Doc. Math. J. DMV 299

Spaces with Ricci Curvature Bounds

Tobias H. Colding

0. Introduction

One of the early (and very important) formulas involving Ricci curvature is the so called Bochner formula from the forties. This formula asserts that if M^n is a Riemannian manifold and u ∈ C^3(M), then 1 2 Δ|∇u|^2 = |Hess_u|^2 + ⟨∇Δu, ∇u⟩ + Ric (∇u, ∇u) . (0.1)

Bochner used this formula to conclude that a closed n-dimensional manifold with nonnegative Ricci curvature has first Betti number, b_1, at most equal to the dimension with equality if and only if the manifold is a flat torus.

From the Bochner formula one can also obtain the Ricatti equation which in turn can be seen to yield the Laplacian comparison. This important comparison principle allows one to construct cut off functions with bounds on the Laplacian on manifolds with a lower Ricci curvature bound. It also allows one to use maximum principle methods to give a priori estimates on these manifolds. The Laplacian comparison theorem says that if Ric_M n ≥ (n − 1) Λ, x ∈ M is fixed, r denotes the distance function to x, and f : R → R is a C^2 function then the following hold. If f^′ ≥ 0, then

Δf(r) ≤ Δ_Λf(r) , (0.2)

and if f^′ ≤ 0 then

Δ_Λf(r) ≤ Δf(r) . (0.3)

Here Δ_Λf(r) denote the corresponding quantities on the simply connected ndimensional space form of constant sectional curvature Λ.

It is important to note (as Calabi originally emphasized in the fifties) that the Laplacian comparison holds in a useful generalized sense, even at points where the distance function fails to be smooth i.e. on the cut locus. This point was also illustrated in the gradient estimate mentioned below and the Cheeger-Gromoll splitting theorem from the early seventies.

From the Laplacian comparison together with an integration by parts argument one can get the so called volume comparison theorem (see below for an important application of this). This comparison theorem assert that if Ric_M n ≥ (n−1) Λ then for all x ∈ M and all 0 < s ≤ t Vol(B_s(x)) Vol(B_t(x)) ≥ V^n_Λ(s) V^n_Λ(t)

. (0.4)

Here V^n_Λ(s) is the volume of a ball of radius s in the simply connected space form with constant sectional curvature Λ. For the present survey one of the most important consequences of the volume comparison theorem is that it can be thought of as claiming the monotonicity of a density type quantity. For instance if the Ricci curvature is nonnegative then the volume comparison can clearly be restated as

r^{−n}_0 Vol(B_{r0} (x)) ↓ , (0.5)

for all fixed x. A particular consequence of this volume comparison theorem is the upper bound on the volume of balls due to Bishop in the early sixties. That is if Ric_M n ≥ (n − 1) Λ then for all x ∈ M and all 0 < r_0

V^n_Λ(r_0) ≥ Vol(B_{r0} (x)) . (0.6)

Another very crucial estimate on manifolds with a lower Ricci curvature bound is the gradient estimate of Cheng and Yau from the early seventies.

For instance if Ric_M n ≥ (n − 1) Λ, x ∈ M and u is a harmonic function on B_{2r0} (x) then sup B_r0 (x) |∇u| ≤ C(n, Λ, r_0) sup_{B2r} 0 (x) |u| . (0.7) The final inequality that we will recall is the Abresch-Gromoll inequality from the late eighties. This inequality was inspired by the Cheeger-Gromoll splitting theorem and it gives an important estimate for thin triangles. A specific case of this inequality is the following. If Ric_M n ≥ 0, n ≥ 3, x, y, z ∈ M and e_{x,y}(z) = x, z + z, y − x, y then assuming 2 x, z ≤ x, y, min{x, z^{nn}�^1 , x, z^{1n}�^1 e_{x,y}(z)} ≤ C h^{nn}�^1 . (0.8)

Here h is the height of the triangle, that is h = inf_{m∈{γx,y}} m, z where {γ_{x,y}} is the set of minimal geodesics connecting x, y and C = C(n).

