i) of Lemma 2.1 to (2.22), we get

x

u(z,y) < 2(z,y) + bz, y) /

[e3

z(s,y)c(s, y) exp (/ b(r,y)c(r,y) dr) ds.
Moreover, z(z,y) is nondecreasing in z,z € R, we obtain

u(z,y) < 2(z,y)p(z,y), (2.23)

where p(z,y) is defined by (2.19). ;From (2.21) and (2.23) we have
u(z,y) < plx,y) (a(x, y) + f(2,y)6(v(, y)))7 (2.24)

where v(s,y) is defined by

oz, y) = /OI /yoo L(s,t, u(s, 1)) dtds.
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(From (2.24) and the hypotheses on L and ¢, it is to observe that

o(z,1) / / (£ (G, 05,0 [als.0) + 15,06 (v(5,1)) ]
— L((s t,p(s,t)a(s, t)) —l—L((s,t,p(sJ)a(s,t))) dtds

/ / (s, t,p(s,t)a (s,t)) dtds

/ / (s,t,p(s,t)a (s,t))¢_1(p(&t)f(sj)qﬁ(v(s,t))) dtds

e(z,y) / / (s,t,p(s,t)a (s,t))qb_l(p(&t)f(&t))v(s,t) dtds,

(2.25)
where e(z,y) is defined by (2.20). Clearly, e(z,y) is nonnegative, continuous,
nondecreasing in x,x € R, and non-increasing in y,y € Ry. Now, by 1 of
Lemma 2.2, we obtain

v(z,y) < e(x,y)exp / / (s, t,p(s,t)a (s,t))qS_l(p(s,t)f(s,t)) dtds,).

(2.26)
Using (2.24) in (2.26) we get the required inequality in (2.18). O

Theorem 2.6 Let u(z,y), a(z,y), b(x,y), c(x,y), f(x,y), L, M, ¢, and ¢~
f

be as defined in Theorem 2.5. Assume that a(x,y), f(z,y) are non-increasing
inx forzeRy. If

) <alay) + 4o [ " (s, ypuls, ) ds
flawol [ / " L(s.tou(s. 1) deds)
for B,z,y € Ry with = < 3, then
u(w,y) < v,y {al@.y) + /@, y)qb[e(x,y)
x exp / / s t,p(s t)a(s,t))qs—l(p(s,t)f(s,t)) dtds)]}

for x,y € Ry, where
B s
pls.) = 1+ e) [ clsg)ep ([ biretrp)ar) ds

o(z,y) = / h /y h L(s.1.5(s. Da(s. 1)) deds.

The proof of Theorem 2.5 follows by an argument similar to that in the
proofs of Theorem 2.4 with suitable changes. We omit the details.

(2.27)
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3 Further Inequalities

To establish some of our results in this section, we require the class of functions
S as defined in [2]. A function g : [0,00) — [0, 00) is said to belong to the class
S if

(i) g(u) is positive, nondecreasing and continuous for u > 0, and

(i) (1/v)g(u) < g(u/v),u > 0,v > 1.

Theorem 3.1 Let u(z,y), a(x,y), c(z,y), d(z,y), f(z,y) be real-valued non-
negative continuous functions defined for x,y € Ry and let g € S. Also let
W (u(z,y)) be real-valued, positive, continuous, strictly nondecreasing, subaddi-
tive, and submultiplicative function for uw(z,y) > 0 and let H(u(x,y)) be a real-
valued, continuous, positive, and nondecreasing function defined for xz,y € R,.
Assume that a function m(x,y) is nondecreasing in x and m(x,y) > 1, which
is defined by

m(z,y) = alz,y) + f(m,y)H(/om /yoo d(s,t)u(s,t) dtds)

forx,y e Ry. If
u(z,y) < m(z,y) + /z c(s,)g(u(s,y)) ds (3.1)

e

for a,z,y € Ry and a < z, then

uw,y) <F(,y){ate.y) + f@y)H[G(G(Bls, )

