Documenta Math. 825

Free Actions of Compact Quantum Groups

on Unital C*-Algebras

Paul F. Baum, Kenny De Commer, Piotr M. Hajac

Received: June 30, 2015 Revised: November 16, 2016

Communicated by Max Karoubi

Abstract. Let F be a field, Γ a finite group, and Map(Γ, F ) the Hopf algebra of all set-theoretic maps Γ → F . If E is a finite field extension of F and Γ is its Galois group, the extension is Galois if and only if the canonical map E ⊗_F E → E ⊗_F Map(Γ, F ) resulting from viewing E as a Map(Γ, F )-comodule is an isomorphism. Similarly, a finite covering space is regular if and only if the analogous canonical map is an isomorphism. In this paper, we extend this point of view to actions of compact quantum groups on unital C^∗-algebras. We prove that such an action is free if and only if the canonical map (obtained using the underlying Hopf algebra of the compact quantum group) is an isomorphism. In particular, we are able to express the freeness of a compact Hausdorff topological group action on a compact Hausdorff topological space in algebraic terms. As an application, we show that a field of free actions on unital C^∗-algebras yields a global free action.

Contents

Introduction 826 1. Equivalence of freeness and the Peter-Weyl-Galois condition 830 2. Equivalence of principality and strong monoidality 833 3. The classical case 835 4. Vector-bundle interpretation 838 5. Application: fields of free actions 840 Appendix: Finite Galois coverings 843 References 846

Introduction A compact quantum group [W-SL87, W-SL98] is a unital C^∗-algebra H with a given unital injective ∗-homorphism Δ (referred to as comultiplication) (0.1) Δ: H −→ H ⊗_{min} H

that is coassociative, i.e. it renders the diagram

(0.2) H^Δ � Δ �

H ⊗_{min}H

Δ⊗id � H ⊗_{min}H_{id⊗Δ}� H ⊗_{min}H ⊗_{min}H

commutative, and such that the two-sided cancellation property holds: (0.3) {(a ⊗ 1)Δ(b) | a, b ∈ H}^{cls} = H ⊗_{min} H = {Δ(a)(1 ⊗ b) | a, b ∈ H}^{cls}.

Here ⊗_{min} denotes the spatial tensor product of C^∗-algebras and cls denotes the closed linear span of a subset of a Banach space.

Let A be a unital C^∗-algebra and δ : A → A ⊗_{min} H an injective unital ∗-homomorphism. We call δ a coaction (or an action of the compact quantum group (H, Δ) on A, cf. [P-P95, Definition 1.4]) iff

(1) (δ ⊗ id) ∘ δ = (id ⊗ Δ) ∘ δ (coassociativity), (2) {δ(a)(1 ⊗ h) | a ∈ A, h ∈ H}^{cls} = A ⊗_{min} H (counitality).

We shall consider three properties of coactions.

Definition 0.1 ([E-DA00]). The coaction δ : A → A ⊗_{min} H is free iff {(x ⊗ 1)δ(y) | x, y ∈ A}^{cls} = A ⊗_{min} H.

Given a compact quantum group (H, Δ), we denote by O(H) its dense Hopf ∗-subalgebra spanned by the matrix coefficients of its irreducible unitary representations [W-SL98, MV98]. This is Woronowicz’s Peter-Weyl theory in the case of compact quantum groups. Moreover, denoting by ⊗ the purely algebraic tensor product over the field C of complex numbers, we define the Peter-Weyl subalgebra of A (cf. [P-P95, S-PM11]) as (0.4) P_H (A) := { a ∈ A | δ(a) ∈ A ⊗ O(H) }.

Using the coassociativity of the coaction δ, one can check that P_H (A) is a right O(H)-comodule algebra. In particular, P_H (H) = O(H). The assignment A → P_H (A) is functorial with respect to equivariant unital ∗-homomorphisms and comodule algebra maps. We call it the Peter-Weyl functor.

Definition 0.2. The coaction δ : A → A ⊗_{min} H satisfies the Peter-Weyl- Galois (PWG) condition iff the canonical map

can: P_H (A) ⊗_B P_H (A) −→ P_H (A) ⊗ O(H),

can: x ⊗ y −→ (x ⊗ 1)δ(y),

(0.5)

is bijective. Here B := A^{co H} := {a ∈ A | δ(a) = a ⊗ 1} is the unital C^∗-subalgebra of coaction invariants (fixed-point subalgebra).

Throughout this paper the tensor product over an algebra denotes the purely algebraic tensor product over that algebra. Note that P_H (A) ⊗_B P_H (A) is not in general an algebra, and even if we lift the canonical map to

(0.6) ~can: P_H (A) ⊗ P_H (A) ∋ x ⊗ y −→ (x ⊗ 1)δ(y) ∈ P_H (A) ⊗ O(H),

it is not an algebra homomorphism, and cannot as such be completed into a continuous map between C*-algebras. However, it can be defined on the level of Hilbert modules (see [DY13]).

Definition 0.3. The coaction δ : A → A ⊗_{min} H is strongly monoidal iff for all left O(H)-comodules V and W the map

β : (P_H (A)�V ) ⊗_B (P_H (A)�W ) −→ P_H (A)�(V ⊗ W ), ( ∑ i a_i ⊗ v_i ) ⊗ ( ∑ j b_j ⊗ w_j ) −→ ∑ i,j a_ib_j ⊗ (v_i ⊗ w_j ),

is bijective.

In the above definition, we have used the cotensor product (0.7) P_H (A)�V := {t ∈ P_H (A) ⊗ V | (δ ⊗ id)(t) = (id ⊗_V Δ)(t)},

where_V Δ: V → O(H) ⊗ V is the given left coaction of O(H) on V . The coaction of O(H) on V ⊗ W is the diagonal coaction. The theorem of this paper is:

Theorem 0.4. Let A be a unital C^∗-algebra equipped with an action of a compact quantum group (H, Δ) given by δ : A → A ⊗_{min} H. Then the following are equivalent:

(1) The action of (H, Δ) on A is free.

(2) The action of (H, Δ) on A satisfies the Peter-Weyl-Galois condition. (3) The action of (H, Δ) on A is strongly monoidal.

Note that of the three equivalent conditions, the first uses functional analysis, the second is algebraic, and the third is categorical. The difficult implication, which is the core of the theorem, is (1) =⇒ (2). It proves that, for any free action, there exists a strong connection, a key technical device for index-pairing computations (e.g. [HMS03]). In the spirit of Woronowicz’s Peter-Weyl theory, our result states that the original functional-analysis formulation of free action is equivalent to the much more algebraic PWG-condition.

We now proceed to explain our main result in the classical setting. Let G be a compact Hausdorff topological group acting on a compact Hausdorff topological space X by a continuous right action X × G → X. It is immediate that the action is free, i.e. xg = x =⇒ g = e (where e is the identity element of G), if and only if

X × G −→ X ×_{X/G} X,

(x, g) −→ (x, xg),

(0.8)

is a homeomorphism. Here X ×_{X/G} X is the subset of X × X consisting of pairs (x_1, x_2) such that x_1 and x_2 are in the same G-orbit.

This is equivalent to the assertion that the ∗-homomorphism

(0.9) C(X ×_{X/G} X) −→ C(X × G)

obtained from the above map (x, g) → (x, xg) is an isomorphism. Here, as usual, C(Y ) denotes the commutative C^∗-algebra of all continuous complexvalued functions on a compact Hausdorff space Y .

