Doc. Math. J. DMV 339

Fibrations in Symplectic Topology

Dusa McDuff^1

Abstract. Every symplectic form on a 2n-dimensional manifold is locally the Cartesian product of n area forms. This local product structure has global implications in symplectic topology. After briefly reviewing the most important achievements in symplectic topology of the past 4 years, the talk will discuss several different situations in which one can see this influence: for example, the use of fibered mappings in the construction of efficient symplectic embeddings of fat ellipsoids into small balls, and the theory of Hamiltonian fibrations (work of Lalonde, Polterovich, Salamon and the speaker). The most spectacular example is Donaldson’s recent work, showing that every compact symplectic manifold admits a symplectic Lefschetz pencil.

1991 Mathematics Subject Classification: 53 C 15 Keywords and Phrases: symplectic topology, J-holomorphic curves, Hamiltonian fibration, nonsqueezing theorem, symplectic embeddings, Hamiltonian group

1 Introduction

In this talk I will give an overview of what has been achieved in symplectic topology in the past 4 years and then will discuss the relevance of symplectic fibrations. First, I will review some basic facts.

A symplectic manifold (M, ω) is a pair consisting of a smooth 2n-dimensional manifold M together with a closed 2-form ω that is nondegenerate, i.e. the top power ω^n never vanishes. By Darboux’s theorem such a form ω can always be expressed locally as the sum ω = n∑ i=1 dx_i ∧ dy_i. Thus the only invariants of a symplectic manifold are global. The other essential feature of symplectic geometry is its connection with dynamics. Every function H : M → R has a symplectic gradient X_H , which is the vector field defined by the equation ω(X_H , · ) = dH. Because ω is closed, the flow of X_H is a family ϕ^H_t of

1Partially supported by NSF grant DMS 9704825.

symplectomorphisms, i.e. diffeomorphisms that preserve the symplectic structure. Thus (ϕ^H_t )^∗(ω) = ω for all t.

One can think that these flows are built into the local structure of a symplectic manifold. Any (local) hypersurface Q in (M, ω) is a regular level set H = const of some function H. Since dH(X_H ) = ω(X_H , X_H ) = 0, the vector field X_H is tangent to Q and so induces a flow on it. The corresponding flow lines are independent of the choice of H and so give rise to a 1-dimensional foliation on Q called the characteristic foliation. As we shall see in §4.1, these foliations give rise to a good theory of symplectic connections on symplectic fibrations.

Another more global consequence is that each symplectic manifold gives rise to an interesting infinite-dimensional group, namely the group of symplectomorphisms Symp(M, ω). Its identity component contains a connected subgroup of finite codimension, called the Hamiltonian subgroup Ham(M, ω). This consists of all symplectomorphisms that are the time-1 map of some Hamiltonian flow ϕ^H_t , where here one allows the Hamiltonian H_t : M → R to depend on time t ∈ [0, 1]. I shall say more about these groups in §2.6 and §4.2 below.

A basic theme in symplectic topology is that properties that hold locally are often valid more globally. One example is Darboux’s theorem. Here the local statement is that there is a unique symplectic structure at a point (i.e. on the tangent space), and this extends to the fact that there is a unique structure in a neighborhood of each point. Another example is Arnold’s conjecture. The local statement here is that when M is compact every Hamiltonian symplectomorphism that is sufficiently close to the identity in the C^1-topology has at least ∑ i dim H^i(M, R) distinct fixed points, provided that these are all nondegenerate.^2 The global statement is that this remains true for all elements of Ham(M, ω). This has now been proved: see §2.2.

One further example of this phenomenon that I want to mention here concerns the fact that a symplectic form ω is a local product: by Darboux’s theorem ω can always be expressed locally as the Cartesian product of n area forms dx∧dy on R^2. Observe that a general symplectomorphism does not preserve this local product structure. For example, the linear map

L : (x_1, y_1, x_2, y_2) → (x_1 + x_2, y_1, x_2, y_2 − y_1)

preserves ω but neither preserves nor interchanges its individual summands dx_i ∧ dy_i, i = 1, 2. Nevertheless, I hope to show in this talk that the existence of this local product structure is reflected globally in various important ways, both in the “semi-local” properties that are discussed in §3 and in the theory of symplectic fibrations that is presented in §4. The best evidence is, of course, Donaldson’s theorem on the existence of symplectic Lefschetz pencils that is discussed in §2.3 below.

2A fixed point x of ϕ is said to be nondegenerate if the graph of ϕ in M × M intersects the diagonal transversally at the point (x, x). There are other versions of Arnold’s conjecture that allow degenerate fixed points and/or make homotopy theoretic rather than homological estimates of the number of fixed points, but these have not yet been established in full generality.

1.1 Analytic techniques in symplectic topology

Until Donaldson’s recent work, there were two main sources of analytic techniques in symplectic geometry, variational methods (that relate to the above mentioned flows) and elliptic methods. These have been combined to create powerful tools such as Floer theory. Since Hofer who is one of the main exponents of the variational method is also talking at this I.C.M. I will not say anything more about this here, and will concentrate on more purely elliptic methods that exploit the close relation of symplectic geometry with complex geometry.

One important kind of symplectic manifold is a Kähler manifold. This is a complex manifold M that admits a Riemannian metric g that is well adapted to the induced almost complex structure J on the tangent bundle T M.^3 One way of expressing the Kähler condition is that the bilinear form ω defined by ω(v, w) = g(Jv, w) is skew-symmetric and closed. Since the nondegeneracy of g implies that of ω, the form ω is symplectic. As a kind of converse, observe that a symplectic manifold always supports an almost complex structure J on the tangent bundle T M that is compatible with ω in the sense that the bilinear form g defined by the above equation is a positive definite inner product. In fact, for any symplectic manifold M there is a contractible set J (ω) of such almost complex structures. In most cases, these will not be integrable. It was Gromov who first realised (in 1985) how to use these almost complex structures to get information about the underlying symplectic structure: see [G1], [G2].

