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Binary unlabeled ordered trees (further called binary trees) were studied at least since Euler, who enumerated them.
The number of such trees with n nodes is now known as the Catalan number. Over the years various interesting
questions about the statistics of such trees were investigated (e.g., height and path length distributions for a randomly
selected tree). Binary trees find an abundance of applications in computer science. However, recently Seroussi
posed a new and interesting problem motivated by information theory considerations: how many binary trees of a
given path length (sum of depths) are there? This question arose in the study of universal types of sequences. Two
sequences of length p have the same universal type if they generate the same set of phrases in the incremental parsing
of the Lempel-Ziv’78 scheme since one proves that such sequences converge to the same empirical distribution. It
turns out that the number of distinct types of sequences of length p corresponds to the number of binary (unlabeled
and ordered) trees, 7),, of given path length p (and also the number of distinct Lempel-Ziv’78 parsings of length
p sequences). We first show that the number of binary trees with given path length p is asymptotically equal to
T, ~ 2%/ (g2 P) (140005 */% ) Then we establish various limiting distributions for the number of nodes (number
of phrases in the Lempel-Ziv’78 scheme) when a tree is selected randomly among all trees of given path length p.
Throughout, we use methods of analytic algorithmics such as generating functions and complex asymptotics, as well
as methods of applied mathematics such as the WKB method and matched asymptotics.
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1 Introduction

Trees are the most important nonlinear structures that arise in computer science. Applications are in
abundance (cf. [[15} [17]); in this paper we discuss a novel application of binary unlabeled ordered trees
(further called binary trees) in information theory (e.g., counting Lempel-Ziv’78 parsings and universal
types). Tree structures have been the object of extensive mathematical investigations for many years,
and many interesting facts have been discovered. Enumeration of binary trees, which are of principal
importance to computer science, has been known already by Euler. Nowadays, the number of such trees
built on n nodes is called the Catalan number.

Since Euler and Cayley, various interesting questions concerning statistics of randomly generated bi-
nary trees were investigated (cf. [9, [15] 117, 24} 126l 27]]). In the standard model, one selects uniformly a

tree among all binary unlabeled ordered trees built on n nodes, 7, (where |7, = (2:) —1_ —Catalan

n+1

number). For example, Flajolet and Odlyzko [6]] and Takacs [26] established the average and the limiting
distribution for the height (longest path), while Louchard [[18} 19] and Takacs [25} 26, [27]] derive the lim-
iting distribution for the path length (sum of all paths from the root to all nodes). As we indicate below,

these limiting distributions are expressible in terms of the Airy’s function (cf. [} 2]).
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While deep and interesting results concerning the behavior of binary trees in the standard model were
uncovered, there are still many important unsolved problems of practical importance. Recently, Seroussi
[22], when studying universal types for sequences and distinct parsings of the Lempel-Ziv scheme, asked
for the enumeration of binary trees with a given path length. Let 7, be the set of binary trees of given path
length p. Seroussi observed that the cardinality of 7,, corresponds to the number of possible parsings of
sequences of length p in the Lempel-Ziv’78 scheme, and the number of universal types (that we discuss
below). We shall first enumerate 7,, (cf. also Seroussi [23]]), and then compute the limiting distribution of
the number of nodes (phrases in the LZ’78 scheme) when a tree is selected uniformly among 7,,. To the
best of our knowledge these problems were never addressed before, with the exception of [22]. We show
below that they are much harder than the corresponding problems in the more standard 7. model.

As mentioned above, the problem of enumerating binary trees of a given path length arose in Seroussi’s
research on universal types. The method of types [4] is a powerful technique in information theory,
large deviations, and analysis of algorithms. It reduces calculations of the probability of rare events to a
combinatorial analysis. Two sequences (over a finite alphabet) are of the same fype if they have the same
empirical distribution. For memoryless sources, the type is measured by the relative frequency of symbol
occurrences, while for Markov sources one needs to count the number of pairs of symbols. It turns out (cf.
[12]) that the number of sequences of a given Markovian type can be counted by enumerating Eulerian
paths in a multigraph. Recently, Seroussi [22]] introduced universal types (for individual sequences and/or
for sequences generated by a stationary and ergodic source). Two sequences of the same length p are said
to be of the same universal type if they generate the same set of phrases in the incremental parsing of the
Lempel-Ziv’78 scheme. It is proved that such sequences have the same asymptotic empirical distribution.
But, every set of phrases defines uniquely a binary tree of path length p [L1} [22] (with the number of
phrases corresponding to the number of nodes in the 7,, model). For example, strings 10101100 and
01001011 have the same set of phrases {1,0, 10, 11,00} and therefore the corresponding binary trees are
the same. Thus, enumeration of 7, leads to counting universal types and different LZ’78 parsings of
sequences of length p.

Let us now summarize our main results. It is easy to see that the generating function B(z,w) =
> np>00(n, p)z"w? of the number b(n, p) of binary trees with n nodes and path length p satisfies the
following functional equation [[15]]

B(z,w) = 1+ 2B?(zw, w). (1.1)

Observe that this equation is asymmetric with respect to z and w. When enumerating trees in 7,, we set
w = 1 to get the well known algebraic equation B(z,1) = 1 + 2B?(z, 1) that can be explicitly solved
as B(z,1) = (1 — /1 —4z) /(2z) leading to the Catalan number. A randomly (uniformly) selected tree
from 7.* has path length L,, that is asymptotically distributed as Airy’s distribution [25} 26], that is,

Pr{L,/V2n3 < z} — W(z)

where W (z) is the Airy distribution function defined by its moments [7]. The Airy distribution arises in
surprisingly many contexts, such as parking allocations, hashing tables, trees, discrete random walks, area
under Brownian bridge, etc. [[7, 18,116} 18} 19} 25,126} 27]].

Setting z = 1 in (I.I) we arrive at

B(1,w) =1 + B*(w,w)
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which is not algebraically solvable. Observe that the coefficient of B(1,w) at w? of Y., b(n, p) enu-
merates binary trees with given path length p. We denote the set of all such binary trees as 7, and study
in this paper its combinatorial and statistical properties. We shall show (and also give explicitly the error
term, which involves the Airy function) that

T, = |T | = 1721%2 P (1+°1 log™%/% ptezlog™! p+O(log™*/? p))
p p

~ (logy p)\/7p

for large p, where c; and c, are explicitly computable constants. Seroussi first conjectured the form of
the leading term in the exponent of the above asymptotic result, proved an upper bound of that form,
and has recently obtained [23] a proof for the matching lower bound, using information-theoretic and
combinatorial arguments for t-ary trees.

In this paper we further analyze the random variable N, representing the number of nodes in a randomly
selected tree from the assembly 7,,. We show that (N, — E[N,])//Var [N,] is asymptotically normal.
Finally, after deriving various asymptotic expansions for B ( ) = Zp>0 wPb(n,p), we analyze the
number of trees b(n, p) with n nodes and path length p for various ranges of n and p. We also obtain b(n, p)
in the asymptotic matching regions for various scales. In passing, we point out that T, = |7, | corresponds
to the number of distinct universal types in Seroussi’s sense and the number of distinct parsings of binary
sequences of length p, while b(n, p) enumerates the number of Lempel-Ziv’78 parsings with n phrases.
Observe that then NV, represents the number of phrases in LZ’78 parsing of a sequence of length p in the
7, model.

The functional equation (I.1) falls into the class of quicksort-like nonlinear functional equations (cf.
[LOL 18} 17, [13L 120% 21]]) that is still not fully analyzed (with some exceptions like the linear probing algo-
rithm [8} [16]). Nonlinear functional equations of type are not particularly suitable for analytic tools
which work fine for linear functional equations (cf. [9, 24]). Therefore, we turn to methods of applied
mathematics such as matched asymptotics and the WKB method [3]. These make certain assumptions
about the forms of some asymptotic expansions and their asymptotic matching. When stating our main
results (see Result[3]in section[2), we discuss the assumptions in more detail. The methods we use are ana-
lytic methods that are especially suitable for problems that cannot be solved exactly by transform methods
(cf. [13,114]).

The WKB method [3} 24] was named after the physicists Wentzel, Kramers and Brillouin. It assumes
that the solution, B(&;n), to a recurrence, functional equation or differential equation has the following
asymptotic form

B&n) ~ O [4(€) + AV + AP+ |, oo

where ¢(&) and A(€), A (€), ... are unknown functions. These functions must be determined from the
equation itself, often in conjunction with another tool known as the asymptotic matching principle (cf.
(3.

The outline for the paper is as follows: In Section[2] we present our main results and their consequences.
In particular, we enumerate the number of binary trees of given path length and count the number of nodes
in a randomly selected tree in the 7, model. Derivations are given in Sections Numerical studies are
discussed in Section
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2 Summary of Results

We let b(n, p) denote the number of binary trees with n nodes and path length p. This function satisfies
the recurrence relation

bn,p) = > ST blkrb(t,s), n>1

k+l=n—1r+s+n—1=p

with the boundary conditions
b(0,0) =1; b(0,p) =0, p=>1.

The generating function
Bp(w) = b(n,p)uw”
p=0

becomes

Biii(w) =w" ZBg(w)Bn,g(w), n>0 2.1
=0

with Bo(w) = 1. Furthermore, the double generating function

B(z,w) = Z Zb(n,p)w”z” = Z 2" By, (w)
n=0 p=0 n=0
satisfies the functional equation
B(z,w) = 1+ 2B?(zw, w). (2.2)

We shall mostly analyze (2.1), and then obtain asymptotic results for b(n, p) by expanding the Cauchy
integral (cf. [24]])

1
2mi

b(n,p) = /C B, (w)w P dw. (2.3)

Here C is any closed loop about the origin in the w-plane.
We can solve (2.2) when w = 1, noting that B(0, 1) = 1, to obtain

B(z,1) =a(z) = 271z [1-V1-4z
and thus
> ! a(z) , 1 [2n
;b(n,p)M/Czn+1dz3n(1)n+l(n> (2.4)

is the Catalan number. This gives the total number of trees with n nodes, regardless of the total path
length. By expanding (2.2) about w = 1, with

B, (w)

tn + by (w— 1) + %cn(w S 124 0((w— 1)) 2.5)

B(z,w) = a(z)+b(z)(w—1)+ %c(z)(w — 1)+ 0((w—1)%) (2.6)
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we are led to
_ 222B(z,1)B.(2,1)  2z%a(2)d'(z)

b(z) = By(z,1 =
(2) (21) 1—-22B(z,1) 1 —2za(z)
and thus
3n+1/2n
b, = B (1 b(n,p) = 4" — , n>0. 2.7
§pnp n+1<n) n>0 (2.7)

This gives the average total path length. Higher-order moments can be obtained in a similar manner. In
particular, we obtain

cn = BI(1 Zp — 1)b(n,p)
13 10 , 44 2
_ _m (13 a2 > 0. .
4 <2n+4)+(n>[3 +3 +2+n+1] n>0 2.8)
Asymptotically, for n — oo, we obtain from (2.4), (2.9) and (Z.1I0) via Stirling’s formula
4m 1
3
by = 4"|1-—=+0(n" 2.9
— + (n )] (2.9)
10 13
— 4n 3/2 _ 2 .
Cn —3ﬁn 5t O(\/ﬁ)}

The constants b,, and c,, are related to the first two moments of the Airy distribution (cf. [7] and [25])).
We can easily show that for each j

B7(Lj+1) (1)
BY (1)
It is known [[18 19} 25| 26] that the distribution of the total path length L,,, that is,

= 0(n*?), n — . (2.10)

Pr{L, = p} = Of(”i’p) @2.11)

> b(n,p)
p=0

follows an Airy distribution as n — oo, and most of the mass occurs in the range p = O(n*/?). In
particular,

E[L,] = +mn®?+0(n),
Var [L,] — (1;—70 nd 4+ O(n®/2).

More precisely,

Pr{L,/V2n3 < 2}-5Pr{A < z}
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where — denotes convergence in distribution and A is the random variable possessing the Airy distribu-
tion. It is characterized by moments [[7]]

~I(-1/2)

ElAT] = T((3r—1)/2) "

where (,. are determined by the recurrence
r—1 r
QQT = (37“ - 4)TQT_1 + E () QjQT—j) r Z 1
: J
Jj=1

with g = —1. Following Flajolet and Louchard [7] we observe that

r P 1 1 3
ZQT%:_Ma ¢, = oIy <+V7—1/;w)
>0 r @_1/3 (U}) 2 2 2
where b 0 b(bat 1
2F0<a’b;z):1+a17'lz+a(a+ )2' ( + )22_'_
is the generalized hypergeometric function (cf. [1]), and the above is a formal power series (that actually
diverges).

A more difficult problem studied in this paper is to investigate the distribution of the number of nodes
in trees of a fixed path length p, that is, for the ensemble 7,,. Let IV, be the number of nodes for a tree
uniformly generated from 7,,. It is a random variable distributed as

Pr(N, =n} = 2

> “b(n,p)
n=0

We shall compute this distribution asymptotically, and also obtain the asymptotic structure of b(n, p) for
various ranges of n and p. We note that the sums in (2.11) and (2.12)) are actually finite, since b(n, p) is
only non-zero in the range

2.12)

> 1085 ] = pmin(n) < p < pmax(n) = (Z) (2.13)
J=2

Here pmin and pnax are the minimal and maximal total path lengths possible in a tree with n nodes.
If we view the problem as having p fixed and varying n, then b(n,p) is non-zero in the range n €
["min (P); Pmax(p)] Where

i) = minf s () > 1)

and

Nmax(P) = max {n : ZUog2 J| < p}.

J=2
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2

Asymptotically, for n — 00, [Pmin; Pmax) ~ {n logy 1, 2} and, for p — 00, [Nmin, Mmax] ~ [ /2p p

We now summarize our main results. Our derivations are quite complicated, and are delayed until
Sec. In passing, we should add that we use ideas of applied mathematics, such as linearization and
asymptotic matching. We shall make certain assumptions about the forms of the asymptotic expansions,
as well as the asymptotic matching between the various scales. In particular, we shall use the WKB
method discussed in the introduction.

We next formulate our main result concerning the cardinality of 7,,.

Result 1 The total number of trees of path length p is, for p — oo

= ) = e [T (1 S+ @ + 0@ 7))
n=0

logy p)/Tp logy p
(2.14)
where Q = log p and
M(Q) = (logQ)(1+ Ajlog2) —loglog2 + (k2 — A;loga)log2, (2.15)
2 1 1
Ag = S4'8rg| =2.4743..., A = — = =1.1093... 2.1
0=73 |70l 3., A g2 3 093..., (2.16)
a=2(log2)? =.96090..., 79=max{z:Ai(z)=0}=-2.3381...,

Here ko = 3.696 is obtained by numerically solving a nonlinear integral equation, and Ai(-) is the Airy
Sunction [2]], defined as a solution of the differential equation " — zf = 0 that decays as z — .

It follows that the exponential growth rate of the total number of trees of path length p is

log [Z b(n, p)] ~ éQ(log 2)2 (2.17)

with the correction terms involving the least negative root of the Airy function. This result was also
recently obtained by Seroussi [23]]. We will indicate how to formally obtain further terms in the asymptotic
series in (2.14).

Next, we discuss the random variable N,,. Let

> _nb(n,p) S (0 — N())*b(n, p)
N(p) :=E[N,] = "52———,  V(p) := Var [N,] = "=

> b(np) > b(n,p)
n=0 n=0

"logsp |’
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Result 2 With the notation as above, we find that

log2 Ay M(Q) — A log?2

N(p) = glog? [1— s + L AL +O<Q—4/3)}, 2.18)
p (log2)A 34, (a\"? _

Vip) = Q5/3T/30 _Aol<Q) +0@Q ), (2.19)

where Ay, Ay are defined in (2.16) and M (Q) is given by . Furthermore, the limiting distribution
of Ny, is Gaussian, that is,

Pr{N, =n} = oi)(mp) ~ !

27V (p)
b(n,p)
2t

exp {_ , (2.20)

forp — oo andn — N(p) = O(V'/*(p)) = O(y/p(log p)~*/%).
We note that while the most important scale for (2.11) is p = O(n?/?), that for (2.12) is
p =nlogyn + O[n(logn)'/?],

which is close to the lower limit p,i, (1) (or upper limit n,,.x(p)) of the support of b(n, p).

The above results are derived through the following main technical result. It gives detailed asymptotic
results for the solution B,,(w) to (2.1) as n — oo, for various ranges of w.

This main result makes certain assumptions about the forms of various asymptotic expansions and
the matching between them. Specifically, the result in item (&) below assumes that the function in (3-1)
has the limiting behavior in (3:3). The result in (b) is based upon the WKB expansion in (#.9), while
(220) assumes the asymptotic matching between the ranges in (a) and (b). To obtain the result in
we assumed that the function in (5.2) has an expansion of the form (5.101). The asymptotic matching
assumption between ranges (b)) and (c) determines a multiplicative constant in (2.2T) The result in part (d)
assumes the limit in (6.3)), and (2:29) (respecively, (2.30)) assumes asymptotic matching between ranges
(d) and (&) (respectively, (). The expansion in region () assumes the WKB form in (7.1).

Result 3 Consider binary trees with path length equal to p. Let B,,(w) be its generating function satisfy-
ing ([2.1). Then for n — co we have the following asymptotic expansions.

(a) far right region: n — oo, w > 1

B, (w) ~ w(g)Qn_lB*(w) 2.21)
where B, (w) satisfies
B.(w)=1+ L + ! +O0(w™?) (2.22)
— T N )
«(w 10 20z w™ ), w— o0;

w—1

B, (w) ~ divw — 1 exp (do> , w— 17, (2.23)
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log 2 € 4
do = — > d¢=58224.... dy=—0e™/2=21350... . 2.24
0 /0 65—1 g 5 1 \/ﬂe ( )

The numerical calculation of B, (w) is discussed in Sections and @

(b) right region: w =1+ 5/n, 0 < 3 < o0

By (w) ~ \/fm exp[n(5)) (2.29)
where
1 log 2
®(B) = log2+§+3/l (1= o) ef_ldgzlog2+§+¢(ﬂ),
—log(l—5e™

. g\ 3/2
§0) = e et (FZE0) e | g0(9) + yoe (1 57 |.

