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Radial minimizers of a Ginzburg-Landau
functional *

Yutian Lei, Zhuoqun Wu, & Hongjun Yuan

Abstract

We consider the functional

1 1
E.(u,G) = - Vup—l——/l—u22
w6) =3 [+ g [ -

with p > 2 and d > 0, on the class of functions W = {u(z) = f(r)e'¥ ¢
WhP(B,C); f(1) = 1, f(r) > 0}. The location of the zeroes of the mini-
mizer and its convergence as € approaches zero are established.

1 Introduction

Let G C R? be a bounded and simply connected domain with smooth boundary
dG and g be a smooth map from G into S! = {x € C;|z| = 1}. Consider the
functional of Ginzburg-Landau type

1 1
PG =3 [ v+ o [a—upR, (>0 (1.1)

which has been well-studied in [1] for p = 2, d = deg(g,0G) = 0 and in [2] for
p =2, deg(g,0G) # 0. Here d = deg(g, 9G) denotes the Brouwer degree of the
map g. For other related papers, we refer to [3],[5]-[13].

The first two authors of this paper studied the general case p > 1, especially
the case p > 2 under the restriction d = deg(g,9G) = 0. In [9][10] some results
on the asymptotic behaviour of the minimizer u. of E.(u,G) are presented, in
particular, if p > 2, then for some a € (0,1), the regularizable minimizer @. of
E.(u,G) converges in Cllo’f (G,C) as € — 0. By the regularizable minimizer of
E.(u,G), we mean a minimizer of E,(u,G) which is the limit of a subsequence

ul* of minimizers u of the regularized functionals

G =< [t ot e o[-l >0 a2
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in WhP(G,C) as 1, — 0.

In this paper we assume that d = deg(g,0G) # 0. Under this condition,
if 1 < p < 2, then, since ng’p(G, S1) is nonempty, the existence of the p-
harmonic u, on G with given boundary value g and the convergence to u, for a
subsequence u., of u. in WP(G,C) as g, — 0 can be proved similar to [9].

However if p > 2, then, since d # 0, ng’p(G, S1) must be empty. In this case
unlike the case d = 0 or 1 < p < 2, it is impossible to have some subsequence of
ue converging to a p-harmonic map on G. Under the condition d # 0,p > 2, the

asymptotic analysis of the minimizers of E.(u,G) seems to be a very difficult
problem. In this paper, we assume that G = B = {z € R?; |z| < 1}, g(z) = €%,

z = (cosf,sinf) on 9B = S! and consider the minimization of E.(u, B) in the
class of radial functions

u(z) = f(r)eid‘g € ng’p(B,C),r = |z|

Such minimizers will be called radial minimizers.

Obviously, u(z) = f(r)e'? ¢ W, P(B,C) implies f(1) = 1. Notice that if
u(z) = f(r)e'™ e WP (B,C), then |f(r)|e' € W}P(B,C) and
E.(|f(r)|e'®,B) = E.(f(r)e!®® B). So, without loss of generality, we may
choose the class of admissible functions as

W = {u(z) = f(r)e'® € WHP(B,C); £(1) = 1, f(r) > 0}.

In polar coordinates, for u(x) = f(r)e'’ we have

Vu| = (f7 +dr=2 f2)1/2,
[ lul? = 2m [ 7| f|P dr,
S |Vl = 2m [ (f2 + d2r=2 f2)p 2 dr.
It is easily seen that f(r)e'®® € W1P(B,C) implies f(r)riil, f,«(r)r% € L*(0,1).
Conversely, if f(r) € W?(0, 1],f(r)r%_1,f,,(r)r% € LP(0,1), then f(r)e'd? ¢

loc

WhP(B,C). Thus if we denote
V={fe VVli’cp(O, 1]; rYPf. € LP(0,1),r0-P/Pf c [2(0,1),
f(1)=1,f(r) =0}
then V = {f(r);u(x) = f(r)e'® € W}.

Proposition 1.1 The set V defined above is a subset of {f € C[0,1]; f(0) = 0}.

