Doc. Math. J. DMV 239

Mirror Symmetry and Toric Geometry

Victor V. Batyrev

Abstract. A brief survey of some recent progress towards a mathematical understanding of Mirror Symmetry is given. Using toric geometry, we can express Mirror Symmetry via an elementary duality of special polyhedra.

1991 Mathematics Subject Classification: Primary 14J32, 52B20, 81T60; Secondary 14J45, 33C50, 81T30.

Keywords and Phrases: Toric Varieties, Calabi-Yau Manifolds, Generalized Hypergeometric Functions, Rational Curves.

Introduction

Mirror Symmetry is a remarkable discovery by physicists who suggested that the partition functions of two physical theories obtained from two different Calabi-Yau manifolds V and V^∗ can be identified [59]. So far mathematicians couldn’t find any appropriate language for a rigorous formulation of this identification (we refer the reader to Kontsevich’s talk [50] for the most general conceptual framework that could help to find such a languange). Without knowing a mathematical reason for Mirror Symmetry it simply remains for one to believe in its existence. This belief is supported by many computational experiments followed by attempts to find rigorous mathematical explanations of their results.

In this talk we shall give a brief survey of some recent progress, based on toric geometry, towards a mathematical understanding of Mirror Symmetry. Loosely speaking, toric geometry provides some kind of “Platonic” approach to Mirror Symmetry, because it replaces the highly nontrivial duality between some mathematical objects, which we still don’t completely know, by an elementary polar duality of special convex polyhedra. Of course, such a simplification can’t reflect the whole nature of Mirror Symmetry, but it helps to form our intuition and find reasonable mathematical tests for this duality.

1 Polar Duality of Reflexive Polyhedra

Let M be a free abelian group of rank d, N = Hom(M, Z) the dual group, and ⟨·, ·⟩ : M × N → Z the natural nondegenerate pairing. We denote by MR (resp. by NR) the scalar extension M ⊗Z R (resp. M ⊗Z R).

Definition 1.1 [6] A convex d-dimensional polyhedron Δ ⊂ MR is called reflexive if the following conditions are satisfied:

(i) all vertices of Δ belong to the lattice M ⊂ MR; (ii) the zero vector 0 ∈ M belongs to the interior of Δ; (iii) all vertices of the polar polyhedron Δ^∗ := {b ∈ NR : ⟨a, b⟩ ≥ −1 ∀a ∈ Δ} belong to the dual lattice N ⊂ NR.

If Δ ⊂ MR is a reflexive polyhedron, then Δ^∗ ⊂ NR is again a reflexive polyhedron and (Δ^∗)^∗ = Δ. So we obtain a natural involution Δ ↔ Δ^∗ on the set of all d-dimensional reflexive polyhedra. This involution plays a crucial role in our approach to Mirror Symmetry. In the case d = 3, the involution Δ ↔ Δ^∗ provides an interpretation of Arnold’s Strange Duality [1, 30, 31, 32, 48].

Toric geometry, or theory of toric varieties, establishes remarkable relations between mathematical objects in convex geometry, e.g. convex cones and polyhedra, and algebraic varieties (see [24, 25, 34, 35, 62]). Toric varieties P_Δ associated with reflexive polyhedra Δ are Fano varieties with at worst Gorenstein canonical singularities. Let T_M = Spec C[M] be the algebraic torus with lattice of characters M. Denote by Z_f ⊂ T_M the affine hypersurface in T_M defined by the equation f(x_1, . . . , x_d) = ∑ m∈Δ∩M a_mx^m = 0,

where the set {a_m}_{m∈Δ∩M} consists of generically choosen complex numbers. Then the projective closure of Z_f in P_Δ is a normal irreducible variety Z_f having trivial canonical class. If we repeat the same procedure with the polar reflexive polyhedron Δ^∗, then in the dual torus T_N := Spec C[N] we obtain another affine hypersurface Z_g ⊂ T_N defined by an equation g(y_1, . . . , y_d) = ∑ n∈Δ�∩N b_ny^n = 0

We denote by Z_g ⊂ P_Δ� the projective compactification of Z_g in P_Δ� . The pair (Z_f , Z_g) is conjectured to be mirror symmetric [6]. If d = 4, then Z_f (reps. Z_g) is birational to a smooth Calabi-Yau 3-fold ^Z_f (resp. ^Z_g ) and one has the equations

h^{1,1}(^Z_f ) = h^{2,1}(^Z_g), h^{1,1}(^Z_g ) = h^{2,1}(^Z_f ),

which admit an interpretation by means of a Monomial-Divisor Mirror Map [2]. It is known that the volume of a reflexive polyhedron can be estimated by a constant depending only on d [5]. Consequently there exist only finitely many d-dimensional reflexive polyhedra Δ up to GL(M)-isomorphism. Some results towards a classification of reflexive polyhedra of dimension d ≤ 4 were obtained by Kreuzer and Skarke [68, 53, 54]. It turned out that all examples of Calabi-Yau 3-folds constructed by physicists from hypersurfaces in 7555 different weighted projective spaces can be obtained from 4-dimensional reflexive polyhedra [23].

