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SINGULAR SOLUTIONS TO PROTTER’S PROBLEM FOR THE
3-D WAVE EQUATION INVOLVING LOWER ORDER TERMS

MYRON. K. GRAMMATIKOPOULOS, TZVETAN D. HRISTOV, & NEDYU I. POPIVANOV

ABSTRACT. In 1952, at a conference in New York, Protter formulated some
boundary value problems for the wave equation, which are three-dimensional
analogues of the Darboux problems (or Cauchy-Goursat problems) on the
plane. Protter studied these problems in a 3-D domain g, bounded by two
characteristic cones 31 and ¥2 0, and by a plane region Xg. It is well known
that, for an infinite number of smooth functions in the right-hand side, these
problems do not have classical solutions. Popivanov and Schneider (1995)
discovered the reason of this fact for the case of Dirichlet’s and Neumann’s
conditions on Xg: the strong power-type singularity appears in the general-
ized solution on the characteristic cone ¥2 . In the present paper we consider
the case of third boundary-value problem on ¥y and obtain the existence of
many singular solutions for the wave equation involving lower order terms. Es-
pecifica ally, for Protter’s problems in R3 it is shown here that for any n € N
there exists a C™(Qp)-function, for which the corresponding unique generalized
solution belongs to C™(20\O) and has a strong power type singularity at the
point O. This singularity is isolated at the vertex O of the characteristic cone
Y20 and does not propagate along the cone. For the wave equation without
lower order terms, we presented the exact behavior of the singular solutions
at the point O.

1. INTRODUCTION

Consider the hyperbolic partial differential equation, involving the wave operator
in its main part, with lower order terms of the form

Lu = Uy, gy + Ugpzy — Upt + D1Ug, + bottg, +buy +cu=f (1.1)

expressed in Cartesian coordinates z1, 2, in a simply connected region 2y C R3.
The region

Qo = {(z1,22,8) : 0 <t < 1/2,t <Jz?+ad <1—t}
is bounded by the disk
Yo = {(x1,20,t) : t = 0,27 + 23 <1}
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with center at the origin O(0,0,0) and the characteristic surfaces of (1.1):

Y= {(z1,20,8) : 0 < t < 1/2,\/a? + 23 =1—t},
Yo = {(@1,T2,t) : 0 <t < 1/2,4/2% + 2% =t}.

In this work we are interested in finding sufficient conditions for the existence and
uniqueness of a generalized solution to the following problem.
Problem P,,. Find a solution to (1.1) in £y that satisfies the boundary conditions

u|21 =0, [Ut -+ Otu]lgo\o =0, (12)
where a € C1(2p\0).

The adjoint problem to P, is as follows.
Problem P},. Find a solution of the adjoint equation

L' = Ugy gy + Upgry — Ut — (010)z, — (b2t)z, — (bu) +cu=g¢g in Qg
with the boundary conditions:
u|22)0 =0, [Ut + (Oé + b)u]‘gﬂ =0. (1.3)

The following problems were introduced by Protter (see [23]).
Protter’s Problems. Find a solution of the wave equation

Ou = Apu — gt = Ugyzy + Uggay, — U = f 1In Qg (1.4)
with one of the following boundary conditions
Pl: u|g,us, =0, P1": wulpyus,, =0;
P2: ulg, =0,ulx, =0, P2%: ulg,, =0,ulg, =0.

Protter [23] formulated and investigated both Problems P1 and P1* in Qg as
multi-dimensional analogues of the Darboux problem on the plane. It is well known
that the corresponding Darboux problems on R? are well posed, which is not true
for the Protter’s problems in R3. The uniqueness of a classical solution of Prob-
lem P1 was proved by Garabedian [8]. For recent results concerning the Protter’s
problems (1.5) see the work of Popivanov, Schneider [21], Grammatikopoulos, Hris-
tov, Popivanov [9] and references therein. For more publications in this area see,
for example: [1, 2, 7, 12, 15, 16, 17, 22]. Some different statements of Darboux
type problems can be found in [4, 5, 6, 14, 18] in bounded or unbounded domains,
different from Q.

According to the ill-possedness of Protter’s Problems P1 and P2, it is interest-
ing to find some their regularizations. A nonstandard, nonlocal regularization of
Problem P1, can be found in [7]. In the present paper we are looking for some
other kind of regularization and formulate the following problem.

Open Question 1. Is it possible to find conditions for the coefficients by, b2, b3, ¢
and «a, under which for all smooth functions f Problem P, has only regular solu-
tions?

(1.5)

Remark 1.1. If the answer to the above question is positive, then, using an oper-
ator Ly, with lower order perturbations in the wave equation (1.4), we can find pos-
sible regularization for Problem P2. Solving the equation Liui = f, with L — O
(i.e. bik,bak, b3k, cx — 0) and ag — 0, we can find an approximated sequence uy.
Due to the fact that in this case the cones ¥; and ¥ ¢ are again characteristics for
Ly, this process, with respect to our boundary value problem, looks to be natural.
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For Problem eq:0pl with P, and «(z) # 0 there are only few publications, while
for (1.4) with P,, we refer the reader to [9]. Some results of this type can be found
also in Section 7 of this paper.

In the case of the equation (1.1) , which involves either lower order terms or
some other type perturbations, Problem P, in Qy with a(z) = 0 has been studied
by Aldashev in [1, 2, 3]. For comments, concerning Aldashev’s results, we refer the
reader to Remark 6.5. Finally, we point out that in the case of (1.1), with nonzero
lower order terms, Karatoprakliev [13] obtained a priori estimates, but only for
solutions enough smooth of Problem P1 in .

Next, we formulate the following well known result [24, 20], presented here in
the terms of the polar coordinates x1 = gcosp, ro = gsin .

Theorem 1.2. For alln € N, n > 4; ay, b, arbitrary constants, the functions
3

vn(0,0,t) =to™ " (92 — t2)n_ 2 (a, cosnp + by, sinny) (1.6)

are classical solutions of the homogeneous problem P1* and the functions

1
wy(0,0,t) =07 " (92 — t2)n 2 (ap, cosnp + by, sinny) (1.7)
are classical solutions of the homogeneous problem P2*.

This theorem shows that for the classical solvability (see [6]) of the problem P1
(respectively, P2) the function f at least must be orthogonal to all smooth functions
(1.6) (respectively, (1.7)). The reason of this fact has been found by Popivanov and
Schneider in [20], where they announced for Problems P1 and P2 that there exist
singular solutions for the wave equation (1.4) with power type isolated singularities
even for very smooth functions f. Using Theorem 1.2, Popivanov and Schneider
[21] proved the existence of generalized solutions of Problems P1 and P2, which
have at least power type singularities at the vertex O of the cone X5 . Considering
Problems P1 and P2, Popivanov and Schneider [20] announced the existence of
singular solutions for both wave and degenerate hyperbolic equation. First a priori
estimates for singular solutions of Protter’s Problems P1 and P2, concerning the
wave equation in R3, were obtained in [21]. On the other hand, for the case of the
wave equation in R™T! Aldashev [1] shows that there exist solutions of Problem
P1 (respectively, P2) in the domain )., which grow up on the cone X . like
e=(n+m=2) (respectively, e~ ("*™~1)) when & — 0 and the cone Xo . := {o =t +¢}
approximates ¥ ¢. It is obvious that for m = 2 this results can be compared with
the estimate (1.10) of Theorem 1.4 and with the analogous estimates of Theorems
6.1 and 6.3. For the homogeneous Problem P’ (except the case a = 0, i.e. except
Problem P2*), even for the wave equation, we do not know nontrivial solutions
analogous to (1.6) and (1.7). Anyway, in the present paper under appropriate
conditions for the coefficients of the general equation (1.1), we derive results which
ensure the existence of many singular solutions of Problem P,. Here we refer also
to Khe Kan Cher [16], who gives some nontrivial solutions for the homogeneous
Problems P1* and P2*, but in the case of Euler-Poisson-Darboux equation. These
results are closely connected to the such ones of Theorem 1.2.

In order to obtain our results, we give the following definition of a generalized
solution of Problem P, with a possible singularity at the point O.

Definition 1.3. A function v = u(z1,x2,t) is called a generalized solution of P,:
in Qo, if
(1) u € CY(Q\O), [us + ax)u]
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(2) The equality

[usvr — U, Vg, — Ugy Uy + (D1Ug, + botiz, + buy + cu — f)v]dzdzadt
0
(1.8)
= / a(z)(uv)(z, 0)dr des
o

S~

holds for all v in
Vo :i={v e C' Qo) : [vs + (a+ b)v]|zo =0, v =0 in a neighborhood of 33 }.

