Documenta Math. 659

On the Center-Valued Atiyah Conjecture

for L^2-Betti Numbers

Anselm Knebusch, Peter Linnell, Thomas Schick

Received: June 17, 2016 Revised: December 17, 2016

Communicated by Max Karoubi

Abstract. The so-called Atiyah conjecture states that the N (G)-dimensions of the L^2-homology modules of finite free G-CW-complexes belong to a certain set of rational numbers, depending on the finite subgroups of G. In this article we extend this conjecture to a statement for the center-valued dimensions. We show that the conjecture is equivalent to a precise description of the structure as a semisimple Artinian ring of the division closure D(Q[G]) of Q[G] in the ring of affiliated operators. We prove the conjecture for all groups in Linnell’s class C, containing in particular free-by-elementary amenable groups.

The center-valued Atiyah conjecture states that the center-valued L^2- Betti numbers of finite free G-CW-complexes are contained in a certain discrete subset of the center of C[G], the one generated as an additive group by the center-valued traces of all projections in C[H], where H runs through the finite subgroups of G.

Finally, we use the approximation theorem of Knebusch [15] for the center-valued L^2-Betti numbers to extend the result to many groups which are residually in C, in particular for finite extensions of products of free groups and of pure braid groups.

2010 Mathematics Subject Classification: Primary: 46L80. Secondary: 20C07, 46L10, 47A58 Keywords and Phrases: Atiyah conjecture, center-valued trace, von Neumann dimension, L^2-Betti numbers

1 Introduction

In [3], Atiyah introduced L^2-Betti numbers for manifolds with cocompact free G-action for a discrete group G (later generalized to finite free G-CW-complexes). There, he asked [3, p. 72] about the possible values these can assume. This question was later popularized in precise form as the so-called “strong Atiyah conjecture”. One easily sees that the possible values depend on G. For a finite subgroup of order n in G, a free cocompact G-manifold with L^2-Betti number 1/n can be constructed. For certain groups G which contain finite subgroups of arbitrarily large order, with quite some effort manifolds M with π_1(M) = G and with transcendental L^2-Betti numbers have been constructed [4, 12, 26]. In the following, we will therefore concentrate on G with a bound on the orders of finite subgroups.

The L^2-Betti numbers are defined using the L^2-chain complex. The chain groups there are of the form l^2(G)^d, and the differentials are given by convolution multiplication with a matrix over Z[G]. The strong Atiyah conjecture for free finite G-CW-complexes is equivalent to the following (with K = Z):

1.1 Definition. Let G be a group with a bound on the orders of finite subgroups and let lcm(G) ∈ N (the positive integers) denote the least common multiple of these orders. Let K ⊂ C be a subring.

We say that G satisfies the strong Atiyah conjecture over K, or K[G] satisfies the strong Atiyah conjecture if for every n ∈ N and every A ∈ M_n(K[G])

dim_G(ker(A)) := tr_G(pr_{ker A}) ∈ 1 lcm(G) Z. Here, as before, we consider A: l^2(G)^n → l^2(G)^n as a bounded operator, acting by left convolution multiplication — the continuous extension of the left multiplication action on the group ring to l^2(G). tr_G is the canonical trace on M_n(N (G)), i.e. the extension (using the matrix trace) of tr_G : N (G) → C; a → ⟨aδ_e, δ_e⟩_l2_{(G)}, where N (G), the weak closure of C[G] ⊂ B(ℓ^2(G)) is the group von Neumann algebra.

If G contains arbitrarily large finite subgroups, we set lcm(G) := +∞.

A projection P will always be a self adjoint idempotent, so P = P^2 = P^∗, where ∗ indicates the involution on N (G). If E is an idempotent, then E is similar to a projection P and then tr_G(E) = tr_G(P ). Also a central idempotent is always a projection. Note that if G is an infinite group, then the set {tr_G(P )}, where P runs through the projectors in M_n(N (G)), n ∈ N consists of all nonnegative real numbers. The strong Atiyah conjecture predicts, on the other hand, that the L^2-Betti numbers take values in the subgroup of R generated by traces of projectors defined already over Q[H] for the finite subgroups H of G: the projector p_H = ( ∑ h∈H h)/ |H| satisfies tr_G(p_H ) = 1/ |H|. And by the Chinese remainder theorem, the additive subgroup of R generated by the |H|^{−1} is exactly^1_{lcm(G)} Z.

We now turn to the center-valued refinements of the above statements. The center-valued L^2-Betti numbers are obtained by replacing the canonical (complex-valued) trace tr_G by the center-valued trace tr^u_G (see Definition 2.1), taking values in the center of N (G). Note that by general theory [14, Chapter 8], as every finite von Neumann algebra has a unique normalized center-valued trace, this is a powerful invariant: two finitely generated projective Hilbert N (G)- modules are isomorphic if and only if their center-valued dimensions coincide. The center of a ring R will be denoted Z(R).

1.2 Definition. Let G be a group with lcm(G) < ∞, let K be a subring of C, let F be the field of fractions of K, and assume that F is closed under complex conjugation. Let L_K (G) be the additive subgroup of Z(N (G)) generated by tr^u_G(P ) ∈ Z(C[G]) ⊂ Z(N (G)) where P runs through projections P ∈ F [H] with H ≤ G a finite subgroup.

We say that G satisfies the center-valued Atiyah conjecture over K, or K[G] satisfies the center-valued conjecture if for every n ∈ N and every A ∈ M_n(K[G]) we have dim^u_G(ker(A)) := tr^u_G(pr_{ker A}) ∈ L_K (G).

Observe that G satisfies the center-valued Atiyah conjecture over K if and only if G satisfies the center-valued conjecture over its field of fractions F . Indeed the “only if” is obvious. On the other hand if A ∈ M_n(F [G]), then (“clearing denominators”) there exists 0 ≠ k ∈ K such that kA ∈ M_n(K[G]), and ker A = ker kA, which verifies the “if” part.

1.3 Proposition. If a group G satisfies the center-vlaued Atiyah conjecture over K of Definition 1.2, then G also satisfies the (classical) strong Atiyah conjecture over K of Definition 1.1.

Proof. By the universal property of the center-valued trace [14, Chapter 8], tr_G = tr_G ∘ tr^u_G. We therefore only have to check that tr_G(a) ∈^1_{lcm(G)} Z for all a ∈ L_K (G). By the definition of L_K (G), we just have to show that tr_G(P ) ∈ 1 lcm(G) Z for each projector P ∈ F [H], where H ≤ G is an arbitrary finite

subgroup. This is of course well known to be true, it follows e.g. from the fact that finite groups satisfy the strong Atiyah conjecture over K.

