Documenta Math. 525

A p-adic Regulator Map and Finiteness Results

for Arithmetic Schemes

Dedicated to Andrei Suslin on his 60th birthday

Shuji Saito^1and Kanetomo Sato^2

Received: January 21, 2009 Revised: March 19, 2010

Abstract. A main theme of the paper is a conjecture of Bloch-Kato on the image of p-adic regulator maps for a proper smooth variety X over an algebraic number field k. The conjecture for a regulator map of particular degree and weight is related to finiteness of two arithmetic objects: One is the p-primary torsion part of the Chow group in codimension 2 of X. Another is an unramified cohomology group of X. As an application, for a regular model X of X over the integer ring of k, we prove an injectivity result on the torsion cycle class map of codimension 2 with values in a new p-adic cohomology of X introduced by the second author, which is a candidate of the conjectural étale motivic cohomology with finite coefficients of Beilinson-Lichtenbaum.

2010 Mathematics Subject Classification: Primary 14C25, 14G40; Secondary 14F30, 19F27, 11G25.

Keywords and Phrases: p-adic regulator, unramified cohomology, Chow groups, p-adic étale Tate twists

1 Introduction

Let k be an algebraic number field and let G_k be the absolute Galois group Gal(k/k), where k denotes a fixed algebraic closure of k. Let X be a projective smooth variety over k and put X := X ⊗_k k. Fix a prime p and integers r, m ≥ 1. A main theme

1supported by Grant-in-Aid for Scientific Research B-18340003 and S-19104001 2supported by JSPS Postdoctoral Fellowship for Research Abroad and EPSRC grant

526 S. Saito and K. Sato of this paper is a conjecture of Bloch and Kato concerning the image of the p-adic regulator map

reg^{r,m} : CH^r(X, m) ⊗ Q_p −→ H^1_{cont}(k, H^{2r−m−1}_{ét} (X, Q_p(r))) from Bloch’s higher Chow group to continuous Galois cohomology of G_k ([BK2] Conjecture 5.3). See §3 below for the definition of this map in the case (r, m) = (2, 1). This conjecture affirms that its image agrees with the subspace H^1_g (k, H^{2r−m−1} ét (X, Q_p(r))) ⊂ H^1_{cont}(k, H^2_{ét}(X, Q_p(2))) defined in loc. cit. (see §2.1 below), and plays a crucial role in the so-called Tamagawa number conjecture on special values of L-functions attached to X. In terms of Galois representations, the conjecture means that a 1-extension of continuous p-adic representations of G_k 0 −→ H^{2r−m−1} ét (X, Q_p(r)) −→ E −→ Q_p −→ 0 arises from a 1-extension of motives over k 0 −→ h^{2r−m−1}(X)(r) −→ M −→ h(Spec(k)) −→ 0, if and only if E is a de Rham representation of G_k. There has been only very few known results on the conjecture. In this paper we consider the following condition, which is the Bloch-Kato conjecture in the special case (r, m) = (2, 1):

H1: The image of the regulator map

reg := reg^{2,1} : CH^2(X, 1) ⊗ Q_p −→ H^1_{cont}(k, H^2_{ét}(X, Q_p(2))). agrees with H^1_g (k, H^2_{ét}(X, Q_p(2))).

We also consider a variant:

H1∗: The image of the regulator map with Q_p/Z_p-coefficients

reg_{Qp/Zp} : CH^2(X, 1) ⊗ Q_p/Z_p −→ H^1_{Gal}(k, H^2_{ét}(X, Q_p/Z_p(2))) agrees with H^1_g (k, H^2_{ét}(X, Q_p/Z_p(2)))_{Div} (see §2.1 for H^1_g (k, −)). Here for an abelian group M, M_{Div} denotes its maximal divisible subgroup.

We will show that H1 always implies H1∗, which is not straight-forward. On the other hand the converse holds as well under some assumptions. See Remark 3.2.5 below for details.

Fact 1.1 The condition H1 holds in the following cases:

p-adic Regulator and Finiteness 527

(1) H^2(X, O_X ) = 0 ([CTR1], [CTR2], [Sal]).

(2) X is the self-product of an elliptic curve over k = Q with square-free conductor and without complex multiplication, and p ≥ 5 ([Md], [Fl], [LS], [La1]).

(3) X is the elliptic modular surface of level 4 over k = Q and p ≥ 5 ([La2]).

(4) X is a Fermat quartic surface over k = Q or Q( √ −1) and p ≥ 5 ([O]).

A main result of this paper relates the condition H1∗ to finiteness of two arithmetic objects. One is the p-primary torsion part of the Chow group CH^2(X) of algebraic cycles of codimension two on X modulo rational equivalence. Another is an unramified cohomology of X, which we are going to introduce in what follows.

Let o_k be the integer ring of k, and put S := Spec(o_k). We assume the following:

Assumption 1.2 There exists a regular scheme X which is proper and flat over S and whose generic fiber is X. Moreover, X has good or semistable reduction at each closed point of S of characteristic p.

Let K = k(X) be the function field of X. For an integer q ≥ 0, let X^q be the set of all points x ∈ X of codimension q. Fix an integer n ≥ 0. Roughly speaking, the unramified cohomology group H^{n+1}_{ur} (K, Q_p/Z_p(n)) is defined as the subgroup of H^{n+1}_{ét} (Spec(K), Q_p/Z_p(n)) consisting of those elements that are “unramified” along all y ∈ X^1. For a precise definition, we need the p-adic étale Tate twist T_r(n) = T_r(n)_X introduced in [SH]. This object is defined in D^b(X_{ét}, Z/p^r), the derived category of bounded complexes of étale sheaves of Z/p^r-modules on X , and expected to coincide with Γ (2)^X_{ét} ⊗^L Z/p^r. Here Γ (2)^X_{ét} denotes the conjectural étale motivic complex of Beilinson-Lichtenbaum [Be], [Li1]. We note that the restriction of T_r(n) to X [p^{−1}] := X ⊗_Z Z[p^{−1}] is isomorphic to μ^{⊗n}_pr , where μ_pr denotes the étale sheaf of p^r-th roots of unity.Then H^{n+1}_{ur} (K, Q_p/Z_p(n)) is defined as the kernel of the boundary map of étale cohomology groups

H^{n+1}_{ét} (Spec(K), Q_p/Z_p(n)) −→ � x∈X^1

H^{n+2}_x (Spec(O_{X,x}), T_∞(n)),

where T_∞(n) denotes lim−→_{r≥1} T_r(n). There are natural isomorphisms

H^1_{ur}(K, Q_p/Z_p(0)) ≃ H^1_{ét}(X, Q_p/Z_p) and H^2_{ur}(K, Q_p/Z_p(1)) ≃ Br(X )_{p-tors},

where Br(X ) denotes the Grothendieck-Brauer group H^2_{ét}(X, G_m), and for an abelian group M, M_{p-tors} denotes its p-primary torsion part. An intriguing question is as to whether the group H^{n+1}_{ur} (K, Q_p/Z_p(n)) is finite, which is related to several significant theorems and conjectures in arithmetic geometry (see Remark 4.3.1 below). In this paper we are concerned with the case n = 2. A crucial role will be played by the following subgroup of H^3_{ur}(K, Q_p/Z_p(2)):

H^3_{ur}(K, X; Q_p/Z_p(2))

:= Im � H^3_{ét}(X, Q_p/Z_p(2)) → H^3_{ét}(Spec(K), Q_p/Z_p(2)) � ∩ H^3_{ur}(K, Q_p/Z_p(2)).

528 S. Saito and K. Sato

It will turn out that CH^2(X)_{p-tors} and H^3_{ur}(K, X; Q_p/Z_p(2)) are cofinitely generated over Z_p if Coker(reg_{Qp/Zp} )_{Div} is cofinitely generated over Z_p (cf. Proposition 3.3.2, Lemma 5.2.3). Our main finiteness result is the following:

Theorem 1.3 Let X be as in Assumption 1.2, and assume p ≥ 5. Then:

(1) H1∗ implies that CH^2(X)_{p-tors} and H^3_{ur}(K, X; Q_p/Z_p(2)) are finite.

(2) Assume that the reduced part of every closed fiber of X /S has simple normal crossings on X , and that the Tate conjecture holds in codimension 1 for the irreducible components of those fibers (see the beginning of §7 for the precise contents of the last assumption). Then the finiteness of CH^2(X)_{p-tors} and H^3_{ur}(K, X; Q_p/Z_p(2)) implies H1∗.

We do not need Assumption 1.2 to deduce the finiteness of CH^2(X)_{p-tors} from H1∗, by the alteration theorem of de Jong [dJ] (see also Remark 3.1.2 (3) below). However, we need a regular proper model X as above crucially in our computations on H^3_{ur}(K, X; Q_p/Z_p(2)). The assertion (2) is a converse of (1) under the assumption of the Tate conjecture. We obtain the following result from Theorem 1.3 (1) (see also the proof of Theorem 1.6 in §5.1 below):

Corollary 1.4 H^3_{ur}(K, X; Q_p/Z_p(2)) is finite in the four cases in Fact 1.1 (under the assumption 1.2).

We will also prove variants of Theorem 1.3 over local integer rings (see Theorems 3.1.1, 5.1.1 and 7.1.1 below). As for the finiteness of H^3_{ur}(K, Q_p/Z_p(2)) over local integer rings, Spiess proved that H^3_{ur}(K, Q_p/Z_p(2)) = 0, assuming that o_k is an ℓ-adic local integer ring with ℓ ≠ p and that either H^2(X, O_X ) = 0 or X is a product of two smooth elliptic curves over S ([Spi] §4). In [SSa], the authors extended his vanishing result to a more general situation that o_k is ℓ-adic local with ℓ ≠ p and that X has generalized semistable reduction. Finally we have to remark that there exists a smooth projective surface X with p_g(X) ≠ 0 over a local field k for which the condition H1∗ does not hold and such that CH^2(X)_{tors} is infinite [AS].

We next explain an application of the above finiteness result to a cycle class map of arithmetic schemes. Let us recall the following fact due to Colliot-Thélène, Sansuc, Soulé and Gros:

Fact 1.5 ([CTSS], [Gr]) Let X be a proper smooth variety over a finite field of characteristic ℓ > 0. Let p be a prime number, which may be the same as ℓ. Then the cycle class map restricted to the p-primary torsion part

CH^2(X)_{p-tors} −→ H^4_{ét}(X, Z/p^r(2))

is injective for a sufficiently large r > 0. Here Z/p^r(2) denotes μ^{⊗2}_pr if ℓ ≠ p. Otherwise Z/p^r(2) denotes W_r Ω^2_{X,log}[−2] with W_r Ω^2_{X,log} the étale subsheaf of the logarithmic part of the Hodge-Witt sheaf W_r Ω^2_X ([Bl1], [Il]).

p-adic Regulator and Finiteness 529

In this paper, we study an arithmetic variant of this fact. We expect that a similar result holds for proper regular arithmetic schemes, i.e., regular schemes which are proper flat of finite type over the integer ring of a number field or a local field. To be more precise, let k, o_k and X be as before and let X be as in Assumption 1.2. The p-adic étale Tate twist T_r(2) = T_r(2)_X mentioned before replaces Z/p^r(2) in Fact 1.5, and there is a cycle class map

ϱ^2_r : CH^2(X )/p^r −→ H^4_{ét}(X, T_r(2)).

We are concerned with the induced map

ϱ^2_{p-tors,r} : CH^2(X )_{p-tors} −→ H^4_{ét}(X, T_r(2)).

It is shown in [SH] that the group on the right hand side is finite. So the injectivity of this map is closely related with the finiteness of CH^2(X )_{p-tors}. The second main result of this paper concerns the injectivity of this map:

Theorem 1.6 (§5) Assume that H^2(X, O_X ) = 0. Then CH^2(X )_{p-tors} is finite and ϱ^2_{p-tors,r} is injective for a sufficiently large r > 0.

The finiteness of CH^2(X )_{p-tors} in this theorem is originally due to Salberger [Sal], Colliot-Thélène and Raskind [CTR1], [CTR2]. Note that there exists a projective smooth surface V over a number field with H^2(V, O_V ) = 0 for which the map

CH^2(V )_{p-tors} −→ H^4_{ét}(V, μ^{⊗2}_pr )

is not injective for some bad prime p and any r ≥ 1 [Su] (cf. [PS]). Our result suggests that we are able to recover the injectivity of torsion cycle class maps by considering a proper regular model of V over the ring of integers in k. The fundamental ideas of Theorem 1.6 are the following. A crucial point of the proof of Fact 1.5 in [CTSS] and [Gr] is Deligne’s proof of the Weil conjecture [De2]. In the arithmetic situation, the role of the Weil conjecture is replaced by the condition H1, which implies the finiteness of CH^2(X)_{p-tors} and H^3_{ur}(K, X; Q_p/Z_p(2)) by Theorem 1.3 (1). The injectivity result in Theorem 1.6 is derived from the finiteness of those objects.

This paper is organized as follows. In §2, we will review some fundamental facts on Galois cohomology groups and Selmer groups which will be used frequently in this paper. In §3, we will prove the finiteness of CH^2(X)_{p-tors} in Theorem 1.3 (1). In §4, we will review p-adic étale Tate twists briefly and then provide some fundamental lemmas on cycle class maps and unramified cohomology groups. In §5, we will first reduce Theorem 1.6 to Theorem 1.3 (1), and then reduce the finiteness of H^3_{ur}(K, X; Q_p/Z_p(2)) in Theorem 1.3 (1) to Key Lemma 5.4.1. In §6, we will prove that key lemma, which will complete the proof of Theorem 1.3 (1). §7 will be devoted to the proof of Theorem 1.3 (2). In the appendix A, we will include an observation that the finiteness of H^3_{ur}(K, Q_p/Z_p(2)) is deduced from the Beilinson–Lichtenbaum conjectures on motivic complexes.

530 S. Saito and K. Sato

Acknowledgements. The second author expresses his gratitude to University of Southern California and The University of Nottingham for their great hospitality. The authors also express their gratitude to Professors Wayne Raskind, Thomas Geisser and Ivan Fesenko for valuable comments and discussions. Thanks are also due to the referee and Masanori Asakura, who read the manuscript of this paper carefully and gave them enlightening comments.

Notation

1.6. For an abelian group M and a positive integer n,_nM and M/n denote the kernel and the cokernel of the map M^{×n}−→ M, respectively. See §2.3 below for other notation for abelian groups. For a field k, k denotes a fixed separable closure, and G_k denotes the absolute Galois group Gal(k/k). For a discrete G_k-module M, H^∗(k, M) denote the Galois cohomology groups H^∗_{Gal}(G_k , M), which are the same as the étale cohomology groups of Spec(k) with coefficients in the étale sheaf associated with M.

1.7. Unless indicated otherwise, all cohomology groups of schemes are taken over the étale topology. For a scheme X, an étale sheaf F on X (or more generally an object in the derived category of sheaves on X_{ét}) and a point x ∈ X, we often write H^∗_x (X, F ) for H^∗_x (Spec(O_{X,x}), F ). For a pure-dimensional scheme X and a nonnegative integer q, let X^q be the set of all points on X of codimension q. For a point x ∈ X, let κ(x) be its residue field. For an integer n ≥ 0 and a noetherian excellent scheme X, CH_n(X) denotes the Chow group of algebraic cycles on X of dimension n modulo rational equivalence. If X is pure-dimensional and regular, we will often write CH^{dim(X)−n}(X) for this group. For an integral scheme X of finite type over Spec(Q), Spec(Z) or Spec(Z_ℓ), we define CH^2(X, 1) as the cohomology group, at the middle, of the Gersten complex of Milnor K-groups

K^M_2 (L) −→ � y∈X^1

κ(y)^× −→ � x∈X^2 Z,

where L denotes the function field of X. As is well-known, this group coincides with a higher Chow group ([Bl3], [Le2]) by localization sequences of higher Chow groups ([Bl4], [Le1]) and the Nesterenko-Suslin theorem [NS] (cf. [To]).

1.8. In §§4–7, we will work under the following setting. Let k be an algebraic number field or its completion at a finite place. Let o_k be the integer ring of k and put S := Spec(o_k). Let p be a prime number, and let X be a regular scheme which is proper flat of finite type over S and satisfies the following condition:

Assumption 1.8.1 If p is not invertible in o_k, then X has good or semistable reduction at each closed point of S of characteristic p.

This condition is the same as Assumption 1.2 when k is a number field.

p-adic Regulator and Finiteness 531

1.9. Let k be an algebraic number field, and let X → S = Spec(o_k) be as in 1.8. In this situation, we will often use the following notation. For a closed point v ∈ S, let o_v (resp. k_v ) be the completion of o_k (resp. k) at v, and let F_v be the residue field of k_v . We put

X_v := X ⊗_{ok} o_v, X_v := X ⊗_{ok} k_v , Y_v := X ⊗_{ok} F_v

and write j_v : X_v → X_v (resp. i_v : Y_v → X_v ) for the natural open (resp. closed) immersion. We put Y_v := Y_v ×_{Fv} F_v, and write Σ for the set of all closed point on S of characteristic p.

1.10. Let k be an ℓ-adic local field with ℓ a prime number, and let X → S = Spec(o_k) be as in 1.8. In this situation, we will often use the following notation. Let F be the residue field of k and put

X := X ⊗_{ok} k, Y := X ⊗_{ok} F.

We write j : X → X (resp. i : Y → X ) for the natural open (resp. closed) immersion. Let k^{ur} be the maximal unramified extension of k, and let o^{ur} be its integer ring. We put

X^{ur} := X ⊗_{ok} o^{ur}, X^{ur} := X ⊗_{ok} k^{ur}, Y := Y ×_F F.

2 Preliminaries on Galois Cohomology

In this section, we provide some preliminary lemmas which will be frequently used in this paper. Let k be an algebraic number field (global field) or its completion at a finite place (local field). Let o_k be the integer ring of k, and put S := Spec(o_k). Let p be a prime number. If k is global, we often write Σ for the set of the closed points on S of characteristic p.

2.1 Selmer Group

Let X be a proper smooth variety over Spec(k), and put X := X ⊗_k k. If k is global, we fix a non-empty open subset U_0 ⊂ S \ Σ for which there exists a proper smooth morphism X_{U0} → U_0 with X_{U0} ×_{U0} k ≃ X. For v ∈ S^1, let k_v and F_v be as in the notation 1.9. In this section we are concerned with G_k-modules

V := H^i(X, Q_p(n)) and A := H^i(X, Q_p/Z_p(n)).

For M = V or A and a non-empty open subset U ⊂ U_0, let H^∗(U, M) denote the étale cohomology groups with coefficients in the smooth sheaf on U_{ét} associated to M. Definition 2.1.1 (1) Assume that k is local. Let H^1_f (k, V ) and H^1_g (k, V ) be as defined in [BK2] (3.7). For ∗ ∈ {f, g}, we define

H^1_∗ (k, A) := Im � H^1_∗ (k, V ) −→ H^1(k, A) � .

532 S. Saito and K. Sato

(2) Assume that k is global. For M ∈ {V, A} and a non-empty open subset U ⊂ S, we define the subgroup H^1_{f,U} (k, M) ⊂ H^1_{cont}(k, M) as the kernel of the natural map H^1_{cont}(k, M) −→ � v∈U^1

H^1_{cont}(k_v , M) H^1_f (k_v , M) × � v∈S\U

H^1_{cont}(k_v , M) H^1_g (k_v , M) .

If U ⊂ U_0, we have

H^1_{f,U} (k, M) = Ker � H^1(U, M) −→ � v∈S\U H 1 cont(kv , M)/H 1 g (k_v , M) � . We define the group H^1_g (k, M) and H^1_{ind}(k, M) as

H^1_g (k, M) := lim−→

U⊂U_0

H^1_{f,U} (k, M), H^1_{ind}(k, M) := lim−→

U⊂U_0

H^1(U, M),

where U runs through all non-empty open subsets of U_0. These groups are independent of the choice of U_0 and X_{U0} (cf. [EGA4] 8.8.2.5).

(3) If k is local, we define H^1_{ind}(k, M) to be H^1_{cont}(k, M) for M ∈ {V, A}.

Note that H^1_{ind}(k, A) = H^1(k, A).

2.2 p-adic Point of Motives

We provide a key lemma from p-adic Hodge theory which play crucial roles in this paper (see Corollary 2.2.3 below). Assume that k is a p-adic local field, and that there exists a regular scheme X which is proper flat of finite type over S = Spec(o_k) with X ⊗_{ok} k ≃ X and which has semistable reduction. Let i and n be non-negative integers. Put

V^i := H^{i+1}(X, Q_p), V^i(n) := V^i ⊗_{Qp} Q_p(n), and H^{i+1}(X, τ_{≤n}Rj_∗Q_p(n)) := Q_p ⊗_{Zp} lim←− r≥1 H^{i+1}(X, τ_{≤n}Rj_∗μ^{⊗n}_pr ),

where j denotes the natural open immersion X → X . There is a natural pull-back map α : H^{i+1}(X, τ_{≤n}Rj_∗Q_p(n)) −→ H^{i+1}(X, Q_p(n)).

Let H^{i+1}(X, τ_{≤r} Rj_∗Q_p(n))^0 be the kernel of the composite map

α^′ : H^{i+1}(X, τ_{≤n}Rj_∗Q_p(n))^α−→ H^{i+1}(X, Q_p(n)) −→ � V^{i+1}(n)

�_{Gk} . For this group, there is a composite map

α : H^{i+1}(X, τ_{≤n}Rj_∗Q_p(n))^0 −→ F^1H^{i+1}(X, Q_p(n)) −→ H^1_{cont}(k, V^i(n)).

p-adic Regulator and Finiteness 533 Here the first arrow is induced by α, the second is an edge homomorphism in a Hochschild-Serre spectral sequence

E^{u,v}_2 := H^u_{cont}(k, V^v(n)) =⇒ H^{u+v}_{cont} (X, Q_p(n))(≃ H^{u+v} (X, Q_p(n))), and F^• denotes the filtration on H^{i+1}(X, Q_p(n)) resulting from this spectral sequence. To provide with Corollary 2.2.3 below concerning the image of α, we need some strong results in p-adic Hodge theory. We first recall the following comparison theorem of log syntomic complexes and p-adic vanishing cycles due to Tsuji, which extends a comparison result of Kurihara [Ku] to semistable families. Let Y be the closed fiber of X → S and let ι : Y → X be the natural closed immersion. Theorem 2.2.1 ([Ts2] Theorem 5.1) For integers n, r with 0 ≤ n ≤ p − 2 and r ≥ 1, there is a canonical isomorphism η : s^{log}_r (n)^∼−→ ι_∗ι^∗(τ_{≤n}Rj_∗μ^{⊗n}_pr ) in D^b(X_{ét}, Z/p^r), where s^{log}_r (n) = s^{log}_r (n)_X is the log syntomic complex defined by Kato [Ka2]. Put H^∗(X, s^{log}_{Qp} (n)) := Q_p ⊗_{Zp} lim←− r≥1 H^∗(X, s^{log}_r (n)),

and define H^{i+1}(X, s^{log}_{Qp} (n))^0 as the kernel of the composite map

H^{i+1}(X, s^{log}_{Qp} (n))^∼−→_η H^{i+1}(X, τ_{≤n}Rj_∗Q_p(n))^{α′}−→ � V^{i+1}(n)

�_{Gk} , where we have used the properness of X over S. There is an induced map η : H^{i+1}(X, s^{log}_{Qp} (n))^{0 ∼}−→_η H^{i+1}(X, τ_{≤n}Rj_∗Q_p(n))^{0 α}−→ H^1_{cont}(k, V^i(n)).