Proof. Let f € V,h(r) = f(r1+ﬁ).Then

1 1
1 p
[ wrar = a2 et e
1 1
P(1 —

) / S| (s)|P ds < oo
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which implies that h(r) € C|0, 1] and hence f(r) € C[0, 1].
Suppose f(0) > 0, then f(r) > s> 0 for r € [0,t) with ¢ > 0 small enough.
Since p > 2, we have

1 t
/ ri=P P dr > sp/ ' Pdr =
0 0

which contradicts r'/?~1f € LP(0,1). Therefore f(0) = 0 and the proof is
complete.
Substituting u(z) = f(r)e¥® € W into E.(u, B)(E (u, B)), we obtain

E.(u,B) = 2mE.(f) (1.3)

(BZ(u, B) = 27 EL(f))

where

' 1
BN = [ G+t Pyt e - pRpar ()

1
(BZ(0) = [ U2+ &2 e (1= 2P dr)
o P 4ep
This shows that u = f(r)e’?® € W is the minimizer of E.(u, B)(E? (u, B)) if
and only if f(r) € V is the minimizer of E.(f)(EI(f)).
Some basic properties of minimizers are given in §2. The main purpose of §3
is to prove that for any radial minimizer u. of E.(u, B) and any given n € (0, 1)
there exists a constant h(n) > 0 such that

Z. ={x € B;|uc(z)| < 1 —n} C B(0,he) = {x € R%;|z| < he}.

(Theorem 3.5) which implies, in particular, that the zeroes of u. are contained
in B(0, he) and that

limu. = e, in Cle(B\ {0},C)

e—0
In §4 the convergence rate for regularizable minimizers 4. is studied (Theo-
rem 4.4). In §5 we prove the convergence of radial minimizers . in Wé’f(?\
{0},C) as ¢ — 0 (Theorem 5.3) and the convergence of regularizable radial
minimizers @, in CL*(B\ {0},C) as e — 0 (Theorem 5.4). Finally we indicate

loc
in §6 that our argument can be extended to the higher dimensional case.

2 Basic properties of minimizers

Proposition 2.1 The functional E;(u, B) (EZ (u, B)) achieves its minimum on
W by a function u.(z) = f.(r)e'® Wl (z) = f7(r)e'd?); f.(r)(f7(r)) is the min-
imizer of E.(f)(EI(f)).
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Proof. W'YP(B, ) is a reflexive Banach space. By a well-known result of Mor-
rey (see for example [4]) E. (u, B) is weakly lower-semi-continuous in VV1 P (B,0).
To prove the existence of the minimizers of E,(u, B) in W, it suffices to verify
that W is a weakly closed subset of W1P(B,C). Clearly W is a convex subset
of WhP(B,C). Now we prove that W is a closed subset of W'?(B, ).

Let uy, = fr(r)e!®® € W and

lim ug =u, in W'P(B,C)

k—o0

By the embedding theorem there exists a subsequence of uy, supposed to be uy
itself, such that

lim u, =u, in C(B,0O)

k—o0

which implies

lim fi, = f, in C[0,1]
k—o0

and
u= f(r)e”

Combining this with fx(1) =1, fr(r) > 0, we see that f(1) =1, f(r) > 0. Thus
u € W. The existence of minimizers u? of E7 (u, B) can be proved similarly.

Proposition 2.2 The minimizer f.(r)(fI(r)) of the functional E.(f)(EI(f))
satisfies

~AfY 4T PAf = SFO- 7, A= (AR (2
in the following sense:

Jo T(f2 +r2d2 20D (g, 4 rm2d2 f ) dr

2.2
= zr fo 1_f2 (bdra v¢6080(071) ( )

(—CAf) + 17 PAf = Sf(1 = f2), A= (241728 + 7)1 (23)
in the classical sense).

By a limit process we see that the test function ¢ in (2.2) can be any member
of

X = {(r) € WP (0,1];6(0) = ¢(1) = 0,6(r) > 0,77 ¢/, 751 € LP(0,1)}

Proposition 2.3 Let f. (f7) be a nonnegative solution of (2.1)((2.3)) satisfy-
ing f(0) =0, f(1) =1 Then f. <1,(fI <1) on [0,1].
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Proof. Denote f = f. in (2.2) and set ¢ = f(f?> —1),. Then
1
[tz v e g2 - .
0

1
LR = Ve + P P = 1) Jdr /0 (2~ 1) dr =0

from which it follows that

L[t 2
> Orf(f —1)3dr=0

Thus f =0 or (f2—1); =0 on [0,1] and hence f = f. < 1 on [0,1]. The proof
of fI <1 is even easier.

Proposition 2.4 Let f.(f7) be a minimizer of E.(f)(EI(f)). Then

E.(f.) < Ce*™P,(EI(fI) < Ce*™P)

with a constant C independent of € € (0,1)(g, 7 € (0,1)).

