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Semi-linearized compressible Navier-Stokes
equations perturbed by noise *

Hakima Bessaih

Abstract

In this paper, we study semi-linearized compressible barotropic Navier-
Stokes equations perturbed by noise in a 2-dimensional domain. We prove
the existence and uniqueness of solutions in a class of potential flows.

1 Introduction

We consider the following system of equations with a stochastic perturbation

pus + Vp(p) = pAu+ (p+ AN)Vdivu + Gy in Qr,

1.1
pe +div(pu) =0 in Qp, (L.1)

where Q7 = (0,T) x D, D = (0,1)?), p, A\, u are constants such that p > 0,
>0, u+ A > 0; while G is a stochastic process in a function space, which we
will precise below, and u; and G denote the derivative with respect to ¢ in the
distribution sense. V and div are the gradient and divergence operators with
respect to the space variables, A is the Laplace operator. The space variables
are denoted by = (z1,z2) and the time by ¢.

In absence of the random perturbation Gy, (1.1) is reduced to the system

put + Vp(p) = pAu+ (A + )V divu,

pt + div(pu) = 0. (1.2)

This system can be considered as a semi-linearized approximation of the com-
pressible Navier-Stokes equations of a barotropic viscous fluid

n

p (Bpui + (u-Vyu;) = p(p) = Y 9 (u(d5ui + diwy)) + (A div ), 13)
j=1 :

pr +div(pu) =0,

where i = 1,...,n; u, p, p(p) represent respectively the velocity vector, the den-
sity, and the pressure; while u, \ are viscosity coefficients which according to the
thermodynamic principles should satisfy the inequalities p > 0 and 3\ +2u > 0.
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System (1.3) has been investigated mostly for one-dimensional flows (n = 1).
For many-dimensional flows, considerably less is known except for small initial
data or in small time interval. A global existence theorem for the model (1.3) has
been proved by P.L.Lions [9, 10] and Vaigant-Kazhikhov [16]. Notice that in the
first 4 and X are considered constants while some particular requirements on the
growth of the viscosity coefficient A and the pressure as functions of the density
p are imposed for the last result. The semi-linearized system (1.2) is studied
in [15], which proves the existence and uniqueness of the strong solution. As
far as the stochastic equations for incompressible viscous fluids are concerned,
some existence theorems and some results on various aspects are known see [2,
5, 6] etc...But in the compressible case, the variation of the fluid density gives
some difficulties. For this reason, only the two dimensional space is considered
here with some other restrictions. In the one dimensional case, the full equation
(1.3) subject to a perturbation is studied in [13] and [14].

We use the standard notation WP for the Sobolev spaces consisting in the
functions which are integrable in power p as well as their derivatives up to
the order [ and H! = W'2; C([0,T]; X) denotes the space of the continuous
functions with values in a Banach space X. In this paper, we use the Orlicz
space Ly (D) associated to the convex function ¢(r) = (14r) log(1+r)—r, r > 0.
We denote by (.,.) the inner product in L? and by ||.|| the corresponding norm.
We use the abbreviated notation

The propose of the present paper is to prove the existence (and uniqueness) of a
global solution to (1.1). The solution will be constructed in the class of periodic
and potential flows as in [15], i.e., in the case where u has the form

u= Vo,

with some function ¢, which is periodic in 1 and z5. More precisely we suppose
that every function appearing in (1.1) is periodic of period 1 in z; and z2 and
take the equation of state p(p) = cp, ¢ = const > 0. We also suppose that the
perturbation G is the gradient of a potential i.e. G = VW. For simplicity, we
assume that the constants c and p are equal to 1 and the constants A and u are
respectively equal to 1/4 and 1/2 and impose [, (¢, 2)dz = 0. When

/D W(t,x)dz =0

which will follows from the assumptions of section 2, integrating the momentum
equation (1.1)1, the system acquires the form

dp = (Ap+1—p)dt+dW in Qr,

14
pt + div(pVe) = 0. (1.4)
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Below, W will be a Wiener process taking values in a particular Hilbert space.
The unknown functions are assumed to take prescribed values at the initial time,

pli=o = po(z) = 0, / po(z)dx =1,
D

Plico = o(a). [ o)z =0.
D
In addition, we impose the following natural requirement on the solution,

p(e,t) >0 in Qr.