Concerning this map, we have the following fact due to Langer and Nekovář: Theorem 2.2.2 ([La3], [Ne2] Theorem 3.1) Im(η) agrees with H^1_g (k, V^i(n)). As an immediate consequence of these facts, we obtain Corollary 2.2.3 Assume that p ≥ n + 2. Then Im(α) = H^1_g (k, V^i(n)).

Remark 2.2.4 (1) Theorem 2.2.2 is an extension of the p-adic point conjecture raised by Schneider in the good reduction case [Sch]. This conjecture was proved by Langer-Saito [LS] in a special case and by Nekovář [Ne1] in the general case.

(2) Theorem 2.2.2 holds unconditionally on p, if we define H^{i+1}(X, s^{log}_{Qp} (n)) using Tsuji’s version of log syntomic complexes S_r~(n) (r ≥ 1) in [Ts1] §2.

534 S. Saito and K. Sato 2.3 Elementary Facts on Z_p-Modules For an abelian group M, let M_{Div} be its maximal divisible subgroup. For a torsion abelian group M, let Cotor(M) be the cotorsion part M/M_{Div}. Definition 2.3.1 Let M be a Z_p-module.

(1) We say that M is cofinitely generated over Z_p (or simply, cofinitely generated), if its Pontryagin dual Hom_{Zp} (M, Q_p/Z_p) is a finitely generated Z_p-module.

(2) We say that M is cofinitely generated up to a finite-exponent group, if M_{Div} is cofinitely generated and Cotor(M) has a finite exponent.

(3) We say that M is divisible up to a finite-exponent group, if Cotor(M) has a finite exponent.

Lemma 2.3.2 Let 0 → L → M → N → 0 be a short exact sequence of Z_pmodules.

(1) Assume that L, M and N are cofinitely generated. Then there is a positive integer r_0 such that for any r ≥ r_0 we have an exact sequence of finite abelian p-groups

0 →_pr L →_pr M →_pr N → Cotor(L) → Cotor(M) → Cotor(N) → 0. Consequently, taking the projective limit of this exact sequence with respect to r ≥ r_0 there is an exact sequence of finitely generated Z_p-modules 0 → T_p(L) → T_p(M) → T_p(N) → Cotor(L) → Cotor(M) → Cotor(N) → 0, where for an abelian group A, T_p(A) denotes its p-adic Tate module.

(2) Assume that L is cofinitely generated up to a finite-exponent group. Assume further that M is divisible, and that N is cofinitely generated and divisible. Then L and M are cofinitely generated.

(3) Assume that L is divisible up to a finite-exponent group. Then for a divisible subgroup D ⊂ N and its inverse image D^′ ⊂ M, the induced map (D^′)_{Div} → D is surjective. In particular, the natural map M_{Div} → N_{Div} is surjective.

(4) If L_{Div} = N_{Div} = 0, then we have M_{Div} = 0. Proof. (1) There is a commutative diagram with exact rows 0 � L �

×p^r � M � ×p^r � N � ×p^r � 0

0 � L � M � N � 0.

p-adic Regulator and Finiteness 535

One obtains the assertion by applying the snake lemma to this diagram, noting Cotor(A) ≃ A/p^r for a cofinitely generated Z_p-module A and a sufficiently large r ≥ 1.

(2) Our task is to show that Cotor(L) is finite. By a similar argument as for (1), there is an exact sequence for a sufficiently large r ≥ 1

0 −→_pr L −→_pr M −→_pr N −→ Cotor(L) −→ 0,

where we have used the assumptions on L and M. Hence the finiteness of Cotor(L) follows from the assumption that N is cofinitely generated.

(3) We have only to show the case D = N_{Div}. For a Z_p-module A, we have

A_{Div} = Im � Hom_{Zp} (Q_p, A) → A � by [J1] Lemma (4.3.a). Since Ext^1_{Zp} (Q_p, L) = 0 by the assumption on L, the following natural map is surjective:

Hom_{Zp} (Q_p, M) −→ Hom_{Zp} (Q_p, N).

By these facts, the natural map M_{Div} → N_{Div} is surjective.

(4) For a Z_p-module A, we have

A_{Div} = 0 ⇐⇒ Hom_{Zp} (Q_p, A) = 0

by [J1] Remark (4.7). The assertion follows from this fact and the exact sequence

0 −→ Hom_{Zp} (Q_p, L) −→ Hom_{Zp} (Q_p, M) −→ Hom_{Zp} (Q_p, N).

This completes the proof of the lemma. □

2.4 Divisible Part of H^1(k, A)

Let the notation be as in §2.1. We prove here the following general lemma, which will be used frequently in §§3–7:

Lemma 2.4.1 Under the notation in Definition 2.1.1 we have Im � H^1_{ind}(k, V ) → H^1(k, A) � = H^1(k, A)_{Div}, Im � H^1_g (k, V ) → H^1(k, A) � = H^1_g (k, A)_{Div}.

Proof. The assertion is clear if k is local. Assume that k is global. Without loss of generality we may assume that A is divisible. We prove only the second equality and omit the first one (see Remark 2.4.9 (2) below). Let U_0 ⊂ S be as in §2.1. We have Im � H^1_{f,U} (k, V ) → H^1(U, A) � = H^1_{f,U} (k, A)_{Div} (2.4.2)

for non-empty open U ⊂ U_0. This follows from a commutative diagram with exact rows

536 S. Saito and K. Sato

0 � H^1_{f,U} (k, V ) �

�

H^1(U, V ) � α �

� v∈S\U

H^1_{cont}(k_v , V )/H^1_g (k_v , V ) β � 0 � H^1_{f,U} (k, A) � H^1(U, A) � � v∈S\U

H^1(k_v , A)/H^1_g (k_v , A)

and the facts that Coker(α) is finite and that Ker(β) is finitely generated over Z_p. By (2.4.2), the second equality of the lemma is reduced to the following assertion:

lim−→

U⊂U_0 � H^1_{f,U} (k, A)_{Div} � = � lim−→

U⊂U_0

H^1_{f,U} (k, A)) � Div. (2.4.3)

To show this equality, we will prove the following sublemma:

Sublemma 2.4.4 For an open subset U ⊂ U_0, put

C_U := Coker � H^1_{f,U0} (k, A) → H^1_{f,U} (k, A) � . Then there exists a non-empty open subset U_1 ⊂ U_0 such that the quotient C_U /C_{U1} is divisible for any open subset U ⊂ U_1.

We first finish our proof of (2.4.3) admitting this sublemma. Let U_1 ⊂ U_0 be a non-empty open subset as in Sublemma 2.4.4. Noting that H^1_{f,U} (k, A) is cofinitely generated, there is an exact sequence of finite groups

Cotor � H^1_{f,U1} (k, A) � −→ Cotor � H^1_{f,U} (k, A) � −→ Cotor(C_U /C_{U1} ) −→ 0

for open U ⊂ U_1 by Lemma 2.3.2 (1). By this exact sequence and Sublemma 2.4.4, the natural map Cotor(H^1_{f,U1} (k, A)) → Cotor(H^1_{f,U} (k, A)) is surjective for any open U ⊂ U_1, which implies that the inductive limit

lim−→

U⊂U_0

Cotor(H^1_{f,U} (k, A))

is a finite group. The equality (2.4.3) follows easily from this.

Proof of Sublemma 2.4.4. We need the following general fact:

Sublemma 2.4.5 Let N = {N_λ}_{λ∈Λ} be an inductive system of cofinitely generated Z_p-modules indexed by a filtered set Λ such that Coker(N_λ → N_λ′ ) is divisible for any two λ, λ^′ ∈ Λ with λ^′ ≥ λ. Let L be a cofinitely generated Z_p-module and {f_λ : N_λ → L}_{λ∈Λ} be Z_p-homomorphisms compatible with the transition maps of N. Then there exists λ_0 ∈ Λ such that Coker � Ker(f_{λ0} ) → Ker(f_λ) � is divisible for any λ ≥ λ_0.

p-adic Regulator and Finiteness 537

Proof of Sublemma 2.4.5. Let f_∞ : N_∞ → L be the limit of f_λ. The assumption on N implies that for any two λ, λ^′ ∈ Λ with λ^′ ≥ λ, the quotient Im(f_λ′ )/Im(f_λ) is divisible, so that Cotor(Im(f_λ)) → Cotor(Im(f_λ′ )) is surjective. (2.4.6) By the equality Im(f_∞) = lim−→_{λ∈Λ} Im(f_λ), there is a short exact sequence 0 −→ lim−→ λ∈Λ � Im(f_λ)_{Div} � −→ Im(f_∞) −→ lim−→ λ∈Λ Cotor(Im(f_λ)) −→ 0,

and the last term is finite by the fact (2.4.6) and the assumption that L is cofinitely generated. Hence we get lim−→ λ∈Λ � Im(f_λ)_{Div} � = Im(f_∞)_{Div}.

Since Im(f_∞)_{Div} has finite corank, there exists an element λ_0 ∈ Λ such that Im(f_λ)_{Div} = Im(f_∞)_{Div} for any λ ≥ λ_0. This fact and (2.4.6) imply the equality Im(f_λ) = Im(f_{λ0} ) for any λ ≥ λ_0. (2.4.7) Now let λ ∈ Λ satisfy λ ≥ λ_0. Applying the snake lemma to the commutative diagram N_{λ0} �

f_{λ0} � N_λ �

f_λ � N_λ/N_{λ0} � � 0

0 � L L � 0, we get an exact sequence

Ker(f_{λ0} ) −→ Ker(f_{λ0} ) −→ N_λ/N_{λ0}^0−→ Coker(f_{λ0} )^∼−→ Coker(f_λ), which proves Sublemma 2.4.5, beucase N_λ/N_{λ0} is divisible by assumption. □ We now turn to the proof of Sublemma 2.4.4. For non-empty open U ⊂ U_0, there is a commutative diagram with exact rows

H^1(U0, A) → H^1(U, A) → � v∈U0\U

A(−1)^{GFv βU}−→ H^2(U0, A) rU0 � � �^rU � � �^αU � � � 0 → � v∈S\U0

H^1_{/g} (kv , A) → � v∈S\U

H^1_{/g} (kv , A) → � v∈U0\U

H^1_{/g}(kv , A),

where we put H^1_{/g} (k_v , A) := H^1(k_v , A)/H^1_g (k_v , A) for simplicity. The upper row is obtained from a localization exact sequence of étale cohomology and the isomorphism

H^2_v (U_0, A) ≃ H^1(k_v , A)/H^1(F_v, A) ≃ A(−1)^{GFv} for v ∈ U_0 \ U,

538 S. Saito and K. Sato

where we have used the fact that the action of G_k on A is unramified at v ∈ U_0. The map α_U is obtained from the facts that H^1_g (k_v , A) = H^1(k_v , A)_{Div} if v ∉ Σ and that H^1(F_v , A) is divisible (recall that A is assumed to be divisible). It gives

Ker(α_U ) = � v∈U_0 \U � A(−1)^{GFv}

�_{Div} . (2.4.8)

Now let ϕ_U be the composite map

ϕ_U : Ker(α_U ) → � v∈U_0 \U

A(−1)^{GFv βU}−→ H^2(U_0, A),

and let ψ_U : Ker(ϕ_U ) −→ Coker(r_{U0} )

be the map induced by the above diagram. Note that

C_U ≃ Ker(ψ_U ), since H^1_{f,U} (k, A) = Ker(r_U ).

By (2.4.8), the inductive system {Ker(α_U )}_{U⊂U0} and the maps {ϕ_U }_{U⊂U0} satisfy the assumptions in Sublemma 2.4.5. Hence there exists a non-empty open subset U^′ ⊂ U_0 such that Ker(ϕ_U )/Ker(ϕ_U ′ ) is divisible for any open U ⊂ U^′. Then applying Sublemma 2.4.5 again to the inductive system {Ker(ϕ_U )}_{U⊂U} ′ and the maps {ψ_U }_{U⊂U} ′ , we conclude that there exists a non-empty open subset U_1 ⊂ U^′ such that the quotient Ker(ψ_U )/Ker(ψ_{U1} ) = C_U /C_{U1}

is divisible for any open subset U ⊂ U_1. This completes the proof of Sublemma 2.4.4 and Lemma 2.4.1. □

Remark 2.4.9 (1) By the argument after Sublemma 2.4.4, Cotor(H^1_g (k, A)) is finite if A is divisible.

(2) One obtains the first equality in Lemma 2.4.1 by replacing the local terms H^1_{/g}(k_v , A) in the above diagram with Cotor(H^1(k_v, A)).

2.5 Cotorsion Part of H^1(k, A)

Assume that k is global, and let the notation be as in §2.1. We investigate here the boundary map δ_{U0} : H^1(k, A) −→ � v∈(U_0 )^1

A(−1)^{GFv}

arising from a localization exact sequence of étale cohomology and the purity for discrete valuation rings. Concerning this map, we prove the following standard lemma, which will be used in our proof of Theorem 1.3:

p-adic Regulator and Finiteness 539 Lemma 2.5.1 (1) The map δ_{U0 ,Div} : H^1(k, A)_{Div} −→ � v∈(U_0)^1 � A(−1)^{GFv}

�_{Div}

induced by δ_{U0} has cofinitely generated cokernel. (2) The map δ_{U0 ,Cotor} : Cotor(H^1(k, A)) −→ � v∈(U_0)^1

Cotor � A(−1)^{GFv} �

induced by δ_{U0} has finite kernel and cofinitely generated cokernel. We have nothing to say about the finiteness of the cokernel of these maps. Proof. For a non-empty open U ⊂ U_0, there is a commutative diagram of cofinitely generated Z_p-modules H^1(U, A)Div^{γU} � � �

�_{v∈U} 0\U � (A(−1)^{GFv}

�_{Div} � � H^1(U0, A) � H^1(U, A)^{αU} �

�_{v∈U} 0\U A(−1)^{GFv βU} � H^2(U_0, A), where the lower row is obtained from a localization exact sequence of étale cohomology and the purity for discrete valuation rings, and γ_U is induced by α_U . Let f_U : Cotor(H^1(U, A)) −→ � v∈U_0 \U

Cotor � A(−1)^{GFv} �

be the map induced by α_U . By a diagram chase, we obtain an exact sequence Ker(f_U ) −→ Coker(γ_U ) −→ Coker(α_U ) −→ Coker(f_U ) −→ 0.

Taking the inductive limit with respect to all non-empty open subsets U ⊂ U_0, we obtain an exact sequence

Ker(δ_{U0 ,Cotor}) → Coker(δ_{U0 ,Div}) → lim−→

U⊂U_0

Coker(α_U ) → Coker(δ_{U0,Cotor}) → 0,

where we have used Lemma 2.4.1 to obtain the equalities

Ker(δ_{U0 ,Cotor}) = lim−→

U⊂U_0

Ker(f_U ) and Coker(δ_{U0 ,Div}) = lim−→

U⊂U_0

Coker(γ_U ).

Since lim−→_{U⊂U0} Coker(α_U ) is a subgroup of H^2(U_0, A), it is cofinitely generated. Hence the assertions in Lemma 2.5.1 are reduced to showing that Ker(δ_{U0 ,Cotor}) is

540 S. Saito and K. Sato

finite. We prove this finiteness assertion. The lower row of the above diagram yields exact sequences

Cotor(H^1(U_0, A)) −→ Cotor(H^1(U, A)) −→ Cotor(Im(α_U )) −→ 0, (2.5.2) T_p(Im(β_U )) −→ Cotor(Im(α_U )) −→ � v∈U_0 \U

Cotor � A(−1)^{GFv} � , (2.5.3)

where the second exact sequence arises from the short exact sequence 0 −→ Im(α_U ) −→ � v∈U_0\U

A(−1)^{GFv} −→ Im(β_U ) −→ 0

(cf. Lemma 2.3.2 (1)). Taking the inductive limit of (2.5.2) with respect to all nonempty open U ⊂ U_0, we obtain the finiteness of the kernel of the map Cotor(H^1(k, A)) −→ lim−→

U⊂U_0

Cotor(Im(α_U )).

Taking the inductive limit of (2.5.3) with respect to all non-empty open U ⊂ U_0, we see that the kernel of the map lim−→

U⊂U_0

Cotor(Im(α_U )) −→ � v∈(U_0)^1

Cotor � A(−1)^{GFv} � , is finite, because we have lim−→

U⊂U_0

T_p(Im(β_U )) ⊂ T_p(H^2(U_0, A))

and the group on the right hand side is a finitely generated Z_p-module. Thus Ker(δ_{U0,Cotor}) is finite and we obtain Lemma 2.5.1. □

2.6 Local-Global Principle Let the notation be as in §2.1. If k is local, then the Galois cohomological dimension cd(k) is 2 (cf. [Se] II.4.3). In the case that k is global, we have cd(k) = 2 either if p ≥ 3 or if k is totally imaginary. Otherwise, H^q(k, A) is finite 2-torsion for q ≥ 3 (cf. loc. cit. II.4.4 Proposition 13, II.6.3 Theorem B). As for the second Galois cohomology groups, the following local-global principle due to Jannsen [J2] plays a fundamental role in this paper (see also loc. cit. §7 Corollary 7):

Theorem 2.6.1 ([J2] §4 Theorem 4) Assume that k is global and that i ≠ 2(n−1). Let P be the set of all places of k. Then the map

H^2(k, H^i(X, Q_p/Z_p(n))) −→ � v∈P H^2(k_v , H^i(X, Q_p/Z_p(n)))

has finite kernel and cokernel, and the map

H^2(k, H^i(X, Q_p/Z_p(n))_{Div}) −→ � v∈P H^2(k_v , H^i(X, Q_p/Z_p(n))_{Div})

is bijective.

p-adic Regulator and Finiteness 541 We apply these facts to the filtration F^• on H^∗(X, Q_p/Z_p(n)) resulting from the Hochschild-Serre spectral sequence

E^{u,v}_2 = H^u(k, H^v(X, Q_p/Z_p(n))) =⇒ H^{u+v} (X, Q_p/Z_p(n)). (2.6.2) Corollary 2.6.3 Assume that k is global and that i ≠ 2n. Then:

(1) F^2H^i(X, Q_p/Z_p(n)) is cofinitely generated up to a finite-exponent group. (2) For v ∈ P , put X_v := X ⊗_k k_v. Then the natural maps F^2H^i(X, Q_p/Z_p(n)) −→ � v∈P F^2H^i(X_v , Q_p/Z_p(n)),

F^2H^i(X, Q_p/Z_p(n))_{Div} −→ � v∈P F^2H^i(X_v , Q_p/Z_p(n))_{Div}

have finite kernel and cokernel (and the second map is surjective). Proof. Let o_k be the integer ring of k, and put S := Spec(o_k). Note that the set of all finite places of k agrees with S^1.

(1) The group H^2(k_v , H^{i−2}(X, Q_p/Z_p(n))_{Div}) is divisible and cofinitely generated for any v ∈ S^1, and it is zero if p ̸| v and X has good reduction at v, by the local Poitou-Tate duality [Se] II.5.2 Théorème 2 and Deligne’s proof of the Weil conjecture [De2] (see [Sat2] Lemma 2.4 for details). The assertion follows from this fact and Theorem 2.6.1.

(2) We prove the assertion only for the first map. The assertion for the second map is similar and left to the reader. For simplicity, we assume that

(♯) p ≥ 3 or k is totally imaginary.

Otherwise one can check the assertion by repeating the same arguments as below in the category of abelian groups modulo finite abelian groups. By (♯), we have cd_p(k) = 2 and there is a commutative diagram

H^2(k, H^{i−2}(X, Q_p/Z_p(n))) �

�

� v∈S^1

H^2(k_v , H^{i−2}(X, Q_p/Z_p(n)))

� F^2H^i(X, Q_p/Z_p(n)) � � v∈S^1

F^2H^i(X_v , Q_p/Z_p(n)),

where the vertical arrows are edge homomorphisms of Hochschild-Serre spectral sequences and these arrows are surjective. Since

H^2(k_v , H^{i−2}(X, Q_p/Z_p(n))) = 0 for archimedean places v by (♯), the top horizontal arrow has finite kernel and cokernel by Theorem 2.6.1. Hence it is enough to show that the right vertical arrow has finite kernel. For any v ∈ S^1, the

542 S. Saito and K. Sato

v-component of this map has finite kernel by Deligne’s criterion [De1] (see also [Sat2] Remark 1.2). If v is prime to p and X has good reduction at v, then the v-component is injective. Indeed, there is an exact sequence resulting from a Hochschild-Serre spectral sequence and the fact that cd(k_v ) = 2:

H^{i−1}(X_v, Q_p/Z_p(n))^d→ H^{i−1}(X, Q_p/Z_p(n)))^{Gkv} → H^2(k_v , H^{i−2}(X, Q_p/Z_p(n))) → F^2H^i(X_v , Q_p/Z_p(n)).

The edge homomorphism d is surjective by the commutative square

H^{i−1}(Y_v , Q_p/Z_p(n)) � � � H^{i−1}(Y_v , Q_p/Z_p(n)))^{GFv} ≀ � H^{i−1}(X_v, Q_p/Z_p(n))^d � H^{i−1}(X, Q_p/Z_p(n)))^{Gkv} .

Here Y_v denotes the reduction of X at v and Y_v denotes Y_v ⊗_{Fv} F_v. The left (resp. right) vertical arrow arises from the proper base-change theorem (resp. proper smooth base-change theorem), and the top horizontal arrow is surjective by the fact that cd(F_v) = 1. Thus we obtain the assertion. □

3 Finiteness of Torsion in a Chow Group

Let k, S, p and Σ be as in the beginning of §2, and let X be a proper smooth geometrically integral variety over Spec(k). We introduce the following technical condition:

H0: The group H^3_{ét}(X, Q_p(2))^{Gk} is trivial.

If k is global, H0 always holds by Deligne’s proof of the Weil conjecture [De2]. When k is local, H0 holds if dim(X) = 2 or if X has good reduction (cf. [CTR2] §6); it is in general a consequence of the monodromy-weight conjecture.

3.1 Finiteness of CH^2(X)_{p-tors} The purpose of this section is to show the following result, which is a generalization of a result of Langer [La4] Proposition 3 and implies the finiteness assertion on CH^2(X)_{p-tors} in Theorem 1.3 (1):

Theorem 3.1.1 Assume H0, H1∗ and either p ≥ 5 or the equality

H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div} = H^1(k, H^2(X, Q_p/Z_p(2)))_{Div}. (∗_g)

Then CH^2(X)_{p-tors} is finite.

p-adic Regulator and Finiteness 543 Remark 3.1.2 (1) (∗_g) holds if H^2(X, O_X ) = 0 or if k is ℓ-adic local with ℓ ≠ p.

(2) Crucial facts to this theorem are Lemmas 3.2.2, 3.3.5 and 3.5.2 below. The short exact sequence in Lemma 3.2.2 is an important consequence of the Merkur’ev- Suslin theorem [MS].

(3) In Theorem 3.1.1, we do not need to assume that X has good or semistable reduction at any prime of k dividing p (cf. 1.8.1), because we do not need this assumption in Lemma 3.5.2 by the alteration theorem of de Jong [dJ].

