Documenta Math. 423

A More General Method

to Classify up to Equivariant KK-Equivalence

Rasmus Bentmann, Ralf Meyer^1

Received: May 12, 2016 Revised: January 26, 2017

Communicated by Joachim Cuntz

Abstract. Using a homological invariant together with an obstruction class in a certain Ext^2-group, we classify objects in triangulated categories that have projective resolutions of length two. This invariant gives strong classification results for actions of the circle group on C^∗-algebras, C^∗-algebras over finite unique path spaces, and graph C^∗-algebras with finitely many ideals.

2010 Mathematics Subject Classification: Primary 46L35; Secondary 18E30, 19K35 Keywords and Phrases: Classification, non-simple C^∗-algebras, K-theory, KK-theory

1. Introduction

The C^∗-algebra classification program aims at classifying certain C^∗-algebras up to isomorphism by suitable invariants. Such a classification usually has two steps. First, an isomorphism between the invariants is lifted to an equivalence in a suitable equivariant KK-theory; then the latter is lifted to an isomorphism. These two steps are quite different in nature. The first is mainly algebraic topology, the second mainly analysis. This article deals with the first step of getting equivariant KK-equivalences from isomorphisms on suitable invariants. The invariants used previously are homological functors – variants of K-theory. There are, however, many situations where there is no known homological invariant that is sufficiently fine to detect KK-equivalence. This article introduces a more complex invariant with two layers: the primary invariant is a homological functor as usual; the secondary is a certain obstruction class, which lives

1Supported by the DFG grant “Classification of non-simple purely infinite C*-algebras.” The first author was partially supported by the Danish National Research Foundation through the Centre for Symmetry and Deformation (DNRF92).

424 Rasmus Bentmann, Ralf Meyer

in an Ext^2-group constructed from the primary invariant. We took this idea from Wolbert [40]. It goes back further to Bousfield [5].

Our two-layer invariants are complete invariants up to KK-equivalence in several new cases and shed light on previous classification results for non-simple Cuntz–Krieger algebras and graph algebras. We explain how to classify arbitrary objects in the bootstrap class in KK^T, where T is the circle group, and in KK(X) for a finite unique path space X (see Definition 4.2). The latter result is far more general than previous ones in [4,27]. Furthermore, we deduce a classification theorem up to stable isomorphism for purely infinite graph C^∗-algebras with finitely many ideals; this contains the class of real-rank-zero Cuntz–Krieger algebras classified by Restorff [33]. Our approach has the additional advantage that the resulting classification result is strong, that is, every isomorphism on the level of invariants lifts to an isomorphism of C^∗-algebras; this also leads to a classification theorem up to actual isomorphism for the class of unital graph C^∗-algebras as above.

Our method is based on homological algebra in triangulated categories, see [22, 26]. This starts with a homological invariant on a triangulated category, which defines a homological ideal as its kernel on morphisms. The general theory gives projective resolutions, derived functors, and a Universal Coefficient Theorem for objects with a projective resolution of length 1. This implies that a certain universal homological invariant F – in practice, this is often the one we started from – is a complete invariant up to isomorphism in the triangulated category. Here we extend this method to also classify objects with a projective resolution of length 2: we find that objects x in the triangulated category with given invariant F (x) are in bijection with the group Ext^2(F (x), F (x)[−1]). Thus F (x) together with a class in Ext^2(F (x), F (x)[−1]) is a complete invariant. We make this more concrete by examining the example of the triangulated category KK^T of C^∗-algebras with a circle action. Our theorem classifies objects of the (T-equivariant) bootstrap class in KK^T up to KK^T-equivalence. Here the homological invariant is T-equivariant K-theory K^T_∗ . This is a functor from KK^T to the category of Z/2-graded, countable modules over the commutative ring R = Z[x, x^{−1}], the representation ring of T. Generic R-modules have projective resolutions of length two, not one. Hence there is no Universal Coefficient Theorem in this case. Let M be a countable Z/2-graded R-module. We show

(1) there is a T-C^∗-algebra A in the bootstrap class with K^T_∗ (A) ∼= M; (2) for such A, there is an invariant δ(A) ∈ Ext^2_R(M, M)^− such that δ(A_1) ∼= δ(A_2) if and only if there is a KK^T-equivalence A_1 → A_2 inducing the identity map on M = K^T_∗ (A_i); here Ext^2_R(M, M)^− denotes the odd part of the Z/2-graded group Ext^2_R(M, M).

In particular, if Ext^2_R(M, M)^− = 0 then M lifts uniquely to a T-C^∗-algebra A in the bootstrap class.

The above result does not yet finish the classification of T-C^∗-algebras A in the bootstrap class because there may be isomorphisms A_1 → A_2 that induce a non-identity isomorphism M → M on M = K^T_∗ (A_1) = K^T_∗ (A_2). The

Classify up to Equivariant KK-Equivalence 425

complete invariant takes values in a category of pairs (M, δ), where M is a countable, Z/2-graded R-module and δ ∈ Ext^2_R(M, M)^− and where a morphism (M_1, δ_1) → (M_2, δ_2) is a grading-preserving R-module homomorphism f : M_1 → M_2 with δ_2f = fδ_1 in Ext^2_R(M_1, M_2)^−. We show that isomorphism classes in the bootstrap class in KK^T are in bijection with isomorphism classes in this category of pairs.

Many purely infinite C^∗-algebras carry a gauge action by T by construction. As examples of our classification, we consider Cuntz–Krieger algebras and some C^∗-algebras constructed by Nekrashevych in [29]. In these cases, Ext^2_R(M, M)^− = 0, so that there is no obstruction class.

The above classification result is very efficient for counting isomorphism classes of objects in the bootstrap class with a given Z/2-graded R-module M as its equivariant K-theory. It may be hard, however, to compute the obstruction class in Ext^2_R(M, M)^− for a given T-C^∗-algebra A with K^T_∗ (A) ∼= M. At the moment, we have no examples of non-equivalent T-C^∗-algebras that are distinguished only by the obstruction class. The authors intend to provide adequate methods for computing obstruction classes in future work.

Our next application concerns the bootstrap class in KK(X) for a finite topological T_0-space X, see [25]. Kirchberg’s Classification Theorem says that an equivalence in KK(X) between two strongly purely infinite, stable, separable, nuclear C^∗-algebras with primitive ideal space X lifts to a^∗-isomorphism, so classification up to KK(X)-equivalence already implies classification theorems up to isomorphism for suitable C^∗-algebras. Previous classification results in KK(X) in [4, 27] only apply to very special X because projective resolutions of length 1 are rare.

Invariants with enough projective resolutions of length 2 are more common. If X is a unique path space, then the K-theories of the ideals corresponding to minimal neighbourhoods of points in X give an invariant with this property. This invariant is much smaller than filtrated K-theory. Since any object of the bootstrap class has a projective resolution of length 2, our new classification method applies to arbitrary objects in the bootstrap class of KK(X) for a unique path space X.

Even if X is not a unique path space, our classification theorem applies to objects in the bootstrap class in KK(X) that have projective resolutions of length 2. We show that this is the case for graph C^∗-algebras with finitely many ideals. Furthermore, we compute the obstruction class of a graph algebra from the Pimsner–Voiculescu type sequences that compute the K-theory groups of its ideals. Hence our complete invariant may be computed effectively in this case. We get a strong classification functor up to stable isomorphism for purely infinite graph C^∗-algebras with finitely many ideals; strong classification means that every isomorphism on the invariants lifts to a stable isomorphism. This is the first strong classification result – even for the class of purely infinite Cuntz– Krieger algebras – without the assumption of a specific ideal structure. The invariant and its computation are described in more detail in Section 5.

426 Rasmus Bentmann, Ralf Meyer

Our abstract setup should also work in many other situations. One of them is connective K-theory, regarded as an invariant on connective E-theory. We refer to Andreas Thom’s thesis [39] for details. See [9] for applications of connective K-theory to C^∗-algebras. Another instance is Kasparov’s KK-theory for C^∗-algebras over a zero-dimensional compact metrisable space X. Here the K-theory of the total algebra has a natural module structure over the ring of locally constant functions C(X, Z). This ring has global dimension 2 by [13, Examples 2.5(b)].

For C^∗-algebras over the unit interval and filtrated K-theory as the invariant, the relevant Abelian category has dimension 2 once again. So far, we cannot treat this example, however, because there are not enough projective objects in this case.

1.1. Outline. The structure of this article is as follows. Section 2 develops the general theory of obstruction classes. Section 3 applies it to circle actions on C^∗-algebras, Section 4 to C^∗-algebras over unique path spaces, and Section 5 to graph C^∗-algebras; this includes a return to general triangulated categories in order to compute obstruction classes for objects of a specific type.

1.2. Notation. We use to denote the place for the input object of a functor. For example, T( , B) denotes the contravariant hom-functor represented by an object B in a category T, and ⊗ V denotes the functor given by tensoring with the object V . We write ∈∈ for objects of a category.

1.3. Acknowledgement. We thank James Gabe and Rune Johansen for pointing out the references [13] and [6], respectively; Eusebio Gardella and N. Christopher Phillips for discussions on circle actions with the Rokhlin property, and Gunnar Restorff and Efren Ruiz for discussions on the classification of graph C^∗-algebras and for remarks on an earlier version of the paper. We are grateful to the referee for carefully reading the manuscript and making many helpful suggestions improving the paper.

2. Lifting two-dimensional objects

Throughout the article, we use the language of homological algebra in triangulated categories introduced in [26]. We recall what this means in the setting of KK^G to help readers with an operator algebraic background. We write standing assumptions in italics below to make them easy to spot.

Let T be a triangulated category with countable coproducts, also called direct sums. For instance, let G be a compact Lie group. The G-equivariant Kasparov category KK^G has C^∗-algebras with continuous G-actions as objects and KK^G_0 (A, B) as arrows from A to B. A triangulated category structure on KK^G is introduced in [23]. Countable direct sums in the C^∗-algebraic sense are coproducts in KK^G.

To do homological algebra in T, we assume a stable homological ideal I in T that is compatible with countable direct sums. Any such ideal is of the form

(2.1) I(A, B) = {φ ∈ T(A, B) | F (φ) = 0} for all A, B ∈∈ T

Classify up to Equivariant KK-Equivalence 427

for some stable homological functor F to a stable Abelian category A. “Stability” means that A carries a suspension automorphism and that F intertwines the suspensions in T and A up to natural isomorphism.

If T = KK^G, we choose F and I as follows. The representation ring R of G is naturally isomorphic to KK^G_0 (C, C). The G-equivariant K-theory

K^G_∗ (A) = K_∗(A ⋊ G) ∼= KK^G_∗ (C, A)

is a Z/2-graded module over R by Kasparov’s intersection product. It is countable if A is separable because it is the K-theory of a separable C^∗-algebra. Let A be the category of countable, Z/2-graded R-modules, with the suspension automorphism shifting the grading. Let F := K^G_∗ : T → A be the equivariant K-theory functor. Let I be the kernel of F on morphisms as in (2.1). This is a stable homological ideal by definition. Its compatibility with countable direct sums follows from the “continuity” of topological K-theory. We return to a general stable homological ideal I in a triangulated category T. An object P ∈∈ T is I-projective if the map T(P, f): T(P, A) → T(P, B) is 0 for all f ∈ I(A, B) and A, B ∈∈ T. For instance, C with the trivial G-action is a projective object in KK^G for the ideal defined above because F (A) = KK^G_∗ (C, A).