To deal with difficulties such as singularities of generalized solutions on the cone
32,0, we introduce the region

Qs:QOm{Q*t>€}a 56[071)7
which in polar coordinates becomes
Q. ={(0,p,t):t>0,0<p<2me+t<p<1-—t} (1.9)

We define generalized solution of Problem P, in Q.,e € (0,1), in Definition 2.2
below. Note that, if a generalized solution u belongs to C*(Q.)NC?(),), it is called
a classical solution of Problem P, in €., ¢ € (0,1), and it satisfies the equation
(1.1) in Q.. It should be pointed out that the case € = 0 is totally different from
the case € #£ 0.

This paper is a generalization, extension, and improvement of the results ob-
tained in [9]. The paper, besides Introduction, consists of six more sections. In
Section 2, using some appropriate techniques, we formulate the 2-D boundary value
problems P, 1, P, 2 and P, 3, corresponding to the 3-D Problem P,. The aim of
Section 3 is to treat Problem P, 3. For this reason, we construct and study the sys-
tem of integral equations, assigned to the under consideration equation (1.1). Also,
we present results concerning the classical solutions of Problem P, 3 in Q.,e € (0,1)
and give corresponding a priori estimates. We mention also here Lemma 3.2, which
is actually a maximum principle for Problem P, 3. In Section 4 we prove Theorems
4.1 and 4.2, which ensure the existence and uniqueness of a generalized solution of
Problem P, ; in 2-D domain. Using the results of the previous section, in Section 5
we study the existence and uniqueness of a generalized solution of 3-D Problem P,.
More precisely, Theorem 5.1 ensures the uniqueness of a generalized solution for
Problem P, in Q.,e € [0,1), while Theorems 5.2, 5.3 and 5.4 ensure the existence
of a generalized solution for problem P, in €y, which is a classical one in each
domain .,e € [0,1) and satisfies some a priori estimates in C?(2.). Comparing
these estimates with such ones of [9], we see that the new estimates are better even
in the case of the wave equation (1.4) without lower order terms. In Theorems
6.1, 6.3 and 1.4 under different conditions, imposed on the coefficients of the equa-
tion (1.1), we present some singular generalized solutions which are smooth enough
away from the point O, while at the point O they have power type singularity of
the type (z? + 23 + t2)~"/2. More precisely, we formulate and prove the following
theorem.

Theorem 1.4. Let the coefficients by, by, b be constants, c(z1,2,t) = c(|z],t) €
C'(Qo), 4c < b7 + b5 — % in Qo and o = o(|z]) € C'(0,1] N C[0,1]. Then for
each n € N there exists a function f,(z1,72,t) € C""2(Qo) N C*(Q), for which
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the corresponding generalized solution u,, of problem P, belongs to C%(Q\O) and
satisfies the estimate

lun (21, 2, |2])| > %|un(2x17 2x9,0)| 4 || ™" | cos n(arctan ;U—j)\ (1.10)

On the other hand, in Theorems 6.1 and 6.3 the coefficients of the equation (1.1)
are nonconstant.

Finally, in Theorem 7.1 for the wave equation (1.4) we present two-sided esti-
mates for the singularities of the generalized solution of Problem P,. In particular,
the exact behavior for the singular solution wu,, (21, x2,t) around O is (2% + 23 +
t2)~"/2 cos n(arctan 2).

Remark 1.5. Actually, all these results state some conditions on the coefficients of
the equation (1.1), under which we do not have a positive answer to Open Question
1. For example, Theorem 7.1 ensures that for any parameter a(z), involved to the
boundary condition (1.2) on X, there are infinitely many singular solutions of the
wave equation (1.4). That means that, it is impossible to give a positive answer to
Open Question 1, by using the wave operator only. Possibly, it is necessary to ask
some of the nonzero lower order perturbations of the wave equation to be involved
to the more general equation (1.1). This is one of the reasons of the existence of
the present paper, where we use and developed further the ideas of [9]. Note also
that, each one of the singular solutions has a strong singularity at the vertex O
of the cone Y5 . The singularities of the generalized solutions do not propagate in
the direction of the bicharacteristics on the characteristic cone. It is traditionally
assumed that the wave equation, with right-hand side sufficiently smooth in Q,
cannot have a solution with an isolated singular point. For results, concerning the
propagation of singularities for second order operators, see Hormander [11, Chapter
24.5].

We conclude this section with the following four more questions.
Open Questions:

(1) Find the exact behavior of all singular solutions at the point O, different
from those ones which appear in Theorems 6.1, 6.3 and 7.1.

(2) Find appropriate conditions for the function f under which the Problem
P,, even for the wave equation, has only classical solutions. We do not
know any kind of such results even for Problem P2.

(3) In all results, concerning the existence of singular solutions (except Theorem
1.4), we assume that as = 0. Is it possible to find any singular solution,
when ay # 0?7 Even in the case az # 0, Theorem 5.3 ensures the existence of
a generalized solution for any function f, but we do not know the behavior
of a such solution at (0,0,0).

(4) From the a priori estimates, obtained in Theorems 5.2-5.4 for all solutions
of Problem P,, including singular ones, it follows that, as p — 0, none
of these solutions can grow up faster than exponential one. The arising
question is: are there singular solutions of Problem P, with exponential
growth as p — 0 or any such solution is of polynomial growth satisfying
(1.10)?

In the case of Problem P1, for the wave equation (1.1) the answer to Open Questions
1, 2 and 4 above can be found in [22].
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2. PRELIMINARIES

In this section we consider (1.1) in polar coordinates z1 = pcosp, xo = gsinp

and ¢

1 1
Lu = E(ng)g + ?uw, — U + a1y + aguy + bus +cu = f (2.1)

in a simply connected region
Qe :={(0,p,1):0<t<(1—¢)/2,0<p<2m, e+t <p<1-—t}, (2.2)
0 < e < 1, bounded by the disc Xg := {(0, ¢, t) : t = 0, 0 < 1} and the characteristic
surfaces of (2.1)
Y1 ={(0,p,t) : 0 < p<2m0=1-1t},
Yo ={(0,pt): 0< p<2m,p=c+t}.

The coefficients a1, as depend on by, bs in an obvious way. We seek sufficient con-
ditions for the existence and uniqueness of a generalized solution of the equation
(2.1) with f € C(£2), which satisfies the following boundary conditions

P U‘Elmaﬂs = Hzonags =
P u’zgs =0, [us+ (a+du

0, [us+au 0; (2.3)

”200895 =0. (2.4)

Here, for the sake of simplicity, we assume that all coefficients of (2.1) depend only
on p and ¢, and we set a(x) = a(|z]) = a(e) € C'(0,1]. The problem P is the
adjoint one to Problem P, in ..
Remark 2.1. In what follows, we consider the domain (). and its boundary in
Cartesian coordinates. Nevertheless, for convenience we use the polar coordinates
in the sense that the intersections ¢ = 0 and ¢ = 27 do not belong to the boundary
of Q. and all the functions, which we use here, are considered as periodical ones.
Now, in order to obtain our results, we define the notion of a generalized solution
as follows.

Definition 2.2. A function u = u(p, ¢, t) is called a generalized solution of Problem
P, in Q., € >0, if:

(1) we CHQ), uly, nog, = 05 [ue +alo)ully, oq. = 0;
(2) The equality

1
/ [wpvy — upv, — ?uwvw + (a1uq + asuy + buy + cu — f)vjododpdt
Qe (2.5)
= / a(e)uve dodyp
SN0,

holds for all

veVei={veCH ) : [v + (a+ b :0,1}’22 =0}.

] ‘ YN

The following lemma describes the properties of generalized solutions of Problem
P, in Q..

Lemma 2.3. Fach generalized solution of Problem P, in €y is also a generalized
solution of the same problem in Q. for e > 0.
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The proof of this lemma follows from the proof in [9, Lemma 2.1]. In the special,
but main case, when

flosp,t) = D (0,1) cosnip + f1P)(0,1) sinng, (2.6)
we ask the generalized solution to be of the form

u(o, o, t) = ug)(g, t) cosnp + ug)(g, t) sinnep.
Then, in view of (2.1), we obtain the 2-D system

1 2
;(gu;{)g)g — uf};t + alunl’)g + busz + (e— Z_Q)US) + nagug) — f7(11)7
(2.7)
1 2
;(gug)g)g — ufﬁit + alug’)g + buf% + (e— %)ug) — nagug) — fr(l2).