1.4 Proposition (compare Corollary 3.5). If lcm(G) < ∞ then L_K (G) ⊂ Z(N (G)) is discrete. In particular, the center-valued Atiyah conjecture predicts a “quantization” of the center-valued L^2-Betti numbers.

1.5 Remark. As for the ordinary strong Atiyah conjecture, the center-valued Atiyah conjecture over Z[G] is equivalent to the statement that the centervalued L^2-Betti numbers for finite free G-CW-complexes take values in L_Z(G). The center-valued L^2-Betti numbers have been introduced and used in [21]. The strong Atiyah conjecture has many applications. Most interesting are those for a torsion-free group G, i.e. if lcm(G) = 1. This is exemplified by the following surprising result of Linnell [17]. We first recall the notion of “the” division closure of K[G].

1.6 Definition. Let G be a discrete group and let K ⊂ C be a subring. Let U(G) denote the ring of unbounded operators on l^2(G) affiliated to N (G) (algebraically, U(G) is the Ore localization of N (G) at the set of all non-zero-divisors).

Define the division closure D(K[G]) to be the smallest subring of U(G) containing K[G] which is closed under taking inverses in U(G).

1.7 Theorem. Let G be a discrete group with lcm(G) = 1 and let K be a subring of C. Then K[G] satisfies the strong Atiyah conjecture if and only if D(K[G]) is a skew field.

The appealing feature of this theorem is that it provides a canonical over-ring, namely D(K[G]) of K[G] which should be a skew field, provided G is torsion free. Observe that this implies in particular that K[G] has no non-trivial zerodivisors. For more information on this, see [23, Remark 4.11]. Part of the motivation for the work at hand was the question of how to generalize Theorem 1.7 if lcm(G) > 1. It turns out that one expects that D(K[G]) is semisimple Artinian. In the situation at hand this means that D(K[G]) is a finite direct sum of matrix rings over skew fields. This is proved in many cases e.g. in [17].

The present paper gives a very precise (conjectural) description of D(K[G]), and if it is satisfied we call D(K[G]) Atiyah-expected Artinian: the lattice of finite subgroups and their K-linear representations give a precise prediction into which matrix summands D(K[G]) decomposes and the size of the corresponding matrices. The precise formula is a bit cumbersome, so we don’t give it here but refer to Definition 3.6.

One of our main theorems is the precise generalization of Theorem 1.7.

1.8 Theorem. Let G be a discrete group with lcm(G) < ∞ and let K be a subfield of C closed under complex conjugation. Then K[G] satisfies the centervalued Atiyah conjecture if and only if D(K[G]) is Atiyah-expected Artinian.

Indeed, we show in Theorem 3.7 that these two properties are also equivalent to the property that K_0(D(K[G])) is generated by the images of K_0(K[H]) as H runs over the finite subgroups of G.

1.9 Definition. Given a discrete group G with lcm(G) < ∞, let Δ^+(G) denote the maximal finite normal subgroup, and let Δ(G) denote the finite conjugacy center, i.e. the set of those elements of G which have only a finite number of conjugates.

Indeed, by [25, §1], Δ(G) is a normal subgroup of G. Recall that the product of two normal subgroups is a normal subgroup, therefore, as lcm(G) < ∞, Δ^+(G) makes sense. Note that Δ^+(G) ⊂ Δ(G), indeed, using [25, Lemma 19.3] it is exactly the subset of all elements of finite order in Δ(G).

In the special case Δ^+(G) = {1}, we have that D(K[G]) is Atiyah-expected Artinian if and only if it is an lcm(G) × lcm(G)-matrix ring over a skew field, and by Theorem 3.7 this is equivalent to the center-valued Atiyah conjecture (which in this case is implied by the usual Atiyah conjecture, as the relevant part of Z(N (G)) is C[Δ^+(G)]). This special case (and slightly more general situations) have already been covered in [20], but without the use of the centervalued trace. It turns out that the general case requires this more refined dimension function. However, much of our arguments for Theorem 3.7 follow closely the arguments of [20].

In [20], a variant of the division closure, namely the ring E(K[G]) is introduced and used (compare Definition 2.2). It is closed under adding central idempotents in U(G) which generated the same submodules as elements already in the ring. We expect that this actually coincides with D(K[G]).

1.10 Theorem. If lcm(G) < ∞, K is a subfield of C which is closed under complex conjugation and K[G] satisfies the center-valued Atiyah conjecture, then E(K[G]) = D(K[G]).

As the second main result of the paper we establish the center-valued Atiyah conjecture for certain classes of groups (namely almost all for which the original Atiyah conjecture is known). The algebraic closure of Q will be denoted Q.

1.11 Theorem. Let K be a subfield of C which is closed under complex conjugation. The center-valued Atiyah conjecture over K is true for the following groups G:

1. all groups G which belong to Linnell’s class of groups C of Definition 2.7, in particular all free by elementary amenable groups G.

2. if K is contained in Q, all elementary amenable extensions of

• pure braid groups • right-angled Artin groups • primitive link groups • virtually cocompact special groups, where a “cocompact special groups” is a fundamental group of a compact special cube complex —this class of groups contains Gromov hyperbolic groups which act cocompactly and properly on CAT(0) cube complexes, fundamental groups of compact hyperbolic 3-manifolds with empty or toroidal boundary, and Coxeter groups without a Euclidean triangle Coxeter subgroup, • or of products of the above.

1.12 Question. Missing in the above list are congruence subgroups of SL_n(Z) and finite extensions thereof. Note that the usual Atiyah conjecture for these groups, as long as they are torsion free, is proved in [11]. For torsion-free groups, the center-valued Atiyah conjecture is not stronger than the usual Atiyah conjecture. However, it would be interesting to generalize the work of [11] to certain extensions which are not torsion free, and then (or along the way) to deal with the center-valued Atiyah conjecture for these.

Recall that the center-valued Atiyah conjecture for a group G only makes an assertion when lcm(G) < ∞. For the proof of 1 of Theorem 1.11 we closely follow the method of [17], making use of the equivalent algebraic formulations of the Atiyah conjecture of Theorem 3.7. Indeed, we show that the conjecture is stable under extensions by torsion-free elementary amenable groups. We actually show (and use) slightly more refined stability properties. For 2 of Theorem 1.11 we use the approximation theorem for the center-valued L^2-Betti numbers, [15, Theorem 3.2]. Because of the discreteness of the possible center-valued L^2-Betti numbers, the Atiyah conjecture for a suitable sequence of quotients implies the Atiyah conjecture for the group itself. We follow here the general idea as already applied in [29] and for more general coefficient rings in [9]. That this idea can be used for the class of groups listed in 2 was shown for the pure braid groups in [19], for primitive link groups in [8] and for rightangled Coxeter and Artin groups in [18], and for cocompact special groups by Schreve in [30] (who uses fundamentally the geometric insights of Haglund-Wise [13], and develops further the methods of [18]). Agol [1] shows in breakthrough work that Gromov hyperbolic cocompact CAT(0) cube groups are virtually cocompact special; with Bergeron-Wise’ construction of a cocompact action of a hyperbolic 3-manifold group on a CAT(0) cube complex [5] this implies that hyperbolic 3-manifold groups are virtually cocompact special.