2 Main result

Before stating the existence results, we have to precise some conditions on the
noise term appearing in (1.1). We set

D(A) = {u € H*(D) : u is periodic of period 1 in z; and gcg,/ udz = 0}.
D

and define a linear operator
A:D(A) — {u e L*(D) : u is periodic of period 1 in 21 and z},

as Au = —Awu. The operator A is self-adjoint with compact resolvent. We
denote by 0 < A < Ax... (limA; = 0o) the eigenvalues of A and by ej,es...
the corresponding complete orthonormal system of eigenvectors. As well known,
for the space of periodic functions the eigenvectors are trigonometric functions
and we see easily that [, e;(z)dz =0, j=1,2.... Let

o0
W(t) =) 0;8(t)e; (). (2.1)
j=1
where {0;}52, is a sequence of constants satisfying the condition
o0
D X202 < o, (2.2)
j=1
with some ¢ > 0 while 31, 3, ... are independent standard 1-dimensional Brow-

nian motions defined on a complete probability space (2, F,P) adapted to a
filtration {F;},~,- We denote by E the expectation relative to (22, F,P).
Now, we state the main theorem of this paper.

Theorem 2.1 Let (Q, F,P) be a probability space and T a positive number.
Suppose that W is a Wiener process satisfying (2.1) and the condition (2.2),
and that po and gy are two Random variables with values respectively in L™ (D)
and WH4(D) N H%(D) (q > 1) satisfying respectively the conditions (1.5) and
(1.6) P-a.s. and infzeppo(x) > 0 and sup,cppo(z) < oo P-a.s. Then
there exists a unique solution to (1.4) up to a modification. Besides p satisfies
infq,. p(z,t) >0 and supg, p(r,t) < oo P-a.s.
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3 Reduction of the problem via the Ornstein-
Uhlenbeck equation

Let us consider an auxiliary problem, the Ornstein-Uhlenbeck equation,

dz(t) + Az(t)dt = AW (),

3.1
z(0) = 0. (3.1)
This equation has a solution given by the process (see [4])
t
z(t) = / e~ =44 (s), (3.2)
0

where e~*4 denotes a Cp-semigroup generated by A. The regularity of z(t)
depends on the regularity of W(t). Indeed, we have for an arbitrary k > 0

ot
AFz(t) = Z/o )\?e*(tfs))‘iajdﬂj(s)ej.
j=1

Ellz()[hary = ElA"()]?

o] + 2
= (3 [ et 05,00
j=179
00 t
= Z/ |)\§e_(t_s))‘jaj|2ds
j=1"0

o0 2k -2
_ Wik (1— =20
2, '

Jj=1

According to (2.2), W(t) belongs in D(A®*2)/2) for some § > 0 which yields,
for k = (6 + 3)/2 in the above equality, that z(¢) has continuous trajectories
taking values in D(A(GT9)/2) (as we will need in the next sections), i.e. z(t) €
C([0,T); D(ABF/2)) P-a.s. for some § > 0.

Following the idea of Bensoussan-Temam [2], we set

y(t) = p(t) - (2). (3.3)

Using this change of variable in (1.4) and equation (3.1), one obtains the system

ye—Ay=1—p inQr,

A4
pt +div(pV(y+2)) =0 in Qr. (34)
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4 Reduced deterministic problem

In this section, we study the following reduced deterministic problem

—Ay=1-p inQr,

pe +div(pV(y +2)) =0 in Qr, (4.1)

where z(t) is a continuous function taking values in H3+°(D), § > 0. For this
problem, we state the following existence and uniqueness theorem.