Proof. Denote

. Bl o @ op 2\2
e R) = Min{ [ 1272+ S5 )% + 50— f)Irdrif < V)

1
4eP
where

Vi = {f(r) € WP(0, R); f(r) 2 0, f(R) = 1, f(r)rs ", f'(r)r? € LP(0,R)} .

loc

Then
I(Eal) = EE(fe)
- l/lr((fgf+d2r—2f2)P/2dr+i/lra—f?)?dr
p O T £ 4€p 0 €
- V(1) 4 s s+ / 2 s
P Jo ° : 4e? Jo :

= ¥ PI(l,e7h)
Let f1 be the minimizer for 7(1,1) and define
fa=f1,0<s<1l; fa=11<s<e!
We have
1 1 1

e 1 €
e < 2 [t ase g [0 pas
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-1

£ 1
< 1/ slfpd”ds—i—l/ s((f)? + d2s2f2)P/2 ds
P J1 P Jo
1 1
+1/ s(1— f3)*ds
0
= & (1—eP™2) +1I(1,1)
p(p—2) ’
ar I(1,1 C
< —+ s =
< pw-p IOV

Substituting into (2.4) follows the first conclusion of Proposition 2.4.
To prove another conclusion, note

1/e
ET(fr) = 2t / S((J7)2 + Ps2(fT) + )P/ ds
P Jo

s sa-grpra

Let f1 be the minimizer for I(1,1) and f. be the function defined above.
Then

EI(fI) < EI(fe)
*p[% f0€71 s[(f3)? +d?s2f2 + 527]”/2 ds+ + foeil s(1— f2)2ds)

-p lffils[ & 4 2P P ds + 1 fo )2+ d?sT2f2 + e2r)P/2 ds
+4 fo 1 - fl)
<err[g [ slsPde + ePppl2 ds + € C [ sl + d2s72f2)P/2 4P| ds

+3 fo s(1— f3)? ds]
< e P[CI(1,1) 4+ CeP + C + CeP~2) < Ce?P

The proof of Proposition 2.4 is complete.

3 Location of zeroes and (),. convergence for
minimizers
By the embedding theorem we first derive from Proposition 2.3 and Proposi-

tion 2.4 the following

Proposition 3.1 Letu.(ul) be a radial minimizer of Ec(u, B)(EZ (u, B)). Then
there exists a constant C' independent of € € (0,1)(e, 7 € (0,1)) such that

e () — ue(x0)| < CeC PPz — 2o|*=2/P V29 € B

(Jul(x) = ul(zo)| < Ce®™P/Pla — o' =2/7) Vo, 20 € B
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As a corollary of Proposition 2.4 we have

Proposition 3.2 Let u.(ul) be a radial minimizer of E.(u, B)(EZ (u, B)). Then
for some constant C independent of (e, 7) € (0,1]

5 [a-tepr<co (31)
(& [ a-pzkr <o

Based on Proposition 3.1, we have the following interesting result:

Proposition 3.3 Let u.(ul) be a radial minimizer of E.(u, B)(EZ (u, B)). Then
for any n € (0,1), there exist positive constants A, p independent of £(e,7) €
(0,1) such that if

1

e (1 Juel?)? < u (3.2)
€% JBnB2le

- (1— %) < )

52 BNB2le € -

where B¢ is some disc of radius 2le with | > X, then
luc(x)] >1—mn, Vo€ BNB< (3.3)

(luZ(@)| =1—n, V¥oeBnBe)

Proof. First we observe that there exists a constant 8 > 0 such that for any
reBand 0<p<1,
mes(B N Bz, p)) > 6p°

To prove the proposition, we choose

_2p_ 2+2_112

Nz 1
)\:( )11727 n= (%)pfwn pP—

2C
where C' is the constant in Proposition 3.1.
Suppose that there is a point xog € BN B! such that |u.(zg)| < 1 —7. Then
applying Proposition 3.1 we have

D

luc(z) — ue(mo)| < 08(2—p)/p|x _ x0|1—2/p < C5(2—p)/p()\€)1—2/p

COAI=2/P = g Vz € B(zo, \e)

Hence

fB(zo,)\s)ﬂB(l — Jue|

> B2 (Ne)2 = 8L (&
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Since zg € B'* N B, and (B(xo, Ae) N B) C (B%¢ N B), (3.4) implies

/ (1 uel?)? > pe?
B2lamB

which contradicts (3.2) and thus the proposition is proved.
Let u. be a radial minimizer of E.(u,B). Given n € (0,1). Let A, u be
constants in Proposition 3.3 corresponding to 7. If
1 22
— (1= Juel")” < p (3.5)
€% JB(z=,22e)NB

then B(x®, Ae) is called n— good disc, or simply good disc. Otherwise B(z¢, \e)
is called n— bad disc or simply bad disc.
Now suppose that {B(z§, Ae),i € I} is a family of discs satisfying

(4):xf € Byiel; (it): B C UerB(x5, Xe)

(4i) : B(x7, \e/4) N B(x5,\e/4) = 0,i # j (3.6)

Denote
Je ={i e I;B(z, ) is a bad disc}

Proposition 3.4 There exists a positive integer N such that the number of bad
discs card J. < N