Gromov’s fundamental idea was to look at spaces of J-holomorphic curves in (M, ω, J). These are maps u from a Riemann surface (Σ, j) to the almost complex manifold (M, J) that satisfy the generalized Cauchy–Riemann equation du ∘ j = J ∘ du. If J is integrable, u is a (parametrized) holomorphic curve of the usual kind. Even if J is not integrable, these curves behave very much as one would expect, basically because every almost complex structure on a 2-manifold is integrable. In particular, the ellipticity of the Cauchy–Riemann equation implies that the set M(A, J) of all such curves that represent the homology class A ∈ H_2(M; Z) is a finite-dimensional manifold for generic J in J (ω). The other essential ingredient comes from the existence of the symplectic form ω. This gives an a priori bound to the energy (or W^{1,2}-norm) of the elements in M(A, J), which in turn implies that this space has a well-behaved compactification. Hence it makes sense to try to count the number of these curves that intersect certain homology classes in M. In general, one gets a finite number that is independent of J. This gives rise to symplectic invariants, that in various contexts are called Gromov invariants, Gromov–Witten invariants, or Gromov–Taubes invariants and so on. Many foundational results in symplectic topology can be proved using J-holomorphic curves,

3An almost complex structure is an automorphism of the tangent bundle T M with square equal to −Id. If it is induced from an underlying complex structure on M it is said to be integrable.

for example the nonsqueezing theorem that we discuss below. They are also an essential ingredient in symplectic versions of Floer homology.

2 Recent advances

In this section I will list some of the most significant advances in symplectic geometry of the past 4 years. I will be very brief (and in particular do not attempt to give full references) since in many cases other people will be giving talks on these subjects at this I.C.M.

2.1 Taubes–Seiberg–Witten theory

A few months after the Seiberg–Witten equations were first formulated in Fall 1993, Taubes realised that the methods used by Witten to calculate the associated invariants for Kähler manifolds could be adapted to the symplectic case. This was the first time that methods of gauge theory were found to interact significantly with symplectic geometry. His first results [T1,2] from Spring 1994 established a structure theorem for the Seiberg–Witten invariants of symplectic 4-manifolds, that implied in particular that they do not vanish. He then wrote a series of deep papers that showed that these invariants coincide with a certain kind of Gromov invariant that counts J-holomorphic curves in an appropriate way: see [T3–6] and also Ionel–Parker [IP1].

This has opened the door to the construction of many interesting examples of symplectic 4-manifolds as well as to a much better understanding of the relation of smooth 4-manifolds to symplectic ones: cf. the I.C.M. talks of Taubes and Fintushel–Stern. For example, Taubes gave the first examples of manifolds that satisfy the necessary topological preconditions for being symplectic (namely they support an almost complex stucture and also have a cohomology class a ∈ H^2(M, R) whose top power does not vanish) but nevertheless have no symplectic structure. One such example is the connected sum CP^2#CP^2#CP^2 of three copies of the projective plane, which cannot be symplectic because its Seiberg–Witten invariants vanish. Another consequence is a proof that there is only one symplectic structure on the complex projective plane (up to rescaling) (see [G1] and [T2]) and a complete classification of symplectic structures on blow-ups of rational and ruled surfaces. This last is a combination of work by Li–Liu [LL1,LL2], Ohta–Ono [OO] and Liu [Liu] on Seiberg–Witten theory for symplectic manifolds with b^+ = 1, work by Lalonde–McDuff [LM4] classifying symplectic structures on ruled surfaces and work on blow-ups by McDuff [Mc1] and Biran [Bi].

2.2 General Gromov–Witten invariants

The theory of J-holomorphic curves outlined above was unsatisfactory for many years because there was a basic technical problem (the “multiply-covered curve problem”) that meant that it worked only in a very restricted class of manifolds. In 1994 Kontsevich suggested a way to get around this difficulty using the concept of stable maps and other ideas from algebraic geometry, and subsequently several teams have made this a reality. Among them are Fukaya–Ono [FO], Li–Tian [LiT],

Liu–Tian [LiuT], Ruan [R], and Siebert [Sieb], who have all completed substantial papers on this subject in the past two years. (See also Hofer–Salamon [HS].) This important foundational work shows that methods that one might think are intrinsically algebraic can be extended to the smooth symplectic context. Another consequence is a proof that the nondegenerate case of Arnold’s conjecture holds on all symplectic manifolds: see [FO], [LiuT].

One of the recent insights that has come from string theory and quantum physics is that Gromov–Witten invariants have very interesting formal properties: for example they give rise to a deformation of the cup product on the cohomology ring of a symplectic manifold. This is known as quantum cohomology: see Ruan– Tian [RT]. These invariants have been also used to solve long-standing problems in enumerative geometry and have many other applications: cf. the I.C.M. talks by Vafa and Ruan.

2.3 Donaldson theory

In the past two years Donaldson has developed a completely new way to use the existence of almost complex structures on symplectic manifolds, taking the manifold (M, J) to be not the target space but rather the domain of the maps considered. He has developed a theory of “almost holomorphic” sections of certain “almost ample” line bundles that imitates the usual theory in the Kähler case so faithfully that he can prove that every closed symplectic manifold admits a symplectic Lefschetz pencil: see [D1,D2] and also the Bourbaki seminar [Sik]. I will state a version of the theorem here because of its relevance to the theme of this talk. For a much fuller discussion, see Donaldson’s I.C.M. talk.

Theorem 2.1 Let (M, ω) be a closed symplectic manifold such that the cohomology class [ω] is integral. Then for each sufficiently large k there is a symplectic submanifold B_k of codimension 4 and a smooth map p : M − B_k → CP^1 that has only finitely many singular points. Each fiber of p is symplectically embedded except at its singular points, and near these p has the form (z_1, . . . , z_n) → ∑ i z^2_i in suitable local coordinates (z_1, . . . , z_n) ∈ C^n. Finally, p extends smoothly to the blow-up ~M of M along B_k.

The induced map p : ~M → CP^1 is usually called a Lefschetz fibration. It is constructed so that its general fiber F_k represents the Poincaré dual PD(k[ω]) of a suitably large integral multiple of the symplectic cohomology class [ω]. Auroux [Au] has shown that for sufficiently large k the codimension-2 symplectic submanifold F_k is unique up to isotopy. Similarly, it can be shown that the whole structure of the Lefschetz pencil is unique up to isotopy for sufficiently large k. Moreover the symplectic form on such a pencil is determined up to deformation^4 by the symplectic form on the fiber F_k. Hence, in principle, the classification of symplectic 2n-manifolds can be reduced to that of symplectic (2n − 2)-manifolds, and hence to the complicated world of symplectic 4-manifolds. This, in turn, is

4Two closed symplectic manifolds (V, ω_V ), (W, ω_W ) are said to be deformation equivalent if there is a diffeomorphism ϕ : V → W and a family of not necessarily cohomologous symplectic forms ωt, t ∈ [0, 1] on V such that ω0 = ω_V , ω1 = ϕ�(ω_W ).

reduced to data concerning Riemann surfaces. Many very interesting questions arise here, and I refer you to the I.C.M. talks by Donaldson and Fintushel–Stern for further discussion. One important point is that it is not known whether the classification of symplectic 4-manifolds is more complicated than that of smooth 4-manifolds. For example, I do not know any example of a smooth 4-manifold that supports two symplectic structures which are not deformation equivalent.