3.2 Regulator Map We recall here the definition of the regulator maps reg_Λ : CH^2(X, 1) ⊗ Λ −→ H^1_{ind}(k, H^2(X, Λ(2))) (3.2.1) with Λ = Q_p or Q_p/Z_p, assuming H0. The general framework on étale Chern class maps and regulator maps is due to Soulé [So1], [So2]. We include here a more elementary construction of reg_Λ, which will be useful in this paper. Let K := k(X) be the function field of X. Take an open subset U_0 ⊂ S \ Σ = S[p^{−1}] and a smooth proper scheme X_{U0} over U_0 satisfying X_{U0} ×_{U0} Spec(k) ≃ X. For an open subset U ⊂ U_0, put X_U := X_{U0} ×_{U0} U and define N^1H^3(X_U , μ^{⊗2}_pr ) := Ker � H^3(X_U , μ^{⊗2}_pr ) → H^3(K, μ^{⊗2}_pr ) � . Lemma 3.2.2 For an open subset U ⊂ U_0, there is an exact sequence 0 −→ CH^2(X_U , 1)/p^r −→ N^1H^3(X_U , μ^{⊗2}_pr ) −→_pr CH^2(X_U ) −→ 0 See §1.7 for the definition of CH^2(X_U , 1).

Proof. The following argument is due to Bloch [Bl], Lecture 5. We recall it for the convenience of the reader. There is a localization spectral sequence

E^{u,v}_1 = � x∈(X_U )^u

H^{u+v}_x (X_U , μ^{⊗2}_pr ) =⇒ H^{u+v} (X_U , μ^{⊗2}_pr ). (3.2.3)

By the relative smooth purity, there is an isomorphism E^{u,v}_1 ≃ � x∈(X_U )^u

H^{v−u}(x, μ^{⊗2−u}_pr ), (3.2.4)

which implies that N^1H^3(X_U , μ^{⊗2}_pr ) is isomorphic to the cohomology of the Bloch- Ogus complex H^2(K, μ^{⊗2}_pr ) −→ � y∈(X_U )^1

H^1(y, μ_pr ) −→ � x∈(X_U )^2

Z/p^r.

544 S. Saito and K. Sato By Hilbert’s theorem 90 and the Merkur’ev-Suslin theorem [MS], this complex is isomorphic to the Gersten complex K^M_2 (K)/p^r −→ � y∈(X_U )^1

κ(y)^×/p^r −→ � x∈(X_U )^2

Z/p^r.

On the other hand, there is an exact sequence obtained by a diagram chase 0 −→ CH^2(X_U , 1) ⊗ Z/p^r −→ CH^2(X_U , 1; Z/p^r) −→_pr CH^2(X_U ) −→ 0.

Here CH^2(X_U , 1; Z/p^r) denotes the cohomology of the above Gersten complex and it is isomorphic to N^1H^3(X_U , μ^{⊗2}_pr ). Thus we obtain the lemma. □ Put M^q := H^q(X, Λ(2)) with Λ ∈ {Q_p, Q_p/Z_p}.

For an open subset U ⊂ U_0 let H^∗(U, M^q) be the étale cohomology with coefficients in the smooth sheaf associated with M^q . There is a Leray spectral sequence E^{u,v}_2 = H^u(U, M^v) =⇒ H^{u+v} (X_U , Λ(2)).

By Lemma 3.2.2, there is a natural map CH^2(X_U , 1) ⊗ Λ −→ H^3(X_U , Λ(2)).

Noting that E^{0,3}_2 is zero or finite by H0, we define the map reg_{XU ,Λ} : CH^2(X_U , 1) ⊗ Λ −→ H^1(U, M^2) as the composite of the above map with an edge homomorphism of the Leray spectral sequence. Finally we define reg_Λ in (3.2.1) by passing to the limit over all non-empty open U ⊂ U_0. Our construction of reg_Λ does not depend on the choice of U_0 or X_{U0} . Remark 3.2.5 By Lemma 2.4.1, H1 always implies H1∗. If k is local, H1∗ conversely implies H1. If k is global, one can check that H1∗ implies H1, assuming that the group Ker(CH^2(X_{U0} ) → CH^2(X)) is finitely generated up to torsion and that the Tate conjecture for divisors holds for almost all closed fibers of X_{U0} /U_0. 3.3 Proof of Theorem 3.1.1 We start the proof of Theorem 3.1.1, which will be completed in §3.5 below. By Lemma 3.2.2, there is an exact sequence

0 −→ CH^2(X, 1) ⊗ Q_p/Z_p^ϕ−→ N^1H^3(X, Q_p/Z_p(2)) −→ CH^2(X)_{p-tors} −→ 0, (3.3.1) where we put

N^1H^3(X, Q_p/Z_p(2)) := Ker(H^3(X, Q_p/Z_p(2)) → H^3(K, Q_p/Z_p(2))). In view of (3.3.1), Theorem 3.1.1 is reduced to the following two propositions:

p-adic Regulator and Finiteness 545 Proposition 3.3.2 (1) If k is local, then CH^2(X)_{p-tors} is cofinitely generated over Z_p.

(2) Assume that k is global, and that Coker � reg_{Qp /Zp}

�_{Div} is cofinitely generated over Z_p. Then CH^2(X)_{p-tors} is cofinitely generated over Z_p.

Proposition 3.3.3 Assume H0, H1∗ and either p ≥ 5 or (∗_g). Then we have Im(ϕ) = N^1H^3(X, Q_p/Z_p(2))_{Div}.

We will prove Proposition 3.3.2 in §3.4 below, and Proposition 3.3.3 in §3.5 below. Remark 3.3.4 (1) If k is local, then H^3(X, Q_p/Z_p(2)) is cofinitely generated. Hence Proposition 3.3.2 (1) immediately follows from the exact sequence (3.3.1).

(2) When k is global, then H^1(k, A)_{Div}/H^1_g (k, A)_{Div} with A := H^2(X, Q_p/Z_p(2)) is cofinitely generated by Lemma 2.4.1. Hence H1∗ implies the second assumption of Proposition 3.3.2 (2).

Let F^• be the filtration on H^∗(X, Q_p/Z_p(2)) resulting from the Hochschild-Serre spectral sequence (2.6.2). The following fact due to Salberger will play key roles in our proof of the above two propositions:

Lemma 3.3.5 ([Sal] Main Lemma 3.9) The following group has a finite exponent: N^1H^3(X, Q_p/Z_p(2)) ∩ F^2H^3(X, Q_p/Z_p(2)).

3.4 Proof of Proposition 3.3.2 For (1), see Remark 3.3.4 (1). We assume that k is global, and prove (2). Put H^3 := H^3(X, Q_p/Z_p(2)) and Γ := ϕ(CH^2(X, 1) ⊗ Q_p/Z_p) ⊂ H^3 (cf. (3.3.1)). Let F^• be the filtration on H^3 resulting from the spectral sequence (2.6.2), and put N^1H^3 := N^1H^3(X, Q_p/Z_p(2)). We have Γ ⊂ (F^1H^3)_{Div} = (H^3)_{Div} by H0, and there is a filtration on H^3 0 ⊂ Γ + (F^2H^3)_{Div} ⊂ (F^1H^3)_{Div} ⊂ H^3.

By (3.3.1), the inclusion N^1H^3 ⊂ H^3 induces an inclusion CH^2(X)_{p-tors} ⊂ H^3/Γ . We show that the image of this inclusion is cofinitely generated, using the above filtration on H^3. It suffices to show the following lemma:

Lemma 3.4.1 (1) The kernel of CH^2(X)_{p-tors} → H^3/(Γ + (F^2H^3)_{Div}) is finite.

(2) The image of CH^2(X)_{p-tors} → H^3/(F^1H^3)_{Div} is finite.

546 S. Saito and K. Sato

(3) The second assumption of Proposition 3.3.2 (2) implies that the group

M := (F^1H^3)_{Div}/(Γ + (F^2H^3)_{Div})

is cofinitely generated.

Proof. (1) There is an exact sequence

0 −→

N^1H^3 ∩ (F^2H^3)_{Div} Γ ∩ (F^2H^3)_{Div}

−→ CH^2(X)_{p-tors} −→

H^3 Γ + (F^2H^3)_{Div} . Hence (1) follows from Lemma 3.3.5 and Corollary 2.6.3 (1).

(2) Let U_0 and X_{U0} → U_0 be as in §3.2. For non-empty open U ⊂ U_0, there is a commutative diagram up to a sign

N^1H^3(X_U , Q_p/Z_p(2)) � � � CH^2(X_U ) ⊗ Z_p ϱ � H^3(X_U , Q_p/Z_p(2)) � H^4(X_U , Z_p(2))

by the same argument as for [CTSS], §1, Proposition 1. Here the top arrow is the composite of N^1H^3(X_U , Q_p/Z_p(2)) → CH^2(X_U )_{p-tors} (cf. Lemma 3.2.2) with the natural inclusion. The bottom arrow is a Bockstein map and the right vertical arrow is the cycle class map of X_U . Taking the inductive limit with respect to all non-empty U ⊂ U_0, we see that the left square of the following diagram commutes (up to a sign):

N^1H^3 � � � CH^2(X) ⊗ Z_p

ϱ_{ind} � ϱ_{cont} � � � �

H^3 � H^4_{ind}(X, Zp(2)) � H^4cont(X, Zp(2)),

where H^∗_{cont}(X, Z_p(2)) denotes the continuous étale cohomology [J1] and the bottom right arrow is by definition the inductive limit, with respect to U ⊂ U_0, of the natural restriction map

H^4(X_U , Z_p(2)) = H^4_{cont}(X_U , Z_p(2)) −→ H^4_{cont}(X, Z_p(2)).

The right triangle of the diagram commutes by the definition of cycle classes in loc. cit. Theorem (3.23). This diagram and the exact sequence (3.3.1) yield a commutative diagram (up to a sign)

CH^2(X)_{p-tors} � � CH^2(X) ⊗ Z_p

ϱ_{cont} � H^3/(F^1H^3)_{Div} � � � H^4_{cont}(X, Z_p(2)), p-adic Regulator and Finiteness 547

where the bottom arrow is injective by H0 and loc. cit. Theorem (5.14). Now the assertion follows from that fact that Im(ϱ_{cont}) is finitely generated over Z_p ([Sa] Theorem (4-4)).

(3) Put

N := (F^1H^3)_{Div}/{Γ + (F^2H^3 ∩ (F^1H^3)_{Div})} = Coker � reg_{Qp/Zp}

�_{Div} , which is cofinitely generated by assumption and fits into an exact sequence (F^2H^3 ∩ (F^1H^3)_{Div})/(F^2H^3)_{Div} −→ M −→ N −→ 0.

The first group in this sequence has a finite exponent by Corollary 2.6.3 (1), N is divisible and cofinitely generated, and M is divisible. Hence M is cofinitely generated by Lemma 2.3.2 (2). This completes the proof of Lemma 3.4.1 and Proposition 3.3.2. □ 3.5 Proof of Proposition 3.3.3 We put

NF^1H^3(X, Q_p/Z_p(2)) := N^1H^3(X, Q_p/Z_p(2)) ∩ F^1H^3(X, Q_p/Z_p(2)). Note that N^1H^3(X, Q_p/Z_p(2))_{Div} = NF^1H^3(X, Q_p/Z_p(2))_{Div} by H0. There is an edge homomorphism of the spectral sequence (2.6.2) ψ : F^1H^3(X, Q_p/Z_p(2)) −→ H^1(k, H^2(X, Q_p/Z_p(2))). (3.5.1) The composite of ϕ in (3.3.1) and ψ agrees with reg_{Qp/Zp} . Hence by Lemma 3.3.5, the assertion of Proposition 3.3.3 is reduced to the following lemma, which generalizes [LS] Lemma (5.7) and extends [La1] Lemma (3.3):

Lemma 3.5.2 Assume either p ≥ 5 or (∗_g) (but we do not assume H1∗). Then we have

ψ(NF^1H^3(X, Q_p/Z_p(2))_{Div}) ⊂ H^1_g (k, H^2(X, Q_p/Z_p(2))). We start the proof of this lemma. The assertion is obvious under the assumption (∗_g). Hence we are done if k is ℓ-adic local with ℓ ≠ p (cf. Remark 3.1.2 (1)). It remains to deal with the following two cases:

(1) k is p-adic local with p ≥ 5. (2) k is global and p ≥ 5.

Put A := H^2(X, Q_p/Z_p(2)) for simplicity. We first reduce the case (2) to the case (1). Suppose that k is global. Then there is a commutative diagram

NF^1H^3(X, Q_p/Z_p(2))_{Div} � � H^1(k, A) � � v∈S^1

NF^1H^3(X_v , Q_p/Z_p(2))_{Div} � � v∈S^1

H^1(k_v , A),

548 S. Saito and K. Sato

where the vertical arrows are natural restriction maps. By this diagram and the definition of H^1_g (k, A), the case (2) is reduced to the case (1).

We prove the case (1). We first reduce the problem to the case where X has semistable reduction. By the alteration theorem of de Jong [dJ], there exists a proper flat generically finite morphism X^′ → X such that X^′ is projective smooth over k and has a proper flat regular model over the integral closure o^′ of o_k in Γ (X^′, O_X ′ ) with semistable reduction. Put

L := Frac(o^′) and A^′ := H^2(X^′ ⊗_L k, Q_p/Z_p(2)).

Then there is a commutative diagram whose vertical arrows are natural restriction maps

NF^1H^3(X, Q_p/Z_p(2))_{Div} � � H^1(k, A) � � H^1(k, A)/H^1_g (k, A) � NF^1H^3(X^′, Q_p/Z_p(2))_{Div} � H^1(L, A^′) � H^1(L, A^′)/H^1_g (L, A^′).

Our task is to show that the composite of the upper row is zero. Because X^′ and X are proper smooth varieties over k, the restriction map r : A → A^′ has a quasi-section s : A^′ → A with s ∘ r = d · id_A, where d denotes the extension degree of the function field of X^′ ⊗_L k over that of X. Hence by the functoriality of H^1_g (k, A) in A, the right vertical arrow in the above diagram has finite kernel, and the problem is reduced to showing that the composite of the lower row is zero. Thus we are reduced to the case that X has a proper flat regular model X over S = Spec(o_k) with semistable reduction. We prove this case in what follows.

Let j : X → X be the natural open immersion. There is a natural injective map

α_r : H^3(X, τ_{≤2}Rj_∗μ^{⊗2}_pr ) � � � H^3(X, μ^{⊗2}_pr )

induced by the natural morphism τ_{≤2}Rj_∗μ^{⊗2}_pr → Rj_∗μ^{⊗2}_pr . By Corollary 2.2.3, it suffices to show the following two lemmas (see also Remark 3.5.6 below):

Lemma 3.5.3 N^1H^3(X, μ^{⊗2}_pr ) ⊂ Im(α_r) for any r ≥ 1.

Lemma 3.5.4 Put

H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) := lim−→ r≥1 H^3(X, τ_{≤2}Rj_∗μ^{⊗2}_pr ),

and define H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2))^0 as the kernel of the natural map

H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) → H^3(X, Q_p/Z_p(2)).

Then the canonical map

H^3(X, τ_{≤2}Rj_∗Q_p(2))^0 −→ H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2))^0

has finite cokernel, where H^3(X, τ_{≤2}Rj_∗Q_p(2))^0 is as we defined in §2.2.

p-adic Regulator and Finiteness 549

To prove Lemma 3.5.3, we need the following fact due to Hagihara, whose latter vanishing will be used later in §6:

Lemma 3.5.5 ([SH] A.2.4, A.2.6) Let n, r and c be integers with n ≥ 0 and r, c ≥ 1. Then for any q ≤ n + c and any closed subscheme Z ⊂ Y with codim_X (Z) ≥ c, we have H^q_Z (X, τ_{≤n}Rj_∗μ^{⊗n}_pr ) = 0 = H^{q+1}_Z (X, τ_{≥n+1}Rj_∗μ^{⊗n}_pr ).

Proof of Lemma 3.5.3. We compute the local-global spectral sequence E^{u,v}_1 = � x∈X^a

H^{u+v}_x (X, τ_{≤2}Rj_∗μ^{⊗2}_pr ) =⇒ H^{u+v}(X, τ_{≤2}Rj_∗μ^{⊗2}_pr ).

By the first part of Lemma 3.5.5 and the smooth purity for points on X, we have

E^{u,v}_1 = � H^v (K, μ^{⊗2}_pr ) (if u = 0) � x∈X^u H

v−u(x, μ^{⊗2−u}_pr ) (if v ≤ 2).

Repeating the same computation as in the proof of Lemma 3.2.2, we obtain N^1H^3(X, μ^{⊗2}_pr ) ≃ E^{1,2}_2 = E^{1,2}_∞ → H^3(X, τ_{≤2}Rj_∗μ^{⊗2}_pr ), which implies Lemma 3.5.3. □

Remark 3.5.6 Lemma 3.5.3 extends a result of Langer-Saito ([LS] Lemma (5.4)) to regular semistable families and removes the assumption in [La1] Lemma (3.1) concerning Gersten’s conjecture for algebraic K-groups. Therefore the same assumption in loc. cit. Theorem A has been removed as well.

Proof of Lemma 3.5.4. By the Bloch-Kato-Hyodo theorem on the structure of p-adic vanishing cycles ([BK1], [Hy]), there is a distinguished triangle of the following form in D^b(X_{ét}) (cf. [SH], (4.3.3)):

τ_{≤2}Rj_∗μ^{⊗2}_pr −→ τ_{≤2}Rj_∗μ^{⊗2}_{pr+s} −→ τ_{≤2}Rj_∗μ^{⊗2}_ps −→ (τ_{≤2}Rj_∗μ^{⊗2}_pr )[1] Taking étale cohomology groups, we obtain a long exact sequence

· · · → H^q(X, τ_{≤2}Rj_∗μ^{⊗2}_pr ) → H^q(X, τ_{≤2}Rj_∗μ^{⊗2}_{pr+s} ) → H^q (X, τ_{≤2}Rj_∗μ^{⊗2}_ps ) → H^{q+1}(X, τ_{≤2}Rj_∗μ^{⊗2}_pr ) → · · · . (3.5.7) We claim that H^q (X, τ_{≤2}Rj_∗μ^{⊗2}_pr ) is finite for any q and r. Indeed, the claim is reduced to the case r = 1 by the exactness of (3.5.7) and this case follows from the Bloch-Kato-Hyodo theorem mentioned above and the properness of X over S. Hence taking the projective limit of (3.5.7) with respect to r and then taking the inductive limit with respect to s we obtain a long exact sequence

· · · → H^q (X, τ_{≤2}Rj∗Zp(2)) → H^q (X, τ_{≤2}Rj∗Qp(2)) → H^q (X, τ_{≤2}Rj∗Qp/Zp(2)) → H^{q+1}(X, τ_{≤2}Rj∗Zp(2)) → · · · ,

550 S. Saito and K. Sato

where H^q(X, τ_{≤2}Rj_∗Z_p(2)) is finitely generated over Z_p for any q. The assertion in the lemma easily follows from this exact sequence and a similar long exact sequence of étale cohomology groups of X. The details are straight-forward and left to the reader. □ This completes the proof of Lemma 3.5.2, Proposition 3.3.3 and Theorem 3.1.1.

4 Cycle Class Map and Unramified Cohomology

Let k, S, p, X and K be as in the notation 1.8. In particular, we always assume that X satisfies 1.8.1. In this section we give a brief review of p-adic étale Tate twists and provide some preliminary results on cycle class maps. The main result of this section is Corollary 4.4.3 below.

4.1 p-adic Étale Tate Twist Let n and r be positive integers. We recall here the fundamental properties (S1)– (S7) listed below of the object T_r(n) = T_r(n)_X ∈ D^b(X_{ét}, Z/p^r) introduced by the second author [SH]. The properties (S1), (S2), (S3) and (S4) characterizes T_r(n) uniquely up to a unique isomorphism in D^b(X_{ét}, Z/p^r).

(S1) There is an isomorphism t : T_r(n)|_V ≃ μ^{⊗n}_pr on V := X [p^{−1}].

(S2) T_r(n) is concentrated in [0, n].

(S3) Let Z ⊂ X be a locally closed regular subscheme of pure codimension c with ch(Z) = p. Let i : Z → X be the natural immersion. Then there is a canonical Gysin isomorphism

Gys^n_i : W_r Ω^{n−c}_{Z,log}[−n − c]^∼−→ τ_{≤n+c}Ri^!T_r(n) in D^b(Z_{ét}, Z/p^r),

where W_r Ω^q_{Z,log} denotes the étale subsheaf of the logarithmic part of the Hodge- Witt sheaf W_r Ω^q_Z ([Bl1], [Il]).

(S4) For x ∈ X and q ∈ Z_{≥0}, we define Z/p^r(q) ∈ D^b(x_{ét}, Z/p^r) as

Z/p^r(q) := � μ^{⊗q}_pr (if ch(x) ≠ p) W_r Ω^q_{x,log}[−q] (if ch(x) = p).

Then for y, x ∈ X with c := codim(x) = codim(y)+1, there is a commutative diagram

H^{n−c+1}(y, Z/p^r(n − c + 1))^{−∂val} �

Gys^n_{iy} � H^{n−c}(x, Z/p^r(n − c))

Gys^n_{ix} � H^{n+c−1} y (X, T_r(n))^{δloc} � H^{n+c}_x (X, T_r(n)).

p-adic Regulator and Finiteness 551

Here for z ∈ X , Gys^n_{iz} is induced by the Gysin map in (S3) (resp. the absolute purity [RZ], [Th], [FG]) if ch(z) = p (resp. ch(z) ≠ p). The arrow δ^{loc} denotes the boundary map of a localization exact sequence and ∂^{val} denotes the boundary map of Galois cohomology groups due to Kato [KCT] §1.

(S5) Let Y be the union of the fibers of X /S of characteristic p. We define the étale sheaf ν^{n−1}_{Y,r} on Y as

ν^{n−1}_{Y,r} := Ker � ∂^{val} : � y∈Y^0 iy∗Wr Ω n−1 y,log −→ � x∈Y^1 ix∗Wr Ω n−2 x,log � , where for y ∈ Y , i_y denotes the canonical map y → Y . Let i and j be as follows:

V = X [p^{−1}] �

� j � X Y.� �^i�

Then there is a distinguished triangle in D^b(X_{ét}, Z/p^r)

i_∗ν^{n−1}_{Y,r} [−n − 1]^g−→ T_r(n)^{t′}−→ τ_{≤n}Rj_∗μ^{⊗n}_pr^σ−→ i_∗ν^{n−1}_{Y,r} [−n],

where t^′ is induced by the isomorphism t in (S1) and the acyclicity property (S2). The arrow g arises from the Gysin morphisms in (S3), σ is induced by the boundary maps of Galois cohomology groups (cf. (S4)).

(S6) There is a canonical distinguished triangle of the following form in D^b(X_{ét}):

T_{r+s}(n) −→ T_s(n)^{δs,r}−→ T_r(n)[1]^p s −→ T_{r+s}(n)[1].

(S7) H^i(X, T_r(n)) is finite for any r and i (by the properness of X ).

When k is p-adic local with p ≥ n + 2 and X is smooth over S, then i^∗T_r(n) is isomorphic to the syntomic complex S_r(n) of Kato [Ka1], which is the derived image of a syntomic sheaf of Fontaine-Messing [FM]. This fact follows from a result of Kurihara [Ku] and (S5). Therefore our object T_r(n) extends the syntomic complexes to the global situation. Note also that i^∗T_r(n) is not the log syntomic complex s^{log}_r (n) unless n > dim(X ), because the latter object is isomorphic to τ_{≤n}i^∗Rj_∗μ^{⊗n}_pr by Theorem 2.2.1.