Moreover, all moduli spaces of Calabi-Yau hypersurfaces in 4-dimensional toric varieties can be connected into a web using a series of simple transformations [3, 4]. The latter confirms a conjecture of M. Reid on the connectedness of the moduli space of Calabi-Yau 3-folds [64].

The polar duality for reflexive polyhedra can be extended to a more general duality for reflexive Gorenstein cones in [11]. This generalization allowed us to express in the same way not only the construction for mirrors of Calabi-Yau complete intersections in Gorenstein toric Fano varieties [20, 56], but also the construction for mirrors of rigid Calabi-Yau 3-folds [22].

2 Topological Mirror Symmetry Test and Stringy Hodge Numbers

If two smooth Calabi-Yau (d − 1)-folds (V, V^∗) form a mirror pair, then the Hodge numbers of V and V^∗ are related by the equalities h^{p,q}(V ) = h^{d−1−p,q}(V^∗), 0 ≤ p, q ≤ d − 1, which are known as a simplest topological Mirror Symmetry test. A formulation of this test for projective Calabi-Yau hypersurfaces Z_f ⊂ P_Δ and Z_g ⊂ P_Δ� turns out to be rather nontrivial, because these hypersurfaces are usually singular. Moreover, we can’t expect that a projective smooth birational model ^Z_f of Z_f having trivial canonical class always exists if d ≥ 5. On the other hand, it was observed in [12] that Betti and Hodge numbers of such birational models are uniquely determined. This observation supported the idea of stringy Hodge numbers for singular Calabi-Yau varieties which we proposed in [9]. Denote by E(W ; u, v) the E-polynomial of a complex quasi-projective variety W . It is defined by the formula E(W ; u, v) := ∑ p,q e^{p,q}(W )u^pv^q , where e^{p,q}(W ) := ∑ k≥0(−1)^kh^{p,q} (H^k_c (W, C)) is the Hodge-Deligne number of W (see [26]).

Definition 2.1 [13] Let X be a normal quasi-projective variety over C with at worst Gorenstein canonical singularities, ρ : Y → X a resolution of singularities whose exceptional locus D ⊂ Y is a normal crossing divisor with components D_1, . . . , D_r, and K_Y = ρ^∗K_X + ∑_r i=1 a_iD_i. We set I = {1, . . . , r} and define the stringy E-function of X by the formula

E_{st}(X; u, v) := ∑ J⊂I E(D^∘_J ; u, v) ∏ j∈J uv − 1 (uv)^{aj +1} − 1 , where D^∘_J := {x ∈ X : x ∈ D_j ⇔ j ∈ J}. If X is projective and E_{st}(X; u, v) is a polynomial, then we define stringy Hodge numbers h^{p,q}_{st} (X) by the formula

E_{st}(X; u, v) := ∑ p,q (−1)^{p+q}h^{p,q}_{st} (X)u^pv^q .

It is important to remark that the above definition doesn’t depend on the choice of a resolution ρ [13]. A proof of this independence uses a variant of a non-archimedian integration proposed by Kontsevich [52] and developed by Denef and Loeser [28]. Using some ideas from [27], we can prove the following:

Theorem 2.2 [10] Let Δ and Δ^∗ be two dual to each other reflexive polyhedra of arbitrary dimension d. Then the stringy E-functions of the corresponding projective Calabi-Yau hypersurfaces Z_f ⊂ P_Δ and Z_g ⊂ P_Δ� satisfy the duality

E_{st}(Z_f ; u, v) = (−u)^{d−1}E_{st}(Z_g; u^{−1}, v),

i.e., stringy Hodge numbers of Z_f and Z_g satisfy the topological Mirror Symmetry test: h^{p,q}_{st} (Z_f ) = h^{d−1−p,q} st (Z_g) (0 ≤ p, q ≤ d − 1).