Theorem 4.1 Let T be positive number and suppose that yo € W**(D) and
po € L*(D), s > 2. We suppose also that z € C°([0,T]; H*°(D)) (§ > 0)).
Then there exists at least one solution (y, p) to Problem (4.1) which satisfies

y € L=(0,T; W"(D)) N L*(0, T; H*(D)),
y; € L*°(0,T; L*(D)) N L*(0,T; H' (D)),
p € L>(0,T; Ly(D)) N L*(Qr),

where ¢ > 2. Moreover, if infyep po(x) > 0 and sup,cp po(z) < oo, then
info, p(z,t) > 0, supg,. p(z,t) < oo, and (4.1) is uniquely solvable.

The proof follows the lines of Vaigant-Kazhikhov [15], of which we will use
the ideas without quote them explicitly.

4.1 A priori estimates and existence of solutions

In this section, we obtain a priori estimates that permit us to prove the existence
of a solution. The first energy estimate is obtained by multiplying the first
equation in (4.1) by Ay and the second equation by log p, followed by integrating
over D. More precisely, we obtain

d

1
& [ GIvor +progp—p+1)dn+ [ 80P < aclie. (12)
D D

This relation implies that the solution is bounded in the norms of the spaces
y € L=(0,T; H (D)), Aye L*(0,T;L*(D)), pe€ L>(0,T;L4(D)).
The following lemma may be derived from the second equation in system (4.1).

Lemma 4.2 If py € LP~1(D) then there exists a constant C depending on p
such that the inequality

I, / 1o(P)IL,
t
<c(||poum . / o oytr + [ 1850 7)

holds for any exponent p, 2 < p < 0o and any t € [0,T].
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Proof: For r > 1 using (4.1)1, the expression (4.1)y can be rewritten in the
form

dp”
ot
Integrating over D and estimating p"|y:| and p"|Az| by the Young inequality,

LV (V) 4 = Dp T = (= ) (g — L= A2). (44)

Pyl < erp™ 1+ Crlye ™,
prIAZ| < exp™t 4 Col Az,
with convenient small numbers €1, €2, we obtain (4.3) for p = r + 1. O

Lemma 4.3 If po € LP~Y(D), then there exists a constant C' depending on p
such that the inequality

1Yllw2r@r) < Cllpolle-1() + lWellr@r) + 122l Lr(@r)) (4.5)
holds for 2 < p < oco.

The proof of this lemma is is a consequence of (4.3) and the first equation of
(4.1).

Now, to obtain additional a priori estimates, we differentiate (4.1); with
respect to x1, x2,t so that we obtain

Vy, — AVy = —Vp, (4.6)
yu — Ay = —py = div(pV(y + 2)). (4.7)

Lemma 4.4 If pg € L*(D), yo € Wh4(D) N H?(D), where q > 4 then there
exists a constant C depending on q such that the inequality

t
sw ([ s+ [w)+ [ [ 1vup <o (148)
o<r<t D D 0 JD

holds for all t € [0, T].

Proof: For arbitrary ¢ > 2 and s > 2, we multiply (4.6) by ¢|Vy|?~2Vy and
(4.7) by s|y¢|* "2y, sum these equations and integrate over D to obtain

d

2
— Vyl? + |ye|®) + q /8-6ky2qu*2
i J, (99 k) + a3 [ 009

+ala=2) Y [ @000 00 @) Tl + (= 1) [ [Tl

Jiksl

2
—q /D DYV 4 alg—2) S /D p(0;9)(Ory) (0;0k) | V|7~
7,k

—s(s —1) /D PV (Y + 2) - Vyelyel* 2.
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By taking ¢ = 4 and s = 2 in (4.9) and substituting p = 1 + Ay — y;, we have
d 2
G [ vut Py + 43 [ @opvop 2 [ vur
D Tx /D D
1 [ 8%+ [ BveR -1 [ @y

D D D

#83 | @)@ > | Av00w@09
_ SZ /D Y¢(0;y)(Oky)(0;0ky) — 2 /D V(y+2).Vy, — 2/D AyV(y+ 2).Vy,

2 v+ V-8 | @01)(0,00) 0 @)

7.k,
=hL+--+1p.