2.4 Contact geometry

Contact geometry is the odd-dimensional analog of symplectic geometry. It is now particularly well understood in dimension 3 because there are two ways to get geometric information about a contact 3-manifold M. One can reduce to 2- dimensions by looking at the intersection of the contact structure with families of surfaces in M, an approach pioneered by Eliashberg [E3] and Giroux [Gi], and one can also use elliptic techniques in the 4-dimensional symplectization M × R. For new developments in this area I refer you to the I.C.M. talks by Eliashberg and Hofer.

2.5 Hofer geometry

Hofer [H] pointed out in 1990 that the group of Hamiltonian symplectomorphisms carries a biinvariant metric, that is now called the Hofer metric. There have been significant advances in understanding the properties of this metric and its geometric and dynamic implications, notably by Bialy–Polterovich [BP], a series of papers by Polterovich (see [P]) and Lalonde–McDuff [LM1–3]. In particular, the papers [LM1–3] develop a new elliptic approach to Hofer geometry, and show that the energy-capacity inequality that is basic to the whole theory is equivalent to the nonsqueezing theorem discussed in §3 below. There also is an interesting connection between the Hofer length of an element in π_1(Ham(M)) and properties of the associated symplectic fibration over S^2 with fiber M: see [P] §7, and §4.2 below. For further details, see the I.C.M. talk by Polterovich [P].

2.6 The topology of the group of symplectomorphisms

There has been quite a bit of recent progress in understanding the relations between the groups Ham(M, ω) → Symp(M, ω) → Diff(M) for closed symplectic manifolds (M, ω). Observe that the inclusion Ham(M, ω) → Symp(M, ω) induces an isomorphism on all homotopy groups except for π_0 and π_1. As far as concerns π_0, the Hamiltonian group is path-connected by definition, while Symp(M, ω) often is not. As for π_1, there is an exact sequence

0 → π_1(Ham(M, ω)) → π_1(Symp(M, ω)) → Γ_ω → 0,

where Γ_ω is a countable subgroup of H^1(M, R) that is called the Flux group: see [MS] or [LMP1]. It is not hard to show that Ham(M, ω) coincides with the identity component of Symp(M, ω) in the case when b_1(M) = rk H^1(M, R) = 0, in particular if M itself is simply connected.

Perhaps the most surprising recent result is that of the stability of Hamiltonian loops, i.e if {ϕ_t}_{t∈[0,1]} represents an element of π_1(Ham(M, ω)) then any perturbation {ϕ^′_t} of the loop {ϕ_t} that preserves some nearby symplectic form ω^′ represents an element of π_1(Symp(M, ω^′)) that lies in the image of π_1(Ham(M, ω^′)): see Lalonde–McDuff–Polterovich [LMP2]. Another way of saying this is that if ϕ ∈ π_1(Symp(M, ω)) and ϕ^′ ∈ π_1(Symp(M, ω^′)) map to the same element of π_1(Diff(M)) and if ϕ maps to zero in Γ_ω then ϕ^′ must map to zero in Γ_ω0 . It follows fairly easily that the Flux subgroup Γ_ω never has more than b_1(M) generators. It is still not known whether it is always discrete. This would be the case if and only if the group Ham(M, ω) is closed in Symp(M, ω) with respect to the C^1-topology: see [LMP1].

Otherwise the theory is at the stage of computing interesting examples. Seidel [Seid1] has found a very nice construction that shows that for many symplectic 4-manifolds that contain a Lagrangian 2-sphere^5 the map π_0(Symp(M, ω)) → π_0(Diff(M)) is not injective. This work is based on an analysis of the Floer homology of the generalized Dehn twists that occur as monodromy in Lefschetz fibrations: see Donaldson’s I.C.M. talk. Seidel has also shown that when M is the product of two projective spaces CP^m × CP^n, where m ≤ n, the map π_k(Symp(M, ω)) → π_k(Diff(M)) is not surjective for odd k ≤ 2n − 1. Many of the above results are proved by considering properties of appropriate fibrations: see §4.2 below.

We end this section by mentioning an example where the rational cohomology of the groups Symp(M, ω) has been fully worked out. Here (M, ω) is the product S^2 × S^2 equipped with the symplectic form ω^λ = (1 + λ)σ_0 ⊕ σ_1, where σ_i, i = 0, 1, is an area form on S^2 of total area 1. Let G^λ, λ ≥ 0 denote the corresponding group of symplectomorphisms. Gromov showed in [G1] that, when λ = 0, G^λ is deformation equivalent to the extension of the Lie group SO(3) × SO(3) by the involution that interchanges the two factors. Abreu showed in [Ab] that when 0 < λ ≤ 1 the group G^λ no longer has the homotopy type of a Lie group since its rational cohomology ring has an even-dimensional generator. Abreu–McDuff [AM] have completed this calculation, showing that when k − 1 < λ ≤ k

H^∗(G^λ, Q) = Λ(x_1, x_3, x^′_3) ⊗ S(x_{4k} ),

where x_i, x^′_i denote generators in dimension i, Λ is an exterior algebra and S is a polynomial algebra. One can give a meaning to the “limit” of these groups G^λ as λ → ∞ and show that this is homotopy equivalent to the group D of fiberwise orientation-preserving diffeomorphisms of the trivial fibration S^2 ×S^2 → S^2. Since Diff(S^2) is homotopy equivalent to the Lie group O(3), the group D is homotopy equivalent to a group D^′ that fits in the exact sequence

0 → Map(S^2, SO(3)) → D^′ → SO(3) → 0.

The cohomology ring of D is isomorphic to Λ(x_1, x_3, x^′_3) and restricts onto this part of H^∗(G^λ), while the “jumping generator” x_{4k} dies in the limit.

5i.e. a sphere on which the symplectic form vanishes.

2.7 Symplectic fibrations

A unifying theme that is relevant to several of the areas mentioned above is that of symplectic fibration. This concept occurs in symplectic topology in several closely related variants, but one essential ingredient is a fibration (possibly local and/or singular) with a family of cohomologous symplectic forms on its fibers. Moreover, these fiberwise forms should be induced by the ambient symplectic form, if there is one. (A precise definition is given in §4.)

