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We prove theexistenceof aninvariantring ��� �	��

���
��
�������� generatedby elementswith a total degreeof at most � ,
whichhasnofinite SAGBI basiswith respectto any admissibleorder. Therefore,� is theoptimallowerboundfor the
total degreeof generatorsof invariantringswith sucha property.
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In [2], thestructureof SAGBI (SubalgebraAnalogueto GröbnerBasisfor Ideals[5]) basesfor invariant
rings of permutationgroupswith respectto the lexicographicalorder ������� with ��� ���!�"�$#%#%#&���!���'�)(
wasinvestigated.It turnedout that only invariantrings of direct productsof symmetricgroupshave a
finite SAGBI basis,which is then, in addition,multilinear. Of course,it would be of interestto have
sucha strongcharacterizationwith respectto any otheradmissibleorder [4, 6]. To achieve this seems
to be all but trivial. Onesteptowardsthe understandingof the behavior of SAGBI basesfor invariant
rings with respectto any admissibleorder is the investigationof importantspecialcases.Recently, the
non-finitenessof SAGBI basesfor *,+ � �.- �)/ - �103254�6 � /70�8�9 with respectto any admissibleorderwasproven
in [3]. In addition,it wasshown thatwith respectto thenumberof variables,*,+ � �:- �)/ - �)03254�6 � /�0�8�9 is the
“smallest”uniqueexamplefor sucharing of polynomialinvariantsof a permutationgroup.

In this note,we show theexistenceof aninvariantring generatedonly by polynomialinvariantswith a
total degreeof at most ; , which hasno finite SAGBI basiswith respectto any admissibleorder. Hence,; is theoptimal lower bound,becauseany invariantring generatedby polynomialinvariantswith a total
degreeof atmost < hasfor trivial reasonsafinite SAGBI basis.In addition,wecanshow thatourexample
haswith respectto this propertytheminimal numberof variables= , if we restrictourselfto polynomial
invariantsof permutationgroups,andtheminimal grouporder ; .

We briefly recallournotation,andthenstateandproveour result.>
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66 ManfredGöbel@ Thenaturalandcomplex numbersaredenotedby A and * ,@CB + � �D- #%#%# - � ( 2 is thecommutativepolynomialring over B in theindeterminates� � , . . . , � ( ,@FE is thesetof terms(= power-productsof the �1G ) in B + �H� - #I#%# - �)(J2 ,@CK,LNM�B -7OQP denotesthegenerallineargroupover B ,@CK � K,LNM�B -ROQP a permutationgroup,@ and S ( thesymmetricgroupof O symbols.

A polynomial TVU B + ��� - #I#%# - �)(W2 is called X -invariant,if

T'Y[Z M T P]\ Y^T M (_ G!`a�ab �RG��)G - #%#I# -
(_ G!`a�Qb (�Gc�1G Ped ZVY M b Ggf P �
hiGkj f3hi( U'X$� K,LlM�B -ROQP # (1)

Thering B + � �.- #%#I# - � ( 2nm denotesthe B -algebraof X -invariantpolynomialsin B + � �:- #%#I# - � ( 2 , ando:p�q
rts m M T P Y _u:vWw7x 6ny 8Rz x{v mW|
} (2)

the X -invariantorbit of T . An admissibleorder � on thesetof termsE is suchthats �~< d <��Y s U E and � s �N�[� s / d � - s � - s / U E with s �N� s / + 4 - 625# (3)� E�M T P is theleadingtermof T�U B + ��� - #%#I# - �)(�2 with respectto agivenadmissibleorder � , and
��� M T P

denotesits coefficient. A term s Y�� �7�� #%#%#7� ���( is calledmultilinearif f �D��� - #%#%# - �:(����^�:� - <J� .
Lemma 1 Let K Y�� M <:; P Mc� = PR� . Then *,+ �H� - � / - � 0 - �1�%2n� is generatedby� Y��Q� ��� �1/ - � � �)/ - �10 � � ��- �)0%� ��- � � � ��� �)/3�)0.�W# (4)

