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The Optimal Lower Bound for Generators
of Invariant Rings without Finite SAGBI Bases
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We prove the existenceof aninvariantring C[X1, ..., X,]" generatedy elementswith a total degreeof at most2,
which hasnofinite SAGBI basiswith respecto ary admissibleorder Therefore2 is theoptimallower boundfor the
total degreeof generator®f invariantringswith sucha property

Keywords: SAGBI basis,Invariantring, Analysisof algorithms.

In[2], thestructureof SAGBI (SubalgebraAnalogueto GrobnerBasisfor | dealg5]) basedor invariant
rings of permutationgroupswith respectto the lexicographicalorder <., with X7 >jep ... >0 Xp
wasinvestigated.It turnedout that only invariantrings of direct productsof symmetricgroupshave a
finite SAGBI basis,which is then,in addition, multilinear Of course,it would be of interestto have
sucha strongcharacterizationvith respecto arny otheradmissibleorder[4, 6]. To achieve this seems
to beall but trivial. One steptowardsthe understandingf the behaior of SAGBI basedor invariant
rings with respectto any admissibleorderis the investigationof importantspecialcases.Recently the
non-finitenes®f SAGBI basedor C[X;, X, X3]{(123)) with respecto ary admissibleorderwasproven
in [3]. In addition,it wasshavn thatwith respecto the numberof variablesC[ X, Xo, X3]((123)) is the
“smallest” uniqueexamplefor sucharing of polynomialinvariantsof a permutatiorgroup.

In this note,we shaw the existenceof aninvariantring generateanly by polynomialinvariantswith a
total degreeof at most2, which hasno finite SAGBI basiswith respecto any admissibleorder Hence,
2 is the optimallower bound,becausery invariantring generatedyy polynomialinvariantswith a total
degreeof atmostl hasfor trivial reasonafinite SAGBI basis.In addition,we canshaow thatour example
haswith respecto this propertythe minimal numberof variables4, if we restrictourselfto polynomial
invariantsof permutatiorgroups,andthe minimal grouporder2.

We briefly recallour notation,andthenstateandprove our result.
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Thenaturalandcomplex numbersaredenotedby N andC,

K[Xy,...,X,]isthecommutatve polynomialring over K in theindeterminates(y, ..., X,,

T is the setof terms(= power-productsof the X;) in K[X1,..., X,],

GL(K,n) denoteghegeneralineargroupover K,

G < GL(K,n) apermutatiorgroup,
¢ ands,, thesymmetricgroupof n symbols.

A polynomialf € K[X;,...,X,]is calledT-invariant,if
f=nf) = ariXi,..., ) anXi) Vr=(aij)i<ij<n €T < GL(K,n). 1)

Thering K[X4, ..., X,]' denoteghe K-algebreof T-invariantpolynomialsin K[Xj, ..., X,], and
orbitr(f) = Z D 2
pe{n(f)|mer}
theT-invariantorbit of f. An admissibleorder< onthesetof termsT is suchthat
t>1V1 # teT and st; > sty Vs, t1,to €T with ¢; > to [4, 6] (3)

HT(f)istheleadingtermof f € K[X;,...,X,] with respecto agivenadmissibleorder<, andHC(f)
denotests coeficient. A term¢ = X' ... X~ is calledmultilineariff {eq,...,e,} C {0,1}.

Lemmal LetG = ((12)(34)). ThenC[X1, X2, X3, X4]¢ is genertedby
B ={Xi+ Xy, X1Xo, X3+ Xy, X3Xy, X1 X4 + XoX3}. (4)

Proof A closelook attheG-invariantorbitsof C[ X1, Xo, X3, X4]¢ viathereductiortechniquedescribed
in [1] shavsthatwe only haveto find arepresentatioof orbitg (X7 X3), orbitg(X1X3), orbite (X7 X4),
andorbitg(X; X3) in termsof the elementf B. We have

orbitg(X7X3) = (X1 +Xo)(X1 X5+ XoXy) — (X1X5) (X5 + Xy),

orbita(X1X2) = (Xs+ Xa)(X1Xs + XaXs) — (XaX) (X1 + Xa),

orbitg(X7Xs) = (X1 +Xa)(X1 Xy + X2X;5) — (X1X5)(X3 + Xy4), and

orbitg(X1X7) = (Xz+ Xa)(X1 X3 + X5 Xy) — (X3X4) (X1 + Xa),
with

XXy + XoXs = (X1 4 X2)(Xs + Xa) — (X1 X4 — XaXa).