In turn, the assertion that the ∗-homomorphism (0.9) is an isomorphism is readily proved equivalent to

(0.10) {(x ⊗ 1)δ(y) | x, y ∈ C(X)}^{cls} = C(X) ⊗_{min} C(G),

where

(0.11) δ : C(X) −→ C(X) ⊗_{min} C(G), (δ(f)(g))(x) := f(xg),

is the ∗-homomorphism obtained from the action map X × G → X. Hence, in the case of a compact Hausdorff group acting on a compact Hausdorff space, freeness in the usual sense agrees with freeness as defined in the setting of a compact quantum group acting on a unital C^∗-algebra. Thus Theorem 0.4 provides the following characterization of free actions in the classical case.

Theorem 0.5. Let G be a compact Hausdorff group acting continuously on a compact Hausdorff space X. Then the action is free if and only if the canonical map (0.12) can: P_{C(G)}(C(X)) ⊗_{C(X/G)} P_{C(G)}(C(X)) −→ P_{C(G)}(C(X)) ⊗ O(C(G))

is an isomorphism.

Observe that even in the above special case of a compact Hausdorff group acting on a compact Hausdorff space, a proof is required for the equivalence of freeness of the action and the bijectivity of the canonical map (PWGcondition). Theorem 0.5 brings a new algebraic tool (strong connection) to the realm of compact Hausdorff principal bundles.

In this classical setting, the Peter-Weyl algebra P_{C(G)}(C(X)) is the algebra of continuous global sections of the associated bundle of algebras X ×_G O(C(G)):

(0.13) P_{C(G)}(C(X)) = Γ ( X ×_G O(C(G)) ) . Here O(C(G)) is the subalgebra of C(G) spanned by the matrix coefficients of irreducible unitary representations of G. We view O(C(G)) as a representation space of G via the formula

(0.14) ( ϱ(g)(f) ) (h) := f(g^{−1}h).

The algebra O(C(G)) is topologized as the direct limit of its finite-dimensional subspaces. Multiplication and addition of sections is pointwise.

Note that, since O(C(G)) is cosemisimple, it belongs to the category of representations of G that are purely algebraic direct sums of finite-dimensional representations of G. We denote this category by FRep^⊕(G). Due to the cosemisimplicity of O(C(G)), the following formula for the left coaction of O(C(G)) on V

(0.15) (_V Δ(v))(g) := ϱ(g^{−1})(v), where ϱ : G −→ GL(V ) is a representation,

establishes an equivalence of FRep^⊕(G) with the category of all left O(C(G))- comodules. As with the special case V = O(C(G)), all vector spaces in this category are topologized as the direct limits of their finite-dimensional subspaces.

Theorem 0.5 unifies continuous free actions of compact Hausdorff groups on compact Hausdorff spaces and principal actions of affine algebraic groups on affine schemes [DG70, S-P04]. Thus the main result of our paper might be viewed as continuing the Atiyah-Hirzebruch program of transferring ideas (e.g. K-theory) from algebraic geometry to topology [AH59, AH61]. In the same spirit, our main theorem (Theorem 0.4) unifies the C^∗-algebraic concept of free actions of compact quantum groups [E-DA00] with the Hopf-algebraic concept of principal coactions [HKMZ11]. Theorem 0.4 implies the existence of strong connections [H-PM96] for free actions of compact quantum groups on unital C^∗-algebras (connections on compact quantum principal bundles) thus providing a theoretical foundation for the plethora of concrete constructions studied over the past two decades within the general framework noncommutative geometry [C-A94]. In this paper, we apply Theorem 0.4 to fields of C^∗-algebras (Corollary 5.3).

The paper is organized as follows. In Section 1, we prove the key part of our main theorem, that is the equivalence of freeness and the Peter-Weyl-Galois condition. In Section 2, we consider the general algebraic setting of principal coactions. Following Ulbrich [U-KH89] and Schauenburg [S-P04], we prove that the principality of a comodule algebra P over a Hopf algebra H is equivalent to the exactness and strong monoidality of the cotensor product functor P�^H. In particular, this proves the equivalence of the Peter-Weyl-Galois condition and strong monoidality for actions of compact quantum groups, thus completing the proof of the main theorem.

Although Theorem 0.5 is a special case of Theorem 0.4, the proof we give of Theorem 0.5 is not a special case of the proof of Theorem 0.4. Therefore, we treat Theorem 0.5 separately, and prove it in Section 3. The proof uses the strong monoidality (i.e. the preservation of tensor products) of the Serre-Swan equivalence and a general algebraic argument (Corollary 2.4) of Section 2. In Section 4, we give a vector-bundle interpretation of the aforementioned general algebraic argument. This provides a much desired translation between the algebraic and topological settings.

In Section 5, as an application of our main result, we prove that if a unital C^∗-algebra A equipped with an action of a compact quantum group can be fibred over a compact Hausdorff space X with the PWG-condition valid on each fibre, then the PWG-condition is valid for the action on A. We end with an appendix discussing the well-known fact that regularity of a finite covering is equivalent to bijectivity of the canonical map (0.12).

1. Equivalence of freeness and the Peter-Weyl-Galois condition

The implication “PWG-condition =⇒ freeness” is proved as follows. The PWG-condition immediately implies that

(1.1) (P_H (A) ⊗ C)δ(P_H (A)) = P_H (A) ⊗ O(H).

As the right-hand side is a dense subspace of A ⊗_{min} H (see [P-P95, Theorem 1.5.1] and [S-PM11, Proposition 2.2]), we obtain the density condition defining freeness.

For the converse implication “PWG-condition ⇐= freeness” we need some preparations. If (V, δ_V ) is a finite-dimensional right H-comodule, we write H_V for the smallest vector subspace of H such that δ_V (V ) ⊆ V ⊗ H_V . We write

(1.2) A_V := {a ∈ A | δ(a) ∈ A ⊗ H_V }.

Note that in the case (A, δ) = (H, Δ), we have A_V = H_V . Thus H_V is a coalgebra.

One can define a continuous projection map E_V from A onto A_V as follows [P-P95, Theorem 1.5.1]. Let us call two finite-dimensional comodules of H disjoint if the set of morphisms between them only contains the zero map. Then E_V is the unique endomorphism of A which is the identity on A_V and which vanishes on A_W for any finite-dimensional comodule W that is disjoint from V . In the special case of (A, δ) = (H, Δ), we use the notation e_V instead of E_V . The equivariance property

(1.3) δ ∘ E_V = (id ⊗ e_V ) ∘ δ is proved by a straightforward verification. When V is the trivial representation, we write E_V = E_B and e_V = φ_H , where B := A^{co H} is the algebra of coaction invariants and φ_H is the invariant state on H. Then the formula (1.3) specializes to

(1.4) E_B = (id ⊗ φ_H ) ∘ δ.

The key lemma in the proof of Theorem 0.4 is:

Lemma 1.1 (Theorem 1.2 in [DY13]). Let δ : A → A ⊗_{min} H be a free coaction, and let V be a finite-dimensional H-comodule. Then A_V is finitely generated projective as a right B-module.

Note that in the classical case X × G → X, we have H = C(G) and B = C(X/G). The B-module A_V is then Γ(X ×_G H_V ), and thus it is finitely generated projective.

Define a B-valued inner product on A_V by

(1.5) ⟨a, b⟩_B := E_B (a^∗b).