™ 2—e B
(c) central region: w = 1+ a/n/?, —co < a < 0o
1 2n 4n 1
_ s = (D) -1
B, (w) = o (n> + 7 {C(a) + \/ﬁc (a) + O(n )], (2.26)
where
Cla) = (~a)D((-a)**) = Y*2D(Y), ¥ = (~a)*/%, a <0,
_ 1 Ai'(471/35)
DY) = — Y |2 423 | (.
(¥) omi /BT © [ Vet Ai(4-1735) | ©°
Here Br is a vertical contour on which R(s) > 0, and /s is analytic for ®(s) > 0 and positive for s
real and positive. An alternate expression for the leading term is, for a = —Y3/2 < 0,
4 d [1 42/3 A/ (471/35)
B, ~N —(—q)— | — -\ 2 sYy
(w) n3/2( a)dY {2772' /BT s Ai(4-1/3s) ‘ S]
4n+1 o /3 (227)
= W(—G)Z exp(—|r;[4 / Y)
j=0
where O > 19 > 11 > r9 > ... and r; are the roots of Ai(z) = 0. The correction term has the
integral representation, for a < 0,
_ Y?
CV(a) = —aDy(Y) = — / eV E,(s)ds, (2.28)
211 Br

5 W(s)\> 4 [ (W(v)3
Els) = 2”8<h<s>> ww ) he

= ek (f; 8>2 14 <’;'((j)))2 log[h(s)] — slog[h(s)]

h2(v) loglh(v)]dv,  h(s) = Ai(4=1/3s).
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For a > 0 we let a = 3*/? withy > 0 and the leading term is

4n a > e 4a [ el (wT) 2
By (w) ~ dr — = mi/6 T e Y| g 2.2
(w) 37 (ﬂ_241/3 /0 hr () T ; R |:6 h(wr) e ] T> (2.29)

where w = exp(2mi/3).

(d) left region: w =1—~v/n, 0 < v < o0

4"7.
By(w) ~ — expluon'/*y*/* + vy logn] Fo(7),
Fo(y) = 4yFi(v), (2.30)
1
v = 413rg = —413ro|, 1y = —3

where F () satisfies the non-linear integral equation

e’ —1 1
BG) = [ RGoRG - e 105,
0 2.31)
H(z) = zlogz+ (1—x)log(l—x)
and behaves, for v — 0t, as
2
Fi(y) =1 - 37logy + a1y +0(7)
where
o T+ log[ (s0)] ! / " 2(0) loglh(v)]dv = 2.9622
1 = - — YE 0 _— - . ey
2 40 (s0)]? Js, (2.32)
so = 4Y3ry, g = Euler’s constant = .57721 ... .
For v — oo we have
1 ek 1 1
F ~N— - — — 1 2.33
where ko ~ 3.696 is found numerically (cf. Sections[6]and[9).
(e) far left region: n — oo, 0 < w K 1
B, (w) ~ en(log2 n) log wen[g(w)JrBS (w,n)]nlog2 w(27.rn)71/2
(2.34)

- . 1
P P 55 gy Bt ) = B ).
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Here
Bi(w,n) = ng 2mi(logy )k
Ty
Bi(w,n) = lig; Z kgp (w)e2mi1osz Wk (2.35)
Bi(w,n) — l2m i [2772 B2 k] gr (w)e2miioss mk
og 2 W log 2

and g(w) has the asymptotic expansion

1

1
— 1/3 —w)2/3 - - — 1—
g(w) =logd +4"ro(1 —w)*'" + <10g2 3) (w—1)log(l —w)

—ko(w—1)+o(w—1), w—1".

(2.36)

The numerical calculation of g(w) is discussed in Sections []]and [0} The sum in B omits the term
k = 0 and the non-constant Fourier coefficients gi (w) satisfy gi(w) = o(w — 1) as w — 1~. Numerical
studies show that unless w is very small, the gi(-) are very small and we can use the approximation

Bn(U)) %wnlogzn (n+1)g(w) logzw —1/2 241553, / IOgQw (2.37)

This corresponds to neglecting B} in (@) forj =0,1,2.

We comment that our analysis suggests that yet another scale exists, which has n — oo and w — 0
simultaneously, and where a different expansion for By, (w) is needed. We have not been able to analyze
this scale, but it is not needed to obtain the asymptotic results for the number of trees of a given total
path length. For this the important range is the asymptotic matching region between the left and far left
regions, corresponding to w — 17, but n(1 — w) = v — +oo. Since we have explicit analytic results
for g(w) as w — 17, and gx(w) — 0 for k # 0, we can use the above results to obtain the explicit
expressions in (2.14) - (2.20). To obtain the distribution of the path length in trees with n (— co) nodes,
the central region (c) is the most important, and the leading term corresponds to (the transform of) the
Airy distribution.

We next give results for b(n, p) for n and p — 00, and summarize the main results as items (A)-(E)
below. Going from (A) to (E) corresponds to increasing n or decreasing p.

Result 4 Consider binary trees built over n nodes with path length p. Let b(n,p) denote the number of
such trees. Then we have the following for p,n — oc.

(A)

n

2)—L, L=0(1), L>0

o=

1
b(n,p) ~ 2"~ 127” / w1 B, (w)dw (2.38)
c

where C'is a closed loop with |w| > 1 and B, (w) is as in (a)) in Result[3]
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(B)
1
p,n — oo with A = p/n? € (O, 2)

2 1—eP\"? 1
\fﬂ*e—ﬁ*/Q i-e 1—2A —

bnp) ~ == P—r 2¢h — 1

2n+1 A | 1 5.
X 3 exp(n[ﬁ*(12 ) — 0g<126 )])

where 3. = B« (M) is defined implicitly by

log 2
32 (1—A>+ﬂ*log<1—leﬁ*):/ f d
2 2 7log(17%e*5*) et —1

(€)
p,n — oo with Q = p/n®? € (0, 0)

56 4°/%r7 644757

9 0F T8

4 1\ E
b(n,P)N*E <3Q) Z{
§=0
1\ /3
+(3Q)

Here r; < 0 are the roots of the Airy function.

(D)
p,n — oo with © = p/n/3 € (0, 00)
4n 29 |ro|?/? 16013 |ro|?
~ —7x/3 0 _ 0
b(nap) n13/6n K 34\/77_ @5 Fl(’}/*) exp |: 2792
_ 32]ro)?
T T 97 68
where Fy () satisfies (cf. item (d) in Result[3).
(E)
p,n — oo withp = nlogyn + an, a = O(1)
n10g2 Wi w2+@ (w2)
b(n,p) ~ * eI\ /—log, Wy
(n,p) = —— PERTEIo v/ —logy

x exp [ng(wy) — nalogw,]

where w, = wy () is the solution to w,.g' (w.) = a.

r242/3
Ai( f
34/30)4/3

@41/:%, . %44/37?; A 7,]242/3 exp _8|rj|3
3 Q2 27 Q4 34/304/3 2702
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(2.39)

(2.40)

(2.41)

(2.42)
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From item (C)) the Airy distribution can be recovered by dividing by the expansion of a,, in (2.6). Then
becomes of the form n~3/2 times the Airy density.

In obtaining (2.42) we used (2.34) in (2.3) and neglected the non-constant terms in the Fourier series,
which are numerically small. Then we evaluated the integral by the saddle point method (cf. [24]).
A refined approximation that uses also the non-constant terms in the Fourier series’ in (2.35), can be
obtained by using in . We can also obtain an O(n~'/2) correction term to the Airy distribution
in by using the correction term (i.e., C’(l)(a)) in in asymptotically inverting . Our
approximation(s) to b(n,p) involve the unknown functions B, (w), F;(v) and g(w), whose numerical
calculation we discuss in Section

In view of the complexity of the results in items (A)-(E), we can get more insight into the structure
of b(n, p) by giving formulas that apply in the asymptotic matching regions between the various scales.
We summarize these below, with the notation (AB) denoting the asymptotic matching region between the
scales in (A) and (B) , and so on. Note that the (AB) result can be obtained by either expanding (2.38) as

L — oo (using ), or by expanding (2.39) as A — (1) .

Result 5 The following matching asymptotics hold:

(AB)
n

it !

1
oo A

o /2y \Y? 1 Nz RN 1 [ 2d,
~— 2do(1 — 2A) — = 2.4
b(n,p) ~ — (12/\) =55 &P | ™ do( ) =5\ T on (2.43)

where dy is given in (2.24).

(BOC)
n,p — o0; A =p/n? — 0, Q:p/nS/QHoo
4" 9v3 3 5\ 4"9V3 _, 3
(CD)
n,p — 00; sz/n3/2 — 0, @:p/n4/3 — 00
b(n.p) A P2 20 T 1601’
P ni3/6 @5 3i/x 2702 245
R R o '
T oW si/r O o2
(DE)

4/3

n,p — o00; O =p/n*’° —0, a =p/n—logyn — o
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b(n,p) ~ ! |r0|3 ! 64 exp {nlog4 — Elogn
’ n13/6 ©7/2 1,/log2 9v/3 3

3 log2 T IO8 T TR T 9 T e

where v, is given below (2.41)).

We will show in Section [8]that the asymptotic matching region (DE) leads to the Gaussian distribution
in (2:20). Note that in each of the four matching regions, our results are completely explicit functions of n
and p. The result in (BC) (resp., (CD)) gives the right (resp., left) tail of the Airy distribution in @) The
right tail has not been characterized this precisely in previous studies [5] (cf. also [[7, 18} [19] 25} 26} 27])).

(2.46)

3 Far Right Region

We consider (2.1)) for a fixed w > 1 and n — co. We set

Bn(w) = w2715, (w) 3.1)
to find that (2.I) becomes
Bppi(w) = 2> w " OBy(w)By_(w)
=0

e N

[2Bo(w) By, (w) + 2w' ™" By (w) B, 1 (w)
+2w 2" By(w) By o (w) 4 -+ -]. (3.2)

But By(w) = By (w) = 1 and Ba(w) = 2w so that (3.1)) yields

B()(’w) = 2, Bl(w) = 1, Bg(w) =1 (33)
and (3:2) becomes
_ _ 1 _ 1 =
Byia(w) = Bu(w) = gw' ™" By (w) + Jw' " By s (w) + O(w ™) (3.4)
whose asymptotic solution is
B, (w) = Bi(w) + O(w™") (3.5)

for some function B, ().
From (2:1) we obtain the first few B, (w) as

Bi(w) =1, Bo(w) = 2w, Bz(w) = w? + 4w?
By(w) = dw* + 2w® + 8uw°
Bs(w) = 6w® + 8w” + 8w® + 4w’ + 16w (3.6)
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(@) R[Bx(w)] (b) S[Bx(w)]

Fig. 1: Plots of R[B.(w)] and S[Bx«(w)] for 1.5 < |w| < 4.

and it is easy to inductively establish that for w — oo and fixed n

By (w) = 27 1w(3) 4 2n=34(3)-1 4 9n=2,(5)-2 4 0 (w(’z‘)—S) , (.7)
for n > 4. By comparing (3.7) to (3.1)) with (3:5) we conclude that
B.(w) 14— 4L +O0(w™?) (3.8)
* = —_— —_— s — . .
w 1ot 52 w w — 00

In section[d] we will argue, by asymptotic matching, that as w | 1 we have

B.(w) ~ divw —1 exp (wdol) ,w— 1T 3.9)
where the constants dj and d; are given in (2.24). We have not been able to determine B, (w) analytically
except for its behaviors as w — oo and w | 1. It can easily be obtained numerically by fixing w > 1 and
iterating (3.2) until B,,(w) settles to a limit to some prescribed accuracy.

In Table we give B, (w) for w in the range [1.04, 5]. We note that the convergence of this procedure
becomes very slow (and B, (w) becomes very large) when w exceeds 1 only slightly. This is certainly
consistent with the asymptotic analysis, that predicts another scale where n — oo with n(w — 1) fixed.

Our analysis thus far assumed that w is real. However, the same arguments show that (3.1) remains
valid for complex w with |w| > 1. We can also use to calculate B, (w) for complex w with |w| > 1.
In Figure T[] we plot R[B, (w)] and S[B. (w)] for 1.5 < |w| < 4. These surfaces are viewed from the +u
perspective, where w = u + v.

With (1) and (3-3) we can infer the behavior of b(n, p) for p close to pmax(n) = (5). Setting

L= <Z>—p:O(1)

we obtain from (2:3)

- / wLilB*(w)dw, n — 0o, (3.10)
c
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Tab. 1:

w B.(w)

5 1.0757
4.5 1.0884

4 1.1060
35 1.1319

3 1.1735
2.5 1.2500

2 1.4306
1.8 1.5922
1.6 1.9184
14 2.8430
1.2 10.088
1.18 13.502
1.16 19.502
1.14 31.426
1.12 59.739
1.10 148.17
1.08 587.3
1.06 5981
1.04 | 6.55 x 10°
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where C'is a closed contour on which |w| > 1. We can use (3.8) to compute (3.10) for L = 0,1,2,...,
and in Section 4] we will obtain the asymptotic behavior of the integral as L — oc.

4 Right Region

We consider the limit w | 1 and n — oo with

n(w—1) =4 =0(1), 3> 0. 4.1)
We let
Bn(w) = f(B;n) = f(n(w —1);n) 4.2)
with which (2:T) becomes
nn/2
f(ﬂJrﬂ;nJrl) —2(1+ﬂ> ZBe (1+ﬂ> f(ﬂ(lg) ;né) . (4.3)
n n) n n

We used the symmetry of the sum in (2:1)) to truncate the upper limit on the sum in @3)) at £ = n/2. To be
more precise, we should distinguish the cases where n is odd or even, but it will become apparent that for
n — oo the asymptotically dominant terms in (.3) are those with £ = O(1), and the terms near ¢ = n/2
are exponentially smaller than the dominant ones. We also note that in (#.3)) we re-wrote only the second
factor in the convolution sum in (2:1)) using the scaling in @.1)) and @#.2).

The behavior of By(w) for fixed £ and w — 1 follows from (2.3), and we have

By (1 + 5) =a;+ bgé +0(n™?) (4.4)
n n
where 1 (20 30+1/2¢
_|_
=— =4t =1 4.
e e+1<e)’ be £+1<£> 45)
and these have the generating functions
= 1
D ait = % [1-V1—4z] (4.6)
£=0 i
- 1 1 3
bzt ==[1-vV1-4 - . 4.7
o A @
We also have
n 2
<1 + 6) =ef {1 _& + O(nQ)} , M — 00, (4.8)
n 2n

We assume, for fixed § > 0 and n — oo, that f(3;n) has an expansion of the WKB form

i) = POz [g(5) + g0 (3) + 0| @9)
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The factor n~ /2 must be included in order to asymptotically match to another expansion that applies for
w — 1 = O(n3/2). This is the “central region” analyzed in section In section@we provide numerical
justification for the ansatz [@9). The numerical studies suggest, however, that the ratio of the correction
term to the leading term in [@.9) is larger than O(n~"), perhaps O(n~'/2). Thus the series in @9) may
actually be in powers of 7~ /2 rather than n~'. However, this will not affect our calculation of ®(/3) and
9(8).

We use (@.4) and @I) in (@3) and extend the limit on the sum from /2 to co. We note that

exp [(n +1)® (ﬁ + iﬂ (n+1)"1/2 [g (ﬁ + i) + Lg(” (ﬂ + i) + O(n_2)}

n+1
— o ®(B) B (B)+0(B),,~1/2 [1 n % (B(I>’(ﬁ) " ;52¢,/<ﬁ))] [1 N 2171]
< |o8)+ 260 E) + 893 + 007 @10
and
n/2
o2
=0
n/2

Il
(]

O [Bg(l) O O(nz)] Jﬁ exp {W -0 < B ﬁm

9(8) + L (a1 (3) - 8 (8)) + O(n‘?)}

o~
I

1
n

X
—

oo

, 0

= 12y () [aé L gbf] [1 n 271] o2 (8)
=0

y [ ﬁ2£2 5@2
2n

1w )] |14 2w )] [o6) + 160 0) - 1898 + 007 @i

Dividing (43) by 2(1 + (3/n)™ and letting n — oo we obtain, after cancelling the common factor
n~1/2 exp[n®(3)], the limiting equation

1 / > ,
—e PefYHP = Z age_é(m’ o), 4.12)

2
£=0

The above is a non-linear ODE for the function ®((3), which is in view of {#.9) the exponential growth
rate of B,,(w) on the $-scale. Using (&.6) to evaluate the sum in {.12)) leads to, after some simplification,

1 1
—_ 7ﬁ = — — — _(5@)/
5¢ {1 v1-—4e } (4.13)

2
or

(3®) =log4 + 24 — log(2¢” — 1). (4.14)
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Equation @.14) integrates to

o(p) = log4+6—f/ log(2e” — 1)d

_ p / [
= 10g2—i—2 3/, log [ 1 5€ dv

= log2+ g + ¢(B) 4.15)

B log 2
¢
o(B) =—— log (1 > dv = ﬁ/ 7 (4.16)

log 1,,6

where

We note that ®(3) = ¢/[3 is a homogeneous solution to (@.14), but such solutions must be discarded since
asymptotic matching to the central region (w — 1 = O(n~3/2)) will force ®(3) to be bounded as 3 — 0F
(in fact ®(0) = log 4).