We consider this system in the domain
Ge={(0,t) :t>0,e+t<pop<1l—t}
which is bounded by the sets:
So={(e,t) : t=10,0 <o <1},

S1={(o,t):0=1-1}, (2.8)

Soe={(0,t): 0=1t+¢}.
In this case, for u = (u),u?)(p,t), the 2-D problem corresponding to P, is P, 1:
2

| 3

1
L0y — ) + aru® + 00 + (e — ) 4 nagu® = {0 in G,
0

2
2

S

1
L ouf®), — )+ ruf® + 0 + (e = "2)u® —nou® = £ i, 29
0

= fbw|

=0, [u,(f) + a(o)ull 0, i=1,2.

u(i)|smaaa N somoc. =
The generalized solution of the Problem P, ; is as follows.
Definition 2.4. A function u = (u(",u®)(p,t) is called a generalized solution of
Problem P, ; in G, € > 0, if:
(1) ue CYG.), [ul” + a(o)ul
(2) The equalities

=0, u 0,i=1,2;

)HSOHGGE (1)|5108G5 -

2
/ [ugl)vl,t — ug,l)vl,g + (alug) + bugl) + (e— %)u(l) + nasu'? — f(l))vl] odo dt
Ge

=/ a(o)uMv; o do,
SoNOGe

2
n
/G [ugz)vg’t - UgQ)UQ’Q + (alu(p2) + buiQ) + (c— E)u@) — nagu®) — f(2))v2]gdg dt

= / a()uPva0do
SoNOG.
(2.10)

hold for all

v,v € VY = {w e CHG.) : [vr + (onrb)vHSOﬁaG6 =0,v $2..10G. = 0}.
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Introducing a new function
2D(e.t) = o*ul(o1), i = 1,2, (2.11)

we transform the system (2.9) to the system

1 4n? —1
S R A T n4g2 )2® 4 nagz® = o3 fO,
1 4n? —1
zg,) - zt(f) + alzgz) + bzt(z) + (c — Q—Qal - n492 )z( ) — nayz® = Q% f(z).
(2.12)
with the string operator in the main part. Substituting the new coordinates
E=1—-0—t, n=1-—o0+t, (2.13)
from (2.12) we derive
UG = v = BUD - - = e Wb
UL — AU — BoU — U@ — DU = F2(€,1)  in D, '
where D, = {(§,n) : 0<{<n<1—¢}andfori=1,2:
U (&m) =29 (e(€.m), t(&,m),
(2.15)

. 1 1.

FO@en) = —=2—n—6)2fD(o(&,n),t(En)).
(&mn) 4\/5( n—&)2 1" (e(€n), t(&;n))

Note that, in the case of the equation (2.1), the corresponding coefficients of the

system (2.14) are

1 1 1
A1 = A2 = Z(al +b),B1 = B2 = 1((11 — b),DQ = 7D1 = ZTLCL27
1 4n? —1 al (2.16)

Cl 02 4((2_£_n)2+2_£_n C).
As we see, Problem P, ; is reduced to the Darboux-Goursat problem for the system
(2.14) with the same boundary conditions. That is, we consider the following
question.
Problem P,;. Find a solution (U',U?) of the system (2.14) in D. with the
boundary conditions

UD(0,m) =0, (U —UD)EE) +a(l - OUD(E ) =0, i=1,2. (2.17)

To investigate the smoothness or the singularity of a solution of the original 3-D
problem P, on X3, we are seeking a classical solution of the corresponding 2-D
problem P, 5 not only in the domain D,, but also in the domain

DW .= {(n):0<E<n<1,0<E<1—¢}, >0 (2.18)

Clearly, D. c DIV.

Consider now an appropriate boundary value problem for the system of equations
whose coefficients are continuous in DS), e>0:
Problem P, 3. Find a solution (U!, U?) of the system

U - 400 — BUY - U - DU = Flg,n) i D

U — 4,02 — BUP — U — DU = F2(g,n) i D

(2.19)



EJDE-2003/03 SINGULAR SOLUTIONS TO PROTTER’S PROBLEM 9

with the boundary conditions
UD0,m) = 0,(UY UM E ) +a(l-QUI(E € =0,  (2:20)
fori=1,2and £ € (0,1 —¢).

3. THE SYSTEM OF INTEGRAL EQUATIONS CORRESPONDING TO PROBLEM F, 3

First of all, we construct an equivalent system of integral equations in such a
way that any solution to Problem P, 3 is a solution of the constructed system and
vice-verca. For this reason, following the ideas of [9], concerning the representation
of the solutions of the Protter’s problem for the wave equation, we will try to find a
corresponding representation of the solutions in the case, where the equation (1.1)
involves lower order terms. In this case, because of the appearance in the equation
(2.1) of the term asu,, we have to deal not with a single scalar equation, but with
a system of equations. In order to realize these ideas, for any (£y,7m0) € D,
consider the sets

H::{(fan)30<f<§0»§0<77<770}» Ti:{(faﬂ)¢0<§<§075<ﬂ<fo}

and the following integrals:

1= [ UG € dedn ::]/%L/moté?(s7n)dnd§,
1§ //U@éndwn/&/&wzﬁanS

As it has been shown in [9],

we

i ) ) o )
1+ 21 = U9 m) - [ alt- U € de
0
Set p() = U(i), g = U,si). Then, in view of the last relation and (2.19), we obtain
o
U™ (0,70 / / [F' + Aip™ + Big) + U™ + DyUP)(E, ) dn d¢
o
o
" 2/ / [F* + App™ + Big + UMW + DU (¢, ) dé dn

o Jo

&o
+/cM%qum,M@mmm%
0
(3.1)

I
U@ (&,m0) =/ / [F2 + Agp® + Bog® + CoU + DU (€, 1) dip dé
0 &o
&o n
+ 2/ / [F2 4+ Ayp® + Baog® + CoUP + D,UWM(€,n) dé dn
0 0

o
+/M%ﬂW%@% for (¢o,m0) € DLV,
0
(3.2)
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which is the first couple of desired integral equations. From (3.1) and (3.2) we derive
for the first derivatives p() and ¢(¥) (i = 1,2) the next four integral equations:

&o
#W&m@z/[F+Awm+B@”+&W”+MU®M£®%
0

70
+ / [F* + A1p™) + BigM + C1UW + DiUP](&,n) dn
o

+a(l = &)UM (&, &),
(3.3)

&o
&W@mwzf[P+Amm+3@”+awU+MU@mmw%7 (3.4)
0

&o
p®@m®=/[W+Aw®+BM”+@W”+mWW®&M€
0

70
+/[ﬁ+&wuﬂﬁ%ww@+memmm (3:5)
0]

+ a(]' - gO)U(z) (507 50)7

&o
mem=/[W+®Wﬂim®+@wﬁ+me@mm¢ (3.6)
0

Now, we set

M := max (sup|F1|,supF2|> , M, = sup |a(§)]
P p [0,1—¢]

c(e) :== max {supAi|7 sup|B;|, sup|C;l, supDi|} )
=2 b IS M b

and formulate the following results.

Theorem 3.1. Let F', A;, B;,C;, D; € C(Dgl)), i = 1,2, ¢ > 0. Then there
exists a classical solution (UM, U®R)) ¢ CI(DQ)) of the Problem P, 3 for which
Uy e o(DY),i=1,2 and

U (&0, m0)| < Mdc(e) + Ma] % exp {8c(e) + 2Mo}  in DIV, i =1,2,

sup (U U1} < Mlde(e) + Mo~ exp {8e(e) + 221} i =12 B9
De

Proof. To get our results, we will solve the system of integral equations (3.1)—(3.6).

For this reason we use sequence of successive approximations (U,(,f), p&iﬁ q,(fl)), m =
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1,2

) )

, defined by the formulae

) o Mo o
U9 (€0, m0) = /0 / ED (&, ) dnde +2 /0 /0 ED (&, ) de dn

o )
+/ a(l—UW (€, €)de, i=1,2; m=0,1,2...
0

) o ) 0 )
pD (o) = [ B9 (E,60) de + / B9 (€0, ) dn

0
+a(l—&)UW (&, &), i=1,2; m=0,1,2...

q’S:L)-‘rl(é.07n0) :/ Egré)(§7’r}0) dfa 1= 1721 m:0a172
0
U(gl) (§Oa 770) :07 pél) (507 770) = Oa
65 (€0,m0) =0, i=1,2, in D},
where

EW(&,n) = [F' + ApY) + BigY + C1UY + DiUP](E,m),

m

EQ(€,n) = [F? + Asp? + Bog® + CoUR + DoULV)(E,m).

We will show that each of the functions Uﬁm , p ) and q ,t = 1,2, is continuous in
D£ ) and for any (£9,10) € Dg ) and m € N

[4c(e) + My )™t
(m+1)!

(U = Ul ) (o mo)| < M (€0 +m0)™" ", (3.10)

max { (o2 = P11 (€o,m0), (a2 — @) 160, m0) }

[4e(e) + Mo™ !
m!

(3.11)

<M (&0 +m0)™

Indeed, by induction: 1) For m =1

) §o 7o ) g0 r&o )
U9 (¢0,m0) = /0 /5 FO(€,n) dydé + /0 /5 FO(E,m)dy de,

and hence
UM (&, m0)] < Moo < M (&0 + 10)?/2.

Similarly one can estimate p ) and q% ). 2) Let now, by the induction hypothesis,

(3.10) and (3.11) be satisfied for some m € N. Then for i = 1,2

€) + M,|m !