We remark that the last result holds true for all Calabi-Yau complete intersections in Gorenstein toric Fano varieties and agrees with the duality for reflexive Gorenstein cones.

Let X := V/G be a quotient of a smooth Calabi-Yau manifold V modulo a regular action of a finite group G. It was shown in [17] that the stringy Euler number e_{st}(X) := lim_{u,v→1} E_{st}(X; u, v) = ∑ J⊂I e(D^∘_J ) ∏ j∈J 1 a_j + 1

coincides with the orbifold physicists’ Euler number e(V, G) defined by Dixon- Harvey-Vafa-Witten formula [29]: e(V, G) := 1 |G| ∑ gh=hg e(V^g ∩ V^h), where V^g ∩ V^h := {x ∈ V : gx = x & hx = x}. This formula is closely related to the so-called McKay correspondence [65].

3 Counting Rational Curves and GKZ-hypergeometric Functions

Let ∂Δ be the boundary of a reflexive polyhedron Δ ⊂ MR, {m_1, . . . , m_r} := ∂Δ ∩ M, and {a_{m1} , . . . , a_{mr} } the set of coefficients in equations f(x) = 1 − ∑_r i=1 a_{mi} x^{mi} = 0 defining affine Calabi-Yau hypersurfaces Z_f ⊂ T_M . In [7] it was shown that the power series

Φ(a_{m1} , . . . , a_{mr} ) =

∑ (k_1 + . . . + k_r)!

k_1! · · · k_r! a^{k1}_{m1} · · · a^{kr}_{mr} , where (k_1, . . . , k_r) ∈ Z^r_{≥0} runs over all nonnegative integral solutions to the equation k_1m_1 + · · · + k_rm_r = 0, admits an interpretation as a period of a regular differential (d − 1)-form ω ∈ H^0(Z_f , Ω^{d−1}_{Zf} ) and satisfies the holonomic differential system introduced by Gelfand, Kapranov and Zelevinsky [36], i.e. Φ is a generalized GKZ-hypergeometric function. If Δ ⊂ R^4 is the convex hull of vectors (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (−1, −1, −1, −1), then the corresponding series Φ has the form

Φ_0(z) = ∑ k≥0 (5k)! (k!)^5 z^k, where z = a_1a_2a_3a_4a_5. The function Φ_0(z) satisfies the differential equation LΦ(z) = 0, where

L := ( z d dz )_4 − 5z ( 5z d dz + 1 ) ( 5z d dz + 2 ) ( 5z d dz + 3 ) ( 5z d dz + 4 ) , and can completed to a natural basis {Φ_0, Φ_1, Φ_2, Φ_3} of its solutions. Using Mirror Symmetry, Candelas, de la Ossa, Green and Parkes, in the famous paper [21], predicted that the formal power series expansion of the function F(q) = 5 2 ( Φ_1 Φ_0

Φ_2 Φ_0 − Φ_3 Φ_0 )

with respect to the variable q = q(z) := exp(Φ_1/Φ_0) coincides with the power series F (q) := 5 2 (log q)^3 + ∑ j>0 K_j q^j , where K_j = ∑ k|j n_{j/k} k^{−3} and n_i is the “number of rational curves” of degree i on a generic Calabi-Yau quintic 3-fold in P^4. A mathematical verification of this exciting prediction of Mirror Symmetry demanded a lot effort by many mathematicians. As a first step one needed a rigorous mathematical definition for the “number of rational curves”. Such a definition has been obtained in terms of Gromov-Witten classes introduced and investigated by Kontsevich-Manin [49], Ruan-Tian [66], and Li-Tian [57]. The second step was the idea of Kontsevich concerning an equivariant Bott’s localization formula with respect to torus action on the moduli spaces of stable maps of P_1 to P_4 [51]. The crucial remarkable progress was obtained by Givental who succeeded in identifying solutions of quantum differential equations obtained from equivariant Gromov-Witten classes with the GKZ-hypergeometric periods of mirrors [38, 39, 40, 41]. Detailed expositions of Givental’s ideas are contained in [19, 63]. Another complete mathematical proof of this famous prediction of Mirror Symmetry was obtained in 1997 by Lian, Liu and Yau in [58] using so-called linear gauge σ-models associated with toric varieties (see Morrison-Plesser [60]).

It was observed in [8] that GKZ-hypergeometric functions allow to make analogous predictions for the “number of rational curves” in arbitrary Calabi-Yau complete intersections in toric varieties. Many of such predictions related to GKZhypergeometric functions were investigated by Hosono, Klemm, Lian, Theisen and

Yau in [43, 44, 45, 46]. The most general framework for the study of resonant GKZhypergeometric systems associated with reflexive Gorenstein cones was developed by Stienstra [68].