2 Preliminaries on rings associated to groups

U(G), D(K[G]) and traces on these

2.1 Definition. Let G be a discrete group. The center-valued trace is the uniquely defined C-linear map

tr^u_G : N (G) → Z(N (G))

such that for a, b ∈ N (G) and c ∈ Z(N (G)), we have

• tr^u_G(ab) = tr^u_G(ba);

• tr^u_G(c) = c;

• tr^u_G(a) ∈ (Z(N (G)))^+ if a ∈ (N (G))^+.

The trace can be extended to M_d(N (G)) by taking tr^u_G := tr^u_G ⊗ tr_{Md(C)} (by abuse of notation), with tr_{Md(C)} the non-normalized trace on M_d(C). If P ∈ M_d(N (G)) is a projector with image the (Hilbert N (G)-module) V , set dim^u_G(V ) := tr^u_G(P ).

That a unique such trace exists is established e.g. in [14, Chapter 8].

Later, we want to apply the trace also for the division closure. Recall that we have (by definition) the following diagram of inclusions of rings

K[G] −−−−→ N (G)

D(K[G]) −−−−→ U(G).

Given a finitely presented K[G]-module M, represented by A ∈ M_{k×l}(K[G]), i.e. with exact sequence K[G]^{l A}−→ K[G]^k → M → 0, the induced modules M⊗_{K[G]}N (G), M⊗_{K[G]}U(G), M⊗_{K[G]}D(K[G]) are also finitely presented with the same presenting matrix A. The standard theory of Hilbert N (G)-modules gives a center-valued dimension for each finitely presented N (G)-module, in particular for M ⊗_{K[G]} N (G), and dim^u_G(M ⊗_{K[G]} N (G)) = k − dim^u_G(ker(A)) in the above situation (compare [21]). In [27], this dimension is extended to finitely presented U(G)-modules, of course in such a way that the value is unchanged if we induce up from N (G) to U(G). More precisely, [27] describes the extension of dimensions based on arbitrary C-valued traces on N (G), this implies easily the corresponding extension for dim^u_G.

The central idempotent division closure E(K[G])

2.2 Definition. Let R be a subring of the ring S and let C = {e ∈ S | e is a central idempotent of S and eS = rS for some r ∈ R}. Then we define

C(R, S) = ∑ e∈C eR,

a subring of S. In the case S = U(G), we write C(R) for C(R, U(G)). For each ordinal α, define E_α(R, S) as follows:

• E_0(R, S) = R;

• E_{α+1}(R, S) = D(C(E_α(R, S), S), S);

• E_α(R, S) = ⋃ β<α E_β (R, S) if α is a limit ordinal.

Then E(R, S) = ⋃ α E_α(R, S). Also in the case R = K[G] where G is a group and K is a subfield of C, we write E(K[G]) for E(K[G], U(G)).

2.3 Conjecture. Let G be a discrete group and K ⊂ C a subfield. Then D(K[G]) = E(K[G]), at least if lcm(G) < ∞.

We cite some properties of E(K[G]) from [20] which will be useful later. Indeed, we generalize from the canonical trace to the center-valued trace, but the proofs literally also cover this more general situation.

2.4 Lemma. (cf. [20, Lemma 2.4]) The following additive subgroups of Z(N (G)) coincide:

⟨dim^u_G(xU(G)^n) | x ∈ M_n(K[G]), n ∈ N⟩ = ⟨dim^u_G(xU(G)^n) | x ∈ M_n(E(K[G])), n ∈ N⟩

This has as an immediate corollary that E(K[G]) = D(K[G]) if K[G] satisfies the center-valued Atiyah conjecture:

Proof of Theorem 1.10. Let e ∈ E(K[G]) be a central idempotent of U(G). Then all the spectral projections of e lie in Z(N (G)), therefore e is affiliated to Z(N (G)). Being an idempotent, even e ∈ Z(N (G)). Therefore, on the one hand, tr^u_G(e) = e while, on the other hand by Lemma 2.4, tr^u_G(e) = dim^u_G(eU(G)) ∈ L_K (G), in particular e ∈ Z(K[Δ^+]) ⊂ K[Δ^+].

2.5 Remark. The proof just given didn’t need the full force of the centervalued Atiyah conjecture, only the statement that dim^u_G(xU(G)^n) ∈ Z(N (G)) is supported only on elements of finite order, i.e. lies in Z(K[Δ^+]).

Approximation of the center-valued trace

The following is a special case of [15, Theorem 3.2] which will be used in the next section.

2.6 Theorem. Let G be a discrete group with a sequence G = G_0 ≥ G_1 ≥ · · · of normal subgroups with ⋂ i∈N G_i = {1}.

Let A ∈ M_d(Q[G]) and g ∈ Δ(G). Let A[i] ∈ M_d(Q[G/G_i]) be the image of A under the map induced by the projection pr_i : G → G/G_i.

Assume that all G/G_i satisfy the determinant bound property [9, Definition 3.1], e.g. are elementary amenable (or more generally belong to the class G of groups introduced in [9, Definition 1.8] and corrected in the errata to [28] at arXiv:math/9807032, or are sofic, compare [10] and [15, Theorem 4.1]). Then

lim_{i→∞}⟨dim^u_{N (G/Gi)}(ker(A[i])), pr_i(g)⟩_l2_{(G/Gi)} = ⟨dim^u_G ker(A), g⟩_l2_{(G)}.

Linnell’s class C

2.7 Definition. Let C denote the smallest class of groups which

1. contains all free groups,

2. is closed under directed unions,

3. satisfies G ∈ C whenever H �G , H ∈ C and G/H is elementary amenable.

3 Reformulation of the center-valued Atiyah conjecture

Let G be a group with lcm(G) < ∞. We shall assume that K is a subfield of C which is closed under complex conjugation. Many of the arguments given below don’t require this assumption; however if K is a subfield closed under complex conjugation and e is a central idempotent in K[G], then e is a projection [6, Lemma 9.2(i)]. Furthermore if G is a finite group and A ∈ M_n(K[G]), then pr_{ker A} ∈ M_n(K[G]) (use [6, Proposition 9.3]); it is here where we are using the property that K is closed under complex conjugation.