(U9 — 0D ) (6o, mo)] < ML) (0 +10)™ = Q€0 + 10)"™

m!
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It follows that
(U, = UD)(Eo,mo)]

<aufee( [ ["ernranacrz [7 ["ernnacan)

M, [* _ .
o [Tegmtag

m+1

< Gty e (G )™ = %)+ (25,
Qm+1 m
< (m + 2) (o4 mo)" "2

By (3.3) and (3.5), we have
(P 1 = ) (€0, 0)

< mer [4e(e) (€0 +m0)™ T — &™) + Mo (260)™ ] < Qg1 (€0 +m0)™ .
A similar estimate holds for (¢!”,, —¢%). So that (3.10) and (3.11) hold and
hence the uniform convergence of the sequences {Uﬁ) (&, 1) bmen, {pm (&,1) bmen
and {q% (€,7) }men in DY follows. For the limit functions U®, p® ¢ e (DY)
we obtain the integral equalities (3.1)—(3.6) with the obvious condltlon U@ (0,m0) =

0. From the integral equalities (3.1)—(3.6) it follows that p(?) = U( ) and ¢ = U( 2
in DY, Therefore, U ¢ C’l(Dg ),i=1,2.
Also, in view of (3.10), we see that

- M,
(U (&0,m0)] = | Z Wy - D) (&o,m0)| < M Z %2)](50 +10)"

< Mde(e) + Mo~ exp{SC()JrQMa}, i=1,2.

So, using (3.11), for the derivatives Ugg (€0, m0) and Uéé) (50, 7o) we get the estimates

oo

i ¢ %
‘Uf(o)(foﬁo)‘ = | Z (pgn)Jrl pm )(503770 < M Z i 1) ]
m=0

< M4c(e) + M, exp {8c(e) + 2Ma} , 1=1,2

(& + mo)™ ™!

and
|USD (&0, m0)] < Mde(e) + Mo] ™ exp {8e(e) + 2Ma}, i=1,2,
which shows (3.8). Also, by (3.3)—(3.6), it follows that
(1) (1) 1 (1) 1 1 2
U&mo = UﬂoEo =17+ AlUﬁo + BlUT(]O) + CIU( ) + DlU( )’

U2 =02 = F* + UL + BUP + CU® + DU,

Thus, the Vector valued function U(&p,n0) is a solution to the system (2.19) and
Uey € C(Ds ) Finally, using representations (3.3)—(3.6) for the first derivatives of
U®, we conclude that each function U (£y,7n0) satisfies the boundary condition
(2.20) of the Problem P, 3 for n = &. O

The next lemma is very important for the investigation of the singularity of a
generalized solution of Problem P,.
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Lemma 3.2. Let F*, A;, B;,C;, D; € C’(Dél)), i=1,2,
A;>0,B;>0,0;>0,D; >0, (1 —€)>0in DV, i=1,2 (3.12)
and
@) pl" >0 and ¢ >0, or (b) FD>0in DD, i=12 ~ (3.13)

Then for the solution (UM, U®R)) of Problem P, 5 (already found in Theorem 3.1)
we have

UD(E,n) >0, USEn >0, UPEn) >0 for(&n) DM, i=1,2.
(3.14)

Proof. First, suppose that the condition (b) is satisfied. Then, in view of (3.9),
for (&o,m0) € D we have

) o rmo o rm
U9 (€9,1m0) = /0 /g FO(&,n) dnde + 2 /0 /0 FOE n)dedn >0,  (3.15)

. o . 10 .
2 (€9, m0) = / FO(€, &) de + / FO(G,n) dn>0,  (3.16)
0

o

0 €
@' (507770)2/ FO(Emo)dE >0, i=1,2. (3.17)

0

Thus, the condition (b) is stronger, than (a). Assume now that (a) pgi) > 0 and
q%l) > 0in D, Then, using (3.17), we find that Ul(l) > 0. Thus, in both cases (a)
or (b), the inequalities (3.15) - (3.17) hold. Suppose next that for some m € N

O —U ) >0, (8 —p ) >0, (@@ —¢ ) >0 in DM, i=1,2.
Then
EQ — BQ ) =Aip) —pl) )+ Bigl) -l ) + iU — UG )
D;(UGY —yity >0 in DO, i=1,2,

where we denote Up, (3) =Unm (1) Therefore, we see that
(i) ; o (i)
O = U o) = | /6 (B — B )(&,n) dnde
0
o m ] @)
vz [0 [ED - B e m ddn
o Jo

o )
+/ a(1— &)U —UD (€€ de > 0.
0

In the same manner,

. €o ) 1o .
0%,y — pD) (60 m0) = / (B9 — D )(€,60) dé + / (BD — BO ) (€, m) di
0 &o

+a(l - &)U — Ul ) (€, &) =0,

o . .
(01— 45 6o, m0) = / (B~ BY)(6m0) d€ > 0.
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Finally, by induction, we conclude that

U (&,m0) = Z Uy = US)(,mo) = 0,

P (&, m0) > 0, q(l (€0:m0) >0, (&,m0) € DY,

O

Remark 3.3. Note here that Lemma 3.2, which is actually a maximum principle
for Problem P, 3, describes the behavior of the system (2.19) around the point
(1,1). Thus, this lemma becomes particularly useful in Sections 6 and 7 in finding
singular solutions of the equation (2.1). None the less, when the equation (2.1)
transforms to the system (2.14), by (2.16), we see that Dy = —D; = nasy/4. Since,
in view of Lemma 3.2, D; > 0 and Dy > 0, it should be as = 0. Because of this
fact, we are able to find singular solutions only when as = 0 (see also Introduction,
Open Questions, 3).

As a consequence of Theorem 3.1 and representations (3.3)—(3.6), we have the
following smoothness result:

Theorem 3.4. Let F*, A;, B;,C;, D; € C’l(Dél)), 1=1,2, e > 0. Then there exists
a classical solution U € C*(D (1)) of Problem P, 3.

Proof. Since we have already shown that

P (E0vmo) = ¢ (€0.m0) = [F* + A1p® + Big™ + C1U™M + DU D) (€9, mo) (3.18)

and that similar representations for pg ) and q( ) hold, we have to prove only the

fact that p5 ) and q77 exist and belong to C (D( ). Indeed, to do this, we observe
the following:

1. For fixed 7y the equality (3.18) is a linear ODE for the function ¢ (&y,70).
So, using the well known formula for the solution with the initial Cauchy data
¢ (0,m0) = 0 from (3.4), we find that

o o
¢ (&,m0) = / [F! + Aip™® + U + DU, mo)exp ([ Bir,mo)dr ) de.
0 3
(3.19)
Since F!, Ay, By,Cy, D1, UV U@ e ¢1(DM) and pV), piY € C(DM), by (3.19),
we conclude that ¢(*) € Cl(D(l))

2. For fixed & the equality (3.18) is a linear ODE for the function p() (&g, o).
So, arguments similar to those above lead to

o
W (&, m0) =G X A1 (&, n)d
Pt m) =Gr(eo)esp ([ Ao man)

0

7o
+/ [Fl + B¢ + 0, + D,u® } (0,m) (3.20)
o

X exp (/770 Al(fo,'r)dT) dn.
7
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The function G1(&y), which is defined implicitly by (3.3), is of the form
G1(&o)

€o
= / [P+ ApD + Big™ + U + DU (€, &0)dé + a1 = €)UY€, €0)-
0

Obviously G; € Cl(Dél)), because F', Ay, By, Ci, D1, o, UM, UR) ¢ ¢
C’l(Dél)) and p(l),pgl) € C’(Dgl)). Finally, by (3.20), we see that p(!) € C’l(Dél)).
O

Remark 3.5. By studying a solution of the Problem P, 3 in the domain DS),
we are actually investigating the behavior of the solution of Problem P, 5 in the
domain Ds, when § — 0, around the line n = 1. It is easy to show that, for
any € € (0,1) and ¢ € (0,1), the solutions of these two problems coincide in their

common domain Dél N Ds.

4. EXISTENCE AND UNIQUENESS THEOREMS FOR THE 2-D PROBLEM P, 3

Consider the 2-D problem P, ; :

1 2

—(gu(gl))g - ug) + aju) + bugl) + (c— n—2)u(1) + nau'® = f in G,

o ¢ Y

1 2

(@) = i) a4+ buf® 4 (e = ) — nanu = O i G, (4.1)

Wl g,006, =0 [y + a(@u][g o6, =0, i=1,2
Note that, the generalized solution of the problem F,; in the domain G, ,
e € (0,1), was defined by Definition 2.4.

Theorem 4.1. Let a1, az,b, ¢, f, f3 € CY(Gy \ (0,0)). Then there exists a
generalized solution u = (uM),u?) € C%(Gy \ (0,0)) of problem P, 1 in Gy, which
is a classical solution of the problem P, 1 in any domain G, € € (0,1).

Proof. In view of (2.11) and (2.13), i.e. 2(p,t) = 0'/?u(o,t) and € = 1 — o — t,
n=1— p+t, we introduce the function

U@, m) =290 n),t(E ).