We next determine g(/3) in @9). Using @.8), @10), and @1T)) in (&3], we obtain, at order e"*n~1/2.

n~!, the linear equation

1 _ 52 ﬂQ 1 = PRy Y.
Jéj (5<I> " l ro_ _ _nl L(B3P) L(BP)
€ [ﬁg + ( " + 30" + 5) 9 = Bg Z&ue +ﬁgage
=0 =0
+gZae ( 5 e i ) et (4.17)

Note that in view of @12) g(*) drops out of {17). The latter is a simple first order linear ODE since we
have determined ®.
To integrate (#.17) we define the sums

Si(B) =3 Fawe 0P j=0,1,2 4.18)
(=0
B) =" bee PP, 4.19)
Setting
_ ey _ 1 _p -8
z=c¢e =—-eP2—-¢e")
4
we have
iz ag = So(B) = 2 ) (4.20)
2—e P

£=0
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By differentiating (4.6) we have

o0 , B B 5 1 2
2 =50 = =g <1+m>

1 1 2
T 4\1—eB 2—eB)"

Also, by differentiating Sy with respect to § we obtain

So(B) = =D U(B®) ae P = —(38)" S (B)
=0
and then

S5(8) = [(B®)"12S2(8) — (B®)"S1(8).
Using (@.20) - (#23) in #.17) and noting that %24)” + B = g(ﬂ@)” leads to
" a0+ (Begay 82 -1\, — So a5
® {69 + (2(@) +5 2) g} = BgTo+ (ﬂq)),,ﬁg 2(50)7"
ﬂ 1

+ g Gaplsh + (99" Silg

But, @#12) yields Se=7e(#®)" = S and then we set

with which #.24) becomes
So |98 S0 . S0+ 51(88)"
So — 0 ] SRILARY (Y )] 4 202U
0= G iy = 30 00 B
From (@.14) and (#.20) we obtain

2¢= P

%= TG -

(/8@)///
and

So B 1
(8D)" 1 —e B

So —
Also, @7) yields

To(B) =

2—e B (1—eB)2 1—¢F
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4.21)

4.22)

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)
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Combining @27) - @#29) in (#.26) and multiplying the equation by 1 — e~ leads to
1—e? 2
2 _
(ﬂ + 2 — e—ﬂ)

JgB) 1 41 —e )
a3 _3+1—e_5 2—eB  2—eB
1 -85 12
+ 2(1 e e {(1 e 2= 65)2] (4.30)
4.31)

and this integrates to
B\ ?/?
LAy —p2/a,—p2 (L= g L 5\ .8
§(B) = (const.) e e <2—e—ﬁ exp 210g 1 5¢ +2¢(,6’)

where const. is an arbitrary constant and ¢((3) is defined by @.13).
We next assume that (@.9) asymptotically matches to the expansion for w > 1; we write this condition

symbolically as
en®(®) \/Eg(ﬁ) (4.32)

~ w2271 B, (w)
The matching condition applies on some intermediate scale where 8 = n(w — 1) — oo but w — 1. For

w—1

B—o0

[ — oo we have
g 1 /0" ( 1 _ ) (e—ﬂ)
(f) == +log2 — — log|{l—ze " |dv+O|(— ],
(8) =5 +log ) o8 5 5
o 1
Bo(B) — —/ log (1 - 2e‘”> dv=dy=.58224. .. (4.33)
0
and thus .
9(8) ~ (const) e~ /temF2edo/2973/2 g, oo, (4.34)
For w — 1, we have
5 n(n=1) P
w3) = (1 + ) = enB/2o=B%/4o=B/2 [1 +0 ()] . (4.35)
n n
(4.36)

Using (#.33) - (#33) in (#.32)) we see that the matching is possible provided that
<d0> ,w— 1T,

t.
(cons )\/ﬁ e®/2 exp 1
w—

B, (w) ~
(w) 7
We also give numerical evidence for this behavior in Section[9] We will show in Section [3]that asymptot-

ically matching the 3-scale expansion @.9), as 3 — 07, to the central region expansion (that applies for
1) = a = 0O(1)), as a — +o0, determines the constant in #31)) and {.36)) as
(4.37)

n3/?(w —
const. = —.
Nz
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With @36) and (#.37) we obtain (2.23).

We comment that using the following ansatz

F(B;n) ~ e * TP g(p) (4.38)
in (#3), which is slightly more general than (9)), we would find that ®((3) is as in #.19), that

U(3) = Uy is a constant,

and then

9(B8) = 7" 4(8)

where § is as in (@31). Then matching to the a-scale result will show that ¥y = —1 and fix the multi-

plicative constant as in #.37). Using (@.38) and matching to the expansion for w > 1 would yield
B, (w) ~ dy(w —1)"Y° exp _do_ w— 1
* 1 w—1 ’ .
Finally, we use [.9) to calculate b(n, p) from the Cauchy formula 2:3). We write
—p—1 3
w1 (148 — e |-Pss Paio(PP)] (4.39)
n n 2n? n3

Thus if we let p, n — oo in such a way that p/n? is fixed, then e”®(?) and e=?#/™ grow at the same linear
rate in n, for 8 = O(1). Then (2.3)) will have saddle point(s) where

/ _ 1 / — :ﬂ
V(B =5+B) =A=,
or 1 1 6_5 1 log 2 C
3~ A— Blog <1 — 2) = ﬂg/_log(l_éeﬁ) el — 1dC. (4.40)

This transcendental equation has a unique real solution 5 = 3, = [, (A) that satisfies

1
ﬂ*—>ooasAT§, By —» 0T asA—0T.

In view of pax(n) in 2-13) we need only consider A € (0, 3). The steepest descent directions at

B = B, are arg( — (3.) = =% and then (#39) and (#.40) lead to the estimate

b(n,p) ~ gﬁ(ﬁ*)el\ﬁfmw exp [n <log2 + % + o(Bs) — A@)] . (4.41)

In view of (#40) we have

1

P(Bs) = (2 - A) B, —log (1 - ;e“’*) (4.42)
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and [@.15) yields
" — i _ _ #
" (Bs) = 3, [1 2A 5oh. J . (4.43)

Combining (#3T) and @37) with @.42) and (@.43), (@4T) becomes

on+l /3 —8.\ %2 1 1V2
b(nvp) ~ iﬁ* —P/2 (6 ) |:1 —2A — ]

n? 2 — e b 2ePx — 1
1
X exp {n {5*(1 —2A) — log (1 — Qeﬁ*ﬂ } , (4.44)
which establishes (2.39).

Finally we discuss the asymptotic matching between @.44), as A 1 3, and (3:10), as L — oo. We can
solve ([@.40) for 3. asymptotically, as 3, becomes large. We have

=———¢P —26 4.45
0(8) = G — 53¢+ Or(e™). = 00 (4.45)
and thus @40) becomes
1 do 1 1
Ao-=_2 — ) e P+ O0g(e?P). 4.46
5 ﬁ2+(ﬂ+2ﬁ2)e +Or(e™™) (4.46)
Here again Oy means roughly of the order, and neglects factors algebraic in 3. Inverting the relation in
(#46) we find that
2dO 1 2d0 2d0 1
N - — 1 — S AT - 4.47
p 1—2A 4d0< 1—2A+>6Xp< 1—2A s (4.47)
Using @47) in #44)) the right side becomes
V2dp2" 1 2d,
—_— —= V2dov1—2A1. 4.48
2 —2h) P | T2\ 1oea VAN (4.48)

We show that (#.48) agrees with (3:10) as L — oo. To expand (3:10) for L large we argue that there is
a saddle in the range w ~ 1 and approximate B, (w) by (3:9), which leads to the integral

n—1
2 dl/ Ww-—1 exp( do )dw (4.49)
21

d

dw

/d
wfw5f1+—+ 20

This has a saddle where

1]0:»
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and then the standard estimate for #.49) is

2nild1 |: Qdo’wg« :|_1/2 |: do
——Vwg —1|—2= —L exp | Llogwg + 4.50
o Vwg (ws — 1) p g Ws ws —1 (4.50)
For L — oo we can further simplify #.30) using
[do | do —3/2
=1 — + — L 4.51
wg + 7 + oL + O( ) ( )
and then we note that
Lo (M) e () (4.52)
o) TP PTG 2" '
With @35T), @350) simplifies to
2m dl\/ do dO 2" \/CTO
— 2/ Ldy — — | = —— 2/ Ldp). 4.53
L aym exp 05 T Vor exp( 0) (4.53)

But, if we use @352) in (#33) and expand for A — 1, n — oo withn (3 — A) — oo, we obtain precisely
(@4R). This verifies the asymptotic matching between the L-scale and A-scale results.
5 Central Region

In this section we analyze (Z.I) for w — 1 = O(n~%/2) and then obtain an expansion for b(n, p) that
applies for p = O(n3/2). We define a by

w—1 —o0 < a < 00. 5.1

T op3/2’

At times we will need to separately consider the cases a < 0 and a > 0.

We set
B N P R (
n(w) - Qnp + n3/2 n a)
1 (2m\ | 4"
= —=Ch -1 52
n+1<n)+n3/20 (™ (w = 1)) (5-2)
and note that (2:4) yields

C,(0) = 0. (5.3)

Since a,, satisfies the recurrence

ni1 =Y aran g, ag =1, (5.4)
£=0
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using (3.2) in 2:1)) leads to

/ .
ﬁaﬁl ((1 + ;>3 ) =t (14 55) 1]

5 (1 a \" ag47£ a 1 Y4 3/2
+ ( +n3/2) Z(n—€)3/2 n—t n @

£=0

n (1 n n;‘m)ng [13(71113)]3/2 Cy <(i>3/g a) Cos ((1 — f;)m a> . (5.5)

We can also write B, (w) as a Taylor series about w = 1, setting

Bu(w) =) M?’,’” (w—1)7. (5.6)

=0

In view of 2.3) we have My, = a,, My, = b,, and M5, = c¢,. By multiplying 1) by w™",
differentiating /N times with respect to w and setting w = 1, we obtain

i <]j) (1)Nz'("Jf(flV__li)!_1)!Mi,n+1 _ Zn: i (7) MMy . .7

i=0 £=0 j=0

We will obtain asymptotic approximations to C,, (a), or, equivalently, M. j,n- In subsection we shall
analyze (5.7), while in subsection [5.2] we analyze (5.3). Then in subsection [5.3] we will use the results
to obtain the approximation to b(n,p). We can also get analogous results by analyzing the functional
equation (2.2)) for the double transform; we discuss this further in Appendix [A]

5.1 Moment equations
We consider (5.7). For n — oo we write

- , 1
M, = A" N, = 4030 |, + %mi +0(n1) (5.8)
and (2:9) shows that
1 3 10 13
= my = =1, m =—— - gy = ——, .
mo = 7= Mo 0, my =1, m N W 2 (5.9)
Isolating the terms with i = N,i= N —1,and j = 0, j = N in (3.7) and using (3.8) we obtain
N—2 .
. . N (n+N—i—1) -
My p41 —nNMpy_1, N M, 5.10
Not1 —NMy_1n41 + ;(z>( ) =) e+l (5.10)
n N-1 n
1 ~ 1 N -
= 5 0,6MNn—t+ 1 <j > ZMMMN—J}TL—Z'

£=0
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Using (5.8) in the double sum in (3.10) we obtain
N-1 n N—-1 n ]
< )ZMJKMN —jn—t < >anj 1) )%(N*Jfl)mij_j (5.11)
1

j= =0
- 1
~ Z mymn_,; [/ 22011 - x)g(le)dx} n2Vp=2,
j=1 0

Here we approximated the inner sum by an integral via the Euler-MacLaurin formula. By definition (3-3),
we have My, = a,4~* and we write

M

n

S 0t N = 3 gt (e = N | + iy 3 0t (5.12)
£=0 £=0 £=0

Using the generating function a(z) below (2:3) and the estimate in (2.9) we find that
= 2

4t =2— — 402 5.13
; a T TO0T) (5.13)

Again by (5.8) and the Euler-MacLaurin formula we obtain

" . . 1 o
3 apt [MN,”_E _ MN,n} ~ n%Nn*QmN—/ s [(1 _ )3V 1} de.  (5.14)
—o ﬁ o T
We also have
_ _ 1
My pi1 —nNMy_1, = (n+1)2(N-1 {m + my + O nl] 5.15
Non+1 N—1,n+1 ( ) N NoEST N (n™) (5.15)
3 1
— nN +12(N2>[ 4+ ———my_ 1+ 0 1}
nN(n+1) MN-1 T—i—lmN 1 (n™)
_5

Using (3.11) - (3.13)) in (3.10), dividing by n> and letting n — oo we obtain the limiting equation
1 1 P a—a2)z-D_
—Nmy_1 = *ﬁmN%»mNQ\/f/o 1372 dx
N—-1 1
+ 7 ( ,>mij_j/ 2200 (1 — g)sN=3- Dy, (5.16)
=1 \J 0

which applies for N > 1. Setting
UN = MN+1 (517)
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and replacing N by N + 2 in (5.16) we obtain

3
—(N+2uny = 2\/>(N—|— Duni1 \/11\[;
i ZN: (i +1) NJ\Jfri)l gy /01 231 —2)f NV dz. (5.18)
Here we also used

/O (1= x)xiz Vo 3/01 N\/_El(l — 2)3BN=8) gy (5.19)

which follow by integration by parts.

Equation (5.18) can be recast by defining

D(y) = i 3y >0 (5.20)

G+ 1)!

Multiplying (5.18) by »2% /(N + 2)! and summlng over n, we obtain

~D(y) = — y\lf ’ d +—/ D(v)D(y — v)dv. (5.21)

In view of (5.6) we have the corresponding leadmg order approximation to B,,(w) (for n — oo with a
fixed) as

Bp(w) ~ 24” 36-014 ( -1y

n s
— J oJ
3/2 ZT
n3/ = J
4m 1 mij4+1
= —=ta —J J
n3/2 | /m = (7 +1)!
_oAr 2/3
= =73 [ﬁ—i—aD(a )|, a>0. (5.22)
We can simplify (5.18) by setting
(N +1)!
=— " VN, Vo=1 5.23
and using the identities
1 3
3 3(N_i 3 3 D(3i+1)T(3(N—i)+1)
z2 (1 —2):W-"9gy = B(i—l—l,N—i—i—l): 2
/O (1-2) 2 2 ) I'(3N +2)
1 3 3
1 sy 3 31 I (3N +3)
eNTody = B(=N+-,= | =v/n—2—2L, 5.24
/0 o ! (2 i 2) VIE (N +2) o
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where B(-,-) and I'(-) are the Beta and Gamma functions, respectively. Using (5.23) and (3.24), (3.18)
becomes

N
3 1
Vion = (3N 1) Vi b 1D Wi Vo= 1, (5.29)

i=0
Since the V; are all positive, (3.23) shows that V41 > (%N + 1) Vx and and thus

3\ T (v + 2)
Vy > <2> Ve N > 0. (5.26)

This estimate shows that the Vy grow faster than exponentially, and thus (5.25) cannot be easily solved
by generating functions, despite the non-linearity having the form of a convolution sum.
We can also rewrite (5.18) by introducing D(Y")

=Y yiu- 1>ma Zygl (1)1 (5.27)
j=1 =0
and then similarly to (5.22) we find that
4 [ 1 _
Bu(w) ~ —7 [\/7? — aD((—a)2/3)] . —a=Y3?>0. (5.28)

This gives a leading order approximation to B, (w) for n — oo and a fixed a < 0. We also note that

(oo}

1 _
—a =mg + Z (—a)(-1)F = — —aD(Y). (5.29)
L=0 VT
Using in (3.18)) leads to the non-linear integral equation
_ 1Y D) LY
YDY)=—-—— dv—f—f/ D(v)D(Y —v)dv. 5.30
0= [ v} [ D@D o) (5.30)

Note that this differs from (3.21)) only by the sign of the left-hand side. However, (5.30) is susceptible to
solution by a Laplace transform, whereas (5.21)) is not.
Introducing

D.(s) = L{D(Y)} :/ e Y D(Y)dY, (5.31)
0
where L is the Laplace transform operator, and noting that

L{YD(Y)} = —D.(s), D(0)=—m =1,
_, 1 — ™
L {D (Y) \/}7} = [sDi(s) — D(O)]\/Z

(where * denotes convolution) we obtain

~DL(s) = —VaD.(s) + 1 DX(s) - (5.32)

L
7
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This Riccatti equation is easily solved by setting

D, =25+ U(s), U(s) = 41;((5)), (5.33)
which leads to the Airy equation
F'(s) = ZF(S). (5.34)
The only solution with acceptable behavior as s — 400 is given by
F(s) = (const.) Ai(4~Y/3s) (5.35)

where Ai(-) is the Airy function. Using (5.33) in (5.33) and inverting the Laplace transform, we obtain
the integral representation

D(Y) = L/B e’ {2f+42/3

211

Al (471/3)

_(_.\2/3
AT S)}ds Y = (—a) (5.36)

which applies only for a < 0. Here Br is any vertical contour in which R(s) > ro = max{z : Ai(z) =
0}. We can also write (3.36) as
[ oLy A,
S R XTTRTEN

_ 1
DY) = ,d{
d 2 01 s
— G2 s Lty
dY | /7Y jz::o’/’j

1 0 i/
_ 4 40 Y 5.37
N + jzz:oe (5.37)

Here 0 > ro > 1 > 72 > ... where r; are the roots of the Airy function Ai(-), and we evaluated the
integral as a residue series, by closing the Br contour in the left half-plane.
By using (3.37) in (5.28) we obtain the leading order approximation

4n+1

By (w) ~ n3/2

a)Y eIy = (—a)*? >0, (5.38)
7=0

We note that (5.38) is consistent with the fact that B,,(1) = a,, ~ 4"/(n*/2\/7) as n — oco. It is well
known that as z — —o0

Ai(z) ~ %(—z)_l/‘l sin @(—z)?’/? + D (5.39)

and thus the roots r; satisfy

i\ /3
7] ~ (”) . — oo (5.40)
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Thus, as Y — 07 (w — 17), we can approximate the sum in (5.38) by the Euler-MacLaurin formula

with -
Z eVl ! /00 exp|—(3zm)?/3)dx = -1 .
P Y372 J, 4/7a

We next derive a representation valid for ¢ > 0, and show that as a — oo the a-scale expansion
asymptotically matches to the $-scale result, as 3 — 0F. We can get a rough idea of the behavior of the
central region approximation as a = y°/2 — 400 by using the integral equation (3:21)) and a WKB-type
expansion. Let us assume that

D(y) ~ K(y)e" ™, y — (5.41)

where U(y) > log[K (y)]. We use (5.41) to approximate the various terms in (3.21). Expecting that
U'(y) > 0and ¥'(y) — oo as y — oo, we have

v 1 / — v)dv ~ Y 1 /e\Il /e‘ll —v)dv
/0 S0/ (=) /O T+ KV — o)
i Yy eiv\p/(y) ]‘ 1! ! 1" ! !
N/o 6“‘)7\/5 [(1 + ' (y)) (W' (y) — v () (K (y) — vK'(y)) + K (y)] dv

0 o —v ¥’ [ 1 K1
~ VU ()1 K (y)e? ™ + K (y)e? ™ / < [ — o0 — ¥ — + v2\11”\11’} dv
0

Vo | K K 2
K 1 1 K’ 3 v
=K' O yr [V + e —— - —— (0w ) S — |, 5.42
(y)e ﬁ[ + K Vo 2wy ( + K) + 8 (\I,/)s/z] (5.42)
The non-linear term in (5.21)) we approximate as
y y/2
/ Dw)D(y —v)dv = 2 D(v)D(y — v)dv
0 0

oo
~ 2/ D(v)eq'(y)e_“‘l'/(y)K(y)dv
0

1
'(y)

Recalling that D(0) = ug = m; = 1, we use (5.42) and (5.43) in (5.21). After multiplying by —y we
obtain, to leading order,

2

2D(0)K (y)e¥ @ (5.43)

YK (y)e’ ™ ~ /U (y) K (y)e’ ™

so that
3 2
y a
v == =—. 5.44
W=3=3 (5.44)
At the next order, after cancelling the common factors K e¥, we are led to
1 K 1 1 K’ 3w
0=——F4+—— — ——— |V — - 5.45
2Q! + K VU 2(\111)3/2 { + K] + 3 (\Iﬂ)3/2 ( )
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and thus

K19 1113
K 4v W 2y y 2
so that K (y) = (const.)'y>/? = (const.)’a. We thus have formally obtained

Cn(a) ~ (const.)'a26“2/37 a — 400 (5.46)

for some constant (const.)’. We note that C,, (a) ~ aD(a?/?) dominates the first term in the right side of
(-2). In view of (53.2), (@2) and [@I) the asymptotic matching of the a- and (3-scales requires that

4

—373Cn(a) ~ "B 2g() : (5.47)
a— 00 [3—>0+
From @.13)), (#.23)), and (#.3T)) we have
_ s 3 2
&(B) =logd + 5+ 0(8°), g(B) ~ (const.) 5. (5.48)
Since 8 = a/+/n we see that the matching is indeed possible provided that
const.” = const. (5.49)

where the latter constant is the one that arose in Section[d We note that our formal analysis suggests that
the non-linear integral equation (3.21) may be approximated by a linear one for y — oo. The non-linear
term does not affect the exponential growth rate ¥ = 52 /3, but it does affect the algebraic growth rate
K o y3/2.