Proof. Since (3.6) implies that every point in B can be covered by finite, say
m (independent of €) discs, from (3.2) and the definition of bad discs,we have

2 212
pecard J. < / (1 — Juel?)
: Z B(z$,2Xe)NB :

'L’GJE
< m (1= Juel?)?
UiEJaB(:Ef,Q)\E)ﬁB
< m/ (1 — |uc*)? < mCe?
B

and hence card J, < mTC < N.
Applying Theorem IV.1 in [2], we may modify the family of bad discs such
that the new one, denoted by {B(x%, he);i € J}, satisfies

UiEJaB('rfv )‘E) - UiEJB(xiv hE),
A< h; cardJ < card J; (3.7)
|$ —:1:§| > 8he,i,j € Ji#£j

The last condition implies that every two discs in the new family are Dis-
intersected.
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The argument on the good and bad discs can be applied to the radial
minimizer ul of EI(u,B). In particular, we may obtain a family of discs
{B(z{", \e),i € I} such that the number of bad discs is bounded by a positive
integer N independent of both £ € (0,1) and 7 € (0,1). The family of bad discs
can be modified such that the new one satisfies the conditions corresponding to
(3.7).

Now we prove our main result of this section.

Theorem 3.5 Let u-(ul) be a radial minimizer of E.(u, B)(EI(u,B)). Then
for anyn € (0,1), there exists a constant h = h(n) independent of (e, T) € (0,1)
such that Z. = {x € B;|u.(z)] < 1—n} C B(0,he)(ZI = {z € B;|ul(x)| <
1 —n} C B(0, he)).In particular the zeroes of us(ul) are contained in B(0, he).
Proof. Suppose there exists a point xg € Z. such that 20€B(0, he). Then all
points on the circle

So ={z € B; |z| = |zo|}

satisfy |uc(x)] < 1 —n and hence by virtue of Proposition 3.3 all points on Sp
are contained in bad discs. However, since |zg| > he, Sp can not be covered by
a single bad disc. Sy can be covered by at least two bad discs. However this is
impossible. The same is true for u].

Theorem 3.6 Let u. = f.(r)e'¥ be a radial minimizer of E-(u, B). Then

lim fe = 1, n Cloc((07 1]7 R)

e—0

. __ ,idf ; B
6llir(l) U =€, 1n CIOC(B \ {0}7 C)

4 Convergence rate for minimizers

Proposition 4.1 Let ul be a radial minimizer of ET (u,B). Then there exists
a subsequence ul* of ul with 7, — 0 such that

lim v =@., in W'P(B,0) (4.1)

T —0

and . 18 a radial minimizer of E.(u, B).

Proof. Since u. € W and u? is a radial minimizer of E7 (u, B) in W, we have
EI(ul,B)< El(u.,B)<C

with a constant C' independent of 7 € (0,1). This and |uZ| <1 on B imply the
existence of a subsequence u™* of uT with 7, — 0 and a function @. € W?(B, C)
such that

lim ™ = @., weakly in W"P(B,C) (4.2)

T —0
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lim ™ =a., in C(B,C) (4.3)

T, —0

Thus, 4. € W and we have
limi%f E7¢(ul*, B) < limsup E7*(ul*, B) < lim EI*(i., B)
Tk—

T —0 T —0

li 1— TK|2\2 — 1—la 2\2
dm [a—nz P2 = [ i)
Hence

liminf,, o [5(|VuZ|? + 7)P/2 < limsup,, ¢ [5(|VuZ*[> + 73,)P/2

< lim;, 0 fB (|Viie|? 4 73)P/? = fB |V P

(4.4)
On the other hand, (4.2) and the lower semicontinuity of [ [Vv[? imply
/ Vi P < hm mf/ [Vulx P
(From this and (4.4) we obtain
lim / Yz [P = / Vi |?
T —0
which combined with (4.2) gives
lim / V(ul* —a.)P =0 (4.5)
T —0 B

(4.1) follows from (4.3) and (4.5)
For any v € W, we have

E*(ul*, B) < E* (v, B)
Letting 7, — 0 and noticing that
lim ET’C( T, B) = E.(te, B)

T —0
we are led to E.(te, B) < E.(v, B) Thus 4, is a radial minimizer of E.(u, B)
Proposition 4.2 Let fI be a minimizer of the regularized functional EZ(f) in

V. Then there exist a subsequence fI* of fI with 7, — 0 and a function f. € V,

such that )

li T — fo)Pdr = 0;
Jm | (et = fe)rdr =0;
f- is a minimizer of E. (f) in V.
Now we prove the main result of this section.