The assumption that D is a two-dimensional region is essential for this estimate.
R Ay T [T P [ e
On the other hand
119y Pllzapy < IVyP12V VY12

Then using Young’s inequality twice, we obtain for arbitrary positive small
numbers €; and €5 such that

I < alllAyllll Ayl L o) + el VIVYPI? + CllAylP [ Vy?]*.

Since

2
IVIVyPIP = / VPR =23 / V120504
D ik D

1922 = / R / Tyl

2
I < 1| Ayl Ay2agpy + 23 /D IVy2(0;000)° + C[Vyl[Lac |1 Dy
7,k

and

one obtains

By Young’s inequality and for arbitrary small positive constant €, €; and ez we
can estimate I, I3, I4, I5 and Ig as follows:

I = 4/ [Vyl?PAy < el + C/ Vyl?,
D D
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Iy = —4/ Ay|Vy[y
D

<a /D Dyl AY2 + eal| Vol + Cluel 21V ol Ay ]2,
2 2
L=8Y /D (0,9) (00) (0009) < €S /D (O (8;00)° + C /D VP2,
j.k ik

2 2
Iy =8) /D Ay(0;y) (Ory)(50ky) < €D /D (Oky)*(0;0ky)* + Cla.
J.k gk

Is = —SZ/Dyt(ajy)(aky)@@ky)

<612 [ O @0 + clVul + € Il IDUE Il
7.k

I = —2/ Viy+2) Vo < e Vi +0/ Yy + =)
D D
Iy = —2/ AyV(y + 2) - Vy < €||Vye||* + Cly + ||VZ||%:>C(D)/ |Ay|?.
D D

Iy = 2/D Vy+2) Ve < e Vuel® + Clluel P 1Ay + )17V (y + 2)II.

Iio <Z (/ (0;0ry) )1/2(/[)(33'319)4)1/4(/D(aky)s)l/S(/D(azy)S)l/S

7.k,

2
<e1 ) 19;0u9ll10;0l124 ) + e2| VIV

Gk,
+Cerer Y NIVYPIP 110500y
gk
We set
a(t) = sup / IVyl* + lyel,
 o<t<T

H-y /D (0,009)°| V[ + /D Vyil?.
7.k

On the other hand from (4.5) in particular for p = 4 and py € L3(D), we have

191122y < C(lpollLsoy + 1yl Zacpy + 1221174 ()
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Consequently, by using Cauchy’s inequality and the energy estimate (4.2) we
obtain

t 9 t 4 1/2
[ 1818w < e [ 18ulEm)
But in the two-dimensional space we have
lyell 7oy < Cllyell?1Vuell?, (4.10)

so that
! 2 1/2 ! 1/2 2
[ 18ul18v s, < Ce(a2( [ Amar) 1821,

It is the same for €; Zik’l fg 1050k l110;0y117 4y -
Set A(t) = ||Ay(t)]|?. Since this is integrable on [0, 7], we have

a(t)+/0 B(r)dr < a(0)+6a(t)1/2(/0 5(7)d7)1/2+c(1+/0 (A(T)+1)a(r)dr).