Recall that Δ^+ is the (finite) normal subgroup consisting of all elements of finite order and having only finitely many conjugates.

3.1 Lemma. Let K ⊂ C be a subfield which contains all |Δ^+|-th roots of 1, and let c_G denote the number of finite conjugacy classes of elements of finite order in G, i.e. the dimension of Z(N (G))∩Z (K[Δ^+]). There is a finite set of primitive central projections {U^1, . . . , U^{cG} } of Z(N (G)) ∩ Z(K[Δ^+]) ⊂ Z(K[G]), given by U^i := ∑ k s.t. ∃g∈G:gu_i g^{−1}=u_k

u_k,

where u_i are the primitive central idempotents of the semisimple Artinian ring K[Δ^+]. Furthermore u_i =^{ni}_{|Δ+|} ∑ s∈G χ_i(s^{−1})s, with n_i the dimensions of the irreducible representations (over C) of Δ^+ and χ_i the corresponding characters (extended by 0 to all of G). Moreover the U^j form an orthogonal basis of the vector space Z(N (G)) ∩ Z(C[Δ^+]).

Proof. By Maschke’s theorem of standard representation theory, the algebra K[Δ^+] is semisimple Artinian, compare [16, XVIII, Theorem 1.2]. Therefore it has finitely many primitive central idempotents u_i.

Any algebra automorphism must permute the u_i, in particular the conjugation action of G. An element of Z(K[Δ^+]) belongs to the center of K[G] (and then also of N (G)) if and only if it is invariant under conjugation by elements of G. It follows immediately that the U^i are the primitive central idempotents of Z(N (G)) ∩ Z(K[Δ^+]), and furthermore they form an orthogonal basis for Z(N (G)) ∩ Z(C[Δ^+]).

The formula for the u_i is also standard, [16, XVIII, Proposition 4.4 and Theorem 11.4].

3.2 Lemma. Let K be a subfield of C and let L/K be a finite Galois extension of K with Galois group F . Let G be a finite group, let {e_1, . . . , e_n} denote the primitive central idempotents of K[G], and let {u_1, . . . , u_m} denote the primitive central idempotents of L[G]. Then F acts as automorphisms on L[G] according to the rule θ ∑ g∈G a_gg = ∑ g∈G θ(a_g )g for θ ∈ F . The u_i form an orthogonal set and ⟨u_i, 1⟩ = ⟨θu_i, 1⟩ for all i. For each i, define N_i = {j ∈ N | e_iu_j = u_j }. Then F acts transitively on {u_j | j ∈ N_i} and e_i = ∑ j∈N_i uj .

Proof. This is well-known, and follows from Galois descent. Note that u_ie_j is a central idempotent in L[G] and u_i = u_ie_j + (1 − e_j )u_i. It follows for all i, j, either u_ie_j = 0 or u_ie_j = u_i, because u_i is primitive. It follows easily that e_i = ∑ j∈N_i uj . Also F acts on {uj | j ∈ Ni}, and the sum of the uj in an

orbit is fixed by F and is therefore in K[G]. Since e_i is primitive, it follows that this orbit must be the whole of N_i. Finally if e = ∑ g∈G e_gg ∈ L[G] is an idempotent, then e_1 ∈ Q (by the character formula of Lemma 3.1) and we see that ⟨u_i, 1⟩ = ⟨θu_i, 1⟩ for all i.

3.3 Lemma. Let K ⊂ C be a subfield, let ω be a primitive |Δ^+|-root of 1 and set L = K(ω). Let F denote the Galois group of L over K, and let U^1, . . . , U^{cL[G]} be the primitive central projections of Z(N (G)) ∩ Z(L[Δ^+]) ⊂ Z(L[G]) as described above in Lemma 3.1. There is a finite set of primitive central projections {P^1, . . . , P^{CK[G]} } of Z(N (G)) ∩ Z(K[Δ^+]) ⊂ Z(K[G]), given by

P^i := ∑ k s.t. ∃g∈G:gp_ig^{−1} =p_k

p_k,

where p_i are the primitive central idempotents of the semisimple Artinian ring K[Δ^+]. Set N_i = {j ∈ N | P^iU^j = U^j }. Then

P^i = ∑ j∈N_i

U^j

and F acts transitively on {U^j | j ∈ N_i}.

Proof. This follows from Lemmas 3.1 and 3.2.

3.4 Lemma. Let H be a finite subgroup of G which contains Δ^+. For an irreducible projection Q ∈ K[H] (in the sense that if Q = Q_1 + Q_2 with projections in Q_1, Q_2 ∈ K[H] satisfying Q_1Q_2 = 0 then either Q_1 = 0 or Q_2 = 0) we have tr^u_G(Q) ∈ Z(N (G)) ∩ Z(K[Δ^+]) ⊂ Z(N (G)). More precisely, using the central projections P^i of Lemma 3.3 we have

tr^u_G(Q) = dim_C(Q · C[H]) · |Δ^+| |H| · dim_C(P^i · C[Δ^+])

P^i = dim_{N (G)}(Q · l^2(G)) dim_{N (G)}(P^i · l^2(G))

P^i (1)

where P^i is characterized by the property QP^i = Q.

Proof. Let ω be a primitive |Δ^+|-th root of 1, let L = K(ω) and let F denote the Galois group of L/K. The center-valued trace is obtained by orthogonal projection from l^2(G) to the subspace of l^2(Δ) spanned by functions which are constant on G-conjugacy classes, using the standard embedding of N (G) into l^2(G). For Q, which is supported on group elements of finite order, therefore tr^u_G(Q) ∈ C[Δ^+]. Let U^1, . . . , U^{cG} and P^1, . . . , P^{CK[G]} be the primitive central projections as described in Lemma 3.3. Using the standard inner product on

C[H] we obtain, using that (U^1, . . . , U^{cG} ) is an orthogonal basis of Z(N (G)) ∩ Z(L[H]) = Z(N (G)) ∩ Z(L[Δ^+])

tr^u_G(Q) = ∑ j ⟨Q, U^j ⟩ ⟨U^j , U^j ⟩

U^j . (2)

Moreover, we have for each j that QP^j +Q(1−P^j ) = Q and QP^j Q(1−P^j ) = 0, the latter because P^j is central. Since Q is irreducible, we get either QP^j = Q or QP^j = 0. If QP^i = Q we have Q ∑ j∈N_i U

j = Q and QU^j = 0 for j /∈ N_i.

