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e Symmetric RBF collocation

e RBF Differentiation Matrices in MATLAB

© solving PDEs via RBF-PS Methods
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RBF Collocation, Kansa’s method PDEs of Interest

Linear elliptic PDE with boundary conditions

Lu = f inQ
u = g onl =00
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RBF Collocation, Kansa’s method PDEs of Interest

Linear elliptic PDE with boundary conditions

Lu = f inQ
u = g onl =00

Time-dependent PDE with initial and boundary conditions

u(x,t)+ Lu(x,t) = f(x,t), xeQul,t>0
u(x,0) = u(x), xeQ
ux,t) = g(t), xer
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

According to [Kansa (1986)] we consider an elliptic PDE and start with

N
u(x) = A\di(x) = dT(x)A
j=1
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According to [Kansa (1986)] we consider an elliptic PDE and start with

N
u(x) = A\di(x) = dT(x)A
j=1

Coefficients A determined by solving

with (rectangular) collocation matrices

Acj = Loj(x;)= Lo(llx = X511,
i=1,.. N—Ng j=1,....N,
Ai = ®i(x;) = o(lx; — xjll),

i=N-Ng+1,....N, j=1,....N.

*
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

If /‘/\Z\c invertible (open problem since 1986), then approximate

solution (at any point x) found by inserting A in basis expansion, i.e.,

u(x) = dT(x)A
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

If 'LI‘Z\E invertible (open problem since 1986), then approximate

solution (at any point x) found by inserting A in basis expansion, i.e.,
u(x) = dT(x)A

Solution at collocation points

[ ' ]7 Aj = ®j(x))
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

Note »
Ar f Ac | . f }
u A { g ] | A g
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

Note »
Ar f Ac | . f}
A [g] | A g
N !
=Lr
with B _
L AcATY ALAGT | { M P}
" Aa Az | Lo )

— RBF-PS method (see later).
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

Example (2D Laplace Equation)

Uxx+Uyy:07 x,ye(—1,1)2
Boundary conditions:
sin*(7x), y=1and —1<x<0,
u(x,y) =1 tsin(3ry), x=1,

0, otherwise.

See [Trefethen (2000)]

v
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

Figure: Gaussian-RBF (¢ = 2.75), N = 24 x 24
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

Program (KansalLaplaceMixedBCTref_2D.m)

global rbf Lrbf; rbf definition; epsilon = 3;
N = 289; M = 1681;

Lu = @(x,y) zeros(size(x));
[collpts, N] = CreatePoints(N, 2, ’"u’); collpts = 2xcollpts-1;
indx = find(abs(collpts(:,1))== | abs(collpts(:,2))==1);

bdypts = collpts(indx, :);

intpts = collpts(setdiff ([1:N],indx), :);

ctrs = [intpts; bdyptsl];

evalpts = CreatePoints(M,2,’u’); evalpts = 2xevalpts-1;
DM_eval = DistanceMatrix (evalpts,ctrs);

EM = rbf (epsilon,DM_eval);

DM_int = DistanceMatrix (intpts,ctrs);

DM_bdy = DistanceMatrix (bdypts,ctrs);

LCM = Lrbf (epsilon,DM_int);

BCM = rbf (epsilon,DM_bdy) ;

CM = [LCM; BCM];

rhs = zeros(N,1); NI = size(intpts,1);

indx = find(bdypts(:,1)==1 | (bdypts(:,1)<0) & (bdypts(:,2)==1));
rhs (NI+indx) = (bdypts(indx,1l)==1)%0.2.+sin(3*xpixbdypts (indx,2)) +

(bdypts (indx, 1) <0) .* (bdypts (indx,2)==1) .xsin (pi*bdypts (indx, 1)) ."4;
Pf = EM » (CM\rhs);
disp (sprintf (‘u(0,0) = %16.12f’,P£f(841)))
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

We just showed that we always have (even if the Kansa matrix is not
invertible)

A, M P
=17 |4 _[o /]

fasshauer@iit.edu Lecture IV Dolomites 2008



RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

We just showed that we always have (even if the Kansa matrix is not

invertible)
4+ | M P
AT = [ (|

Ac

lr=| %

It is known that
@ Lr is invertible for polynomial basis (1D)