Using Gronwall’s lemma we obtain,
t
swp [ Vol 1)+ [ e < (411)
0<r<t)JD 0 JD

According to this equation,

T T
/ / el < / P15 < . (4.12)
0 D 0

Hence, using this inequality in (4.3) and (4.5) for p = 4, it follows that

/Ot/Dp4+/0t/D|Ay|4§C. (4.13)

Now, let us consider the equation (4.9) for ¢ > 4 and s = 2. We obtain the
equality

2

d _

L (9l + 1) + 43 /D (9,06)*| V]~ +2 /D V2
J.k

dt J,
= *2/ pV(y+Z)~Vyt+q/ pAy|Vy|?2
D D
2 (4.14)
tag-2)Y /D p(0,) (Buy) (81,03 V|7~
7,k

~a(a=2Y [ ©:0)0,0m) @) O Vol

Jikl
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The first term on the right hand side of (4.14) by Young’s inequality is bounded
by

T T T
/O /D Py +2) Ve < e / IVyell? + C / 16124 IV 5 + 2)124 -

In view of (4.11) and (4.13), p and Vy are bounded respectively in L*(Q7) and
in L>(0, T; L*(D)). Hence

T T T
/ /D PV(y+2) Vi <e / Vg2 +C / RZT
0 0 0

Using the Young and the Holder’s inequality for the second term on the right
hand side of (4.14), one obtains

/ POV < e / AyVy2 4 C / P2 IVy[r2
D D D

2 q—2 2 2(q—2) 1/2
e [ 1AV 4+ Cllola gy ([ 192 2)
D D

IN

We write the last integral in the above inequality as
o\ /2 2(q—2
([ )" = vyl 2.
Using the embedding inequality (see [8], pp 62)

£l Laa—2ra < CIVEIIFIT, (4.15)

for the function f = |Vu|%2, where a = (¢ —4)/(2(q — 2)), yields
/ pAY|Vy|*?
D

< P2 V(g2 D/a) |y 0/2]| + € /D Ayl Vy|e2.

1/2
Since [[|Vy|?/2|| = (fD |Vy|q) ) and
IV (1 7y(7/2)] = g(Z/ @onrwa) "
2 5D o ’

and in virtue of the Young’s inequality with p = 2q/(q —4) and p’ = 2q/(q + 4)
we obtain

_ _ q/(g+4)
| osalwyle 3 [ @arvalr+ el (f )
J
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By using the same argument for the third term on the right hand side of (4.14)
we obtain, for an arbitrary e,

Z /D p(05) (Or) (B3 [Ty~

2

- q/(q+4)

<> [ w2 @aw + 1ol ([ rvwn)
7,k

For the last term on the right hand side of (4.14), we use the same arguments
as before, we have

Z / (0;01Y)(3;00y) (Ory) (Ory) | Vy|7*

7.k,

q/(q+4)
< ez/ IVy|7=2(0;00)? + C. Zna aly\lii/(%)*“’(/l)lvw)

7.k,

Consequently, using (4.5) for p = 4 and (*), we have

/(IVyI"Hyt / /IVyt\2

< C(IV00lL 0y + 0l + 1850l + 18200
4 4)
([ I + oo ey
4q/(q+4 4q/(q+4 a/(a+4)
+HIALZE + 1l ) ([ 19017)

Now using Gronwall’s lemma, (4.12) and (4.13), we obtain (4.8). O

Lemma 4.5 If pg € L*(D), yo € W**(D) then the inequality

sup / ly-|°de < C (4.16)

0<r<tJD

holds for s > 2 and t € [0,T].

Proof: We multiply (4.7) by s|y:|* 2y;, s > 2 and then we integrate over D,
to obtain

d - "
—/ |yt|s+s<sfl>/ e 2|Vyt|2:fs<s71>/pv<y+z>-wt|yt| 2,
dt Jp D D

(4.17)
Cauchy’s inequality applied to the right hand side of the above quality gives

| /D PV (y+2) - Vel 2| < ¢ /D el V2 + © /D IV (y + )Pl
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According to (4.1)1, with p =1+ Ay — y, (4.17) yields

d _
a/ |yt|5d$+/ lyel* 2 Vye|?
D D

SC(/IJ\V(y+Z)\2|ytIS’2+IIV(y+Z)HQC(D)/D(Iyt|5+|Ayl2lyt|S’2))-

(4.18)
The first term on the right hand side of (4.18), using Young’s inequality with
p=s/2 and p’ = s/(s — 2), is estimated as