To determine the remaining constant, we continue (3.37) into the range a > 0. Since Y = (—a)
this corresponds to arg(Y") = £2¢. We define

2/3
9

h(s) = Ai(471/35). (5.50)

By deforming the Bromwich contour in (5.37) to a piecewise linear contour that goes from s = e~ 2™/300
to s = 0 and then from s = 0 to s = €>™/300 = woo, and parameterizing the two pieces, we are led to

h/ 2
w? (wT)

_ 14 (] b(wr)
DY) - [w h(wT) e h(w?T)

ﬁa B Tm 0
Since R(w), RN(w?) < 0, these integrals converge for Y > 0. We can also write the approximation to
B, (w) forw =14 O(n=3/?) as

erTY} dr. (5.51)

n+1 00 ) /
B (w) ~ %(w) /0 R {em/Gh(m)ewy] dr. (5.52)

We shall use the Wronskian identity (cf. [1}3]])

Ai(w2)w?Ai (w?2) — wAl (w2)Ai(w?z) = 2L

™



Enumeration of Binary Trees and Universal Types 345

which in terms of i(-) becomes

b (wT) b (W) 1 1
wi/6 mi/6 I . 5.53
¢ h(wT) te h(w?T) 2741/3 h(wT)h(w?T) (5:53)
The integral
[e'e} /
Il _ / eﬂi/Gh (CUT) eWTYdT, Y >0
0 h(wT)

may be continued analytically into the range arg(Y') € (—%, 3F), while

[e%e) ) h/ 2
I = / e_’”/f"we‘”zﬂ/dT7 Y >0
0

may be similarly continued into the range arg(Y) € (=27, %) (in this range arg(w?Y) € (—3F,—73)).
Using (5.53) we write I1 = I3 + I, where

1 0 eUJTY
I; = — d 5.54
8 27r41/3/0 h(wT)h(w?T) ’ (5.54)

o0 ) h/(w27')
I = - 6 e ™Y 5.55
* /0 ¢ h(w?T) ¢ g (5-55)
Since Ai(-) satisfies (cf. [1]])

Ai(z) ~ Lz_l/4 exp —223/2 larg z| < 7 (5.56)

2/ 3 ’

we see that both h(wT) and h(w?7) grow faster than exponentially as 7 — oo, and thus I3 defines
an entire function of Y. The integral I, may be viewed as defining an analytic function in the range
arg(Y) € (=%, 3% ) orarg(Y) € (=37, — 7). Now we let arg(Y) = —2F and set

Y = w?y = w?a?? (5.57)

where a is real and positive. We have thus shown that Iy + Is = I + I3 + I4. This continues the right
side of (5.52) to @ > 0 and shows that

4 - 3 h/(wT) a o0 eTy
—(— wi/6 \W ) wrY _
77( a)/o " {e h(wr) © ]dT 7r241/3/0 h(wT)h(wQT)dT (5.58)
da [ e (wT) 2
- wi/6'Y \* ) Wiy
T Jo % {e h(wT) € } dr.

Next we estimate the right side as a = y3/? — 4-00. The second integral can be expanded by Watson’s
lemma, and is O(a/y) = O(/y). The first integral we evaluate by Laplace’s method, first using (5.56)) to
approximate the integrand for 7 — 400, with

(471/37_)71/2

h(wT)h(w?T) = |h(wT)]? ~ pp

4
exp {3(4_1/37)3/2} .



346 Charles Knessl and Wojciech Szpankowski

Here we also used the reflection principle, since Ai(z) is real for real z. We thus have

42/3 o° Ty 42/3 o 3 /2 .
- dr o~ - TYe—37T0-1/3 /74
4772/0 h(wr) 2" w Jy vrdr
2 o1
~ 2 2 J = _22\2 d
—Vy - exp[g) 4y( yo)° | dr
4 3/2 y3
= . 5.59
ﬁy eXp(3 (5.59)

Here we used the Laplace method to find that the major contribution to the integral came from 7 = 72.
Since this is asymptotically large, it is permissible to first approximate the integrand for 7 large. We note
that the right side of (3.39) is also the expansion of D(y) as y — +oc. Thus, this calculation verifies that
obtained formally by the WKB ansatz (5.41), and also determines the constant as

4
const. = v (5.60)
The leading term on the a-scale for a > 0 is thus given by 4™/ n3/2 times the right side of (5.38), and this
is precisely the result in (2.29).
We next calculate the correction term 1m; in (5.8). We shall show that this corresponds to C'V)(a) if
C,(a) has the expansion C,,(a) = C (a) +n~12CM) (a) +O(n~"). We return to (5.10) and use (5.8).
For n — oo we have

N .
N i+ N—-i-1)! - - -
Z ( ; >(_1)N ((n_l)|)Mi,n+1 = MnNnt1 —nNMN_1 541
i=0 ’

N ~ 3 s
+ ( 2>n(n +1)My_2.441+O (nEN*S)

1
= n%(N_l) |:mN + 7(?’77,]\] — NmN_l)

Vvn
1/ 3 _ N _a/2
+ o mN+§(N—1)mN—NmN,1+ 9 Mmy—_2 +O(n ) (5.61)
where 7y is the third term in the expansion in (5.8), i.e.,
~ : 1 1
MN,n = ’I’L%(N_l) |:mN + %’fn]\{ + EmN + O(n_3/2)] .

We next estimate more precisely (5.12):

n n

1 - - 1 - _
3 2 Myt = Myl + 5 Myn ) ad™". (5.62)
£=0 £=0

From (5.13) and (5.8) we obtain

1 - - 3 1 1 1
~ My E 4=t = pa(N=1) 7 TN — —— O(n=3/?
5 Mn, ezoaz n my + \/ﬁmN—F nmN \/ﬁmN—i— (n )
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To obtain the first term in (3.62) we use an intermediate limit, writing to sum as

> ™ My g — My,] (5.63)
£=0

" 3 l FN-1) my my
=Zag47£n§(N71) (1— ) [mN—F] —my — —=+0Mn"1) ;.

et n n—14 Vn

Now, by Euler-MacLaurin

= ¢ 3(N—1)TN 14 FN-2 1 sn_s_
> ai e T - —1| ~ ﬁrﬂ SN (5.64)

=0
1
1
X /0 Y {(1—m)

where we used a,4~¢ ~ 1/[/7¢3/?]. The remaining terms in (5.63) must be estimated more precisely, as
we need both the O(n?~~2) leading term (as in (5.14)) and the O(n3~ %) correction. Breaking up the
sum into two pieces we obtain

Njw

N=2_ 1| dz

3

n / 3(N-1) L—1 AR LAY
> it (1 - n) ~1] = Y au (1 - n) -1 (5.65)
=0 =0

n W / S(N-1)
+ ;aﬂl <1_n> -1 :Sl+52.

Here L satisfies the asymptotic bounds L — oo but L/n — 0 as n — oo. We use a binomial approxima-
tion in the first sum and approximate a, for { — oo in the second. Thus

— 3 ¢ &
_ —L
S, = Zagzl [—Q(N—l)nJrO(nQﬂ
=0
L-1 .
N-1 L3/2
- - Zéa54£+0< 2)

n n
=0
L
3N -1 1 L3/?
= = § lad= + 0 < ) ) (5.66)
=0

2 n nvL & n?
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Using (2.4) we have
L L L
Zéaﬁlie = Z(ﬁ + 1)47€a€ - Z 44&@
=0 =0 =0
L
20
=Y (z)ﬂ —2+4o0.(1)
=0

_ (L—l—l) 2L 42
= 4L+1 L+1 —2+0L(1)
2VL

1
- 2sso (ﬁ> | (5.67)

To evaluate S> we use Euler-MacLaurin to find that

S, = zn: [\/1#—3/2 n 0(4—5/2)} [(1 B i)%(NH) B 1]

(=L
11 [ 3

- == - _ \3(N=1) _
VT /n L/n z3/? [(1 =) }dz+o<n\r>

W/0 #{( _w)%uv—l)_l} d$+;?r(N_1)\f+O<m1@>' (5.68)

Combining (5.66) - (5.68) and letting L — oc in such a way that L3/2 /n — 0 we have shown that

§v-1) _ 3N - ~3/2
(51+SZ Nﬁ/ x3/2 _—t }d Tt — L om3), (5.69)
Next, we expand the last sum in (5.10) as
N-—1 n N—-1 n §(j*1) Q(ijfl)
N\ sn_ A% A%
() et 3 (Tt s 2 () (1-5)
j=1 j=1 =0
3 3 -
2 B / 5(-1) / 3(N—j)-2 -
+\/ﬁmijjZ<n) <1—n> +O(7’L 1)
SN—-2 N ! (-1 S(N—j—-1)
=n? ijmN] i 22Vl — )2 W e
0
. ,N*1 N\ (! o 5
+n2N=3 2mijj< )/ 220-0(1 = 2)3(N=9)=245 4 O(n32N3), (5.70)
- J 0
j=1

Combining (3.61), (5.62) - (5.64), (5.69) and (5.70) we see that at O (n%N_2> we regain (5.16). At
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@) (n%N - %) we obtain, multiplying by 4,

~ 2 - 1 (1 _ l’)%N_?’
2N(N — 1)mN,2 — 4NmN,1 = —ﬁ(?)N — 4)mN \/E
0

N-1 N . , |
2 Z < ->mijj/ ff(g_l)(l—x)%(N—J)—zdm

° 7 o

j=1

dzx (5.71)

+

This holds for N > 2. Here we also rewrote the integral in (5.64) using integration by parts. Note that
when N = 2 (5.71)) becomes

4m0 — Sml = ——=Mm9 + 8m1m1
N

and this is consistent with (5.9).
We solve (5.71). Note that once my is known this is a linear equation for 7. We set

Dyy)=Y" ML _qyLy 31 (5.72)

and recall the definition of D(Y") in (5.27)). Since mg = 1//7, we have

iQN(N—l)m ﬂy%w*l) = Qiﬁ(fl)Lyg(LJrl)
NN - Il
N=2 L=0
Y3/2 _
= 2[ +Y3D(Y)|. (5.73)
LS
Also,
N N CDY p e S L vyt 3/2F
—4) N N Y’ =4Zﬁ(—1) Y2l =4v32Dy(Y), (5.74)
N=2 L=1
[e%s) N—1 - ) 1 . , e
_1)\Noy3(v-1) N — 5 / 230D _ piW—j-y 4
. XS, i

(5.75)
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and
2« (DN vty P13V
2 1 I &S3(N-1)-1 N 3(N_1
— (—D)Nmy(Y —Yz)2 NV "Ddy
\/o:(l—x)l—xNz::Q N!
2 [ ! (Y —=Yxz)D(Y —Yx)— Dy (Y —Yx) —my]d
= —_—— —_—mm _ _ _ _ —m
V7 Jo \f(l - 1’)3/2 s ! ! ! e
Dyi(Y —Yz) — D;1(0)
= —Di(Y - Y2)dz + — / dx
=l /7 > V- a7
4 Y DY —v) D1 D1(0)
= ———dv. 5.76
TVl oy %ﬁ - / N 03/2 (5.76)
Combining (3.72) - (3.76) in (3.71) the equation transforms to (after dividing by Y)
1/2 _
2Y 1 2YID(Y) 4+ 4Y2Dy(Y)
D1 4 Y 1 d Dl(’U) — Dl(O)
=2 —v)dv — — — dv. 77
/ o7 [ | e e
To solve (3.77) we define B
o D (Y
E.(s) = / v 1Y) oy (5.78)
0 VY

and note that

/Ooo ey /OY \/%d% [Dl(v)\;ﬂDl(O)} dv dY

e

_ \/7?5/0 o—sY [Dl(Y)Dl(O)]dY

VY
= 75 E(s) —wD1(0). (5.79)
Since D1(0) = —m; = 3/+/7, the Laplace transform of becomes
1
7 +2D(5) — 4EL(5) = [2D.(s) — AVFIE.(5) + 12, (5.80)

Recalling that i(s) = Ai(471/3s) we write (5.33) as

D.(s) = 2\/§+4Z(s) (5.81)

whose derivatives yield

Di(s) = - 4514 <hl($)>2 (5.82)
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and

1
283/2

D(s) = -

where we used the fact that h”(s) = 1sh(s).
rearrangement,

+1-

351

h'(s)
h(s)

h'(s)

25 h(s)

(Y’

(5.83)

Using (5.81) - (3.83) in (5.80) we obtain, after some

W (s) 5 (s W(s)\®
: 2 () =—5— 4 .84
() + 295580 = =3 75305 h(s) ©34)
or
d 5 (h'(s))?
—[h?(s)Eu(s)] = —=h*(s) — sh(s)h 4 ‘ 5.85
SR EE(5)] = =5 H2(6) = sh(s)h'(s) + 455 5:59)
The general solution of (3.83) may be written as
Cx 1 > T5 (h’(v)3
L(s) = ~h? h(v)h' (v) — d .
E.(s) 72(s) + 72(s) /S [2 (v) + vh(v)h'(v) ho) . (5.86)
But, h(s) decays exponentially as s — oo and so h=2 grows. Thus, if £,(s) is to be a proper Laplace
transform, we must set ¢, = 0. Use of integration by parts and the fact that h(s) satisfies (3.34) leads to

/ " oh(0) (v)du = 4 / W (o) (v)do

/S h?(v)dv

20/ (s))*

sh2(s) — 2 / " oh()H (W)dv = sh2(s) — AR (s))?

and thus (5.86) simplifies to
Y CAO N B U O)
Ei(s)=—2 8 - dv. 5.87
(5) =55t (h<s>> ww ) e G587
We have thus established (2.26)), since for a < 0
S (w—1)
B,(w) = M —————
W = Eal
g | &S a’ 1 & _ o 1
= 7713/2 ;)mjﬁ—’—ﬁjzomjﬁ—’_O(n )
4n > a’ 1 < _ o 1
= W mo+;mjﬁ+%;mjﬁ+0(n )
| = D)+ = (-a)Di(¥) + O ™)
n3/2 | \/m N !
_ L +Y32D(Y) + L ysrep (Y)+0(n™) (5.88)
n3/2 | \/m Vn ! ’
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In order to asymptotically match the a-scale result to that valid for w — 1 = O(n~!) with w < 1, we
will need the behavior of D1(Y) as Y = (—a)?/® — co. Thus we must locate the singularity of £, (s)
with the largest real part, or an appropriate saddle point. The Laplace transform of the leading term D(Y")
had simple poles at 4!/3r; where r; were the negative roots of the Airy function, with the pole at 4'/3r
determining the asymptotic behavior as Y — oo (¢ — —o0) (cf. (3.37)). The dominant singularity in
E.(s) is also at 41/ 3. 7p. but @) shows that the structure is more complicated, as there is a double pole
combined with a logarithmic branch point at s = 5o = 4'/3r.

We expand near the dominant singularity at sg. Integrating by parts we obtain

OO(h/(,U))S 7 o) /U ) N .
| Gate = [ wrdesne) .89

o0

— ()P logh(s)] ~ 5 [ oH(@h(w)llogh(w)]ds

S

and

/00 vh(v)h' (v)[log h(v)]dv = h vh(v)[log h(v)]dh(v) (5.90)

S

= —sh?(s)[logh(s)] — /oo{hZ(v)[log h(v)] + vh(v)h (v) log h(v) + vh(v)R' (v)}dv

which may be rewritten as

2 [ oo @) ogh(o)ldo =~ sh*(s)logh(s)] + 200 (5))?
- / h h?(v)[log h(v)]dv. (5.91)
Using (5.89) - (3.91) in (5.87) we obtain S
E(s)= - gs +10 (Z((;)f +4 <Z((;))>2log h(s)
—  slogh(s) — h21(s) / h h?(v)[log h(v)]dv. (5.92)

We let 7 = s — s and expand (3.92)) about 7 = 0. We have h(sg) = h”(sp) = 0 and

/ h h%(v)[log h(v)]dv = / h h%(v)[log h(v)]dv — / | h%(v)[log h(v)]dv
_ / " 120 log h(v)]dv + O(+ log ),
and then (5.92) yields

 h2(v)[log h(v)]dv
£.(9) = o (o)) + 73 - = (fi’(l[o);g?‘rg )]

+O(logT), 7 — 0. (5.93)
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Here
B (so) = 47V3AY (47 350) = 473 A1 (rg). (5.94)
Defining
1 oo
k=10 + 4log(h'(s 77/ h2(v)[log h(v)]dv 5.95
g(h'(s0)) W(so)? /., (v)[log h(v)] (5.95)
we have

_ Yo%
D) = 5 |, Y €, (s)ds

i) T2 2

1 4]
= VY exp(—|ro|41/3Y)T/ ey [ BT L E O(logr)} dr  (5.96)
Bry T

where R(7) > 0 on Br.. Evaluating explicitly the integrals in (5.96) shows that

_ log Y
Di(Y) = Y3/2 exp(—|ro|4Y/3Y) {—uogy trh+4—4y5+0 ( 0;3/ )} Ym0 (5.97)

where g is the Euler constant.
Combining with (5.38) we have shown that as Y — oo the two term approximation on the
a-scale behaves as

B, (w) 4" { 1 _

=n | m aD(Y) — %Dl(Y) + O(n‘l)} (5.98)

4n a? 8
—373 XD {—41/3|r0|(—a)2/3} {—4(1 + N (—3 log(—a) + k+4— 4’yE) } . (5.99)
This expression will be used in Section|[6]

To summarize, we have used the moment equations (3.7) to get the two-term approximation (5.98) to

B, (w), valid for a = n*?(w — 1) = O(1) and @ < 0. For a > 0 we must use (5.51) and (5.58) with
— ,2/3
y = a*/".