Theorem 4.3 Suppose p > 4. Let f. be a reqularizable minimizer of E.(f).
Then there exists a constant C independent of € € (0,1) such that

||(f€)IHL2(T0,T1) S C(TO,Tl)E (46)

where [ro,71] is an arbitrary closed interval of (0,1).
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Proof. Substitute f = f7 into (2.3) and let w =1 — f. Then w satisfies
w—eP(2 —w) 1 —w) (Aw') + Ar~tw + d*r 2 A1 —w)] =0
Differentiate with respect to r, multiply by rw’¢? with ¢ € C§°(0, 1), such that

0<¢<1lonl0,1],{ =1on [t,t2],{ =0 on [0,1] — [t,t3], where 0 < t < #; <
ta <tz < 1,|¢'| < C, and integrate over (0,1). Then we have

/t r(w' )¢ dr + ep/t (rw'¢?) (2 —w) ™11 —w) ™!

[(Aw') + Ar~ ' + d?r 2 A(1 —w)] =0 (4.7)

(From Theorem 3.5, f has a positive uniform lower bound on [t,1] for ¢ > 0
small enough. Hence

Tl @-w1-w) <

for some constant C' > 0 independent of € € (0,7),7 € (0,1). Substituting

A = (p—2)A7F7 - (w'w" — dPr (1 — w)w - 2(1 - w)d*r?)
into (4.7), we obtain

1 o [l p—2 1 -
[ rwrcars 2 [ rawnrcar+ B2 [ruttat=icar
t C t C t
< CeP j;fl[Aw’w”C2 +d?r~1A(1 — w)w' ¢?
+ (w'¢? 4+ 2¢¢rw’ ) (A'w' + Aw” +rAw' + d®r72A(1 — w))

—(p— 2)145_2421 rw'w” C(d?r=2(1 — w)w' — 2(1 — w)2d?r=3)] dr

and after putting in order

1 p rl —9 1 p—a
/t r(w’)2§2dr+%/t A(w”)QCer—i—pCt Ep/t (w'w")?Ar=2 ¢ dr

< Oty d)e? [ [Aw'w" (¢? +¢¢') + Aw"¢?
+ AW')?(¢? + (¢ + Aw'(¢% +¢¢)] dr
+C(t,d,p)er [} AT (P (P + ) + PP+ ¢y (48)
(4 ) + ()2 4wl (P dr
=C(t,d)eP Jy + C(t,d,p)eP Jo
Using the Young inequality we see that for any ¢ € (0,1)

S <6 /t LAWY dr 4 O /t " AW 1) dr (4.9)
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Noticing that p > 4 and using the Young inequality again we have for any
0 €(0,1)

To <6 [MAVE (w2 dr + C(6) [} AFE[(w')t + 1] dr w10)
<6 [1 A= (W2 dr + C(6) [} (AFE + 1) dr

Combining (4.8) with (4.9)(4.10) and choosing J small enough we are led to
1 1
/ r(w')?¢? dr 4 &P / A(w™)?¢ dr
¢ ¢

1 b T
+5p/ (w'w")?Av=2¢? dr < CeP(1 —|—/ Avr=2dr)
t t
In particular
ftl r(w')?¢2dr < Csp(ftl A7E dr 4+ 1)
< CeP(L+t7! [ rAT2 dr) < O(t)e> P
Here Proposition 2.4 is applied. Thus we have
to
/ (w')?rdr < Ce?
t1

namely

/t2 (fg)fr dr < C&? (4.11)

t1

As a regularizable minimizer of E.(f), f is the limit of a subsequence f7*
of f7 in the sense of Proposition 4.2. Therefore, taking 7 = 74 in (4.11) and
letting 7, — 0, we finally obtain

ta ~
[ Gpar<cnte
t1

which is just (4.6).
It follows from Theorem 4.3 immediately

Theorem 4.4 Suppose p > 4. Let u. = f;ei‘w be a regularizable radial mini-
mizer of E.(u, B). Then there exists a constant C independent of e, such that

11— fe||H1(ro,r1) < C(ro,r1)e

[te — || g (x,c) < C(K)e

where [ro,r1] is an arbitrary closed interval of (0,1) and K is an arbitrary com-
pact subset of B\ {0}.
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1 1 .
5 W.? convergence and (. convergence for min-
imizers

Let u.(z) = f-(r)e’¥ be a radial minimizer of E.(u, B), namely f. be a mini-
mizer of

1 1
E;(f)::%tz;(ff—der*2f2V”2rdr-+-;E—jﬁ (1— f*)?rdr

4eP
in V. From Proposition 2.4, we have
E.(f.) <Ce*? (5.1)

for some constant C' independent of ¢ € (0, 1).
In this section we further prove that for any n € (0, 1), there exists a constant
C(n) such that
E:(fe;m) < Cn) (5.2)

for e € (0,e9) with 9 > 0 small be enough, where
1t I
E(fom) = [ GRedr2ppltras o [0 Prear
D Jy 4ep n

In fact we can prove a more accurate estimate on E.(fe;7n) (see Proposition 5.2).
Based on this estimate and Theorem 3.5, we may obtain better convergence for
minimizers, namely the W,? convergence and C,u% convergence.