I pointed out in various places above that the proofs use properties of symplectic fibrations. It is also worth noting that the use of (local) fibrations is ubiquitous in 4-dimensional symplectic topology. This is obvious in so far as Donaldson’s theory goes. However, this remark applies also to the kinds of symplectic surgeries that have been recently developed and explored. For instance, almost all the new examples of symplectic 4-manifolds are constructed using the fiber connect sum (see Gompf [Go], and McCarthy–Wolfson [MW]) which exploits the local fibered structure of a symplectic manifold near a symplectic submanifold with trivial normal bundle. This construction is also known as the symplectic sum. It has good formal properties: see for example Ionel–Parker [IP2] and McDuff– Symington [MSy]. Other symplectic surgeries developed by Luttinger [Lu], Eliashberg and Polterovich [EP] and Symington [Sym] also use the canonical local fibered structure of a symplectic manifold near a symplectic or Lagrangian submanifold.

As another example, observe that the knot surgeries used by Fintushel and Stern in [FS] to construct a family X_K of homotopy K3-surfaces are only known to yield symplectic manifolds when the knot K is fibered. To some extent this is a matter of expedience: the presence of a suitable fibration allows one to construct a symplectic form out of forms on the base and the fibers. However, Donaldson’s theorem shows that fibrations are intrinsic to the structure of symplectic manifolds, and it is quite possible that it will eventually be shown that Fintushel and Stern’s manifolds X_K are symplectic if and only if the knot K is fibered.

3 Symplectic rigidity

In this section we will discuss “semi-local” symplectic topology, which I take to mean properties of open subsets of Euclidean space and of the symplectomorphisms between them. To emphasize that we are dealing with the standard symplectic form here, I will denote it by ω_0 = ∑ i dx_i ∧ dy_i. We will begin with a discussion of Gromov’s nonsqueezing theorem, which is the basis of all symplectic topology, and then in §3.2 will talk about some more specialised problems concerning symplectic embeddings.

3.1 The nonsqueezing theorem

Gromov’s nonsqueezing theorem [G1] answers the question of when a ball can be symplectically embedded in a cylinder. To emphasize the relation with fibrations we will think of the cylinder

Z^{2n}(λ) = B^2(λ) × R^{2n−2} as the inverse image of the 2-disc B^2(λ) of radius λ by the projection

p : R^{2n} → R^2, (x_1, . . . , y_n) → (x_1, y_1).

Then, if B^{2n}(r) denotes the (closed) standard ball of radius r in Euclidean space R^{2n} the nonsqueezing theorem can be stated as follows.

Theorem 3.1 For all (local) symplectomorphisms ϕ of R^{2n}

area ( p ∘ ϕ(B^{2n}(r)) ) ≥ πr^2. In other words, it is impossible to embed a standard ball of radius r into the cylinder Z^{2n}(λ) of radius λ when λ < r.

This property of symplectomorphisms is fundamental. Indeed it characterises symplectomorphisms in the following sense. Suppose that ψ is a diffeomorphism such that area ( p ∘ L ∘ ψ(B^{2n}(x; r)) ) ≥ πr^2 for all linear symplectomorphisms L and all sufficiently small balls B^{2n}(x; r) in R^{2n}. Then ψ^∗(ω_0) = ±ω_0. If in addition ψ is orientation preserving we must have the + sign when n is odd. Applying this to the diffeomorphism ψ × Id of R^{2n} × R^2, one also can characterize symplectomorphisms in this way when n is even. This is the essential ingredient of the proof by Eliashberg [E1] (see also Ekeland–Hofer [EH]) that the group of symplectomorphisms is C^0-closed in the group of diffeomorphisms.^6 As Gromov pointed out in his 1986 ICM talk [G2], without this there would be no interesting theory of symplectic topology. This result is also the foundation of the theory of symplectic measurements such as the Gromov width of sets^7 and the Hofer norm on the group of Hamiltonian symplectomorphisms that is discussed in Polterovich’s talk [P].

I will consider two aspects of this theorem in more detail below. Firstly, if one thinks of it as a statement about symplectic embeddings, the question obviously arises as to what other symplectic embeddings are possible between standard objects such as ellipsoids and polydiscs. Secondly, one can view this theorem as a fact about the trivial fibration

p : Z^{2n}(λ) → B^2(λ),

and ask whether general symplectic fibrations have similar properties.

To end this section, I’d like to say one more thing concerning the relation of the C^0 (or uniform) topology to the symplectic world. Using the above ideas it is possible to define the notion of a symplectic homeomorphism between two smooth symplectic manifolds, though very little is known about the properties of such maps. For example, as in [EH] one can define the notion of a symplectic capacity such as the Gromov width and then say that a homeomorphism is symplectic if it preserves the capacity of sufficiently small open sets. Here I want to mention

6The C0-topology is the topology of uniform convergence on compact subsets. 7The Gromov width w_G(U) of an open subset U of (M2^n, ω) is defined to be the supremum of the numbers πr2 such that the ball B2^n(r) embeds symplectically in U.

a slightly different question. Colin [C] has recently shown that contact structures are C^0-stable in dimension 3 though not in higher dimensions. In other words, two plane fields ξ, ξ^′ on a closed 3-manifold that are sufficiently C^0-close and that both satisfy the contact condition are isotopic through a family of contact plane fields.

Question 3.2 Is there a symplectic analog of this result?

It is not even clear what is the appropriate notion of “C^0-close” in this context. In the contact case the condition for a hyperplane field ξ to be contact involves the first derivative of the defining form α. In other words, if ξ = ker α and the manifold has dimension 2n+1 then one requires that α∧dα^n ≠ 0. It follows that one can get a sensible C^0-topology by using the C^0-topology on the defining forms α (which is, of course, equivalent to using the C^0-topology on the plane fields themselves). However, any two symplectic forms ω and ω^′ that are cohomologous and sufficiently C^0-close may be joined by the symplectic isotopy tω + (1 − t)ω^′, t ∈ [0, 1], and so are diffeomorphic by Moser’s theorem. Hence this is not the right analog. The question is whether there is an intrinsic C^0 notion of a symplectic structure for which the above stability result would hold at least in dimension 4. One might, for example, say that two symplectic structures are ε-close on a compact domain K if |w_G(U, ω) − w_G(U, ω^′)| ≤ ε for all open subsets U ⊂ K, where w_G is the Gromov width defined above. It is not known what the consequences of such a definition would be.