Remark 4.1.1 The above properties of T_r(n) deeply rely on the computation on the étale sheaf of p-adic vanishing cycles due to Bloch-Kato [BK1] and Hyodo [Hy].

Lemma 4.1.2 Put

H^q (X, T_{Zp} (n)) := lim←− r≥1 H^q (X, T_r(n)), H^q (X, T_∞(n)) := lim−→ r≥1 H^q(X, T_r(n))

552 S. Saito and K. Sato and H^q (X, T_{Qp} (n)) := H^q (X, T_{Zp} (n))⊗_{Zp} Q_p. Then there is a long exact sequence of Z_p-modules

· · · −→ H^q (X, T_{Zp} (n)) −→ H^q(X, T_{Qp} (n)) −→ H^q(X, T_∞(n)) −→ H^{q+1}(X, T_{Zp} (n)) −→ · · · , where H^q (X, T_{Zp} (n)) is finitely generated over Z_p, H^q(X, T_∞(n)) is cofinitely generated over Z_p, and H^q(X, T_{Qp} (n)) is finite-dimensional over Q_p. Proof. The assertions immediately follow from (S6) and (S7). The details are straight-forward and left to the reader. □

4.2 Cycle Class Map Let us review the definition of the cycle map ϱ^n_r : CH^n(X )/p^r −→ H^{2n}(X, T_r(n)).

Consider the local-global spectral sequence E^{u,v}_1 = � x∈X^u

H^{u+v}_x (X, T_r(n)) =⇒ H^{u+v} (X, T_r(n)). (4.2.1)

By (S3) and the absolute cohomological purity [FG] (cf. [RZ], [Th]), we have E^{u,v}_1 ≃ � x∈X^u

H^{v−u}(x, Z/p^r(n − u)) for v ≤ n. (4.2.2)

This implies that there is an edge homomorphism E^{n,n}_2 → H^{2n}(X, T_r(n)) with E^{n,n}_2 ≃ Coker � ∂^{val} : � y∈X^{n−1} H

1(y, Z/p^r(1)) −→ � x∈X^n H

0(x, Z/p^r) � = CH^n(X )/p^r, where ∂^{val} is as in (S4). We define ϱ^n_r as the composite map ϱ^n_r : CH^n(X )/p^r ≃ E^{n,n}_2 −→ H^{2n}(X, T_r(n)).

In what follows, we restrict our attention to the case n = 2.

Lemma 4.2.3 Let Z ⊂ X be a closed subscheme of pure codimension 1, and let K be the function field of X . Put

N^1H^i(X, T_r(2)) := Ker � H^i(X, T_r(2)) → H^i(K, μ^{⊗2}_pr ) � , N^2H^i_Z (X, T_r(2)) := Ker � H^i_Z (X, T_r(2)) → � z∈Z^0 H i z(X, T_r(2)) � .

p-adic Regulator and Finiteness 553 (1) N^1H^3(X, T_r(2)) is isomorphic to the cohomology of the Gersten complex modulo p^r K^M_2 (K)/p^r −→ � y∈X^1

κ(y)^×/p^r −→ � x∈X^2

Z/p^r,

and there is an exact sequence

0 −→ CH^2(X, 1)/p^r −→ N^1H^3(X, T_r(2)) −→_pr CH^2(X ) −→ 0. See §1.7 for the definition of CH^2(X, 1).

(2) There are isomorphisms

H^3_Z (X, T_r(2)) ≃ Ker � ∂^{val} : � z∈Z^0 κ(z)

×/p^r → � x∈Z^1 Z/p r � , N^2H^4_Z (X, T_r(2)) ≃ Coker � ∂^{val} : � z∈Z^0 κ(y)

×/p^r → � x∈Z^1 Z/p r � = CH_{d−2}(Z)/p^r, where d denotes the Krull dimension of X .

Proof. (1) follows from a similar argument as for the proof of Lemma 3.2.2, using the spectral sequence

E^{u,v}_1 = � x∈X^u

H^{u+v}_x (X, T_r(2)) =⇒ H^{u+v} (X, T_r(2)) ((4.2.1) with n = 2) (4.2.4) and the purity isomorphism

E^{u,v}_1 ≃ � x∈X^u

H^{v−u}(x, Z/p^r(2 − u)) for v ≤ 2 ((4.2.1) with n = 2). (4.2.5) More precisely, since E^{u,v}_1 = 0 for (u, v) with u > v and v ≤ 2, we have N^1H^3(X, T_r(2)) ≃ E^{1,2}_2 , which is isomorphic to the cohomology of the Gersten complex in the assertion by Hilbert’s theorem 90, the Merkur’ev-Suslin theorem [MS] and (S4). One can prove (2) in the same way as for (1), using the spectral sequence E^{u,v}_1 = � x∈X^u ∩Z

H^{u+v}_x (X, T_r(2)) =⇒ H^{u+v}_Z (X, T_r(2))

and the purity isomorphism E^{u,v}_1 ≃ � x∈Z^{u−1}

H^{v−u}(x, Z/p^r(2 − u)) for v ≤ 2

instead of (4.2.4) and (4.2.5). The details are straight-forward and left to the reader. □

554 S. Saito and K. Sato Corollary 4.2.6_pr CH^2(X ) is finite for any r ≥ 1, and CH^2(X )_{p-tors} is cofinitely generated.

Proof. The finiteness of_pr CH^2(X ) follows from the exact sequence in Lemma 4.2.3 (1) and (S7) in §4.1. The second assertion follows from Lemma 4.1.2 and the facts that CH^2(X )_{p-tors} is a subquotient of H^3(X, T_∞(2)). □

4.3 Unramified Cohomology Let K be the function field of X . We define the unramified cohomology groups H^{n+1}_{ur} (K, Z/p^r(n)) and H^{n+1}_{ur} (K, Q_p/Z_p(n)) as follows:

H^{n+1}_{ur} (K, Z/p^r(n)) := Ker � H^{n+1}(K, μ^{⊗n}_pr ) → � y∈X^1 H n+2 y (X, T_r(n)) � , H^{n+1}_{ur} (K, Q_p/Z_p(n)) := lim−→ r≥1 H^{n+1}_{ur} (K, Z/p^r(n)).

We mention some remarks on these groups: Remark 4.3.1 (1) For n = 0, we have

H^1_{ur}(K, Z/p^r(0)) = H^1(X, Z/p^r) and H^1_{ur}(K, Q_p/Z_p(0)) = H^1(X, Q_p/Z_p).

If k is global, then H^1_{ur}(K, Q_p/Z_p(0)) is finite by a theorem of Katz-Lang [KL]. (2) For n = 1, we have

H^2_{ur}(K, Z/p^r(1)) =_pr Br(X ) and H^2_{ur}(K, Q_p/Z_p(1)) = Br(X )_{p-tors}. If k is global, the finiteness of H^2_{ur}(K, Q_p/Z_p(1)) is equivalent to the finiteness of the Tate-Shafarevich group of the Picard variety of X (cf. [G] III, [Ta1]).

(3) For n = d := dim(X ), H^{d+1}_{ur} (K, Q_p/Z_p(d)) agrees with a group considered by Kato [KCT], who conjectures that

H^{d+1}_{ur} (K, Q_p/Z_p(d)) = 0 if p ≠ 2 or k has no embedding into R. His conjecture is a generalization, to higher-dimensional proper arithmetic schemes, of the corresponding classical fact on the Brauer groups of local and global integer rings. The d = 2 case is proved in [KCT] and the d = 3 case is proved in [JS].

We restrict our atttention to the case n = 2 in what follows. The following standard proposition relates H^3_{ur}(K, Z/p^r(2)) with the cycle class map ϱ^2_r, which will be useful later.

p-adic Regulator and Finiteness 555

Proposition 4.3.2 For a positive integer r, there is an exact sequence

0 −→ N^1H^3(X, T_r(2)) −−−−→ H^3(X, T_r(2)) −→ H^3_{ur}(K, Z/p^r(2))

−→ CH^2(X )/p^{r ϱ2r}−−−−→ H^4(X, T_r(2)) .

Consequently, taking the inductive limit on r ≥ 1, we get an exact sequence

0 −→ N^1H^3(X, T_∞(2)) −−−−→ H^3(X, T_∞(2)) −→ H^3_{ur}(K, Q_p/Z_p(2))

−→ CH^2(X ) ⊗ Q_p/Z_p^ϱ 2 Qp /Zp

−−−−→ H^4(X, T_∞(2)) . (4.3.3)

Proof. Consider the spectral sequence (4.2.4). Since E^{u,v}_1 = 0 for (u, v) with u > v and v ≤ 2 by (4.2.5), there is an exact sequnece

0 → E^{1,2}_2 → H^3(X, T_r(2)) → E^{0,3}_2 → E^{2,2}_2 → H^4(X, T_r(2)).

One obtains the assertion by rewriting these E_2-terms by similar arguments as for the proof of Lemma 4.2.3 (1). □

Remark 4.3.4 Because the groups H^∗(X, T_∞(2)) are cofinitely generated by Lemma 4.1.2, the sequence (4.3.3) implies that H^3_{ur}(K, Q_p/Z_p(2)) is cofinitely generated if and only if CH^2(X ) ⊗ Q_p/Z_p is cofinitely generated.

We next prove that H^3_{ur}(K, Q_p/Z_p(2)) is related with the torsion part of the cokernel of a cycle class map, assuming its finiteness. This result will not be used in the rest of this paper, but shows an arithmetic meaning of H^3_{ur}(K, Q_p/Z_p(2)). See also Appendix B below for a zeta value formula for threefolds over finite fields using unramified cohomology.

Proposition 4.3.5 Assume that H^3_{ur}(K, Q_p/Z_p(2)) is finite. Then the order of

Coker � ϱ^2_{Zp} : CH^2(X ) ⊗ Z_p −→ H^4(X, T_{Zp} (2))

�_{p-tors}

agrees with that of H^3_{ur}(K, Q_p/Z_p(2)).

Proof. Note that H^4(X, T_{Zp} (2)) is finitely generated over Z_p by Lemma 4.1.2, so that Coker(ϱ^2_{Zp} )_{p-tors} is finite. Consider the following commutative diagram with exact rows (cf. Lemma 4.1.2):

0 → CH^2 (X )_{p-tors} → CH^2(X ) ⊗ Z_p^b→ CH^2(X ) ⊗ Q_p → CH^2(X ) ⊗ Q_p/Z_p → 0 a � � �^{ϱ2}Z_p � � �^{ϱ2}Q_p � � �^{ϱ2}_{Qp/Zp} � � � 0 → Cotor(H^3 (X, T_∞(2))) → H^4 (X, T_{Zp} (2))^c→ H^4 (X, T_{Qp} (2)) → H^4 (X, T_∞(2)),

where the arrow a denotes the map obtained from the short exact sequence in Lemma 4.2.3 (1) and the arrows b and c are natural maps. See Lemma 4.4.2 below for the commutativity of the left square. By the finiteness of H^3_{ur}(K, Q_p/Z_p(2)), we see that

Coker(a) ≃ gr^0_N H^3(X, T_∞(2)) := H^3(X, T_∞(2))/N^1H^3(X, T_∞(2))

556 S. Saito and K. Sato (cf. Lemma 4.2.3 (1)) and that the natural map Ker(ϱ^2_{Qp} ) → Ker(ϱ^2_{Qp/Zp} ) is zero (cf. (4.3.3)). The latter conclusion further implies that the kernel of the induced map Im(b) → Im(c) is divisible. Noting these facts, we obtain a short exact sequence 0 −→ gr^0_N H^3(X, T_∞(2)) −→ Coker(ϱ^2_{Zp} )_{p-tors} −→ Ker(ϱ^2_{Qp/Zp} ) −→ 0 by a diagram chase on the above diagram. Comparing this sequence with (4.3.3), we obtain the assertion. □

4.4 Torsion Cycle Class Map of Codimension Two We define H^3_{ur}(K, X; Q_p/Z_p(2)) as the following subgroup of H^3_{ur}(K, Q_p/Z_p(2)): Im � H^3(X, Q_p/Z_p(2)) → H^3(K, Q_p/Z_p(2)) � ∩ H^3_{ur}(K, Q_p/Z_p(2)).

In this subsection we relate the finiteness of this group with the injectivity of torsion cycle class maps of codimension two (see Corollary 4.4.3 below), which will be used in the proof of Theorem 1.6. We start with the following proposition. Proposition 4.4.1 Assume that the quotient gr^0_N H^3(X, T_∞(2)) := H^3(X, T_∞(2))/N^1H^3(X, T_∞(2)) is finite. Then there exists a positive integer r_0 such that the kernel of the map ϱ^2_{p-tors,r} : CH^2(X )_{p-tors} −→ H^4(X, T_r(2)) agrees with (CH^2(X )_{p-tors})_{Div} for any r ≥ r_0.

We need the following lemma to prove this proposition (cf. [CTSS] Proposition 1): Lemma 4.4.2 For integers r, s > 0, there is a commutative diagram up to a sign N^1H^3(X, T_s(2))^{αs} � � � p^s CH

2(X )

ϱ^2_{s,r} � H^3(X, T_s(2))^{δs,r} � H^4(X, T_r(2)), where α_s denotes the boundary map in the short exact sequence of Lemma 4.2.3 (1) and ϱ^2_{s,r} denotes the cycle class map ϱ^2_r restricted to_ps CH^2(X ). The arrow δ_{s,r} is the connecting morphism of the distinguished triangle in (S6):

T_{r+s}(2) −→ T_s(2)^{δs,r}−→ T_r(2)[1]^p s −→ T_{r+s}(2)[1].

Proof of Lemma 4.4.2. Note that N^1H^3(X, T_s(2)) is generated by the image of H^3_Z (X, T_s(2)) for closed subsets Z ⊂ X of pure codimension 1. We fix such a p-adic Regulator and Finiteness 557 Z, and endow it with the reduced subscheme structure. There is a diagram which commutes obviously H^3_Z (X, T_s(2))^{δs,r} �

canonical � H^4_Z (X, T_r(2))

canonical � H^3(X, T_s(2))^{δs,r} � H^4(X, T_r(2)).

We show that the image of the upper δ_{s,r} lies in the subgroup

N^2H^4_Z (X, T_r(2)) = Ker � H^4_Z (X, T_r(2)) → � z∈Z^0 H 4 z (X, T_r(2)) �

≃ Coker � ∂^{val} : � z∈Z^0 κ(z)

×/p^r → � x∈Z^1 Z/p r � = CH_{d−2}(Z)/p^r (d := dim(X )) (cf. Lemma 4.2.3). Indeed, there is a commutative diagram with exact bottom row H^3_Z (X, T_s(2))^{δs,r} � � H^4_Z (X, T_r(2)) � � z∈Z^0

H^3_z (X, T_{r+s}(2)) � � � z∈Z^0

H^3_z (X, T_s(2))^{δs,r} � � z∈Z^0

H^4_z (X, T_r(2)),

whose bottom left arrow is surjective by the purity in (S3) and Hilbert’s theorem 90:

H^3_z (X, T_t(2)) ≃ H^1(z, Z/p^t(1)) ≃ κ(z)^×/p^t for t = r + s, s. Hence the lower δ_{s,r} is the zero map and the image of the upper δ_{s,r} is contained in N^2H^4_Z (X, T_r(2)). Now the composite map

H^3_Z (X, T_s(2))^{δs,r}−→ N^2H^4_Z (X, T_r(2)) ≃ CH_{d−2}(Z)/p^r −→ CH^2(X )/p^r agrees, up to a sign, with the composite map H^3_Z (X, T_s(2)) → N^1H^3(X, T_s(2))^{αs}−→_ps CH^2(X ) → CH^2(X ) ↠ CH^2(X )/p^r by (S4) and computations on boudary maps (see [CTSS] Proof of Proposition 1, Step 6). We obtain the commutativity in question from these facts, because the cycle class map ϱ^2_r for cycles on Z is given by the composite map

CH_{d−2}(Z)/p^r ≃ N^2H^4_Z (X, T_r(2)) → H^4_Z (X, T_r(2)) → H^4(X, T_r(2)) by definition. □ Proof of Proposition 4.4.1. The following argument is essentially the same as the proof of [CTSS] Corollaire 3. Taking the inductive limit of the diagram in Lemma

558 S. Saito and K. Sato

4.4.2 with respect to s ≥ 1, we obtain a diagram whose square commutes up to a sign and whose bottom row is exact

N^1H^3(X, T_∞(2))^{α∞} � � � CH^2(X )_{p-tors}

ϱ^2_{p-tors,r} � H^3(X, T_∞(2))^{×p} r � H 3(X, T_∞(2))^{δ∞,r} � H 4(X, T_r(2)).

Since Ker(α_∞) is divisible by Lemma 4.2.3 (1), this diagram induces the following commutative diagram up to a sign:

Cotor(N^1H^3(X, T∞(2)))^{α∞} �_∼ � � Cotor(CH^2(X )p-tors)

ϱ2p-tors,r � Cotor(H^3(X, T∞(2)))^{×p} r � Cotor(H^3(X, T_∞(2)))^{δ∞,r} � H^4(X, T_r(2)),

where the bottom row remains exact, and the injectivity of the central vertical arrow follows from the finiteness of gr^0_N H^3(X, T_∞(2)). Because Cotor(H^3(X, T_∞(2))) is finite by (S7) and Lemma 4.1.2, the map δ_{∞,r} is injective for any r for which p^r annihilates Cotor(H^3(X, T_∞(2))). Thus we obtain Proposition 4.4.1. □

Corollary 4.4.3 If H^3_{ur}(K, X; Q_p/Z_p(2)) is finite, then there is a positive integer r_0 such that Ker(ϱ^2_{p-tors,r}) = (CH^2(X )_{p-tors})_{Div} for any r ≥ r_0.

Proof. Since gr^0_N H^3(X, T_∞(2)) is a subgroup of H^3_{ur}(K, X; Q_p/Z_p(2)) (cf. (4.3.3)), the assumption implies that gr^0_N H^3(X, T_∞(2)) is finite. Hence the assertion follows from Proposition 4.4.1. □

Remark 4.4.4 If k is ℓ-adic local with ℓ ≠ p, then we have T_∞(2) = Q_p/Z_p(2) by definition and

H^3(X, T_∞(2)) = H^3(X, Q_p/Z_p(2)) ≃ H^3(Y, Q_p/Z_p(2))

by the proper base-change theorem, where Y denotes the closed fiber of X /S. The last group is finite by Deligne’s proof of the Weil conjecture [De2]. Hence ϱ^2_{p-tors,r} for X is injective for a sufficiently large r ≥ 1 by Proposition 4.4.1. On the other hand, if k is global or p-adic local, then H^3(X, T_∞(2)) is not in general finite. Therefore we need to consider the finiteness of the group H^3_{ur}(K, X; Q_p/Z_p(2)) to investigate the injectivity of ϱ^2_{p-tors,r}.

5 Finiteness of an Unramified Cohomology Group

Let k, S, p, X and K be as in the notation 1.8. We always assume 1.8.1 throughout this and the next section.

p-adic Regulator and Finiteness 559

5.1 Finiteness of H^3_{ur}(K, X; Q_p/Z_p(2)) In this and the next section, we prove the following result, which implies the finiteness of H^3_{ur}(K, X; Q_p/Z_p(2)) in Theorem 1.3 (1). See the beginning of §3 for H0. Theorem 5.1.1 Assume H0, H1∗ and either p ≥ 5 or the equality H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div} = H^1(k, H^2(X, Q_p/Z_p(2)))_{Div}. (∗_g) Then H^3_{ur}(K, X; Q_p/Z_p(2)) is finite.

In this section we reduce Theorem 5.1.1 to Key Lemma 5.4.1 stated in §5.4 below. We will prove the key lemma in §6. We first prove Theorem 1.6 admitting Theorem 5.1.1. Proof of Theorem 1.6. The assumption H^2(X, O_X ) = 0 implies H1∗ and (∗_g) (cf. Fact 1.1, Remark 3.2.5, Remark 3.1.2 (1)). Hence H^3_{ur}(K, X; Q_p/Z_p(2)) is finite by Theorem 5.1.1. By Corollary 4.4.3, there is a positive integer r_0 such that Ker(ϱ^2_{p-tors,r}) = (CH^2(X )_{p-tors})_{Div} for any r ≥ r_0.

Thus it remains to check that CH^2(X )_{p-tors} is finite, which follows from the finiteness of CH^2(X)_{p-tors} (cf. Theorem 3.1.1) and [CTR2] Lemma 3.3. This completes the proof. □

5.2 Proof of Theorem 5.1.1, Step 1 We reduce Theorem 5.1.1 to Proposition 5.2.2 below. Let N^1H^3(X, Q_p/Z_p(2)) (resp. gr^0_N H^3(X, Q_p/Z_p(2))) be the kernel (resp. the image) of the natural map H^3(X, Q_p/Z_p(2)) −→ H^3(K, Q_p/Z_p(2)).

In view of Lemma 4.2.3, there is a commutative diagram with exact rows N^1H^3(X, Q_p/Z_p(2)) → H^3(X, Q_p/Z_p(2)) → gr^0_N H^3(X, Q_p/Z_p(2))

δ_1 � � � δ2 � � � d � � � � v∈S^1

N^2H^4_{Yv} (X, T_∞(2)) → � v∈S^1

H^4_{Yv} (X, T_∞(2)) → � v∈S^1 � y∈Y^0_v

H^4_y (X, T_∞(2)), (5.2.1) where the arrows δ_2 and d arise from boundary maps of localization exact sequences and δ_1 is induced by the right square. Note that we have Ker(d) = H^3_{ur}(K, X; Q_p/Z_p(2)).

Proposition 5.2.2 Assume H0, H1∗ and either p ≥ 5 or (∗_g). Then we have Ker(d)_{Div} = 0.

560 S. Saito and K. Sato

The proof of this proposition will be started in §5.3 below and finished in the next section. We first finish the proof of Theorem 5.1.1, admitting Proposition 5.2.2. It suffices to show the following lemma (see also Remark 3.3.4 (2)):

Lemma 5.2.3 (1) If k is local, then Ker(d) is cofinitely generated over Z_p.

(2) Assume that k is global, and that Coker � reg_{Qp /Zp}

�_{Div}

is cofinitely generated over Z_p, where reg_{Qp/Zp} denotes the regulator map (3.2.1). Then Ker(d) is cofinitely generated over Z_p.