4 Further developements

It is interesting to analyse possibilities for extending toric methods beyond the class of Calabi-Yau complete intersections in Gorenstein toric Fano varieties. A natural class for testing Mirror Symmetry consists of Calabi-Yau complete intersections in homogeneous manifolds, e.g. in Grassmanians, in partial flag manifolds etc. A general construction of mirrors for this class of Calabi-Yau manifolds has been proposed in [14, 15, 16]. An interesting generalization of Givental’s technique for complete intersections in homogeneous spaces was obtained by Kim [47].

Another interesting direction is related to the celebrated Strominger-Yau- Zaslow interpretation of Mirror Symmetry as a T -duality using special Lagrangian torus fibrations [69] (see also [61, 42]). Recently some topological torus fibrations on Calabi-Yau hypersurfaces in toric varieties were constructed by Zharkov [70] using methods from [37]. These fibrations agree with some predictions of Leung and Vafa [55].

References

[1] V.I. Arnold, Critical points of smooth functions, in Proceedings of ICM-74, Vol I, Vancouver, (1974), 19-40.

[2] P. S. Aspinwall, B. R. Greene, D. R. Morrison The Monomial-Divisor Mirror Map, Internat. Math. Res. Notices (1993), 319-337.

[3] A.C. Avram, P. Candelas, D. Jancic, M. Mandelberg, On the Connectedness of the Moduli Space of Calabi–Yau Manifolds, Nucl.Phys. B465 (1996), 458- 472.

[4] A.C. Avram, M. Kreuzer, M. Mandelberg, H. Skarke, The web of Calabi-Yau hypersurfaces in toric varieties, Nucl.Phys. B505 (1997), 625-640.

[5] V.V. Batyrev, Boundedness of the degree of multidimensional toric Fano varieties, Mosc. Univ. Math. Bull. 37, No.1 (1982), 28-33.

[6] V.V. Batyrev, Dual Polyhedra and Mirror Symmetry for Calabi-Yau Hypersurfaces in Toric Varieties, J. Alg. Geom. 3 (1994), 493-535.

[7] V.V. Batyrev, Variations of the mixed Hodge structure of affine hypersurfaces in algebraic tori, Duke Math. J. 69 (1993), 349-409.

[8] V.V. Batyrev, D. van Straten, Generalized Hypergeometric Functions and Rational Curves on Calabi-Yau Complete Intersections in Toric Varieties, Commun. Math. Phys. 168 (1995), 493-533. (alg-geom/9307010)

[9] V.V. Batyrev, D.I. Dais, Strong McKay Correspondence, String-Theoretic Hodge Numbers and Mirror Symmetry, Topology, 35 (1996), 901-929.

[10] V.V. Batyrev, L. A. Borisov, Mirror duality and string-theoretic Hodge numbers, Invent. Math. 126 (1996), 183-203.

[11] V.V. Batyrev, L. A. Borisov, Dual Cones and Mirror Symmetry for Generalized Calabi-Yau Manifolds, Mirror Symmetry II, AMS/IP Stud. Adv. Math 1, Amer. Math. Soc. Providence, RI (1997), 71-86.

[12] V.V. Batyrev, Birational Calabi-Yau n-folds have equal Betti numbers, to appear in Proc. European Algebraic Geometry Conference (Warwick, 1996), alg-geom/9710020.

[13] V.V. Batyrev, Stringy Hodge numbers of varieties with Gorenstein canonical singularities, to appear in Proc. Taniguchi Symposium 1997, ”Integrable Systems and Algebraic Geometry, Kobe/Kyoto”, alg-geom/9711008.

[14] V. V. Batyrev, Toric Degenerations of Fano Varieties and Constructing Mirror Manifolds, alg-geom/9712034.

[15] V. V. Batyrev, I. Ciocan-Fontanine, B. Kim, D. van Straten, Conifold Transitions and Mirror Symmetry for Calabi-Yau Complete Intersections in Grassmannians, Nucl. Phys. B514 (1998), 640-666.

[16] V. V. Batyrev, I. Ciocan-Fontanine, B. Kim, D. van Straten, Mirror Symmetry and Toric Degenerations of Partial Flag Manifolds, math.AG/9803108.

[17] V. V. Batyrev, Non-Archimedian integrals and stringy Euler numbers of logterminal pairs, to appear in JEMS, math.AG/9803071.