Proof A closelookatthe K -invariantorbitsof *,+ �H� - � / - � 0 - �1�%2 � via thereductiontechniquedescribed
in [1] showsthatweonly haveto findarepresentationof o:p�q
rts � M � /� � 0 P , o:p�q
rts � M ����� /0 P , o:p�q
rts � M � /� �1� P ,
and o:p�q
rts � M ���
� /� P in termsof theelementsof

�
. We haveo:p.q�r5s � M � /� �10 P Y M � ��� �)/ P M � � �10 � �)/3� �:P�� M � � �)/ P M �)0 � � �:P�-o:p.q�r5s � M � � � /0 P Y M �)0 � � �:P M � � �10 � �)/3� �:P�� M �)03� �DP M � ��� �1/ P�-o:p.q�r5s � M � /� � �:P Y M � ��� �)/ P M � � � �]� �)/3�)0 P�� M � � �)/ P M �)0 � � �:P�- ando:p.q�r5s � M � � � /� P Y M �)0 � � �:P M � � �10 � �)/3� �:P�� M �)03� �DP M � ��� �1/ P�-

with���
� 0 � � / �1��Y M ��� � � / P M � 0 � �1� P�� M ������� � � / � 0 P #
For any othernon-multilinearspecial o:p.q�r5s � M � �R�� � ���/ � ���0 � �t � P not listedso far, we have ��� - � / ��� or� 0 - �D�,�¡� , i.e. wecanrewrite theseorbitsasM � � �)/ P o:p�q
rts � M � � ��¢ �� � � �3¢ �/ � � �0 � �  � P (5)
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or M � 0 �1� P o:p�q
rts � M � � �� � � �/ � � �%¢ �0 � �  3¢ �� P # (6)

Thiscompletestheproof of thelemma. £¤
Lemma 2 Let K Y�� M <:; P Mc� = PR� . Then *,+ � �.- #I#%# - � ( 2 � hasno finite SAGBI basiswith respectto � �!��� .
Proof Thepermutationgroup K is nota directproductof symmetricgroups.So,following [2],*,+ ��� - � / - � 0 - �1�32 � cannot havea finite SAGBI basiswith respectto ���!��� . £¤
Theorem 3 Let K Y¥� M <:; P M�� = PR� . Then *,+ ��� - � / - � 0 - �1�32 � hasno finite SAGBI basiswith respectto
anyadmissibleorder � .

Proof Assumethat *,+ ��� - � / - � 0 - �1�32 � hasa finite SAGBI basis
�

with respectto � , and assume
furtherw.l.o.g. that �H�	�¦� / , � 0 �¦�1� , and ���	�§� 0 . Thenwe have either � / �¦� 0 , or � 0 �¦� / .
And further, thebasis

�
containsthemultilinear K -invariantorbits

�Q��� � � / - �H��� / - ���
�1� � � / � 0 - � 0 � �1� - � 0 �1�J� (7)

andafinite numberof non-multilinearK -invariantorbitsof theform¨ �R��j ���lY[� �R�� � �"�� � � �R�/ � ���0 (8)

with �����Y§� /�© < . Notethattheleadingtermof
¨ Y����
�1� � � / � 0 is with respectto � notdetermined

sofar. Ourgoalis now to constructaninfinite sequenceof leadingtermss�ª - s � - s / - #%#I# of K -invariantorbits
suchthatalmostall of thesetermsarenotgeneratedby productsof leadingtermsof thepolynomialsin

�
.