5.2 Analysis of the basic recurrence
We consider (21]), which on the a-scale becomes (3.3)). Using (2.9) we obtain
2
(PR U I W I
angrd {(1 + =5 ==+ Z=mn +O0(n3). (5.100)

We expand C,,(a) in (5.2) as

Cla) = COa) + %C’(l)(a) +0(n™Y) (5.101)

3
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and then estimate the various terms in (5.5). We note that CV)(0) = 0 for all j > 0, in view of (5.3).

By (3.101) and the Euler-MacLaurin formula we have

il e (") (0-5)")
. /1 CO@2a)CO(1 ~2)*a)
0

n? [w(1 = 2)]/2
) 1 C(O) 3/2 ) (1)((1 )3/2a) B
n5/2/ B0 1) dx +O0(n™?). (5.102)

Note that the integrals converge since C')(0) = 0, and that the boundary effects near z = 0 and = = 1
do not appear until the third (O(n~3)) term in the expansion.

Next we write the first sum in the right side of (53.3) as

0\ 3/2
Za%l 3/20 — ( —) (Z)
n
1 AN 0\%?
:zm—m@-» c<0><<1—>
£=0
n » 1 / 0 3/2 (1)
+;a54 = (1—n> C _C
0

n

Ct )(a) s
+73/2 Zagll

£=0

(5.103)

Nms
Q
M
;4;
+
Q
\

iagzrf [(1 — 2)2 cw ((1 — 2)3/2 a) — C’(l)(a)]

11 /M1 [oW(—2)P%)
~ /ow [ (e -C (a)]dx (5.104)
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where we approximated a, for ¢ — co. An argument completely analogous to (3.63) shows that

n —3/2 3/2
> at [(1 - 5) c <<1 - g) a) C(a) (5.105)
n n
=0
L
_ {300 gy _ 0O e
—;agél {Qn[c (@) —aC™(a)] + O 3
—~ 1 4 —5/2 02 0) 0\*? 0)
+ —1¢ +O0W))[{1-= C 1—— al|—C%(a)
T VT n n
3 L
= [CO(a) — aC(O)’(a)}% > taa™!
£=0
P 1 7321 — 2)7320O((1 - 2)*2a) — 0O (a)]dz + O (Lm 1)
VT L/n n? ’n\/z
ot _
~ \/ﬁ/o 7321 — 2)73200((1 = 2)*/2a) — 0 (a)]dx
(0) OV A L
+[CP(a) — aC (a)]% Z€a44 -2 —~
=0
1
L[ a2y - ) 3200 (1 2)320) — €O (@)]da — 2[00 (a) — aC® (a)].
™ 0 n
Here we also used (5.67). Multiplying (5-3) by
n a
w” (1+ 3/2) =1- \F+—+O( —3/2)
and using (5.100) yields
4 a " 3/2 _ a \~"
(n T 1)3/2 (1 + n3/2) n+1 (( ) ) an+14- |:1 — (1 + W) :|
4 3 a a2 —3/2
=—=n {1 — 5o O™ )} {1 - O(n )} (5.106)

X {C’(O)(a) + %C(l)(a) + % <0<2> (a) + 2aC(O)’(a)>}

4 {a i+0( 3/2)]

_fn3/2 vno 2n
4 a
— 00 Z N —aCO(g) — = )
= 3/2(] ()+n2[ aC'"(a) ﬁ+C (a)]
4 a? a? 3 3
| —aCc® el (V) 2400 () — 2000 (2 -3
+ 5/2[ aC'(a) + 2ﬁ+ 20 (a)+2aC’ (a) 20 (a) +C'¥(a)| + O(n™7).
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Comparing (5.106) with (5.102) + 2 x (5.103), using (5.104), (5.103) and (5.13), we find at O(n~2)

C4aCO(a) = L, = Aoy CO=22a) )| g
a0 - 77 70 f/ 7 | g O]

L) (23/26)CO)((1 — 2)3/2a)
M /0 23/2(1 — 2)3/2 dx (5.107)

and at O(n~=%/?)

100 (a) 4 a? +222C0(0) = ——LoW(q D -22a) 0y o
1000 (@) + a4 20200 (a) = fc f/xw[ =y 0()]01

(0)(3/2 (1) — 2)3/2¢4
) [ QOO 2,
o x3/2(1 — )2

(5.108)

Thus, the leading term in (5.101)) satisfies the non-linear integral equation (5.107) and the correction term
satisfies the linear equation (5.108).
We can analyze these equations for a < 0 by setting

C9a) = (=a)D((—a)*?) = Y3/2D(Y). (5.109)
Then (5.107) becomes
27 | 4 - 5 1= _
4a*D(Y) — T=e= —ﬂ_aD(Y) +a / D(Yz)D(Y — Yz)dx
0

- =/ — d. (5.110)
Integrating by parts and using D(0) = —1 we obtain
1 1
/ 732 D(Y —Yx)— D(Y)]de =2+ 2D(Y) — zy/ e V2DN(Y — Ya)de. (5.111)
0 0

Using (5.111) in (5.110), dividing by 4a2/Y and noting that Y/2 = —a, we see that (5.110) is the same
as (5.30). Similarly, we set

CW(a) = (=a)Dy((a)¥?) = Y3/2Dy(Y) (5.112)

in (5.108). Using also (5.109) this yields

CL271 —aly — a37 .

4a’Dy(Y) + f f Dy(Y) —2a*D(Y) (5.113)
_ 2a 1 Dl(Y—Yl')_ - % ' D(Yz)Dy(Y — Ya) .
- \/%0353/2{ Vi@ ()}d” i
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Dividing (5-113) by a?/vY = Y*/2 leads to

A 2
WY Dy (Y) + T\F+ \fY Dy(Y) +2Y2D(Y) (5.114)
Di(v) - _
_2/ 1 D —v)dv—|—\/7/ e Dy(Y —v) Y—v_Dl(Y) dv.
But the last term in (3.114) is

F US/Q{ (Y—v)\/Y}:v—Dl(O) _DI(Y)+D1(O)< Y{y—l)—i—Dl(O)}dv

IR T B A LT i
U {Dlm) DuY) 5y DY >D1<o>1}d< )

4 Y1 d [DY —0)-DO)]
= P+ oz [ g | P

where we integrated by parts and used

1
1 d
/ S
0 /1— =z 3/2
Using (3.113) in (5.114) we regain equation (3.77). We have thus shown the equivalence of the moment

method and the perturbation expansion of this subsection. Note also that (3.107) and (5.108) apply also
fora > 0.

(5.115)

5.3 Transform inversion

We now use the results of subsections[5.1]and[5.2]to obtain an approximation to b(n, p).
We use (2.3) and evaluate the Cauchy integral asymptotically. We assume that

Q=2 =0(1), 0 < Q2 < 0 (5.116)
and with we have
o —1-n%? g4 e—af
wldw = (1+ 3/2) 75 = =zl + 0™/ da, (5.117)

Thus the scale w — 1 = O(n~3/2) in the transform space translates to (5.116) in the (n,p) space, and

and (5.98) lead to

4™ 1

o) = o [ ik
4™ 1 /
n3 2mi Br,

_ d 4 h/(S) sY —afl
= n3( a) (271_@_)2 /Bra [dY /Brg h(s)e ds} e”““da. (5.118)

O (q) + \}ﬁc<1>(a)+0(n1)] e=9%4q

(Y)} e~ “Ua

%‘HﬁH
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Here we take $(a) < 0 on the vertical contour Br,, since we used the expression (3.37) for D(Y).
To evaluate the double integral in (5.118) we note that as —a goes from —ooi to +oci, Y = (—a)?/?
goes from coe ™ ™/3 to coe™/3. We let
Y =27

and the contour Br, is mapped to C1, that goes from coe™™/% to coe™/6. Then (5.118) becomes

4n 1 53 d 4 h(s) .z
b ~ —— QWzZmZ 74 —/ - 2 4s| dZ
(n.p) n3 (2mi)? /01 © 3 LlZ Br S h(s) ¢ s

4 -1 oo —_Q0z3 5 / h/(s) sZ2
= —_=—— 127 ‘ A 11
o3 (2mi)? /oo { e h(s) ¢ | G-119)

where the last integral was obtained by changing Z to —Z, and w = €2™/3. We next write d(e~%%") =
—3022e=2" and do some integrating by parts, noting that

4 a7zt _ 1 ? | _az 22 _qzs
Z e = 9@822 (e ) 3796 .
Then (5.119) becomes
4mn 1 oow 3 h’(s) 2 1
b ~ -0z / Ze2 )y —=d 5.120
o0~ s U L e 7 2 (3120

+

L, Z((;) o } “ }

4 1 oo a7t «z2h'(s) [40 Zs 16 s%(1 + 2522)
= S : Sy o s az.
3 (2mi)? /mz /BT6 s 32Ty 03 s

We furthermore set

S C
:;Q ’ (3 )1/3 (5 )

and note that the Airy function has the integral representation

i/ Ve /3a¢ = AN(U). (5.122)

211 w?

Differentiating (5.122) with respect to U corresponds to multiplying the integrand by ¢. Hence (5.120)
becomes

4" 1 R (s) 2s° 1 40 s y
bnp) ~ =555 L hs) eXp<27Q2 Goy7s 30 oyt UE)

40 16 ,,. 32 8, 64 s )
+ <993+993)s AU + o5 oAl 06D + 3ror Gy U6)

32

TR

35Ai(U(s))} ds (5.123)
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where

82

Using Ai”(U(s)) = U(s)Ai(U(s)) to simplify (5.123) and noting that the integrand has singularities at
s = 4'/3r;, we evaluate the integral as a residue series and the result is precisely the series in (2.40).

It is also possible to obtain and O(n~'/2) correction to (5.123) or [2.40), by using and (3.96) to

compute CV)(a) in (5.118) and evaluating the integral in a manner similar to that above.
Finally we discuss the expansion of the right side of (2:40) (or (5.123)) for @ — 0 and Q — oo. For
Q0 — 0 the term in the sum with j = 0 is exponentially larger than those with j > 1, and thus we get

n 3 5 242/3
4 1 exp( ﬁ‘ro\ )647"0| 45/3Ai< 7"04/ )

n3 (3Q)1/3 27 Q2 )81 @ 34/3Q4/3
qn 1 3\ 29 9/2

A _ 16 ro*) 27 Jro*" (5.125)
n? 27 Q2 ) 34 /75

Here we also used the asymptotic expansion (5.36)) of the Airy function. We will use expression (3.123)
in Section@ when we discuss the asymptotic matching of the results for p = O(n3/2) and p = O(n*/3).
The limit 2 — 0 corresponds to the left tail of the Airy distribution.

The right tail corresponds to {2 — oo and this limit is hard to evaluate from the sum in (2:40), as there
is a lot of cancelation. However, we have already shown the asymptotic matching between the expansions
forw = 1+0(n~"') (B-scale) and w = 1+ O(n~3/2) (a-scale). This matching implies also the matching
in (n,p) space of the expansion for p = O(n?) (A-scale) and for p = O(n?/2), where (5.123) applies.
Thus the behavior of (5.123) as  — oo is the same as that of #44) as A = p/n? = Q/y/n — 0. The
latter is easily obtained from (#.40) and (d.44).

As A — 0, we have 8, — 0 and from (@.16) we obtain

#(B) =log2 — %ﬁ + %62 +0(6%), B — 0. (5.126)

It follows from @40) (since ¢'(3) + & ~ 2(3) that

Bs = Bi(A) ~ %A, A —0. (5.127)
Then 1
and 5
(1 — +log2 —log(2 —e ") ~log2 — —A~. .
B (1 —2A) 4 log 2 — log(2 B log 2 4A2 (5.129)
Using (3.127) - (5.129) in (@.44) the right side becomes
2n+1\/§ ﬁi’/z 3 ) 9\/§4n ) 3 )
w2 VA exp [nlog? — znA ] ~ ?ﬁA exp (—4nA )
9V34n

- V27 g exp<—292>,Q=p. (5.130)
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This is the behavior of (3.123) or (2:40) as 2 — oo. We have thus completed analysis of the scales
w—1=0(n"3?)and p = O(n3/?).

6 Left Region
We consider the scale w — 1 = O(n~!) with w < 1, defining v by
w=1-2L ~>0. (6.1)
n

We return to (2.1)), and break up the sum over [0, n] into three pieces: [0, L]JU [L +1,n — L — 1] U [n —
L — 1, n]. Furthermore, we set

4n :
Bp(w) = —eron*v? P enylogn gy, (6.2)

Here 1 and v; are constants that will be determined shortly. The form in (6.2) is suggested by the behavior
of the a-scale result as a — —oo (cf. (3.8) with —a = vy/n). Using (6.2) in (2:1)) leads to

o))
(-2 S (- -0 [ (- )] )

xexp[m(l—>1ogn @] <(1—£>7;n—€)

-8 g e () e b (-]

B O B (e e

Here we used the symmetry of the sum in (Z.I). Also, in the second sum in (6.3) we used (6.2) to
approximate both By(w) and B,,_,(w), while in the first sum we only used (6.2) to approximate the
latter. This careful treatment of “edge effects” is necessary to derive the limiting equation.

‘We note that
0\ 2/3 N\ 23
51/3 () + (’I’L _ €)1/3 (1 _ ) — n1/3

4n+1
n+1

1 2/3
exp | (n+ 1)Y3u, Kl + n> ’y} + v1ylog(n + 1)

n n

and

glogﬁ—i— (1 - 6) log(n — ¢) =logn+ H (i)

where
H(z)=zlogz + (1 — z)log(l — z). (6.4)
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Now we assume that
F(y;n) — Fo(y), n — oc.

Then choosing L so that L — oo and L/n — 0 as n — oo, the first sum in (6.3)) is asymptotic to

L
47172

> B (1 - 1) 7 exp(von' Py ) T Fo ()

~ n/ n—

4" 1/3,.2/3 v = —0
~ YT F B,(1)4™"
o explont 92O R 0) 3 Bl

471

= — exp(von'/?y*3 "1 712Fy (y).
n

The second sum in (6.3) we approximate by the Euler-MacLaurin formula to obtain:

4n ! Fo(yx)Fo(y —
= exp(u0n1/3'y2/3)n””/ er17H (x) o(yw) Fo(y Wx)da:.
n 0 z(1—x)

Using (6.6) and (6.7) in (6.3) we obtain the limiting equation

eul'yH(:r)
z(1—x)

1
e - DR = [

Here we also used (1 — v/n)™ ~ e 7.

Fo(yz)Fo(y — yx)da.
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(6.5)

(6.6)

6.7)

(6.8)

This is a non-linear integral equation that is somewhat similar to one that arises in the study of the
limiting distribution of the number of comparisons in the Quicksort algorithm [[10} [13} 20, [21]]. Note also
that we must have F(0) = 0 for the integral to converge, but this will be shown to follow by asymptotic

matching to the a-scale. Setting
Fo(v) = 4vFi(v),
equation (6-8) simplifies to

e’ —1

1
Fi(y) = / Fy(yz)Fy(y — Vx)eVlﬁH(a:)dx.
0

Setting v = 0 in (6.10) we conclude that
F(0) = 1.

We examine more closely the behavior of (6.10) as v — 0. We expand F} (-) as
Fi(y) =1+ agylogy + a1y + o(7).

Using (6.17) in (6.10) and expanding for y small we obtain at O()

1 ! '
otz =(otm) | [ H@de| rar = 2aotm) | [ sogaad] +a
0 0

1
= —5(00 +uv1)+ o

(6.9)

(6.10)

6.11)

(6.12)
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so that
ag 41, =—1 (6.13)

and o is arbitrary. We can compute the higher-order terms in in terms of ay, but the latter cannot
be determined from (6.10)) alone. This shows that the solution of (6.10) is not unique.
To uniquely determine F7(+) we use asymptotic matching between the a and « scales. For v — 01 we

obtain, from (6.2)), (6.3)), (6.9) and (6.11)),

4n+1
A[1 4 agylogy + a1y + o(y)](1 + v1ylogn) exp(vont/34%/3). (6.14)

The above should agree with the a-scale approximation as a — —oo, which we obtained in (3.99). Noting
that v = —a/+/n and comparing (5.99) to (6.14) we conclude that

vy = 413rg = —43 || (6.15)

and

2 K
viylogn + agylogy + a1y =~ -3 log(yv/n) + i 1—vg|. (6.16)

where v is the Euler constant. From (6.16) we must have

1 2
%41 Z—g, Oéoz—g (617)
and

a1:g+1—'yE:2.9692... . (6.18)

We note that (6.17) is consistent with (6.13). With (6.18) the solution to (6:10) is unique and may be
computed, e.g., in the form of the series (6.11).
To further analyze (6.10) (with 1, = —1/3) we let

1
Fi(y) = exp (3vlog v) Fy(v) (6.19)
and obtain
.
(7 = 1)Fs(y) = / Fy(v)Fa(y — v)do. (6.20)
0

Introducing the Laplace transform

F(9) = / e " Fy(v)dy (6.21)
0
we obtain from (6.20) the discrete logistic equation (in reverse time):

F(6—1) = F(0) + F?(0). (6.22)
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The expansion (6.11) translates to

Fy(y) =1—~qlogy+ary+o(y), v— 0"

and hence

1 logd oao1+9g—1 _
F(0) = 5+~ + T+ o(07%), 0 +o. (6.23)

We can refine (6.23) to (using (6-22))

1 logf+a. G(9) )
F(0) = 5+ 2 4 =2 1 0R(67) (6.24)
where a, = a1 +vp — 1 =2.5464 ... and
G(0) = (logf + a.)” —log — o, + g (6.25)

We shall see in Section 9] that knowing some of the higher-order terms in expansion (6.23)) will allow for
more efficient numerical calculation of F'(), and hence F>(7).

While we cannot solve (6.20) or (6.22) explicitly, we can guess the behavior of F»(y) as vy — 400,
which will be needed for asymptotic matching purposes. This will correspond to knowing F'(9) as § —
—oo0. Let us assume that F5(7y) in (6.20) behaves as

Fy(y) ~ erfrloeregkarykag, =y oo (6.26)

We use (6.26) in (6.20) and evaluate the integral by Laplace’s method, to yield

~ 1

€ .