+ /0 /:O d(s, )W (F(s,t) f(5,1)) dtds)” (32

for x,y € Ry, where
F(z,y) = Q—l(Q(l) +/: b(s, ) ds), (3.3)
B(s,t) = /000 /yoo d(s, t)W (F(s,t)a(s,t)) dtds, (3.4)
Q(u):/u:gcéj), u>wuy >0, (3.5)

where Q™1 is the inverse function of Q; G,G~' are defined in Theorem 2.8,
Q1) + [ b(s,y) ds is in the domain of Q', and

G( /OOO/OOO d(s, )W (F(s,t)a(s, 1)) dtds) ju/:/yoo d(s, )W (F(s,t) f(s,1)) dtds

is in the domain of G~ for x,y € R,.
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Proof Let m(x,y) be a positive, continuous, nondecreasing in « and let g € S.
Then (3.1) can be restated as

u(z,y) <14 /; b(s, y)g( us,y) ) ds. (3.6)

m(z,y) m(s,y)

The inequality (3.6) may be treated as a one-dimensional Bihari inequality [1]
for any fixed y,y € Ry, which implies that

u(z,y) < F(z,y)m(z,y),

where F(z,y) is defined by (3.3). Now, by following the last argument as in the
proof of Theorem 2.3, we obtain desired inequality in (3.2). O

Theorem 3.2 Let u(l’,y), CL(’JZ,y), C(’Jl,y), d(l‘,y), f(xay)7 W(U(Z’,y)), and

H(u(x,y)) be as defined in Theorem 3.1 and g € S. Assume that a function
m(x,y) is non-increasing in x and m(zx,y) > 1, which is defined by

m(x,y) = a(z,y) + f(aﬁ,y)H(/;Q /yoo d(s,t)u(s,t) dtds)

forx,y e Ry. If

B
u(eg) <l + [ elsp)a(uts,) ds (3.7
for B,x,y € Ry and x < 3, then

u(e,y) <F(z.y){ale,y) + (o) H |G (6(Bs.1)

o /:O (s, )W (F(s,0) (5,1)) dtds ) | }

(3.8)

for x,y € Ry, where

B

F(z,y)=0Q7! (Q(l) +/ b(s,y) ds)7

B(s,t) / / d(s,t)W (F(s,t)a(s,t)) dtds,

Q is defined in (3.5), Q7' is the inverse function of Q; G,G~1 are defined in
Theorem 2.8, (1 —|—f b(s,y)ds is in the domain of Q~1, and

// d(s, t)W (F(s,t)a(s,t)) dtds // d(s, t)W (F(s,t)f(s,t)) dtds

is in the domain of G™1, for x,y € R,.

(3.9)
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Proof Let m(z,y) be a positive, continuous, nondecreasing in « and let g € S.
Then (3.7) can be restated as

m <1+ [ b(s, y)g(:,b((i’f;))) ds. (3.10)

The inequality (3.10) may be treated as a one-dimensional Bihari inequality [1]
for any fixed y,y € Ry, which implies that

u(z,y) < F(z,y)m(z,y),

where F(x,y) is defined by (3.9). Now, by following the last argument as in the
proof of Theorem 2.4, we obtain desired inequality in (3.8). O

Theorem 3.3 Let u(z,y), a(z,y), b(z,y), c(z,y), f(z,y), L, M, ¢, and ¢~
be as defined in Theorem 2.5, and let g € S. Assume that a function n(z,y) is
nondecreasing in x and n(x,y) > 1, which is defined by

n(z,y) = a(z,y) + f(z,y)¢ // stust))dtds)

forx,y e Ry. If

u(z,y) < n(zy) + / b(s,y)b(u(s,y)) ds (3.11)

e}

for a,x,y € Ry and a < z, then
u(w,y) < Fa, y){a(w y) + f(@,9)0]ele,y)
X exp / / s t, F(s,t)a (s,t))gzrl(F(s,t)f(s,t)) dtds)]} (3.12)

for x,y € Ry, where F is defined in (3.3), e(x,y) is deﬁned in (2.20), Q is
defined in (3.5), Q L is the inverse function of 2 and Q(1) + f b(s,y)ds is in
the domain of Q= for x,y € R,.