@ In a certain limiting case RBF interpolant yields polynomial
interpolant
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RBF Collocation, Kansa’s method Kansa’s (non-symmetric) Method

We just showed that we always have (even if the Kansa matrix is not

invertible)
A~£ A [ M P ]

lr=| %

(U

It is known that
@ Lr is invertible for polynomial basis (1D)

@ In a certain limiting case RBF interpolant yields polynomial
interpolant

= Kansa’s collocation matrix is invertible in the limiting case
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We just showed that we always have (even if the Kansa matrix is not

invertible)
4+ | M P
AT = [ (|

Ac

lr=| %

It is known that
@ Lr is invertible for polynomial basis (1D)

@ In a certain limiting case RBF interpolant yields polynomial
interpolant

= Kansa’s collocation matrix is invertible in the limiting case

Other recent work on a well-defined approach to Kansa’s method, e.g.,
in [Schaback (2007)]
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RBF Collocation, Kansa’s method Time-Dependent PDEs

Consider time-dependent PDE
U+ Lu=f
and discretize the time, e.g.,

u(x, ty) — u(x, tx_v) _ Uk(X) — Uuk—1(x)
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RBF Collocation, Kansa’s method Time-Dependent PDEs

Consider time-dependent PDE
U+ Lu=f
and discretize the time, e.g.,

u(x, ty) — u(x, tx_v) _ Uk(X) — Uuk—1(x)
At At

Ut(x, tk) ~

Then
Uk(X) ~ U—1(X) + At [f(X) — Luk—1(X)]
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RBF Collocation, Kansa’s method Kansa for Time-Dependent PDEs

Start with
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RBF Collocation, Kansa’s method Kansa for Time-Dependent PDEs

Start with

Z A(D)®;(x) = ®T(X)A(1)
Then after time discretization

N N
S aFa;(x) = Z)\j(k Daoj(x) + At [ £(x) = > A Loy(x)
j=1 j=1
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RBF Collocation, Kansa’s method Kansa for Time-Dependent PDEs

Start with

ZA/ = o7 (X)A(1)

Then after time discretization

N
S AWe;(x) = ZA}" Doj(x) + At
j=1

N
(x) — ZA}“)m,-(x)]

=

or
oT(x)AK = [cpT(x) - AtmT(x)} AK=D 4 Atf(x)

fasshauer@iit.edu Lecture IV Dolomites 2008



RBF Collocation, Kansa’s method Application to Time-Dependent PDEs

Collocation on X = {x4,..., Xy} yields

AN = [A— AtAL] A 4 At
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RBF Collocation, Kansa’s method Application to Time-Dependent PDEs

Collocation on X = {x1,..., Xy} yields

ANK) = [A— AtA) AED L At

Solve for A9 then (for any x)

N
u®(x) = 3" A0 (x) = o7 (x)AR
j=1
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RBF Collocation, Kansa’s method Application to Time-Dependent PDEs

Collocation on X = {x1,..., Xy} yields

ANK) = [A— AtA) AED L At

Solve for A9 then (for any x)
N

uh(x Z Al k)¢j o7 (x)AK)
j=1

Solution at collocation points

u® = AR A= o(x))
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RBF Collocation, Kansa’s method Application to Time-Dependent PDEs

Collocation on X = {x4,..., Xy} yields

AN = [A— AtAL] A 4 At

Solve for A(K), then (for any x)
N

490 = 310, (x) = (1)
j=1

Solution at collocation points
u® = AR A= o(x))

Much too complicated!
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PS Methods and Differentiation Matrices Background

PS methods are known as highly accurate solvers for PDEs

Basic idea (in 1D)
N
u(x) => Nodi(x), x€lab]
j=1

with (smooth and global) basis functions ¢;, j=1,...,N

Here u is the unknown (approximate) solution of the PDE
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For PDEs we need to be able to represent values of derivatives of u.
For PS methods values at grid points suffice.

Key idea: find differentiation matrix D such that
u =Du

where u = [u(xy),...,u(xy)]”
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For PDEs we need to be able to represent values of derivatives of u.
For PS methods values at grid points suffice.