Also if j_1, j_2 ∈ N_i, then θ(QU^{j1} ) = QU^{j2} for some θ ∈ F and we see that ⟨QU^{j1} , 1⟩ = ⟨QU^{j2} , 1⟩, consequently ⟨Q, U^j ⟩ is independent of j for j ∈ N_i. Similarly ⟨U^j , U^j ⟩ is independent of j for j ∈ N_i. Thus ⟨Q, P^i⟩ = |N_i|⟨Q, U^j ⟩, ⟨P^i, P^i⟩ = |N_i|⟨U^j , U^j ⟩ for j ∈ N_i, hence

⟨Q, U^j ⟩ ⟨U^j , U^j ⟩ = ⟨Q, P^i⟩ ⟨P^i, P^i⟩ . Substitute this in equation (2) together with

⟨Q, P^j ⟩ = ⟨QP^j , 1⟩ = ⟨Q, 1⟩ = dim_C(Q · C[H]) |H| ⟨P^j , P^j ⟩ = ⟨P^j , 1⟩ = dim_C(P^j · C[Δ^+]) |Δ^+| . These formulas follow from the character formula for projections or are directly obtained as follows: for a projection P ∈ C[E] and a finite group E we have ⟨P, 1⟩_l2_{(E)} = ⟨P h, h⟩_l2_{(E)} for all h ∈ E, therefore dim_C(P · C[E]) = tr(P ) = ∑ h∈E ⟨P h, h⟩ = |E| · ⟨P, 1⟩.

Note, finally, that^{dimC(Q·C[H])}_{|H|} = dim_{N (H)}(Q · l^2(H)) = dim_{N (G)}(Q · l^2(G)) by the induction rule for von Neumann dimensions.

3.5 Corollary. The additive subgroup L_K (G) of Z(N (G)) of Definition 1.2 is discrete.

Proof. Recall that F denotes the relevant subfield of C in the setup of Definition 1.2, namely F is the field of fractions of K. Given a finite subgroup H of G and a projection P ∈ F [H], tr^u_G(P ) is a positive integral linear combination of tr^u_G(Q_α) where Q_α ∈ F [H] are irreducible projections, corresponding to the decomposition of im(P ) into irreducible F [H]-modules.

It therefore suffices to check that the additive subgroup of Z(N (G)) generated by tr^u_G(Q) is discrete, where Q runs through the irreducible projections in F [H] and H runs through the finite subgroups of G. Increasing the field and increasing the finite subgroup has the only potential effect that an irreducible projection breaks up as a sum of new irreducible projections and therefore the subgroup generated by their center-valued traces increases. Therefore we may assume that these subgroups contain Δ^+ and that F = C. By Lemma

3.4, these are all integer multiples of lcm(G)^{−1}P^i with the orthogonal basis (P^1, . . . , P^{cG} ), therefore span a discrete subgroup of Z(N (G)).

3.6 Definition. Assume that G is a discrete group with lcm(G) < ∞ and that K is a subfield of C which is closed under complex conjugation. We say that D(K[G]) is Atiyah-expected Artinian if it is a semisimple Artinian ring such that its primitive central idempotents are the central idempotents P^1, . . . , P^{CK[G]} ∈ K[Z(K[Δ^+])] of Lemma 3.3, and if each direct summand P^j D(K[G])P^j is an L_j × L_j matrix ring over a skew field.

Here, L_j is determined as follows: consider all irreducible sub-projections Q_α ∈ K[H_α] of P^j (i.e. those satisfying Q_αP^j = Q_α), where H_α runs through all finite subgroups of G containing Δ^+. By Lemma 3.4, tr^u_G(Q_α) = q_αP^j for some rational number q_α. Because there are only finitely many isomorphism classes of finite subgroups of G, formula (1) shows that the collection of these rational numbers is finite. L_j is the smallest integer such that each q_α is an integer multiple of^1_{Lj} . Explicitly,

L_j = dim_C(P^j · C[Δ^+]) lcm(G) gcd ( dim_C(P^j · C[Δ^+]) lcm(G), dim_C(Q_α · C[H_α])^{lcm(G)}_{|Hα|} |Δ^+| | α

) ∈ Z.

Proof. We have to show that the two descriptions of L_j coincide, using Equation (1), i.e. we have to find the smallest common denominator of all these fractions. We expand the denominators to the common value lcm(G) · dim_C(P^j · C[Δ^+]), then we have to divide this by the greatest common divisor of this number and of all the new numerators.

3.7 Theorem. Let G be a discrete group, with lcm(G) < ∞ and let K ⊂ C be a subfield closed under complex conjugation. The following statements are equivalent.

1. D(K[G]) is Atiyah-expected Artinian as in Definition 3.6.

2. ϕ: ⨁ E≤G : |E|<∞ K0(K[E]) → K0(D(K[G])) is surjective and D(K[G])

is semisimple Artinian.

3. ϕ: ⨁ E≤G ; |E|<∞ G0(K[E]) → G0(D(K[G])) is surjective.

4. KG satisfies the center-valued Atiyah conjecture.

Recall here that, for a ring R, K_0(R) is the Grothendieck group of finitely generated projective R-modules, whereas G_0(R) is the Grothendieck group of arbitrary finitely generated R-modules.

Proof of Theorem 3.7. 1 =⇒ 2: We use the notation of Definition 3.6. Using the row projectors of matrix rings, there are projections x_1, . . . , x_{CK[G]} ∈ D(K[G]) which represent a Z-basis of the free abelian group K_0(D(K[G])), and [P^i] = L_i[x_i] in K_0(D(K[G])). We have to show that each x_i is an integer linear combination of images of elements of K_0(K[H_α]) with H_α finite. If

Q_α ∈ K[H_α] is an irreducible sub-projection of P^i, then ϕ([Q_α]) is a multiple of [x_i] in K_0(D(K[G])), namely (comparing the center-valued dimensions which are defined for finitely generated projective D(K[G])-modules by the discussion of Section 2) ϕ([Q_α]) = q_α[P^i] if tr^u_G(Q_α) = q_αP^i. By the Chinese remainder theorem and the definition of L_i as the smallest integers such that all the q_α are integer multiples of L^{−1}_i , also [x_i] = L^{−1}_i [P^i] belongs to the image of ϕ. 2 =⇒ 3: For a semisimple Artinian ring every finitely generated module is projective, therefore G_0 = K_0 under the assumptions we make. 3 =⇒ 4: Let M be a finitely presented K[G]-module with presentation K[G]^{l A}−→ K[G]^n → M → 0, A ∈ M_{n×l}(K[G]). Then M ⊗_{K[G]} D(K[G]) is finitely generated, therefore by the assumption stably isomorphic to an integer linear combination ⨁ a_ix_iD(K[G]) with x_i projectors defined over finite subgroups E of G — note that G_0(K[E]) = K_0(K[E]) for any finite group E, as K[E] is semisimple Artinian. Inducing further to U(G) and using that the dimension function extends to finitely presented U(G)-modules (which is additive, so that we can leave out the stabilization summands), we read off that

dim^u_G(M) = dim^u_G( ⨁ a_ix_iU(G)) = ∑ a_i dim^u_G(x_iU(G)) ∈ L_K (G)

by definition of L_K (G). Finally, by additivity of the von Neumann dimension dim^u_G(ker(A)) = n − dim^u_G(M) ∈ L_K (G).