There is a natural generalization of the classical Hausdorff distance between subsets of Euclidean space to a distance function on all metric spaces. This is the Gromov-Hausdorff distance and it gives a good tool for studying metric spaces.

Suppose that (X, d_X ) and (Y, d_Y ) are two compact metric spaces. We say that the Gromov-Hausdorff distance between them is at most ϵ > 0 if there exist maps f : X → Y and g : Y → X such that

∀x_1, x_2 ∈ X : |d_X (x_1, x_2) − d_Y (f(x_1), f(x_2))| < ϵ , (0.9) ∀x ∈ X : d_X (x, g ∘ f(x)) < ϵ , (0.10) and the two symmetric properties in Y hold. The Gromov-Hausdorff distance between X and Y , denoted by d_{GH} (X, Y ), is then the infimum of all such ϵ.

Using this topology we can then say that a sequence of metric space converges to another metric space. For noncompact metric spaces there is a more useful notion of convergence which is essentially convergence on compact subsets. Namely, if (X_i, x_i, d_{Xi} ) is a pointed sequence of metric spaces then we say that (X_i, x_i, d_{Xi} ) converges to some pointed metric space (X, x, d_X ) in the pointed Gromov-Hausdorff topology if for all r_0 > 0 fixed the compact metric spaces B_{r0} (x_i) converges to B_{r0} (x).

Gromov’s compactness theorem is the statement that any pointed sequence, (M^n_i , m_i), of n-dimensional manifolds, with Ric_M n_i ≥ (n − 1) Λ , (0.11)

has a subsequence, (M^n_j , m_j ), which converges in the pointed Gromov-Hausdorff topology to some length space (M_∞, m_∞).

The proof of this compactness theorem relies only on the volume comparison theorem. In fact it only uses a volume doubling which is implied by the volume comparison.

Finally we refer to [C5] and [Ga] for surveys related to this article and more detailed references.

1. Geometry and topology of smooth manifolds

Let us first recall some results from [C3]; see also [C1], [C2].

Theorem 1.1. [C3]. Given ϵ > 0 and n ≥ 2, there exist δ = δ(ϵ, n) > 0 and ρ = ρ(ϵ, n) > 0, such that if M^n has Ric_M n ≥ −(n − 1) and 0 < r_0 ≤ ρ with Vol(B_{r0} (x)) ≥ (1 − δ) V^n_0 (r_0) , (1.2) then d_{GH} (B_{r0} (x), B_{r0} (0)) < ϵ r_0 , (1.3)

where B_{r0} (0) ⊂ R^n.

We also have the following converse.

Theorem 1.4. [C3]. Given ϵ > 0 and n ≥ 2, there exist δ = δ(ϵ, n) > 0 and ρ = ρ(ϵ, n) > 0, such that if M^n has Ric_M n ≥ −(n − 1) and 0 < r_0 ≤ ρ with d_{GH} (B_{r0} (x), B_{r0} (0)) < δ r_0 , (1.5) then Vol(B_{r0} (x)) ≥ (1 − ϵ) V^n_0 (r_0) , (1.6)

where B_{r0} (0) ⊂ R^n.

As mentioned in the introduction Bochner used the formula (0.1) to give a bound for b_1 on closed manifolds with nonnegative Ricci curvature. In the late seventies Gromov (see also Gallot) showed that there exists an ϵ = ϵ(n) > 0 such that any closed n-manifold with Ric_M diam^2_M > −ϵ has b_1 ≤ n. Gromov also conjectured the following.

Theorem 1.7. [C3]. There exists an ϵ = ϵ(n) > 0 such that if M^n is a closed n-dimensional manifold with Ric_M diam^2_M > −ϵ and b_1(M) = n, then M is homeomorphic to a torus.

For further discussion of other work related to this see [C3]. We will think of Theorems 1.1 and 1.4 as regularity results which parallel Allard’s classical regularity theorem for minimal submanifolds. To explain this point further we make the following definition inspired in part by the classical work of Reifenberg.