Let s�ª Y¬« � E�M�o:p�q
rts � M �H��� /� P7P�- if � E�M ¨ P Y^�H���1�� E�M�o:p�q
rts � M � // � 0 P7P�- otherwise,

and let � ª Y­�1� , if s�ª Y®���
� /� , � ª Y¯� / � 0 , if s�ª Y®� / � /0 , � ª Y®� / , if s�ª Y­� // � 0 , and � ª Y�H���1� otherwise. Furthermore,for r © < , define s G�Y � E	M�o:p�q
rts � Mks G ¢ �I�DG ¢ � PRP , and let �IG�Y¥�DG ¢ � , ifs GaY s G ¢ �I�DG ¢ � , andlet

� G Y « � �7�� � ���� - if s G ¢ � Y^� �R�/ � ���0� �7�/ � ���0 - otherwise.

For all r U°A , we have s G is � �R�� � �"�� or � �R�/ � ���0 with <F±¯�.�$�¯� / , if
� E�M ¨ P Y­���
�1� , andwith� � �~�D/ © < , otherwise(seeFigure1 on thefollowing pagefor anexamplesequence).Thetotal degree

of s G � is alwayssmallerthanthe total degreeof s G � for r � � r /HUCA , and � G is never a leadingtermof aK -invariantorbit for all r U'A .
Ourselectionof the � G , r U'A ensuresthatthesequenceof leadingtermss ª - s �.- s / - #%#I# in *,+ � �:- �1/ - �)0 - � � 2 �

hasby constructionthefollowing properties:First, s G is nevera productof termsin² G ¢ � Y~�D� �.- � � �)/ - � E�M ¨ P3- �)0 - �)0%� � �&³�� s ª - #%#%# - s G ¢ � � d r U'A�# (9)

Eachproductof termsin
² G ¢ � matchingtheexponentof � � ( �)0 ) is unableto matchsimultaneouslythe

exponentof � � ( �)/ ), if s G Y�� � �� � � �� ( � � �/ � � �0 ). Second,all otherleadingtermsin *,+ � �:- �)/ - �)0 - � � 2 �
haveanexpressionasa productof termsin

² Y��I� �:- � � �)/ - � E�M ¨ P�- �10 - �)03� � �&³�� s ª - s �.- s / - #%#I#´�W#
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Altogether, this impliesthatany s G with a sufficiently largetotal degreehasno expressionasa product
of leadingtermsof the polynomialsin the finite set

�
. Hence,thereexists no finite SAGBI basisof*,+ ��� - � / - � 0 - �1�32 � with respectto � (contradiction).£¤

Figure1 illustratesthe way of the sequences�ª , s � , s / , . . . thru the termsin questionwith respectto a
givenadmissibleorder � . Theupper(lower)half of thefigureshowsthefirst coupleof � �R�� � ���� ( � �7�/ � ���0 )
termsdenotedby ���:#�# � / ( # ����� / # ) with ���µ���[�¶� / . We can seein this examplethat s�ª Y·���
� /�
( � ª Y¶�1� ), s �FY¶� / � 00 ( �:�FY¶� / � /0 ), s / Y¶� // ��¸0 ( � / Y¶� / � /0 ), s 0 Y¶� 0� ��¹� ( � 0 Yº� /� ��¸� ),s � Y¦��¸� � � /� ( � � Y¦� /� ��¸� ), andsoon. Theset

² Y»�I� �D- � � �)/ - � � � �J- �)0 - �)03� � �]³¼� s ª - s �.- s / - #I#%#´�

... ... ... ... ... ... ... ... ... ...

... ... ...

1..4

1..8

1..9

1..10

1..11

1..12

1..13

2..3

7..10

2..4

2..5

2..6

2..7

2..8

2..9

2..10

2..13

2..14

...

7..13

7..14

...

.3 4.

.4 5.

.5 6.

.6 7.

.7 8.

.8 9.

.9 10.

.10 11.

.11 12.

.12 13.

.13 14.

.5 7.

.6 8.

.7 9.

.8 10.

.9 11.

.10 12.

.11 13.

.12 14.

... ...