Proof. (1) is obvious, because H^3(X, Q_p/Z_p(2)) is cofinitely generated. We prove (2). We use the notation fixed in 1.9. By Lemma 4.1.2, H^3(X, T_∞(2)) is cofinitely generated. Hence it suffices to show Coker(δ_1) is cofinitely generated, where δ_1 is as in (5.2.1). There is a commutative diagram

CH^2(X, 1) ⊗ Q_p/Z_p ∂ �

� N 1H 3(X, Q_p/Z_p(2))

δ_1 � � v∈S^1

CH_{d−2}(Y_v ) ⊗ Q_p/Z_p �^∼ � v∈S^1

N^2H^4_{Yv} (X, T_∞(2)),

where the bottom isomorphism follows from Lemma 4.2.3 (2) and ∂ is the boundary map of the localization sequence of higher Chow groups. See (3.3.1) for the top arrow. Since N^2H^4_{Yv} (X, T_∞(2)) is cofinitely generated for any v ∈ S^1, it suffices to show that for a sufficiently small non-empty open subset U ⊂ S, the cokernel of the boundary map

∂_U : CH^2(X, 1) ⊗ Q_p/Z_p −→ � v∈(U)^1

CH_{d−2}(Y_v ) ⊗ Q_p/Z_p

is cofinitely generated. Note that CH_{d−2}(Y_v ) = CH^1(Y_v ) if Y_v is smooth. Now let U be a non-empty open subset of S \ Σ for which X ×_S U → U is smooth. Put A := H^2(X, Q_p/Z_p(2)), viewed as a smooth sheaf on U_{ét}. There is a commutative diagram up to a sign

CH^2(X, 1) ⊗ Q_p/Z_p

∂_U �

reg_{Qp/Zp}

� H 1(k, A)

δ_U � � v∈U^1

CH^1(Y_v ) ⊗ Q_p/Z_p^{τU} � � v∈U^1

A(−1)^{GFv} .

See §2.5 for δ_U . The bottom arrow τ_U is defined as the composite map

CH^1(Y_v ) ⊗ Q_p/Z_p → H^2(Y_v , Q_p/Z_p(1))^ϵ→ H^2(Y_v , Q_p/Z_p(1))^{GFv} = A(−1)^{GFv} , p-adic Regulator and Finiteness 561

where the first injective map is the cycle class map for divisors on Y_v . Note that Coker(∂_U ) is divisible and that Ker(τ_U ) has a finite exponent by the isomorphisms

Ker(ϵ) ≃ H^1(F_v , H^1(Y_v , Q_p/Z_p(1))) ≃ H^1(F_v, Cotor(H^1(X, Q_p/Z_p(1))))

for v ∈ U^1, where the first isomorphism follows from the Hochschild-Serre spectral sequence for Y_v, and the second follows from Deligne’s proof of the Weil conjecture [De2] and the proper smooth base-change theorem H^1(Y_v , Q_p/Z_p(1)) ≃ H^1(X, Q_p/Z_p(1)). Hence to prove that Coker(∂_U ) is cofinitely generated, it suffices to show that the map

∂^′ := τ_U ∘ ∂_U : CH^2(X, 1) ⊗ Q_p/Z_p −→ � v∈U^1 � A(−1)^{GFv}

�_{Div}

has cofinitely generated cokernel (cf. Lemma 2.3.2 (2)). Finally Coker(reg_{Qp/Zp} )_{Div} is cofinitely generated by assumption, which implies that ∂^′ has cofinitely generated cokernel by Lemma 2.5.1 (1). Thus we obtain Lemma 5.2.3. □

5.3 Proof of Theorem 5.1.1, Step 2 We construct a key commutative diagram (5.3.3) below and prove Lemma 5.3.5, which play key roles in our proof of Proposition 5.2.2. We need some preliminaries. We suppose that k is global until the end of Lemma 5.3.1. Let Σ ⊂ S be the set of the closed points on S of characteristic p. For non-empty open U ⊂ S, put

X_U := X ×_S U and X_U [p^{−1}] := X_U ×_S (S \ Σ).

Let j_U : X_U [p^{−1}] → X_U be the natural open immersion. There is a natural injective map α_{U,r} : H^3(X_U , τ_{≤2}Rj_{U∗}μ^{⊗2}_pr ) � � � H^3(X_U [p^{−1}], μ^{⊗2}_pr )

induced by the canonical morphism τ_{≤2}Rj_{U∗}μ^{⊗2}_pr → Rj_{U∗}μ^{⊗2}_pr .

Lemma 5.3.1 We have N^1H^3(X_U [p^{−1}], μ^{⊗2}_pr ) ⊂ Im(α_{U,r}).

Proof. We compute the local-global spectral sequence

E^{u,v}_1 = � x∈(X_U )^u

H^{u+v}_x (X_U , τ_{≤2}Rj_{U∗}μ^{⊗2}_pr ) =⇒ H^{u+v}(X_U , τ_{≤2}Rj_{U∗}μ^{⊗2}_pr ).

By the absolute cohomological purity [FG] and Lemma 3.5.5 (1), we have

E^{u,v}_1 ≃ � H^v(K, μ^{⊗2}_pr ) (if u = 0) � x∈(X_U [p^{−1} ])^u H

v−u(x, μ^{⊗2−u}_pr ) (if v ≤ 2).

Repeating the same computation as in the proof of Lemma 3.2.2, we obtain

N^1H^3(X_U [p^{−1}], μ^{⊗2}_pr ) ≃ E^{1,2}_2 = E^{1,2}_∞ → H^3(X_U , τ_{≤2}Rj_{U∗}μ^{⊗2}_pr ),

562 S. Saito and K. Sato

which completes the proof of Lemma 5.3.1. □ Now we suppose that k is either local or global, and put

W := � � � � � H^3(X, Q_p/Z_p(2)) (if k is ℓ-adic local with ℓ ≠ p) H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) (if k is p-adic local) lim−→

Σ⊂U⊂S

H^3(X_U , τ_{≤2}Rj_{U∗}Q_p/Z_p(2)) (if k is global), (5.3.2) where j in the second case denotes the natural open immersion X → X , and the limit in the last case is taken over all non-empty open subsets U ⊂ S which contain Σ. By Lemma 3.5.3 and Lemma 5.3.1, there are inclusions N^1H^3(X, Q_p/Z_p(2)) ⊂ W ⊂ H^3(X, Q_p/Z_p(2)) and a commutative diagram

NF^1H^3(X, Q_p/Z_p(2))_{Div} � � �

ν � � � � (W^0)_{Div} ω � H^1(k, H^2(X, Q_p/Z_p(2))).

(5.3.3)

Here NF^1H^3(X, Q_p/Z_p(2)) is as we defined in §3.5, and we put W^0 := Ker � W −→ H^3(X, Q_p/Z_p(2)) � . (5.3.4) The arrows ω and ν are induced by the edge homomorphism (3.5.1). We show here the following lemma, which extends Lemma 3.5.2 under Assumption 1.8.1: Lemma 5.3.5 Assume either p ≥ 5 or (∗_g). Then we have Im(ω) ⊂ H^1_g (k, H^2(X, Q_p/Z_p(2))).

Remark 5.3.6 We will prove the equality Im(ω) = H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div} under the same assumptions, later in Lemma 7.2.2. The following corollary of Lemma 5.3.5 will be used later in §5.4: Corollary 5.3.7 Assume H0, H1∗ and either p ≥ 5 or (∗_g). Then we have Im(ν) = Im(ω) = H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div}.

Proof of Lemma 5.3.5. The assertion under the second condition is rather obvious. In particular, we are done if k is ℓ-adic local with ℓ ≠ p (cf. Remark 3.1.2 (1)). If k is p-adic local with p ≥ 5, the assertion follows from Corollary 2.2.3 and Lemma 3.5.4. Before proving the global case, we show the following sublemma:

p-adic Regulator and Finiteness 563 Sublemma 5.3.8 Let k be an ℓ-adic local field with ℓ ≠ p. Let X be a proper smooth scheme over S := Spec(o_k). Put A := H^i(X, Q_p/Z_p(n)) and H^{i+1}_{ur} (X, Q_p/Z_p(n)) := Im � H^{i+1}(X, Q_p/Z_p(n)) → H^{i+1}(X, Q_p/Z_p(n)) � . Then we have

H^1_f (k, A) ⊂ Im � F^1H^{i+1}(X, Q_p/Z_p(n)) ∩ H^{i+1}_{ur} (X, Q_p/Z_p(n)) → H^1(k, A) � and the quotient is annihilated by #(A/A_{Div}), where F^• denotes the filtration induced by the Hochschild-Serre spectral sequence (2.6.2).

Proof. Put Λ := Q_p/Z_p, and let F be the residue field of k. By the proper smooth base-change theorem, G_k acts on A through the quotient G_F. It suffices to show the following two claims:

(i) We have Im � F^1H^{i+1}(X, Λ(n)) ∩ H^{i+1}_{ur} (X, Λ(n)) → H^1(k, A) � = H^1(F, A), where H^1(F, A) is regarded as a subgroup of H^1(k, A) by an inflation map.

(ii) We have H^1_f (k, A) ⊂ H^1(F, A) and the quotient is annihilated by #(A/A_{Div}).

We show these claims. Let Y be the closed fiber of X /S, and consider a commutative diagram with exact rows

0 � H^1(F, H^i(Y , Λ(n))) � � σ1 � H^{i+1}(Y, Λ(n)) � σ2 � H^{i+1}(Y , Λ(n)))^{GF}

≀ σ3 � 0 � H^1(k, A) � H^{i+1}(X, Λ(n))/F^2 � H^{i+1}(X, Λ(n)))^{Gk} , where the exactness of the upper (resp. lower) row follows from the fact that cd(G_F) = 1 (resp. cd(G_k ) = 2). The arrows σ_1 and σ_3 are induced by the isomorphism H^∗(Y , Λ(n)) ≃ H^∗(X, Λ(n)) (proper smooth base-change theorem).

The arrow σ_2 is induced by

σ^′_2 : H^{i+1}(Y, Λ(n)) ≃ H^{i+1}(X, Λ(n)) −→ H^{i+1}(X, Λ(n)).

Since Im(σ^′_2) = H^{i+1}_{ur} (X, Λ(n)) by definition, the claim (i) follows from the above diagram. The second assertion immediately follows from the fact that H^1_f (k, A) = Im(H^1(F, A)_{Div} → H^1(k, A)). This completes the proof of Sublemma 5.3.8. □

564 S. Saito and K. Sato

We prove Lemma 5.3.5 in the case that k is global with p ≥ 5. Let W and W^0 be as in (5.3.2) and (5.3.4), respectively, and put

A := H^2(X, Q_p/Z_p(2)).

Note that (W^0)_{Div} = W_{Div} by H0. By a similar argument as for Lemma 2.4.1, we have W_{Div} = lim−→

Σ⊂U⊂S

H^3(X_U , τ_{≤2}Rj_{U∗}Q_p/Z_p(2))_{Div}.

Here the limit is taken over all non-empty open subsets U ⊂ S which contain Σ, and j_U denotes the natural open immersion X_U [p^{−1}] → X_U . By this equality and the definition of H^1_g (k, A) (cf. Definition 2.1.1), it suffices to show the following sublemma:

Sublemma 5.3.9 Let U be an open subset of S containing Σ, and fix an open subset U^′ of U \ Σ for which X_U ′ → U^′ is smooth (and proper). Put W_U := H^3(X_U , τ_{≤2}Rj_{U∗}Q_p/Z_p(2)). Then for any x ∈ (W_U )_{Div}, its diagonal image

x = (x_v)_{v∈S}1 ∈ � v∈(U^′)^1

H^1(k_v , A) H^1_f (k_v , A) × � v∈S\U^′

H^1(k_v , A) H^1_g (k_v , A)

is zero.

Proof. Since (W_U )_{Div} is divisible, it suffices to show that x is killed by a positive integer independent of x. By Lemma 5.3.8, x_v with v ∈ (U^′)^1 is killed by #(A/A_{Div}). Next we compute x_v with v ∈ Σ. Let X_v and j_v : X_v → X_v be as in 1.9, and put

W_v := H^3(X_v , τ_{≤2}Rj_{v∗}Q_p/Z_p(2)).

By H0 over k, we have Im � (W_U )_{Div} → W_v � ⊂ Ker � W_v → H^3(X, Q_p/Z_p(2)

�_{Div} . Hence Corollary 2.2.3 and Lemma 3.5.4 imply that x_v = 0 for v ∈ Σ. Finally, because the product of the other components � v∈S\(U^′ ∪Σ)

H^1(k_v , A) H^1_g (k_v , A)

is a finite group, we see that all local components of x are annihilated by a positive integer independent of x. Thus we obtain the sublemma and Lemma 5.3.5. □

5.4 Proof of Theorem 5.1.1, Step 3

We reduce Proposition 5.2.2 to Key Lemma 5.4.1 below. We replace the conditions in Proposition 5.2.2 with another condition p-adic Regulator and Finiteness 565

N1: We have Im(ω) = Im(ν) in (5.3.3), and Coker � reg_{Qp/Zp}

�_{Div} is cofinitely generated over Z_p. Here reg_{Qp/Zp} denotes the regulator map (3.2.1).

Indeed, assuming H0, H1∗ and either p ≥ 5 or (∗_g), we see that N1 holds by Corollary 5.3.7 and the fact that the quotient H(k, A)_{Div}/H^1_g (k, A)_{Div}, with A = H^2(X, Q_p/Z_p(2)), is cofinitely generated over Z_p for (cf. Lemma 2.4.1). Thus Proposition 5.2.2 is reduced to the following:

Key Lemma 5.4.1 Assume H0 and N1. Then we have Ker(d)_{Div} = 0. This lemma will be proved in the next section.

6 Proof of the Key Lemma

The notation remains as in the previous section. We always assume 1.8.1 throughout this section. The aim of this section is to prove Key Lemma 5.4.1.

6.1 Proof of Key Lemma 5.4.1 Let d : H^3(X, Q_p/Z_p(2)) −→ � v∈S^1 � y∈(Y_v )^0

H^4_y (X, T_∞(2))

be the map induced by d in (5.2.1). Put Θ := H^3(X, Q_p/Z_p(2)) � N^1H^3(X, Q_p/Z_p(2))_{Div} � and let ~Θ ⊂ Θ be the image of Ker(d). Note that we have

~Θ = Ker � Θ → gr^0_N H^3(X, Q_p/Z_p(2))^d→ � v∈S^1 � y∈(Y_v )^0 H 4 y (X, T_∞(2)) � and a short exact sequence

0 −→ Cotor(N^1H^3(X, Q_p/Z_p(2))) −→ ~Θ −→ Ker(d) −→ 0.

If k is global, the assumption of Proposition 3.3.2 (2) is satisfied by the condition N1. Hence Cotor(N^1H^3(X, Q_p/Z_p(2))) is finite in both cases k is local and global (cf. Proposition 3.3.2, (3.3.1)). By the above short exact sequence and Lemma 2.3.2 (3), our task is to show ~Θ_{Div} = 0, assuming H0 and N1.

Let F^• be the filtration on H^3(X, Q_p/Z_p(2)) resulting from the Hochschild-Serre spectral sequence (2.6.2). We define the filtration F^• on Θ as that induced by F^•H^3(X, Q_p/Z_p(2)), and define the filtration F^• ~Θ ⊂ ~Θ as the pull-back of F^•Θ. Since H0 implies the finiteness of gr^0_F ~Θ, it suffices to show (F^1 ~Θ)_{Div} = 0, assuming N1. (6.1.1) The following lemma will play key roles:

566 S. Saito and K. Sato

Lemma 6.1.2 Suppose that k is local. Then the following composite map has finite kernel:

d_2 : H^2(k, H^1(X, Q_p/Z_p(2)) −→ H^3(X, Q_p/Z_p(2))^d−→ � y∈Y^0

H^4_y (X, T_∞(2)).

Here the first map is obtained by the Hochschild-Serre spectral sequence (2.6.2) and the fact that cd(k) = 2 (cf. §2.6). Consequently, the group F^2H^3(X, Q_p/Z_p(2)) ∩ Ker(d) is finite.

Admitting this lemma, we will prove (6.1.1) in §§6.2–6.3. We will prove Lemma 6.1.2 in §6.4.

6.2 Proof of (6.1.1) in the Local Case

We prove (6.1.1) assuming that k is local and that Lemma 6.1.2 holds. Let F be the residue field of k. By Lemma 6.1.2, F^2 ~Θ is finite. We prove that Im(F^1 ~Θ → gr^1_F Θ) is finite, which is exactly the finiteness of gr^1_F ~Θ and implies (6.1.1). Let W and W^0 be as in (5.3.2) and (5.3.4), respectively. N1 implies

gr^1_F Θ ≃ F^1H^3(X, Q_p/Z_p(2)) � (W^0)_{Div} + F^2H^3(X, Q_p/Z_p(2)) � . (6.2.1)

If p ≠ ch(F), then the group on the right hand side is clearly finite. If p = ch(F), then Lemma 6.2.2 below implies that the image of F^1 ~Θ → gr^1_F Θ is a subquotient of Cotor(W^0), which is finite by the proof of Lemma 3.5.4. Thus we are reduced to

Lemma 6.2.2 If p = ch(F), then Ker(d) ⊂ W .

We do not need to assume H0 or N1 in this lemma.

Proof. Let the notation be as in 1.10. Note that W = H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) by definition. There is a commutative diagram with distinguished rows in D^b(X, Z/p^r)

Tr(2) � t � Rj∗μ^{⊗2}_pr � Ri_∗Ri^!T_r (2)[1] �

Ri∗Ri!(t)[1] � Tr (2)[1]

t[1] � τ_{≤2}Rj∗μ^{⊗2}_pr � Rj∗μ^{⊗2}_pr � Ri∗Ri^!(τ_{≤2}Rj∗μ^{⊗2}_pr )[1] � (τ_{≤2}Rj∗μ^{⊗2}_pr )[1],

where t is as in (S5) in §4.1. The central square of this diagram gives rise to the left square of the following commutative diagram (whose rows are not exact):

H^3(X, Qp/Zp(2)) −→ H^4_Y (X, T∞(2)) −→ � y∈Y 0

H^4_y (X, T∞(2)) � � � � � � � � � H^3(X, Qp/Zp(2))^{ϵ1}−→ H^0(Y, i^∗R^3j∗Qp/Zp(2))^{ϵ2}−→ � y∈Y 0

H^0(y, i^∗R^3j∗Qp/Zp(2)).

(6.2.3) p-adic Regulator and Finiteness 567

Here the middle and the right vertical arrow is obtained from the composite morphism

Ri_∗Ri^!T_r(2)[1]^{Ri∗ Ri!(t)[1]}

−−−−−−−−→ Ri_∗Ri^!τ_{≤2}Rj_∗μ^{⊗2}_pr [1]^∼←− τ_{≥3}Rj_∗μ^{⊗2}_pr , and the right square commutes by the functoriality of restriction maps. The composite of the upper row is d. We have Ker(ϵ_1) = W obviously, and ϵ_2 is injective by the second assertion of Lemma 3.5.5. Hence we have Ker(d) ⊂ Ker(ϵ_2 ∘ϵ_1) = Ker(ϵ_1) = W . □

6.3 Proof of (6.1.1) in the Global Case We prove (6.1.1) assuming that k is global and that Lemma 6.1.2 holds. Let W and W^0 be as in (5.3.2) and (5.3.4), respectively. N1 implies

gr^1_F Θ ≃ F^1H^3(X, Q_p/Z_p(2)) � (W^0)_{Div} + F^2H^3(X, Q_p/Z_p(2)) � . (6.3.1) We first prove the following lemma, where we do not assume H0 or N1: Lemma 6.3.2 Ker(d) ⊂ W .

Proof. We use the notation in 1.9. By the same argument as for the proof of Lemma 6.2.2, we obtain a commutative diagram analogous to (6.2.3)

H^3 (X, Q_p/Z_p(2)) −→ � v∈S1

H^4_{Yv} (X, T_∞(2)) −→ � v∈S1 � y∈(Yv )0

H^4_y (X, T_∞(2)) � � � � � � � � � H^3 (X, Q_p/Z_p(2))^{ϵ1}−→ � v∈Σ H^0 (Y_v , i^∗_v R^3 j_{v∗} Q_p/Z_p(2))^{ϵ2}−→ � v∈Σ � y∈(Yv )0

H^0 (y, i^∗_v R^3 j_{v∗}Q_p /Z_p(2))

The composite of the upper row is d. The assertion follows from the facts that Ker(ϵ_1) = W and that ϵ_2 is injective (cf. Lemma 3.5.5). □ We prove (6.1.1). By Lemma 2.3.2 (4), it suffcies to show that (F^2 ~Θ)_{Div} = 0 = (gr^1_F ~Θ)_{Div}.

Since F^2H^3(X, Q_p/Z_p(2))∩Ker(d) has a finite exponent (Corollary 2.6.3 (2), Lemma 6.1.2), we have (F^2 ~Θ)_{Div} = 0. We show (gr^1_F ~Θ)_{Div} = 0. By (6.3.1) and Lemma 6.3.2, we have

gr^1_F ~Θ ⊂ Ξ := W^0/((W^0)_{Div} + Z) with Z := W^0 ∩ F^2H^3(X, Q_p/Z_p(2)). By Corollary 2.6.3 (1), Cotor(Z) has a finite exponent, which implies

(gr^1_F ~Θ)_{Div} ⊂ Ξ_{Div} = Cotor(W^0)_{Div} = 0 (cf. Lemma 2.3.2 (3)). Thus we obtain (6.1.1).

568 S. Saito and K. Sato

6.4 Proof of Lemma 6.1.2

The case that k is p-adic local follows from [Sat1] Theorem 3.1, Lemma 3.2 (1) (cf. [Ts3]). More precisely, X is assumed in [Sat1] §3 to have strict semistable reduction, but one can remove the strictness assumption easily. The details are left to the reader.

We prove Lemma 6.1.2 assuming that k is ℓ-adic local with ℓ ≠ p. Note that in this case X /S may not have semistable reduction. If X /S has strict semistable reduction, then the assertion is proved in [Sat1] Theorem 2.1. We prove the general case. Put Λ := Q_p/Z_p

for simplicity. By the alteration theorem of de Jong [dJ], we take a proper generically finite morphism f : X^′ → X such that X^′ has strict semistable reduction over the normalization S^′ = Spec(o_k′ ) of S in X^′. sNote that d_2 is the composite of a composite map

d_3 : H^2(k, H^1(X, Λ(2)) −→ H^3(X, Λ(2))^{δloc}−→ H^4_Y (X, Λ(2))

with a pull-back map

H^4_Y (X, Λ(2)) −→ � y∈Y^0

H^4_y (X, Λ(2)). (6.4.1)

Here the arrow δ^{loc} is the boundary map of a localization exact sequence. There is a commutative diagram

H^2(k, H^1(X, Λ(2)))^{d3} �

f^∗ � H^4_Y (X, Λ(2))

f^∗ � H^2(k^′, H^1(X^′, Λ(2)))^d ′ 3 � H 4_{Y ′} (X ′, Λ(2)),

where X^′ := X^′ ⊗_{ok′} k and Y^′ denotes the closed fiber of X^′/S^′. We have already shown that Ker(d^′_3) is finite, and a standard norm argument shows that the left vertical arrow has finite kernel. Thus Ker(d_3) is finite as well. It remains to show

Lemma 6.4.2 Im(d_3) ∩ N^2H^4_Y (X, Λ(2)) is finite, where N^2H^4_Y (X, Λ(2)) denotes the kernel of the map (6.4.1).

Proof. First we note that

Im(d_3) ⊂ Im � H^1(F, H^3_Y (X^{ur}, Λ(2))) → H^4_Y (X, Λ(2)) � . Indeed, this follows from the fact that d_3 factors as follows:

H^2(k, H^1(X, Λ(2))) ≃ H^1(F, H^1(k^{ur}, H^1(X, Λ(2)))) −→ H^1(F, H^2(X^{ur}, Λ(2))) −→ H^1(F, H^3_Y (X^{ur}, Λ(2))) −→ H^4_Y (X, Λ(2)).

p-adic Regulator and Finiteness 569

Hence it suffices to show the finiteness of the kernel of the composite map

υ : H^1(F, H^3_Y (X^{ur}, Λ(2))) −→ H^4_Y (X, Λ(2)) −→ � y∈Y^0

H^4_y (X, Λ(2)).