We first prove

Proposition 5.1 Given n € (0,1). There exist constants
G—Un jn
. . 7 N —
et T N W=D
and Cj, such that ‘
E.(fe,m;) < Cje?™? (5.3)
forj =2,...,N, where € € (0,e9).

Proof. For j = 2, the inequality (5.3) is just the one in Proposition 2.4.
Suppose that (5.3) holds for all j < n. Then we have, in particular

E.(fe;nn) < Cre™™? (5.4)

If n = N then we are done. Suppose n < N. We want to prove (5.3) for
j=n+1.
Obviously (5.4) implies

L 2, 2.2 £21p/2 N 242
f T”7+ [(fE)r +d T fe]p/ T’dT’ +45P f "’7+ (1 - fe) TdT
N+1 N+1

< CpenP

1
p
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from which we see by integral mean value theorem that there exists

nn  (n+1)n
such that
[(fs)z + d2r_2f€2]7’:77n+1 S Cngn_p (55)
1 .
[ (= £l < Cpe™™? (5.6)

Consider the functional

1! 1t
E(p, "7n+1) = _/ (,03 + 1);0/2 dr + 2_{5”/ (1 - ,0)2 dr
n

Mn+1 n+41

It is easy to prove that the minimizer p; of E(p,)p4+1) on W}E’p((nnﬂ, 1),R")
exists and satisfies

_Ep(v(p72)/2pr)r =1-p, in (Mut1,1) (5.7)

p|7“:77n+1 = f€7 p|r:1 = fe(l) =1 (58)

where v = p2 + 1.
Applying Theorem 3.5 and (5.4) we see easily that

E(p1;mn+1) < E(fe;nna1) < CoBe(fe; 1) < Cre™™?P (5.9)

for € € (0,e0) with €9 > 0 small enough.
Since f. <1, it follows from the maximum principle

Now choosing a smooth function {(r) such that ¢ =1 on (0,7),( = 0 near
r = 1, multiplying (5.7) by {p-(p = p1) and integrating over (9,41, 1) we obtain

B 1 _
(P 2)/2P12«|r:77n+1 + fnn+1 vP=22p, (Crpr + Cprr) dr

s (5.11)
=L (0= p)pedr
Using (5.9) we have
1 _
| fﬂn+1 vlP 2)/2p7'(<7'pr + Cppr) dr|
1 _ 1 1
é TNn+1 ’U(p 2)/2|<’r|p% dr + %| ‘fTI'rH»l ('Up/2<)f,~ dr — fTI'rH»l vp/2CT dr| (5 12)

1 1, p/2 c rl 2
< p/2 1 1,p/2) < p/
— Cfnn-H v + :DU |r_7]”+1 + P INnt1 v

1
p/2 4 1,,p/2 n—p j 1,p/2
< Cfnn+1 v + Pv |T:’7"+1 < Ce + pv |T:77n+1
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and using (5.6)(5.9) we have

1
5% f"ln+

(L= p)prdr| = 551 [ (1= p)*Qpdr = [} (1= p)*G dr]

1 n—

< st (1= P2l + 55 [, (1= p)?dr| < Cre ™
(5.13)

Combining (5

Hence

p/2
v |T:nn+1

from which it

.11) with (5.12)(5.13) yields

_ _ 1
vl 2)/2p3|7'=77n+1 < Cpe" P + Evp/2|7':77n+1

= v(p—z)/2(pz + 1)|T:nn+1 — ,U(p—2)/2pi|rz%+1 _’_,0(19—2)/2“:%+1

IN

1 -
Cre™™ P + Evp/2|r:77n+1 +,v(p 2)/2|T:77"+1

IN

1
Cre" P4 Evp/2|’l“:77n+1 + 5Up/2|T:nn+1 +C(9)
n—p 1 p/2
= Cne + (5 + 6)1) |"":"7n+1 + C((S)

follows by choosing § > 0 small enough that

vP/? < Che™P (5.14)

|"":"7n+1

Now we multiply both sides of (5.7) by p — 1 and integrate. Then

1 1 1
o [ WDt [ [ (- 12ar=0
NMn+1

NMn+1 Mn+1

(From this, using(5.8)(5.14)(5.6) and noticing that n < p, we obtain

which implies

Define

1 _
E(pr;nns1) < |, [® 22p.(p = 1)), dr|
= v(p72)/2p7’|p - 1|T:77n+1 S v(pil)/2|p - 1|7":77n+1