For ary othernon-multilinearspecialorbitq (X;* X35> X5* X;*) notlistedsofar, we have ey, e > 0 or
e3,eq > 0, 1.e. we canrewrite theseorbitsas

(X1Xo)orbitg (XX 1 XE X5 (5)
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or
(X3X4)orbitg( XS X2 X1 X471, (6)

This completeghe proof of thelemma.O
Lemma?2 LetG = ((12)(34)). ThenC[X4, ..., X,,]¢ hasnofinite SAGBI basiswith respecto <.

Proof ThepermutatiorgroupG is notadirectproductof symmetricgroups.So,following [2],
C[X1, X2, X3, X4]¢ cannot have afinite SAGBI basiswith respecto <e,. O

Theorem 3 Let G = ((12)(34)). ThenC[X1, X2, X3, X4]¢ hasno finite SAGBI basiswith respectto
anyadmissibleorder <.

Proof Assumethat C[X;, X2, X3, X4]¢ hasa finite SAGBI basisB with respectto <, and assume
furtherw.l.o.g. that X; > X,, X5 > X4, andX; > X3. Thenwe have either X, > X3, or X3 > X,.
And further, thebasisB containsthe multilinear G-invariantorbits

{ X1+ Xa, XuXo, X1 X4 + XoX3, X3+ X4, X3X4} @)
andafinite numberof non-multilinearG-invariantorbits of theform
Veres = X7 X5 + X5 X352 (8)

with e; # es > 1. Notethattheleadingtermof ¢ = X1 X, + X2 X3 is with respecto < notdetermined
sofar. Ourgoalis now to constructninfinite sequencef leadingtermstg, t1, t2, - . . of G-invariantorbits
suchthatalmostall of thesetermsarenot generatedby productsof leadingtermsof the polynomialsin B.
Let

. _ | HT(orbita(X,X3)),if HT($) = X1 X4
7 1 HT(orbite(X3Xs)), otherwise,

andlet so = X4, if to = Xle, so = Xo2X3, if to = XQX:?, so = Xo, if to = X22X3, andso =
X1 X, otherwise. Furthermorefor i > 1, definet; = HT (orbitg(t;—15i-1)), andlet s; = s;_1, if
ti =t 18i_1, andlet

[ XX, if o = X5t X2
5= { X$1X%, otherwise.

Forall i € N, we have t; is X;' X ? or X;' X2 with 1 < e1 < eq, if HT'(¢) = X;1X4, andwith

e1 > ey > 1, otherwise(seeFigurel onthefollowing pagefor anexamplesequence)Thetotal degree

of t;, is alwayssmallerthanthetotal degreeof ¢;, for i; < iz € N, ands; is neveraleadingtermof a
G-invariantorbit for all s € N.

Ourselectiorofthes;, i € N ensureshatthesequencefleadingtermsty, t1, ta, . . . in C[ X1, X2, X3, X4]¢

hasby constructiorthe following propertiesiFirst, ¢; is nevera productof termsin

Wit = {X1, X1 Xo, HT (1), X3, X3X4} U {to, ..., t;_1} Vi€ N. 9)

Eachproductof termsin W;_; matchingthe exponentof X, (X3) is unableto matchsimultaneouslyhe
exponentof X; (X»), if t; = X7 X§? (X5' X5?). Secondall otherleadingtermsin C[X1, X, X3, X4]¢
have anexpressiorasa productof termsin W = { X1, X1 Xo, HT(¢), X3, X3X4} U {to,t1,12,...}.
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Altogether thisimpliesthatary ¢; with a sufficiently largetotal degreehasno expressiorasa product
of leadingtermsof the polynomialsin the finite set B. Hence,thereexists no finite SAGBI basisof
C[X1, Xa, X3, X4]¢ with respecto < (contradiction).0