We assume that T has enough I-projective objects. That is, for any A ∈∈ T, there are an I-projective object P and an arrow π : P → A such that F (π): F (P ) → F (A) is surjective. The last property depends only on I, not on F : If P^π−→ A^γ−→ C^ι−→ P [1] is an exact triangle containing π, then F (π) is surjective if and only if γ ∈ I if and only if F (ι) is injective. We also call the maps π and ι as above I-epic and I-monic, respectively. If there are enough projective objects, then any object A has an I-projective resolution, that is, there is a chain complex

· · · → P_n^{dn}−→ P_{n−1}^{dn−1}−−−→ P_{n−2} → · · · → P_0 → A → 0

in the additive category T such that all P_n, n ∈ N, are I-projective and such that F maps it to an exact chain complex in A. The length of this complex is a measure of the complexity of the object A of T. We shall classify objects of increasing complexity, where this length is 0, 1 and 2. It seems, however, that this cannot be continued for objects that only admit projective resolutions of length 3.

The ideal I does not determine the functor F with (2.1) uniquely. But among the functors F defining I, there is a “universal” choice. We assume that F is the universal I-exact stable homological functor. For the ideal in KK^G considered above, the functor F (A) := KK^G_∗ (C, A) is indeed universal, see [26, Theorem 72]; this theorem also asserts that I has enough projective objects. When I has enough projective objects and F : T → A is the universal I-exact stable homological functor, then the following happens by [26, Theorem 57]. First the category A has enough projective objects; secondly, the adjoint functor F^⊢ of F is defined on all projective objects of A; and, thirdly, F ∘F^⊢(A) ∼= A

428 Rasmus Bentmann, Ralf Meyer

for all projective objects A of A. Let ⟨P_I⟩ ⊆ T denote the localising subcategory generated by the I-projective objects in T. [22, Theorem 3.22] implies that Â ∈∈ ⟨P_I⟩ if and only if T(Â, B) = 0 for all objects B ∈∈ T with id_B ∈ I (such objects are also called I-contractible).

In the example of KK^G, the adjoint functor F^⊢ maps the free R-module R to C with trivial G-action because

KK^G_∗ (C, A) ∼= K^G_∗ (A) ∼= A � R, K^G_∗ (A) � . The functor F^⊢ automatically commutes with countable direct sums. So its value on R determines what it does on all countable projective R-modules. An object B of KK^G is I-contractible if and only if K^G_∗ (B) = 0. By [22, Theorem 3.22], we have KK^G_∗ (A, B) = 0 for all I-contractible B if and only if A belongs to ⟨C⟩, the localising subcategory of KK^G generated by C. We denote this subcategory by B^G because it is the correct analogue of the bootstrap class in KK^G for nice enough compact groups G, that is, if G is a connected compact Lie group with torsion-free π_1(G). (For general compact Lie groups, we should allow more generators to define the equivariant bootstrap class, see [10, Section 3.1].) From now on, we will develop some general theory in the abstract setting of triangulated categories. In Section 3, we shall return to the particular case of KK^G, for nice enough groups G such as G = T.

Definition 2.2. A lifting of A ∈∈ A is a pair (Â, α) consisting of Â ∈∈ T with T(Â, B) = 0 for all I-contractible B ∈∈ T and an isomorphism α : F (Â)^{∼=}−→ A. An equivalence between two liftings (Â_1, α_1), (Â_2, α_2) is an isomorphism φ ∈ T(Â_1, Â_2) with α_1 = α_2 ∘ F (φ). We often drop α from the notation and call Â a lifting of A.

If A ∈∈ A is projective, then F^⊢(A) with the canonical isomorphism F � F^⊢(A) � ∼ = A is a natural lifting of A.

Proposition 2.3. Let A ∈∈ A have cohomological dimension 1. Then A has a lifting, and any two liftings are equivalent.

Proof. Let 0 → P_1^∂−→ P_0 → A → 0 be a projective resolution in A. Then F^⊢(∂): F^⊢(P_1) → F^⊢(P_0) is an arrow in T with F � F^⊢(∂) � ∼ = ∂. Let Â be the cone of F^⊢(∂). Since ∂ is monic, F^⊢(∂) is I-monic. Hence F � F^⊢(P_1) � ↣ F � F^⊢(P_0) � ↠ F (Â) is a short exact sequence, proving that F (Â) ∼= A. If B is I-contractible, then T(F^⊢(P_j ), B) ∼= T � P_j , F (B) � = 0 and hence T(Â, B) = 0 by the long exact sequence for T( , B).

Hence Â is a lifting of A.

Let Â_1 and Â_2 be liftings of A. This includes a choice of isomorphisms F (Â_1) ∼= A and F (Â_2) ∼= A. The Universal Coefficient Theorem [26, Theorem 66] applies to T(Â_1, Â_2). Hence there is f ∈ T(Â_1, Â_2) that lifts the identity map on A when we identify F (Â_1) ∼= A and F (Â_2) ∼= A. Since f is an I-equivalence,

Classify up to Equivariant KK-Equivalence 429

its cone B is I-contractible. Thus T_∗(Â_i, B) = 0 for i = 1, 2, and this implies T_∗(B, B) = 0 and hence B = 0 by the long exact sequence. Thus f is invertible. □ The equivalence between two liftings in Proposition 2.3 is not canonical, and the lifting is not natural, unlike for projective objects. The Universal Coefficient Theorem [26, Theorem 66] only shows that any arrow A_1 → A_2 in A between objects of cohomological dimension 1 lifts to an arrow in T. But this lifting is only unique up to Ext^1(A_1, A_2[−1]). With parity assumptions as in Section 2.1, there is a canonical lifting for any arrow A_1 → A_2 between objects of cohomological dimension 1: lift its even and odd parts separately (the corresponding Ext^1-terms in the Universal Coefficient Theorem vanish) and then take the direct sum. This shows that the UCT short exact sequence splits under parity assumptions. This splitting is not natural, however. Proposition 2.3 implies that isomorphism classes of objects in A of cohomological dimension 1 correspond bijectively to isomorphism classes of objects A in ⟨P_I⟩ with F (A) of cohomological dimension 1. This is used in [4,20,27] and other classification results. It may, however, be very hard to find computable invariants F for which all objects in its image have cohomological dimension 1.

Lemma 2.4. Any A ∈∈ A of cohomological dimension 2 has a lifting in T.

Proof. Let

(2.5) 0 → P_2^{∂2}−→ P_1^{∂1}−→ P_0^{∂0}−→ A → 0

be an exact chain complex in A with projective P_0, P_1 and P_2. Let

ΩA := ∂_1(P_1) ∼= coker ∂_2,

so that we get short exact sequences

P_2 ↣ P_1 ↠ ΩA, ΩA ↣ P_0 ↠ A.

Since ΩA has a projective resolution of length 1, it has a lifting D ∈∈ T by Proposition 2.3. Let P̂_0 := F^⊢(P_0) be the canonical lifting of P_0. The Universal Coefficient Theorem [26, Theorem 66] gives a short exact sequence

(2.6) Ext^1(ΩA[1], P_0) ↣ T(D, P̂_0) ↠ Hom(ΩA, P_0).

Hence the inclusion map ΩA → P_0 lifts to some f ∈ T(D, P̂_0), which is I-monic. The mapping cone Â of f belongs to ⟨P_I⟩ by construction, and has F (Â) ∼= P_0/ΩA ∼= A by the short exact sequence (2.5), so it is a lifting of A. □

[27, Theorem 4.10] shows that liftings of objects of cohomological dimension two cannot be unique in general. We may, however, classify liftings up to equivalence:

Theorem 2.7. Let A ∈∈ A have cohomological dimension 2. The set of equivalence classes of liftings of A is in bijection with Ext^2(A, A[−1]).

430 Rasmus Bentmann, Ralf Meyer

Proof. Fix a length-two projective resolution of A as in (2.5) and a lifting Â of A, which exists by Lemma 2.4. Let P̂_0 := F^⊢(P_0). The map P_0 → A in A is adjoint to a map P̂_0 → Â in T. We may complete this to an exact triangle

(2.8) D^φ−→ P̂_0 → Â → D[1].

Since P_0 → A is surjective, the map P̂_0 → Â is I-epic. Hence F maps (2.8) to a short exact sequence F (D) ↣ P_0 ↠ A. Thus D is a lifting of ΩA := ker ∂_0 ∼= coker ∂_2. Since ΩA has cohomological dimension 1, its lifting D is unique up to isomorphism by Proposition 2.3. The exact triangle (2.8) shows that Â is the cone of φ. So any other lifting Â^′ must be the cone of some arrow φ^′ : D → P̂_0 that induces the inclusion map F (D) → P_0. Conversely, if φ^′ : D → P̂_0 lifts the inclusion map ΩA → P_0, then its cone is a lifting of A by the proof of Lemma 2.4.

Let Â and Â^′ be the liftings associated to φ and φ^′. We claim that an isomorphism α : Â → Â^′ that induces the identity map on F (Â^′) ∼= A ∼= F (Â) may be embedded in a morphism of triangles

(2.9)

D P̂_0 Â

D P̂_0 Â^′. φ^′π_0π^{′0}αψ

The assumption that α induces the identity map on A means that the right square commutes. Then by the third axiom of triangulated categories (see [28, §1.1]), there is an arrow ψ : D → D that gives a triangle morphism. The arrow ψ induces the identity map on F (D) = ΩA because the map F (φ) = F (φ^′): F (D) → P_0 is injective. Thus φ^′ ∘ ψ = φ for some ψ : D → D that induces the identity map on F (D).

Conversely, let φ^′ ∘ ψ = φ for some ψ : D → D that induces the identity map on F (D). This means that the left square in (2.9) commutes. We may embed this square in a triangle morphism to construct α : Â → Â^′. Since ψ induces the identity map on F (D), it is invertible. Hence α is also invertible by the Five Lemma for exact triangles. Summing up, Â and Â^′ are equivalent liftings if and only if there is ψ : D → D with φ^′ ∘ ψ = φ and F (ψ) = id_{ΩA}. By the Universal Coefficient Theorem, the possible choices for ψ − id_D and φ^′ − φ lie in Ext^1(ΩA, ΩA[−1]) and Ext^1(ΩA, P_0[−1]), respectively. The short exact sequence ΩA ↣ P_0 ↠ A induces a long exact sequence

· · · → Ext^1(ΩA, ΩA[−1])^j−→ Ext^1(ΩA, P_0[−1])^p−→ Ext^1(ΩA, A[−1]) → 0

because Ext^2(ΩA, ) = 0. We claim that the two liftings Â and Â^′ are equivalent if and only if φ^′ − φ belongs to the image of the map j. If Â and Â^′ are equivalent, we can write φ^′ ∘ ψ = φ as above. Then φ^′ − φ = φ^′ ∘ (id_D − ψ). Since id_D − ψ belongs to Ext^1(ΩA, ΩA[−1]) ⊆ T(D, D), the naturality of the Universal Coefficient Theorem allows to compute the element

Classify up to Equivariant KK-Equivalence 431

φ^′ ∘(id_D −ψ) in Ext^1(ΩA, P_0[−1]) ⊆ T(D, P̂_0) as the Ext-product of (id_D −ψ) ∈ Ext^1(ΩA, ΩA[−1]) with the induced homomorphism F (φ^′) ∈ Hom(ΩA, P_0). Since F (φ^′) is the inclusion map ΩA → P_0, it takes id_D − ψ to j(id_D − ψ). In particular, φ^′ − φ belongs to the image of j.