1oy + V2]

[ 196+ 2wl < (194l 2 o) Il

According to (4.5)

/D IV (y+ 2)ye* 7 < C(Jlye Loy + vl ;(QD)HVZ\ %S(D))'

Using Holder’s inequality, the third term on the right hand side of (4.18) yields

[ 1801l < ol 1891 o
On the other hand, from the Gagliardo-Nirenberg’s inequality it follows

IVyllemy < 1AYILa o) VYl La(n)-

For b=4/(qg+ 4) and by (4.8) and (4.13), we obtain

t t
Jren, < [ 1l 1990, < (4.19)

We set B5(t) = supger <y |y-||5:. Then the expression on the right-hand side of
(4.18), after integrating on (0,t), can be estimated as

t
e o) + / /D e P2V 2

t
< C(lyr O30y + / o lis

V2]

s—2 2
L#(D) Ls(D)

t (4.20)
+ [ (14190 + 2w 1ol

1Ay]

t
+ [ 19+ Dol 18915 )
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By Young’s inequality (p = s/(s —2),p’ = s/2), the last term on the right-hand
side of the above inequality can be estimated as

t
| 19w+ ey o522
=2 / 19y + )2
< (B(t) s / 190+ 22057 / ™

From (4.5), we have

< sup |ly-||3
o<r<t

Lé(D

/Ot 189]3. ) < (1 + /Ot Bulr)ir).

In view of (4.19) and Young’s inequality it follows that

t
/ IV + 212 e 1572 7 < efuft) + (14 / Bulr)ar).
0

On the other hand the second term of (4.20) can be estimated as

t
[ el
0

t
Ly < B0 |

9 )5/2
Ls(D) .

We conclude (4.16) by using Gronwall’s lemma. O

These estimates are sufficient for proving the existence of solutions. One can
use the scheme of constructing solutions given in [1]. According to this scheme,
approximate solutions (yx, px) are found by the Galerkin method; y; is sought
as a finite sum of basis and pj is determined from the transport equation. In
particular Vi is compact in L?(Qr). Thus, the passage to the limit in the
nonlinear terms in equations (4.1) is justified.

< +o( [ Ive

4.2 Upper and lower bounds for the density, and unique-
ness of the solution

The estimates obtained in the preceding section permit us to establish that the
density p is bounded provided that the initial density py is bounded. To this
end, we write out a special equation for log(p). This idea has been used in [8].

Lemma 4.6 If yo € W23(D), s > 2 and py € L>°(D) then

It~y < M, ¥t € [0,7). (4.21)
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Proof: Assuming that p(x,t) > 0, let us rewrite the second equation in (4.1)

in the form 51
%—I—V(y—kz)VIogp%—A(y—i—z) =0.

By adding the above equation to (4.1);, we obtain

0
a(1ogp+y) +V(y+z)-V(ogp+y)+p=1—-Az+Vy-V(y+2). (422)

Set v = logp + vy, v+ = max{0,y(z,t)}. Considering (4.22) as the transport
equation for v and taking into account the fact that p is nonnegative, we con-
clude that

t
1elat) < [elecollimy + [ (141820 + 1V12m) - (423
According to (4.8), ||y L=(q,) is bounded; indeed
Hy”Loo(QT) <C sup ||Vy||Lq(D) < C, q > 2. (424)
0<t<T

Hence (4.21) follows by the hypotheses of the lemma and from (4.24) and (4.19)
with the constant

M =exp (|lyllze(@r + I+ li=ollz=(p)
t
+ [ @ 18sl ) + 190 ):
0

Lemma 4.7 If the initial density po(x) is strictly positive under the hypotheses
of the lemma 4.6, then p(x,t) remains a strictly positive function in Q i.e.

plz,t) >m >0 a.e. inQr. (4.25)