Figurel illustratesthe way of the sequencey, t1, t2, ...thru the termsin questionwith respecto a
givenadmissibleorder<. Theupper(lower) half of thefigureshavsthefirst coupleof X7* X2 (X5* X5?)
termsdenotedby e;..e> (.e1ez.) With 0 < e; < es. We canseein this examplethatty = X; X2
(80 = X4), tl = X2X33 (31 = X2X§), t2 = Xsz?? (32 = X2X§), t3 = XIBXZ (83 = XIZXE),
ty = X15Xi2 (84 = X12X45), andsoon. ThesetWW = {Xl,XlXQ,X1X4,X3,X3X4} U {to,tl,tg, .. }

1.3 2.3
1.4 2.4 3.4
1.5 2.5 3.5 4.5
1.6 2.6 3.6 46 5.6
1.7 2.7 4.7 5.7 6.7
1.8 2.8 3.8 4.8 5.8 6.8 7.8
1.9 2.9 3.9 4.9 5.9 6.9 7.9 8.9
1.10 2.10 | 3.10| 4.10 5.10 6.10 7.10 8.10 9.10
111 2.11 | 3.11 6.11 7.11 8.11 9.11 10.11
112 2.12 | 3.12 6.12 7.12 8.12 9.12 10.12 11.12
1.13 2.13 | 3.13 4.13 5.13' 6.13 7.13 8.183 9.13 10.13 11.13 12.13
1.14 2.14 | 3.14 4.14 5.14 ‘\\ 6.14 7.14 8.14 9.14 10.14 11.14 12.14 13.14
-
- =
23.
140N\ 24, 34,
.15. 35, .45,
.16. .26 36. .46. 56
17. 27, 37. 471, 57. 67
.18 .28 .38, .48 58 68 .78
19 29, .39, 49 59 69, 79. .89,
.110. .210. .310. .410. 510. .610. .710. .810. .910.
111 211 311 411 5110 611 .711. 811 .91l .101l
112 2120 312 412, 5120 612 .712. .812. 912 .1012. .1112
113 213, 313 413 513 613 .713. .813. .913. .1013. .1113 .1213.
114, 214. 314 414. 514 614 714 814 914 .1014. 1114 .1214. .1314.

Fig. 1: Theleadingtermpatternfor agivenadmissibleorder<.

separatethetermsin theset{ X' X7, X5 X3 | 0 < e; < e2} intoleadingterms(font: times-bold)and
otherterms(font: times-romanpuchthateither X' X* or X;' X3* is aleadingterm,andsuchthatary
otherleadingtermin C[X;, X», X3, X4]¢ is aproductof termsin W.

Theinvariantring C[X1, ..., X,]* is generatedby polynomialswith atotal degreeof atmost1 implies
thatI' is thetrivial group,andthatthe generatorare X, ..., X,,. Hence,2 is the smallestpossibleand
thereforeoptimallower boundfor the generatoref aninvariantring without a finite SAGBI with respect
to ary admissibleorder Furthermoreywe musthave [T'| > 2 for ary C[X1, ..., X,]T with this property
i.e. ourexampleis minimal with respecto thegrouporder, becauséG| = 2.
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Lemma4 Letn < 4, andletC[Xy, ..., X,]¢ begeneatedby elementsvith a total degreeof at most2.
ThenC[Xq, ..., X,]“ hasa finite SAGBI basis.

Proof Gis eitherSl, S1 x S1, 82,81 xSy, 8y xS;,0rS; xS1 xS, i.e. (C[Xl, .. .,Xn]G hasafinite
SAGBI basis(Cf. [2]). O

Hence,C[X1, Xa, X3, X4]¢ with G = ((12)(34)) is, in addition,minimal with respecto the number
of variablesjf we restrictourselfto polynomialinvariantsof permutatiorgroups.Notethattheseresults
hold notonly for thefield C but for ary ring R, becaus®ur agumentsarebasedn G-invariantorbits.
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