There is a commutative diagram with exact rows and columns

CHd−2(Y ) ⊗ Λ � � � ι � CH_{d−2}(Y ) ⊗ Λ � � � H^1(F, H^3_Y (X^{ur}, Λ(2))) � � �

υ � � � � H^4_Y (X, Λ(2)) �

� H^4_Y (X^{ur}, Λ(2)) � � y∈Y 0

H^4_y (X, Λ(2)) � � η∈(Y )0

H^4_η (X^{ur}, Λ(2)),

whose columns arise from the isomorphisms

N^2H^4_Y (X, Λ(2)) ≃ CH_{d−2}(Y ) ⊗ Λ, N^2H^4_Y (X^{ur}, Λ(2)) ≃ CH_{d−2}(Y ) ⊗ Λ

with d := dim(X ) (see Lemma 4.2.3 (2), noting that T_∞(2) = Λ(2) in this situation). The middle exact row arises from the Hochschild-Serre spectral sequence for the covering X^{ur} → X . A diagram chase shows that Ker(υ) ≃ Ker(ι), and we are reduced to showing the finiteness of Ker(ι). Because the natural restriction map

CH_{d−2}(Y )/CH_{d−2}(Y )_{tors} → CH_{d−2}(Y )/CH_{d−2}(Y )_{tors}

is injective by the standard norm argument, the finiteness of Ker(ι) follows from the following general lemma:

Lemma 6.4.3 Let e be a positive integer and let Z be a scheme which is separated of finite type over F := F with dim(Z) ≤ e. Then the group CH_{e−1}(Z)/CH_{e−1}(Z)_{tors} is a finitely generated abelian group.

Proof of Lemma 6.4.3. Obviously we may suppose that Z is reduced. We first reduced the problem to the case where Z is proper. Take a dense open immersion Z → Z^′ with Z^′ is proper. Writing Z^{′′} for Z^′ \ Z, there is an exact sequence

CH_{e−1}(Z^{′′}) −→ CH_{e−1}(Z^′) −→ CH_{e−1}(Z) −→ 0,

where CH_{e−1}(Z^{′′}) is finitely generated free abelian group because dim(Z^{′′}) ≤ e − 1. Let f : ~Z → Z be the normalization. Since f is birational and finite, one easily sees that the cokernel of f_∗ : CH_{e−1}( ~Z) → CH_{e−1}(Z) is finite. Thus we may assume Z is a proper normal variety of dimension e over F . Since F is algebraically closed, Z has an F -rational point. Now the theory of Picard functor (cf. [Mu] §5) implies the functorial isomorphisms CH_{e−1}(Z) ≃ Pic_{Z/F} (F ), where Pic_{Z/F} denotes the Picard

570 S. Saito and K. Sato

functor for Z/F . This functor is representable by a group scheme and fits into the exact sequence of group schemes 0 −→ Pic^τ_{Z/F} −→ Pic_{Z/F} −→ NS_{Z/F} −→ 0, where Pic^τ_{Z/F} is quasi-projective over F and the reduce part of NS_{Z/F} is associated with a finitely generated abelian group. Since F is the algebraic closure of a finite field, the group Pic^τ_{Z/F} (F ) is torsion. Lemma 6.4.3 follows immediately from these facts. □ This completes the proof of Lemma 6.4.2, Lemma 6.1.2 and the key lemma 5.4.1. □

7 Cokernel of the Regulator Map

Let k, S, p, X and K be as in the notation 1.8. We always assume 1.8.1 throughout this section. For a proper smooth geometrically integral variety Z over a finite field F. we say that the Tate conjecture holds in codimension 1 for Z, if the étale cycle class map CH^1(Z) ⊗ Q_ℓ −→ H^2(Z ⊗_F F, Q_ℓ(1))^{GF} is surjective for a prime number ℓ ≠ ch(F) ([Ta1], [Ta2]). By [Mi1] Theorems 4.1 and 6.1, this condition is independent of ℓ ≠ ch(F) and equivalent to that the Grothendieck-Brauer group Br(Z) = H^2(Z, G_m) is finite.

7.1 Statement of the Result Let C be the category of Z_p-modules modulo the Serre subcategory consisting of p-primary torsion abelian groups of finite-exponent. In this section, we prove the following result, which implies Theorem 1.3 (2) (see the beginning of §3 for H0): Theorem 7.1.1 Assume H0 and either p ≥ 5 or the equality

H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div} = H^1(k, H^2(X, Q_p/Z_p(2)))_{Div}. (∗_g) Assume further the following conditions:

T: The reduced part of every closed fiber of X /S has simple normal crossings on X , and the Tate conjecture holds in codimension 1 for the irreducible components of those fibers.

F: Cotor(CH^2(X)_{p-tors}) has a finite exponent. Then there exists a short exact sequence in C

0 −→ CH^2(X)_{p-tors} −→

H^1_g (k, H^2_{ét}(X, Q_p/Z_p(2))) Im(reg_{Qp/Zp} )

−→ H^3_{ur}(K, X; Q_p/Z_p(2)).

Moreover the image of the last map contains H^3_{ur}(K, X; Q_p/Z_p(2))_{Div}. This result is a generalization of Theorems 3.1.1 and 5.1.1 under the assumption T. The formulation of Theorem 7.1.1 in this final version was much inspired by discussions with Masanori Asakura.

p-adic Regulator and Finiteness 571 7.2 Proof of Theorem 7.1.1 Let d : H^3(X, Q_p/Z_p(2)) −→ � v∈S � y∈(Y_v )^0

H^4_y (X, T_∞(2)).

be the map induced by d in (5.2.1). Let W be as in (5.3.2) and let W^0 be as in (5.3.4). We need the following two lemmas:

Lemma 7.2.1 Assume that T holds. Then we have W_{Div} ⊂ Ker(d) + F^2H^3(X, Q_p/Z_p(2)).

Lemma 7.2.2 Assume either p ≥ 5 or (∗_g). Then we have Im(ω) = H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div}, where ω is as in (5.3.3).

Lemma 7.2.1 will be proved in §§7.4–7.5 below, and Lemma 7.2.2 will be proved in §7.3 below. We prove Theorem 7.1.1 in this subsection, admitting these lemmas. Let H^3 := H^3(X, Q_p/Z_p(2)), N^1H^3 ⊂ H^3 and F^iH^3 ⊂ H^3 be as in §3.4, and put

NF^1H^3 := N^1H^3 ∩ F^1H^3 and A := H^2(X, Q_p/Z_p(2)). We see that Cotor(N^1H^3) has a finite exponent (7.2.3) by the exact sequence (3.3.1) and the assumption F, and moreover that Cotor(NF^1H^3) has a finite exponent (7.2.4) by H0.

We work in C for a while to simplify the arguments. By H0, (3.3.1) and Lemma 3.3.5, there is a short exact sequence in C

0 −→ CH^2(X)_{p-tors} −→ H^1(k, A)/Im(reg_{Qp/Zp} ) −→ H^1(k, A)/NF −→ 0, where NF denotes the image of NF^1H^3 in H^1(k, A). By the assumption ‘p ≥ 5 or (∗_g)’ and Lemma 3.5.2, the composite map (NF^1H^3)_{Div} → F^1H^3 → H^1(k, A) factors through H^1_g (k, A). Therefore we obtain a short exact sequence in C 0 −→ CH^2(X)_{p-tors} −→ H^1_g (k, A)/Im(reg_{Qp/Zp} ) −→ H^1_g (k, A)/NF_{Div} −→ 0, whose exactness follows from (7.2.4) and the fact that the natural map (NF^1H^3)_{Div} → NF_{Div} is surjective (cf. Corollary 2.6.3 (1) and Lemma 2.3.2 (3)). It remains to construct an injective map α : H^1_g (k, A)/NF_{Div} → H^3_{ur}(K, X; Q_p/Z_p(2)) in C

572 S. Saito and K. Sato

whose image contains H^3_{ur}(K, X; Q_p/Z_p(2))_{Div}.

We work in the usual category Z_p-modules in what follows. There are Z_phomomorphisms

H^3_{ur}(K, X; Q_p/Z_p(2)) �

�_ι � H^3/N^1H^3

π (finite-exponent kernel) � H^3/(N^1H^3 + F^2H^3),

(7.2.5)

where ι is induced by the definition of H^3_{ur}(K, X; Q_p/Z_p(2)) and Ker(π) has a finite exponent by Lemma 3.3.5 (i.e., π is an isomorphism in C ). On the other hand, there is a diagram of Z_p-submodules of H^3

(N^1H^3)_{Div} � � � � �

N^1H^3 ∩ W_{Div} � � � � � � � � W_{Div} �

�_{7.2.1} � � �

Ker(d) + F^2H^3

N^1H^3 � � � Ker(d) �

�_{6.2.2 and 6.3.2} � W , where the inclusion Ker(d) ⊂ W is obvious when k is ℓ-adic local with ℓ ≠ p. Since N^1H^3 ∩ W_{Div} is divisible up to a finite-exponent group by (7.2.3), we have

W_{Div}/(N^1H^3 ∩ W_{Div}) ≃ (W /N^1H^3)_{Div} (7.2.6)

by Lemma 2.3.2 (3). Now for a subgroup M ⊂ H^3, let M be its image into H^3/(N^1H^3 + F^2H^3). Then we have W_{Div} ⊂ Ker(d) ⊂ W by the above diagram, and moreover W_{Div} = � Ker(d) � Div = (W )_{Div} (7.2.7)

by (7.2.6) and the fact that Ker(π) has a finite exponent (cf. Lemma 2.3.2 (3)). Noting that Coker(H^1_g (k, A)) has a finite exponent (Remark 2.4.9 (1)), we define the desired map α in C as that induced by the following diagram:

H^1_g (k, A)/NF_{Div}^α � H^3_{ur}(K, X; Q_p/Z_p(2)) π∘ι � H^1_g (k, A)_{Div}/NF_{Div} � �

τ � � (W )_{Div} � � � Ker(d),

where the right vertical map is surjective by the definition of H^3_{ur}(K, X; Q_p/Z_p(2)) and has finite-exponent kernel by the diagram (7.2.5). The arrow τ is obtained from Lemma 7.2.2, which is surjective by H0 and has finite-exponent kernel by (7.2.4). By the last fact, α is injective in C . Finally Im(α) contains H^3_{ur}(K, X; Q_p/Z_p(2))_{Div} by the surjectivity of τ and (7.2.7). Thus we obtain Theorem 7.1.1 assuming Lemmas 7.2.1 and 7.2.2.

p-adic Regulator and Finiteness 573

7.3 Proof of Lemma 7.2.2 If k is local, then the assertion follows from Corollary 2.2.3 and Lemma 3.5.4. We show the inclusion Im(ω) ⊃ H^1_g (k, H^2(X, Q_p/Z_p(2)))_{Div}, assuming that k is global (the inclusion in the other direction has been proved in Lemma 5.3.5). Put A := H^2(X, Q_p/Z_p(2)). By Lemma 2.3.2 (3), it is enough to show the following:

(i) The image of the composite map

W^0 � � � F^1H^3(X, Q_p/Z_p(2))^ψ � H^1(k, A) contains H^1_g (k, A)_{Div}, where the arrow ψ is as in (3.5.1).

(ii) The kernel of this composite map is cofinitely generated up to a finite-exponent group.

(ii) follows from Corollary 2.6.3 (1). We prove (i) in what follows. We use the notation fixed in 1.9. Let U ⊂ S be a non-empty open subset which contains Σ and for which X_U → U is smooth outside of Σ. Let j_U : X_U [p^{−1}] → X_U be the natural open immersion. Put U^′ := U \ Σ and Λ := Q_p/Z_p. For v ∈ Σ, put M_v := F^1H^3(X_v , Λ(2))/(H^3(X_v , τ_{≤2}R(j_v)_∗Λ(2))^0)_{Div}, where the superscript 0 means the subgroup of elements which vanishes in H^3(X, Λ(2)) ≃ H^3(X_v ⊗_{kv} k_v , Λ(2)).

We construct a commutative diagram with exact rows

0 � Ker(rU ) �

c_U �

F^1H^3(X_U [p^{−1}], Λ(2))^{rU} �

ψ_U �

� v∈Σ M_v

b_Σ � 0 � Ker(aU ) � H^1(U, A)^{aU} � � v∈Σ H^1_{/g}(k_v , A),

where F^1 on H^3(X_U [p^{−1}], Λ(2)) means the filtration resulting from the Hochschild- Serre spectral sequence (3.2.3) for X_U [p^{−1}], and ψ_U is an edge homomorphism of that spectral sequence. The arrows r_U and a_U are natural pull-back maps, and we put H^1_{/g} (k_v , A) := H^1(k_v , A)/H^1_g (k_v , A).

The existence of b_Σ follows from the local case of Lemma 7.2.2, and c_U denotes the map induced by the right square. Note that Ker(a_U ) contains H^1_{f,U} (k, A). Now let c : W^† := lim−→

Σ⊂U⊂S

Ker(r_U ) −→ lim−→

Σ⊂U⊂S

Ker(a_U )

be the inductive limit of c_U , where U runs through all non-empty open subsets of S which contains Σ and for which X_U → U is smooth outside of Σ. Because the group on the right hand side contains H^1_g (k, A), it remains to show that

574 S. Saito and K. Sato (iii) Coker(c) has a finite exponent. (iv) W^† is contained in W^0.

(iv) is rather straight-forward and left to the reader. We prove (iii). For U ⊂ S as above, applying the snake lemma to the above diagram, we see that the kernel of the natural map Coker(c_U ) −→ Coker(ψ_U ) is a subquotient of Ker(b_Σ ). By the local case of Lemma 7.2.2, we have Ker(b_Σ ) ≃ � v∈Σ Im(F^2H^3(X_v , Λ(2)) → M_v)

and the group on the right hand side is finite by Lemma 7.5.1 below. On the other hand Coker(ψ_U ) is zero if p ≥ 3, and killed by 2 if p = 2. Hence passing to the limit, we see that Coker(c) has a finite exponent. This completes the proof of Lemma 7.2.2.

7.4 Proof of Lemma 7.2.1, Step 1 We start the proof of Lemma 7.2.1. Our task is to show the inclusion d(W_{Div}) ⊂ d(F^2H^3(X, Q_p/Z_p(2))). (7.4.1) If k is global, then the assertion is reduced to the local case, because the natural map F^2H^3(X, Q_p/Z_p(2)) −→ � v∈S^1

F^2H^3(X_v, Q_p/Z_p(2))

has finite cokernel by Corollary 2.6.3 (2).

Assume now that k is local. In this subsection, we treat the case that k is ℓ-adic local with ℓ ≠ p. We use the notation fixed in 1.10. Recall that Y has simple normal crossings on X by the assumption T. Note that d factors as

H^3(X, Q_p/Z_p(2)) −→ H^4_Y (X, Q_p/Z_p(2))^ι−→ � y∈Y^0

H^4_y (X, Q_p/Z_p(2)),

and that Im(d) ⊂ Im(ι). There is a short exact sequence

0 → H^1(F, H^3_Y (X^{ur}, Q_p/Z_p(2))) → H^4_Y (X, Q_p/Z_p(2)) → H^4_Y (X^{ur}, Q_p/Z_p(2))^{GF} → 0 arising from a Hochschild-Serre spectral sequence. We have Ker(ι) ≃ CH_{d−2}(Y ) ⊗ Q_p/Z_p with d := dim(X ) by Lemma 4.2.3 (2). Hence to show the inclusion (7.4.1), it suffices to prove Proposition 7.4.2 (1) Assume that T holds. Then the composite map CH_{d−2}(Y ) ⊗ Q_p/Z_p −→ H^4_Y (X, Q_p/Z_p(2)) −→ H^4_Y (X^{ur}, Q_p/Z_p(2))^{GF} (7.4.3) p-adic Regulator and Finiteness 575 is an isomorphism up to finite groups. Consequently, we have Im(ι) ≃ H^1(F, H^3_Y (X^{ur}, Q_p/Z_p(2))) up to finite groups.

(2) The image of the composite map

H^2(k, H^1(X, Q_p/Z_p(2))) −→ H^3(X, Q_p/Z_p(2)) −→ H^4_Y (X, Q_p/Z_p(2)) contains H^1(F, H^3_Y (X^{ur}, Q_p/Z_p(2)))_{Div}.

We first show the following lemma:

Lemma 7.4.4 (1) Consider the Mayer-Vietoris spectral sequence obtained from the absolute purity (cf. [RZ], [Th], [FG]) E^{u,v}_1 = H^{2u+v−2}(Y^{(−u+1)}, Q_p/Z_p(u + 1)) =⇒ H^{u+v}_Y (X^{ur}, Q_p/Z_p(2)), (7.4.5) where Y^{(q)} denotes the disjoint union of q-fold intersections of distinct irreducible components of the reduced part of Y . Then there are isomorphisms up to finite groups H^1(F, H^3_Y (X^{ur}, Q_p/Z_p(2))) ≃ H^1(F, E^{−1,4}_2 ),

H^4_Y (X^{ur}, Q_p/Z_p(2))^{GF} ≃ (E^{0,4}_2 )^{GF} .

(2) As a G_F-module, H^0(k^{ur}, H^2(X, Q_p)) has weight ≤ 2.

Proof of Lemma 7.4.4. (1) Since E^{u,v}_1 = 0 for any (u, v) with u > 0 or 2u + v < 2, there is a short exact sequence 0 −→ E^{0,3}_2 −→ H^3_Y (X^{ur}, Q_p/Z_p(2))) −→ E^{−1,4}_2 −→ 0, (7.4.6) and the edge homomorphism

E^{0,4}_2 � � � H^4_Y (X^{ur}, Q_p/Z_p(2))), (7.4.7)

where we have E^{−1,4}_2 = Ker(d^{−1,4}_1 ) and E^{0,4}_2 = Coker(d^{−1,4}_1 ) and d^{−1,4}_1 is the Gysin map H^0(Y^{(2)}, Q_p/Z_p) → H^2(Y^{(1)}, Q_p/Z_p(1))). Note that E^{u,v}_1 is pure of weight v − 4 by Deligne’s proof of the Weil conjecture [De2], so that H^i(F, E^{u,v}_∞ ) (i = 0, 1) is finite unless v = 4. The assertions immediately follow from these facts.

(2) By the alteration theorem of de Jong [dJ], we may assume that X is projective and has semistable reduction over S. If X is a surface, then the assertion is proved in [RZ]. Otherwise, take a closed immersion X → P^N_S =: P. By [JS] Proposition 4.3 (b), there exists a hyperplane H ⊂ P which is flat over S and for which Z := X ×_P H is regular with semistable reduction over S. The restriction map

576 S. Saito and K. Sato

H^2(X, Q_p) → H^2(Z, Q_p) (Z := Z ×_{ok} k) is injective by the weak and hard Lefschetz theorems. Hence the claim is reduced to the case of surfaces. This completes the proof of the lemma. □

Proof of Proposition 7.4.2. (1) Note that the composite map (7.4.3) in question has finite kernel by Lemma 6.4.3 and the arguments in the proof of Lemma 6.4.2. We prove that (7.4.3) has finite cokernel, assuming T. By the Kummer theory, there is a short exact sequence

0 −→ Pic(Y^{(1)}) ⊗ Q_p/Z_p −→ H^2(Y^{(1)}, Q_p/Z_p(1)) −→ Br(Y^{(1)})_{p-tors} −→ 0 (7.4.8) and the differential map d^{−1,4}_1 of the spectral sequence (7.4.5) factors through the Gysin map H^0(Y^{(2)}, Q_p/Z_p) −→ Pic(Y^{(1)}) ⊗ Q_p/Z_p,

whose cokernel is CH_{d−2}(Y ) ⊗ Q_p/Z_p. Hence in view of the computations in the proof of Lemma 7.4.4 (1), the Gysin map

CH_{d−2}(Y ) ⊗ Q_p/Z_p → H^4_Y (X^{ur}, Q_p/Z_p(2))

(cf. Lemma 4.2.3 (2)) factors through the map (7.4.7) and we obtain a commutative diagram

CH_{d−2}(Y ) ⊗ Q_p/Z_p^{(7.4.3)} � � H^4_Y (X^{ur}, Q_p/Z_p(2))^{GF}

(CH_{d−2}(Y ) ⊗ Q_p/Z_p)^{GF} � (E^{0,4}_2 )^{GF} ,

(7.4.7) �

where the left vertical arrow has finite cokernel (and kernel) by Lemma 6.4.3 and a standard norm argument. The right vertical arrow has finite cokernel (and is injective) by Lemma 7.4.4 (1). Thus it suffices to show that the bottom horizontal arrow has finite cokernel. By the exact sequence (7.4.8), there is a short exact sequence

0 −→ CH_{d−2}(Y ) ⊗ Q_p/Z_p −→ E^{0,4}_2 −→ Br(Y^{(1)})_{p-tors} −→ 0.

Our task is to show that � Br(Y^{(1)})_{p-tors}

�_{GF} is finite, which follows from the assumption T and the finiteness of the kernel of the natural map

H^1(G_F, Pic(Y^{(1)}) ⊗ Q_p/Z_p) −→ H^1(G_F, H^2(Y^{(1)}, Q_p/Z_p(1)))

(cf. Lemma 7.6.2 in §7.6 below). Thus we obtain the assertion.

(2) Since cd(k^{ur}) = 1, there is a short exact sequence

0 → H^1(k^{ur}, H^1(X, Qp/Zp(2))) → H^2(X^{ur}, Qp/Zp(2)) → H^2(X, Qp/Zp(2))^{Gkur} → 0 p-adic Regulator and Finiteness 577 arising from a Hochschild-Serre spectral sequence. By Lemma 7.4.4 the last group has weight ≤ −2, and we have isomorphisms up to finite groups

H^2(k, H^1(X, Q_p/Z_p(2))) ≃ H^1(F, H^1(k^{ur}, H^1(X, Q_p/Z_p(2)))) ≃ H^1(F, H^2(X^{ur}, Q_p/Z_p(2))). (7.4.9) Now we plug the short exact sequence (7.4.6) into the localization exact sequence H^2(X^{ur}, Q_p/Z_p(2)) −→ H^3_Y (X^{ur}, Q_p/Z_p(2)))^α−→ H^3(X^{ur}, Q_p/Z_p(2)).

Note that H^3(X^{ur}, Q_p/Z_p(2)) ≃ H^3(Y , Q_p/Z_p(2)), so that it has weight ≤ −1 (cf. [De2]). Let E^{u,v}_2 be as in (7.4.5). Since E^{−1,4}_2 is pure of weight 0, the induced map E^{−1,4}_2 −→ H^3(X^{ur}, Q_p/Z_p(2)))/α(E^{0,3}_2 ) has finite image. Hence the composite map

H^2(X^{ur}, Q_p/Z_p(2)) −→ H^3_Y (X^{ur}, Q_p/Z_p(2))) −→ E^{−1,4}_2 has finite cokernel, and the following map has finite cokernel as well: H^1(F, H^2(X^{ur}, Q_p/Z_p(2))) −→ H^1(F, E^{−1,4}_2 ).