Lemma 1.2 (Corollary 2.6 in [DY13]). The B-valued inner product (1.5) makes A_V a right Hilbert B-module [L-EC95]. The Hilbert module norm ‖a‖_B := ‖⟨a, a⟩_B ‖^{1/2} is equivalent to the C^∗-norm of A restricted to A_V .

We will need the following lemma concerning the interior tensor product of Hilbert modules.

Lemma 1.3 (cf. Proposition 4.5 in [L-EC95]). Let C and D be unital C^∗-algebras, and let (E , ⟨ · , · ⟩_C ) be a right Hilbert C-module that is finitely generated projective as a right C-module. Let (F , ⟨ · , · ⟩_D ) be an arbitrary right Hilbert D-module, and π : C → L(F ) be a unital^∗-homomorphism of C into the C^∗-algebra of adjointable operators on F . Then the algebraic tensor product E ⊗_C F is a right Hilbert D-module with respect to the inner product given by ⟨x ⊗ y, z ⊗ w⟩ := ⟨y, π(⟨x, z⟩_C )w⟩_D .

Proof. We need to prove that the semi-norm ‖z‖ = ‖⟨z, z⟩_D‖^{1/2} on E ⊗_C F is in fact a norm with respect to which E ⊗_C F is complete. The statement obviously holds for E = C^n, the n-fold direct sum of the standard right Cmodule C. Since E is finitely generated projective, E can be realized as a direct summand of C^n, so that the conclusion also applies in this case. □

We are now ready to prove the implication “PWG-condition ⇐= freeness”. By the freeness assumption, the image of can is dense in A ⊗ H. In particular, for a given finite-dimensional comodule V and any h ∈ H_V , we can find a sequence k_n ∈ N and elements p_{n,i} and q_{n,i} in P_H (A) with 1 ≤ i ≤ k_n such that

(1.6)

k_n∑

i=1 (p_{n,i} ⊗ 1)δ(q_{n,i}) −→_{n→∞} 1 ⊗ h

in the C^∗-norm. Applying id ⊗ e_V to this expression, and using (1.3), we see that we can take q_{n,i} ∈ A_V .

Applying δ to the first leg of (1.6) and using coassociativity, we obtain

(1.7)

k_n∑

i=1 (δ(p_{n,i}) ⊗ 1)(id ⊗ Δ)(δ(q_{n,i})) −→_{n→∞} 1 ⊗ 1 ⊗ h.

Observe now that, since q_{n,i} ∈ A_V , by (1.2) we obtain (id ⊗ Δ)(δ(q_{n,i})) ∈ A_V ⊗H_V ⊗H_V . Hence the left-hand side of (1.7) belongs to the tensor product (A ⊗_{min} H) ⊗ H_V . As H_V is finite dimensional, the restriction of the antipode S of O(H) to H_V is continuous. Therefore, we can apply S to the third leg of (1.7) to conclude

(1.8)

k_n∑

i=1 (δ(p_{n,i}) ⊗ 1)(id ⊗ (id ⊗ S) ∘ Δ)(δ(q_{n,i})) −→_{n→∞} 1 ⊗ 1 ⊗ S(h).

Again by the finite dimensionality of H_V , multiplying the second and third legs is a continuous operation, so that

(1.9)

k_n∑

i=1 δ(p_{n,i})(q_{n,i} ⊗ 1) −→_{n→∞} 1 ⊗ S(h).

Since S(h) ∈ H¯_V , where V̄ is the contragredient of V , applying id ⊗ e¯_V to the above limit and using the equivariance property (1.3) shows that in the above limit we can choose p_{n,i} ∈ A¯_V . Consider now the right B-module map (1.10) G_V : A¯_V ⊗_B A_V −→ A¯_{V ⊗V} ⊗ H¯_V , a ⊗ b −→ δ(a)(b ⊗ 1). By Lemma 1.1 and Lemma 1.3, the algebraic tensor product on the left-hand side becomes an interior tensor product of right Hilbert B-modules. The inner product for A¯_V ⊗_B A_V is (1.11) ⟨c ⊗ d, a ⊗ b⟩_B = E_B (d^∗E_B (c^∗a)b).

On the other hand, equipping H¯_V with the Hilbert-space structure ⟨h, k⟩ = φ_H (h^∗k), the right-hand side is a right Hilbert B-module with inner product (1.12) ⟨b ⊗ h, a ⊗ g⟩_B = φ_H (h^∗g)E_B (b^∗a).

It follows from these formulas and (1.4) that G_V is an isometry between these Hilbert modules. Hence the range of G_V is closed.

From (1.9) and the equivalence of C^∗-module and Hilbert C^∗-module norms in Lemma 1.2, we infer that the range of G_V contains 1 ⊗ S(h). Therefore, as the domain of G_V is an algebraic tensor product, we can find a finite number of elements p_i, q_i ∈ P_H (A) such that

(1.13) ∑ i δ(p_i)(q_i ⊗ 1) = 1 ⊗ S(h).

Now applying the map a ⊗ g → (1 ⊗ S^{−1}(g))δ(a) to both sides yields

(1.14) ∑ i (p_i ⊗ 1)δ(q_i) = 1 ⊗ h.

As h was arbitrary in O(H), it follows that can is surjective.

Finally, as the Hopf algebra O(H) is cosemisimple, according to [S-HJ90, Remark 3.9], bijectivity of the canonical map can follows from its surjectivity. This completes the proof of the implication “PWG-condition ⇐= freeness”.

2. Equivalence of principality and strong monoidality

The framework of principal comodule algebras unifies in one category many algebraically constructed noncommutative examples and classical compact Hausdorff principal bundles.

Definition 2.1 ([BH04]). Let H be a Hopf algebra with bijective antipode, and let Δ_P : P → P ⊗ H be a coaction making P an H-comodule algebra. We call P principal if and only if:

(1) P⊗_BP ∋ p ⊗ q → can(p ⊗ q) := (p ⊗ 1)Δ_P (q) ∈ P ⊗ H is bijective, where B := P^{co H} := {p ∈ P | Δ_P (p) = p ⊗ 1};

(2) there exists a left B-linear right H-colinear splitting of the multiplication map B ⊗ P → P.

Here (1) is the Hopf-Galois condition and (2) is the right equivariant left projectivity of P.

Alternately, one can approach principality through strong connections:

Definition 2.2 ([BH04]). Let H be a Hopf algebra with bijective antipode S, and Δ_P : P → P ⊗ H be a coaction making P a right H-comodule algebra. A strong connection ℓ on P is a unital linear map ℓ : H → P ⊗ P satisfying:

(1) (id ⊗ Δ_P ) ∘ ℓ = (ℓ ⊗ id) ∘ Δ;

(2) (_P Δ ⊗ id) ∘ ℓ = (id ⊗ ℓ) ∘ Δ, where_P Δ := (S^{−1} ⊗ id) ∘ flip ∘ Δ_P ; (3) ~can ∘ ℓ = 1 ⊗ id, where ~can: P ⊗ P ∋ p ⊗ q → (p ⊗ 1)Δ_P (q) ∈ P ⊗ H.

One can prove (see [BH] and references therein) that a comodule algebra is principal if and only if it admits a strong connection.