Key idea: find differentiation matrix D such that
u =Du

where u = [u(x1),...,u(xn)]T

Example

Chebyshev polynomials on Chebyshev points. In this case explicit
formulas for entries of D are known.
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PS Methods and Differentiation Matrices General Differentiation Matrices

N N d
u(x) = > Noi(x) = U(x)=> Nj g i (%)-
j=1 j=1

fasshauer@iit.edu Lecture IV Dolomites 2008



PS Methods and Differentiation Matrices General Differentiation Matrices

N N
d
u(x) = N®(x) = U(x) =) X e Pi(X)-
j=1 j=1
Evaluate at grid points:
u= A\ with A,/ = q)j(X,')

and
u = AxA  with AX7,']' = —(Dj()(,-),
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PS Methods and Differentiation Matrices General Differentiation Matrices

N N
d
u(x) = N®(x) = U(x) =) X e Pi(X)-
j=1 j=1
Evaluate at grid points:
u= A\ with A,/ = q)j(X,')

and 4
u = AxX\  with AX7,']' = acbj(X,').

Therefore
U=AA"u = D=AA".
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PS Methods and Differentiation Matrices RBF Differentiation Matrices

Want to use radial basis functions
®;(x) = o(llx — xjl[), xcR®

and a general linear differential operator £ with constant coefficients.
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PS Methods and Differentiation Matrices RBF Differentiation Matrices

Want to use radial basis functions
®;(x) = o(llx — xjl[), xcR®

and a general linear differential operator £ with constant coefficients.

Discretized differential operator (differentiation matrix):
L=AA""

with Aj = &;(x;) = »(I|x; — x;]|)
and A j = L&j(x;) = Lo(|x = Xjl])] -
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PS Methods and Differentiation Matrices RBF Differentiation Matrices

Want to use radial basis functions
®;(x) = o(llx — xjl[), xcR®

and a general linear differential operator £ with constant coefficients.

Discretized differential operator (differentiation matrix):
L=AA""

with Aj = &;(x;) = »(I|x; — x;]|)
and A j = L&j(x;) = Lo(|x = Xjl])] -

Ais (non-singular) RBF interpolation matrix
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PS Methods and Differentiation Matrices RBF Differentiation Matrices

How to proceed for a time-independent PDE

Lu=f
@ Discretize space
Lu=~Lu
@ Then (at grid points)
u="L"f
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PS Methods and Differentiation Matrices RBF Differentiation Matrices

How to proceed for a time-independent PDE

Lu=f
@ Discretize space
Lu=Lu
@ Then (at grid points)
u="L""f

Challenge
Need to ensure invertibility of L
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PS Methods and Differentiation Matrices A First (ill-posed) PDE

Want to solve Lu = f without BCs.

Discretize:
lu=f — u=L"f=A(A;)'f

Invertibility of L (and therefore A.) required.
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PS Methods and Differentiation Matrices A First (ill-posed) PDE

Want to solve Lu = f without BCs.

Discretize:
lu=f — u=L"f=A(A;)'f
Invertibility of L (and therefore A.) required.

@ Chebyshev PS: L is singular
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PS Methods and Differentiation Matrices A First (ill-posed) PDE

Want to solve Lu = f without BCs.

Discretize:
lu=f — u=L"f=A(A;)'f

Invertibility of L (and therefore A.) required.

@ Chebyshev PS: L is singular

@ RBF-PS: L is non-singular since A invertible for positive definite
RBFs and elliptic L.
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PS Methods and Differentiation Matrices A First (ill-posed) PDE

Want to solve Lu = f without BCs.

Discretize:
lu=f — u=L"f=A(A;)'f

Invertibility of L (and therefore A.) required.

@ Chebyshev PS: L is singular

@ RBF-PS: L is non-singular since A invertible for positive definite
RBFs and elliptic L.

Remark

RBFs “too good to be true”. Built-in regularization due to variational
framework.
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PDEs with BCs via PS Methods

Consider linear elliptic PDE
Lu=Ff inQ
with boundary condition
u=g onl =0Q

and assume basis functions do not satisfy BCs.
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PDEs with BCs via PS Methods

Consider linear elliptic PDE
Lu=Ff inQ
with boundary condition
u=g onl =0Q

and assume basis functions do not satisfy BCs.