Conversely, if φ^′ − φ = j(α) for some α ∈ Ext^1(ΩA, ΩA[−1]), we may write φ^′ − φ = j(id_D − ψ) by setting ψ = id_D − α ∈ Ext^1(ΩA, ΩA[−1]) ⊆ T(D, D). Since F (α) = 0 we have F (ψ) = id_{ΩA}. Moreover, φ^′ ∘ ψ = φ holds because φ^′ − φ = j(id_D − ψ) = φ^′ ∘ (id_D − ψ) = φ^′ − φ^′ ∘ ψ. Hence Â and Â^′ are equivalent. It follows that Â and Â^′ are equivalent if and only if p(φ^′) = p)φ) in Ext^1(ΩA, A[−1]), and any element in Ext^1(ΩA, A[−1]) is of the form p(φ^′) for some φ^′. Since P_0 is projective, another long exact sequence implies

Ext^1(ΩA, A[−1]) ∼= Ext^2(A, A[−1]).

Thus Â and Â^′ are equivalent if and only if φ^′ − φ is mapped to 0 in Ext^2(A, A[−1]), and any element in Ext^2(A, A[−1]) comes from some φ^′. We claim that the map sending Â^′ to the image of φ^′ − φ in Ext^2(A, A[−1]) is a bijection from the set of equivalence classes of liftings of A to Ext^2(A, A[−1]). Indeed, if Â^′_1 and Â^′_2 are two arbitrary liftings, they are cones of maps φ^′_1, φ^′_2 : D → P̂_0 both inducing the inclusion map ΩA → P_0 on F . The liftings Â′_1 and Â′_2 are equivalent if and only if the map

(2.10) T(D, P̂_0) ⊇ Ext^1(ΩA, P_0[−1]) → Ext^1(ΩA, A[−1]) → Ext^2(A, A[−1])

sends φ^′_1 − φ^′_2 to 0. Since (2.10) is a group homomorphism, this happens if and only if φ^′_1 − φ and φ^′_2 − φ have the same image in Ext^2(A, A[−1]). □

Corollary 2.11. If A ∈∈ A has cohomological dimension 2 and Ext^2(A, A[−1]) = 0, then A has a unique lifting up to equivalence.

Our construction actually shows that the set of equivalence classes of liftings carries a free and transitive action of the Abelian group Ext^2(A, A[−1]). Once we pick a single element, we thus get a bijection to Ext^2(A, A[−1]); but this bijection depends on the choice of one lifting, namely, the one corresponding to 0 ∈ Ext^2(A, A[−1]). For two liftings Â_1 and Â_2 associated to classes δ_1, δ_2 ∈ Ext^2(A, A[−1]), the difference δ_2 − δ_1 ∈ Ext^2(A, A[−1]) is canonically defined. It is called the relative obstruction class δ(Â_2, Â_1).

We discuss another approach to the relative obstruction class, which relates it to the boundary map on the second page of the ABC spectral sequence for T(Â_1, Â_2) associated to the ideal I. This cohomological spectral sequence, named after Adams, Brinkmann and Christensen, is discussed in great detail in [22, Section 4]. Its E_2-term is

E^{p,q}_2 = Ext^p(A, A[q])

for p ≥ 0, q ∈ Z. By assumption, E^{p,q}_2 = 0 for p ≠ 0, 1, 2. Hence E^{p,q}_k = 0 for p ≠ 0, 1, 2 and k ≥ 3 as well. Since the boundary map d_k on E_k has bidegree

432 Rasmus Bentmann, Ralf Meyer

(k, 1−k), we get d_k = 0 for k ≥ 3, and the only part of d_2 that may be non-zero is d^{0,q}_2 : E^{0,q}_2 → E^{2,q−1}_2 . Hence

E^{0,q}_∞ = ker(d^{0,q}_2 : E^{0,q}_2 → E^{2,q−1}_2 ), E^{1,q}_∞ = E^{1,q}_2 , E^{2,q}_∞ = coker(d^{0,q+1}_2 : E^{0,q+1}_2 → E^{2,q}_2 ).

As a consequence, φ ∈ Hom(A, A) lifts to T(Â_1, Â_2) if and only if d^{0,0}_2 (φ) = 0. In particular, Â_1 and Â_2 are equivalent liftings if and only if id_A ∈ Hom(A, A) lifts to T(Â_1, Â_2), if and only if

d^{0,0}_2 (id_A) ∈ E^{2,−1}_2 = Ext^2(A, A[−1])

vanishes. Thus both conditions d^{0,0}_2 (id_A) = 0 and δ(Â_1, Â_2) = 0 are necessary and sufficient for an equivalence of liftings. This suggests the following lemma:

Lemma 2.12. d^{0,0}_2 (id_A) = δ(Â_1, Â_2) = −δ(Â_2, Â_1).

Proof. The cohomological spectral sequence for T(Â_1, Â_2) in [22, Section 4] is constructed using a phantom tower for Â_1. We implicitly already constructed such a phantom tower when lifting A to Â_1. In the notation above, it looks as follows (where circled arrows denote maps of degree −1):

(2.13)

Â_1DP̂_20 · · ·

P̂_0P̂_1P̂_20 · · · ι_0ι_1

^∂_1^∂_2 ^∂_0π_1φ_1^∂_2

(The conventions about the degrees of the maps in the phantom tower are different in [22].) Here P̂_j and ^∂_j are the unique liftings of the projective objects P_j and the boundary maps ∂_j in (2.5) for j = 0, 1, 2, and φ_1 is the map with cone Â_1 that was called φ in the arguments above. The triangles involving ι_n are I-exact, and the other triangles commute. This together with the I-projectivity of the objects P̂_n means that (2.13) is a phantom tower. The relevant cohomological spectral sequence is constructed by applying the cohomological functor T( , Â_2) to the phantom tower for Â_1 in (2.13). The boundary map d_2 := d^{0,0}_2 on the second page maps E^{0,0}_2 to E^{2,−1}_2 , where

E^{0,0}_2 := {x ∈ T_0(P̂_0, Â_2) | ^∂^∗_1 (x) = 0} ∼= Hom(A, A),

E^{2,−1}_2 := T_{−1}(P̂_2, Â_2) �^ ∂^∗_2 � T_{−1}(P̂_1, Â_2) � ∼ = Ext^2(A, A[−1]).

We describe how d_2 acts on id_A ∈ Hom(A, A) (see [22, Section 4.1]). By [26, Theorem 59] and projectivity of P_0, there is a unique element ^∂^′_0 ∈ T_0(P̂_0, Â_2) such that F ( ^∂^′_0) = ∂_0 : P_0 → A. We have ^∂^′_0 ∘ ^∂_1 = 0 because F ( ^∂^′_0 ∘ ^∂_1) = 0. The isomorphism Hom(A, A) → E^{0,0}_2 above maps id_A to ^∂^′_0 ∈ T_0(P̂_0, Â_2). Since

Classify up to Equivariant KK-Equivalence 433

^∂′_0 ∘ φ_1 ∘ π_1 = ^∂′_0 ∘ ^∂_1 = 0, there is ρ ∈ T_{−1}(P̂_2, Â_2) with ι∗_1(ρ) = ^∂′_0 ∘ φ_1. The image of ρ in E^{2,−1}_2 is d_2(id_A).

The UCT exact sequence for T_∗(D, Â_2) is the long exact sequence associated to the triangle P̂_2P̂_1D in (2.13). This exact sequence shows that ι^∗_1 is an isomorphism from E^{2,−1}_2 , the cokernel of ^∂^∗_2 , onto

Ext^1(ΩA, A[−1]) ⊆ T_0(D, Â_2). The map d_2 is constructed so that ι^∗_1 � d_2(id_A) � = ^∂^′_0 ∘ φ_1.

Embed ^∂^′_0 in an exact triangle

D^{φ2}−→ P̂_0^{^∂′0}−→ Â_2 → D[1] as in (2.8). Then ^∂^′_0 ∘ φ_2 = 0 and hence ι^∗_1 � d_2(id_A) � = ^∂^′_0 ∘ (φ_1 − φ_2).

The map φ_2 − φ_1 induces the zero map F (D) → F (P̂_0) and hence corresponds to an element x in Ext^1(ΩA, P_0[−1]) by the UCT sequence. By definition, the obstruction class δ(Â_2, Â_1) is the image of x under the map

Ext^1(ΩA, P_0[−1]) → Ext^1(ΩA, A[−1]) ∼= Ext^2(A, A[−1]), where the first map is induced by the projection P_0 → A. By the naturality of the UCT sequence, this maps x to ^∂^′_0 ∘ (φ_2 − φ_1). Comparing this with our computation of d_2(id_A) shows that δ(Â_2, Â_1) = −d_2(id_A). □

Our description of equivalence classes of liftings is not yet a classification of objects in ⟨P_I⟩ up to isomorphism. Two objects Â_1, Â_2 ∈ ⟨P_I⟩ are isomorphic if and only if there is an isomorphism F (Â_1) → F (Â_2) that lifts to T(Â_1, Â_2). If F (Â_1) = F (Â_2) and δ(Â_1, Â_2) ≠ 0, then the identity map F (Â_1) → F (Â_2) does not lift; but there may be another isomorphism F (Â_1) ∼= F (Â_2) that lifts to T(Â_1, Â_2). This seems hard to decide given only F (Â_i) and δ(Â_1, Â_2) ≠ 0. The parity assumptions that we are about to make remedy this situation.

2.1. Parity assumptions. We are going to impose an extra assumption on A that provides a canonical lifting for each object of A of cohomological dimension 2. This allows us to understand the action of automorphisms on obstruction classes and to classify objects of ⟨P_I⟩ with length-2-projective resolutions up to isomorphism.

Definition 2.14. A stable Abelian category is called paired if A = A_+ × A_− with A_+[−1] = A_− and A_−[−1] = A_+; that is, any object of A is a direct sum of objects of even and odd parity, and the suspension automorphism on A shifts parity.

Example 2.15. Let A be the category of countable, Z/2-graded modules over a ring R. Then A is paired, with A_± being the subcategories of countable R-modules concentrated in even or odd degree, respectively. Let T = KK^G for a compact group G and I is the kernel on morphisms of the functor K^G_∗ as in (2.1). Then A is the category of countable, Z/2-graded modules over the representation ring of G. Hence A is paired in this example.

434 Rasmus Bentmann, Ralf Meyer

Assume that A is paired. Since the two subcategories A_± are orthogonal, we have Ext^2(A_+, A_−) = 0 and Ext^2(A_−, A_+) = 0 for A_+ ∈ A_+, A_− ∈ A_−. Now write A ∈∈ A as A ∼= A_+ ⊕ A_− with A_± ∈ A_±. Then Ext^2(A_+, A_+[−1]) = 0 because A_+[−1] ∈ A_− and Ext^2(A_−, A_−[−1]) = 0 because A_−[−1] ∈ A_+. Corollary 2.11 shows that there are unique liftings Â_+ and Â_− for A_+ and A_− (up to equivalence). We call Â_0 := Â_+ ⊕Â_− ∈∈ T the canonical lifting of A and let δ(Â) := δ(Â, Â_0) for any other lifting. This defines a canonical obstruction class in Ext^2(A, A[−1]) for all liftings Â of A. A simple computation as in [40, Proposition 9] shows that, for f ∈ Hom(A, B), the element d^{0,0}_2 (f) ∈ Ext^2(A, B[−1]) is given by the formula

(2.16) d^{0,0}_2 (f) = δ(B̂)f − fδ(Â).