76kﬂlog 7616277’93 ky ~ / 72k3xk3(1 _ x)ks kiekﬂekl[v log y+vH (2)] 1,
0

ks [eS)
1 1 1)\2
~ 72163 ( kiekg'yeklvlog'yekl'yH(g) e2'yk1 (wfi) dr

4 —o0
1 k3 s
_ 2ks [ = k2 ka7 k1vlogy ,—ki1vlog2 [ 6.27
v (4) 1e e e \/jvkl (6.27)
We conclude that
1 1 1
fey = kg = — (6.28)

e . —
2 4 Vv2mlog 2
The constant k2 remains arbitrary, though it is uniquely determined once we know «; in (6.11). The
numerical studies in Section |§| will show that ko ~ 3.696. To summarize, we have obtained

log2’

F(7) 1P LI PO 0 (6.29)
~—————— X - — — — 00. .
a V2mlog2 /vy P 3 log2 08y i

Using (6:29) and (6.9) in (6.2) yields the behavior of the y-scale result for v — oo, and this will be used
in Section [7]to asymptotically match to an approximation valid for 0 < w < 1 and n — ooc.
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We also note that for § = —7 — —oo, (6.22) is consistent with an asymptotic expansion of the form

F(0) ~ AY T=—0— . (6.30)

)

1+ i bLA_L2T

L=1

Using (6.30) in (6.22) leads to the recurrence

so that b;
leads to

Fy(v)

L 0, Lodd
b1+ Y bib_; = 6.31)
i=0 br2, L even

—1/2,by = —1/8, bg = 0, etc. Using (6.30) to asymptotically invert the transform in (6.2T))

i 1 e~ v1ogz uu logAdﬂ

27 Jo log2 U
1 (log A)7/log2

log2T'(1+4 ~/log2)

1 1
o Jlos2 exp {—10;2 log (1022)} exp {1022(1 +loglog A)|, v — oo. (6.32)

Here the contour C' goes from —oco + 70~ to —oo + 0T, encircling the branch cut along the negative real
axis in the u-plane. By comparing (6.26) (with (6.28)) to (6.32) we conclude that

_loglog2 ~1+loglog A

) = (6.33)

log 2 log 2

In Section 0] we shall numerically obtain A and then (6-33) will be used to obtain k5. We note that (6.30)
implies that

2% log[F ()] = log A — %Q*TA*QT(l +o(1)), 7T=-0—- 0 (6.34)

so that the left side should approach a constant value super-exponentially fast as § — —oo.
Finally, we invert (2.3) to get b(n, p) using the result on the y-scale. We scale

p=06n3 0=0(01), ©6>0 (6.35)

and use (6.1) so that

w P = exp {% + 0 (%)] ~ exp(’ynl/3@). (6.36)

With (6.2), (6.3), (6.9) and (6.36), (2.3) becomes

1

By (w)w P dw ~

211 C

a1 - V300 — o al/32/3 DY
- [ AynT P F(y) exp[n /(7O — [rold Py 7) [ —. (6.37)
n 2w Jg, n
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For n — oo we evaluate the last integral by the saddle point method, noting that there is a saddle point
along the real axis, at

d 32 |T‘()|3
— (0 = [r[d! 3?3 =0 = y =y, = = 6.38
& (VO — [rol4™/"y77) VEN = 553 (6.38)
Then the standard Laplace estimate of (6.37) yields
4n |ro|%/2 512 n+/3 16 4 5|rol?
b(n,p) ~ 36 7 8L 75 Fi(vs) exp BETLAAr-v (6.39)

which applies for © = pn~—*/3 fixed as n — oo. Here F}(-) must be obtained by numerically solving
(6.10) or (6.20). We have thus established (2.4T).

Since Fy(0) = 1, expanding (6.39) as © — oo corresponds simply to dropping the factors n~ 7 /3 and
Fi(7.). Thus (6.39) asymptotically matches to the result valid for p = O(n*/?), in view of (5.123) and
the fact that 2 = On~'/®. We can also infer the behavior of the right side of (6.39) as © — 0, which
corresponds to v, — oo and p = o(n®/?). Using (6.29) we obtain

4m 512 1 ol ©%2 3v3 [ 16 5|rol®
nt3/6 81w \/2Tog2 ©° |rgl3/2 44/2 P

27 02
1 1
X exp —g*y* logn + Y lOg Vs + K2vs

3 log 2

1 o 64 1 13 9 1/3,2/3

T B 0129 /3 r/log2 P nlog4 —4 E|T0|n Y
1 1 1

— = 1 - — «log Vi + Koy | - 6.40
37 ogn+<3 1og2)7 08 7Yx + w] (6.40)

We will use (6.40) for asymptotic matching purposes in Sections[7]and 8]

7 Far Left Region

We consider (2.1)) for 0 < w < 1 and n — oo, and 2.3) for n — co with p — nlog, n = O(n). Note that
p —nlogyn = O(n) contains pyin(n) in ZI3) (see also (7.29)).

We assume first that B, (w) has an expansion of the form
B (w) = e~m1eenfw)eng(w)ph(w) )1 4 o(1)], (7.1)

for0 < w < land n — oo. If f(w) > 0 this means that B, (w) will decay faster than exponentially as
n — oo. Since

(n+1)log(n+1) =nlogn +logn +14+0(n™")
we see that with (7.1)) the left side of (2I)) becomes

e~ log nf(ﬂ))eng(W)n*f(W)Jrh(W)q(w)eg(W)*f(w) (14 0(1)]. (7.2)
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To evaluate the right side we treat the sum as an implicit Laplace-type integral. Using (7.I) the sum
becomes asymptotic to

enlosw Z 00 (g, — )W) 2 (1) ™9 exp{—[llog £ + (n — £) log(n — )] f(w)}. (7.3)
£=0
We approximate the sum via Euler-MacLaurin to get
1
e log anh(w)+1q2 (w)eng(w)e—n log nf(w) / LL'}L(w)(l _ x)h(w)e—nf(w)H(x)dx (74)

0

where H(z) = zlog z+(1—x)log(1—=x) is as in (6.4). Assuming for now that f(w) > 0 we can evaluate
(7-4) as a Laplace integral for n — oo, with the major contribution coming from z = % + 0(n=1/?).

Using
1 1 1
H(=)=-log2, H (=) =0, H'[ =] = .
(5) = toe2 1 (5) =0 17 (5) =1 as)

(7.4) becomes asymptotic to

2h(w)
ng(w) ,—nlognf(w) 2 2h(w)+1 7T 1 log2 + 1
e e q“(w)n Fwn <2) exp[n(f(w)log2 + logw)]. (7.6)

Comparing (7.1)) to (7-6) we conclude that

log w
- _ —— 7.7
f(w) 10g2 08y W > 07 ( )
1
h(w) = logy w — 3 (7.8)

and

1
g(w) = w? T \/~logy w = (7.9)

However, the function g(w) remains undetermined. To summarize, assuming the ansatz (7-1) we have

obtained
By (w) = w1082 7+ Dg(w)loga w /%w2+ﬁéz [1+o(1)]. (7.10)
™

The numerical studies in Section [9] suggest that (7.10) is approximately correct for w > 0, but there
are oscillations present that become numerically significant when w becomes small. We thus re-examine
(2-1) with the more general ansaiz

B (w) = e~mlognfw)enBwn)ph(w) 0y n)[1 + o(1)]. (7.11)
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We allow B(w,n) and Q(w,n) to depend weakly upon n, in such a way that B(w,n + 1) ~ B(w,n)
and Q(w,n + 1) ~ Q(w,n) as n — co. Repeating the calculation we did with (7.I) we now find that for
n — oo the left side of 21)) is

e—nlog nf(w)e(n+1)B(1u,n+1)nh(w)—f(w)Q(w, n —+ 1)e—f(w). (712)
The sum in the right side of (2.1 becomes
e logw Zgh(w) (n o Z)h(w)Q(w,K)Q(w, n— g)eéB(w,Z)+(n7Z)B(w,n7€)

=0
x exp{—[llog ¢+ (n — £)log(n — £)] f(w)}. (7.13)

Again evaluating this by the Laplace method, we use
(B(w,t) + (n—{0)B(w,n—1{)
2

— B (w %) ¥ % (e _ 5)2 [T;Bm (w g) +2nB, (w Z)} Fo (714

which follows upon expanding in Taylor series about £ = n/2. Then (7.13) becomes, for n — oo,

1 2h(w)
e log w,—n log n f(w) 6n(log 2)f(w)n1+2h(w) (>

2
nB(w,3) 2 n 7r n n? ny] "2
< et (u.3) gn{f“”"”Bn(w’z)“lenn(w’g)] -
Comparing (7.12) to (7.14) we again obtain (7.7). Then using
(n+1)B(w,n+1) = nB(w,n) + B(w,n) + nBy(w,n) + -+ -
we find that B(w, n) satisfies
B(w,n) = B (w g) . (7.15)
The most general solution of (7.13)) is
B(w,n) = g(w) + i gr(w)e2illosz k. (7.16)
ey

where the sum represents an arbitrary, zero-mean periodic function of log, n, with period one. Note that
(7-13) and (7:16) are indeed consistent with our assumption of slow variation. Unfortunately, we cannot
determine explicitly the Fourier coefficients g (w) using purely the recurrence (2I). With (7.16) we write

nB, (w, g) = nB,(w,n) = Bf (w,n),
"By (w.5) = n*Bun(w,n) = Bj(w,n)
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where
* _ 2mi = 2mi(logy n)k
B (w n) — 2mi i 2mi k2 — k gk(w)eZﬂ-i(log2 n)k
2 log2 £~ |log2 ’

Returning to (7.12)) and we regain and instead of we obtain the equation
n
Q? (w, 5) = Qw, n)w2+@ V2red®)

« . 1
x eBo(wn)+Bi(wn) \/— logy w — B (w,n) — ZB;(w, n).

Here we wrote as B(w,n) = g(w) + Bg(w, n).
A particular solution to (7.18) is

1 v | p 1
Qp(w,n) = w?F T eI B +B J ~logyw — Bj — 7B}

Var 1

and setting
we find that Q satisfies

Setting

we find that

whose most general solution is

G(w,n) = n x [periodic function of log, n].

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

However, then Q(w, n) can be incorporated into the factor exp[nB(w, n)] in (7.11). Thus in {7.1T) we

can use (7.7), (7:8), (7.16) and (7.19). We have thus established (2.34) and (2:33).

We next examine the asymptotic matching between the results for 0 < w < land w = 1 — O(n™1).

For v — oo we expand (6.2)) to get

g+l ek2v

2mlog 2

1 1 1
- exp[4t/3rognt/342/3 gfylog n)———=/7 exp {(3 — log2> v log ’y}

(7.23)
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where we also used (6.3)), (6.9) and (6.29). By asymptotic matching, (7.23) should agree with the expan-
sion of asw — 1. Since contains no oscillatory terms, we conclude that nBg (w,n) — 0 as
w — 1 and thus gx(w) = o(1 — w) as w — 1, for each k. Then (7.23)) must match to the right side of
(7-10) (which neglected the oscillations), as the latter is expanded for w — 1. Noting that

wnloan _ (1 o 1

)nloggn
n

v
~ ——1
exp { log2 og n]

and
n10g2 wo_ 1’

1 1—w ol
N — 1 (n+1)g(1—v/n)
2 log 2 n P ( log 2 ©8 n) ‘

Thus, the matching is possible provided that

(7-10) becomes

1 1
gw) = logd+ 43751 —w)?/3 + (logQ - 3) (w—1)log(l —w)
+ k(l-w)4+ol-w), w7l (7.24)

We have thus used asymptotic matching to infer the behavior of g(w) as w — 1, and this will play a major
role in Section[8]

Finally we discuss briefly the limit w — 0 with n fixed. From the discussion in Section 3, each B, (w)
is a polynomial of the form

B(w) = CpwPmin( o 49714y (3) (7.25)
where

Pmin(n) = ZLlog2 J]=(n+1)|logyn] — 2(2L10g2 n] _ 1).
J=2

By using (7.25) in (2.I)) we find that the dominant terms for w — 0 come from near the midpoint of the
sum ¢ =~ n/2. More precisely, for n even we let n = 2N and obtain

Cong1 = Z Cn1iCNn—j (7.26)
JES(N)

where

S(N) = {0 : pmin(N 4+ £) + prmin(N — €) = 2pmin(N) }.
For n odd we setn = 2N + 1 and get

Conga = Z CN4iCONyi1—j (7.27)

JET(N)
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where

T(N) = {E : pmin(N +£) +pmin(N +1- 6) = pmin(N) +pmin(N + 1)}

Note that 0 € S(N) for all N, and 0,1 € T(N). If £ € S(N) then —¢ € S(N), and if £ € T(N)
then 1 — ¢ € T(N). For example, we have S(1) = {0}, S(2) = {-1,0,1}, S(3) = {0}, T(0) = {0, 1},
T(1) ={0,1}, T(2) = {0,1}. Thus for n fixed we have

B (w) ~ CpwPmn(™ oy — 0. (7.28)

We next show that cannot be a special case of (7.14), as the latter is expanded for w — 0. Using
the Fourier series’

1 oo eQ-rrz'kac 1 00 Sin(27'rkx)
b =5~ reial R Dl et
k=—oc0 k=1
k#£0
1 1 .
2_{1} = - - 2mikx
2 k; log2+2kmi*
where the first sum omits the term k = 0, we can represent pp,in (1) as
1 1
pmin(n) = n 10g2 n-+n |:—2 — 1Og 2:|
= N log 2 2miklogy n
- 2_: omik(log 2 + 2mik)
k0
3 e e27rik logy n
=1 2 o 7.29
08y 1 + 5 + Z - ( )

k=—occ
k#£0

This form yields the asymptotic behavior as n — oco. Now, if (7.14) were to contain (7.28) as a special
case (at least for n — 00), it would need to behave as C2*Y exp(pmin(n) log w) for w — 0, where C2%Y
is understood as the asymptotic behavior of C,, as n — oo. By comparing (7.29) to (2.34) we see that the
largest factors, i.e., exp(n log, n log w), match automatically, and the factors that are exp(O(n)) agree if

log w, 0. 7.30
omik(log 2 + 2mik) o T (7.30)

With (730) we then have

1
eI Wyt eer 32w — 0,
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and the term log, 7 in pin (1) corresponds to the factor n'°82 % = 1'°82" in (2.34)). Furthermore

= 2mik i log,
exp[B§(w,n) + Bf (w,n)] = exp Z (1 + 1og2> gr(k)e*miklogz n
Ty
| 0 e2miklogy n 0
~ exp{ logw pa “omik y W —
K20

which corresponds to the last sum in (7.29). However, (2.34) still has the factor

1 \/ 1
———1/—log, w — Bf(w,n) — =B (w,n
NerT g2 1( ) 4 5( )

which for w — 0 would look like \/— log, w times a function of n, and such a factor can have no analog
in (7.28), regardless of the form of C), for n — oo.

This shows that yet another scale is needed in order to completely understand the asymptotic behavior
of By, (w). This scale would have w — 0 and n — oo simultaneously. We have not been able to identify
this scale precisely nor to analyze it. It is, however, not important for understanding the asymptotic for
>, b(n, p), as this requires w — 1, as shown in Section

Finally, we use the form to obtain an approximation to b(n, p). We set

p=mnlogyn+an, a=0(1)

so that

w™ log, nw—p—l _ w—an—l

and we have, for « fixed,

1 1 1 1
b(n,p) ~ i /C weg(w)nlo&w\/@w%loﬂ exp[n(g(w) — alogw)]dw. (7.31)

For n — oo we can use the saddle point method. There is a saddle in the range w = O(1) if we can solve
the equation ¢'(w) = a/w. The numerical studies of g(w) in Section [9] suggest this is indeed possible,
and then the standard saddle point approximation leads to (2.42).

8 The Matching Region Between the Left and Far Left Scales

In Section 7| we showed that the expansions for 0 < w < 1 (p = nlogyn + O(n))andw =1 — O(n™1)
(p = O(n*/?)) can match in some intermediate limit. Here we examine in more detail the solution in this
matching region, as this is the key to understanding the distribution of the number of nodes in trees of a
given (large) total path length p (cf. (2.12)). For a fixed p, as we increase n we move from right to left.
The result in shows that for a fixed © = pn=4/3, b(n, p) still grows with n, due to the dominant
exponential factor of 4”. However, for p = nlog, n + O(n), shows that for fixed p/n — log, n,
b(n,p) grows (decays) with n according as g(w.) — alogw, > 0 (< 0). However, numerical studies
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(cf. SectionJ) show that this quantity is negative unless w, — 1. Thus to find the limiting distribution of
the number of nodes we need the maximum of b(n, p) over n, and this occurs precisely in the matching
region, where this function will achieve a Gaussian peak.

As (p — nlogyn)/n = e — oo we have w, — 1 and the non-constant Fourier coefficients in (2:34)
(i.e., gr(w), k # 0) vanish as w — 1. Thus we use (2.37) and (2:42). For &« — oo we can solve the
equation

wg'(w) =« 8.1

for the saddle w = w, (<) asymptotically, using the relations

1 1

glw) = log4—41/3|r0|(1—w)2/3+<10g2—3) (w—1)log(l —w) — ka(w — 1) + o(w — 1),

(8.2)
2 1\ 1 1 11

) = 43 [ —— ~ 2 ) log(1 — o 1 .

g (w) ol (125) (g3 3) R0 -0+ =3+ g o), 33)

and

2
g'(w) ~ §41/3|r0|(1—11))_4/37 w— 1", (8.4)

To facilitate the calculation, we set

Ay = %41/3|r0|, A = 10;2 - % Ay = —% +log2 —ky = Ay — ko (8.5)
and
w, =1—A. (8.6)
We rewrite (8.1)) as
a=[AgATY3 4 Ajlog A+ Ay +o(1)](1 = A), A—0 (8.7)

which can be rearranged to give

A

T = la—AllogA— Ay alto(1)
0

-3
_ 013|:1—A110gA+A2—|—A—|—0<1>:|
« «
= a3 [1 + %(Al log A + As) + o(a_l)] . (8.8)

It follows that
A3
A ~ —;)7 a — 00 (8.9)
«
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and this can be refined to the expansion

A 3
A:<0> [1+51+522+--l,a_>oo (8.10)
(6% (6% (6%
where
1 = 345 — 94, log <O‘) . (8.11)
Ag

We next evaluate g(w, ) — alog w, as & — oo and w, — 1. We note that this is the exponential growth

rate, in n, of (2.42). Using (8:6), (8:10) and (8:11)) we obtain

glwy) —alogw, = g(1—A)—alog(l—A)

log4 + %AlAlogA + <;A2 + kg) A — %aA + O(aA?)