[18] P. Berglund, S. Katz, A. Klemm, Mirror Symmetry and the Moduli Space for Generic Hypersurfaces in Toric Varieties, Nucl. Phys. B456 (1995) 153.

[19] G. Bini, C. De Concini, M. Polito, C. Procesi, On the work of Givental relative to mirror symmetry, math.AG/9805097.

[20] L. A. Borisov, Towards the Mirror Symmetry for Calabi-Yau Complete intersections in Gorenstein Toric Fano Varieties, alg-geom/9310001.

[21] P. Candelas, X. de la Ossa, P. Green and L. Parkes, A pair of Calabi-Yau manifolds as an exactly soluble superconformal field theory, Nucl. Phys. B359 (1991), 21-74.

[22] P. Candelas, E. Derrick, L. Parkes, Generalized Calabi-Yau Manifolds and the Mirror of a Rigid Manifold, Nucl.Phys. B407 (1993), 115-154.

[23] P. Candelas, X. de la Ossa, S. Katz, Mirror Symmetry for Calabi-Yau Hypersurfaces in Weighted P_4 and Extensions of Landau Ginzburg Theory, Nucl. Phys. B450 (1995), 267-292.

[24] D. Cox, Recent Developement in Toric Geometry, in Algebraic geometry, Proceedings of the Summer Research Institute, Santa Cruz, CA, USA, July 9–29, 1995. Kollar, Janos (ed.) et al., Providence, RI: AMS, Proc. Symp. Pure Math. 62 (1997), 389-346.

[25] V.I. Danilov, Geometry of toric varieties, Russ. Math. Surv. 33, No.2 (1978), 97-154.

[26] V.I. Danilov, A.G. Khovansky, Newton polyhedra and an algorithm for computing Hodge-Deligne numbers, Math. USSR, Izv. 29 (1987), 279-298.

[27] J. Denef and F. Loeser, Weights of exponential sums, intersection cohomology, and Newton polyhedra, Invent. Math. 106 (1991), 275-294.

[28] J. Denef and F. Loeser, Germs of arcs on singular algebraic varieties and motivic integration, to appear in Inventiones Mathematicae, math.AG/980303.

[29] L. Dixon, J. Harvey, C. Vafa and E. Witten, Strings on Orbifolds I,II, Nucl.

Phys B261 (1985), 678-686; B274 (1986), 285-314.

[30] I. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces, J. Math. Sci., New York 81, No.3 (1996), 2599-2630.

[31] W. Ebeling, Strange duality, mirror symmetry, and the Leech lattice, alggeom/9612010.

[32] W. Ebeling, Strange duality and polar duality, math.AG/9803066.

[33] G. Ellingsrud, S. A. Strmme, Bott’s formula and enumerative geometry, J.

Amer. Math. Soc. 9 (1996), 175-193.

[34] G. Ewald, Combinatorial convexity and algebraic geometry, Graduate Texts in Mathematics 168, New York, NY: Springer, 1996, 372 pp.

[35] W. Fulton, Introduction to toric varieties, Annals of Mathematics Studies.

131. Princeton, NJ: Princeton University Press (1993), 157pp.

[36] I.M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky, Hypergeometric functions and toric varieties, Funct. Anal. Appl. 23 (1989), 94-106.

[37] I.M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky, Discriminants, resultants, and multidimensional determinants, Boston, MA: Birkhäuser (1994), 523pp.

[38] A. Givental, Homological geometry and mirror symmetry, Proc. of ICM-94, August 3-11, 1994, Zürich, Chatterji, S. D. (ed.), Vol. I. Basel: Birkhäuser (1995), 472-480.

[39] A. Givental, Homological geometry. I: Projective hypersurfaces, Sel. Math., New Ser. 1, No.2 (1995), 325-345.

[40] A. Givental, Equivariant Gromov - Witten Invariants, Int. Math. Res. Not.

1996, No.1 (1996), 613-663.

[41] A. Givental, A mirror theorem for toric complete intersections, alg-geom/9701016.

[42] M. Gross, Special Lagrangian Fibrations I: Topology, alg-geom/9710006.

[43] S. Hosono, A. Klemm, S. Theisen, Yau, S.-T., Mirror Symmetry, Mirror Map and Applications to Calabi-Yau Hypersurfaces, Commun.Math.Phys. 167 (1995), 301-350.

[44] S.Hosono, B.H.Lian, S.-T.Yau, GKZ-Generalized Hypergeometric Systems in Mirror Symmetry of Calabi-Yau Hypersurfaces, Commun.Math.Phys. 182 (1996), 535-578.