< (Cpem=P)e=0/P(C,em) /2 < O, 1 1enTiPHR/2=0/p)

E(p1;Mn41) < Cpgae™ ™ 7? (5.15)

w6:f€7 fOT’I"E (Ovn’n-‘rl); We = P1, fO’/"TE [nn+171]

Since f. is a minimizer of E.(f), we have

Ee(fe) < Ee(we)



16 Ginzburg-Landau functional EJDE-1999/30

namely
e 2, 32,.—2 2\p/2 e 242
E.(fesnn) < —/ (p? + d®r2p*)P 2r dr + 4—p/ (1= p2)*rdr

p Mn+41 € MNn+1
c [t c [t

< = @HVYPdr+ o= [ (1-p)dr+C
p 2eP

Nn+1 n+1

= CE(p1;mn+1) +C
Thus, using (5.15) yields
E(fe;mm11) < Cpyre™ P
for € € (0,ep). This is just (5.3) for j =n + 1.

Proposition 5.2 Given n € (0,1). There exist constants ny+1 € [NN—fl,n] and
Cn41 such that

1
Ec(feinn41) < Ongae® N PrD/e _/ 1 ar (5.16)
p MN+1

where N = [p].

Proof. Similar to the derivation of (5.6) we may obtain from Proposition 5.1

for j = N that there exists ny41 € [NN—J:'l, (]X]Tl)"], such that

1 —
E_p(l - f52)2|’l":’l7N+1 S CNEN P (517)

Also similarly, consider the functional

1t 1/t
E(p,N+1) = —/ (p$+1)”/2dr+2—p/ (1—p)?dr

TIN+1 € TIN+1

whose minimizer ps on W};”((UNH, 1), R") exists and satisfies
D), = 1= p, in (v41,1) (5.18)
Plr=nrir = fer plr=1 = f(1) =1
where v = p2 + 1. By the maximum principle we have
p2 <1 (5.19)

JFrom (5.4) for n = N it follows immediately that

E(p2;nn+1) < E(fesnn+1) < OnEe(feinng1) < CNEe(fesny) < Cne™ P
(5.20)
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Similar to the proof of (5.14) and (5.15), we get from (5.17) that

vP/? < CN{-ZN_p

|T:77N+1
E(p2;inn41) < Cyyre™ 177 (5.21)
Now we define

w6:f67 fOTTE (0777N+1)§ We = P2, fO’/"TE [77N+171]

and then we have

E.(f:) < Ec(w,)
Notice that
fl (p2 + d?r=2p?)P/ 2y dr — f;NH(er_Q)p/Q dr

77N+1

=5 N4 fo [(p2 + d*r=2p%)s + (d®r=2p?)(1 — 5)] =2/ dsp?r dr

< Can 1f0 pr+d2 -2 2)(p 2)/28(1) 2)/2
+ (@) DL = )02 dsp dr

- Can+1 pr + d2 -2 2)(;0 2) /2,027“de S(p 2/ ds
+Cf (d2r=2p%)P=2)/2p2p gy fo( —5)P=2)/2 s

77N+1
<c(f: f p2dr)

NIN+1 ’"

Hence
EE(f6§77N+1)
1 ! 1 /1t

< [ R a0 erar
n

P Jnnia NN +1
< l/1 (d2r_2)p/2 dr + 1 1 (1- (/)2)2)2 dr
a p NN+1 4517 nN

+1

el / " (o / " (po)an)

N+1 TIN+1

Using (5.21) we have

1
Eo(fenn+1) < —/ (d®r=2)P2 dr + Cy g NP H/P
D Jnn
Theorem 5.3 Let u. = f.(r)e'¥ be a radial minimizer of E-(u, B). Then
lim f. =1, in W((n,1], R) (5.22)
E—r
limu. = €', in WYP(K,QC) (5.23)
e—0

for any n € (0,1) and compact subset K C B\ {0}.
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Proof. It suffices to prove (5.23), since (5.23) implies (5.22). Without loss of
generality, we may assume K = B\ B(0,ny+1). {From Proposition 5.2, We

have
Ee(u67K) = 27TE6(f€777N+1) <C

where C is independent of €, namely

/ VP < © (5.24)
K

/ (1— Juf2)? < CeP (5.25)
K

(5.24) and |u.| < 1 imply the existence of a subsequence u., of u. and a function
u. € WHP(K, C), such that

lim u, = u., weakly in WHP(K, ) (5.26)
er—0 .
: . 2
Elklglouek =u, inCYK,C),a€(0,1— ;) (5.27)

(5.27) implies u. = €'¥. Noticing that any subsequence of u. has a convergence

subsequence and the limit is always €%, we can assert
lir% u. = e’ weakly in WHP(K, C) (5.28)
E—