Let (Z, d_Z ) be a complete metric space. We will say that Z satisfies the (ϵ, ρ, n)-G_R condition at z ∈ Z if for all 0 < σ < ρ and all y ∈ B_{ρ−σ} (z), d_{GH} (B_σ (y), B_σ (0)) < ϵ σ , (1.8) where B_{r0} (0) ⊂ R^n.

The above two theorems has the following corollary.

Corollary 1.9. Given ϵ > 0 and n ≥ 2, there exist δ = δ(ϵ, n) > 0 and ρ = ρ(ϵ, n) > 0, such that if M^n has Ric_M n ≥ −(n − 1) and 0 < r_0 ≤ ρ with d_{GH} (B_{2r0} (x), B_{2r0} (0)) < δ r_0 , (1.10) or Vol(B_{2r0} (x)) ≥ (1 − δ) V^n_0 (2r_0) , (1.11) then M^n satisfies the (ϵ, r_0, n)-G_R condition at x.

Theorem 1.12. [ChC2]. Given ϵ > 0 and n ≥ 2, there exists δ > 0 such that if (Z, d_Z ) is a complete metric space and Z satisfies the (δ, r_0, n)-G_R condition at z ∈ Z then there exists a bi-Hölder homeomorphism Φ : B^r0_2 (z) → B^r0_2 (0) such that for all z_1, z_2 ∈ Z,

r^{−ϵ}_0 |Φ(z_1) − Φ(z_2)|^{1+ϵ} ≤ d_Z (z_1, z_2) ≤ r^ϵ_0 |Φ(z_1) − Φ(z_2)|^{1−ϵ} . (1.13) Using the above results one can show the following stability theorem.

Theorem 1.14. [C3], [ChC2]. If M^n is a closed n-manifold, then there exists an ϵ = ϵ(M) > 0 such that if N^n is an n-manifold with Ric_N ≥ −(n − 1) and d_{GH} (M, N) < ϵ then M and N are diffeomorphic.

A very useful result about the structure on a small but definite scale of smooth manifolds with a lower Ricci curvature bound is the following theorem whose implications will be explained in more detail in the next section. Theorem 1.15. [ChC1]. Given ϵ > 0 and n ≥ 2, there exist ρ = ρ(ϵ, n) > 0, δ = δ(ϵ, n) > 0 such that if M^n has Ric_M n ≥ −(n − 1), 0 < r_0 ≤ ρ, and (2 r_0)^{−n} Vol(B_{2r0} (p)) ≥ (1 − δ) r^{−n}_0 Vol(B_{r0} (p)) , (1.16) then d_{GH} (B_{2r0} (p) \ B_{r0} (p), B_{2r0} (v) \ B_{r0} (v)) < ϵ r_0 . (1.17) Here v is the vertex of some metric cone (0, ∞) ×_r X, for some length space X.

As a particular consequence of this theorem together with the monotonicity, (0.5), we get that if M^n has nonnegative Ricci curvature and Euclidean volume growth, i.e. V_M = lim_{r0→∞} r^{−n}_0 Vol(B_{r0} (x)) > 0, then every tangent cone at infinity of M is a metric cone. Here a tangent cone at infinity is a rescaled limit of (M, x, r^{−2}_i g) where r_i → ∞.

Another useful result is the following almost splitting theorem.

Theorem 1.18. [ChC1]. Given ϵ > 0 and n ≥ 2, there exist ρ = ρ(ϵ, n) > 0, δ = δ(ϵ, n) > 0 such that if M^n has Ric_M n ≥ −(n−1), 0 < r_0 ≤ ρ, x, y ∈ ∂B_{r0} (z), and e_{x,y}(z) ≤ δ r_0 , (1.19)

then there exists some metric space X, z ∈ X × R such that

d_{GH} (B_{δ r0} (z), B_{δ r0} (z)) < ϵ r_0 . (1.20)

2. Singular spaces

We will now describe some results concerning spaces, (M^n_∞, m_∞) which are pointed Gromov-Hausdorff limits of sequences of manifolds satisfying (0.11). If in addition

Vol(B_1(m_i)) ≥ v > 0, (2.1)

then we say that the sequence is noncollapsing.