To see this, let α : F (Â_0) → A and β : F (B̂_0) → B be isomorphisms. Then f^′ := β^{−1}fα ∈ Hom � F (Â_0), F (B̂_0) � can be lifted componentwise, so that d^{0,0}_2 (f^′) = 0. Thus

d^{0,0}_2 (f) = d^{0,0}_2 (βf^′α^{−1}) = d^{0,0}_2 (β)f^′α^{−1} + βf^′d^{0,0}_2 (α^{−1})

= d^{0,0}_2 (β)β^{−1}f + fαd^{0,0}_2 (α^{−1}) = δ(B̂, B̂_0)f + fδ(Â_0, Â) = δ(B̂)f − fδ(Â).

Definition 2.17. Let Aδ denote the additive category of pairs (A, δ) with A ∈∈ A and δ ∈ Ext^2(A, A[−1]); morphisms from (A, δ) to (A^′, δ^′) in Aδ are morphisms f from A to A^′ in A which satisfy the compatibility condition δ^′f = fδ.

There is an additive functor

F δ : T → Aδ, Â → � F (Â), δ(Â) � . The following classification result generalises [5, Theorem 9.1] and [40, Theorem 11].

Theorem 2.18. Assume that A is paired and has global dimension 2. Then the functor F δ is full and induces a bijection between isomorphism classes of objects Â in ⟨P_I⟩ and isomorphism classes of objects in the category Aδ. Furthermore, every lift of an isomorphism in Aδ is an isomorphism in T.

Proof. The last claim in the theorem follows from a standard argument: if Â_1 and Â_2 belong to ⟨P_I⟩ and if f ∈ T(Â_1, Â_2) is an I-equivalence, then the mapping cone C_f of f is both I-contractible and in ⟨P_I⟩; hence T(C_f , B) = 0 for all I-contractible B ∈∈ T and in particular T(C_f , C_f ) = 0, so that C_f ∼= 0, that is, f is invertible.

Theorem 2.7 shows that every class in Ext^2(A, A[−1]) appears as δ(Â) for some lifting Â of A. Hence F δ is essentially surjective. Since a morphism f ∈ Hom(A, B) lifts to a morphism Â → B̂ if (and only if) d^{0,0}_2 (f) = 0, (2.16) shows that the functor F δ is full. Hence F δ distinguishes isomorphism classes. □

Classify up to Equivariant KK-Equivalence 435

3. Kasparov theory for circle actions

Let G be a connected compact Lie group with torsion-free fundamental group. We will soon specialise to the circle group G = T, but some results hold more generally. As in Section 2, let T := KK^G be the G-equivariant Kasparov theory. Let A be the category of countable, Z/2-graded R-modules, where R is the representation ring of G, and let F := K^G_∗ : T → A be the equivariant K-theory functor. Let I be the kernel of F on morphisms. We have already seen that C with the trivial action is I-projective, and we identified the localising subcategory generated by the projective objects with ⟨C⟩ = B^G. The following result is implicit in [24].

Proposition 3.1. Let G be a connected compact Lie group such that π_1(G) is torsion-free. Let T be a maximal torus in G. A G-C^∗-algebra A belongs to B^G if and only if A ⋊ G belongs to the usual bootstrap class B in KK, if and only if A ⋊ T belongs to B.

Proof. If A ∈∈ B^G, then A⋊G ∈∈ ⟨C⋊G⟩ = ⟨C^∗(G)⟩ = ⟨C⟩ = B because C^∗(G) is a direct sum of matrix algebras; similarly, A ⋊ T ∈∈ B. Conversely, assume that A⋊T ∈ B ⊆ KK. The assumptions on G imply that H^2(G, T) = 0. Hence [24, Proposition 3.3] says that any G-C^∗-algebra A belongs to the localising subcategory of T generated by A⋊T equipped with the trivial G-action. Taking the trivial G-action is a triangulated functor t: KK → KK^G, so A ∈∈ ⟨t(A⋊T )⟩ and A ⋊ T ∈∈ B = ⟨C⟩ give A ∈∈ ⟨t(C)⟩ = B^G as asserted. There is a Morita–Rieffel equivalence A ⋊ T ∼ � A ⊗ C(G/T ) � ⋊ G. [24, Proposition 2.1] says that C(G/T ) is KK^G-equivalent to C^w, where w is the size of the Weyl group of G. Hence A⋊T is KK-equivalent to (A⋊G)^w. Thus A⋊T ∈∈ B if and only if A ⋊ G ∈∈ B. □

Let n be the rank of the maximal torus in G and let W be the Weyl group of G. Then R ∼= Z[x_1, . . . , x_n, x^{−1}_1 , . . . , x^{−1}_n ]^W , where the action of W comes from the canonical action on T . Even more, we have

R ∼= Z[x_1, . . . , x_n, x^{−1}_1 , . . . , x^{−1}_l ]

for some l with 0 ≤ l ≤ n; see for instance [38]. This ring has cohomological dimension n+1 because Z has cohomological dimension 1 and each independent variable adds 1 to the length of resolutions (see [35, Theorem 3.2.3 and Corollary 3.2.4]).

The cohomological dimension of R is 2 if and only if n = 1. The two groups G with n = 1 are the circle group T and SU(2). (The group SO(3) has torsion in π_1 and therefore is not covered by Proposition 3.1.) If n = 1, then Theorem 2.7 applies to all objects of A. That is, any M ∈∈ A has a lifting, and equivalence classes of liftings are in bijection with Ext^2_A(M, M[−1]); this is the even part of Ext^2_R(M, M[−1]) with its usual Z/2-grading, so that we may also denote it by Ext^2_R(M, M)^−. The category A is even, so that the results of Section 2.1 apply as well. That is, there is a canonical lifting of any M ∈∈ A, namely, the direct sum M̂_+ ⊕ M̂_−, where M̂_+ and M̂_− are the unique liftings of the

436 Rasmus Bentmann, Ralf Meyer

even and odd parts of M, respectively. Every object A ∈∈ B^G has an invariant (M, δ) ∈∈ Aδ with M := K^G_∗ (A) and δ ∈ Ext^2_R(M, M)^−; Theorem 2.18 says that A_1, A_2 ∈∈ B^G corresponding to (M_1, δ_1) and (M_2, δ_2) in Aδ are isomorphic if and only if there is a grading preserving R-module isomorphism f : M_1 → M_2 with fδ_1 = δ_2f in Ext^2_R(M_1, M_2)^−.

If n = 2, then Theorem 2.7 still applies, among others, to objects of A that are free as Abelian groups. Groups G for which this happens are T^2, T × SU(2), SU(2) × SU(2), SU(3), Spin(5), and the simply connected compact Lie group with Dynkin diagram of type G_2. For even higher rank, we know no useful sufficient criterion for an R-module to have a projective resolution of length 2. We now consider some natural examples of circle actions on C^∗-algebras. Thus G = T and R = Z[x, x^{−1}] from now on.

Example 3.2. Consider the Cuntz algebra O_n for n < ∞ with its usual gauge action, defined by multiplying each generator by z ∈ T. Then O_n ⋊T is Morita– Rieffel equivalent to the fixed-point algebra O^T_n. This is the UHF-algebra of type n^∞. It belongs to the bootstrap class, so that O_n ∈ B^T by Proposition 3.1. And it has K-theory Z[1/n] concentrated in degree 0. The generator of the representation ring x acts on this by multiplication by n. Thus

M := K^T_∗ (O_n) ∼= Z[x, x^{−1}]/(x − n), where (x−n) means the principal ideal generated by x−n. This is concentrated in degree 0 and has a length-1-projective resolution

(3.3) 0 → Z[x, x^{−1}]^{x−n}−−−→ Z[x, x^{−1}] ↠ K^T_∗ (O_n).

Either of these two facts shows that Ext^2_{Z[x,x}−1_](M, M)^− = 0. Hence O_n is the unique object of B^T with K^T_∗ (A) ∼= Z[x, x^{−1}]/(x − n).

Similarly, C(S^1) with the translation action is the unique object of B^T up to KK^T -equivalence with K^T_i (A) ∼= Z for i = 0, 1 and x acting trivially.

3.1. Cuntz–Krieger algebras. Now consider the Cuntz–Krieger algebra O_A with its usual gauge action; it is defined by an n × n-matrix A with entries in {0, 1} or more generally in the non-negative integers, such that no row or column vanishes identically. The crossed product O_A ⋊ T is Morita– Rieffel equivalent to the fixed-point algebra O^T_A by [30, Theorem 3.2.2 and Lemma 4.1.1]. The fixed-point algebra is an AF-algebra, and its K_0-group is isomorphic to the direct limit of the iteration sequence

Z^{n At}−−→ Z^{n At}−−→ Z^{n At}−−→ Z^{n At}−−→ · · · ;

the action of the generator x is induced by multiplication with A^t (see [8, Proof of Proposition 3.1]). In particular, given two Cuntz–Krieger algebras O_A and O_B , for degree reasons we have Ext^2_{Z[x,x}−1_] � K^T_∗ (O_A), K^T_∗ (O_B )

�_− = 0. Alternatively, we may write down a projective resolution of K^T_∗ (O_A) of length 1 as in (3.3). Hence every grading-preserving Z[x, x^{−1}]-module isomorphism K^T_∗ (O_A) → K^T_∗ (O_B ) lifts to a KK^T-equivalence. We get the following characterisation of KK^T-equivalence for Cuntz–Krieger algebras:

Classify up to Equivariant KK-Equivalence 437

Theorem 3.4. Let A and B be finite square matrices with non-negative integral entries such that no row or column vanishes identically. The following are equivalent:

• The gauge actions on O_A and O_B are KK^T-equivalent. • The Z[x, x^{−1}]-modules K^T_∗ (O_A) and K^T_∗ (O_B ) are isomorphic. • The matrices A and B are shift equivalent over the integers.

Proof. The equivalence of the first two statements follows from the argument above. For the equivalence of the second and third statement, see [21, Theorem 7.5.7]. □

[6, Example 2.13] gives two irreducible non-negative 4 × 4-matrices A and B that are shift equivalent over the integers but not over the non-negative integers. Then the gauge actions on the purely infinite simple Cuntz–Krieger algebras O_A and O_B are KK^T-equivalent by the previous theorem; but the ordered Z[x, x^{−1}]- modules K_0(O^T_A) and K_0(O^T_B ) are not isomorphic by [21, Theorem 7.5.8]. Hence the shift automorphisms on the gauge fixed-point algebras O^T_A and O^T_B cannot be stably conjugate. By Takai duality, the gauge actions on O_A and O_B cannot be stably conjugate. We cannot expect a Kirchberg–Phillips type classification result for circle actions unless the fixed-point algebra is also purely infinite and simple. For the most useful gauge actions, the fixed-point algebra is AF, however. So we cannot expect isomorphisms in KK^T to lift to^∗-isomorphisms.