4 =⇒ 1: Here, we follow closely the argument of the proof of [20, Proposition 2.14]. Our assumption implies by Theorem 1.10 that E(K[G]) = D(K[G]). Because the center-valued Atiyah conjecture implies that the ordinary L^2-Betti numbers are contained in a finitely generated subgroup of Q (generated by tr_G(P^j )/L_j ), by [20, Theorem 2.7] D(K[G]) is a semisimple Artinian ring. The P^j are central idempotents in D(K[G]). We have to show that they are primitive central idempotents, and that each is the sum of exactly L_j orthogonal sub-idempotents which are themselves irreducible. The structure theory of rings then implies that each P^j D(K[G])P^j is simple Artinian and an L_j × L_j -matrix ring over a skew field.

Fix, as in Definition 3.6, the (finite) collection of sub-projections Q_α of P^j , where the Q_α are irreducible projections supported on K[H_α] and H_α runs through the (isomorphism classes of) finite extensions of Δ^+(G) inside G. Then tr^u_G(Q_α) =^{nα}_{Lj} P^j with integers n_α, and by definition of L_j we have gcd_α(n_α) = 1. Set d := lcm_α(n_α).

Consider now P^j U(G)^d. Because

dim^u_G(P^j U(G)^d) = dP^j = dim^u_G(Q_αU(G)^{Lj d/nα} )

by [22, Theorem 9.13(1)] then P^j U(G)^d ∼= Q_αU(G)^{Lj d/nα} , so we find L_j d/n_α mutually orthogonal projections in M_d(U(G)) corresponding to the copies of Q_α. Because the center-valued trace of each of those equals^{nα}_{Lj} P^j = tr^u_G(Q_α), by [7, Exercise 13.15A], there exist L_j d/n_α similarities (i.e. self-adjoint unitaries) u_i ∈ U(G) with u_1 = 1 such that these projections can be written as u_iP^′_αu_i (where P^′_α is the diagonal matrix with first entry P_α and all other entries 0).

Then, exactly as in the proof of [20, Proposition 2.14] we can replace the u_i by ũ_i ∈ M_d(D(K[G])) which are invertible and such that we still have a direct sum decomposition

P^j D(K[G])^d =

L_j d/n_α ⨁ i=1 ũ_iP^′_αD(K[G])^d. (3)

This uses the Kaplansky density theorem, the quantization of the center-valued trace and [20, Lemma 2.12].

Let us now take a central idempotent ϵ in D(K[G]) which is a sub-projection of P^j (i.e. ϵP^j = ϵ). We have to show that ϵ = 0 or ϵ = P^j . To do this, we compute tr^u_G(ϵ). Note that all the modules ϵũ_iP^′_αU(G)^d are isomorphic, therefore by Equation (3)

d tr^u_G(ϵ) = dim^u_G(ϵU(G)^d) =

L_j d n_α dim^u_G(ϵP^′_αU(G)^d). (4)

By Lemma 2.4 and the assumption 4, L_j ·dim^u_G(ϵP^′_αU(G)^d) is an integer multiple of P^j . Therefore, rearranging Equation (4)

n_α tr^u_G(ϵ) ∈ ZP^j .

As this holds for all α, even

ϵ = tr^u_G(ϵ) = lcm_α(n_α) tr^u_G(ϵ) ∈ ZP^j .

So we can indeed conclude that P^j is a primitive central idempotent and therefore P^j D(K[G]) is an l × l matrix ring over a skew field. It follows that P^j D(K[G])^{nα d} is the direct sum of n_αdl copies of an irreducible submodule. On the other hand, P^j D(K[G])^{nαd} is the direct sum of L_j d isomorphic summands for every α. As lcm_α(n_α) = 1 we conclude that L_j | l. On the other hand, by the assumption 4 and Lemma 2.4, the center-valued dimension of the irreducible submodule (which is generated by one projector as P^j D(K[G]) is Artinian) is an integer multiple of L^{−1}_j P^j and therefore L_j | l. It follows that l = L_j as claimed.

4 Special cases and inheritance properties of the center-valued Atiyah conjecture

Throughout this section, we assume that K is a subfield of C which is closed under complex conjugation.

4.1 Lemma. The center-valued Atiyah conjecture is true for finitely generated virtually free groups.

Proof. This follows from the proof of [17, Proposition 5.1(i) and Lemma 5.2(ii)] (in which C can be replaced by any subfield of C) and Theorem 3.72.

4.2 Lemma. If G is a directed union of groups G_i and the center-valued Atiyah conjecture over K is true for all groups G_i, then it is also true for G.

Proof. By [17, Lemma 5.3], D(K[G]) is the directed union of the D(K[G_i]). Any matrix A over D(K[G]) is therefore already a matrix over D(K[G_i]) for some i, with dim^u_{Gi} (ker(A)) ∈ L_K (G_i). Composition with the center-valued trace for G gives (by the induction formula for von Neumann dimensions) dim^u_G(ker(A)) ∈ tr^u_G(L_K (G_i)) ⊂ L_K (G).

4.3 Proposition. Assume that we have an extension 1 → H → G^π−→ E → 1 where E is elementary amenable and for each finite subgroup F ≤ E, π^{−1}(F ) ≤ G satisfies the center-valued Atiyah conjecture over K . Then also K[G] satisfies the center-valued Atiyah conjecture.

Proof. By transfinite induction, the statement is a formal consequence of the same assertion where E is finitely generated virtually abelian, as explained e.g. in the proof of [29, Proposition 3.1] or in [17].

If E is finitely generated virtually abelian then in the proof of [17, Lemma 5.3] it is shown that ⨁ F ≤E finite

G_0(D(K[π^{−1}(F )])) → G_0(D(K[G]))

is onto, using Moody’s induction theorem [24, Theorem 1]. Since by assumption ⨁ U≤π^{−1} (F ) finite G0(K[U]) → G0(D(K[π

−1(F )])) is onto for each such F and the composition of surjective maps is surjective we conclude that ⨁ F ∈F(G)

G_0(K[F ]) → G_0(D(K[G]))

is onto and 3 of Theorem 3.7 is established.