Now Proposition 7.4.2 (2) follows from this fact together with (7.4.9) and the first isomorphism in Lemma 7.4.4 (1). □ Remark 7.4.10 Let J be the set of the irreducible components of Y^{(2)} and put Δ := Ker � g^′ : Z^J → NS(Y^{(1)}) � with NS(Y^{(1)}) := � y∈Y^0

NS(Y_y ),

where for y ∈ Y^0, Y_y denotes the closure {y} ⊂ Y and NS(Y_y) denotes its Néron- Severi group. The arrow g^′ arises from the Gysin map Z^J → Pic(Y^{(1)}). One can easily show, assuming T and using Lemma 7.6.2 in §7.6 below, that the corank of H^1(F, E^{−1,4}_2 ) over Z_p is equal to the rank of Δ over Z. Hence Proposition 7.4.2 (2) implies the inequality dim_{Qp} (H^2(k, H^1(X, Q_p(2))) ≥ dim_Q(Δ ⊗ Q), (7.4.11) which will be used in the next subsection. 7.5 Proof of Lemma 7.2.1, Step 2 We prove Lemma 7.2.1, assuming that k is p-adic local (see 1.10 for notation). We first show the following lemma: Lemma 7.5.1 We have

F^2H^3(X, Q_p/Z_p(2)) ⊂ H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) (= W ).

578 S. Saito and K. Sato Proof of Lemma 7.5.1. There is a distinguished triangle in D^b(X_{ét}, Z/p^r) by §4.1 (S5)

i_∗ν^1_{Y,r}[−3]^g � T_r(2)^{t′} � τ_{≤2}Rj_∗μ^{⊗2}_pr^σ � i_∗ν^1_{Y,r}[−2]. (7.5.2) Applying Ri^! to this triangle, we obtain a distinguished triangle in D^b(Y_{ét}, Z/p^r)

ν^1_{Y,r}[−3]^{Gys} 2 i � Ri!T_r(2)^{Ri! (t)} � i∗(τ_{≥3}Rj_∗μ^{⊗2}_{pr} )[−1] � ν^1_{Y,r}[−2], (7.5.3)

where Gys^2_i := Ri^!(g) and we have used the natural isomorphism i^∗(τ_{≥3}Rj_∗μ^{⊗2}_pr )[−1] ≃ Ri^!(τ_{≤2}Rj_∗μ^{⊗2}_pr ).

Now let us recall the commutative diagram (6.2.3):

H^3(X, Qp/Zp(2)) −→ H^4_Y (X, T∞(2)) −→ � y∈Y 0

H^4_y (X, T∞(2)) � � � � λ � � H^3(X, Qp/Zp(2))^{ϵ1}−→ H^0(Y, i^∗R^3j∗Qp/Zp(2))^{ϵ2}−→ � y∈Y 0

H^0(y, i^∗R^3j∗Qp/Zp(2)),

where the middle and the right vertical arrows are induced by Ri^!(t) in (7.5.3). By the proof of Lemma 6.2.2, we have H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) = Ker(ϵ_2ϵ_1). Hence it suffices to show the image of the composite map d_2 : H^2(k, H^1(X, Q_p/Z_p(2)) −→ H^3(X, Q_p/Z_p(2))^d−→ � y∈Y^0

H^4_y (X, T_∞(2))

is contained in Ker(λ). By the distinguished triangle (7.5.3), Ker(λ) agrees with the image of the Gysin map

Gys := � y∈Y^0

Gys^2_{iy} : � y∈Y^0

H^1(y, W_∞ Ω^1_{y,log}) → � y∈Y^0

H^4_y (X, T_∞(2)).

On the other hand, d_2 factors into the following maps up to a sign, by the commutativity of the central square in [SH] (4.4.2):

H^2(k, H^1(X, Q_p/Z_p(2))) ≃ H^1(F, H^1(k^{ur}, H^1(X, Q_p/Z_p(2)))) −→ H^1(F, H^2(X^{ur}, Q_p/Z_p(2)))^σ−→ H^1(F, H^0(Y , ν^1_{Y ,∞})) −→ H^1 � F, � η∈Y^0 H

0(η, W_∞ Ω^1_{η,log}) � −→ � y∈Y^0 H

1(y, W_∞ Ω^1_{y,log}) Gys −→ � y∈Y^0 H 4 y (X, T_∞(2)), where ν^1_{Y ,∞} := lim−→_r ν^1_{Y ,r}. Thus we obtain the assertion. □ p-adic Regulator and Finiteness 579 We start the proof of Lemma 7.2.1, i.e., the inclusion (7.4.1), assuming that k is padic local. The triangle (7.5.2) gives rise to the upper exact row of the following commutative diagram with exact rows (cf. [SH] (4.4.2)):

H^3(X, T_r(2)) � H^3(X, τ≤2Rj∗μ^{⊗2}_pr )^{−σ} � � H^1(Y, ν^1_{Y,r})

Gys^2_i � H^3(X, T_r(2)) � H^3(X, μ^{⊗2}_pr ) � H^4_Y (X, T_r(2)), where σ (resp. Gys^2_i ) is as in (7.5.2) (resp. (7.5.3)). Hence the map d restricted to W = H^3(X, τ_{≤2}Rj_∗Q_p/Z_p(2)) factors as

W −→ H^1(Y, ν^1_{Y,∞}) −→ H^4_Y (X, T_∞(2)) −→ � y∈Y^0

H^4_y (X, T_∞(2)),

where ν^1_{Y,∞} := lim−→_r ν^1_{Y,r}. By Lemmas 7.5.1 and 6.1.2, it suffices to show that the corank of Im � H^1(Y, ν^1_{Y,∞}) → � y∈Y^0 H 4 y (X, T_∞(2)) � (7.5.4) is not greater than dim_{Qp} H^2(k, H^1(X, Q_p(2))). We pursue an analogy to the case p ≠ ch(F) by replacing H^4_Y (X, Q_p/Z_p(2)) with H^1(Y, ν^1_{Y,∞}). There is an exact sequence

0 −→ H^1(F, H^0(Y , ν^1_{Y ,∞})) −→ H^1(Y, ν^1_{Y,∞}) −→ H^1(Y , ν^1_{Y ,∞})^{GF} −→ 0 arising from a Hochschild-Serre spectral sequence. By [Sat3] Corollary 2.2.7, there is a Mayer-Vietoris spectral sequence

E^{a,b}_1 = H^{a+b}(Y^{(1−a)}, W_∞ Ω^{1+a}_{Y (1−a) ,log}) =⇒ H^{a+b}(Y , ν^1_{Y ,∞}).

Note that E^{a,b}_1 is of weight b − 1 so that H^i(F, E^{a,b}_1 ) is finite unless b = 1. Thus we obtain isomorphisms up to finite groups H^1(F, H^0(Y , ν^1_{Y ,∞})) ≃ H^1(F, E^{−1,1}_2 ), (7.5.5) H^1(Y , ν^1_{Y ,∞})^{GF} ≃ (E^{0,1}_2 )^{GF} (7.5.6) with E^{−1,1}_2 = Ker(d^{−1,1}_1 ) and E^{0,1}_2 = Coker(d^{−1,1}_1 ), where d^{−1,1}_1 is the Gysin map H^0(Y^{(2)}, Q_p/Z_p) −→ H^1(Y^{(1)}, W_∞ Ω^1_{Y (1) ,log}).

There is an exact sequence of G_F-modules (cf. (7.6.1) below) 0 −→ Pic(Y^{(1)}) ⊗ Q_p/Z_p −→ H^1(Y^{(1)}, W_∞ Ω^1_{Y (1) ,log}) −→ Br(Y^{(1)})_{p-tors} −→ 0.

580 S. Saito and K. Sato

Hence we see that the group (7.5.4) coincides with the image of H^1(F, H^0(Y , ν^1_{Y,∞})) up to finite groups by the condition T, the same computation as for Proposition 7.4.2 (1) and [CTSS] p. 782 Théorème 3. Now we are reduced to showing

dim_{Qp} H^2(k, H^1(X, Q_p(2))) ≥ corank � H^1(F, H^0(Y , ν^1_{Y ,∞})) � = corank � H^1(F, E^{−1,1}_2 ) � , where the last equality follows from (7.5.5). As is seen in Remark 7.4.10, the right hand side is equal to dim_Q(Δ ⊗ Q) under the condition T. On the other hand, by [J2] Corollary 7, the left hand side does not change when one replaces p with another prime p^′. Thus the desired inequality follows from (7.4.11). This completes the proof of Lemma 7.2.1 and Theorem 7.1.1. □

7.6 Appendix to Section 7

Let Z be a proper smooth variety over a finite field F. For a positive integer m, we define the object Z/mZ(1) ∈ D^b(Z_{ét}, Z/mZ) as

Z/mZ(1) := μ_m′ ⊕ (W_r Ω^1_{Z,log}[−1])

where we factorized m as m^′ · p^r with (p, m^′) = 1. There is a distinguished triangle of Kummer theory for G_m := G_m,_Z in D^b(Z_{ét})

Z/mZ(1) −→ G_m^{×m}−→ G_m −→ Z/mZ(1)[1].

So there is a short exact sequence of G_F-modules

0 −→ Pic(Z)/m −→ H^2(Z, Z/mZ(1)) −→_mBr(Z) −→ 0,

where Z := Z ⊗_F F. Taking the inductive limit with respect to m ≥ 1, we obtain a short exact sequence of G_F-modules

0 −→ Pic(Z) ⊗ Q/Z^α−→ H^2(Z, Q/Z(1)) −→ Br(Z) −→ 0. (7.6.1)

Concerning the arrow α, we prove the following lemma, which has been used in this section.

Lemma 7.6.2 The map H^1(F, Pic(Z) ⊗ Q/Z) → H^1(F, H^2(Z, Q/Z(1)) induced by α has finite kernel.

Proof. Note that Pic(Z) ⊗ Q/Z ≃ (NS(Z)/NS(Z)_{tors}) ⊗ Q/Z. By a theorem of Matsusaka [Ma] Theorem 4, the group Div(Z)/Div(Z)_{num} is isomorphic to NS(Z)/NS(Z)_{tors}, where Div(Z) denotes the group of Weil divisors on Z, Div(Z)_{num} denotes the subgroup of Weil divisors numerically equivalent to zero. By this fact and the fact that NS(Z) is finitely generated, there exists a finite family {C_i}_{i∈I} of proper smooth curves over F which are finite over Z and for which the kernel of the p-adic Regulator and Finiteness 581 natural map NS(Z) → � i∈I NS(C_i) with C_i := C_i ⊗_F F is torsion. Now consider a commutative diagram

H^1(F, NS(Z) ⊗ Q/Z) � � H^1(F, H^2(Z, Q/Z(1))), � � i∈I H^1(F, NS(C_i) ⊗ Q/Z) �^∼ � i∈I H^1(F, H^2(C_i, Q/Z(1))).

By a standard norm argument, one can easily show that the left vertical map has finite kernel. The bottom horizontal arrow is bijective, because Br(C_i) = 0 for any i ∈ I by Tsen’s theorem (cf. [Se] II.3.3). Hence the top horizontal arrow has finite kernel and we obtain the lemma. □

A Relation with Conjectures of Beilinson and Lichtenbaum

Let k, p, S, X and K be as in the notation 1.8. We always assume 1.8.1 in what follows. The Zariski site Z_{Zar} on a scheme Z always means (ét/Z)_{Zar}, and Z_{ét} means the usual small étale site. The main result of this appendix is Proposition A.1.3 below.

A.1 Motivic Complex and Conjectures Let Z(2)_{Zar} = Z(2)^X_{Zar} be the motivic complex on X_{Zar} defined by using Bloch’s cycle complex, and let Z(2)_{ét} be its étale sheafification, which are, by works of Levine ([Le1], [Le2]), considered as strong candidates for motivic complexes of Beilinson- Lichtenbaum ([Be], [Li1]) in Zariski and étale topology, respectively (see also [Li2], [Li3]). We put

H^∗_{Zar}(X, Z(2)) := H^∗_{Zar}(X, Z(2)_{Zar}), H^∗_{ét}(X, Z(2)) := H^∗_{ét}(X, Z(2)_{ét}). In this appendix, we observe that the finiteness of H^3_{ur}(K, Q_p/Z_p(2)) is deduced from the following conjectures on motivic complexes:

Conjecture A.1.1 Let ϵ : X_{ét} → X_{Zar} be the natural continuous map of sites. Then:

(1) (Beilinson-Lichtenbaum conjecture). We have Z(2)_{Zar}^∼−→ τ_{≤2}Rϵ_∗Z(2)_{ét} in D(X_{Zar}).

(2) (Hilbert’s theorem 90). We have R^3ϵ_∗Z(2)_{ét} = 0.

(3) (Kummer theory on X [p^{−1}]_{ét}). We have (Z(2)_{ét})|_{X [p}−1_] ⊗^L Z/p^r ≃ μ^{⊗2}_pr . This conjecture holds if X is smooth over S by a result of Geisser [Ge1] Theorem 1.2 and the Merkur’ev-Suslin theorem [MS] (see also [GL2] Remark 5.9).

582 S. Saito and K. Sato Conjecture A.1.2 Let γ^2 be the canonical map γ^2 : CH^2(X ) = H^4_{Zar}(X, Z(2)) −→ H^4_{ét}(X, Z(2)).

Then the p-primary torsion part of Coker(γ^2) is finite.

This conjecture is based on Lichtenbaum’s conjecture [Li1] that H^4_{ét}(X, Z(2)) is a finitely generated abelian group (by the properness of X /S). The aim of this appendix is to prove the following:

Proposition A.1.3 If Conjectures A.1.1 and A.1.2 hold, then H^3_{ur}(K, Q_p/Z_p(2)) is finite.

This proposition is reduced to the following lemma:

Lemma A.1.4 (1) If Conjecture A.1.1 holds, then for r ≥ 1 there is an exact sequence

0 −→ Coker(α_r) −→ H^3_{ur}(K, Z/p^r(2)) −→ Ker(ϱ^2_r) −→ 0, where α_r denotes the map α_r :_pr CH^2(X ) −→_pr H^4_{ét}(X, Z(2)) induced by γ^2, and ϱ^2_r denotes the cycle class map ϱ^2_r : CH^2(X )/p^r −→ H^4_{ét}(X, T_r(2)).

(2) If Conjectures A.1.1 and A.1.2 hold, then Coker(α_{Qp /Zp} ) and Ker(ϱ^2_{Qp/Zp} ) are finite, where α_{Qp/Zp} := lim−→_{r≥1} α_r and ϱ^2_{Qp/Zp} := lim−→_{r≥1} ϱ^2_r .

To prove this lemma, we need the following sublemma, which is a variant of Geisser’s arguments in [Ge1] §6 and provides a Kummer theory on the whole X extending Conjecture A.1.1 (3):

Sublemma A.1.5 Put Z/p^r(2)_{ét} := Z(2)_{ét} ⊗^L Z/p^r. If Conjecture A.1.1 holds, then there is a unique isomorphism Z/p^r(2)_{ét}^∼−→ T_r(2) in D(X_{ét}, Z/p^r) that extends the isomorphism in Conjecture A.1.1 (3).

We prove Sublemma A.1.5 in §A.2 below and Lemma A.1.4 in §A.3 below. A.2 Proof of Sublemma A.1.5 By Conjecture A.1.1 (3), we have only to consider the case where p is not invertible on S. Let us note that p-adic Regulator and Finiteness 583

(∗) Z/p^r(2)_{ét} is concentrated in degrees ≤ 2

by Conjecture A.1.1 (1) and (2). Let V , Y , i and j be as follows:

V := X [p^{−1}] �

� j � X Y,� �^i�

where Y denotes the union of the fibers of X /S of characteristic p. In étale topology, we define Ri^! and Rj_∗ for unbounded complexes by the method of Spaltenstein [Spa]. We will prove

τ_{≤3}Ri^!Z/p^r(2)_{ét} ≃ ν^1_{Y,r}[−3] in D(Y_{ét}, Z/p^r), (A.2.1)

using (∗) (see (S5) in §4.1 for ν^1_{Y,r}). We first prove Sublemma A.1.5 admitting this isomorphism. Since (Z(2)_{ét})|_V ⊗^L Z/p^r ≃ μ^{⊗2}_pr by Conjecture A.1.1 (3), we obtain a distinguished triangle from (A.2.1) and (∗)

i_∗ν^1_{Y,r}[−3] −→ Z/p^r(2)_{ét} −→ τ_{≤2}Rj_∗μ^{⊗2}_pr −→ i_∗ν^1_{Y,r}[−2].

Hence comparing this distinguished triangle with that of (S5) in §4.1, we obtain the desired isomorphism in the sublemma, whose uniqueness follows from [SH] Lemmas 1.1 and 1.2 (1).

In what follows, we prove (A.2.1). Put K := Z(2)_{Zar} ⊗^L Z/p^r and L := Z/p^r(2)_{ét} for simplicity. Let ϵ : X_{ét} → X_{Zar} be as in Conjecture A.1.1. In Zariski topology, we define Ri^!_{Zar} and Rj_{Zar∗} for unbounded complexes in the usual way by the finiteness of cohomological dimension. Because L = ϵ^∗K is concentrated in degrees ≤ 2 by (∗), there is a commutative diagram with distinguished rows in D^b(X_{ét}, Z/p^r)

ϵ^∗K � τ≤2ϵ^∗RjZar∗j^∗_{Zar}K � α � (τ_{≤3}ϵ^∗i_{Zar∗}Ri^!_{Zar}K )[1] � β � ϵ^∗K [1]

L � τ≤2Rjét∗j^∗_{ét}L � (τ≤3iét∗Ri^!_{ét}L )[1] � L [1],

where the upper (resp. lower) row is obtained from the localization triangle in the Zariski (resp. étale) topology and the arrows α and β are canonical base-change morphisms. Since α is an isomorphism ([MS], [SV], [GL2]), β is an isomorphism as well. Hence (A.2.1) is reduced to showing

τ_{≤3}Ri^!_{Zar}K ≃ ϵ_{Y ∗}ν^1_{Y,r}[−3] in ∈ D(Y_{Zar}, Z/p^r), (A.2.2)

where ϵ_Y : Y_{ét} → Y_{Zar} denotes the natural continuous map of sites and we have used the base-change isomorphism ϵ^∗i_{Zar∗} = i_{ét∗}ϵ^∗_Y ([Ge1] Proposition 2.2 (a)). Finally we show (A.2.2). Consider the local-global spectral sequence in the Zariski topology

E^{u,v}_1 = � x∈X^u ∩Y

R^{u+v} i_{x∗}(Ri^!_xRi^!_{Zar}K ) =⇒ R^{u+v}i^!_{Zar}K ,

584 S. Saito and K. Sato where for x ∈ Y , i_x denotes the natural map x → Y . We have

E^{u,v}_1 ≃ � x∈X^u ∩Y ix∗ϵx∗Wr Ω 2−u x,log (if v = 2)

0 (otherwise) by the localization sequence of higher Chow groups [Le1] and results of Geisser- Levine ([GL1] Proposition 3.1, Theorem 7.1), where for x ∈ Y , ϵ_x denotes the natural continuous map x_{ét} → x_{Zar} of sites. By this description of E_1-terms and the compatibility of boundary maps ([GL2] Lemma 3.2, see also [Sz] Appendix), we obtain (A.2.2). This completes the proof of Sublemma A.1.5. A.3 Proof of Lemma A.1.4

(1) By Sublemma A.1.5, there is an exact sequence 0 −→ H^3_{ét}(X, Z(2))/p^r −→ H^3_{ét}(X, T_r(2)) −→_pr H^4_{ét}(X, Z(2)) −→ 0.

By Conjecture A.1.1 (1) and (2), we have H^3_{ét}(X, Z(2)) ≃ H^3_{Zar}(X, Z(2)) ≃ CH^2(X, 1).

Thus we get an exact sequence

0 −→ CH^2(X, 1)/p^r −→ H^3_{ét}(X, T_r(2)) −→_pr H^4_{ét}(X, Z(2)) −→ 0. On the other hand, there is an exact sequence

0 → N^1H^3_{ét}(X, T_r(2)) → H^3_{ét}(X, T_r(2)) → H^3_{ur}(K, Z/p^r(2)) → Ker(ϱ^2_r) → 0 by Proposition 4.3.2 (see Lemma 4.2.3 for N^1). In view of these facts and the short exact sequence in Lemma 4.2.3 (1), we get the desired exact sequence.

(2) By Conjecture A.1.1 (1) and (2), the map γ^2 in Conjecture A.1.2 is injective. Hence we get an exact sequence

0 −→ Coker(α_r) −→_pr Coker(γ^2) −→ CH^2(X )/p^{r γ2/pr}−→ H^4_{ét}(X, Z(2))/p^r. Noting that the composite of γ^2/p^r and the injective map H^4_{ét}(X, Z(2))/p^r � � � H^4_{ét}(X, T_r(2)) obtained from Sublemma A.1.5 coincides with ϱ^2_r, we get a short exact sequence 0 −→ Coker(α_r) −→_pr Coker(γ^2) −→ Ker(ϱ^2_r) −→ 0, which implies the finiteness of Coker(α_{Qp/Zp} ) and Ker(ϱ^2_{Qp /Zp} ) under Conjecture A.1.2. This completes the proof of Lemma A.1.4 and Proposition A.1.3. □ p-adic Regulator and Finiteness 585 B Zeta Value of Threefolds over Finite Fields

In this appendix B, all cohomology groups of schemes are taken over the étale topology. Let X be a projective smooth geometrically integral threefold over a finite field F_q , and let K be the function field of X (the case of fourfolds is treated in a recent paper of Kohmoto [Ko]). We define the unramified cohomology H^{n+1}_{ur} (K, Q/Z(n)) in the same way as in 1.8. We show that the groups H^2_{ur}(K, Q/Z(1)) = Br(X) and H^3_{ur}(K, Q/Z(2)) are related with the value of the Hasse-Weil zeta function ζ(X, s) at s = 2:

ζ^∗(X, 2) := lim_{s→2} ζ(X, s)(1 − q^{2−s})^{−ϱ2} , where ϱ_2 := ord_{s=2} ζ(X, s). Let θ : CH^2(X) −→ Hom(CH^1(X), Z) be the map induced by the intersection pairing and the degree map CH^2(X) × CH^1(X) −→ CH^3(X) = CH_0(X)^{deg}−→ Z.

The map θ has finite cokernel by a theorem of Matsusaka [Ma] Theorem 4. We define R := |Coker(θ)|.

We prove the following formula (compare with the formula in [Ge2]): Theorem B.1 Assume that Br(X) and H^3_{ur}(K, Q/Z(2)) are finite. Then ζ^∗(X, 2) equals the following rational number up to a sign:

q^{χ(X,OX ,2)} ·

|H^3_{ur}(K, Q/Z(2))|

|Br(X)| · R · 3� i=0 |CH^2(X, i)_{tors}|^{(−1)i} · 1� i=0 |CH^1(X, i)_{tors}|^{(−1)i} ,

where CH^2(X, i) and CH^1(X, i) denote Bloch’s higher Chow groups [Bl3] and χ(X, O_X , 2) denotes the following integer: χ(X, O_X , 2) := � i,j (−1)^{i+j} (2 − i) dim_{Fq} H^j (X, Ω^i_X ) (0 ≤ i ≤ 2, 0 ≤ j ≤ 3).