Remark 3.5. It was already observed in [36, Proposition 10.4] that the KK^T-equivalence class of an object in the T-equivariant bootstrap class with equivariant K-theory concentrated in one degree is determined by its equivariant K-theory. [36, §10] contains some more results establishing KK^G-equiva-lence in special cases for Hodgkin–Lie groups G.

3.2. Computing Ext^2. We now describe Ext^∗_R(V, W ) for two general R-modules V and W , where R = Z[x, x^{−1}]. We view an R-module V as an Abelian group with an automorphism x_V , namely, the action of the generator x ∈ R.

The ring R has a very short R-bimodule resolution

0 → R ⊗ R^{x⊗1−1⊗x}

−−−−−−→ R ⊗ R^{mult}−−−→ R → 0.

This remains exact when we apply the functor ⊗_R V for a left R-module V . This gives a short exact sequence of R-modules

0 → R ⊗ V^{x⊗1−1⊗xV}

−−−−−−−→ R ⊗ V^{mult}−−−→ V → 0

for any R-module V . Given another R-module W , the long exact cohomology sequence for this short exact sequence becomes

0 → Hom_R(V, W ) → Hom_R(R ⊗ V, W ) → Hom_R(R ⊗ V, W )

→ Ext^1_R(V, W ) → Ext^1_R(R ⊗ V, W ) → Ext^1_R(R ⊗ V, W )

→ Ext^2_R(V, W ) → Ext^2_R(R ⊗ V, W ) → Ext^2_R(R ⊗ V, W ) → 0.

438 Rasmus Bentmann, Ralf Meyer

This simplifies considerably because

Ext^n_R(R ⊗ V, W ) ∼= Ext^n_Z(V, W )

by adjoint associativity. Thus we get a long exact sequence

(3.6) 0 → Hom_R(V, W ) → Hom_Z(V, W ) → Hom_Z(V, W )

→ Ext^1_R(V, W ) → Ext^1_Z(V, W ) → Ext^1_Z(V, W ) → Ext^2_R(V, W ) → 0.

Here the maps Hom_Z(V, W ) → Hom_Z(V, W ) and Ext^1_Z(V, W ) → Ext^1_Z(V, W ) are f → (x_W )_∗f − (x_V )^∗f, using the automorphisms x_V and x_W of V and W . Hence

(3.7) Ext^2_R(V, W ) ∼= coker � (x_W )_∗ − (x_V )^∗ � : Ext^1_Z(V, W ) → Ext^1_Z(V, W ).

Remark 3.8. We may view this cokernel as the first Hochschild cohomology for R with coefficients in Ext^1_Z(V, W ) with the induced R-bimodule structure. The kernel of this map is the zeroth Hochschild cohomology. The above long exact sequence is equivalent to a spectral sequence

HH^p � R, Ext^q_Z(V, W ) � ⇒ Ext^{p+q}_R (V, W ).

Eusebio Gardella shows in [14, 15] that for circle actions on unital Kirchberg algebras A with the Rokhlin property, such that A satisfies the Universal Coefficient Theorem and has finitely generated K-theory groups, the action of the generator of R on equivariant K-theory is the identity (this is analogous to the situation of finite group actions with the Rokhlin property, see [31]), and equivariant K-theory together with the unit class is a complete invariant. Moreover, K_0(A) ∼= K_1(A) ∼= K_0(A^T) ⊕ K_1(A^T), and every pair (G_0, G_1) of finitely generated Abelian groups with any unit class in G_0 may be realised as � K_0(A^T), K_1(A^T) � . Another classification result for Rokhlin actions of finite groups on Kirchberg algebras was proved by Masaki Izumi [16]. If x acts identically on V and W , then Ext^2_R(V, W ) ∼= Ext^1_Z(V, W ) by (3.7). Therefore, there must be a unique obstruction class in Ext^1_Z � K_∗(A^T), K_{∗+1}(A^T) � that comes from a Rokhlin action on a unital Kirchberg algebra. We do not know, however, which obstruction class this is.

3.3. Nekrashevych’s C^∗-algebras of self-similar groups. Nekrashevych [29] constructs purely infinite simple C^∗-algebras with a gauge action of T from self-similar groups. He proves that the conjugacy class of this gauge action essentially determines the underlying self-similar group and hence is a very fine invariant. This is, however, far from true for the KK^T-equivalence class.

We consider only the particular case considered in [29, Theorem 4.8] to use Nekrashevych’s K-theory computation. The self-similar group G in question is the iterated monodromy group of a post-critically finite, hyperbolic, rational function f on Ĉ. Let n be the (mapping) degree of this rational function, that is, each non-critical point has precisely n preimages. The function f has at

Classify up to Equivariant KK-Equivalence 439

most finitely many attracting cycles; let their lengths be ℓ_1, . . . , ℓ_c, listed with repetitions. Thus f has c attracting cycles.

It is asserted in [29, Theorem 4.8] that the K-theory of the gauge fixed-point algebra O^T_G of the C^∗-algebra O_G associated to f is Z[1/n] in even degrees and Z^{k−1} in odd degrees, where k =

�_c i=1 ℓ_i. We can be more precise: the proof of [29, Theorem 4.8] also gives the T-equivariant K-theory of O_G. First, O^T_G is Morita–Rieffel equivalent to the crossed product in this case, so that the K-theory of O^T_G is isomorphic to the T-equivariant K-theory and carries a Z[x, x^{−1}]-module structure. The action of x on this module is given by multiplication by n on the even part, as for the Cuntz algebra O_n. Thus K^T_0 (O_G) ∼= R/(x − n) has a projective resolution of length 1. The odd part is the quotient of H = Z^{ℓ1} ⊕· · ·⊕Z^{ℓc} by the diagonally embedded copy of Z. We may view H as the space of functions from the union of the attracting cycles of f to Z. The generator x acts like f on these functions, that is, it is a cyclic permutation in each copy of Z^{ℓi} . Thus we get the quotient of the module

V := c� i=1 Z[x_i, x^{−1}_i ]/(x^{ℓi}_i − 1)

by the copy of Z generated by N_i := 1 + x_i + · · · + x^{ℓi−1}_i in each component.

Lemma 3.9. Ext^2_R � K^T_∗ (O_G), K^T_{∗+1}(O_G) � = 0.

Proof. Let K_∗ := K^T_∗ (O_G). Since K_1 is free as an Abelian group, Ext^1_Z(K_1, K_0) = 0 and hence Ext^2_R(K_1, K_0) = 0 by the long exact sequence (3.6). Since K_0 has a projective R-module resolution of length 1 by (3.3), Ext^2_R(K_0, K_1) = 0 as well. □

Since O^T_G is the C^∗-algebra of an amenable groupoid, it belongs to the bootstrap class. Hence so does the Morita–Rieffel equivalent C^∗-algebra O_G ⋊ T. So our classification results apply by Proposition 3.1. Lemma 3.9 shows that, up to circle-equivariant KK-equivalence, the C^∗-algebra O_G is classified completely by the Z/2-graded Z[x, x^{−1}]-module K^T_∗ (O_G). This module only remembers the degree n of f and the multiset of lengths ℓ_i, so it is a rather coarse invariant. It would be very interesting to refine our invariant to detect the conjugacy class of the gauge action because this determines the action of f on its Julia set up to topological conjugacy by Nekrashevych’s main result ([29, Section 4.2]). Unfortunately, we know no useful refinements for our invariant. Both for O_G and for Cuntz–Krieger algebras, the fixed-point algebra of the gauge action has a unique trace. For Cuntz–Krieger algebras, the order structure on K^T_0 gives a finer invariant (see Section 3.1), but for O_G, the group K^T_0 (O_G) ∼= Z[1/n] carries no interesting order structure (an order on Z[1/n] is determined by its restrictions to the subgroups Z · 1/n^k ∼= Z, k ∈ N).

440 Rasmus Bentmann, Ralf Meyer

4. Kasparov theory for C^∗-algebras over unique path spaces

Let X be a finite T_0-space. In this section, we consider Kirchberg’s ideal-related KK-theory T := KK(X), following [25,27]. Let i_xC ∈∈ T denote the C^∗-algebra of complex numbers C equipped with the continuous map Prim(C) → X taking the unique element of Prim(C) to x ∈ X. The bootstrap class B(X) in T is the localising subcategory generated by the collection {i_xC | x ∈ X} of onedimensional C^∗-algebras over X (see [25, Definition 4.11]).

We apply the homological machinery from [26] to the family of functors represented by the objects i_xC, respectively. Let A(U_x) be the distinguished ideal of A corresponding to the smallest open neighbourhood U_x of x in X. The adjointness relations in [25, Proposition 3.13] specialise to

(4.1) KK_∗(X; i_xC, A) ∼= KK_∗ � C, A(U_x) � ∼ = K∗ � A(U_x) � . To make this relation plausible, observe that a^∗-homomorphism over X from i_xC to A is just a^∗-homomorphism from C to A such that the distinguished ideal C(U_x) = C is mapped into the distinguished ideal A(U_x). For x ∈ X, consider the stable homological functor

F_x : T → Ab^{Z/2}_c , A → KK_∗(X; i_xC, A)

and the homological ideal I_x := ker F_x. Since

KK_∗(X; i_xC, A) ∼= Hom_{Ab}Z/2_c � Z[0], F_x(A) � , the adjoint functor F^⊢_x takes the free rank-one Abelian group in even degree to the object i_xC. [26, Theorem 57] implies that F_x is the universal I_x-exact functor and that I_x has enough projective objects. Now we consider the homological ideal I := � x∈X I_x. [25, Theorem 4.17] gives KK_∗(X; A, B) = 0 for all I-contractible B if and only if A belongs to B(X). By [26, Proposition 55], the ideal I has enough projective objects. An argument as in [27, Section 4.3] shows that the universal I-exact stable homological functor is XK := KK_∗(X; R, ): T → Mod � KK_∗(X; R, R)^{op} � c, where R := � x∈X i_xC and Mod � KK_∗(X; R, R)^{op} � c denotes the category of countable Z/2-graded right modules over the Z/2-graded ring KK_∗(X; R, R). Partially order X by x ⪯ y if and only if x ∈ {y}, if and only if y ∈ U_x. Equation (4.1) implies

KK_∗(X; i_xC, i_yC) ∼= � Z[0] if x ⪯ y, 0 otherwise,

for all x, y ∈ X. The proof of (4.1) shows that the generator of KK_0(X; i_xC, i_yC) = Z for x ⪯ y is the class i^y_x of the identity map on C, viewed as a^∗-homomorphism over X from i_xC to i_yC. Since i^z_y ∘ i^y_x = i^z_x, the Z/2-graded ring KK_∗(X; R, R)^{op} is isomorphic to the integral incidence algebra Z[X] of the poset (X, ⪯) in even degree and vanishes in odd degree; here we use the convention that Z[X] is the free Abelian group generated by

Classify up to Equivariant KK-Equivalence 441

elements f_{x⪯y} for all pairs (x, y) with x ⪯ y; the multiplication is defined by f_{x⪯y}f_{y⪯z} = f_{x⪯z}. An early reference for the incidence algebra is [37, §3]. We write x → y for x, y ∈ X if x ≻ y and there is no z ∈ X with x ≻ z ≻ y. Then x ≻ y if and only if there is a path x = x_0 → x_1 → · · · → x_ℓ = y with some x_1, . . . , x_{ℓ−1} ∈ X.