This raises the whole question of what a symplectic structure “really is”. I do not think that it is just a structure that allows certain analytic techniques (such as those of Gromov, Taubes and Donaldson) to work. As the nonsqueezing theorem shows there is a geometric flavor to the theory that does not seem to be captured this way. I would argue that one important geometric element is the presence of the local characteristic foliations mentioned in §1 and that another is the local product structure. An idea of what one might expect is suggested by the Eliashberg–Thurston [ET] paper on confoliations, where the authors work out the relation between foliations and contact structures and show that an essential ingredient of a contact structure is a “positive twist” condition.

3.2 Symplectic embeddings and folding

Let us write E(a_1, . . . , a_n) for the ellipsoid

E(a_1, . . . , a_n) = {z ∈ R^{2n} : ∑ i x^2_i + y^2_i a_i ≤ 1 }. It is well known that every ellipsoid in R^{2n} is linearly symplectomorphic to one of the form E(a_1, . . . , a_n), where a_1 ≤ . . . ≤ a_n. Consider the question of when E(a_1, . . . , a_n) embeds symplectically into the unit ball B^{2n}(1) =E(1, . . . , 1). Floer, Hofer and Wysocki [FHW] looked at the 4-dimensional case and showed using symplectic homology that when the ellipsoid is “round”, that is when the ratio a_2/a_1 is ≤ 2, there is such an embedding only if the ellipsoid is a subset of the ball. Recently Schlenk [Sch] extended this result to higher dimensions, basing his argument on Ekeland–Hofer capacities.

Theorem 3.3 If a_n ≤ 2a_1 then E(a_1, . . . , a_n) embeds symplectically in B^{2n}(1) only if a_n ≤ 1.

He has also shown that this result is sharp in the sense that as soon as a_n > 2a_1 it is possible to construct symplectic embeddings of E(a_1, . . . , a_n) into a ball with radius r, where r^2 < a_n. To be precise, he proved:

Theorem 3.4 Given any ν > ε > 0 there is a symplectic embedding

E(1, . . . , 1, 2 + 2ν) → E(2 + ν + ε, . . . , 2 + ν + ε) = B^{2n}( √ 2 + ν + ε).

The proof constructs explicit embeddings by a technique known as symplectic folding. This is based on an idea of Traynor [Tr], who realised that in these embedding questions it is useful to think of a ball or ellipsoid as fibered over the 2-disc E(a_1) via the projection p : E(a_1, . . . , a_n) → E(a_1). Observe that the fiber of p at a point x ∈ E(a_1) is simply the ellipsoid E(a^′_2, . . . a^′_n) where a^′_i = a_i(a_1 − |x|^2)/a_1. The idea is to construct embeddings of E(a_1, . . . , a_n) into R^{2n} = R^2 × R^{2n−2} of the form f × g where f : E(r_1) → R^2 is area-preserving and g : E(a_2, . . . a_n) → R^{2n−2} is symplectic. In doing this one just has to control the image of f × g on the “partial product” E(a_1, . . . , a_n). This technique was developed further by Lalonde–McDuff [LM1], who incorporated the idea of folding.

For simplicity, we explain this in the case n = 2. The idea is that what is really important about the fibration p : E(a_1, a_2) → E(a_1) is: (i) the fact that the subset B_c of the base E(a_1) over which the fiber has area ≥ c is connected;

(ii) the fact that the fibers are nested, i.e. if we identify the fibers with subsets of R^2, then fibers of equal area are identical and lie inside the fibers of greater area; and (iii) the precise function A(c) = area B_c.

It is shown in [LM2] that any other smoothly triangulable set T_Y of R^4 that fibers over a smoothly triangulable set Y in R^2 of area πa_1 and has properties (i), (ii) and the same function A(c) is equivalent to the ellipsoid E(a_1, a_2) in the following sense: for any ε > 0, one can symplectically embed E(a_1, a_2) into an ε-neighborhood of T and also symplectically embed T into an ε-neighborhood of E(a_1, a_2). These embeddings are also fibered, i.e. of the form (z, w) → f(z)×g(w). In particular we can take Y to be a set consisting of two rectangles of total area a_1 joined by a line segment I, and then map T_Y by embeddings into the product space R^2 × R^2 that are fibered over each rectangle and “folded” over the interval

I. The set in T_Y that lies over I is a product I × F and the folding map has the form I × F → U × R^2 ⊂ R × R × R^2, (t, x) → (t, H(t, x), ϕ_t(x)). The minimum amount of room needed to make this fold (i.e. the minimum area of U) is closely related to the Hofer norm of the embedding ϕ_1 ∘ ϕ^{−1}_0 : ϕ_0(F ) → R^2. In this construction one can see the relevance of local symplectic fibrations and the close connection between embedding problems and Hofer geometry that was exhibited in [LM1].

Here is a problem suggested by Schlenk [Sch]. Define s(a) for a ≥ 1 to be the infimum of the numbers s such that there is a symplectic embedding of the ellipsoid E(1, a) into the ball E(s, s). Schlenk has shown that as a → ∞ the image of E(1, a) fills up an arbitrarily large percentage of the volume of the ball. Thus s(a)^2/a converges to 1 as a → ∞.

Question 3.5 Find sharp estimates for s(a), in particular as a ↘ 2.

By Theorem 3.3 s(a) = a for a ≤ 2, but otherwise this function is unknown. Schlenk has made some computer calculations of the best upper bound for s(a) that can be obtained by (multiple) folding but it is not clear whether his estimate is even asymptotically sharp as a ↘ 2. To improve this estimate one would need a new way to construct symplectic embeddings. It would be interesting to know if there is another way to construct such embeddings that is not so closely tied to the local product structure as is the method of folding.

Here is another embedding problem that involves understanding the interaction of an embedded ball with a fibration. The nonsqueezing theorem gives an obstruction for a ball B to embed in a cylinder. But when this obstruction vanishes we do not yet know much about the space of all symplectic embeddings ϕ of the ball into the cylinder, except that it is path-connected when n = 2. Consider the slicing of the cylinder Z^{2n}(1) by the flat discs D_x = B^2(1) × {x}, x ∈ R^{2n−2}, that intersect the boundary ∂Z^{2n}(1) along the leaves of its characteristic foliation. Each disc D_x has an area form given by the restriction of the standard symplectic form ω_0.

Question 3.6 Find a lower bound for

c_r = min_ϕ max_x area ϕ(B) ∩ D_x,

where ϕ varies over all symplectic embeddings of the ball B of radius r. In particular, does lim_{r→1} c_r/πr^2 = 1?