Then Problem P, i, in the new terms, becomes F, 2, i.e.
U — AU - BufY — v — U@ = Fl(¢,n) in D,
U — AUL — BoUf? — CoU® — DU = F(¢,m) im D,
UD(0,7) = 0,(UY —UM)EE) +a(l - UD€ =0, i=12  @43)

where the connection between the coefficients is given by (2.16). For each fixed
e € (0,1) Theorem 3.4 ensures the existence of a classical solution (UM, U®)) €

(4.2)

C? (Dél)) of the problem P, 3. More precisely, for any fixed e1,e2 with 0 < g1 <
g2 < 1 the corresponding vector-valued solution U, is a restriction of U, in the
region D.,. So, essentially we have a function of class C? (DO\(O, O))7 which in any
region D, coincides with the corresponding solution U, and is a classical solution
of Problem P, 3. We remark that the inverse transformations (2.11) and (2.13)
lead to a vector-valued function (u(¥,u(?) € C? (G\(0,0)), which is a classical
solution of Problem P, ; in each G.. This solution is also a generalized solution of
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the same problem in Gg, because for each concrete test function v € V; there is an
gy > 0 for which v = 0 in Go\G., and (1.8) coincides with (2.5). The proof of the
theorem is complete. O

Theorem 4.2. Let ai,as,b,c € C*(Gy\(0,0)). Then for each fized e € (0,1) there
exists at most one generalized solution of the problem P, 1 in G..
Proof. Let (u(ll),u§2)) and (uél), uf)) be two generalized solutions of P, ; in G..
Then for u() = u? — ug), i=1,2, we see that
1) u® e CY(G.), [u'? + a(o)u®
(2) The equalities

=0, u =0,i=1,2

Il 9
0NIG. S1NOG:

2
/ [ugl)v,gl) - uél)vél) + (alug) + bugl) +(c— %)u(l) + nagu(z))v(l)} ododt
Ge
= / a(e)ulvedg,
SoNIG.
2
/ [uEQ)vt(z) - u(92)v£72) + (alugf) + buEQ) +(c— %)u@) - nagu(l))v(m} ododt
Gs

= / a(o)u®v® o do
SoNOG.

(4.4)
hold for all functions v(l), 0@ e Vg(l).
If the functions v(¥ € C?(G.), then from (4.4) we conclude that
1 1
[ G e = ol = Searo), - o),
G. -0 Y
2
+(c— %)v(l))u(l) + nagfu(l)u(z)] ododt =0,
¢ 4.5
1 9 1 ( N )
[ G e = ol = (earo®), - o),
Ge - P Y

2
+(c— Z—Q)v(z))u@) — na2v(2)u(1)] ododt = 0.

For h(), p(?) ¢ 1 (G’o\(O, O)) we state the following problem.
Problem P ;. Find a solution v 0@ e VY n C?(G.) of the system

1 1 2

*(P”él))g - ’Ut(g) - *(001’0(1))9 — (M) + (c— %)’U(l) —nagv® = pV,

0 0 0

L@y _ @ _ Lo @ (2) @ M) _ @

E(gvg o — Vs fé(galv )o — (b )t+(cf?)v + nagv't = ',
For 2() = p'/20(®) ¢ =1—ec—n,m=1—¢—¢, and

VO(E,m) =21 -e—m,1-ec—&), (4.6)

the domain G, maps into D., and for appropriate coefficients A;, B;, C;, D; and
f = a+ b the above Problem P; ; transforms to the Darboux—Goursat Problem
Pg 3. But for this problem Theorem 3.4 ensures the solvability in C?(D,). Conse-
quently, there exists a classical solution (V1) V() € C?(D.) and so the inverse
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transformations (2.11) and (2.13) lead to a classical solution (v(M,v®) € C?(G.)
of Problem Py ;. Moreover, with these functions v v the system (4.5) becomes

/ {(h(l) + nagv(2)) uD + nagv(l)u(g)} ododt = 0,
GE
(4.7)
/ [(h@) — nagv(l)) u® — nagv(z)u(l)} ododt = 0.
GE

Since the functions hV)(g,t), AP (p,t) € C (Go\(0,0)) are arbitrary, (4.7) gives
uM(0,t) = u®(o,t) = 0in G, i.e. (ugl), u§2)) = (uél)7 uég)). The proof is complete.
(I

5. EXISTENCE AND UNIQUENESS THEOREMS FOR THE 3-D PROBLEM P,

In this section we consider the following 3-D boundary value problem.
Problem P,. Find a solution to the equation

1 1 .
Lu = E(ng)g + ?wa — Ut + A1Up + A2Uy, + buy + cu = f(Q7 %t) in Q., (51)

which satisfies the boundary conditions

u|ZlﬂOQE =0, [ut + Oé(Q)U] |ZOOOQ€ =0. (52)

For this problem we formulate the following theorems.

Theorem 5.1. Let ay,az,b,c € C1(Q\O). Then for 0 < ¢ < 1 there ewists at
most one generalized solution of Problem P, in (..

Proof. Case 0 < e<l If w1, us are two generalized solutions of P, in )., then
u = u; —uz € CY(Q.) satisfies (5.2) and

1
/Q [ugvy — upv, — Eu@vw + (a1uy + asuy + buy + cu)v|odode dt

(5.3)
= / a(o)uve dedy
YoNON.
holds for all v € V.. We will show that in the Fourier expansion
u(e,pt) = 3 {ull(0.1) cosni +uP (o, 1) sinnig | (5.4)
n=0

the coefficients satisfy ugf)(g, t) =0in Q., ¢ = 1,2, ie. w = 0 in Q.. Since
u € C(€.), using the substitution

vi(0, ¢, t) = wi(o,t)cosnp € V. or w0, p,t) = wa(p,t)sinng € V,



18 M. K. GRAMMATIKOPOULOS, T. D. HRISTOV, & N. I. POPIVANOV EJDE-2003/03

in (5. 3) we derive the system

n2
—ulfy o+ (anall) + )+ (e ) + o) ededs

=/ a(o)ulPw; o do,
SoNIG.
2

/ {u( )wg = ug)gwg ot <a1u( ) 4 bug% + (e— %)ugf) - nagug)> wz] ododt
Ge

0
:/ a(o)ulPwsodo
SoNOG .
(5.5)

for all wy,wy € VA and n € NU{0}. By Definition 2.4, the function (u%l), ul? ))(Q, t)
is a generalized solution of the homogeneous problem F, ;. Clearly, Theorem 4.2
implies u%)(g, t) = (2)(9, t)=0in Q. forn € NU{0} and so u™) = u; —upy =0
in Q.. Case € = 0. Let g9 be an arbitrary fixed number of (0,1). Then, by Lemma
2.3, it follows that the generalized solution u € C1(Q \ (0,0,0)) of Problem P, in
Qp is also a generalized solution of the homogeneous problem P, in {).,. Since, by
the previous case, u = 0 in ., and ¢ > 0 is arbitrary, we see that u = uy —us =0
in Qg. This completes the proof of the theorem. (]

Theorem 5.2. Let ai,az,b,c € C* (Q\O) and the function f € 0(50)001(60\0)
be of the form

flo,p,t) Z{f 1) (o,t cosnga—l—f (Qﬂf) Sinmp}, ke NU{0}. (5.6)
n=0

Then there exists one and only one generalized solution
k

u(o,p.t) = > {ull (0,1) cosnp + u? (o, ) sin o | (5.7)

n=0

of the problem P, in Q. This solution u € C? (QO\O) is a classical solution of the
problem P, in each domain Q., e € (0,1). Moreover, if

‘a’1| < d9717 |(12| < d972a ‘b| < d9727 |C| < d‘9727 |C¥‘ < d4972 m QO\Oa

then, in view of (5.7), for a fixred n, the corresponding trigonometric polynomial u,,
of degree n, satisfies the following a priori estimates: For n =0,

32d+2, .
[uo (21, 22, )| 1 o0y = > 51(11;)>|D“u0| < 6%/ exp (g )£ lcoagy; (5.8)
o] <1 €26
while for n € N,
63/2 8n(n + 3d)
||Un($173327t)||01(gg>) < n(n T 2d) eXp( ) )(Hfr(zl)HCO(G‘o) + ||fr€2)||CO(G‘o))’

(5.9)
where O = Qg N {(0,t) : 0+t > €}

Proof. It suffices to consider the case of a fixed number n. As in Section 2, we
make the substitutions

E=1—p—t, n=1-9+t, (5.10)
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and introduce the new function

U9 (&, n) = o"*uD(o(&,n), (&, m)). (5.11)
Denote .
FO(&,n) = PV A V2N (E,m) € C* (Do\(1,1)),

and use the notation of (2.16). Then the problem reduces to Problem P, 3. Thus,
we can use Theorems 3.1 and 3.4 to ensure the existence of a classical solution
(UM UR)(&,n) of this problem with the estimates (3.8).