Proof The proof of this theorem follows by an argument similar to that of
Theorem 3.1. Let n(z,y) is a positive, continuous, nondecreasing in z and let
g € S. Then (3.11) can be restated as

e Pon()e o

The inequality (3.13) may be treated as a one-dimensional Bihari inequality [1]
for any fixed y,y € Ry, which implies that

u(z,y) < F(x,y)n(z,y),

where F(z,y) is defined by (3.3). Now, by following the last argument as in the
proof of Theorem 2.5, we obtain desired inequality in (3.12). O
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Theorem 3.4 Let u(x,y), a(z,y), b(z,y), c(z,y), f(z,y), L, M, ¢, and ¢~*
be as defined in Theorem 2.5, and let g € S. Assume that a function Ti(x,y) is
non-increasing in x and n(x,y) > 1, which is defined by

n(zr,y) = a(z,y) + f(z,y)¢ / / stust))dtds)

forx,y e Ry. Ifu(x,y) < n(z,y +f b(s y)b( (s ,y))ds for B,x,y € Ry and
x < 3, then

u(x,y) <F(z, ){a(x y) + f(z, y)¢[€(x7y)
X exp / / s t,F(s,t)a (S,t))ti)*l(F(S,t)f(s,t)) dtds)}}

for xz,y € Ry, where F is defined in (3.9), e(x,y) is defined in (2.27), Q0 is

defined in (3.5), Q L is the inverse function of Q and Q(1) + fﬁ b(s,y) ds is in
the domain of Q' for z,y € R,.

The proof of this theorem follows by an argument similar to that in Theorem
3.3 with suitable changes. We omit the details.

4 Some Applications

In this section we present some immediate applications of Theorem 2.3 to study
certain properties of solutions of the following terminal-value problem for the
hyperbolic partial differential equation

Ugy (2, y) = h(z,y,u(z,y)) +r(z,9), (4.1)
u(x,00) = 0o (), u(0,y) = 7(y), u(0,00) = k, (4.2)

where h : R x R — R, r : RZ — R, 0s,7(y) : Ry — R are continuous
functions and k is a real constant.

The following example deals with the estimate on the solution of the partial
differential equation (4.1) with the conditions (4.2).

Example Assume that functions are defined and continuous on their respec-
tive domains of definitions and such that

(@, y,w)| < d(z,y)W (| ul) (4.3)

and
Ooolx) +7(y) — k — /Ox /OO r(s,t) dtds‘
ofe.) +b(e.0) [ elspdauts.)l) ds. (44

«
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where a(z,y), b(z,y), c(z,y) and W (u) are as defined in Theorem 2.3. If u(z, y)
is a solution of (4.1) Wlth the conditions (4.2), then it can be written as [1, p.
80]

u(z,y) = ooo() + / / (s,t,u(s,t)) +r(s,t)) dtds  (4.5)
for z,y € R4. From (4.3), (4.4), (4.5) we get
)] <aeg) +0(e.9) [ cls.pdauts.)]) ds

+ /Ox /yoo d(s, t)W (|u(s, t)|) dtds.

Now, a suitable application of Theorem 2.3 with f(z,y) = 1 and H(u) = u to
(4.6) yields the required estimate, Therefore,

(4.6)

lu(z, y)| Sp(m,y){ (z,y) + G / / (s,)W (p(s, t)a(s, t)) dtds)

/ / (s, t)W (p(s,t)) dtds}}

for x,y € Ry, where p(z,y),G, and G~! are define in Theorem 2.3.
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