Polterovich pointed out^8 that the ratio c_r/πr^2 → 0 as r → 0. One can see this by beginning with a slicing (or foliation) of R^{2n} by parallel isotropic 2-planes (i.e. planes on which ω_0 vanishes) and then slightly perturbing it to a slicing by parallel symplectic planes whose intersections with the standard ball B = B^{2n}(r)

8Private communication

have ω_0-area ≤ επr^2 for some ε. There is a symplectomorphism ψ of R^{2n} that takes the slicing R^2 ×{x} to this new one, and, provided that r is sufficiently small, we can arrange that the restriction ψ^{−1}|_B extends to a symplectomorphism ϕ of R^{2n} with support in the cylinder Z^{2n}(1). Hence, for these r, we find c_r/πr^2 ≤ ε. On the other hand, we showed in [LM3] that when r = 1 any embedding ϕ of the unit ball B into the cylinder B^2(1) × R^{2n−2} must intersect the boundary of the cylinder in a set that contains some flat circle ∂B^2(1) × {x}. Hence one could say that c_1 = π.

4 Symplectic fibrations

We will begin by describing the general theory of (nonsingular) symplectic fibrations that originated in work of Guillemin, Lerman and Sternberg [GLS], and then will discuss some of the recent results about their structure.

4.1 Symplectic connections and Hamiltonian fibrations

A (nonsingular) fibration p : P → B is said to be symplectic if its fiber is a symplectic manifold (M, ω) and the structural group of the fibration is Symp(M, ω). It follows that every fiber M_b = p^{−1}(b) carries a well defined symplectic form ω_b. However, neither the base B nor the total space P need have a symplectic form. (In fact, here we may take the base to be any CW complex.)

There is an especially nice theory when all spaces involved are manifolds and p is smooth. (In this case we will say that the fibration is smooth.) A 2-form τ on P that restricts to ω_b on each fiber M_b is called a connection 2-form. Note that τ need not be either closed or nondegenerate. Nevertheless, the fact that it is nondegenerate on the fibers implies that its restriction to the inverse image p^{−1}(γ) of any smooth path γ : [0, 1] → B in the base has a one-dimensional kernel^9 that is everywhere transverse to the fibers. Hence the integral lines of this kernel are horizontal lifts of γ that define parallel translation of the fibers along γ. It is easy to see from this description that parallel translation preserves the symplectic forms on the fibers precisely when the restriction of τ to any submanifold of the form p^{−1}(γ) is closed. Thus one needs

dτ(v_1, v_2, · ) = 0

whenever the vectors v_1, v_2 are vertical, i.e. tangent to a fiber. In this case the connection form τ is said to be symplectic.

It is not hard to see that every symplectic fibration has a symplectic connection τ. However, one cannot always choose τ to be closed. For example, if p : S^3 → S^2 is the Hopf map, the composite map S^3 × S^1 → S^{3 p}→ S^2 can be given the structure of a symplectic fibration, but clearly does not support a closed connection 2-form.

9The kernel is spanned by vectors v such that τ(v, w) = 0 for all vectors w tangent to p�1(γ). This is a generalization of the characteristic foliation on a hypersurface in the sense that if τ were a symplectic form on P then this kernel would consist precisely of the vectors tangent to the characteristic foliation of τ on the hypersurface p�1(γ).

Thurston showed in [Th] that there is a closed connection form if and only if there is a cohomology class a ∈ H^2(P, R) that restricts to the symplectic class [ω_b] in each fiber. There are some obvious situations in which such a class a always exists, for example if [ω_b] is the first Chern class of the tangent bundle to the fibers.^{10} In [GLS] Guillemin, Lerman and Sternberg prove that if the manifold M is simply connected every symplectic fibration with fiber M supports a closed connection 2-form. They give a beautiful construction of this form (that they call the coupling form) from the curvature of a symplectic connection on P . This result was extended by McDuff–Salamon, who prove the following result in [MS].

Theorem 4.1 Suppose that M → P → B is a smooth symplectic fibration with fiber (M, ω). Then the following conditions are equivalent: (i) The structural group of the fibration can be reduced to Ham(M, ω); (ii) The fibration is symplectically trivial over the 1-skeleton of B and supports a closed connection 2-form.

Note One needs to assume triviality over the 1-skeleton of B because the group Ham(M, ω) is path-connected. It should be possible to define a subgroup H of Symp(M, ω) such that fibrations with structural group H are precisely those with closed connection 2-form: see [LMP3]. This group H would have to be disconnected and have identity component equal to Ham(M, ω).

Definition 4.2 A smooth symplectic fibration p : M → B is said to be Hamiltonian if it satisfies one of the equivalent conditions in the above theorem. A symplectic form Ω on the total space of a symplectic fibration p : P → B is said to be compatible with the fibration if restricts to ω_b on each fiber M_b of p.

Proposition 4.3 Let p : P → B be a Hamiltonian fibration and suppose that B has a symplectic form σ_B . Then there is a symplectic form Ω on P that is compatible with p and is unique up to deformation.

Proof: Take Ω = τ + κp^∗(σ_B ), where τ is some closed connection form and κ > 0 is sufficiently large. For more details see [Th] (or [MS]).

4.2 The topology of symplectic fibrations

One way to construct symplectic fibrations is to start with an element ϕ ∈ π_k(Symp(M, ω)) and use it as a clutching function to construct a bundle over S^{k+1}:

p : P_ϕ = ( D^{k+1}_+ × M ) ∪_ϕ ( D^{k+1}_− × M ) → S^{k+1}. When k > 1 the resulting fibrations are Hamiltonian, but this may not be so when k = 1 since π_1(Ham(M, ω)) is often different from π_1(Symp(M, ω)): see § 2.6. Since S^2 is symplectic, it follows from Proposition 4.3 above that the loop ϕ is Hamiltonian precisely when the total space P_ϕ carries a symplectic form Ω that is compatible with the fibration p : P_ϕ → S^2.

10Note that this bundle has a well defined complex structure since the space J (ω_b) of fiberwise compatible almost complex structures is contractible for all b ∈ B.

Seidel pointed out in [Seid2] that every element of π_1(Ham(M, ω)) gives rise to an automorphism of the quantum cohomology of M (cf. § 2.2). By interpreting this automorphism in terms of the geometry of the bundle P_ϕ → S^2, Lalonde– McDuff–Polterovich showed in [LMP2] that the Leray spectral sequence for the rational cohomology of the total space P_ϕ degenerates. To do this it is enough to show that every rational homology class α ∈ H_∗(M, Q) is the intersection with [M] of a homology class ~α ∈ H_{∗+2}(P ). Roughly speaking, one constructs ~α as the set of points in P that lie on a suitable family of J-holomorphic sections of p : P → S^2 that intersect a cycle representing α.