[45] S.Hosono, B.H.Lian, S.-T.Yau, Maximal Degeneracy Points of GKZ Systems, J. Amer. Math. Soc. 10 (1997), 427-443.

[46] S. Hosono, GKZ Systems, Gröbner Fans and Moduli Spaces of Calabi-Yau Hypersurfaces, alg-geom/9707003.

[47] B. Kim, Quantum Hyperplane Section Theorem For Homogeneous Spaces, alg-geom/9712008.

[48] M. Kobayashi, Duality of Weights, Mirror Symmetry and Arnold’s Strange Duality, alg-geom/9502004.

[49] M. Kontsevich, Yu. I. Manin, Gromov-Witten classes, quantum cohomology, and enumerative geometry, Commun. Math. Phys. 164 (1994), 525-562.

[50] M. Kontsevich, Homological Algebra of Mirror Symmetry, Proc. of ICM-94, August 3-11, 1994, Zürich, Chatterji, S. D. (ed.), Vol. I. Basel: Birkhäuser, (1995), 120-139.

[51] M. Kontsevich, Enumeration of rational curves via torus actions, in The moduli space of curves, Dijkgraaf, R. H. (ed.) et al., Prog. Math. 129 (1995), 335-368.

[52] M. Kontsevich, Lecture at Orsay (December 7, 1995).

[53] M. Kreuzer, H. Skarke, On the Classification of Reflexive Polyhedra, Commun.Math.Phys. 185 (1997), 495-508.

[54] M. Kreuzer, H. Skarke, Classification of Reflexive Polyhedra in Three Dimensions, hep-th/9805190.

[55] N. Leung, C. Vafa, Branes and Toric Geometry, hep-th/9711013.

[56] A. Libgober, J. Teitelbaum, Lines on Calabi-Yau complete intersections, mirror symmetry, and Picard-Fuchs equations, Int. Math. Res. Not. 1993, No.1 (1993), 29-39.

[57] J. Li, G. Tian, Virtual moduli cycles and Gromov-Witten invariants of algebraic varieties, J. Amer. Math. Soc. 11, No.1 (1998), 119-174.

[58] B. Lian, Liu, and S.-T. Yau, Mirror principle I, Asian J. Math. Vol. 1, no. 4 (1997), 729-763.

[59] D. R. Morrison, Mirror symmetry and moduli spaces of superconformal field theories, Proc. of ICM-94, August 3-11, 1994, Zürich, Chatterji, S. D. (ed.), Vol. II. Basel: Birkhäuser, (1995), 1304-1314.

[60] D. R. Morrison, M. R. Plesser, Summing the Instantons: Quantum Cohomology and Mirror Symmetry in Toric Varieties, Nucl. Phys. B440 (1995), 279-354

[61] D. R. Morrison, The Geometry Underlying Mirror Symmetry, to appear in Proc. European Algebraic Geometry Conference (Warwick, 1996), alggeom/9608006.

[62] T. Oda, Convex bodies and algebraic geometry. An introduction to the theory of toric varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, Bd. 15, Springer-Verlag. VIII, (1988), 212 pp.

[63] R. Pandharipande, Rational curves on hypersurfaces (after A. Givental), math.AG/9806133.

[64] M. Reid, The moduli space of 3-folds with K = 0 may nevertheless be irreducible, Math. Ann. 278 (1987), 329-334.

[65] M. Reid, The McKay correspondence and the physicists’ Euler number, Lect.

Notes given at Univ. of Utah (1992) and MSRI (1992).

[66] Y. Ruan, G. Tian, A mathematical theory of quantum cohomology, J. Diff.

Geom. 42 (1995), 259-367.

[67] H. Skarke, Weight systems for toric Calabi-Yau varieties and reflexivity of Newton polyhedra, Mod. Phys. Lett. A11 (1996), 1637-1652.

[68] J. Stienstra, Resonant Hypergeometric Systems and Mirror Symmetry, alggeom/9711002.

[69] A. Strominger, S. T. Yau, E. Zaslov, Mirror Symmetry is T -duality, Nucl.

Phys. B479 (1996), 243-259.

[70] I. Zharkov, Torus Fibrations of Calabi-Yau Hypersurfaces in Toric Varieties and Mirror Symmetry, math.AG/9806091.

Victor Batyrev Mathematisches Institut Universität Tübingen 72076 Tübingen, Germany batyrev@bastau.mathematik. uni-tuebingen.de