If Δ_M : M → M ⊗ C is a coaction making M a right comodule over a coalgebra C and N is a left C-comodule via a coaction_N Δ: N → C ⊗ N, then we define their cotensor product as

(2.1) M^C�N := { t ∈ M ⊗ N | (Δ_M ⊗ id)(t) = (id ⊗_N Δ)(t) } . In particular, for a right H-comodule algebra P and a left H-comodule V , we observe that P�^HV is a left P^{co H}- module in a natural way. One of the key properties of principal comodule algebras is that, for any finite-dimensional left H-comodule V , the left P^{co H}-module P�^HV is finitely generated projective [BH04]. Here P plays the role of a principal bundle and P�^HV plays the role of an associated vector bundle. Therefore, we call P�^HV an associated module.

Principality can also be characterized by the exactness and strong monoidality of the cotensor functor. This characterisation uses the notion of coflatness of a comodule: a right comodule is coflat if and only if cotensoring it with left comodules preserves exact sequences.

Theorem 2.3. Let H be a Hopf algebra with bijective antipode and P be a right H-comodule algebra. Then P is principal if and only if P is right H-coflat and for all left H-comodules V and W the map β : (P�V ) ⊗_B (P�W ) −→ P�(V ⊗ W ), ( ∑ i a_i ⊗ v_i ) ⊗ ( ∑ j b_j ⊗ w_j ) −→ ∑ i,j a_ib_j ⊗ (v_i ⊗ w_j ),

is bijective. In other words, P is principal if and only if the cotensor product functor is exact and strongly monoidal with respect to the above map β.

Proof. The proof relies on putting together [S-HJ90, Theorem I], [S-P98, Theorem 6.15], [BH04, Theorem 2.5] and [SS05, Theorem 5.6]. First assume that P is principal. Then P is right equivariantly projective, and it follows from [BH04, Theorem 2.5] that P is faithfully flat. Now we can apply [S-P98, Theorem 6.15] to conclude that β is bijective. Furthermore, by [S-HJ90, Theorem I], the faithful flatness of P implies the coflatness of P. Conversely, assume that cotensoring with P is exact and strongly monoidal with respect to β. Then substituting H for V and W yields the Hopf-Galois condition. Now [SS05, Theorem 5.6] implies the equivariant projectivity of P. □

Corollary 2.4. Let A be a unital C^∗-algebra equipped with an action of a compact quantum group (H, Δ) given by δ : A → A ⊗_{min} H. Then the following are equivalent:

• The action of (H, Δ) on A satisfies the Peter-Weyl-Galois condition. • The action of (H, Δ) on A is strongly monoidal.

Proof. The Hopf algebra O(H) always has bijective antipode. It follows from [W-SL87, Theorem 4.2] and [BH04, Lemma 2.4] that any comodule over this Hopf algebra is coflat. Hence [SS05, Theorem 5.6] implies that the equivariant projectivity condition (i.e. Condition (2) of Definition 2.1) is valid for any O(H)-comodule algebra such that the canonical map is bijective. The corollary now follows from Theorem 2.3. (As an alternative to [SS05, Theorem 5.6], one can use the combination of [BB08, Theorem 4] and [BH04, Lemma 2.2].) □

3. The classical case

In this section, we prove our main result in the classical case, i.e. we prove Theorem 0.5. As in the proof of the general noncommutative case, we rely on the fact that the module of continuous sections of an associated vector bundle is finitely generated projective. However, unlike in the proof in Section 1, herein we first prove strong monoidality, and then conclude the PWG-condition. An entirely different proof of Theorem 0.5, using local triviality, can be found in [BH14].

To be consistent with general notation, we should only use C^∗-algebras C(G), C(X), etc., rather than spaces themselves. However, this would make formulas too cluttered, so that throughout this section we consistently omit writing C( ) in the subscript and the argument of the Peter-Weyl functor.

The implication “PWG-condition =⇒ freeness” is proved as follows. The PWG-condition immediately implies that

(3.1) (P_G(X) ⊗ C)δ(P_G(X)) = P_G(X) ⊗ O(G).

As the right-hand side is a dense subspace of C(X) ⊗_{min} C(G), we obtain the density condition (0.10). The latter is equivalent to freeness, as explained in the introduction.

For the converse implication “PWG-condition ⇐= freeness”, we shall use the Serre-Swan theorem.

Theorem 3.1 ([S-R62]). Let Y be a compact Hausdorff topological space. Then a C(Y )-module is finitely generated and projective if and only if it is isomorphic to the module of continuous global sections of a vector bundle over Y .

For a compact Hausdorff topological space Y , we denote by Vect(Y ) the category of C vector bundles on Y . An object in Vect(Y ) is a C vector bundle E with base space Y . The projection of E onto Y is denoted by π_E : E → Y . A section of E is a continuous map

(3.2) s: Y −→ E with π_E ∘ s = id_Y .

A morphism in Vect(Y ) is a vector bundle map, i.e. a continuous map

(3.3) φ: E −→ F such that π_F ∘ φ = π_E and, for all y ∈ Y , the restriction-corestriction map φ_y : π^{−1}_E (y) → π^{−1}_F (y) is a linear map between finite-dimensional vector spaces.

View the commutative C^∗-algebra C(Y ) as a commutative ring with unit. Denote by FProj(C(Y )) the category of finitely generated projective C(Y )-modules. An object in the category FProj(C(Y )) is a finitely generated projective C(Y )-module. A morphism in FProj(C(Y )) is a map of C(Y )-modules ψ : M → N.

If E is a C vector bundle on Y , then Γ(E) denotes the C(Y )-module consisting of all continuous sections of E. The module structure is pointwise. According to the Serre-Swan theorem, the functor Γ (3.4) Vect(Y ) −→ FProj(C(Y )), E −→ Γ(E), is an equivalence of categories and preserves all the basic properties of the two categories. In particular, E −→ Γ(E) preserves ⊕ and ⊗: Γ(E ⊕ F ) = Γ(E) ⊕ Γ(F ), Γ(E ⊗ F ) = Γ(E) ⊗_{C(Y )} Γ(F ).

(3.5)

Let X be a compact Hausdorff space equipped with a continuous free action of a compact Hausdorff group G. Next, let FRep(G) denote the category of representations of G on finite-dimensional complex vector spaces. Due to the freeness asumption, we can define the functor (3.6) FRep(G) −→ Vect(X/G), V −→ X ×_G V,

preserving ⊕ and ⊗:

X ×_G (V ⊕ W ) = (X ×_G V ) ⊕ (X ×_G W ), X ×_G (V ⊗ W ) = (X ×_G V ) ⊗ (X ×_G W ).

(3.7)

Combining the functor Γ with the functor X×_G yields the functor (3.8) FRep(G) −→ FProj(C(X/G)), V −→ Γ(X ×_G V ).

Furthermore, note that the C(X/G)-module C_G(X, V ) of all continuous G-equivariant functions from X to V is naturally isomorphic with Γ(X ×_G V ). Here G-equivariance means (3.9) ∀ x ∈ X, g ∈ G : f(xg) = ϱ(g^{−1})(f(x)), ϱ : G −→ GL(V ). Hence we can replace the above ⊗-preserving functor with the ⊗-preserving functor (3.10) FRep(G) −→ FProj(C(X/G)), V −→ C_G(X, V ).

The following elementary observation is key in translating from the topological to the algebraic setting.

Lemma 3.2. Let X be a compact Hausdorff space equipped with a continuous action of a compact Hausdorff group G, and let V be a finite-dimensional representation of G. Then the evident identification C(X, V ) = C(X) ⊗ V determines an equivalence of tensor functors: C_G(X, V ) = P_G(X)�V.