3..5

4..63..6

3..7

3..8

3..9

3..10

3..11

3..12

3..13

...

4..7

4..8

4..9

4..10

4..11

4..12

4..13

4..14

...

5..8

5..9

5..10

5..11

5..12

5..13

5..14

...

6..9

6..10

6..11

6..12

6..13

6..14

...

8..12

8..13

8..14

...
9..14

......

.8 11.

.9 12.

.10 13.

...

.11 14.

...

9..13

.10 14.

...

3..4

4..5

5..7 6..7

6..8 7..8

7..9

8..10

8..11 9..11

9..12

10..11

10..12

10..14

11..12

11..13

11..14

12..13

12..14 13..14

...

.1 2.

.2 3..1 3.

.1 4. .2 4.

.1 5. .2 5. .3 5.

.1 6. .2 6. .3 6. .4 6.

.1 7.

.1 8.

.1 9.

.1 10.

.1 11.

.1 12.

.1 13.

.1 14. .2 14. .3 14. .4 14. .5 14. .6 14. .7 14. .8 14. .9 14.

.9 13.

.8 12.

.8 13..7 13.

.7 12.

.7 11.

.7 10.

.6 9.

.6 10.

.6 11.

.6 12.

.6 13.

.5 12.

.5 11.

.5 10.

.5 9.

.5 8.

.4 7..3 7..2 7.

.2 8. .3 8. .4 8.

.2 9.

.2 10.

.2 11.

.2 12.

.2 13.

.3 9. .4 9.

.3 10. .4 10.

.3 11.

.3 12. .4 12.

.4 11.

.3 13. .4 13. .5 13.

1..2

1..5

1..6

1..7

1..14

2..11

2..12

3..14

7..12

8..9

9..10

10..13

7..11

...

5..6

1..3

Fig. 1: Theleadingtermpatternfor a givenadmissibleorder ½ .

separatesthetermsin theset �D� � �� � � �� - � � �/ � � �0¿¾ �1�À� � �¡�:/�� into leadingterms(font: times-bold)and
otherterms(font: times-roman)suchthateither � � �� � � �� or � � �/ � � �0 is a leadingterm,andsuchthatany
otherleadingtermin *,+ � �:- �)/ - �)0 - � � 2Á� is a productof termsin

²
.

Theinvariantring *,+ ��� - #%#I# - �1(W2nm is generatedby polynomialswith atotaldegreeof atmost < implies
that X is thetrivial group,andthat thegeneratorsare ��� , . . . , �1( . Hence,; is thesmallestpossibleand
thereforeoptimallowerboundfor thegeneratorsof aninvariantring withouta finite SAGBI with respect
to any admissibleorder. Furthermore,we musthave ¾ X ¾ © ; for any *,+ ��� - #%#I# - �)(W2nm with this property,
i.e. our exampleis minimalwith respectto thegrouporder, because¾ K ¾ Y^; .



AnOptimalLowerBoundfor SAGBI Basesof InvariantRings 69

Lemma 4 Let O �¡= , andlet *,+ ��� - #%#%# - �)(�2 � begeneratedbyelementswith a total degreeof at most ; .
Then *,+ �H� - #I#%# - �1(W2 � hasa finite SAGBI basis.

Proof K is either SQ� , SQ�ÃÂ SQ� , S / , SQ��ÂÄS / , S / ÂÄSQ� , or Sa�ÃÂÄSQ��ÂÄSQ� , i.e. *,+ �H� - #I#%# - �1(W2 � hasafinite
SAGBI basis(Cf. [2]). £¤

Hence,*,+ ��� - � / - � 0 - �1�32 � with K YÅ� M <D; P M�� = PR� is, in addition,minimal with respectto thenumber
of variables,if we restrictourselfto polynomialinvariantsof permutationgroups.Notethat theseresults
holdnot only for thefield * but for any ring Æ , becauseourargumentsarebasedon K -invariantorbits.
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