To begin with, recall that M^n_∞ is a length space of Hausdorff dimension at most n and for all r > 0, y_i ∈ M^n_i , with y_i → y_∞, we have by [C3] (see also [ChC2], Theorem 2.13) the following which was conjectured by Anderson-Cheeger

lim_{i→∞} H^n(B_r(y_i)) = H^n(B_r(y_∞)), (2.2)

where H^α denotes α-dimensional Hausdorff measure. (Note that for smooth ndimensional manifolds H^n is just the Riemmanian volume). As a consequence of this we have that the volume comparison also holds for noncollapsed limit spaces. That is for all x ∈ M_∞ and all 0 < s ≤ t H^n(B_s(x)) H^n(B_t(x)) ≥ V^n_Λ(s) V^n_Λ(t)

. (2.3)

By definition, a tangent cone, (T_xM^n_∞, x_∞), at x ∈ M^n_∞, is any rescaled pointed Gromov-Hausdorff limit, (T_xM^n, x_∞, d_∞), of some sequence, (M^n_∞, x, r^{−1}_i d_∞), where r_i → 0. Here, d_i, d_∞ denotes the metric (i.e. distance function) on M^n_i , M^n_∞. It follows from Gromov’s compactness theorem that tangent cones exist at all points, x ∈ M^n_∞, but according to [ChC2], Example 5.37, they need not be unique even when (2.1) hold. However, when (2.1) holds, every tangent cone is a metric cone, C(X), on some length space, X, with diam(X) ≤ π; see [ChC2], Theorem 2.2.

The set of points, R, for which the tangent cone is unique and isometric to R^k for some k, is called the regular set. The complement of the regular set is called singular set and denoted by S. For k ≤ n − 1, let S_k denote the subset of singular points of M^n_∞ consisting of points for which no tangent cone splits off a factor, R^{k+1}, isometrically. Then one can show using [C3] that S_k S_k = S. By Theorem 1.13 of [ChC2], have dim S_k ≤ k, where dim denotes Hausdorff dimension. Moreover, when (2.1) holds, we have S ⊂ S_{n−2}; see [ChC2], Theorem 4.1.

The ϵ-regular set, R_ϵ, is by definition, the set of points for which some tangent cone satisfies, d_{GH} (B_1(x_∞), B_1(0)) < ϵ, where x_∞ is the vertex of T_xM^n_∞ and 0 ∈ R^n. There exists ϵ(n) > 0, such that for ϵ < ϵ(n) the subset, R, is homeomorphic to a smooth n-dimensional manifold and the restriction of the metric to R_ϵ is bi-Hölder equivalent to a smooth Riemannian metric with exponent α(ϵ) satisfying α(ϵ) → 1 as ϵ → 0. Note that for all ϵ > 0, we have M^n_∞ = S_{n−2} S R_ϵ, although S_{n−2} T R_ϵ need not be empty.

If (2.1) hold and some tangent cone at a point is isometric to R^n, then every tangent cone at the point has this property. Clearly, R = ∩_{ϵ>0}R_ϵ, but R need not be open. For the results of this paragraph and the preceding one, see Section 2 of [ChC2].

In case (0.11) is strengthened to

|Ric_M n_i | ≤ n − 1, (2.4)

we have, using in part a theorem of Anderson, R_{ϵ(n)} = R, for some ϵ(n) > 0. In particular, R is open and S ⊂ S_{n−2} is closed in this case. Moreover, R is a C^{1,α} Riemannian manifold — a C^∞ Riemannian manifold if in addition to (2.1) and (2.4), we assume that M^n_i is Einstein for all i. For above mentioned results, see Section 3 of [ChC2].