@ Construct differentiation matrix L based on all grid points x;.

@ Then replace diagonal entries corresponding to boundary points
with ones and the remainder of those rows with zeros.
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PDEs with BCs via PS Methods

Reorder rows and columns to obtain
M P
=[5 7]

@ Mis N, x N, (interior points)

Here
@ /is Ng x Ng (boundary points)

@ Ng number of grid points on boundary I
@ N, = N — Ng number of grid points in the interior 2
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PDEs with BCs via PS Methods

Reorder rows and columns to obtain
M P
=[5 7]

@ Mis N, x N, (interior points)

Here

@ /is Ng x Ng (boundary points)
@ Ng number of grid points on boundary I
@ N, = N — Ng number of grid points in the interior 2

i)

fasshauer@iit.edu Lecture IV Dolomites 2008

Then



PDEs with BCs via PS Methods

Using u = [uq, ur]” and substituting ur = g back in we get
Ug = M71(f_ Pg)7
or, for homogeneous boundary conditions,

uqg=Mf.
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PDEs with BCs via PS Methods

Using u = [uq, ur]” and substituting ur = g back in we get
Ug = M71(f_ Pg)7
or, for homogeneous boundary conditions,

uqg=Mf.

Remark

For standard PS methods the block M is invertible. Its spectrum is well
studied for many different £ and BCs.
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Symmetric RBF collocation

As in [F. (1997)] we start with

N, N
u(x) =D NLIO(X) + D Ndi(x).
j=1 J=N+1

Since ®;(x) = ¢([x — x;||), £; denotes application of L to ¢ viewed as
a function of the second variable followed by evaluation at x;.
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Symmetric RBF collocation

As in [F. (1997)] we start with

N, N
u(x) =D NLIO(X) + D Ndi(x).
j=1 Jj=N;+1

Since ®;(x) = ¢([x — x;||), £; denotes application of L to ¢ viewed as
a function of the second variable followed by evaluation at x;.

Then A = [Aq, Ar]’ obtained from

Aﬁﬁ* ,/Z\L Ao B f
IIZ\L* /2\ )\r B g '
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Symmetric RBF collocation

The collocation matrix A A
A\LC* AAL:
A~ A

consists of
@ square blocks

Aecey = [LIC0(IX~ENle ] - Hi=T N

By = &)= o(lxi—xjl). ij=Ni+1...N

@ rectangular blocks

A

Acjj = [&p(Hx—xjH)]x:xi, i=1,...,N, j=N+1,...N
Apvjj = [E*cp(Hx,-—xH)]x:xl_, i=N+1,....N, j=1,....N,
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2D Laplace Equation from [Trefethen (2000)]

Figure: Gaussian-RBF (¢ = 6), N =17 x 17 (+ 64 boundary points)
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Symmetric RBF colloc

Program (HermitelLaplaceMixedBCTref_2D.m)

global rbf Lrbf L2rbf; rbf_definition; epsilon = 3;

N = 289; M = 1681;

Lu = @(x,y) zeros(size(x));

[datasites, N] = CreatePoints(N, 2, ’'u’); intdata = 2*datasites-1;

sg = sqrt(N); bdylin = linspace(-1,1,sg)’; bdyl = ones(sg-1,1);

bdydata = [bdylin(l:end-1) -bdyl; bdyl bdylin(l:end-1);...
flipud(bdylin(2:end)) bdyl; -bdyl flipud(bdylin(2:end))];

h = 2/(sg-1); bdylin = (-1+h:h:1-h)’; bdy0 = repmat (-1-h,sg-2,1); bdyl = repmat (l+h,sg-2,1)

bdycenters = [-1-h -1-h; bdylin bdy0O; 1+h -1-h; bdyl bdylin;...
1+h 1+h; flipud(bdylin) bdyl; -1-h 1+h; bdyO flipud(bdylin)];
centers = [intdata; bdycenters];

evalpoints = CreatePoints(M, 2, 'u’); evalpoints = 2xevalpoints-1;
DM_inteval = DistanceMatrix (evalpoints,intdata);
DM_bdyeval = DistanceMatrix (evalpoints,bdycenters);
LEM = Lrbf (epsilon,DM_inteval);