This argument generalizes significantly, for example to Hamiltonian fibrations over any sphere: see [LMP3].

Question 4.4 If (M, ω) → P → B is a fibration with structural group Ham(M, ω), is the rational cohomology H^∗(P, Q) of P isomorphic as a vector space to H^∗(B; Q) ⊗ H^∗(M, Q)?

The answer is known to be “yes” when the hard Lefschetz theorem holds for H^∗(M, Q): see [B]. However, it is “no” if one drops the Hamiltonian condition. For example, the Kodaira–Thurston manifold in [Th] that is symplectic but nonKähler is the total space of a symplectic fibration X → T^2 with fiber T^2. Here X = T^2 × S^1 × [0, 1]/ ∼, (x, y, s, 0) ∼ (x, x + y, s, 1), and it is easily seen that b_1(X) = 3 rather than 4.

The story concerning the multiplicative structure of H^∗(P, Q) is more complicated. Here one can consider both the standard cup product and also versions of the quantum (or deformed) cup product. Seidel exploits properties of the quantum product in his work on Symp(CP^m × CP^n) that was mentioned in 2.6 above. He also pointed out^{11} that if (M, ω) admits no J-holomorphic spheres at all and if P is a fibration over S^2 then H^∗(P, Q) is isomorphic as a ring (under cup product) with the product of the rings H^∗(S^2, Q) and H^∗(M, Q). The following generalization looks very plausible, but the full details of the proof are not yet worked out: see [Mc2]. We say that the quantum product is trivial if it equals the usual cup product.

Claim 4.5 Let (M, ω) → P → S^2 be a fibration with structural group Ham(M, ω), and suppose that the quantum product on M is trivial. Then H^∗(P, Q) is isomorphic as a ring (under cup product) with the product of the rings H^∗(S^2, Q) and H^∗(M, Q).

If the quantum product on M is nontrivial, no general statement about the ring structure of H^∗(P ) has yet been found. Nor is it yet clear what happens with bases other than S^2.

In view of Donaldson’s work mentioned in §2.3 above, it would be interesting to have an answer to the following question.

11Private communication

Question 4.6 To what extent do these results carry over to Lefschetz (i.e. singular) fibrations?

In the algebraic case there is a good understanding of the cohomology of Lefschetz pencils: see Looijenga [L] for example. However, this is closely related to the fact that the hard Lefschetz theorem holds for algebraic manifolds, and so it is not clear what, if anything, will carry over to the symplectic case.

Finally, we remark that these ideas allow one to decide when the nonsqueezing theorem holds for the fibration P → S^2: see [Mc2]. By this we mean the following. Let (P, Ω) be a symplectic (2n+2)-dimensional manifold such that Ω is compatible with the fibration P → S^2, and define the area of (P, Ω) to be the number A such that 1 (n + 1)! ∫ P Ω^{n+1} = A n! ∫ M ω^n. Thus, if the fibration P → S^2 is symplectically trivial so that (P, Ω) is the product (S^2 × M, σ ⊕ ω), A is simply the area of the base (S^2, σ). Then we will say that the nonsqueezing theorem holds for the fibration p : (P, Ω) → S^2 if the area A constrains the size of the balls that embed into (P, Ω), i.e. if πr^2 ≤ A whenever B^{2n+2}(r) embeds symplectically in (P, Ω). By considering the case when P is CP^2 blown up at a point, it is not hard to see that some condition is needed in order for the nonsqueezing theorem to hold. It looks very likely that by studying properties of J-holomorphic sections one can establish the following claim: see [Mc2].

Claim 4.7 Let p : P → S^2 be a symplectic fibration whose fiber (M, ω) has trivial quantum product, and let Ω be a symplectic form on P compatible with p. Then the nonsqueezing theorem holds for the fibration p : (P, Ω) → S^2.

References

[Ab] M. Abreu, Topology of symplectomorphism groups of S^2 × S^2, Inventiones Mathematicae, 131 (1998), 1–23.

[AM] M. Abreu and D. McDuff, Topology of symplectomorphism groups of rational ruled surfaces, in preparation.

[Au] D. Auroux, Asymptotically holomorphic families of symplectic submanifolds, Geometric and Functional Analysis, 7(1997), 971–995.

[BP] M. Bialy and L. Polterovich, Geodesics of Hofer’s metric on the group of Hamiltonian diffeomorphisms, Duke Mathematical Journal, 76 (1994), 273–292. [Bi] Biran, P. Symplectic packing in dimension 4 Geometric and Functional Analysis, 7 (1997), 420–37.

[B] A. Blanchard, Sur les variétés analytiques complexes, Ann. Sci. Ec. Norm. Sup., (3) 73, (1956).

[C] V. Colin, Stabilité topologique des structures de contact en dimension 3, preprint ENS Lyon # 225, (1998).

[D1] S. K. Donaldson, Symplectic submanifolds and almost-complex geometry, Journ. of Differential Geometry 44 (1996), 666–705.

[D2] S. K. Donaldson, Symplectic submanifolds and topological Lefschetz fibrations, in preparation.

[EH] I. Ekeland and H. Hofer, Symplectic topology and Hamiltonian dynamics. Mathematische Zeitschrift, 200 (1989), 355–78.

[E1] Y. Eliashberg, The theorem on the structure of wave fronts and its applications in symplectic topology. Functional Analysis and Applications, 21 (1987), 65–72. [E2] Y. Eliashberg, Topological characterization of Stein manifolds of dimension > 2. International Journal of Mathematics, 1, (1990) 29–47.

[E3] Y. Eliashberg, Contact manifolds twenty years since J. Martinet’s work. Annales de l’Institut Fourier, 42 (1992), 165–92.

[EP] Y. Eliashberg and L. Polterovich, New Applications of Luttinger’s surgery, Comment. Math. Helveticae, 69 (1994), 512–522.

[ET] Y. Eliashberg and W. Thurston, Confoliations, University Lecture Series # 13, American Mathematical Society, Providence (1998).

[FHW] A. Floer, H. Hofer and K. Wysocki, Applications of symplectic homology I. Mathematische Zeitschrift 217 (1994), 577–606.

[FS] R. Fintushel and R. Stern, Knots, links and 4-manifolds, preprint (1996). [FO] K. Fukaya and K. Ono, Arnold conjecture and Gromov–Witten invariants, preprint (1996) [Gi] E. Giroux, Structures de contact sur les fibrés aux circles, Preprint (1994) [Go] R. Gompf, A new construction for symplectic 4-manifolds, Annals of Mathematics, 142 (1995), 527–595.