If the manifolds, M^n_i , are Kähler, and (0.11), (2.1) holds, then the tangent cones, T_xM^n_∞, have natural complex structures on their smooth parts. If in addition to (2.1), (2.4) M_i is a convergent sequence of Kähler Einstein metrics on a fixed complex manifold then H^{n−4}(S) < ∞. Moreover, there exists A ⊂ S_{n−4} \ S_{n−5}, such that H^{n−4}(S_{n−4} \ A) = 0 and at points of A, the tangent cone is unique and isometric to R^{n−4} × C(S^4/Γ_x). Where S^3 \ Γ_x is a 3-dimensional space form and the order of Γ_x is bounded by a constant, c(n, H(B_1(x)). Moreover, the isometry, between T_xM^n_∞ and R^{n−4} × C(S^3/Γ_x) = C^{k−2} × C/Γ is complex. See [ChCT1], [ChCT2] for these results.

When (2.1) does not hold it is useful to construct renormalized limit measures, ν, on limit spaces. These measures were first constructed by Fukaya. In the noncollapsed case, the limit measure exists without the necessity of passing to a subsequence, or of renormalizing the measure. The unique limit measure is just Hausdorff measure, H^n; see Theorem 5.9 of [ChC2]. (If, for the sake of consistency, one does renormalize the measure, then one obtains a multiple of H^n, where as usual, the normalization factor depends on the choice of base point.) However, in the collapsed case, the renormalized limit measure on the limit space can depend on the particular choice of subsequence; see Example 1.24 of [ChC2]. The renormalized limit measures play an important role in [ChC3], [ChC4], for instance in connection with the theory of the Laplace operator on limit spaces.

Let M^n satisfy Ric_M n ≥ (n − 1) Λ, and define the renormalized volume function, by

V (x, r) := Vol(B_r(x)) := 1 Vol(B_1(p))

Vol(B_r(x)) . (2.5)

By combining the proof of Gromov’s compactness theorem with the proof of the theorem of Arzela-Ascoli, we obtain:

Given any sequence of pointed manifolds, (M^n_i , m_i), for which (0.11) holds, there is a subsequence,(M^n_j , m_j ), convergent to some (M_∞, m_∞) in the pointed Gromov-Hausdorff sense, and a continuous function V_∞ : M_∞ × R_+ → R_+, such that if y_j ∈ M^n_j , z ∈ M_∞ and y_j → z, then for all R > 0,

V_j (y_j , R) → V_∞(z, R) (uniformly on B_{R1} (p) × [0, R_2]) . (2.6)

One can then show that there is a unique Radon measure, ν, on M_∞ such that for all, z, R,

ν(B_R(z)) = V_∞(z, R) . (2.7)

In particular ν satisfies the inequality (0.4) with ν in place of Vol.

By a result in Section 2 of [ChC2] ν(S) = 0 also in the collapsed case. Even though the measure ν depend on the particular subsequence it is shown in [ChC3] that the collection, {ν}, of all renormalized limit measures determines a well defined measure class i.e. ν_a is absolutely continuous with respect to ν_b, for all ν_a, ν_b. We will conclude this section with some well known important open problems.

Conjecture 2.8. The interior of M^n_∞ \ S_{n−4} is a topological manifold.

Conjecture 2.9. Suppose that (M^n_i , x_i) are Einstein, (2.1) and (2.4) hold then S = S_{n−4} and there exist some C < ∞ such that for all x ∈ M_∞

H^{n−4}(B_1(x) ∩ S) ≤ C . (2.10)

Moreover outside a subset A ⊂ S with H^{n−4}(A) = 0 the tangent cone is unique and isometric to some orbifold.