;From this and the weakly lower semicontinuity of [ w |VulP, using Proposi-
tion 5.2, we have

/|Veid0|p < liminf/ |Vu€|p§1imsup/ [Vue|P
K =0 Jk er—=0 JK

A

1
< Clim 52(N+1—p)/p_|_27r/ (d2r—2)p/2rdr
e—0
MN+1
and hence
lim/ |Vu€|1’:/ |Veid?|p
e—0 K K
since

1
/ |Veldfp = 27r/ (d*r=2)P/2r dr
K TIN+1
Combining this with (5.28)(5.27) completes the proof of (5.23).
For the regularizable radial minimizer @, = f.(r)e’¥, we may prove

1 ! 1/t
EI(fIsm) = = D2+ dr 2 (f1)? + 7 Prdr +— [ (1—(f7)%)*rd
(fZ5m) P/n[(f) r = (fD)7 TP Frdr /n( (f2)°)rdr

4ep
< C),
where f7 is the regularized minimizer of E.(f). On the basis of this fact and
the conclusion for f7 similar to Theorem 3.5, we may obtain better convergence

for the regularizable
minimizer f. by means of the argument applied in [10]. Precisely we have
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Theorem 5.4 Leti. = f-(r)e'¥ be a reqularizable radial minimizer of Ex(u, B).
Then for some o € (0,1)
lim fe=1inCL2((0,1), R), lim G = e in L (B\ {0},0).

loc loc

6 Generalization

Let G C R™ be a bounded and simply connected domain with smooth boundary
dG,n > 2,9 : 0G — S"~! = {z € R™;|z| = 1} be a smooth map with d =
deg(g,0G) # 0. Consider the minimization of the functional

1 1
i P 1232
Ee(u,G)fp/G|Vu| +4EP/G(1 [uf?)

onW = {v e Wh?(G, R");v|ac = g}. When 1 < p < n, we have WP(G,S"~1) #
0 and hence it is easy to prove that [ |[Vu|P achieves its minimum on W *(G, 8"~ )
by a p-harmonic map with boundary value g. One can also prove that the min-
imizer u. of E.(u,G) on W exists and for a subsequence u,, of u. there holds,
. _ : 1,p n
J«lgougk =u, in W P(G,R")
where u, is a p-harmonic map with boundary value g.

In case p = n, M.C.Hong studied in [6] the asymptotic behavior of the
regularizable minimizer of E.(u,G). He proved that the minimizer ul of

Erw,G) = [

n 1
(Val + 772+ 2 [ )
G £ Ja

on W,"(G, R™) converges to a minimizer . (called regularizable minimizer) of
E.(u,G) on WHP(G, R™) as 7 — 0 and that . contains a subsequence i, such
that

lim uZ, =u,, weaklyin W "(G\ szl{aj}, R™)

e, —0
where a;(j =1,2,...,J) € G and u,, is an n-harmonic map on G\U}-le{aj}. In
case G = B = {z € R";|z| < 1}, g = «, he proved that for a subsequence ., of
the regularizable radial minimizer .

lim ., = i, quad weakly in W,""(B\ {0}, R™).

Er—0 |Z‘| loc

In this section we are concerned with the case p > n. Assume that G = B,
and g = x where B is the unit ball centered at the origin, and consider the
minimizers of E,(u, B) on the class of radial functions

W ={ue Wy(B,R");u(z) = f(r)z|z|™", f(r) 2 0,r = |z[}

we call them radial minimizers.
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Denote as in §1
V= {f(r) e W20, 1] rO-P/f et /P £ LP(0,1), f(1) = 1, £(r) = 0}
Substituting u = f(r)z|z|~! into E.(u, B) we obtain
E.(u, B) = meas(S" ') E.(f)
where

1
B(f)= [ (2 (= et e - PP ar
0 P 4eP
This means that u.(z) = f.(r)z|z|~! is the minimizer of E.(u, B) on W if and
only if f.(r) is the minimizer of E.(f) on V.

Parallel to the discussions in the previous sections we can obtain the corre-
sponding results. In particular, we have the results on the location of zeroes of
minimizers and on the convergence rate for minimizers. Also it can be proved
that if uc(x) = f-(r)z|z|~! is a radial minimizer of E.(u, B), then

lim fo =1 in W'P((n,1,R),  limu. = L in WP(K, R")
e—

e—0 |J;|

for any 1 € (0,1) and any compact subset K C B\ {0}. If p > 2n — 2, then for
the regularizable minimizer . (z) = f-(r)z|z|~!, we have

lim fo =1 in C2((0,1),R)  lima. = L i 0B\ {0}, R")
e—

loc c50 |ZL‘| loc

with some constant « € (0,1).
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