[G1] M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Inventiones Mathematicae, 82 (1985), 307–47.

[G2] M. Gromov, Soft and hard symplectic geometry. In Proceedings of the ICM at Berkeley 1986 , Vol. 1, pp. 81–98. American Mathematical Society, Providence, RI, (1987).

[GLS] V. Guillemin, E. Lerman, and S. Sternberg, Symplectic fibrations and multiplicity diagrams. Cambridge University Press, (1996).

[H] H. Hofer, On the topological properties of symplectic maps. Proceedings of the Royal Society of Edinburgh, 115 (1990), 25–38.

[HS] H. Hofer and D. Salamon, J-holomorphic curves, multi-valued perturbations, and rational Gromov–Witten invariants, in preparation.

[IP1] E. Ionel and T. Parker, The Gromov invariants of Ruan–Rian and Taubes, preprint (1997).

[IP2] E. Ionel and T. Parker, Gromov–Witten invariants of symplectic sums, preprint (1998) [LM1] F. Lalonde and D. McDuff, The geometry of symplectic energy, Annals of Mathematics, 141 (1995), 349–371.

[LM2] F. Lalonde and D. McDuff, Hofer’s L^∞ geometry: geodesics and stability, I, II. Invent. Math. 122 (1995), 1–33, 35–69.

[LM3] F. Lalonde and D. McDuff, Local nonsqueezing theorems and stability, Geometric and Functional Analysis, 5, (1995) 364–386.

[LM4] F. Lalonde and D McDuff, The classification of ruled symplectic 4-manifolds, Math. Research Letters 3, (1996), 769–778.

[LMP1] F. Lalonde, D. McDuff and L. Polterovich, On the Flux conjectures, CRM Proceedings and Lecture Notes vol 15, (1998), 69–85 [LMP2] F. Lalonde, D. McDuff and L. Polterovich, Topological rigidity of Hamiltonian loops and quantum homology, to appear in Inventiones Mathematicae. [LMP3] F. Lalonde, D. McDuff and L. Polterovich, On Hamiltonian fibrations, in preparation.

[LL1] T. J. Li and A. Liu, General wall crossing formula, Math Research Letters 2 (1995), 797–810.

[LL2] T. J. Li and A. Liu, Symplectic structure on ruled surfaces and generalized adjunction formula, Math Research Letters 2 (1995), 453–471. [LiT] Jun Li and G. Tian, Virtual moduli cycles and Gromov–Witten invariants for general symplectic manifolds, preprint alg-geom 9608032.

[Liu] A. Liu, Some new applications of general wall crossing formula, Math Research Letters 3 (1995), 569–586.

[LiuT] G. Liu and G. Tian, Floer homology and Arnold conjecture, (1996) to appear in Journal of Differential Geometry.

[L] E. Looijenga, Cohomology and Intersection Homology of Algebraic Varieties, in Complex Algebraic Geometry ed. J. Kollar, IAS/Park City Math Series Vol 3, AMS/IAS, (1997) [Lu] K. Luttinger, Lagrangian tori in R^4, Journal of Differential Geometry 42 (1995), 220–228.

[MW] J. McCarthy and J. Wolfson, Symplectic normal connect sum, Topology 33 (1994), 729-764.

[Mc1] D. McDuff, From symplectic deformation to isotopy, to appear in the Proceedings of the conference at Irvine 1996, ed Stern, International Press. [Mc2] D. McDuff, Quantum homology of fibrations over S^2, in preparation. [MS] D. McDuff and D.A.Salamon, Introduction to Symplectic Topology, 2nd edition, OUP, Oxford (1998).

[MSy] D. McDuff and M. Symington, Associativity properties of the symplectic sum, Math. Research Letters 3, (1996), 591–608.

[P] L. Polterovich, Geometry on the group of Hamiltonian diffeomorphisms, Doc. Math. J. DMV Extra Volume ICM II, (1998) 401–410.

[OO] H. Ohta and K. Ono, Notes on symplectic 4-manifolds with b^+_2 = 1, II, Internat. Journal of Math 7, (1996) 755-70.

[R] Y. Ruan, Virtual neighborhoods and pseudoholomorphic curves, preprint alggeom 9611021.

[RT] Y. Ruan and G. Tian, A mathematical theory of quantum cohomology. Journ Diff Geo 42 (1995), 259–367.

[Sch] F. Schlenk, On symplectic folding, in preparation.

[Seid1] P. Seidel, Floer homology and the symplectic isotopy problem. PhD thesis, Oxford, (1997).

[Seid2] P. Seidel, π_1 of symplectic automorphism groups and invertibles in quantum cohomology rings, Geometric and Functional Analysis, 7 (1997), 1046–95. [Sied3] P. Seidel, On the group of symplectic automorphisms of CP^m × CP^n, preprint (1998) [Sieb] B. Siebert, Gromov–Witten invariants for general symplectic manifolds, preprint (1997) [Sik] J.-C. Sikorav, Construction de sous-variétés symplectiques, Seminaire Bourbaki no 844, (March 1998).

[Sym] M. Symington, A new symplectic surgery: the 3-fold sum, preprint (1997). [T1] C. H. Taubes, The Seiberg–Witten invariants and symplectic forms, Math. Res. Letters 1 (1994), 809–822 [T2] C. H. Taubes, More constraints on symplectic forms from Seiberg–Witten invariants, Math. Research Letters 2 (1994), 9–14.

[T3] C. H. Taubes, The Seiberg–Witten and the Gromov invariants, Math. Research Letters 2, (1995), 221–238.

[T4] C. H. Taubes, SW=⇒ Gr: From the Seiberg–Witten equations to pseudoholomorphic curves, J. Amer. Math Soc 9 (1996), 845–918 [T5] C. H. Taubes, Counting pseudoholomorphic submanifolds in dimension 4, Journal of Differential Geometry 44, (1996), 818–893.

[T6] C. H. Taubes, Gr=⇒ SW: From pseudo-holomorphic curves to the Seiberg– Witten equations, preprint, to appear in the Proceedings of the conference at Irvine 1996, ed Stern, International Press.

[Th] W. Thurston, Some simple examples of symplectic manifolds. Proceedings of the American Mathematical Society, 55, (1976) 467–8.

[Tr] L. Traynor, Symplectic packing constructions, Journal of Differential Geometry 42 (1995), 411–429.

Dusa McDuff SUNY Stony Brook Department of Mathematics NY 11794-3651 Stony Brook USA

Documenta Mathematica · Extra Volume ICM 1998 · I