A3 1 A3
= logd4— -9 420
8 2a2+a3

[3A1 log (Z‘) + @} +Or(a™).  (8.12)
0
Here we also used in the form aA ~ AgA%/3 + A;Alog A + A A.
To find the maximum of ng(w,) — nalog w, we need to asymptotically solve

logn +1

1 « =0. .1
log2 ogw 0 (8.13)

0
3, [9(w) —nalogw.] = g(w,) +

Here we note that w,. depends on n through o, but ¢'(w.) = a/w, by (8I). Also, nae = p — nlog, n so
that d(na)/On = —logy n — 1/log 2. Let us write the solution of (8.13) as n = n = 7(p). Setting

F(n;p) = ng(w.) — nalog w, (8.14)
we have
logn +1
F,(n;p) = x) + ———— log w, .1
(n;p) = g(w.) + gz 08 (8.15)
and
Oow,  logw, logn+ 10w,
an ; = ! *
(n;p) g (w.) on nlog2 wy log2 On
logn+1\ 1 Ow, 1
_ ) — 1 - 8.16
<a+ log 2 )w* on +nlog2 o8 (8.16)
We also define
Wo(p) = F(7(p);p) (8.17)
and

Vo(p) = —1/Fun((p); p). (8.18)
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We will see that U (p), 72(p) and Vy(p) will provide asymptotic approximations to the exponential growth
rate of the total number of trees of path length p, and the mean and variance of the Gaussian distribution
of the number of nodes in such trees.

We use (8:2) and (8.10) in (8:13), which as w, — 1 yields

logn+1 [A3 343
logd — — Ay — 3441
og log 2 L;, +—a | A2 3A; log Ao

AQ A3 A3 A
— Ao o2 [14- (A2—3A110g(: ))]+k2 A1031g< 0)+0(043):0~
0

To leading order, log 4 must be balanced by the term proportional to a3 log n, and we have

Ag (logn)1/3 B Ao(logn)l/?’ -
“r (log2)1/3 (log4)1/3 ~ 21/3(log 2)2/3’ n = i(p). (8.19)

This shows that for a fixed p, the maximum of b(n, p) occurs in the range p = nlog, n + O[n(logn)*/3].
We compare this to pmin(n) = nlogy n + O(n) (cf. 213)). From (8.9) and (8:19) we conclude that

= 2(log2)?
A~ 2og2)” o n = ip) — oco. (8.20)
logn

Here we write w. = wx(n, p) via (81 and let

@ = w(p) = w(Alp),p), A=A(p) =1-w.(i(p),p),
a - P- p%(lgsgz [2(p)] 821)
Using (2.42) we have
1 () e log, @ g(@) =
;b(n,p) ~ %Wn 82 Wed —log, W
X Z exp [ng(w) — nalogw + %an(ﬁ(p);p)(n —n(p))? (8.22)

where we approximated the sum by the Laplace method. Now,
n'°&2®  —  expllog, nlog(l — A)] ~ exp[—2log2] = =
9@~ expllogd] = 4

and
1 e 1 —
a+ 1[129”(11)) ~ a4+ *3A0(A)74/3 ~ 73A02 4/3(log 2) 8/3(log ﬁ)4/3.
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Thus (8:22) becomes
7/6
Shmp ~ o () Eagogaye
~ ’ 27 \ log 7 Ag
x o explF((p): )] (8.23)
————— X )] )
—Fpn((p); p)
In view of (8:13) and (8:14) we have
F(n(p);p)) = — +i logw = (p+ n A+ O(A?)] (8.24)
Pip) == (Pt pog Jloesw = (P05 : :
From (8:23), (8:24), (8-19) and (8:20) we obtain the growth rate
p 2
1 ~ ——(21 2 . 2
og [anb(n,p)] ogp (2108°2), p— o0 (8.25)

To refine (8:23) and make (8:23) more explicit, we consider (8.1)) and (8:13) as a simultaneous system
to determine w and 7 (or, equivalently, &) as functions of p. By expanding (8:13) about w, = 1 and
setting

S = S5(p) =logn (8.26)

we obtain

0=logd— S A S a2_ §A0A2/3 — A1 Alog A + koA — b

— A -2 2
g2~ 2log2 2 log 2 +O0r(S7%) (827

where we also used (8.2). From (8.27) it follows that as S — oo, A has the expansion

a b c

d —7/3
A=<+t gt g+ OrlS /3) (8.28)
where
a = 2(log2)? b=0, (8.29)
c = —g(log 2)Aga?/® = —222/3A0(log 2)7/3, (8.30)
1 a? S
d = log2 |:(k2— 10g2>a— 3log2 + Ajalog (a)] (8.31)

and we note that d depends weakly on .S (as log .S).
Next we use (8.3) and rewrite (8.1)) as

% “logy i = (1 — A)[AgA™Y3 4 A log A + Ay + o(1))]. (8.32)
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We set
ii(p) = pn.(p), @ =logp
with which (8:32) becomes
1 S S\ 3 c 1 d 1
n. log?2 = 4o (a> 7A03a4/3 S1/3 7A03a4/3 52/3

S c 1 a?/? 4
+ A [log <a>+a52/3] + A2 — Aoz + Or(ST)

where we expanded A in (8.32) using (8.28). Noting that

S=Q+logn, ~Q
and
S1/3 ~ Ql/B + }Q72/3 logn*
3
we rewrite (8.34) as

1 Q log ny n Ag
n, log2 log2 = al/3

It follows that n, has the expansion

log 2 v v _7/3
n= =5 +Q5/3+@+OR(Q /3)

where

and
V' = log 2[log Q — loglog 2] + A; log Q(log 2)* — (As + A; loga)(log 2)2.

Hence, as p — oo (with @ = log p) we have

. P Ag log2 7 _
n(p) = 6 1Og2 1- m Q2/3 =+ @ + OR(Q 4/3) )
Z = (A1log2+41)logQ —loglog2 — (As + A loga)log 2.

QY% 4+ Ay + Arloga — Ay log Q + Or(Q™Y/3).

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

Recalling that n = 7(p) corresponds to the maximum of b(n, p) for a fixed large p, (8:37) is also the

expansion of /(p), so we have established (2.18). We also note that

N (log2)* p
max - ~ A
Nmax(P) = 1(p) ~ Ao—773 oz p

BE = o(p), p — .

Here nyax(p) is the inverse of ppi, (n) in @:13).
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Next we refine (8:23) and also obtain the variance in (8:18). From (8:17), (8:24) and (8.28)) we have
SN KO (I R )
P02 ) |57 5573 9 )52 TR

p p a C
[“ ogp (QW” {Q o

2
+ [d+ % +a(log@Q — loglogQ)} é + OR(Q_7/3)}

Yo(p)

2

1
- % [ +ﬁ+ (a+ C;+d—aloglog2+alogQ> Q+OR(Q4/3)} . (8.38)

From (8:31) we see that

a? Q
d+a+3:alog2 k2—|—A110g +0(1),Q—>OO

a
so that (8:38) leads to (2.14) with 2.13).

To obtain the variance, we use (8.16) and (8.18). From (8.10) we obtain

3
- () 2

on ot n \n log2 @ Ag
and then (8:16) becomes
Fon =[98 o L34 L T g, - 12108 ()Y 0 (L
ftfnn = log 2 @ log2| ot 2 2 ! 1708 Ag logn /-
(8.39)
Now let n = 7(p) and use
logn 1 2_ Q 1/3 2_ Q? 13
[logZ tat logQ} N [logQ HO@)] = (log 2)2 +O@7).
From (8:19) and (8:37) we obtain
G0 llogp + loglog? — log @ + O(Q )Y~ — A0 ___qus
21/3(log 2)2/3 sp T8 l08 & 21/3(log 2)2/3 '
Using the above in (8:39) we obtain
R 1 QQ 3 A _ Q5/3 6a1/3
Fon p)~——— 93 (10g2)8/3Q /3 ~ X — . 8.40
(7(p); p) 7(0) Tog2)? Aq (log2)*°Q o Agloz? (8.40)

We have thus obtained the leading term in the variance in (2.19). We will obtain the correction term using
a somewhat different method (cf. (8:46) and (8:47)).
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Using (8-40) and (837) in (8.23) leads to (2.14). To summarize, in the limit & — oo and pn=%/% — 0
we have obtained the approximation

3 o6 <A0>7/2 o [_A%logn]

b(n, p)

7 /log2lro|/2n \ a a3 log2
A3 A3
% 4" exp |- 200 4 20, 4 34, loga — 34, log Ag) | - (8.41)
202 a?

This follows by expanding (2.42) for w. — 1, and also matches to (6.40), as can be seen by replacing «
in (8.41) by p/n — log, n ~ p/n. We note that in this limit

IR Rl A
27 O3 27 pd a3’
Expanding (8:41)) about n = 7(p) (or o« = &) leads to the Gaussian form in (2:20).

For numerical purposes it sometimes proves useful to base our approximations on (8:41)). To this end
we define

A3 AR 4 4
H(Oé) = —ﬁ+$(k2+314110g0¢—3 110g 0)
®(n,p) = nlogd+nH(a). (8.42)

Then 0®/0n = 0 is equivalent to solving

1 P
logd+ H(a) — ——H' - =H' =0. 4
g4+ H(a) ~ s H'(0) = L' () =0 (8.43)
We denote the solution to (8:43) by
A A D .
n=mn s 6% = — — 10 n
(), alp) = 705 — loga[R(P)]

where we are viewing the problem for a fixed p. We also have, since & = p/n — logy n,

PR 1 1/p 1 \?
vr_ o’ [P o’
on? nlog?2 (c) + n (n i log2> (@)

and we get & = ®((p), p) and

. 1
Vip) == D (R(p),p)

Solving for 7 asymptotically as p — oo regains the expansion of the mean in (8:37), though using the
more implicit form (8:43) may be advantageous numerically (cf. Section EI) Thus we can use (®,7,))
as the approximations to the growth rate, mean and variance, and these are asymptotically equivalent to

the results in (Z.14) - 2:19). For example, solving (8.43) for p — co we have

1/3
&= Ay (f) + Ay + Ajloga — A log Q + Or(Q™Y/3) (8.44)
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and we note that

H"(a) = _3(;8 . ﬁ? [36141 log (jo) 124, — 9A1] . (8.45)
Using (8.44) in (8:43)) leads to
4/3 5/3
H"(&) = —Aio (g) " %fgl (g) g Or(Q™?). (8.46)
Thus,
RL 1/(p 1\, 1
W(n(p),p):% <ﬁ+log2> H (a)+0(mogﬁ). (8.47)

Using (8:46) in leads to the two term approximation to the variance in (2:19). Note that while the
leading terms in the expansion of the growth rate (log ) ~,, b(n, p)) and the mean do not involve the root 7
of the Airy function, the leading term for the variance does involve this root. Also, the correction terms for
the growth rate and mean are smaller than the leading terms by factors of Q~2/3 = (log p)~2/3, but the
correction term to the variance is smaller by only an O(Q~'/?) = O((log p) ~'/3) factor. This completes
the proof of Result[2]

9 Numerical Studies

We give numerical results that determine some unknown constants/functions, and also provide back-up to
the various assumptions we made.

For w > 1 we gave in Table numerical values of B, (w) (~ B, (w)21_"w_(2), n — oo) for various
w, and sketched this function in Figure [I] (cf. Section [2). We test the accuracy of the asymptotic relation
in 2.23). Let B, (w) be the exact solution to (3.2). Then our analysis predicts that B,,(w) — B, (w) as
n — oo for each w > 1, and then

¢
et —1

log 2
(w — 1) log[B, (w)] — do = / ) d¢ = 58224 ... ©.1)
0

asw | 1. In Table we compute (w — 1) log[Beo (w)] and also (w — 1) [log[Bos (w)] — 4 log(w — 1)]
for various w > 1. Here, for each fixed w, By (w) is computed by iterating (3.2) for n sufficiently large
until B, (w) settles to a constant to 3 digits. Both of the tabulated functions should approach dy as w | 1,
with the latter function approaching more rapidly, since it includes information from the algebraic factor
Vw —1 in 2.23). We see that both functions are indeed approaching dy as w — 1, with the second
function having a faster rate of approach. Next we attempt to verify the constant d; in the asymptotic

relation (2.23)), by computing

w—1 w— 1

d Boo
Di(w) = exp (— 0 > (w)
in Table for various w > 1. Our analysis predicts that Dy (w) — d; = 2.1350... as w l 1.7It became
very difficult to compute B, (w) for w < 1.04, since for w = 1 the convergence of B, to B is very
slow. We see from Tablethat D1 (w) still changes appreciably as w goes from 1.08 to 1.06 to 1.04. The
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Tab. 2:

w (w—1)log(Bs) | (w—1) [log(Boo) - %log(w — 1)]

2 358 358
1.8 372 461
1.6 .390 544
1.4 417 .601
1.2 462 .623
1.18 468 .622
1.16 475 .621
1.14 482 .620
1.12 490 .618
1.10 499 .614
1.08 510 611
1.06 521 .606
1.04 .535 .600
1.02 552 592

1 582 .582
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Tab. 3:

w | Di(w)

5 46499
4.5 | 49262

4 .52591
3.5 | 56716

3 .62021
25 | .69229

2 79923
1.8 | .85978
1.6 | .93848
1.4 | 1.0485
1.2 | 1.2274
1.18 | 1.2531
1.16 | 1.2812
1.14 | 1.3123
1.12 | 1.3473
1.10 | 1.3872
1.08 | 1.4338
1.06 | 1.490
1.04 | 1.56

1 2.1350
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data are not inconsistent with the theoretical value, but w would have to be made much closer to one for
us to reach a more definite conclusion.

We next consider the 3-scale, where w = 1 + 3/n = 1 + O(n™!) with 8 > 0. Here the asymptotic
result is given by (2:23). In Tables @ and[5] we compare

1 log [Bn (1 + B)] 9.2)
n n

to ®(8) = log2 + g + ¢(B) (cf. 2:23)) for 3 = .25,.5,1,2 and 4, respectively, and for various n. Our
WKB expansion predicts that (9.2) should approach ®(3) as n — oc. The tables clearly demonstrate this
convergence. The data are also consistent with an O(n~! log n) error term, which is predicted by (2.23).
The convergence is slowest when 3 = .25 (cf. Table[d), which is to be expected since our analysis predicts
that once 3 becomes O(n~'/?), the expansion becomes invalid and we must use the a-scale result.

In Table[6] we compare

Vne @B, <1 + i) 9.3)

to v/3¢(3), which should be the limit of (9.3) as n — oo. Table |§| has 3 = .5,1, and 2, respectively.
Again the tables show the convergence predicted by the WKB ansatz @.9). However, the convergence is
much slower than one would expect with the O(n~!) error term in (#9). The numerical data suggest that
the error term may be O(n~'/2) (i.e., a term n~1/2¢(1/2)(3) should be included in the series in ([@.9)).
To resolve this issue more conclusively, we would have to examine higher-order asymptotic matching
between the a-scale and (-scale. This would necessitate, among other things, continuing (2:28) into the
range a > 0 and the evaluating the result for a — +o0.
We next consider the a-scale result. We recall that obtaining the right tail of the Airy distribution
involved showing that
D(y) = D(a*/?) ~ iaeaz/g, a — +00. 9.4)
T
In Tablewe give D(a2/3)a=e="/3 for various values of a > 1. This clearly shows that the function
is approaching the constant 4//m = 2.2567... . To compute the exact values of D(y) we used the
recurrence (5.23), (5.23) and (5.20).
Now consider the expansion on the y-scale, where w = 1 — O(nil). Here we must solve @) or,
equivalently, (6.22). Given the asymptotic behavior of F'(0) in (6.24) as # — oo, we used the following
numerical scheme: (i) Fix a large N, (ii) let F'(.J) satisfy the recurrence

F(J-1)=F(J)+F*(J), J=N,N—-1,...,—M +1, 9.5)

subject to the “terminal” condition

- 1  logN+a, (logN+a.)?—logN—a,+3

(iii) use the approximation
F(-M)=~ F(—M).
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Tab. 4:
8=.25 g=.5 g=1
no | ylog(Bn) | 2(B) n | ylog(By) | ®(B) n | ylog(By) | (8)
10 1.0517 1.4039 10 1.1310 1.4475 10 1.2910 1.5822
20 1.1984 20 1.2702 20 1.4245
30 1.2569 30 1.3232 30 1.4724
40 1.2889 40 1.3514 40 1.4972
50 1.3092 50 1.3689 50 1.5125
75 1.3378 75 1.3931 75 1.5335
100 1.3530 100 1.4055 100 1.5445
125 1.3624 125 1.4132 125 1.5513
150 1.3688 150 1.4184 150 1.5559
200 1.3769 200 1.4251 200 1.5618
250 1.3820 250 1.4292 250 1.5655
500 1.3923 500 1.4377 500 1.5732
750 1.3959 750 1.4408 750 1.5759
1000 1.3978 1000 1.4423 1000 1.5774
2000 1.4006 2000 1.4448 2000 1.5796
3000 1.4017 3000 1.4456 3000 1.5804
5000 1.4025 5000 1.4463 5000 1.5811
10,000 1.4031 10,000 1.4469 10,000 1.5816
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Tab. 5:
g=2 f=4
n | ylog(B.) | 2(8) n | ylog(By) | @(8)
10 1.6123 1.9498 10 2.2336 2.8364
20 1.7670 20 2.5013
30 1.8223 30 2.6024
40 1.8512 40 2.6559
50 1.8690 50 2.6892
75 1.8936 75 2.7351
100 1.9064 100 2.7588
125 1.9143 125 2.7734
150 1.9197 150 2.7833
200 1.9266 200 2.7959
250 1.9308 250 2.8035
500 1.9397 500 2.8193
750 1.9428 750 2.8247
1000 1.9444 1000 2.8275
2000 1.9469 2000 2.8318
3000 1.9478 3000 2.8333
5000 1.9486 5000 2.8344
10,000 1.9491 10,000 2.8354
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Tab. 6:
B=5 =1 B =2
n Ve "B, | /Bj n Ve "B, | /Bi n Vne "B, | VB§
10 13346 18155 10 17190 28196 10 .10819 .16437
20 .12886 20 19081 20 11552
30 13149 30 20327 30 11961
40 13512 40 21132 40 .12245
50 .13859 50 21688 50 12461
75 .14540 75 22557 75 12844
100 .14995 100 23085 100 13105
125 15307 125 23456 125 .13300
150 .15530 150 23737 150 13454
200 .15833 200 24144 200 13687
250 .16033 250 24433 250 .13858
500 .16525 500 25202 500 .14338
750 .16749 750 25574 750 .14583
1000 .16885 1000 25812 1000 14740
2000 17158 2000 26297 2000 15072
3000 17299 3000 26509 3000 15256
4000 17369 4000 26684 4000 .15343
5000 17426 5000 26791 5000 15419
10,000 17578 10,000 27078 10,000 15623
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Tab. 7:

a D(a2/3)a’1e*a2/3

1 2.242

2 2.035

3 2.102

4 2.168

5 2.204

6 2.222

7 2.232

8 2.238

9 2.242
10 2.245
11 2.247
12 2.248
13 2.249
14 2.250
15 2.251
20 2.253
25 2.254
30 2.255
50 2.256
100 2.256
00 2.2567. ..
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Tab. 8:

N | 27%F(-5)

1000 6.8809

2000 6.8807

3000 6.8804

5000 6.8800

10,000 6.8794

For M large and positive, (6.30) shows that

1 M
2 M og[F(—M)] =log A — 52_1\/[A_2 +-, M — o0. 9.6)

Thus the left side of (9.3) should approach the constant log A very rapidly (as a double exponential) as
M — o0, if A > 1. We have found that taking M = 5 is sufficient to get log A to several decimal places.
In Tablewe take M = 5, solve for various NV and give 275F (—5), which is an approximation to
log A that should become exact as N — oo. This shows that

log A ~ 6.880 0.7

and then (6.33) yields
ko ~ 3.696. (9.8)

The latter constant corresponds to the exponential growth rate of Fj(y) in (6.29), and thus that of the
approximation on the y-scale in or - 233).