Proof. Let {e_i}^n_{i=1} be a basis of V and {e^i}^n_{i=1} be the basis of V^∗ dual to {e_i}^n_{i=1}. Given f ∈ C(X, V ), we note that n∑ i=1 (e^i ∘ f) ⊗ e_i ∈ P_G(X)�V ⇕ n∑ i=1 δ(e^i ∘ f) ⊗ e_i = n∑ i=1 (e^i ∘ f) ⊗_V Δ(e_i) ⇕ ∀ x ∈ X, g ∈ G : f(xg) = ϱ(g^{−1})(f(x)).

(3.11) The second equivalence is an immediate consquence of the definitions of δ and ϱ (see (0.11) and (0.15)). The first equivalence follows directly from the definition of cotensor product (see (0.7)) and the fact that

(3.12) n∑ i=1 (e^i ∘ f) ⊗_V Δ(e_i) ∈ C(X) ⊗ O(G) ⊗ V.

Thus the evident identification yields C_G(X, V ) = P_G(X)�V .

Finally, let β be the map defined in Theorem 2.3, and let

diag: C_G(X, V ) ⊗_{C(X/G)} C_G(X, W ) −→ C_G(X, V ⊗ W ),

diag: f_1 ⊗ f_2 −→ ( x → f_1(x) ⊗ f_2(x) ) . (3.13) The commutativity of the diagram (3.14) C_G(X, V ) ⊗_{C(X/G)} C_G(X, W )^{diag} �

�

C_G(X, V ⊗ W )

� (P_G(X)�V ) ⊗_{C(X/G)} (P_G(X)�W )^β � P_G(X)�(V ⊗ W )

proves that the identification C_G(X, V ) = P_G(X)�V defines an equivalence of tensor functors. □

Assume now that the action of G on X is free. Then, by the Serre-Swan theorem, the functor Γ(X×_G ) is strongly monoidal. Since it is equivalent as a tensor functor to C_G(X, ), we conclude from Lemma 3.2 that the cotensor product functor

(3.15) FRep(G) −→ FProj(C(X/G)), V −→ P_G(X)�V,

is also strongly monoidal.

Next, since O(G) is cosemisimple, any O(G)-comodule is a purely algebraic direct sum of finite-dimensional comodules. Furthermore, as the cotensor product is defined as the kernel of a linear map, it commutes with such direct sums. As it is also clear that the map β commutes with such direct sums, we infer that the extended cotensor product functor

(3.16) FRep^⊕(G) −→ FProj^⊕(C(X/G)), V −→ P_G(X)�V,

is strongly monoidal. Here FProj^⊕(C(X/G)) is the category of projective modules over C(X/G) that are purely algebraic direct sums of finitely generated projective C(X/G)-modules, and FRep^⊕(G) is the category of representations of G defined above (0.15). (One can think of these categories as the indcompletions in the sense of [AGV72, Expose I, Section 8.2].) Combining this with Corollary 2.4 allows us to conclude the proof of the implication “PWGcondition ⇐= freeness”.

4. Vector-bundle interpretation

We now give a vector-bundle interpretation of the proof of the preceding section. To this end, we need to extend the functor C_G(X, ) to the category FRep^⊕(G), which includes the representation O(G). Let V be a purely algebraic direct sum of finite-dimensional representations of G. We topologize V as the direct limit of its finite-dimensional subspaces, and denote by C(X, V ) the space of all continuous maps from X to V . An elementary topological argument shows that the image of any continuous map from X to V is contained in a finitedimensional subspace of V . Therefore, Lemma 3.2 generalizes to:

Corollary 4.1. Let V be an object in the category FRep^⊕(G). Then the evident identification C(X, V ) = C(X) ⊗ V determines an equivalence of tensor functors:

C_G(X, V ) = P_G(X)�V.

Taking V = O(G) topologized with the direct limit topology, we immediately obtain the following presentation of the Peter-Weyl algebra:

(4.17) C_G(X, O(G)) = P_G(X)�O(G) = P_G(X).

Assume now that the action of G on X is free. Then X ×_G O(G) is a vector bundle in the sense that it is a direct sum of ordinary (i.e. with finite-dimensional fibers) vector bundles, and (4.18) Γ(X ×_G O(G)) = C_G(X, O(G)) = P_G(X). Moreover, arguing as for the cotensor product functor, we conclude that the functor (4.19) FRep^⊕(G) −→ FProj^⊕(C(X/G)), V −→ C_G(X, V ), is strongly monoidal. Hence, taking advantage of (4.17), we obtain (4.20) C_G(X, O(G) ⊗ O(G)) = P_G(X) ⊗_{C(X/G)} P_G(X).

Next, denote by O(G)^{trivial} the vector space O(G) with the trivial action of G, i.e. every g ∈ G is acting by the identity map of O(G). Then, as before, we obtain C_G(X, O(G) ⊗ O(G)^{trivial}) = P_G(X) ⊗_{C(X/G)}C(X/G) ⊗ O(G)

(4.21) = P_G(X) ⊗ O(G).

Lemma 4.2. The G-equivariant homeomorphism W : G × G^{trivial} −→ G × G, W ((g, g^′)) := (g, gg^′), gives an isomorphism of representations of G O(G) ⊗ O(G)^{trivial} ∼= O(G) ⊗ O(G).

Here G × G^{trivial} and G × G are right G-spaces via the formulas (g, g^′)h := (h^{−1}g, g^′) and (g, g^′)h := (h^{−1}g, h^{−1}g^′), respectively.

Proof. Since O(G) is a Hopf algebra, the pullback of W restricts and corestricts to (4.22) W^∗ : O(G) ⊗ O(G) −→ O(G) ⊗ O(G)^{trivial}. Taking into account (0.14) and (0.15), we infer that W^∗ is the required intertwining operator. □ Combining Lemma 4.2 with (4.20) and (4.21) gives (4.23) P_G(X) ⊗_{C(X/G)} P_G(X) ∼= P_G(X) ⊗ O(G).

Finally, to see that this isomorphism is indeed the canonical map, we explicitly put together all identifications used on the way. First, we observe that, since the isomorphism (4.24) P_G(X) −→ P_G(X)�O(G) is given by the coaction δ, the identification (4.17) is implemented by the maps

P_G(X)^E � C_G(X, O(G)), F � ( E(f)(x) ) (g) := f(xg), F (α)(x) := α(x)(e), E ∘ F = id, F ∘ E = id.

(4.25)

We can now easily check that the following composition of isomorphisms

P_G(X) ⊗_{C(X/G)}P_G(X)^{E⊗E}−→ C_G(X, O(G)) ⊗_{C(X/G)}C_G(X, O(G))^{diag}−→

C_G ( X, O(G) ⊗ O(G)

)_W ∗_∘

−→ C_G ( X, O(G) ⊗ O(G)^{trivial}

)^∑_i(id ⊗ e^i ) ⊗ e_i −→ C_G(X, O(G)) ⊗ O(G)^{F ⊗id}−→ P_G(X) ⊗ O(G)

is the canonical map, as desired.

5. Application: fields of free actions

Let A be a unital C^∗-algebra with center Z(A), let X be a compact Hausdorff space and let θ : C(X) → Z(A) be a unital inclusion. The triple (A, C(X), θ) is called a unital C(X)-algebra ([K-G88, p. 154]). In the following, we simply consider C(X) as a subalgebra of A. For x ∈ X, let J_x be the closed two-sided ideal in A generated by the functions f ∈ C(X) that vanish at x. Then we have quotient C^∗-algebras A_x := A/J_x with natural projection maps π_x : A → A_x, and the triple (X, A, π_x) is a field of C^∗-algebras. For any a ∈ A, the map n_x : X → R, x → ‖π_x(a)‖ is upper semi-continuous [DG83, Theorem 2.4] (see also [R-MA89, Proposition 1.2]). If the latter map is continuous, the field is called continuous, but this property will not be necessary to assume for our purposes.