Definition 4.2. A finite T_0-space X is called a unique path space if the path x = x_0 → x_1 → · · · → x_ℓ = y is unique for all x, y ∈ X with x ≻ y.

If X is a unique path space, then Z[X] is the integral path algebra of the quiver (X, →), where paths are concatenated such that arrows point to the left. There is a canonical family of orthogonal idempotent elements e_x ∈ Z[X] for x ∈ X with � x∈X e_x = 1. Viewing Z[X]-bimodules as modules over the ring Z[X] ⊗_Z Z[X^{op}], we see that P_{x⊗y} := Z[X]e_x ⊗ e_yZ[X] is a projective Z[X]-bimodule (corresponding to the idempotent e_x ⊗ e_y). There are canonical Z[X]-bimodule maps

ψ_x : P_{x⊗x} → Z[X], a ⊗ b → a · b, φ_{x,y} : P_{x⊗y} → P_{x⊗x} ⊕ P_{y⊗y}, a ⊗ b → (a ⊗ f_{x⪯y}b, −af_{x⪯y} ⊗ b),

for x, y ∈ X with x ⪯ y.

Lemma 4.3. Let X be a unique path space. The sequence 0 → � y→x P_{x⊗y}

�_{φx,y} −−−−−→ � x∈X P_{x⊗x}

�_{ψx} −−−−→ Z[X] → 0

is a length-one projective bimodule resolution.

Proof. We clearly have a complex of bimodule maps. The underlying Abelian groups of the three modules are free. To verify exactness, we choose the following canonical bases. A basis for Z[X] is given by paths p = (x_0 ← · · · ← x_k), k ≥ 0, in X. The standard basis for P_{x⊗x} consists of pairs of paths p_1, p_2 with p_1 beginning and p_2 ending at x. Thus pairs of composable paths give a basis for � x P_{x⊗x}. We write such a pair as a single path p_l = (x_0 ← · · · ← x_l ← · · · ← x_k) with a distinguished time l ∈ {0, . . . , k}, namely, the place where to cut the path into two; so p_l ∈ P_{xl⊗xl} . Similarly, a basis for � y→x P_{x⊗y} is given by paths p_{l,l+1} = (x_1 ← · · · ← x_l ← x_{l+1} ← · · · ← x_k ) with two consecutive distinguished times x_l and x_{l+1}, and p_{l,l+1} ∈ P_{xl⊗xl+1} . In this picture, ψ := � ψ_x simply forgets the distinguished time of a basis vector. Hence it is surjective. The map φ := � φ_{x,y} takes a path p_{l,l+1} with two distinguished times to the linear combination p_l − p_{l+1} of paths with only one distinguished time. This map does not change the underlying path. So it suffices to check injectivity of φ on elements of the form

�_{k−1}

l=0 n_lp_{l,l+1} with a fixed path p of length k. Applying φ yields n_0p_0 +

�_{k−1} l=1 (n_l − n_{l−1})p_l � − n_{k−1}p_k. If this sum vanishes, then n_0 = 0, and then n_1 = 0, and so on. So φ is injective. Finally, we show exactness in the middle. The kernel of ψ is generated by elements of the form

�_k l=0 n_lp_l with

�_k l=0 n_l = 0. We rewrite such an element as

442 Rasmus Bentmann, Ralf Meyer

�_{k−1} l=0 �_l j=1 n_j � (p_l − p_{l+1}) using −

�_{k−1} l=0 n_l = n_k. This shows that it belongs to the image of φ. □

Proposition 4.4. If X is a unique path space, then KK_∗(X; R, R)^{op} has cohomological dimension at most 2.

In fact, it is easy to see that the cohomological dimension of KK_∗(X; R, R)^{op} is equal to 2 unless the space X is discrete (in which case it is 1).

Proof. Tensoring the above short exact bimodule sequence over Z[X] with a left Z[X]-module V gives the short exact sequence 0 → � y→x P_{x⊗y} ⊗ V → � x∈X P_{x⊗x} ⊗ V → V → 0.

We have P_{x⊗y} ⊗_{Z[X]} V ∼= Z[X]e_x ⊗_Z V_y , where V_y := e_y · V is the entry group of the module V at y. It follows that Ext^n_{Z[X]}(P_{x⊗y} ⊗ V, W ) ∼= Ext^n_Z(V_y, W_x). Hence the long exact cohomology sequence for the functor Hom_{Z[X]}( , W ) applied to the above short exact sequence is of the form

0 → Hom_{Z[X]}(V, W ) → � x∈X Hom_Z(V_x, W_x) → � y→x Hom_Z(V_y , W_x)

→ Ext^1_{Z[X]}(V, W ) → � x∈X Ext^1_Z(V_x, W_x) → � y→x Ext^1_Z(V_y , W_x)

→ Ext^2_{Z[X]}(V, W ) → 0,

and Ext^n_{Z[X]} vanishes for n ≥ 3 because Ext^n_Z vanishes for n ≥ 2. □

The maps � x∈X Ext^n_Z(V_x, W_x) → � y→x Ext^n_Z(V_y , W_x) in the exact sequence above are the sum of the maps

Ext^n_Z (V_x, W_x) ⊕ Ext^n_Z(V_y, W_y )

�_{(iW )∗,−(iV )∗}� −−−−−−−−−−→ Ext^n_Z(V_y , W_x), induced by the arrows i: y → x in X. This gives a scheme for computing the groups Ext^n_{Z[X]}(V, W ). As in Section 3.2, the above long exact sequence is equivalent to a spectral sequence HH^p � Z[X], Ext^q_Z(V, W ) � ⇒ Ext^{p+q}_{Z[X]}(V, W ).

Definition 4.5. A C^∗-algebra over X is called a Kirchberg X-algebra if it is separable, tight (see [25, Definition 5.1]), O_∞-absorbing and nuclear.

Combining Theorem 2.18 and Proposition 4.4 with Kirchberg’s Classification Theorem in [18], we get the following purely algebraic complete classification of Kirchberg X-algebras in the bootstrap class B(X):

Corollary 4.6. Let X be a unique path space. Then the functor XKδ induces a bijection between the sets of^∗-isomorphism classes over X of stable Kirchberg X-algebras in the bootstrap class B(X) and of isomorphism classes in the category Mod � Z[X]

�_{Z/2} c δ. Every isomorphism in Mod � Z[X]

�_{Z/2} c δ lifts to a^∗-isomorphism over X.

Classify up to Equivariant KK-Equivalence 443

Example 4.7. If X = • is the one-point space, then Z[X] is simply the ring of integers, which has global dimension 1. Hence, in this case, the functor XKδ reduces to plain Z/2-graded K-theory. A Kirchberg X-algebra is just a (simple) Kirchberg algebra. Corollary 4.6 reduces to the Kirchberg–Phillips Classification Theorem.

Example 4.8. Let X = • → • be the two-point Sierpiński space. Stable Kirchberg X-algebras in B(X) are essentially the same as stable extensions of UCT Kirchberg algebras. Rørdam [34] classified these by their six-term exact sequences in K-theory. Moreover, every six-term exact sequence of countable Abelian groups arises as the K-theory sequence of a stable Kirchberg X-algebra in B(X). The relation between Rørdam’s invariant and ours becomes apparent by the following direct computation: given two objects G_1^φ−→ G_2 and H_1^ψ−→ H_2 in Mod � Z[X] � , there are natural isomorphisms

Ext^2_{Z[X]}(G_1^φ−→ G_2, H_1^ψ−→ H_2) ∼= Ext^2_{Z[X]} � ker(φ) → 0, 0 → coker(ψ) � ∼= Ext^1_{Z[X]}�0 → ker(φ), 0 → coker(ψ)� ∼= Ext^1_Z�ker(φ), coker(ψ)�.

The group Ext^1_Z � ker(φ), coker(ψ) � is in natural bijection to the set of equivalence classes of exact sequences of the form

H_1^ψ−→ H_2 → E → G_1^φ−→ G_2.

In fact, our invariant factors through Rørdam’s; it remembers isomorphism classes but forgets certain morphisms.

Example 4.9. Let X be totally ordered (for two points, this is Example 4.8). Then filtrated K-theory is a complete invariant for objects in B(X) by the main result of [27]. Since totally ordered spaces are unique path spaces, we now have two seemingly different complete invariants for objects in B(X). Both invariants must contain exactly the same information. The authors, however, do not understand the relationship between these two invariants. If, for instance, X = • → • → •, then the issue is to relate elements in Ext^2_{Z[X]}(G_1 → G_2 → G_3, H_1 → H_2 → H_3) to commuting diagrams of the form

0 000 H_1H_2H_3G_1G_2G_3 KLM with certain exactness conditions.

444 Rasmus Bentmann, Ralf Meyer

5. Graph C^∗-algebras If the finite T_0-space X is not a unique path space, then we may still classify those objects A of B(X) for which XK(A) has a projective resolution of length 2. We are going to show that graph C^∗-algebras with finitely many ideals have this property. Even better, we may compute their obstruction classes in terms of the Pimsner–Voiculescu type sequence that computes their K-theory.

5.1. A computation of obstruction classes. First we prove a general result in the abstract setting of a triangulated category T with a universal I-exact stable homological functor F : T → A; we also impose the parity assumptions of Section 2.1. For certain objects in T that are constructed from a length-2 projective resolution in A, we compute the obstruction class explicitly. Let (5.1) 0 → M_1^{∂2}−→ Q_1^{∂1}−→ Q_0^ε−→ M_0 → 0 be an exact chain complex in A_+ with projective objects M_1, Q_1 and Q_0. The adjoint functor F^⊢ on projective objects of A gives objects M̂_1, Q̂_1 and Q̂_0 of T lifting M_1, Q_1 and Q_0, and maps ^∂_2 ∈ T(M̂_1, Q̂_1) and ^∂_1 ∈ T(Q̂_1, Q̂_0) lifting ∂_2 and ∂_1. Embed ^∂_1 into an exact triangle Q̂_1^{^∂1}−→ Q̂_0^p−→ A^r−→ Q̂_1[1].

The long exact sequence for F applied to this triangle has the form · · · → Q_1^{∂1}−→ Q_0^{F (p)}−−−→ F (A)^{F (r)}−−−→ Q_1[1]^{∂1 [1]}−−−→ Q_0[1] → · · · Since the cokernel M_0 ∈∈ A_+ of ∂_1 and the kernel M_1[1] ∈∈ A_− of ∂_1[1] have different parity, we get F (A) ∼= M_0 ⊕ M_1[1].