Case n € N. In view of (3.7), (2.16), it is easy to see that we can chose

o) = n(n;2 2d) 4d

y My = =2
M < max {17 ooy 152 oo} = Mo,
Hence, Theorems 3.1 and 3.4 ensure the smoothness of the solution U of Problem
Posin DV ={(£,n):0<&<n<1,0<E<1—c}, >0, ie
(UM, UD)(En) == U(&n) € C*(DM). (5.12)
On the other hand, these theorems ensure the a priori estimates

sup (U9 (€,n)] < My [4e(e) + Ma] ™ exp {8c(e) + 2Ma}
D¢
< Mpe*[dn(n + 2d)] " exp { (8n(n + 3d)e*},
sup{[USL], U} < Mue?[An(n + 2d)] " exp {(8n(n + 3d)e 2} .
p{M
Also, by (5.10) and (5.11), we have ug)(g, t) = o~ UY (&,7m). Since o > /2 for
& n) € D by the inverse transformation we see that

; 7/2 8n(n + 3d)
@) (o) < M, c
(e Ol < Mg g o (T )
. 3/2
) € 8n(n + 3d)
)] < M, , 5.13
|un,t(ga )| — n(n + Qd) eXp( 62 ) ( )
; 3/2 8n(n + 3d)
() < M,— .
|U’n,g(g7t)‘ — nn(n—l—?d) eXp( 52 )
Therefore, in view of (5.7) and (5.13), for the trigonometrical polynomial
un (0,0, t) = ui) (0,1) cos np + uP (0,1) sinng (5.14)
we derive
1 5/2 8n(n + 3d)
L e e R

Since uy, (0 cos p, sinp, t) = u%l)(g, ©, 1), obviously one has

3/2 <8n(n + 3d)) ,

mn,T; 9 7t §2Mn7
[Un, e, (21, 2, 1)] n(n + 2d) exp )

i=1,2.

So, the estimate (5.9) holds in ol
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Case n = 0. By (5.6) and (5.7), we have fo(o, p,t) = (1 )( o0,t) and ug(xy1,xe,t) =
uo(o, p,t) = u(()l)(g7 t). Take
8d +1 4d (1)
c(e) =~ Ma=5, = 1o lleoao) -

Then, as in the previous case, we obtain (5.8). O

Theorem 5.3. Let the conditions of Theorem 5.2 be fulfilled. Also, for the sake
of simplicity, suppose that ai,az,b,c € C1 () and |/ (0)| < di/o~3. Then for a
fixed n € N the corresponding trigonometric polynomial u, of degree n from (5.14)
satisfies the following a priori estimate

1 8n (n—|—3d)

/2 exp ( )(H ||c0 y + I1£§ ”CU(GO))v

(5.16)

Hun(xlax%t)ch(Q‘(gl)) < C(15

where the constant Cy does not depend on n and €.

Proof. We will use the estimates of Theorem 5.2 and the representations of the
second derivatives of Theorem 3.4. Following the same arguments, as in Theorem
5.2, we obtain the estimates

SUp U g, | US| ULkl } < CrMyexp {8n(n + 3d)e™2} , i =1,2
D:
and conclude that
8n(n + 3d)

} < CiMpe? exp(

).

SUp{lun z;w; |y [, b,

p® e

O
The next theorem is an immediate consequence of Theorems 5.1, 5.2 and 5.3.

Theorem 5.4. Let the conditions of Theorem 5.3 be fulfilled and let f € C*(Qo)
be of the form

Flopt) = {f M (0, t) cosng + £ (o, t) sinnep}. (5.17)
n=0
Suppose that the Fourier coefficients f,(Ll)(Q7 t) and f,(f)( ,t) satisfy

32d + 2 8n(n + 3d)

)|| ||C0 (Go) T Z ot 2d xp ( -2 )

X (Hf7(zl)||C0(C_¥g) + ||f7(12)|\00(c‘:0)) < oo.

||f||exp (e) = €XP ( (5 18)

Then there exists one and only one generalized solution u € Ct (le)) of the prob-

lem P, in Q. and satisfies the a priori estimate
”uHcl(Q(l)) < 653/2||f||cxp (519)
Moreover, if

32d+2 —|—3d
WA ooa +Zexp Sn(n +3d),

X (||f£1)||c0(c‘:0) + Hff)Hco@O)) < 0,

[ fllexp, () :=exp ( (5.20)
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then u € C? (le)), u(x,t) is a classical solution of the problem P, in Q. and

satisfies the a priori estimate
”uch(le)) < 02571/2||f||exp1 (e)- (521)

Remark 5.5. It is obvious that the estimates (5.19) or (5.21) hold, if the series
(5.18) and (5.20) are finite. In this case we have a solution, which is of class
C1(Q0\0) or of class C%(Q\0). For example, the condition (5.20) is valid for each
e € (0,1), if there exists a sequence a,, — +00 as n — +oo such that

Zexp (n®ay) (||f7(11)||00(é0) + ||f7'(L2)||CO(éo)) < 00. (5.22)
n=1

To show this, it is enough to see that the inequality n(s2a,, —8) > 24d holds, for
all large enough n € N.

6. ON THE SINGULARITY OF SOLUTIONS OF PROBLEM P,

For the the equation

1 1 .
Lu = E(gug)g + Eu%{, — Uy + a1ty + aguy + buy + cu = f(o,p,t) in Qp, (6.1)
we consider the boundary conditions of Problem P,, i.e.

P,: u‘zl =0, [us+ a(g)u]’zo\o =0 (6.2)
and prove the following result.
Theorem 6.1. Let a(p) > 0; ai, b, c € C1(Q\O), az =0 and
ai(et) > bl(e,t), ai(e,t) > 20c(o.t), (0:t) € Qo. (6.3)
Then for each function
falo,pit) = 07" (* = 1) 2 cosnp € C" 3 (Q) NC™(Q), mneEN,
the corresponding generalized solution u, of the problem P, belongs to C?(€\O)
and satisfies the estimate
1 —n -n
lun(e, ¢, 0)| 2 5lun(20,9,0)[ + 07| cosnip| 2 ¢7"|cosnpl, 0<o<1. (6.4)
Proof. Note that, by Theorem 1.2, the functions
wn(0,0,t) = 07" (0% — t2)""Y%(a, cosng + b, sinng), n >4,
are classical solutions of the homogeneous Problem P} for the wave equation, when
a=0.
Now consider the special case of Problem P,:
Lu=f, =0 "(0*—t>)""Y2cosny in Q. (6.5)
Observe also that
falzy, o, t) = (22 + 23) (22 4 23 — )" V2 Re(x1 + iz2)"

and obviously f, € C"2(Q) N C*(Qp), n € N. Theorem 5.1 states that the
equation (6.5) with boundary conditions (6.2) has at most one generalized solution.
On the other hand, from Theorem 5.2 it is known that, for the above right-hand
side, there exists a generalized solution in €y of the form

un(0, 1) = ui) (0, 1) cosng € C*(Q)\O),
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which is classical solution in €., € € (0,1). By setting ug)(g, t) = Q%ug)(g, t) and

substituting

E=1—p—t, n=1—p+t, (6.6)
the equation (6.5), with boundary conditions (6.2), in view of
U(&m) = uiP (& m), t(Em)), (6.7)
becomes a Darboux-Goursat problem P, 3:
Uy — AUe — BU,, — CU = F(¢,n), (6.8)
U0,n) =0, Uy —=Ug)(& &)+l =U(EE) = 0. (6.9)

Note that, because of the condition a; = 0 and the special right-hand side of (6.5),
we do not obtain a system as in the general case of Section 3, but a single equation
(6.8). According to (2.16), the coefficients of (6.8) are defined as follows:

1 1
A:Z(a1+b)207 B:Z(al—b)zo,

1 an? —1 a1 (&,m) (6.10)
C(&n)—z(@ﬂ?f@z Qinif—c(f,n))aneN,
Fien) =[S ooy, remzo )

where we preserve the same notations for aq,b and ¢ in the new coordinates (£, 7).
Next, in view of Theorem 3.4 and Lemma 3.2, we formulate the following result.