Lemma 5.1. Let X be a compact Hausdorff space, A a unital C(X)-algebra, and (H, Δ) a compact quantum group acting on A via δ : A → A ⊗_{min} H. Assume that C(X) ⊆ A^{co H} . Then for each x ∈ X there exists a unique coaction δ_x : A_x → A_x ⊗_{min} H such that for all a ∈ A

(5.1) δ_x(π_x(a)) = (π_x ⊗ id)(δ(a)).

Proof. Let x ∈ X and f ∈ C(X) with f(x) = 0. As δ(f) = f ⊗ 1 by assumption, it follows that (π_x ⊗ id)(δ(f)) = 0. Hence (π_x ⊗ id)(δ(a)) = 0 for a ∈ J_x, so that δ_x can be defined by (5.1). It is straightforward to check that each δ_x satisfies the coassociativity and counitality conditions.

Finally, to see that δ_x is injective, assume that δ_x(π_x(a)) = 0. Then

(5.2) (π_x ⊗ id)(δ(a)) = 0,

whence (id ⊗ ω)(δ(a)) ∈ J_x for all ω ∈ A^∗. In particular, if (g_α)_α is a bounded positive approximate unit for C_0(X \ {x}), then

(5.3) g_α(id ⊗ ω)(δ(a))^{norm}−→_α (id ⊗ ω)(δ(a)).

Hence we obtain

(5.4) (g_α ⊗ 1)δ(a)^{weakly}−→_α δ(a).

However, as (g_α ⊗ 1)δ(a) = δ(g_αa) and δ is injective, we find that

(5.5) g_αa^{weakly}−→_α a.

Consequently, π_x(a) = 0, and we conclude that δ_x is injective. □

Theorem 5.2. Let X be a compact Hausdorff space, A a unital C(X)-algebra, and (H, Δ) a compact quantum group acting on A via δ : A → A ⊗_{min} H. Assume that C(X) ⊆ A^{co H} . Then, the coaction δ is free if and only if the coactions δ_x are free for each x ∈ X.

Proof. First note that A ⊗_{min} H is again a C(X)-algebra in a natural way. We will denote the quotient (A ⊗_{min} H)/(J_x ⊗_{min} H) by A_x ⊗_x H. This will be a C^∗-completion of the algebraic tensor product algebra A_x ⊗ H (not necessarily the minimal one). We will denote the quotient map at x by π_x ⊗_x id : A ⊗_{min} H → A_x ⊗_x H.

The implication “δ is free =⇒ the coactions δ_x are free for each x ∈ X” follows immediately from the commutativity of the diagram

(5.6) A ⊗ A

π_x⊗π_x � can � A ⊗_{min} H

π_x⊗_x id � A_x ⊗ A_x � A_x ⊗_x H .

Here the upper horizontal arrow is given by the formula a ⊗ a^′ → (a ⊗ 1)δ(a^′), and the lower horizontal arrow is given by a ⊗ a^′ → (a ⊗ 1)δ_x(a^′).

Assume now that each δ_x is free. Fix ε > 0, and choose h ∈ O(H). By Theorem 0.4, for each x ∈ X we can find an element z_x ∈ (A ⊗ C)δ(A) such that (π_x ⊗_x id)(z_x) = 1 ⊗ h in A_x ⊗_x H. Consider the function

(5.7) f_x : X ∋ y −→ ‖(π_y ⊗_y id)(z_x − 1 ⊗ h)‖ = ‖(π_y ⊗_y id)(z_x) − 1 ⊗ h‖ ∈ R.

As the norm on the field y → A_y ⊗_y H is upper semi-continuous, the function y → f_x(y) is upper semi-continuous. Since f_x(x) = 0, we can find an open neighborhood U_x of x such that for all y ∈ U_x

(5.8) f_x(y) = ‖(π_y ⊗_y id)(z_x) − 1 ⊗ h‖_{Ay ⊗y H} < ε.

Let {f_i}_i be a partition of unity subordinate to a finite subcover {U_{xi} }_i. An easy estimate shows that for z := ∑ i(f_i ⊗ 1)z_{xi} and all y ∈ X

(5.9) ‖(π_y ⊗_y id)(z − 1 ⊗ h)‖_{Ay ⊗y H} < ε.

Taking the supremum over all y, we conclude by [DG83, Theorem 2.4] and the compactness of X that ‖z − 1 ⊗ h‖ < ε. Hence (A ⊗ C)δ(A) is dense in A ⊗ H, i.e. the coaction δ is free. □

Combining Theorem 0.4 and Theorem 5.2, we obtain:

Corollary 5.3. Let X be a compact Hausdorff space, A a unital C(X)-algebra, and (H, Δ) a compact quantum group acting on A via δ : A → A ⊗_{min} H. Assume that C(X) ⊆ A^{co H} . Then, the coaction δ satisfies the PWG-condition if and only if the coactions δ_x satisfy the PWG-condition for each x ∈ X.

As a particular case we consider:

Definition 5.4 (cf. [DHH15]). Let (H, Δ) be a compact quantum group acting on a unital C^∗-algebra A via δ : A → A ⊗_{min} H. We call the unital C^∗-algebra

A^δ⊛ H := { f ∈ C ( [0, 1], A ⊗_{min} H ) | f(0) ∈ C ⊗ H, f(1) ∈ δ(A) }

the equivariant noncommutative join of A and H.

The C^∗-algebra A ⊛^δ H is obviously a C([0, 1])-algebra with (A ⊛^δ H)_x = A ⊗_{min} H for x ∈ (0, 1), (A ⊛^δ H)_0 = H and (A ⊛^δ H)_1 ∼= A. The following lemma shows that A ⊛^δ H carries a natural action of (H, Δ).

Lemma 5.5. The compact quantum group (H, Δ) acts on the unital C^∗-algebra A ⊛^δ H via

δ_{A⊛}δ_H : A^δ⊛ H ∋ f −→ (id ⊗ Δ) ∘ f ∈ (A^δ⊛ H) ⊗_{min} H.

Proof. We first show that the range of δ_{A⊛}δ_H is contained in (A ⊛^δ H) ⊗_{min} H. To this end, we take any function f ∈ A⊛^δ H and identify (A⊛^δ H)⊗_{min} H as a subalgebra of C ( [0, 1], A ⊗_{min} H ⊗_{min} H ) . Since f is uniformly continuous and P_H (A) is dense in A by [P-P95, Theorem 1.5.1] and [S-PM11, Proposition 2.2], an elementary partition of unity argument shows that f can be approximated by finite sums of functions of three kinds:

(1) F_1 : [0, 1] ∋ t → ξ_0(t)(1 ⊗ h) ∈ C ⊗ O(H), where ξ_0 ∈ C([0, 1], [0, 1]), ξ_0(1) = 0, and h is a fixed element of O(H);

(2) F_2 : [0, 1] ∋ t → ξ(t)(a ⊗ h) ∈ P_H (A) ⊗ O(H), where ξ ∈ C([0, 1], [0, 1]) with ξ(0) = 0 = ξ(1), and a and h are respectively fixed elements of P_H (A) and O(H);

(3) F_3 : [0, 1] ∋ t → ξ_1(t)δ(a) ∈ δ(P_H (A)), where ξ_1 ∈ C([0, 1], [0, 1]), ξ_1(0) = 0, and a is a fixed element of P_H (A).