4.4 Proposition. Let K be a subfield of Q which is closed under complex conjugation. Assume that G is a group with a sequence G ≥ G_1 ≥ · · · of normal subgroups such that ⋂ i∈N G_i = {1}. Assume moreover that for each i ∈ N and each finite subgroup F ≤ G/G_i there is a finite subgroup F^′ ≤ G which is mapped isomorphically to F by the projection G → G/G_i. Finally, assume that each G/G_i satisfies the determinant bound conjecture and the center-valued Atiyah conjecture over K. Then K[G] satisfies the centervalued Atiyah conjecture.

Proof. As the statement is empty if lcm(G) = ∞, we assume that lcm(G) < ∞. We first show that, if i is large enough, π_i induces an isomorphism π_i : Δ^+(G) → Δ^+(G/G_i). Dropping finitely many terms in the sequence we can then assume that this is the case for all i ∈ N. To prove the assertion, choose a finite subgroup M of G with maximal order (possible since lcm(G) < ∞). Note that the product Δ^+M is also a finite subgroup, therefore by maximality equal to M, consequently Δ^+ ≤ M. Then choose finitely many g_1, . . . , g_n ∈ G such that Δ^+(G) =

⋂_n k=1 M^{gk} (where M^g denotes the conjugate gMg^{−1}), which is possible by the descending chain condition for finite sets.

Finally, choose r > 0 such that π_r : G → G/G_r is injective when restricted to ⋃_n

k=1 M^{gk} , which is possible because ⋂ i G_i = {1}.

Because π_r is surjective, π_r(Δ^+(G)) is a finite normal subgroup of G/G_i and therefore π_r(Δ^+(G)) ≤ Δ^+(G/G_r). On the other hand, π_r(M) is a finite subgroup with maximal order in G/G_r (because π_r|_M is injective and every finite subgroup of G/G_r is an isomorphic image of a finite subgroup of G), therefore Δ^+(G/G_r ) ≤ π_r(M), by normality even Δ^+(G/G_r ) ≤

⋂_n k=1 π_r(M)^{πr (g)}. As ⋂_n

k=1 M^g = Δ^+(G) and by injectivity of π_r on

⋃_n k=1 M^g we finally get

Δ^+(G/G_r) ≤ n⋂ k=1 π_r(M)^{πr (g)} = π_r(Δ^+(G)) ≤ Δ^+(G/G_r).

This implies the statement for all i ≥ r.

Secondly, given g ∈ G of infinite order, for all sufficiently large i, the restriction of π_i to {1, g, g^2, . . . , g^{lcm(G)}} is injective and therefore, as by assumption the orders of finite subgroups of G/G_i are bounded by lcm(G), π_i(g) also has infinite order.

Fix now A ∈ M_d(K[G]) and denote by Q_i the projection onto the kernel of A[i] := p_i(A). Recall that

tr^u_G(Q_i) = dim^u_G(ker(A)) = ∑ g∈G ⟨dim^u_G(ker(A)), g⟩_l2_{(G)}g,

and we denote by ⟨dim^u_G(ker(A)), g⟩ the coefficient of g in dim^u_G(ker(A)), and correspondingly for tr^u_G(Q_i).

The center-valued Atiyah conjecture for K[G/G_i] implies in particular that tr^u_G(Q_i) is contained in K[Δ^+(G/G_i)], therefore supported only on elements of finite order. Consequently, if g ∈ G has infinite order, then ⟨tr^u_G(Q_i), pr_i(g)⟩ = 0 for sufficiently large i and, by Theorem 2.6, ⟨dim^u_G(ker(A)), g⟩ = 0. This implies that dim^u_G(ker(A)) is supported on elements of finite order, i.e. is contained in Z(N (G)) ∩ K[Δ^+(G)].

As explained above, we can use π_i to identify Δ^+(G) and Δ^+(G/G_i) and consider tr^u_G(Q_i) as an element of K[Δ^+(G)]. By Theorem 2.6, for each g ∈ Δ^+(G), ⟨dim^u_G(ker(A)), g⟩ = lim_{i→∞}⟨tr^u_G(Q_i), g⟩.

Since all the (finitely many) coefficients converge, we even have

lim_{i→∞} tr^u_G(Q_i) = dim^u_G(ker(A)) ∈ Z(N (G)) ∩ K[Δ^+(G)].

Because the sets of isomorphism classes of finite subgroups of G/G_i and of G are identified by π_i, we get exactly the same relevant irreducible projections defined over finite subgroups and the same central idempotents in the formulas of Lemma 3.1 and Lemma 3.4 for L_K (G) and L_K (G/G_i). Consequently, π_i identifies L_K (G) and L_K (G/G_i). Finally, observe that by assumption about the Atiyah conjecture for G/G_i we have tr^u_G(Q_i) ∈ L_K (G). As the latter is a discrete subset of Z(N (G)), we finally observe that dim^u_G(ker(A)) ∈ L_K (G), i.e. K[G] satisfies the center-valued Atiyah conjecture.

4.5 Theorem. The center-valued Atiyah conjecture is true for all groups G ∈ C. Proof. In the proof of [17, Lemma 4.9] it is shown that the assertion follows (by transfinite induction) directly from Lemma 4.1, Lemma 4.2 and Proposition 4.3.

4.6 Corollary. Let K be a subfield of Q which is closed under complex conjugation. Then the center-valued Atiyah conjecture is true for all elementary amenable extensions of pure braid groups, of right-angled Artin groups, of primitive link groups, of cocompact special groups, or of products of such.

Proof. Each of the groups in the list has a sequence of normal subgroups with trivial intersection and with elementary amenable quotients such that in addition the condition of Proposition 4.4 is met. This is shown for the extensions of pure braid groups in [19], for primitive link groups in [8] and for right-angled Coxeter and Artin groups in [18], and combining [30] with [18] it also follows for special cocompact groups. Combining Theorem 4.5 and Proposition 4.4, the assertion follows.

References

[1] Ian Agol, The virtual Haken conjecture, Doc. Math. 18 (2013), 1045–1087.

With an appendix by Agol, Daniel Groves, and Jason Manning. [2] William Arveson, An invitation to C^∗-algebras, Springer-Verlag, New York, 1976. Graduate Texts in Mathematics, No. 39.

[3] Michael F. Atiyah, Elliptic operators, discrete groups and von Neumann algebras, Colloque “Analyse et Topologie” en l’Honneur de Henri Cartan (Orsay, 1974), Soc. Math. France, Paris, 1976, pp. 43–72. Astérisque, No. 32-33. MR0420729 (54 #8741) [4] Tim Austin, Rational group ring elements with kernels having irrational dimension, Proc. Lond. Math. Soc. (3) 107 (2013), no. 6, 1424–1448, DOI 10.1112/plms/pdt029. MR3149852 [5] Nicolas and Wise Bergeron Daniel T., A boundary criterion for cubulation, Amer. J. Math. 134 (2012), no. 3, 843–859, DOI 10.1353/ajm.2012.0020.