BEM = rbf (epsilon,DM_bdyeval) ;

EM = [LEM BEM];

DM_IIdata = DistanceMatrix(intdata, intdata);
DM_IBdata = DistanceMatrix(intdata,bdycenters);
DM_BIdata = DistanceMatrix (bdydata, intdata);
DM_BBdata = DistanceMatrix (bdydata,bdycenters);
LLCM = L2rbf (epsilon,DM_IIdata);

LBCM = Lrbf (epsilon,DM_IBdata);

BLCM = Lrbf (epsilon,DM_BIdata);

BBCM = rbf (epsilon,DM _BBdata);

CM = [LLCM LBCM; BLCM BBCM];

rhs = [Lu(intdata(:,1),intdata(:,2)); zeros(sg-1,1); 0.2xsin(3xpixbdydata(sg:2xsg-2,2));

zeros ((sg-1)/2,1); sin(pixbdydata((5*sg-3)/2:3+sg-3,1)).%4; zeros(sg-1,1)];
Pf = EM x (CM\rhs);
disp (sprintf(‘u(0,0) = %$16.12f’,Pf(841)))
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Symmetric RBF collocation

It is well known that the symmetric collocation matrix

//Z‘ALE* /2!\6
As. A

is invertible.
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Symmetric RBF collocation

It is well known that the symmetric collocation matrix

//ZEEE* /2!\5
As. A

is invertible.

Therefore, the solution at any point is obtained by inserting A into basis
expansion, or at grid points

—1

. Ao A f

T e [g]

_,—/ L: 9
=KT ;f)\

with evaluation matrix K.
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Symmetric RBF collocation

Entries of K given by

Acejj = 10016 = XDlemy,s i=T1, N, j=1,.. Ny
Z\,./T = oi(x)=o(lxi—x|), i=1,....,N, j=N+1,...,N
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Symmetric RBF collocation

Entries of K given by

Acejj = 10016 = XDlemy,s i=T1, N, j=1,.. Ny
Z\,./T = oi(x)=o(lxi—x|), i=1,....,N, j=N+1,...,N

Symmetry of RBFs implies Az = AL, and therefore

T

Ac

KT=| Az AT | = 5

— transpose of Kansa’s matrix
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Symmetric RBF collocation Symmetric RBF-PS Method

Start with “symmetric basis” expansion

Z AL} b Z A®j(x

Jj=Ni+1

At the grid points in matrix notation we have

u=[ e 3] [30]

A= [ A AT }_1 u.

or
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Symmetric RBF collocation Symmetric RBF-PS Method

Apply £ to basis expansion and restrict to grid
Lu= [ Arrcs Ar ])\
with
Accejj = {E[L (p(HX—EH)]g:x,-L:xi, i=1,...,N,j=1,... N,

Aﬁ,fj = [‘CSO(HX—XI“)]X:X,’ i:1,...,N,j:N/+1,...,N
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Apply £ to basis expansion and restrict to grid
Lu=[ Az~ Az A
with
Accei = [LIC00IX—EMem,_ - P= T N =1 N
Aci = [£g0(||x—xj]|)}xle_, i=1,...,N, j=N+1,....N
Replace A and get

ZU: [ Arce Az ] [ A Z\T }71 u.

Remark
Note that L differs from

= | 2 e A

since the BCs are not yet enforced.
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):

@ Can formulate discrete differential operator Ly = Ac | g1
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):
@ Can formulate discrete differential operator L = 4‘:

@ Cannot ensure general invertibility of Ly
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):

@ Can formulate discrete differential operator L = 4‘:

@ Cannot ensure general invertibility of Ly
@ — OK for time-dependent PDEs
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):

@ Can formulate discrete differential operator L = 4‘:
@ Cannot ensure general invertibility of Ly
@ — OK for time-dependent PDEs

Symmetric:
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):
@ Can formulate discrete differential operator L = 4‘:

@ Cannot ensure general invertibility of Ly
@ — OK for time-dependent PDEs

Symmetric:
@ Can ensure general solution of Lu = f

fasshauer@iit.edu Lecture IV Dolomites 2008



Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):