This has the following projective resolution of length 2:

(5.2) 0 → M_1^{∂2}−→ Q_1^{∂1}−→ Q_0 ⊕ M_1[1]^{(ε,idM1 [1])}−−−−−−−→ M_0 ⊕ M_1[1] → 0. Theorem 5.3. The obstruction class of A is the class of the 2-step extension (5.1) in Ext^2_A(M_0, M_1), which we embed as a direct summand into Ext^2_A(F (A), F (A)[−1]) ∼= Ext^2_A(M_0, M_0[−1]) ⊕ Ext^2_A(M_0, M_1) ⊕ Ext^2_A(M_1[1], M_0[−1]) ⊕ Ext^2_A(M_1[1], M_1). Let (5.4) 0 → M^′_1^{∂′2}−→ Q^′_1^{∂′1}−→ Q^′_0^{ε′}−→ M^′_0 → 0 be another exact chain complex in A with even projective objects M^′_1, Q^′_1 and Q^′_0, and let A^′ be the cone of the lifting ^∂^′_1 of ∂_1. Then A ∼= A^′ if and

Classify up to Equivariant KK-Equivalence 445

only if there is a commutative diagram

(5.5)

M_1 Q_1 ⊕ Q^′_0 Q_0 ⊕ Q^′_0 M_0

M^′_1 Q_0 ⊕ Q^′_1 Q_0 ⊕ Q^′_0 M^′_0 (∂_2, 0)(∂_1, id_Q′_0 )

(ε, 0)

(0, ∂^′_2)(id_{Q0} , ∂^′_1)

(0, ε^′) φ_1∼= φ_2∼= φ_3∼= φ_4∼=

in A, where the maps φ_i for i = 1, 2, 3, 4 are isomorphisms.

Proof. We first compute the obstruction class of A. For this, we compare A to the canonical lifting of F (A). The latter is the direct sum of the canonical lifting of M_0 with M̂_1[1]. To lift M_0 canonically, we first embed ^∂_2 : M̂_1 → Q̂_1 in an exact triangle M̂_1^{^∂2}−→ Q̂_1^u−→ D^v−→ M̂_1[1].

Then F (D) ∼= coker ∂_2 ∼= ker ε. The UCT gives T_0(D, Q̂_0) ∼= A(ker ε, Q_0) for parity reasons. Hence there is a unique x ∈ T_0(D, Q̂_0) for which F (x) is the inclusion of ker ε into Q_0. The cone of x is the canonical lifting of M_0. Since direct sums of exact triangles remain exact, the canonical lifting of F (A) is the cone of the map (x, 0): D → Q̂_0 ⊕ M̂_1[1]. The map ^∂_2 ∘ ^∂_1 = 0 is part of an exact triangle M̂_1^0−→ Q̂_0^{i1}−→ Q̂_0 ⊕ M̂_1[1]^{p2}−→ M̂_1[1],

where i_1 is the inclusion of the first summand and p_2 the projection onto the second summand. The octahedral axiom applied to ^∂_1 and ^∂_2 gives maps x̄ : D → Q̂_0, y : D → M̂_1[1] and t: M̂_1[1] → A such that the diagram

M̂_1 Q̂_1 D M̂_1[1]

M̂_1 Q̂_0 Q̂_0 ⊕ M̂_1[1] M̂_1[1]

0 A A 0

M̂_1[1] Q̂_1[1] D[1] M̂_1[2] ^∂_2u v

0i_1 p_2

^∂_2[1]u[1]v[1] ^∂_1p r u[1] ∘ r

(^{x̄}_v )(^{pt} )

commutes and has exact rows and columns.

We claim that x̄ = x. Recall that F (u) is surjective. So F (x̄) is determined by its composition with F (u), which is equal to F ( ^∂_1) = ∂_1 by the commuting diagram. Hence F (x̄) = F (x), which gives x̄ = x by the uniqueness of x. The exactness of the third column means that A is the cone of the map (x, v): D → Q̂_0 ⊕ M̂_1[1]. The canonical lifting of F (A) is the cone of the map (x, 0): D →

446 Rasmus Bentmann, Ralf Meyer

Q̂_0 ⊕ M̂_1[1]. Hence the obstruction class of A is the image of (x, v) − (x, 0) = (0, v) under the map from Ext^1_A � F (D), Q_0[−1] ⊕ M_1 � ⊆ T(D, Q̂_0 ⊕ M̂_1[1]) to Ext^2_A � F (A), F (A)[−1] � constructed in the proof of Theorem 2.7.

We may describe the element in Ext^1_A � F (D), Q_0[−1] ⊕ M_1 � induced by (0, v) because v also appears in the first row: it is represented by the extension

0 → Q_0[−1] ⊕ M_1^{(idQ0[−1],∂2 )}

−−−−−−−−→ Q_0[−1] ⊕ Q_1^{(0,u)}−−−→ F (D) → 0.

The next step is to push forward along the map

(ε[−1], id_{M1} ): Q_0[−1] ⊕ M_1 → M_0[−1] ⊕ M_1 ∼= F (A)[−1].

The resulting element in Ext^1_A � F (D), F (A)[−1] � is represented by the extension

0 → M_0[−1] ⊕ M_1^{(idM0[−1],∂2 )}

−−−−−−−−→ M_0[−1] ⊕ Q_1^{(0,u)}−−−→ F (D) → 0.

To get the obstruction class for A in Ext^2_A � F (A), F (A)[−1] � , we need to splice the extension above with the extension

0 → F (D)^{(ι,0)}−−−→ Q_0 ⊕ M_1[1]^{(ε,idM1[1])}−−−−−−−→ M_0 ⊕ M_1[1] → 0,

where ι: F (D) → Q_0 denotes the inclusion map F (D) ∼= ker ε ⊆ Q_0. Up to the identification stated in the theorem, this yields indeed the class of the 2-step extension (5.1).

Now we establish the isomorphism criterion. First assume that there are invertible maps φ_i as in (5.5). Since the cone of the identity map is the zero object and since cones are additive for direct sums, the cone of ^∂_1 ⊕ id_{Q̂}′_0 is again A, and the cone of ^∂^′_1 ⊕ id_{Q̂0} is again A^′. Since the maps ^∂_1 ⊕ id_{Q̂}′_0 and ^∂^′_1 ⊕ id_{Q̂0} are isomorphic by (5.5), they have isomorphic cones. Thus A ∼= A^′. Conversely, assume that A ∼= A^′. Then F (A) ∼= F (A^′), so that we get isomorphisms φ_1 : M_1 → M^′_1 and φ_4 : M_0 → M^′_0. To simplify notation, we assume without loss of generality that φ_1 and φ_4 are identity maps. Then the isomorphism A ∼= A^′ is an equivalence of liftings, so that A and A^′ have the same obstruction class in Ext^2_A � F (A), F (A)[−1] � . By our computation of the obstruction class, this means that the 2-step extensions (5.1) and (5.4) (with M^′_i = M_i) have the same class in Ext^2_A(M_0, M_1). The classes in Ext^2_A(M_0, M_1) are not changed by adding id_Q′_0 : Q^′_0 → Q^′_0 in (5.1) and id_{Q0} : Q_0 → Q_0 in (5.4). Thus the two rows in (5.5) have the same class in Ext^2_A(M_0, M_1). Since Q_0 and Q^′_0 are projective, there are maps ψ : Q_0 → Q^′_0 and ψ^′ : Q^′_0 → Q_0 with ε^′ ∘ ψ = ε: Q_0 → M and ε ∘ ψ^′ = ε^′ : Q^′_0 → M. Then

φ_3 := � id_{Q0} 0 ψ id_Q′_0 � ∘ � id_{Q0} −ψ^′ 0 id_Q′_0 � : Q_0 ⊕ Q^′_0 → Q_0 ⊕ Q^′_0

is an isomorphism with (0, ε^′) ∘ φ_3 = (ε, 0). Hence φ_3 makes the third square in (5.5) commute.

Let K be the kernel of (ε, 0): Q_0 ⊕ Q^′_0 → M_0. This is isomorphic to the kernel of (0, ε^′) via φ_3. Since Q_0 ⊕ Q^′_0 is projective, composition with the class of the extension K ↣ Q_0 ⊕ Q^′_0 ↠ M_0 gives an isomorphism Ext^2_A(M_0, M_1) ∼=

Classify up to Equivariant KK-Equivalence 447

Ext^1_A(K, M_1). Hence the equality of the obstruction classes shows that the extensions M_1 ↣ Q_1 ⊕ Q^′_0 ↠ K and M_1 ↣ Q_0 ⊕ Q^′_1 ↠ K that we get from the two rows in (5.5) and the isomorphism φ_3 have the same class in Ext^1_A(K, M_1). Equality in Ext^1_A(K, M_1) means that the extensions really are isomorphic in the strongest possible sense, that is, there is an isomorphism φ_2 : Q_1 ⊕ Q^′_0 → Q_0 ⊕ Q^′_1 that induces an isomorphism of extensions. This means that it makes the remaining two squares in (5.5) commute. Thus A ∼= A^′ implies that there are isomorphisms φ_i making (5.5) commute. □

Remark 5.6. The same argument works if the objects in (5.1) all belong to A_−. If the objects in (5.1) belong to A, then we may split (5.1) into its even and odd parts. Thus the obvious adaptation of Theorem 5.3 still holds without any parity assumptions on the objects M_j and Q_j .

Remark 5.7. There are several variants of the criterion (5.5). Since (5.1) and (5.4) are exact, isomorphisms φ_2 and φ_3 making the middle square in (5.5) commute give φ_1 and φ_4 making all squares in (5.5) commute. Furthermore, if φ_i are isomorphisms for i = 1, 4 and for i = 2 or i = 3, then the remaining one is an isomorphism as well by the Five Lemma.

If there are maps φ_i making (5.5) commute, and such that φ_1 and φ_4 are invertible, then it already follows that A ∼= A^′. This is because φ_1 and φ_4 induce an isomorphism F (A) ∼= F (A^′), and (5.5) shows that the obstruction classes also agree, no matter whether φ_2 or φ_3 are invertible.

5.2. Crossed products for C^∗-algebras over topological spaces. In this subsection, we generalise some basic results about crossed products to C^∗-algebras over topological spaces. Let G be a locally compact group. Let X be a second countable topological space.

Definition 5.8. A G-C^∗-algebra over X is a C^∗-algebra over X whose underlying C^∗-algebra is a G-C^∗-algebra such that all distinguished ideals are G-invariant.

If (A, α) is a G-C^∗-algebra over X then the crossed product A ⋊_α G is a C^∗-algebra over X via (A ⋊_α G)(U) := A(U) ⋊_{α|A(U )} G for all U ∈ O(X). If G is Abelian, then (A ⋊_α G, α̂) is a Ĝ-C^∗-algebra over X.

Proposition 5.9 (Takai Duality). Let G be Abelian. Let (A, α) be a G-C^∗-algebra over X. Then there is a natural isomorphism of G-C^∗-algebras over X from � (A⋊_α G)⋊_{α̂} Ĝ, α̂ � to � A⊗K(L^2G), α⊗ad_λ � . In particular, there is a natural KK(X)-equivalence between (A ⋊_α G) ⋊_{α̂} Ĝ and A.

Proof. We have only added X-equivariance to the classical statement. This follows immediately from the naturality of the classical version (see [7, Theorem 6 in Appendix C of Chapter 2]). □

448 Rasmus Bentmann, Ralf Meyer

In the following, we assume for convenience that X is finite and A belongs to the category KK(X)_{loc} defined in [25, Definition 4.8]. It should be possible to remove these assumptions by carefully checking the naturality of the homotopies implementing the respective equivalences.

Proposition 5.10 (Green Imprimitivity). Let H be a closed subgroup of G and let (A, α) be an H-C^∗-algebra over X. Assume that X is finite and A ∈∈ KK(X)_{loc}. There is a natural KK(X)-equivalence between A ⋊_α H and Ind^G_H (A, α) ⋊_{Ind α} G.