This theorem follows from a theorem of Milne ([Mi2] Theorem 0.1) and Proposition B.2 below. For integers i, n ≥ 0, we define H^i(X, ^Z(n)) := � all ℓ

H^i(X, Z_ℓ(n)),

where ℓ runs through all prime numbers, and H^i(X, Z_p(n)) (p := ch(F_q)) is defined as H^i(X, Z_p(n)) := lim←− r≥1 H^{i−n}(X, W_r Ω^n_{X,log}).

586 S. Saito and K. Sato Proposition B.2 (1) We have

H^i(X, ^Z(2)) ≃ � CH^2(X, 4 − i)_{tors} (i = 0, 1, 2, 3) (CH^1(X, i − 6)_{tors})^∗ (i = 6, 7),

(B.3)

where for an abelian group M, we put M^∗ := Hom(M, Q/Z).

Furthermore, CH^1(X, j)_{tors} and CH^2(X, j)_{tors} are finite for any j ≥ 0, and we have

CH^1(X, j)_{tors} = 0 for j ≥ 2 and CH^2(X, j)_{tors} = 0 for j ≥ 4. (2) Assume that Br(X) is finite. Then we have H^5(X, ^Z(2))_{tors} ≃ Br(X)^∗, and the cycle class map CH^2(X) ⊗ Z_ℓ −→ H^4(X, Z_ℓ(2)) has finite cokernel for any prime number ℓ.

(3) Assume that Br(X) and H^3_{ur}(K, Q/Z(2)) are finite. Then the following map given by the cup product with the canonical element 1 ∈ ^Z ≃ H^1(F_q , ^Z) has finite kernel and cokernel:

ϵ^4 : H^4(X, ^Z(2)) −→ H^5(X, ^Z(2)), and we have the following equality of rational numbers: |Ker(ϵ^4)| |Coker(ϵ^4)| = |H^3_{ur}(K, Q/Z(2))| · |CH^2(X)_{tors}| |Br(X)| · R .

Proof of Proposition B.2. (1) By standard arguments on limits, there is a long exact sequence

· · · −→ H^i(X, ^Z(2)) −→ H^i(X, ^Z(2)) ⊗_Z Q −→ H^i(X, Q/Z(2)) −→ H^{i+1}(X, ^Z(2)) −→ · · · .

By [CTSS] p. 780 Théorème 2, p. 782 Théorème 3, we see that H^i(X, ^Z(2)) and H^i(X, Q/Z(2)) are finite for i ≠ 4, 5.

p-adic Regulator and Finiteness 587 Hence we have H^i(X, ^Z(2)) ≃ H^{i−1}(X, Q/Z(2)) for i ≠ 4, 5, 6.

On the other hand, there is an exact sequence 0 −→ CH^2(X, 5 − i) ⊗ Q/Z −→ H^{i−1}(X, Q/Z(2)) −→ CH^2(X, 4 − i)_{tors} −→ 0 for i ≤ 3 ([MS], [SV], [GL1], [GL2]), where CH^2(X, 5 − i) ⊗ Q/Z must be zero because it is divisible and finite. Thus we get the isomorphism (B.3) for i ≤ 3, the finiteness of CH^2(X, j)_{tors} for j ≥ 1 and the vanishing of CH^2(X, j)_{tors} for j ≥ 4. The finiteness of CH^2(X, 0)_{tors} = CH^2(X)_{tors} (cf. [CTSS] p. 780 Théorème 1) follows from the exact sequence

0 −→ CH^2(X, 1) ⊗ Q/Z −→ N^1H^3(X, Q/Z(2)) −→ CH^2(X)_{tors} −→ 0 (cf. Lemma 3.2.2), where we put

N^1H^3(X, Q/Z(2)) := Ker(H^3(X, Q/Z(2)) → H^3(K, Q/Z(2))). As for the case i = 6, 7 of (B.3), we have H^i(X, ^Z(2))^∗ ≃ H^{7−i}(X, Q/Z(1)) by a theorem of Milne [Mi2] Theorem 1.14 (a). It remains to show CH^1(X, j)_{tors} ≃ H^{1−j} (X, Q/Z(1)) for j ≥ 0, which can be checked by similar arguments as before.

(2) We have H^5(X, ^Z(2))^∗ ≃ H^2(X, Q/Z(1)) and an exact sequence 0 −→ CH^1(X) ⊗ Q/Z −→ H^2(X, Q/Z(1)) −→ Br(X) −→ 0. (B.4) Hence we have (H^5(X, ^Z(2))_{tors})^∗ ≃ Br(X), assuming Br(X) is finite. To show the second assertion for ℓ ≠ ch(F_q), it is enough to show that the cycle class map CH^2(X) ⊗ Q_ℓ −→ H^4(X, Q_ℓ(2))^Γ is surjective, where Γ := Gal(F_q /F_q). The assumption on Br(X) implies the bijectivity of the cycle class map CH^1(X) ⊗ Q_ℓ^∼−→ H^2(X, Q_ℓ(1))^Γ by [Ta2] Proposition (4.3) (see also [Mi1] Theorem 4.1), and the assertion follow from [Ta2] Proposition (5.1). As for the case ℓ = ch(F_q ), one can easily pursue an analogy using crystalline cohomology, whose details are left to the reader.

(3) The finiteness assumption on Br(X) implies the condition SS(X, 1, ℓ) in [Mi2] for all prime numbers ℓ by loc. cit. Proposition 0.3. Hence SS(X, 2, ℓ) holds by the Poincaré duality, and ϵ^4 has finite kernel and cokernel by loc. cit. Theorem 0.1.

588 S. Saito and K. Sato

To show the equality assertion, we put

^CH^2(X) := lim

←−_{n≥1} CH^2(X)/n,

and consider the following commutative square (cf. [Mi3] Lemma 5.4):

^CH^2(X)^Θ � α � Hom(CH^1(X), ^Z)

H^4(X, ^Z(2))^{ϵ4} � H^5(X, ^Z(2)), β �

where the top arrow Θ denotes the map induced by θ. The arrow α denotes the cycle class map of codimension 2, and β denotes the Pontryagin dual of the cycle class map with Q/Z-coefficients in (B.4). The arrow α is injective (cf. (4.3.3)) and we have

|Coker(α)| = |H^3_{ur}(K, Q/Z(2))|

by the finiteness assumption on H^3_{ur}(K, Q/Z(2)) and (2) (cf. Proposition 4.3.5). The arrow β is surjective and we have

Ker(β) = H^5(X, ^Z(2))_{tors}^{(2)}≃ Br(X)^∗,

by Milne’s lemma ([Mi3] Lemma 5.3) and the isomorphism CH^1(X) ⊗ ^Z ≃ H^2(X, ^Z(1)) (cf. [Ta2] Proposition (4.3)), where we have used again the finiteness assumption on Br(X). Therefore in view of the finiteness of Ker(ϵ^4), the map Θ has finite kernel and we obtain

Ker(Θ) = ^CH^2(X)_{tors} = CH^2(X)_{tors},

where we have used the finiteness of CH^2(X)_{tors} in (1). Finally the assertion follows from the following equality concerning the above diagram:

|Ker(Θ)| |Coker(Θ)| = |Ker(α)| |Coker(α)| · |Ker(ϵ^4)| |Coker(ϵ^4)| · |Ker(β)| |Coker(β)|

This completes the proof of Proposition B.2 and Theorem B.1. □

References

[AS] Asakura, M., Saito, S.: Surfaces over a p-adic field with infinite torsion in the Chow group of 0-cycles. Algebra Number Theory 1, 163–181 (2008)

[Be] Beilinson, A. A.: Height pairings between algebraic cycles. In: Manin, Yu.

I. (ed.) K-theory, Arithmetic and Geometry, (Lecture Notes in Math. 1289), pp. 1–27, Berlin, Springer, 1987 p-adic Regulator and Finiteness 589

[Bl1] Bloch, S.: Algebraic K-theory and crystalline cohomology. Inst. Hautes Études Sci. Publ. Math. 47, 187–268 (1977)

[Bl2] Bloch, S.: Lectures on Algebraic Cycles. (Duke Univ. Math. Series 4), Durham, Duke Univ. Press, 1980

[Bl3] Bloch, S.: Algebraic cycles and higher K-theory. Adv. Math. 61, 267–304 (1986)

[Bl4] Bloch, S.: The moving lemma for higher Chow groups. J. Algebraic Geom.

3, 537–568 (1994)

[BK1] Bloch, S., Kato, K.: p-adic étale cohomology. Inst. Hautes Études Sci. Publ.

Math. 63, 107–152 (1986)

[BK2] Bloch, S., Kato, K.: L-functions and Tamagawa numbers of motives. In:

Cartier, P., Illusie, L., Katz, N. M., Laumon, G., Manin, Yu. I., Ribet, K. A. (eds.) The Grothendieck Festscherift I, (Progr. Math. 86), pp. 333–400, Boston, Birkhäuser, 1990

[CTR1] Colliot-Thélène, J.-L., Raskind, W.: K_2-cohomology and the second Chow group. Math. Ann. 270, 165–199 (1985)

[CTR2] Colliot-Thélène, J.-L., Raskind, W.: Groupe de Chow de codimension deux des variété sur un corps de numbres: Un théorème de finitude pour la torsion, Invent. Math. 105, 221–245 (1991)

[CTSS] Colliot-Thélène, J.-L., Sansuc, J.-J., Soulé, C.: Torsion dans le groupe de Chow de codimension deux. Duke Math. J. 50, 763–801 (1983)

[dJ] de Jong, A. J.: Smoothness, semi-stability and alterations. Inst. Hautes Études Sci. Publ. Math. 83, 51–93 (1996)

[De1] Deligne, P.: Théorème de Lefschetz difficile et critères de dégénéresence de suites spectrales. Inst. Hautes Études Sci. Publ. Math. 35, 107–126 (1968)

[De2] Deligne, P.: La conjecture de Weil II. Inst. Hautes Études Sci. Publ. Math.

52, 313–428 (1981)

[Fl] Flach, M.: A finiteness theorem for the symmetric square of an elliptic curve. Invent. Math. 109, 307–327 (1992)

[FM] Fontaine, J.-M., Messing, W.: p-adic periods and p-adic étale cohomology.

In: Ribet, K. A. (ed.) Current Trends in Arithmetical Algebraic Geometry, (Contemp. Math. 67), pp. 179–207, Providence, Amer. Math. Soc., 1987

[FG] Fujiwara, K.: A proof of the absolute purity conjecture (after Gabber). In:

Usui, S., Green, M., Illusie, L., Kato, K., Looijenga, E., Mukai, S., Saito, S. (eds.) Algebraic Geometry, Azumino, 2001, (Adv. Stud. in Pure Math. 36), pp. 153–184, Tokyo, Math. Soc. Japan, 2002

590 S. Saito and K. Sato

[Ge1] Geisser, T.: Motivic cohomology over Dedekind rings. Math. Z. 248, 773– 794 (2004)

[Ge2] Geisser, T.: Weil-étale cohomology over finite fields. Math. Ann. 330, 665- 692 (2004)

[GL1] Geisser, T., Levine, M.: The p-part of K-theory of fields in characteristic p.

Invent. Math. 139, 459–494 (2000)

[GL2] Geisser, T., Levine, M.: The Bloch-Kato conjecture and a theorem of Suslin- Voevodsky. J. Reine Angew. Math. 530, 55–103 (2001)

[Gr] Gros, M.: Sur la partie p-primaire du groupe de Chow de codimension deux.

Comm. Algebra 13, 2407–2420 (1985)

[G] Grothendieck, A.: Le groupe de Brauer. In: Dix Exposés sur la Cohomologie des Schémas, pp. 46–188, Amsterdam, North-Holland, 1968

[Hy] Hyodo, O.: A note on p-adic etale cohomology in the semi-stable reduction case. Invent. Math. 91 543–557 (1988)

[Il] Illusie, L.: Complexe de de Rham-Witt et cohomologie cristalline. Ann. Sci.

École Norm. Sup. (4) 12, 501–661 (1979)

[J1] Jannsen, U.: Continuous étale cohomology. Math. Ann. 280, 207–245 (1987)

[J2] Jannsen, U.: On the ℓ-adic cohomology of varieties over number fields and its Galois cohomology. In: Ihara, Y., Ribet, K. A., Serre, J.-P. (eds.) Galois Group over Q, pp. 315–360, Berlin, Springer, 1989

[JS] Jannsen, U., Saito, S.: Kato homology of arithmetic schemes and higher class field theory over local fields. Documenta Math. Extra Volume: Kazuya Kato’s Fiftieth Birthday, 479–538 (2003)

[JSS] Jannsen, U., Saito, S., Sato, K.: Étale duality for constructible sheaves on arithmetic schemes. preprint 2009

http://arxiv.org/abs/0910.3759

[Ka1] Kato, K.: On p-adic vanishing cycles (Application of ideas of Fontaine- Messing). In: Algebraic Geometry, Sendai, 1985, (Adv. Stud. in Pure Math. 10), pp. 207–251, Tokyo, Kinokuniya, 1987

[Ka2] Kato, K.: Semi-stable reduction and p-adic étale cohomology. In: Périodes p-adiques, Séminaire de Bures, 1988, (Astérisuque 223), pp. 269–293, Marseille, Soc. Math. France, 1994

[KCT] Kato, K.: A Hasse principle for two-dimensional global fields. (with an appendix by Colliot-Thélène, J.-L.), J. Reine Angew. Math. 366, 142–183 (1986) p-adic Regulator and Finiteness 591

[KL] Katz, N., Lang, S.: Finiteness theorem for higher geometric class field theory. Enseign. Math. 27, 285–319 (1981)

[Ko] Kohmoto, D.: A generalization of the Artin-Tate formula for fourfolds.

preprint 2010

[Ku] Kurihara, M.: A note on p-adic étale cohomology. Proc. Japan Acad. Ser. A 63, 275–278 (1987)

[La1] Langer, A.: Selmer groups and torsion zero cycles on the self-product of a semistable elliptic curve. Doc. Math. 2, 47–59 (1997)

[La2] Langer, A.: 0-cycles on the elliptic modular surface of level 4. Tohoku Math.

J. 50, 315–360 (1998)

[La3] Langer, A.: Local points of motives in semistable reduction. Compositio Math. 116, 189–217 (1999)

[La4] Langer, A.: Finiteness of torsion in the codimension-two Chow group: an axiomatic approach. In: Gordon, B. B., Lewis, J. D., Müller-Stach, S., Saito, S., Yui, N. (eds.) The Arithmetic and Geometry of Algebraic Cycles, Banff, 1988, (NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 548), pp. 277–284, Dordrecht, Kluwer, 2000

[LS] Langer A., Saito, S.: Torsion zero-cycles on the self-product of a modular elliptic curve. Duke Math. J. 85, 315–357 (1996)

[Le1] Levine, M.: Techniques of localization in the theory of algebraic cycles. J.

Algebraic Geom. 10, 299-363 (2001)

[Le2] Levine, M.: K-theory and motivic cohomology of schemes. preprint, 1999

[Li1] Lichtenbaum, S.: Values of zeta functions at non-negative integers. In: Jager, H. (ed.) Number Theory, Noordwijkerhout, 1983, (Lecture Notes in Math. 1068), pp. 127-138, Berlin, Springer, 1984

[Li2] Lichtenbaum, S.: The construction of weight-two arithmetic cohomology.

Invent. Math. 88, 183–215 (1987)

[Li3] Lichtenbaum, S.: New results on weight-two motivic cohomology. In:

Cartier, P., Illusie, L., Katz, N. M., Laumon, G., Manin, Y., Ribet, K. A. (eds.) The Grothendieck Festschrift III, (Progr. Math. 88), pp. 35–55, Boston, Birkhäuser, 1990

[Ma] Matsusaka, T.: The criteria for algebraic equivalence and the torsion group.

Amer. J. Math. 79, 53–66 (1957)

[MS] Merkur’ev, A. S., Suslin, A. A.: K-cohomology of Severi-Brauer varieties and the norm residue homomorphism. Math. USSR Izv. 21, 307–341 (1983)

592 S. Saito and K. Sato

[Md] Mildenhall, S.: Cycles in a product of elliptic curves, and a group analogous to the class group. Duke Math. J. 67, 387–406 (1992)

[Mi1] Milne, J. S.: On a conjecture of Artin and Tate. Ann. of Math. 102, 517–533 (1975)

[Mi2] Milne, J. S.: Values of zeta functions of varieties over finite fields. Amer. J.

Math. 108, 297–360 (1986)

[Mi3] Milne, J. S.: Motivic cohomology and values of zeta functions. Compositio Math. 68, 59–102 (1988)

[Mu] Mumford, D.: Geometric Invariant Theory. (Ergebnisse der Math. 34), Berlin, Springer, 1965

[Ne1] Nekovář, J.: Syntomic cohomology and p-adic regulators. preprint, 1997

[Ne2] Nekovář, J.: p-adic Abel-Jacobi maps and p-adic height pairings. In: Gordon, B. B., Lewis, J. D., Müller-Stach, S., Saito, S., Yui, N. (eds.) The Arithmetic and Geometry of Algebraic Cycles, Banff, 1998, (CRM Proc. Lecture Notes 24), pp. 367–379, Providence, Amer. Math. Soc., 2000

[NS] Nesterenko, Yu. P., Suslin, A. A.: Homology of the general linear group over a local ring, and Milnor’s K-theory. Math. USSR Izv. 34, 121–145 (1990)

[O] Otsubo, N.: Selmer groups and zero-cycles on the Fermat quartic surface. J.

Reine Angew. Math. 525, 113–146 (2000)

[PS] Parimala, R., Suresh, V.: Zero-cycles on quadric fibrations: Finiteness theorems and the cycle map. Invent. Math. 122, 83–117 (1995)

[RZ] Rapoport, M., Zink, T.: Über die lokale Zetafunktion von Shimuravarietäten.

Monodromiefiltration und verschwindende Zyklen in ungleicher Charakteristik. Invent. Math. 68, 21–101 (1982)

[Sa] Saito, S.: On the cycle map for torsion algebraic cycles of codimension two.

Invent. Math. 106, 443–460 (1991)

[SSa] Saito, S., Sato, K.: Finiteness theorem on zero-cycles over p-adic fields. to appear in Ann. of Math.

http://arxiv.org/abs/math.AG/0605165

[SSu] Saito, S., Sujatha, R.: A finiteness theorem for cohomology of surfaces over p-adic fields and an application to Witt groups. In: Jacob, B., Rosenberg, A. (eds.) Algebraic K-Theory and Algebraic Geometry: Connections with quadratic forms and division algebras, Santa Barbara, 1992, (Proc. of Sympos. Pure Math. 58, Part 2), pp. 403–416, Providence, Amer. Math. Soc., 1995 p-adic Regulator and Finiteness 593

[Sal] Salberger, P.: Torsion cycles of codimension two and ℓ-adic realizations of motivic cohomology. In: David, S. (ed.) Séminaire de Thórie des Nombres 1991/92, (Progr. Math. 116), pp. 247–277, Boston, Birkhäuser, 1993

[Sat1] Sato, K.: Injectivity of the torsion cycle map of codimension two of varieties over p-adic fields with semi-stable reduction. J. Reine Angew. Math. 501, 221–235 (1998)

[Sat2] Sato, K.: Abel-Jacobi mappings and finiteness of motivic cohomology groups. Duke Math. J. 104, 75–112 (2000)

[Sat3] Sato, K.: Logarithmic Hodge-Witt sheaves on normal crossing varieties.

Math. Z. 257, 707–743 (2007)

[SH] Sato, K.: p-adic étale Tate twists and arithmetic duality. (with an appendix by Hagihara, K.), Ann. Sci. École Norm. Sup. (4) 40, 519–588 (2007)

[Sch] Schneider, P.: p-adic point of motives. In: Jannsen, U. (ed.) Motives, (Proc.

Symp. Pure Math. 55-II), pp. 225–249, Providence, Amer. Math. Soc., 1994

[Se] Serre, J.-P.: Cohomologie Galoisienne. 5^e éd., (Lecture Notes in Math. 5), Berlin, Springer, 1992

[So1] Soulé, C.: Operations on étale K-theory. Applications. In: Dennis, R. K.

(ed.) Algebraic K-theory, Oberwolfach, 1980, Part I. (Lecture Notes in Math. 966), pp. 271–303 Berlin, Springer, 1982

[So2] Soulé, C.: Opérations en K-théorie algébrique. Canad. J. Math. 37, 488– 550 (1985)

[Spa] Spaltenstein, N.: Resolutions of unbounded complexes. Compositio Math.

65, 121–154 (1988)

[Spi] Spiess, M.: On indecomposable elements of K_1 of a product of elliptic curves. K-Theory 17, 363–383 (1999)

[Su] Suresh, V.: Zero cycles on conic fibrations and a conjecture of Bloch. K- Theory 10, 597–610 (1996)

[SV] Suslin, A. A., Voevodsky, V.: Bloch-Kato conjecture and motivic cohomology with finite coefficients. In: Gordon, B. B., Lewis, J. D., Müller-Stach, S., Saito, S., Yui, N. (eds.) The Arithmetic and Geometry of Algebraic Cycles, Banff, 1998, (NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 548), pp. 117–189, Dordrecht, Kluwer, 2000

[Sz] Szamuely, T.: Sur la théorie des corps de classes pour les variétés sur les corps p-adiques. J. Reine Angew. Math. 525, 183–212 (2000)

[Ta1] Tate, J.: On the conjecture of Birch and Swinnerton-Dyer and a geometric analog. Séminaire Bourbaki 1965/66, Exposé 306, Benjamin, New York, 1966

594 S. Saito and K. Sato

[Ta2] Tate, J.: Conjectures on algebraic cycles in ℓ-adic cohomology. In: Jannsen, U. (ed.) Motives, (Proc. Symp. Pure Math. 55-I), pp. 71–83, Providence, Amer. Math. Soc., 1994

[Th] Thomason, R. W.: Absolute cohomological purity. Bull. Soc. Math. France 112, 397–406 (1984)

[To] Totaro, B.: Milnor K-theory is the most simplest part of algebraic K-theory.

K-Theory 6, 177-189 (1992)

[Ts1] Tsuji, T.: p-adic étale cohomology and crystalline cohomology in the semistable reduction case. Invent. Math. 137, 233–411 (1999)

[Ts2] Tsuji, T.: On p-adic nearby cycles of log smooth families. Bull. Soc. Math.

France 128, 529–575 (2000)

[Ts3] Tsuji, T.: On the maximal unramified quotients of p-adic étale cohomology groups and logarithmic Hodge-Witt sheaves. Documenta Math. Extra Volume: Kazuya Kato’s Fiftieth Birthday, 833–890 (2003)

[EGA4] Grothendieck, A., Dieudonné, J.: Etude locale des schémas et des morphismes de schémas. Inst. Hautes Études Sci. Publ. Math. 20 (1964), 24 (1965), 28 (1966), 32 (1967)

[SGA4] Grothendieck, A., Artin, M., Verdier, J.-L., with Deligne, P., Saint-Donat, B.: Théorie des Topos et Cohomologie Étale des Schémas. (Lecture Notes in Math. 269, 270, 305), Berlin, Springer, 1972–73

Shuji Saito Department of Mathematics University of Tokyo Komaba, Meguro-ku Tokyo 153-8914, JAPAN sshuji@ms.u-tokyo.ac.jp

Kanetomo Sato Graduate School of Mathematics, Nagoya University Furo-cho, Chikusa-ku Nagoya 464-8602 JAPAN kanetomo@math.nagoyau.ac.jp