It is clear that (id ⊗ Δ) ∘ F_i ∈ C([0, 1], A ⊗_{min} H) ⊗ H for all i. As the rightmost tensor product is algebraic, evaluations commute with id ⊗ Δ, and δ is coassociative, we infer that (id ⊗ Δ) ∘ F_i ∈ (A ⊛^δ H) ⊗ H for all i (cf. [DHH15, Lemma 5.2]). Furthermore, since δ_{A⊛}δ_H viewed as a map into C ( [0, 1], A ⊗_{min} H ⊗_{min} H ) is a ∗-homomorphism, it is continuous, so that (id⊗Δ)∘f ∈ (A⊛^δ H)⊗_{min} H. Hence δ_{A⊛}δ_H has range in (A⊛^δ H)⊗_{min} H.

The injectivity and coassociativity of δ_{A⊛}δ_H are immediate respectively from the injectivity and coassociativity of Δ. The counitality condition follows from the same approximation argument as above. □

Corollary 5.6. If the coaction δ : A → A ⊗_{min} H is free, then so is the coaction δ_{A⊛}δ_H : A ⊛^δ H → (A ⊛^δ H) ⊗_{min} H.

Proof. The C^∗-algebra A ⊛^δ H is a unital C([0, 1])-algebra with C([0, 1]) ⊆ (A ⊛^δ H)^{co H} . With the notation of Lemma 5.1, we have:

(1) ((A ⊛^δ H)_0, δ_0) = (H, Δ), (2) ((A ⊛^δ H)_x, δ_x) = (A ⊗_{min} H, id ⊗ Δ) for x ∈ (0, 1), (3) ((A ⊛^δ H)_1, δ_1) ∼= (A, δ).

As each of the above actions is free, we infer from Theorem 5.2 that δ_{A⊛}δ_H is free. Alternatively, one can use a direct approximation argument as in Lemma 5.5. □

Appendix: Finite Galois coverings

Let π : X → Y be a covering map of topological spaces. As usual, this means that given any y ∈ Y there exists an open set U in Y with y ∈ U such that π^{−1}(U) is a disjoint union of open sets each of which π maps homeomorphically onto U. A deck transformation is a homeomorphism h: X → X with π ∘h = π.

Proposition A.7. Let X and Y be compact Hausdorff topological spaces. Let π : X → Y be a covering map, and let Γ be the group of deck transformations of this covering map. Assume that Γ is finite. Then X is a principal Γ-bundle over Y if and only if the canonical map

can: C(X) ⊗_{C(Y )}C(X) −→ C(X) ⊗ C(Γ),

can: f_1 ⊗ f_2 −→ (f_1 ⊗ 1)δ(f_2),

is an isomorphism. Here δ is given by (0.11).

Proof. If X is a principal Γ-bundle over Y , then C(Y ) = C(X/Γ) = C(X)^{co C(Γ)} and, by (0.10), can is surjective. Furthermore, since C(Γ) is cosemisimple, by the result of H.-J. Schneider [S-HJ90, Theorem I], the surjectivity of can implies its bijectivity.

Assume now that can is bijective. The local triviality assumption in the definition of a covering map implies that for any continuous function f on X one has a continuous function Θ(f) on Y given by the formula

(A.10) (Θ(f))(y) := 1 #π^{−1}(y) ∑ x∈π^{−1}(y)

f(x) .

Note that the fibres are finite due to the compactness of X. Also, one immediately sees that Θ is a unital C(Y )-linear map from C(X) to C(Y ).

Now it follows from the bijectivity of can and [DHS99, Lemma 1.7] that C(Y ) = C(X)^{co C(Γ)} = C(X/Γ). Hence the fibres of the covering map π : X → Y are the orbits of Γ. Finally, the freeness of the action of Γ on X follows from the surjectivity of can and (0.10). □

If X is connected, then it is always the case that the group of deck transformations Γ is finite and that the action of Γ on X is free. The issue is then whether or not the action of Γ on each fiber of π is transitive. Thus we conclude from Proposition A.7:

Corollary A.8. Let X and Y be connected compact Hausdorff topological spaces, and let π : X → Y be a covering map. Denote by Γ the group of deck transformations. Then the action of Γ on each fiber of π is transitive if and only if the canonical map

can: C(X) ⊗_{C(Y )}C(X) −→ C(X) ⊗ C(Γ)

is an isomorphism.

Remark A.9. To make the proof of Proposition A.7 more self-contained, let us unravel the crux of the argument proving [DHS99, Lemma 1.7]. We know that C(Y ) ⊆ C(X/Γ), and we need to prove the equality. To this end, let us take any f ∈ C(X/Γ). Then, since can(1 ⊗ f) = can(f ⊗ 1), it follows from the bijectivity of can that 1 ⊗ f = f ⊗ 1 ∈ C(X) ⊗_{C(Y )} C(X). Applying Θ ⊗ id to this equality yields f = Θ(f) ∈ C(Y ).

Remark A.10. An alternative proof of Proposition A.7 is as follows. Consider the commutative diagram

(A.11) C(X) ⊗_{C(Y )}C(X)

� can � C(X) ⊗ C(Γ)

� C(X×_Y X) � C(X × Γ)

in which each vertical arrow is the evident map and the lower horizontal arrow is the ∗-homomorphism resulting from the map of topological spaces

(A.12) X × Γ −→ X ×_Y X, (x, γ) → (x, xγ).

Note that X is a (locally trivial) principal Γ bundle on Y if and only if this map of topological spaces is a homeomorphism, and the latter is equivalent to bijectivity of the lower horizontal arrow.

Hence to prove Proposition A.7, it will suffice to prove that the two vertical arrows are isomorphisms. The right vertical arrow is an isomorphism because Γ is a finite group, so C(Γ) is a finite-dimensional vector space over the complex numbers C.

For the left vertical arrow, let E be the vector bundle on Y whose fiber at y ∈ Y is Map(π^{−1}(y), C), i.e. is the set of all set-theoretic maps from π^{−1}(y) to C. As π^{−1}(y) is a discrete subset of the compact Hausdorff space X, it is finite. Let S(E) be the algebra consisting of all the continuous sections of E. Then S(E) = C(X).

Similarly, define

(A.13) π^{(2)} : X×_Y X −→ Y by π^{(2)} : (x_1, x_2) −→ π(x_1) = π(x_2).

Let F be the vector bundle on Y whose fiber at y ∈ Y is Map((π^{(2)})^{−1}(y), C), i.e. is the set of all set-theoretic maps from (π^{(2)})^{−1}(y) to C. Then S(F ) = C(X ×_Y X), where S(F ) is the algebra consisting of all the continuous sections of F . Since F = E ⊗ E as vector bundles on Y , we conclude S(F ) = S(E) ⊗_{C(Y )} S(E), which proves bijectivity for the left vertical arrow.

Example A.11. Without connectivity, the group of deck transformations can be infinite. For example, let Y be the Cantor set and let π : Y × {0, 1} → Y be the trivial twofold covering. Let U be a subset of Y which is both open and closed. Define γ_U : Y × {0, 1} → Y × {0, 1} by

(A.14) γ_U (y, t) :=

(y, t) for y /∈ U

(y, 1 − t) for y ∈ U.