[6] Gary F. Birkenmeier, Jae Keol Park, and S. Tariq Rizvi, A theory of hulls for rings and modules, Ring and module theory, Trends Math., Birkhäuser/Springer Basel AG, Basel, 2010, pp. 27–71, DOI 10.1007/978- 3-0346-0007-1-2. MR2744041 (2012c:16001)

[7] Sterling K. Berberian, Baer ∗-rings, Springer-Verlag, New York, 1972. Die Grundlehren der mathematischen Wissenschaften, Band 195. MR0429975 (55 #2983) [8] Inga Blomer, Peter A. Linnell, and Thomas Schick, Galois cohomology of completed link groups, Proc. Amer. Math. Soc. 136 (2008), no. 10, 3449– 3459, DOI 10.1090/S0002-9939-08-09395-7. MR2415028 (2009i:20059) [9] Józef Dodziuk, Peter Linnell, Varghese Mathai, Thomas Schick, and Stuart Yates, Approximating L^2-invariants and the Atiyah conjecture, Comm. Pure Appl. Math. 56 (2003), no. 7, 839–873, DOI 10.1002/cpa.10076. Dedicated to the memory of Jürgen K. Moser. MR1990479 (2004g:58040) [10] Gábor Elek and Endre Szabó, Hyperlinearity, essentially free actions and L^2-invariants. The sofic property, Math. Ann. 332 (2005), no. 2, 421–441, DOI 10.1007/s00208-005-0640-8. MR2178069 (2007i:43002) [11] Daniel R. Farkas and Peter A. Linnell, Congruence subgroups and the Atiyah conjecture, Groups, rings and algebras, Contemp. Math., vol. 420, Amer. Math. Soc., Providence, RI, 2006, pp. 89–102. MR2279234 (2008b:16033) [12] Lukasz Grabowski, On Turing dynamical systems and the Atiyah problem, Invent. Math. 198 (2014), no. 1, 27–69, DOI 10.1007/s00222-013-0497-5. MR3260857 [13] Frédéric and Wise Haglund Daniel T., Special cube complexes, Geom.

Funct. Anal. 17 (2008), no. 5, 1551–1620, DOI 10.1007/s00039-007-0629-4. [14] Richard V. Kadison and John R. Ringrose, Fundamentals of the theory of operator algebras. Vol. II, Pure and Applied Mathematics, vol. 100, Academic Press Inc., Orlando, FL, 1986. Advanced theory. MR859186 (88d:46106) [15] Anselm Knebusch, Approximation of center-valued Betti numbers, Houston Journal of Mathematics 37 (2011), 161–179.

[16] Serge Lang, Algebra, 3rd ed., Graduate Texts in Mathematics, vol. 211, Springer-Verlag, New York, 2002. MR1878556 (2003e:00003) [17] Peter A. Linnell, Division rings and group von Neumann algebras, Forum Math. 5 (1993), no. 6, 561–576, DOI 10.1515/form.1993.5.561. MR1242889 (94h:20009) [18] Peter Linnell, Boris Okun, and Thomas Schick, The strong Atiyah conjecture for right-angled Artin and Coxeter groups, Geom. Dedicata 158 (2012), 261–266, DOI 10.1007/s10711-011-9631-y. MR2922714 [19] Peter Linnell and Thomas Schick, Finite group extensions and the Atiyah conjecture, J. Amer. Math. Soc. 20 (2007), no. 4, 1003–1051 (electronic), DOI 10.1090/S0894-0347-07-00561-9. MR2328714 (2008m:58041) [20] , The Atiyah conjecture and Artinian rings, Pure and Applied Mathematics Quarterly 8 (2007), 313–328. arXiv:0711.3328.

[21] Wolfgang Lück, Hilbert modules and modules over finite von Neumann algebras and applications to L^2-invariants, Math. Ann. 309 (1997), no. 2, 247–285, DOI 10.1007/s002080050112. MR1474192 (99d:58169)

[22] , L^2-invariants: theory and applications to geometry and K-theory, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 44, Springer-Verlag, Berlin, 2002. MR1926649 (2003m:58033) [23] , L^2-invariants from the algebraic point of view, Geometric and cohomological methods in group theory, London Math. Soc. Lecture Note Ser., vol. 358, Cambridge Univ. Press, Cambridge, 2009, pp. 63–161. MR2605176 (2011f:46090) [24] John Atwell Moody, Brauer induction for G_0 of certain infinite groups, J. Algebra 122 (1989), no. 1, 1–14, DOI 10.1016/0021-8693(89)90235-4. MR994933 (90b:18014) [25] Donald S. Passman, Infinite group rings, Marcel Dekker Inc., New York, 1971. Pure and Applied Mathematics, 6. MR0314951 (47 #3500) [26] Mikaël Pichot, Thomas Schick, and Andrzej Żuk, Closed manifolds with transcendental L^2-Betti numbers, J. Lond. Math. Soc. (2) 92 (2015), no. 2, 371–392, DOI 10.1112/jlms/jdv026. MR3404029 [27] Holger Reich, On the K- and L-theory of the algebra of operators affiliated to a finite von Neumann algebra, K-Theory 24 (2001), no. 4, 303–326, DOI 10.1023/A:1014078228859. MR1885124 (2003m:46103) [28] Thomas Schick, L^2-determinant class and approximation of L^2-Betti numbers, Trans. Amer. Math. Soc. 353 (2001), no. 8, 3247–3265 (electronic), DOI 10.1090/S0002-9947-01-02699-X. Erratum at arXiv:math/9807032. MR1828605 (2002f:58056) [29] , Integrality of L^2-Betti numbers, Math. Ann. 317 (2000), no. 4, 727–750, DOI 10.1007/PL00004421. Erratum in vol. 322, 421–422. MR1777117 (2002k:55009a) [30] Kevin Schreve, The strong Atiyah conjecture for virtually cocompact special groups, Math. Ann. 359 (2014), no. 3-4, 629–636, DOI 10.1007/s00208-014- 1007-9.

Anselm Knebusch HFT-Stutgart Germany anselm.knebusch@hft-stuttgart.de

Peter Linnell Virginia Tech Blacksburg USA plinnell@math.vt.edu

Thomas Schick Mathematisches Institut Universität Göttingen Germany thomas.schick@math.unigoettingen.de

Documenta Mathematica 22 (2017)