Proof: Let us change the sign in equation (4.22) and rewrite it for v. We
wish to find an upper bound for the function y_ = max {0, —v}. By analogy,
we obtain

t
Y=(2,1) < |l7=lt=ollz>(D) +/0 (”AZ”%OO(D) + HVZJHQC(D)||PHLOO(D)) - (4.26)
Hence (4.25) follows with the constant
m=exp (= (lyllz= o) + - lizoll ()

t
+/0 (Az1% + IVYlIiE o)) +MT)).
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O

If the density p is bounded, then the solution of (4.1) is unique. Indeed, if

(p',y") and (p”,y"") are two solutions, then their difference p = p'—p”, y = y'—y"
is a solution to the linear problem

—Ay=—

4.27
pr +div(pV(y' + 2)) + div(p”"Vy) = 0, (4.27)

with the zero initial conditions. Let us introduce an auxiliary function 1, which
is a solution to periodic Neumann problem

Ay = p, /D Wdx = 0. (4.28)

Since p is bounded, |V| is also bounded i.e.
V| <M ae. in Qr. (4.29)

We multiply (4.27), by y and (4.27), by v, we sum these equations and integrate
over D, we have

Iyl + IV 1?) + IVyl?
Vy, Vo) = (p"Vy, Vip) — (AYV (Y + z), Vi),

l\D|’—‘

d
dt
=

The first two terms on the right-hand side of this equation are bounded by

27| Vy|3 + C|| V|3 in view of the Cauchy’s inequality, since p’ is bounded.
The last term can be trasformed by integrating by parts as follows

AUV +2),V6) = (T69) - V( +2), V6) - (AW +2), [V,

For the other part, by Holder’s inequality

/|V¢\ D*(y' 4+ 2) < /|D2 g )P /p(/DWWQp/) /p

with p=¢"! >1and p’ = 1/(1 — €) where 0 < € < 1 is arbitrary.
/ IVYIPD2(y + 2) < M*||Vo|PU = D2y + 2) | pase.
D
Thus, for the nonnegative function

Y(t) = llyl* + IVel*, Y(0) =0,

expression (4.29) yields the inequality

dY (t
d; ) < CLY () + M*|D*(y + 2)|| g1/ Y (£) .
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Consequently,
t
Ye(t) < 6j\42ee(C1+C)et/ e*CET”DQ(y/ +Z)HL1/€dT
0

t
< CM<e(CrHO)et / O (|D%y/ |l pse + 1) dr
0
We apply Hoélder inequality to the integral with the exponent p = 1/¢ and

p’' =1/(1 — €); we obtain

t NV
ve() < conee @Ot [ ey ) [y vpar)
0

0
1—e€ 1—e
2€ 2 Cet/(1—e
(4.30)
Considering ¢’ as a solution to the parabolic equation y, — Ay’ = 1 — p’ with
bounded right-hand side and using estimates for the higher derivatives in the

L'¢norm (see [9]), we obtain
ID*Y || 11/c(@py < Ce ML= p'llp1/e(@py < Cet
Therefore, from (4.30) follows that

Y(t) < Cl/EM2<%(eCet/(176) _ 1))

(1—-€)/e

It is easy to check that if ¢ € [0,7], where C7 < 1 on [0,7], then the right-
hand side of the last inequality vanishes as ¢ — 0. Hence Y (¢) = 0 on [0, 7].
Repeating the argument for the interval [, 27] and so on, we obtain Y (t) = 0,
which proves the uniqueness of the solution.

Conclusion

The solution of deterministic system of equations (4.1) will allow us constructing
the solution of the stochastic system (1.4).

Proof of Theorem 2.1 We can apply Theorem 4.1 to obtain existence and
uniqueness of solution for problem (3.4) for fixed w. The measurability is an
obvious fact using the uniqueness of the solution (see [17]). As a consequence,
using (3.3) and the properties (measurability) of z, this theorem is proved. O
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