Then γ_U is a deck transformation and there are infinitely many closed and open subsets U.

Example A.12. The following example is a threefold covering X of the onepoint union of two circles Y . Here the preimage of the left circle of the base space is the usual threefold covering of the circle. The preimage of the right circle of the base space is the disjoint union of the usual twofold covering of the circle and the onefold covering of the circle.

X

Y In this example, the group of deck transformations is trivial. Indeed, let γ be a deck transformation. Consider γ restricted to the preimage of the right circle of the base space. This preimage has two connected components. Since γ is a deck transformation of this preimage, it must map each connected compenent to itself. This implies that γ has a fixed point. Hence, as X is connected, γ = id. In particular, this shows that the group of deck transformations need not act transitively on fibers of a covering map. The canonical map is surjective but not injective.

Acknowledgments. We thank Wojciech Szymański and Makoto Yamashita for helpful and enlightening discussions. We are also very grateful to Jakub Szczepanik for his assistance with L^ATEX graphics, and to Benjamin Passer and Mariusz Tobolski for their careful proofreading of this paper. This work was partially supported by NCN grant 2011/01/B/ST1/06474. In addition, Paul F. Baum was partially supported by NSF grant DMS 0701184, and Kenny De Commer was partially supported by FWO grant G.0251.15N.

References

[AGV72] Artin M., Grothendieck A. and Verdier J.-L., Théorie des Topos et Cohomologie étale des Schémas, Springer Lecture Notes in Math. 269, 1972.

[AH59] Atiyah M. F. and Hirzebruch F., Riemann-Roch theorems for differentiable manifolds. Bull. Amer. Math. Soc. 65 (1959) 276–281.

[AH61] Atiyah M. F. and Hirzebruch F., Vector bundles and homogeneous spaces. Differential geometry. Proceedings of the Symposium in Pure Mathematics, Vol. III, American Mathematical Society, Providence, R.I., 7–38, 1961.

[BH14] Baum P. F. and Hajac P. M., Local proof of algebraic characterization of free actions. SIGMA 10 (2014), 060, 7 pages.

[BB08] Beggs E. J. and Brzeziński T., An explicit formula for a strong connection. Applied Categorical Structures 16 (2008) 57–63.

[BH04] Brzeziński T. and Hajac P. M., The Chern-Galois character. C. R.

Acad. Sci. Paris, Ser. I 338 (2004) 113–116.

[BH] Brzeziński T. and Hajac P. M., Galois-type extensions and equivariant projectivity. In: Quantum Symmetry in Noncommutative Geometry, P. M. Hajac (ed.), Eur. Math. Soc. Publ. House, to appear.

[C-A94] Connes A., Noncommutative Geometry, Academic Press, San Diego, CA, 1994, 661 pages, ISBN 0-12-185860-X.

[DHH15] Dabrowski L., Hadfield T. and Hajac P. M., Equivariant join and fusion of noncommutative algebras. SIGMA 11 (2015), 082, 7 pages.

[DHS99] Dabrowski L., Hajac P. M. and Siniscalco P., Explicit Hopf-Galois description of SL_e 2iπ_3 (2)-induced Frobenius homomorphisms. Enlarged Proceedings of the ISI GUCCIA Workshop on quantum groups, non commutative geometry and fundamental physical interactions, D. Kastler, M. Rosso, T. Schucker (eds.), Commack, New York, Nova Science Pub., Inc., 279–298, 1999.

[DY13] De Commer K. and Yamashita M., A construction of finite index C^∗-algebra inclusions from free actions of compact quantum groups. Publ. Res. Inst. Math. Sci. 49 (2013) 709–735.

[DG70] Demazure M. and Gabriel P., Groupes Algébriques I, North Holland, Amsterdam, 1970.

[DG83] Dupré M. J. and Gillette R. M., Banach bundles, Banach modules and automorphisms of C^∗-algebras. Research Notes in Math. 92, Pitman Advanced Pub. Program, 1983.

[E-DA00] Ellwood D. A., A new characterisation of principal actions.

J. Funct. Anal. 173 (2000) 49–60.

[H-PM96] Hajac P. M., Strong connections on quantum principal bundles.

Comm. Math. Phys. 182 (1996) 579–617.

[HKMZ11] Hajac P. M., Krähmer U., Matthes R. and Zieliński B., Piecewise principal comodule algebras. J. Noncommut. Geom. 5 (2011) 591– 614.

[HMS03] Hajac P. M., Matthes R. and Szymański W., Chern numbers for two families of noncommutative Hopf fibrations. C. R. Acad. Sci. Paris, Ser. I 336 (2003) 925–930.

[K-G88] Kasparov G. G., Equivariant KK-theory and the Novikov conjecture. Inv. Math. 91 (1988) 147–201.

[L-EC95] Lance E. C., Hilbert C^∗-modules. A toolkit for operator algebraists.

London Math. Soc. Lecture Note Series 210, Cambridge Univ. Press, Cambridge, 1995.

[MV98] Maes A. and Van Daele A., Notes on compact quantum groups.

Nieuw Arch. Wisk. 16 (1998) 73–112.

[P-P95] Podleś P., Symmetries of quantum spaces. Subgroups and quotient spaces of quantum SU(2) and SO(3) groups. Comm. Math. Phys. 170 (1995) 1–20.

[R-MA89] Rieffel M. A., Continuous fields of C^∗-algebras coming from group cocycles and actions. Math. Ann. 283 (1989) 631–643.

[S-P98] Schauenburg P., Bialgebras over noncommutative rings and a structure theorem for Hopf bimodules. Applied Categorical Structures 6 (1998) 193–222.

[S-P04] Schauenburg P., Hopf-Galois and Bi-Galois extensions. Galois theory, Hopf algebras, and semiabelian categories, Fields Inst. Comm. 43, AMS 2004, 469–515.

[SS05] Schauenburg P. and Schneider H.-J., On generalized Hopf Galois extensions. J. Pure Appl. Algebra 202 (2005) 168–194.

[S-HJ90] Schneider H.-J., Principal homogeneous spaces for arbitrary Hopf algebras. Israel J. of Math. 72 (1990) 167–195.

[S-PM11] Sołtan P. M., On actions of compact quantum groups. Illinois Journal of Mathematics 55 (2011) 953–962.

[S-R62] Swan R. G., Vector bundles and projective modules. Trans. Amer.

Math. Soc. 105 (1962) 264–277.

[U-KH89] Ulbrich K.-H., Fibre functors of finite-dimensional comodules.

Manuscripta Math. 65 (1989) 39–46.

[W-SL87] Woronowicz S. L., Compact matrix pseudogroups. Comm. Math.

Phys. 111 (1987) 613–665.

[W-SL98] Woronowicz S. L., Compact quantum groups. Symétries quantiques (Les Houches, 1995), 845–884, North-Holland, Amsterdam, 1998.

Paul F. Baum Mathematics Department McAllister Building The Pennsylvania State University University Park PA 16802 USA and Instytut Matematyczny Polska Akademia Nauk ul. Śniadeckich 8 00-656 Warszawa Poland pxb6@psu.edu

Kenny De Commer Department of Mathematics Vrije Universiteit Brussel Pleinlaan 2 1050 Brussels Belgium kenny.de.commer@vub.ac.be

Piotr M. Hajac Instytut Matematyczny Polska Akademia Nauk ul. Śniadeckich 8 00-656 Warszawa Poland pmh@impan.pl

Documenta Mathematica 22 (2017)