Proposition 6.2. There erists a classical solution U(¢,1) € C?(Do\ (1,1)) for the
problem (6.8), (6.9) for which

UE,n) >0, Ue(&n) >0, Uy(&n) >0 in DY,
Set
K= /( )F2(§,n) dédn > 0. (6.12)
D¢

Then from (6.8) for 0 < ¢ < 1/2 it follows that

0<K s/ F2(¢,1) dédy
b

D Dt

:Ill — Ig.
Using the properties of F(£,n) from (6.11) and following [9], we find that
1-e 1
L= UenF)(&,m)dnd
= [ WPy m e
1—e
~ [ SR emdan— [ V€ OP O +UCOR €Ol (614

1
—/ Ul —e,n)F,(1—¢,n)dn.
1

—€

An elementary calculation shows that

Fe(&,m) <0, Fy(&n) <0, (6.15)
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which actually follows from Lemma 3.2, and

Fi(6.6) = Fyf6,6) = 151 - 20)(1 " E. (6.16)
From (6.13) and (6.14) it follows that
l—e
0<K<h-h=— [ [We&OPEO)+UEOF(E )
1
- / U(l—e,nF,(1—¢,n)dn (6.17)
1—e¢
+ / {(Fen — CF)U — F(AU; + BU,)} de dy.
P

€

Also, it is easy to check that
4n? — 1

Fepn(é,n) — ———=F(&,n) =0 6.18
and so, because of (6.3), (6.10) and Proposition 6.2,
FU
(Fey - CPWU ~ F(AU + BU,) = ~ (282 — e, ) T = FlAv + BU,) <0,

Thus, we find

1—e
0<K<I—I<— /0 Ue(6.€)F(€.€) + U(£,€)Fe(€.€)) de

. (6.19)
=) VA =emgn(l—emdn,
where, as it is easy to check,
1

Fe(€.€) = 5[F(& O] (6.20)
The function U (&, 7) is a classical solution of (6.8), (6.9) in D, ¢ € (0,1) with

1 1

Ue(6,€) = S[U(E e + 5ol - OU(E€). (6:21)
If we substitute (6.20) and (6.21) into (6.19), we get
1—e
K<h-h=—; [ IFeovE ol

l—e 1
—5 [ et-ouEorEE- [ va-enpa-cnd
| 0 e (6.22)

1 1—e
——3F—c1-9 -3 [ at-gUEoPEe

1
—/ Ul —e,n)F,(1—¢,n)dn.
1l—¢

Next, in view of Proposition 6.2 and the properties of the function F(£,n), we find
Un) 20, Uy&m) 20, a§) 20, F(&n) =0, Fy(&n) <0in DY,
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which together with (6.22) and because of F(1 —¢,1) = 0 implies
1

1
K<h+I< _/ UL~ e m)Fy(1 — &) dy — 3 (FU)(1L— 1<)

1—¢

= [ v -enlR 0 -enld - 5FO)1 -1 -0

—&

! 1
< [ va-enip - emlan - 5FU)1 -1 )

—€

=[U(1-¢1)— %U(l —g,1—¢)]F(1—¢,1—¢).

Since F(1 —¢,1—¢) = 1e"~2, we have
1 1
0<K<([Ul-e1)— EU(1 —g1— 8)]15"7%.
Foré =1—¢,n=1we have p =t =¢/2 and so
1
0<A4Ker " < u? (E, E) — Zu?(e,0). (6.23)
2°2 2
Finally, the inverse transformation gives
€ € 1 S W A m 1
’lL?(,Ll) (5,5) Ziug)(e,ﬂ)—i—cle 2016 B O<€<§,
where C; = 23 K. Multiplying the function w, by C‘l_l, we see that (6.4) holds.
The proof is complete. O

Note that the conditions of Theorem 6.1 are only sufficient, and not invariant
with respect to change of variables. Now, we use this fact in order to find some new
singular solutions. For this reason, consider the special form of the equation (6.1)

1 1 .
Lu = E(gug)g + Eu%p —ug + a1 (up, —ur) +cu = f(o,p,t) in €, (6.24)
with the boundary conditions (6.2).

Theorem 6.3. Let ai, c € C1(Q\O);a1 € C(Qy) and a(p) € C*(0,1] N C[0,1],
without any conditions imposed on the sign. Suppose that aq(o,t) > 20c(o,t) for
(0,t) € Qo. Then there exists appropriate constant Ao, such that for any other
constant A > Ay and function

falo,p,t) = exp{A(o+1)} 07" (0* — t*)" 2 cosnip,n € N,

the corresponding singular generalized solution u, of the problem P, belongs to
C?(Q\O) and the estimate (6.4) holds.

Proof. We are looking for appropriate right-hand side functions f;, of the equation
(6.24), for which singular solutions exist. Set

u(o, p,t) = exp {A(e +t)} w(o, p,1),

where the function A(s) will be chosen later. Then the equation (6.24) becomes
1 1
Liw = E(ng)g + ?wsw —wig + (ag +2N) (w, — wy) + (e + No Hw

=exp{-Ale+1)} flo,p,t) in Qe

(6.25)
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and so we lead to the following boundary value problem:

{ Liw=g:=exp{-Ao+t)}f inQy,
Pﬁ:

w‘zl =0, [w + ﬂ(@)wHEO\O =0 (6.26)

with () = a(0) + XN (). In order to apply Theorem 6.1 to Problem Pg, we need
the following conditions

a(e)+N(e) >0, ai(et)+2XN(0) >0, ai(e,t)—20c(o,t) >0,

which are satisfied, for example, for A\(g) = Ap and A > 0 large enough. Following
the proof of Theorem 6.1 and using the transformations (6.6) and (6.7), we lead to
the function W (&, n) of (6.7), for which the equation (6.8) reduces to

1
Wep — §(a1 + 2\ YW, — CW = F(&,n). (6.27)

Here C(&,n) and F(&,n) are functions from (6.11) and (6.10).
We formulate now a result to be used in the proof of Theorem 7.1.

Proposition 6.4. There exists a classical solution W (&,m) € C*(Do\(1,1)) of the
problem (6.27), (6.9) for which

W(En) >0, We(&m) >0, Wy(&n) >0 in DY, (6.28)
For the function
gn(0,p:t) = 07" (0® = £7)" /% cosmg, (6.29)
as the right-hand side of the equation Liw = g, Theorem 6.1 gives a singular
solution w,, satisfying (6.4); that is,
1
|wn (0,9, 0)] > §|wn(2g,<p,0)\ + 07" cosnp| > 07" cosny|, 0 < o< 1. (6.30)

Now, the inverse transform w,, = exp {A(o + t)} w,, gives
1 _ _
[un(e, @, 0)l 2 5lun(20, ¢, 0)| + 07" cosnp| 2 o™"|cosnp|, 0 <o <1, (6.31)

where the function u, (o, ¢, 1) is a solution of the problem (6.24), (6.2) with

flosp,t) = exp {A(o+ 1)} 07" (0% = *)" /2 cosnep.
The proof is complete. O
Next, we find singular solutions for the original Problem P,, formulated in Sec-
tion 1.
Proof of Theorem 1.4 Recall that we are looking for a suitable right-hand side
function f,, of (1.1) for which singular solutions exist. Set
u(xy, o, t) = exp {(bt — byz1 — boxa)/2} v(w1, xa,t) . (6.32)
Then equation (2.1) becomes
Vgyzy + Vgozy — Ut + €10 = h = exp {(b1x1 + baxa — bt)/2} f in Q, (6.33)

where ¢; := ¢+ (b> — b3 — b3)/4. In order to apply Theorem 6.3, we rewrite (6.33)
in polar coordinates and obtain the problem P, :

1 1 )
E(QUQ)Q + ?U%a — vy + v = h(o,p,t) in Q,

v|El =0, [v +7(9)U”20\0 =0
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with v(e) := a(g) + b/2. In order to apply Theorem 6.3 to the Problem P,, the
only condition we need is ¢; <0, i.e. ¢+ (b — b3 —b3)/4 < 0, which is satisfied. If
we now choose

ha(0,0:t) = exp {A(o + 1)} 07" (0% = #3)"? cos
according to Theorem 6.3 with the constant A large enough, then the Problem P,
has a corresponding singular solution v,, € C?(€\0O) with the estimate

1 _
lvn (0, @, 0)| > §\vn(297tp,0)| + o0 "cosny|, 0<po<1.

Now the inverse transform of (6.32) gives a singular generalized solution u,, €
C?(Q0\O) of the Problem P, with the right-hand side
fro =exp{(bt — biz1 — baw2)/2+ Ao+ 1)}
x |z T (@? + 22 — 12)" Y2 cos n(arctan Q)
T

The proof is complete. ([l
Remark 6.5. Aldashev in [2] considered (2.1) and studied the homogeneous Prob-
lems P, and P}. Unfortunately, as it is easy to check, the procedure which he
follows leads to a correct conclusion only in the case of the wave equation, i.e. only
in the case where all the lower order terms in (2.1) are identically zero. Otherwise,
this procedure leads to systems of differential equations which are not equivalent to
those which should be solved (see (2.7)). This is due to the fact that, in the systems
obtained in [2] by integration with respect to @, the Fourier coefficients uy of degree
k depend on the coefficients uy_1 of degree k — 1.

7. APPLICATIONS TO THE WAVE EQUATION, SINGULAR SOLUTIONS
In this section we consider the wave equation
Ou = Uy 2y + Uszpmy — Ut = f(21,22,1) (7.1)
subject to the boundary-value problem P,, i.e.