3. Analysis on manifolds

Analysis on manifolds with nonnegative (Ricci) curvature is generally believed to resemble that on Euclidean space. For instance, in the 1970’s S.T. Yau showed that the classical Liouville theorem generalized to this setting; cf. the gradient estimate of Cheng and Yau. Yau conjectured that in fact the spaces of harmonic functions of polynomial growth were finite dimensional on these spaces. It is a classical fact that H_d(R^n) consists of harmonic polynomials of degree at most d. That is they are spanned by the spherical harmonics where the eigenvalue on S^{n−1} is given in terms of d.

Recall that for an open manifold M, d > 0, and x ∈ M a function u is in H_d(M), the space of harmonic functions of polynomial growth of degree at most d, if Δu = 0 and there exists C < ∞ such that

|u| ≤ C (1 + r^d) . (3.1)

We note that there have been numerous interesting results in this area over the years, including work of Li and Tam, Donnelly and Fefferman, and others (see [CM1], [CM4] for detailed references).

This conjecture of Yau was settled affirmatively in [CM5]. We also obtained sharper (polynomial) estimates for the dimension and finite dimensionality in more general settings, including for certain harmonic sections of bundles and stationary varifolds.

In the case of Euclidean volume growth we obtained in [CM2] an asymptotic description of harmonic functions with polynomial growth. Namely, recall that asymptotically u ∈ H_d(R^n) behaves like its highest order homogeneous part; i.e.

u is asymptotically a homogeneous separation of variables solution. We showed in [CM2] that this asymptotic description remain true in the Euclidean volume growth case. In [CM7] we showed that the Euclidean volume growth case studied in [CM2] was indeed the worst case.

In [ChCM], we showed that if a manifold with nonnegative Ricci curvature has dim H_1(M) ≥ k +1 then any tangent cone at infinity, M_∞, splits isometrically as M̄_∞ × R^k, where R^k has the standard flat metric. Combining this with the volume convergence of [C3] yields a rigidity theorem. Namely, if M^n is complete, Ric_M ≥ 0, and dim H_1(M) = n + 1, then M^n is isometric to R^n.

In [CM7], we gave polynomial bounds for the dimension of the space of polynomial growth L-harmonic functions, where L is a second order divergence form uniformly elliptic on a manifold with the doubling property and a scale invariant lower bound on some Neumann eigenvalue (not necessarily the first).

In the case of nonnegative Ricci curvature, we obtained the following “Weyl type” bounds.

Theorem 3.2. [CM7]. Let Ric_M ≥ 0, and d ≥ 1. There exist a constant C and o(d^{n−1}) depending on n such that

dim H_d(M^n) ≤ C V_M d^{n−1} + o(d^{n−1}) , (3.3)

where lim_{d→∞} d^{1−n} o(d^{n−1}) = 0.

This theorem yields immediately a Siegel type theorem for the field of rational functions on a Kähler manifold with nonnegative Ricci curvature. By looking at a cone over a compact manifold, Theorem 3.2 gives “Weyl type” eigenvalue estimates for compact manifolds; see [CM7].

In [CM6], we showed that the finite dimensionality continues to hold in other related settings; e.g., given a mean value inequality and the doubling property. As applications, in [CM6] we got finite dimensionality results for spaces of harmonic sections of bundles with nonnegative curvature and on stationary varifolds with Euclidean volume growth; see also [CM4]. The methods are flexible and give many related, but slightly different, theorems; the two following results are representative.

Theorem 3.4. [CM6]. Let Ric_M ≥ 0, and E^k a rank k Hermitian vector bundle over M with nonnegative curvature. For all d ≥ 1, dim H_d(M^n, E) ≤ C k d^{n−1} , (3.5)

where C = C(n) < ∞.

The final result that we will mention is a weak Bernstein type theorem for stationary varifolds in Euclidean space. This is obtained from a bound on the space of harmonic functions of a given degree of growth since the restrictions of the coordinate functions are harmonic. Recall that stationary varifolds satisfies a mean value inequality.

Theorem 3.6. [CM6]. Let Σ^n ⊂ R^N be a stationary n-rectifiable varifold with density at least one almost everywhere on its support and bounded from above by V_Σ, then Σ must be contained in some affine subspace of dimension at most C = C(n).