@ Can formulate discrete differential operator Lr = [ '%E Al

@ Cannot ensure general invertibility of Ly
@ — OK for time-dependent PDEs

Symmetric:
@ Can ensure general solution of Lu = f
@ Cannot in general formulate discrete differential operator
Acce Ac

A

f-=|
r Are A

e w7
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Symmetric RBF collocation RBF-PS Methods: Summary

Non-symmetric (Kansa):

@ Can formulate discrete differential operator Lr = [ '%E Al

@ Cannot ensure general invertibility of L
@ — OK for time-dependent PDEs

Symmetric:

@ Can ensure general solution of Lu = f

@ Cannot in general formulate discrete differential operator
/Z\Acﬁ* fz\Aﬁ
A A
@ — OK for time-independent PDEs

~

r— [Ag* Z\T}_1
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First-order Derivatives

The chain rule says

) X d
—o(|Ix])) = 2L =p(r
a2l = ),

where x; is a component of x, and r = ||x|| = \/x2 + ...+ x&.
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First-order Derivatives

The chain rule says

X d
X r
3 #IxID = - gelr)
where x; is a component of x, and r = ||x|| = \/x2 + ...+ x&.
This implies we need to
@ provide code for derivatives of ¢, e.g., for the Gaussian
dxrbf = @(ep,r,dx) —-2xdx*xep”2.xexp (- (epx*r)."2);
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First-order Derivatives

The chain rule says

X d
3 P = 5 e,
where x; is a component of x, and r = ||x|| = \/x2 + ...+ x&.
This implies we need to
@ provide code for derivatives of ¢, e.g., for the Gaussian
dxrbf = @(ep,r,dx) —-2xdx*xep”2.xexp (- (epx*r)."2);
@ compute distances r (with DistanceMatrix.m),
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First-order Derivatives

The chain rule says

X ad

3 P = 5 e,
where x; is a component of x, and r = ||x|| = \/x2 + ...+ x&.
This implies we need to

@ provide code for derivatives of ¢, e.g., for the Gaussian

dxrbf = @(ep,r,dx) —-2xdx*xep”2.xexp (- (epx*r)."2);
@ compute distances r (with DistanceMatrix.m),
@ and compute differences in x.

Program (DifferenceMatrix.m)
1 function DM = DifferenceMatrix (dcoord, ccoord)

2 [dr,cc] = ndgrid(dcoord(:),ccoord(:));
3 DM = dr-cc;
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RBF Differentiation Matrices in MATLAB

Program (DRBF .m)

1 function [D,x] = DRBF (N, rbf,dxrbf, ep)
2 if N==0, D=0; x=1; return, end
3 x = cos(pix(0:N)/N)’; % Chebyshev points
4 r = DistanceMatrix (x,x);
5 dx = DifferenceMatrix(x,x);
6 A = rbf(ep,r);
7 Ax = dxrbf (ep,r,dx);
8 D = Ax/A;
Remark

@ The differentiation matrix is given by D = AyA~'. In MATLAB we
implement this as solution of DA = Ax using mrdivide (/).

@ Could add a version of LOOCYV to find “optimal” .
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Solving PDEs via RBF-PS Methods

Example (1D Transport Equation)

Consider
ui(x, t) + cux(x,t) = 0, x>-1,t>0
u-1,t) = 0
u(x,0) = f(x)
with solution

u(x, t) = f(x —ct)

Use implicit Euler for time discretization
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Solving PDEs via RBF-PS Methods

Figure: Gaussian RBFs with “optimal” e = 1.874528, At = 0.01, collocation
on 21 Chebyshev points
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Solving PDEs via RBF-PS Methods Example: Allen-Cahn Equation

Example (Allen-Cahn)
U= plxx +U— U3, xe(=1,1), t>0,

w coupling parameter (governs transition between stable solutions),
here ;= 0.01
Initial condition:

u(x,0) = 0.53x + 0.47 sin <_2ﬁx> Coxe[ Al

Boundary conditions:

u(—1,t) = —1 and u(1, t) = sin?(t/5)

See [Trefethen (2000)]

v
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Solving PDEs via RBF-PS Methods Example: Allen-Cahn Equation

Figure: Matérn-RBF with “optimal” ¢ = 0.351011, collocated on 21
Chebyshev points
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Solving PDEs via RBF-PS Methods Example: Allen-Cahn Equation

Figure: Chebyshev pseudospectral with 21 points
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Solving PDEs via RBF-PS Methods Example: 2D Laplace Equation

Example (2D Laplace Equation)

Uxx+Uyy:07 x,ye(—1,1)2
Boundary conditions:
sin*(7x), y=1and —1<x<0,
u(x,y) =1 tsin(3ry), x=1,

0, otherwise.