Next we consider n — oo with 0 < w < 1, where the approximation applies (or its refinement
(2:34), that allows for oscillations). If we were to ignore the oscillations and define

1 V2mnlog 2B, (w)w "8 n
gflﬁzn(w) = log g (w) , 9.9

1
n+1 nlogz w/“Togww? " w2

then we should have gr(lﬁzn(w) — g(w) as n — oo for each fixed 0 < w < 1. Of course we should
also have n~!log[B,,(w)w™"1°82"] — g(w), but including the other factors in the right side of
should help with the convergence, as shown by the asymptotic analysis of Section[7] In Table[9] we plot
gr(lﬁzn(w) large n, for several w < 1. These data show that for n sufficiently large, gr(lﬁln(w) is constant
to several decimal places, except when w < .001, where this function oscillates (with n) over a certain
range. This range is indicated in Table[9|for w = .001, .0001 and .00001. Our study suggests that while
the oscillations corresponding to gi(w) in (2.35) are indeed present, they are numerically very small,

unless w itself is very small. We also recall that the analysis in Section [7| predicted that g (w) has a
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logarithmic singularity, for each k, as w — 0 (cf. (7.30)). For practical purposes we can use and
[2.42)) as the approximations to By, (w) and b(n, p), though g(w) must still be determined numerically,
using, e.g., Table@ We also note from the table that g(w) is approaching, as w — 1, the theoretical value
g(1) =logd =1.3862... .

In Table 10| we examine the matching region between the scales w = 1 — O(n~!) and 0 < w < 1.
By asymptotic matching we showed that g(w) behaves as (8:2) for w T 1. Let us define CONST =

CONST(w; n)

1

1
=—— 39" (w) — |log4 +43r0(1 —w)?B + [ — —
1_w{gnum(w) [Og +47ro(1 —w)™” + Tog 2

:1))) (w—1)log(1 — w)] } . (9.10)
For w not small, we can choose n sufficiently large to make (9.10) independent of n to several decimal
places. Then as w — 1 our analysis shows that should approach the constant ks. The convergence
becomes very slow with n when w is only slightly less than one, but the data shows that CONST is
decreasing to some value < 3.792, and this is consistent with our theoretical value in (9.8). This provides
numerical evidence both for the form (8:2)), as well as the numerical value of k.

Finally we do some numerical studies of our main results, which consist of the growth rate of the total
number of trees of a given path length, and the distribution of these trees as characterized by their numbers
of nodes. In Figure[2] we plot the exact b(n, p) for p = 190 and p = 250 with 12 € [nin(p), Nmax ()] =
[20,49] and [23,61]. While this graph possibly resembles a Gaussian near the peak, the value of p is too
small for us to be certain. In Table |l 1| we compare the exact values of log[>, b(n,p)] to the one-term,
two-term and three-term asymptotic approximations to the exponent in (2.14). The one-term approxima-
tion is ap/Q = 2(log2)?p/logp, the two-term includes the O(Q /%) correction, and the three-term
includes also the Or(Q~1) correction. Table [11|shows that the one-term approximation underestimates
the true value by about 20%, the two-term approximation is very poor, while the three-term approxima-
tion is quite accurate. In Table we give the exact mean total path length A'(p) (cf. the one- two- and
three-term asymptotic approximations in (2.18). We again see that the two-term approximation is actually
worse than the one-term, and the three-term result is better than the one-term. In Table @], we give the
exact variance V(p) along with the one- and two-term approximations in (2.19). We see that the one-term
approximation is fairly accurate (10% errors), while the two-term underestimates significantly the true
value.

To explain these numerical trends we note that the ratios of coefficients of the second term to the first
term are respectively given by:

growthrate: Ry = 24, laolg/f = 2/3(1og 2)Y/3|ro| = 2.6070. ..

mean: Ry = 221/3(log 2)'/3|ro| = 1.7380. ..
1/3
variance: Ry = 3%@1/3 = %ﬁ (1 — 1°§2) (21§g2) =1.3272....

All of these numbers exceed unity. To compensate for the ratio being large we need to have Q 2/ (growth
rate, mean) or Q~'/3 (variance) sufficiently small. However, when p = 250, Q'/? = (logp)'/? =
1.767...and Q%% = 3.123. . .; increasing p to 500 gives Q'/3 = 1.838 ... and Q*/® = 3.380... . Thus
to make the second term in the growth rate numerically smaller than the first, we need p ~ 67.3. Indeed,
Table[TT]shows that the two-term approximation is actually negative for p = 20 — 50. To make the second
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Tab. 9:

w Gl (w)

999999 1.3853

99999 1.3841

.9999 1.3791

999 1.3605
99 1.3042
9 1.26
8 1.37
7 1.55
6 1.77
5 2.06
4 2.44
3 2.94
2 3.66
1 4.94
01 9.33

.001 13.7-13.8

.0001 18.1-18.4

.00001 | 22.5-23.0
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Tab. 10:

w | giW.(w) | CONST

.8 1.379 4.525

9 1.269 4.273

925 1.256 4.200

95 1.254 4.116

975 | 1.2715 4.010

.99 1.3042 3.915

2999 | 1.3606 3.792

2.5e+18

1.80+23 |
1.60+23 §
264187 1.4e+23 1
1.2e+23

150+18
1e+23
8e+22 |

1e+18 4
6e+22 1
56417 . . 4e+22
20422 §

070 25 2n 35 4an 45 0 25 2n KLY 4an 4‘75 A0 AR Aan
(a) p = 190 with n in the range [20..49] (b) p = 250 with n in the range [23..61]

Fig. 2: Plots of b(n, p).
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Tab. 11:

p | log[>, b(n,p)] | 1-term | 2-term | 3-term
20 6.4425 6.4151 <0 8.860
30 9.2943 8.4755 <0 11.47
40 11.702 10.419 <0 13.92
50 14.301 12.281 <0 16.25
75 20.145 16.692 | .27965 | 21.72
100 25.659 20.865 | 1.2131 | 26.86
125 30.940 24.876 | 2.1739 | 31.77
150 36.037 28.765 | 3.1545 | 36.50
175 40.989 32.558 | 4.1501 | 41.11
200 45.822 36.272 | 5.1575 | 45.61
225 50.553 39918 | 6.1743 | 50.00
250 55.198 43.507 | 7.1988 | 54.33

391
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Tab. 12:

p | M(p) | 1-term | 2-term | 3-term

20 | 9.019 | 4.627 | 7572 | 7.138

30 | 11.719 | 6.113 | 1.415 | 9.244

40 | 14.050 | 7.516 | 2.044 | 11.21

50 | 16.395 | 8.859 | 2.657 | 13.08

75 | 21.704 | 12.04 | 4.148 | 17.47

100 | 26.624 | 15.05 | 5.600 | 21.58

125 | 31.287 | 17.94 | 7.027 | 25.51

150 | 35.766 | 20.75 | 8.433 | 29.30

175 | 40.093 | 23.48 | 9.824 | 32.99

200 | 44.300 | 26.16 | 11.20 | 36.58

225 | 48.406 | 28.79 | 12.56 | 40.10

250 | 52.426 | 31.38 | 13.92 | 43.55
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term one half as large as the leading term, we would need Q?/% = 2Ry orp = exp[(2R0)>/?] ~ 148, 000.
This is well outside the range of Table ﬂ;l'[, where the maximum value of p is 250. Thus, the fact that the
two-term approximations tend to actually be worse than the one-term ones is not surprising, in view of the
relatively large values of R; and the fact that p must be extremely large before (logp) /3 or (log p)~%/3
is sufficiently small. The numerical results are not particularly bad, considering that the asymptotic series
involves powers of /3.

We have also tested the accuracy of the approximations ((i, n, f/), defined by (8:43) and below. How-
ever, we found these to be worse than the (more explicit) results in (2.13)), (2.18)) and (2.19). We would
guess that having an explicit expression for g(w) (rather than only the local behavior in (8:2)) would lead
to more accurate approximations. However, refining (8.2)) (i.e., computing explicitly the O(1 — w) error
term) would seem to require a lot of work, as we would need to compute higher-order terms in the ex-
pansions on the a- and ~y-scales, and use higher-order asymptotic matching. The y-scale would involve
numerically solving certain integral equations.

Another idea to approximating log (}_, b(n,p)), N and V would be to define (w0, 72,) as the solution
to the system

p
wg,(w) = a =L ~log, n,

logn +1
ga(w) + Tlog2 logw =0 (9.11)
where
1 1
ga(w) =logd + 4 37r5(1 — w)?/® + (ng - 3) (w—1)log(l —w) — ka(w — 1) (9.12)

is the truncation of the asymptotic series (8:2), up to the point that we explicitly computed it. For a given
(large) p, we solve (9.11) (with (9:12)) for (w,n) numerically. Then our approximations to the growth
rate, mean and variance are

o, = ‘i)a(p) = Na[ga(Wa) — Ga log(da)],

N, and

_ __|log(wa) (.  log(fa)+1
Valp) = = [ﬁa10g2+<aa+ log 2

—1
log (i, 1 \?1 1
. g(w)+ P, 1 i i .
log 2 Ng  log2 Wq wagf{(wa) + g{z(wa)

Of course, asymptotically these approximations have the same order of accuracy as the explicit results in
(213), (2:18) and (2:19), as both are based on the approximation (9:13) for g(w). However, numerically
(Py, Mg, Vo) lead to somewhat different results. In Table we give these approximations for various
p in the range [20,250]. These should be compared to the exact values in Tables [TI} [I3] In doing the
numerics we first replaced n by

1 gw]™
W, On

log 2
n= exp <ga(w)_§gw - 1) (9.13)
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Tab. 13:

p | V(p) | l-term | 2-term
20 | .5792 | 9306 | .07377
30 | 9125 | 1.129 1326
40 | 1.230 | 1.315 1854
50 | 1.347 | 1.491 | .2350
75 | 1.902 | 1.897 .3508
100 | 2.334 | 2.272 4595
125 | 2.719 | 2.625 | .5636
150 | 3.092 | 2.961 .6644
175 | 3.448 | 3.284 7625
200 | 3.789 | 3.597 | .8586
225 | 4.118 | 3.901 9529
250 | 4.437 | 4.198 1.045
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Tab. 14:
D Wq o, g Va
20 | .7536 | 8.649 | 7.331 | .1377
30 | 7719 | 11.34 | 9.596 | .2245
40 | .7837 | 13.85 | 11.69 | .3061
50 | .7923 | 16.23 | 13.68 | .3842
75 | .8065 | 21.81 | 18.33 | .5689
100 | .8156 | 27.03 | 22.67 | .7433
125 | .8223 | 32.02 | 26.81 | .9106
150 | .8274 | 36.83 | 30.80 | 1.072
175 | .8315 | 41.50 | 34.67 | 1.230
200 | .8350 | 46.06 | 38.44 | 1.383
225 | .8379 | 50.52 | 42.13 | 1.534
250 | .8405 | 54.90 | 45.74 | 1.683
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in the first equation in (9.11), and solved numerically for w, = w,(p). Then 71, is easily obtained from
(©-13). The data in Table[14]shows that the approximations for ¥(p) and N (p) are roughly comparable to
the three-term approximations in Tables and The approximation to V(p) is better than the two-term
approximation in Table but worse than the one-term. In Table [14] we also give the value of w,. We
note that this quantity converges to one quite slowly as p — oo, and the use of (9.13) is only justified for

w — 1.
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A APPENDIX

Here we briefly re-examine the central region by using the functional equation (2.2). We introduce the
scaling

a 1 ¢
with
B(z,w) = B(¢,a) = B((4z — 1)n, (w — 1)n*/?). (A2)
From (A1) we have
S ¢\ _a
4Z’LU—1—E+ 1+E W
and (2:2) becomes

Ba)-1=2(14S)|B(c+- L4 , i (A3)
’ 4 n N ' '

Upon setting

BG.a) =2 |1+ ()|
we obtain from (A23)
2 2 a aC ¢ 2¢ a ag
%Bl(ga):%Bl (C—F\/ﬁ-i-ng/wa) +E+WB1 (C—i—\/ﬁ—&-w,a)
1
+—B} <C+;ﬁ+7;§2,a)+§2Bf (<+;ﬁ+n‘;§2,a>. (Ad)

Expanding B; = B1((, a;n) as
B, = B(O)(C a) + L B(l)(C a)+O0(n™ ")
’ \/ﬁ ’

we obtain from (A.4) at the first two orders (O(n ') and O(n~3/2)) the equations

0=2aB" + ¢ + [BO] (A.5)
and
0=2aB" +a®BY +2(B® +2B© BY 1 2aB© B (A.6)
To solve (A3) we set
H
BO(¢,a) = 2a=5 (A7)

H
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to obtain the Airy equation 4a? H¢¢ + ¢(H = 0 and thus

H(¢,a) = Ai((4a®)"*(=()), ¢ < 0. (A8)
We use (A-8) in (A7) and note that
—n—1 n
G P (1 + <> d¢ = 4~ {1 +0 (1” dc. (A.9)
in n n n
We have
1 B(z,w)
4n 1 1 —2a Ai'(—471/3¢|a|72/?)
~ —— 27 |1+ — : Al
ey M R o v e ST

Here R(¢) < 0 on Br—. Scaling ¢ = —(—a)*3s = —Ysfora < 0and Y > 0, and interpreting the
leading term as
1 _CdC 1
B S -
5

27 J g, i

via distributions, (A.I0) becomes

4n —42Bq [ AV(478s)
Bulw) ~ 257 o / Al(a 155y ¢ 08

4qn 742/3 d Ai’ 471/3 Ys
= AL ) e (A1)
n3/2 2mi dY \Jp, Ai(4~1/3s) s
where again the first integral in (A.T1)) must be interpreted using distributions. We have thus regained the
leading term for the scale w = 1 4+ O(n~3/2) and w < 1. However, the present derivation is not as clean

as those in Section [5] where all the functions that arose may be interpreted in the classical sense.
We next obtain the correction term B(Y) (¢, a). Differentiating (A.3) yields

/ e Yds =Y6(Y) =0
Br

0=2aBY +1+2B"BY. (A.12)

We rewrite the linear equation (A.6) as

1) 0) 1) _ (€] He Hay
B BOBW = B 2—B
al5; + a{ ¢ + H }
2
—¢BO _ %Bég) _ aB<o>B§0). (A.13)

By multiplying (A:13) by H? and using (A7) and (A-12), we obtain

d oy 3 L. ,HE
Je B = —SCHH + {H? +20> 1. (A.14)
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Now set

H(C) = h(s) = Ai(4713s), ¢ = —(—a)*/®s.
For { — —oo we have

M) = H(Q) ~ exp |~ (~0)/2(4a) 72

which follows from (A.8) and the exponential decay rate of the Airy function Ai(-). It follows that

He V¢
H 2(-a)’

¢~ o0

and the right side of (A:14) will be asymptotic to

To avoid this growth we set

BW = q,¢+ BW (A.15)
with which (A:14) becomes
[ 3 1 H¢
—[H2BW] = —a,(H® + 2CHH,) — CHH + > H? + 24— Al
dC[ | = —a.(H" +2(HH¢) — 5CHH¢ + 7 H + 20" — (A.16)
By choosing a, = —1 we can avoid growth in B(") as ¢ — —o0, and (A.16) then becomes
d - 5 1 H?
—[H?BW] = “H? 4 _CHH +2d>—*. A17
ac| J= T g 20 A7
By using H({) = h(s) and
H R(s) 1

BO = 2aﬁC =2a N

we see that the approximation to B, (w) becomes

41 BO(¢,a) | BY(C,a)
= 5 R ! ’ .
Bn(w) n 2w ) 2e |: + \/ﬁ + " + :| d¢ (A.18)
4" | —4a d h(s) v 2 VY -
= 8 _— B(l) -Y Ys 1 '
n3/2 { 2w dY Bry h(s) e’ ds + 2mi /n Br. (=Ys,a)e’ °ds + O(n™")

Also, in terms of s, (A:17) is

a2 183
—;iw%g@W=jW@+§w@w@—ia%L?'

The solution to (A-T9) that has acceptable behavior as s — oo is given by

(A.19)

BW = %5*(3) (A.20)
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where £, (s) is given by (5.87). Noting that Y? = —a+/'Y, we have thus regained the correction term
C™(a) in (2.26) and (2.28). Here we must again interpret

1 —C Y2 Ys 2 ¢
— Ce Sd¢ = — se’*ds=Y*6'(Y)=0
2mi Jg, 2m Jg,

as a distribution.

We have thus shown that a perturbation analysis of (2.2) yields results essentially equivalent to those
obtained by the methods of Section[5] However, here we had to interpret certain integrals as distributions;
this issue never arose when we analyzed (2.1I)) or the moment equations (5.7)).
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