Ou = f in Qo, u’zl =0, [ut+ ozl 0. (7.2)

)“”zo\o =
As an application to the wave equation of the results of the previous section, we
have the following statement.
Theorem 7.1. Let o € C*(0,1] NC[0,1] be an arbitrary function. Then:
(i) For each n € N, n > 4, there exists a function f, € C"~2(Qg) N C>=(Q),
for which the corresponding generalized solution u, of the problem P be-
longs to C™(Qp\O) and satisfies the estimate

1
|un (21, 22, |2])| > §|un(2x1,2x2,0)| + |z| 7" cosn(arctanﬁ)\. (7.3)
T
(ii) In the case a(p) < 0 an upper estimate of the singular solution u, is
|z

—1/2
|un (21, 22, )] < Cpl| (m

ol
) 2|cosn(:;u"ctan%)L (|z|,t) € DY,
1

(7.4)
where C), is a constant. and

Dl i={(0t):0<o—t<o+t<plo—t)},pu<2571 —1.
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Thus, for a(o) < 0 we have two-sided estimates, which in the limit cases t = ||
and t =0 are:

x

|z|~"| cos n(arctan —2)| < up(z1, 22, |2|)),
Ty

7 (7.5)

[tn (21, 22,0)| < Clz|™ ™| cosn(arctan —)|,

T

with C' a constant. That is, in the case of a(9) < 0 the exact behavior of u,(x1, x2,t)
around O is (23 4 x3 + t?)~"/2 cos n(arctan 2).

Proof. (i) Note that, the wave equation (7.1) is of the form (6.24) and so the first
part of Theorem 7.1 follows from Theorem 6.3 and [9]. Actually, according to this
theorem we choose the function f;, to be of the special form

COu = f, =exp{Alo+1)} 07"(0* —t3)" Y2 cosngp in Q, (7.6)

where A > 0 is large enough and such that A + a(g) > 0,0 € [0,1]. Then by
Theorems 5.1 and 5.2 there exists a unique generalized solution w, (o, ¢,t) of the
equation (7.6), satisfying the boundary conditions (7.2) and the estimates (7.3) (see
Theorem 6.3). On the other hand, by [9, Theorem 5.2], for the equation (7.6) there
exists a generalized solution in £ of the form

un(0,,1) = ul (0,1) cos np € C™(2\0),
which is a classical solution of Problem P, in Q., € € (0,1).

(ii) By setting ug)(g, t) = g%ug)(g, t) and substituting

{=1-0—-t, n=1-0+t, (7.7)
the problem (7.6), (7.2), in view of
Un (&) = u? (0(&,m), (€,m)), (7.8)
becomes a Darboux-Goursat problem F, 3 :
Un(ovn) = 07 (Un,n - Un,f)(f,f) + a(]' - g)U’ﬂ(gvg) = 0 (710)
Here, the coefficients
C(&,n) = dn” 1 c C*(DW), n>4, (7.11)
42-n-¢)? : -
and
_ n—% (1_5)(1_77) ni% n—1/7(1)
F(&mn) =2 [2_77’_5 ec" YD) (7.12)

are defined by (2.16) and (2.15). Now, we need some information about the behavior
of the function U, (§,n). Since, by Theorem 6.3,

Un(§:m) = exp{A(o+1t)} W(E,n) =exp{A(l—-E)} W(n),

W(&,n) > 0and W,(§,nm) >0in DS), in view of Proposition 6.4, we formulate the
following result.

Proposition 7.2. There exists a classical solution U, (&,n) € C™(Dyg \ (1,1)) for
(7.9), (7.10) for which

Un(&,1) >0, Uny(&m) >0, (€,7) € DY, (7.13)
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Put

Ky = | G?*(&n)dédn > 0. (7.14)
Do

Then, by (7.9), for 0 < & < 1 it follows that

Kz [ Grendenz [ 66 P

:/(1) Un,enF (€,m) dﬁdn—/m C(&,m)Un(€,m)F(€,7) dE dn (7.15)
D¢ Dt
=: Il — IQ.
Then
l1—e
L= Un,enF)(€,n) dndg§
/ / (7.16)

:—/ Un (€ €)F(€,€) d€ — / (Un e Fy) (€, m) de i,
0
and, by (7.12), F(&,1) = 0. Since

/1 (Un e Fy) (€, ) dé dn
D

l1—e 1
= / (UnFy) (0, m) dn +/ (UnFy)(1 = &,m) dn — / o, UnFen) (&, m) d€ dn,
0 1—¢ D.

(7.17)
equation (7.16) becomes
1—¢
D= [ Une€ OFEO + Uale. O (€ 0] de
0 (7.18)
[ R - mdns [ (OaF) € dedn
1—¢ D:
From (7.18) and (7.15) it follows that
1—¢
Kizh-To== [ [0 OFE8) + Uale OFe(e. O] de
0 (7.19)

1
_/ (UnFy)(1 — &,1) dn + / . UnlFey = CFI(€,m) dé .
1—¢ DE

Because of (6.18), the last integral vanishes. Thus, using the boundary conditions
for the functions U,, and F', when n = £, we see that
Ki>5L -1
1

1—¢
:*A U e (E.E)F(E.6) + Un(E.OF(E,0)de — [ (UF,)(1—e.m)dn

1—e
= —5(FUI—e1-e) =5 [ a(-oU.EOFE O ds

—[(m&meamm
- (7.20)
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Since «(§), F, <0and F,U,,U,, >0, for 0 < <e < 1, we have

Ki>L -1,
1 1
Z—i(UnF)(l—e,l—E )+ Un(1—e,n)|F,(1—€,m)|dn
1-e
1

Y

—%(UHF)(l—s,l—s + Un(L =&, n)|Fy(1 —e,n)|dn

-8

Un(1—e,1—68)|F,(1—e,n)|dy (721

> —%(UHF)(l - +/11
> —%(U,LF)(I e l—g) + (UL F) (1 —e,1 —d)

1
>U,(1—¢,1-9) [F(l—e,l—é)— §F(1—5,1—5)
> v(UpF)(1—¢,1-9),
provided taht the constant v > 0 satisfies
20—-v)F(1—e,1-0) > F(1—¢,1—¢). (7.22)

Using the explicit formula (7.12) for the function F(£,7n), we see that the above
inequality is equivalent to

2(1 - u)(i)”‘% > "ts (7.23)
e+4d - ’
which implies
1,e4+0\n-1
<1--= .
0<v<l 2(25) (7.24)

A necessary condition, for (7.24) to be satisfied is that
1< % <o2mI 1. (7.25)

In this concrete case, using (7.25), we can find an upper estimate for the generalized
solution u,. To do this, we consider the domain

DF = {(&n):1-n<1-¢<pl—n)}, (7.26)
where 1 S,u<2§:f—ﬂ — 1. Observe that
. Ll—&+1—n\r=2y . 1/l+p\n—z
{15 21— 1) ) P30 T=ase

For v = C,, the inequalities (7.23) and (7.22) are satisfied and so, by (7.21), we see
that

- i 2-8&-m \"3
<9 n+5/2K 1 D*. 2
U(n) < 1ql(ugfﬂlim) (&) e (7.27)
By (6.7) and (6.6), the inequality (7.27) transforms to
1
(2) < —1(_@ \":
uy,’(0,t) < 4K, C, (92 —t2) , (7.28)

which is satisfied for (p,t) € D} := {O <o—t<opo+t<pulo- t)} Finally, (7.28)
implies

n—%
uPlot) <4E101 07 (g2) T for(ene Dy, (129)
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which coincides with the estimate (7.4). Note that C), = 1/2 on {t = 0} and so
uf(0,0) <8K107", 0<o<1, (7.30)

which is the upper estimate in (7.5). The proof of Theorem 7.1 is complete. O

Remark 7.3. Since in Theorems 6.1, 6.3 and 7.1 the conditions imposed upon
lower terms of (6.1) are not invariant with respect to substitution of the independent
variables

v(e; ¢, t) = u(o, ¢,t) expA(o,t), (7.31)
for various functions A(p,t), we can find a series of singular solutions of Problem

P, for different classes of equations of the form (6.1). This procedure is interesting
by itself and is demonstrated by the following simple example

Example. Consider the special form of the equation (6.1), with constant lower
order terms, that is

1
Lu = Uy, zy +Uggzy — Ut + b1z, +b2Ug, +bup+ Z(b? erg sz)u = f, in Qo, (7.32)

with the boundary conditions (6.2). Obviously, the equation (7.32) satisfies the
conditions of Theorems 1.4 for a € C*(]0,1]) and we obtain a singular solution
u, By using the transform (6.32), the equation (7.32) becomes the wave equation
(7.1). Then Theorem 7.1 becomes useful and in the case, when a(|z|) < —b/2, in
addition, we have two-sided estimates (7.5) of the generalized solution u, (x1, z2,1),
whose exact behavior around the point O is (27 + 23 + t?)~"/? cos n(arctan 22).
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