References

[ChC1] J. Cheeger and T.H. Colding, Lower bounds on the Ricci curvature and the almost rigidity of warped products, Annals of Math. vol. 144, N. 1 (1996) 189-237.

[ChC2] J. Cheeger and T.H. Colding, On the structure of spaces with Ricci curvature bounded below; I, Jour. of Diff. Geometry, 46 (1997) 406-480.

[ChC3] J. Cheeger and T.H. Colding, On the structure of spaces with Ricci curvature bounded below; II (to appear).

[ChC4] J. Cheeger and T.H. Colding, On the structure of spaces with Ricci curvature bounded below; III (to appear).

[ChC5] J. Cheeger and T.H. Colding, Almost Rigidity of Warped Products and the Structure of Spaces with Ricci Curvature Bounded Below, C.R. Acad. Sci. Paris t. 320, Serie 1 (1995) 353-357.

[ChCM] J. Cheeger, T.H. Colding, and W.P. Minicozzi II, Linear Growth Harmonic Functions on Complete Manifolds with Nonnegative Ricci Curvature, GAFA v. 5, n. 6 (1995) 948-954.

[ChCT1] J. Cheeger, T.H. Colding, and G. Tian, Constraints on singularities under Ricci curvature bounds, C. R. Acad. Sci. Paris, t. 324, Serie 1 (1997) 645-649.

[ChCT2] J. Cheeger, T.H. Colding, and G. Tian, On the singularities of spaces with bounded Ricci curvature, to appear.

[C1] T.H. Colding, Shape of Manifolds with Positive Ricci Curvature, Invent.

Math. 124 Fasc. 1-3 (1996) 175-191.

[C2] T.H. Colding, Large Manifolds with Positive Ricci Curvature, Invent.

Math. 124 Fasc. 1-3 (1996) 193-214.

[C3] T.H. Colding, Ricci Curvature and Volume Convergence, Annals of Math. vol. 145, N. 3 (1997) 477-501.

[C4] T.H. Colding, Stability and Ricci Curvature, C.R. Acad. Sci. Paris t.

320, Serie 1 (1995) 1343-1347.

[C5] T.H. Colding, Aspects of Ricci Curvature, Comparison Geometry, MSRI Publ., vol. 30, Cambridge University Press (1997) 83-98.

[CM1] T.H. Colding and W.P. Minicozzi II, On function theory on spaces with a lower Ricci curvature bound, Math. Research Letters 3 (1996) 241-246.

[CM2] T.H. Colding and W.P. Minicozzi II, Harmonic functions with polynomial growth, J. Diff. Geom. v. 46, no. 1 (1997) 1-77.

[CM3] T.H. Colding and W.P. Minicozzi II, Large scale behavior of the kernel of Schrödinger operators, Amer. J. Math. 119 (1997) 1355-1398.

[CM4] T.H. Colding and W.P. Minicozzi II, Generalized Liouville properties of manifolds, Math. Res. Lett. 3 (1996) 723-729.

[CM5] T.H. Colding and W.P. Minicozzi II, Harmonic functions on manifolds, Annals of Math. vol. 146, no. 3 (1997) 725-747.

[CM6] T.H. Colding and W.P. Minicozzi II, Liouville theorems for harmonic sections and applications, Comm. Pure Appl. Math., vol. 51, no. 2 (1998) 113-138.

[CM7] T.H. Colding and W.P. Minicozzi II, Weyl type formulas for harmonic functions, Inventiones Math., 131, 2. (1998) 257 – 298.

[Ga] S. Gallot, Volumes, courbure de Ricci et convergence des variétes [d‘après T.H. Colding et Cheeger-Colding] Séminarie Nicolas Bourbaki, 50ème année 1997-98 exposé 835, p. 1-33.

Tobias H. Colding Courant Institute of Mathematical Sciences 251 Mercer Street New York, NY 10012 USA