See [Trefethen (2000)]

v
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Solving PDEs via RBF-PS Methods Example: 2D Laplace Equation

Figure: Matérn-RBF (¢ = 2.4), N = 24 x 24
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Solving PDEs via RBF-PS Methods Example: 2D Laplace Equation

Figure: Chebyshev pseudospectral, N = 24 x 24
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Program (p36_2D.m)

1 rbf=Q@(e,r) exp(-ex*r).x(15+15*xexr+6+* (exxr) . "2+ (exr) ."3);
2 Lrbf=Q@(e,r)e"2+xexp(—e*r) .x((exr) ."3—(e*r) ."2-6%e*r—-6);
3 N = 24; ep = 2.4;

4 [L,x,y] = LRBF (N, rbf,Lrbf,ep);

5 [xx,yy] = meshgrid(x,y); =xx = xx( )i vy = yy(:);

6 b = find(abs(xx)==1 | abs(yy)==1); % boundary pts
7 L(b,:) = zeros (4*N, (N+1)"2); L(b,b) = eye(4*N);

8 rhs = zeros ((N+1)"2,1);

9a rhs(b) = (yy(b)==1) .*x(xx(b)<0) .xsin(pirxx (b)) .4 +

9b 2% (xx (b)==1) . *sin (3xpi*yy (b)) ;
10 u = L\rhs;
11 uu = reshape (u,N+1,N+1); [xx,yy] = meshgrid(x,vy);
12 [xxx,yyy] = meshgrid(-1:.04:1,-1:.04:1);
13 uuu = interp2 (xx,Vy,uu, xxx,yyy,’cubic’);
14 surf (xxx,yyy,uuu), colormap (’default’);
15 axis([- 1 1 -11-.21]), view(-20,45)

loa text (0, , .4,sprintf ("u(0,0) = %12.10£f",
16b uu (N/2+1,N/2+1)))

v
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Solving PDEs via RBF-PS Methods MATLAB Code

Remark

Note that for this type of elliptic problem we require inversion of the
differentiation matrix.

As pointed out above, we use the non-symmetric RBF-PS method
even though this may not be warranted theoretically.
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Solving PDEs via RBF-PS Methods MATLAB Code

Program (LRBF .m)

function [L,x,y] = LRBF (N, rbf,Lrbf,ep)
if N==0, L=0; x=1; return, end
x = cos (pi*x (0:N)/N)” % Chebyshev points
y = %; [xx,yy] = eshgrld(x v);
= [xx(:) yy(:)];

r = DlstanceMatrlx(p01nts points);
A = rbf(ep,r);
AL = Lrbf(ep,r);

1
2
3
4
5 points
6
7
8
9 L = AL/A;
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MATLAB Gode
Summary

@ Coupling RBF collocation and PS methods yields additional
insights about RBF methods

@ Provides “standard" procedure for solving time-dependent PDEs
with RBFs

@ Can apply many standard PS procedures to RBF solvers, but now
can take advantage of scattered (multivariate) grids

@ RBF-PS method for ¢ = 0 identical to Chebyshev-PS method and
more accurate for small ¢

@ RBF-PS method has been applied successfully to a number of
engineering problems (see, e.g.,
[Ferreira & F. (2006), Ferreira & F. (2007)])
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Solving PDEs via RBF-PS Methods MATLAB Code

Future work:

@ Need to think about stable way to compute larger problems with
RBFs (preconditioning) — especially for eigenvalue problems

@ Need efficient computation of differentiation matrix analogous to
FFT

@ Can think about adaptive PS methods with moving grids
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