Proof. By naturality, the imprimitivity bimodule constructed in [11, Theorem 4.1] induces a KK(X)-element which is a pointwise KK-equivalence. By [25, Proposition 4.9], it is a KK(X)-equivalence. □

Proposition 5.11 (Connes–Thom Isomorphism). Let (A, α) be an R-C^∗-algebra over X. Assume that X is finite and A ∈∈ KK(X)_{loc}. Then A ⋊_α R is naturally KK(X)-equivalent to A[−1].

Proof. We adopt the approach from [20, Proposition 8.3]. Let Ã denote the C^∗-algebra A over X with the trivial R-action. Then C_0(R, A) and C_0(R, Ã) with the diagonal actions are naturally^∗-isomorphic as R-C^∗-algebras, where the action on R is given by translation; explicitly, the isomorphism takes a function f ∈ C_0(R, Ã) to the function t → α_t � f(t) � in C_0(R, A). By [17, Theorem 5.9] we may fix a KK^R-equivalence between C[−1] and C_0(R), where C_0(R) carries the translation action. In combination, this gives a natural KK^Requivalence between A[−1] and Ã[−1], and consequently also between A and Ã. Taking crossed products gives a natural KK-equivalence between A ⋊_α R and A[−1]. As in the previous proof, the naturality of the constructed cycle and [25, Proposition 4.9] show that this is a KK(X)-equivalence. □

Proposition 5.12 (Pimsner–Voiculescu Triangle). Let (A, α) be a Z-C^∗-algebra over X. Assume that X is finite and A ∈∈ KK(X)_{loc}. Then there is a natural exact triangle in KK(X) of the form

A[−1] ⋊_α Z → A^{α1 −id}−−−−→ A → A ⋊_α Z.

Proof. We abbreviate α = α_1 and let T_α = � f : C([0, 1] , A) | f(1) = α � f(0) � be the mapping torus of α. The extension

A[−1] ↣ T_α^{ev0}↠ A

has a completely positive X-equivariant section taking a ∈ A to the affine function (1 − t) · a + t · α(a). We get a natural exact triangle in KK(X) of the form

(5.13) A[−1] → A[−1] → T_α → A.

The R-C^∗-algebra T_α is naturally^∗-isomorphic over X to Ind^R_Z (A, α). By Green’s imprimitivity theorem and the Connes–Thom isomorphism, we have

Classify up to Equivariant KK-Equivalence 449

natural KK(X)-equivalences

A ⋊_α Z ≃ Ind^R_Z (A, α) ⋊_{Ind α} R ≃ T_α ⋊ R ≃ T_α[−1].

Plugging this into (5.13) and rotating as appropriate gives an exact triangle of the desired form. The formula for the map from A to A is a consequence of the naturality of the boundary map in the KK-theoretic six-term sequence applied to the morphisms of extensions A[−1] T_α A

A[−1] C � [0, 1] , A � A ⊕ A, (id_A, α)

A[−1] C_0 � [0, 1) , A � A A[−1] C � [0, 1] , A � A ⊕ A

A[−1] C_0 � (0, 1] , A � A, ι_0ι^1

together with the elementary fact that the extensions C[−1] ↣ C_0 � [0, 1) � ↠ C and C[−1] ↣ C_0 � (0, 1] � ↠ C correspond to the classes −id_{C[−1]} and id_{C[−1]} in KK_1(C, C[−1]) ∼= KK_0(C[−1], C[−1]), respectively. □

Corollary 5.14 (Dual Pimsner–Voiculescu Triangle). Let (A, α) be a T-C^∗-algebra over X. Assume that X is finite and A ⋊_α T ∈∈ KK(X)_{loc}. Then there is a natural exact triangle in KK(X) of the form

A[−1] → A ⋊_α T^{α̂1 −id}−−−−→ A ⋊_α T → A.

Proof. This follows from the Pimsner–Voiculescu Triangle and Takai Duality. □ 5.3. Application to graph algebras. Let A = C^∗(E) be the C^∗-algebra of a countable graph E. We assume that A has only finitely many ideals or, equivalently, that its primitive ideal space is finite; this is necessary for our machinery to work. We set X = Prim(A). The gauge action γ : T ↷ A turns A into a T-C^∗-algebra over X. Corollary 5.14 provides the following natural exact triangle in KK(X):

A[−1] → A ⋊_γ T^{id−γ̂} −1 1 −−−−−→ A ⋊_γ T → A.

We have composed with the automorphism γ̂^{−1}_1 to replace γ̂_1 − id by id − γ̂^{−1}_1 to prepare for computations below.

The C^∗-algebra A ⋊_γ T is AF. Hence the odd part of XK(A ⋊_γ T) vanishes. Applying the functor XK to the dual Pimsner–Voiculescu triangle, we get the following dual Pimsner–Voiculescu exact sequence:

(5.15) 0 → XK_1(A) → XK_0(A⋊_γ T)^{id−(γ̂} −1 1 )_∗

−−−−−−−→ XK_0(A⋊_γ T) → XK_0(A) → 0.

The module XK(A ⋊_γ T) is usually not projective, so we cannot directly apply Theorem 5.3. For this purpose, we replace A ⋊_γ T by a suitable C^∗-subalgebra. This construction is based on the ingredients of the computation of the K-theory

450 Rasmus Bentmann, Ralf Meyer

of graph C^∗-algebras in [32, Section 3] and [2, Section 6]; we shall use the notation and a number of results proved in these articles.

We may identify C^∗(E) ⋊_γ T with the C^∗-algebra of the so-called skewproduct graph E ×_1 Z. This becomes an isomorphism of C^∗-algebras over X via the canonical definitions � C^∗(E) ⋊_γ T � (U) := � C^∗(E)(U) � ⋊_γ T and C^∗(E ×_1 Z)(U) := J_{HU ×Z,BU ×Z} where (H_U , B_U ) is the admissible pair such that C^∗(E)(U) = J_{HU ,BU} .

We let N denote the set {n ∈ Z | n ≤ 0} and N^∗ = N \ {0}. We let Q̂_0 = Q̂_1 be the C^∗-subalgebra of C^∗(E ×_1 Z) associated to the subgraph E ×_1 N, the restriction of the graph E ×_1 Z to the subset of vertices E × N. This is a C^∗-algebra over X via C^∗(E ×_1 N)(U) = J_{HU ×N,BU ×N} ∗ , and the inclusion map C^∗(E ×_1 N) → C^∗(E ×_1 Z) is a^∗-homomorphism over X. The dual action on A ⋊_γ T corresponds to the shift automorphism β on C^∗(E ×_1 Z). Its inverse preserves the subalgebra Q̂_0 = C^∗(E ×_1 N). This is why we need γ̂^{−1}_1 in (5.15).

Lemma 5.16. The module XK(Q̂_0) is projective and concentrated in even degree.

Proof. The C^∗-algebra Q̂_0 is an AF-algebra because the graph E ×_1 N has no cycles. We claim that all distinguished subquotients of Q̂_0 have free K_0-groups and vanishing K_1-groups. Since ideals and quotients of AF-algebras are again AF and since AF-algebras have vanishing K_1-groups, it suffices to show that the K_0-group of every distinguished quotient of C^∗(E ×_1 N) is free. By [2, Corollary 3.5], the quotient of C^∗(E ×_1 N) by the ideal J_{HU ×1 N,BU ×1N} ∗ is isomorphic to the C^∗-algebra of the graph � (E ×_1 N)/(H ×_1 N) � \ β(B ×_1 N^∗);

its K-theory is free by [2, Lemma 6.2] and continuity of K-theory. Now it follows from [3, Lemma 4.10] that the module XK(Q̂_0) is projective. □

We write s: Q̂_1 → Q̂_0 for the restricted morphism 1 − β^{−1} and form an exact triangle C_s → Q̂_1^s−→ Q̂_0 → C_s[1], where C_s denotes the generalised mapping cone of s. By the third axiom of triangulated categories (weak functoriality of the generalised mapping cone; see [28, §1.1]), there is a morphism f : C_s → A[−1] such that the diagram

(5.17)

C_s Q̂_1 Q̂_0 C_s[1]

A[−1] A ⋊_γ T A ⋊_γ T A sid − γ̂^{−1} f f[1]

commutes. As in [32, Lemma 3.3], it follows that the morphism f_∗ : K_∗ � C_s(Y ) � → K_∗ � A(Y ) � induced by f is bijective for every closed subset Y ⊆ X. Hence f is a KK(X)-equivalence by [25, Proposition 4.15] and the Five Lemma.

Classify up to Equivariant KK-Equivalence 451

Lemma 5.18. The module ker � XK(s) � is projective.

Proof. This module is concentrated in even degree and isomorphic to XK_1 � C^∗(E) � . Since C^∗(E) has vanishing exponential maps and all its subquotients have free K_1-groups, it follows as in [3, Lemma 4.10] that this module is projective. □

Since the map f in (5.17) is a KK(X)-equivalence, we get an exact triangle

A[−1] → Q̂_1 → Q̂_0 → A.

Lemmas 5.16 and 5.18 show that Theorem 5.3 applies. The obstruction class is the image of the top row in (5.17) under the functor XK. The vertical maps in this diagram show that XK applied to the bottom row also represents the same class in Ext^2. The bottom row is exactly the dual Pimsner–Voiculescu sequence (5.15), as asserted. Combining these computations with Kirchberg’s Classification Theorem gives the following theorem:

Theorem 5.19. Let A_1 and A_2 be purely infinite graph C^∗-algebras such that

Prim(A_1) ∼= Prim(A_2) ∼= X

is finite. Then any isomorphism XKδ(A_1) ∼= XKδ(A_2) lifts to a stable isomorphism between A_1 and A_2. The obstruction classes δ(A_i) in Ext^2 � XK(A_i), XK(A_i)[−1] � are determined by the dual Pimsner–Voiculescu sequences (5.15) for the gauge actions γ : T ↷ A_i.

Proof. By [19, Corollary 9.4], a purely infinite, separable, nuclear C^∗-algebra with real rank zero absorbs the infinite Cuntz algebra O_∞ tensorially. Hence Kirchberg’s Classification Theorem applies. It gives the result together with Theorem 5.3. □

Roughly speaking, stable, purely infinite graph C^∗-algebras with finitely many ideals are strongly classified by their dual Pimsner–Voiculescu sequence in XK (up to the correct notion of equivalence). These algebras always have real rank zero.

Corollary 5.20. Let A_1 and A_2 be unital, purely infinite graph C^∗-algebras such that Prim(A_1) ∼= Prim(A_2) ∼= X. Then any isomorphism XKδ(A_1) ∼= XKδ(A_2) taking the unit class in K_0(A_1) to the unit class in K_0(A_2) lifts to a ∗-isomorphism between A_1 and A_2.

Proof. This follows from [12, Theorem 3.3] and our strong classification theorem up to stable isomorphism. Here we use that, when A has real rank zero, the group K_0(A) can be naturally recovered from the module XK_0(A) as a certain cokernel, see [1, Lemma 8.3]. □

References

[1] Sara E. Arklint, Rasmus Bentmann, and Takeshi Katsura, Reduction of filtered K-theory and a characterization of Cuntz–Krieger algebras, J. K-Theory 14 (2014), no. 3, 570–613, doi: 10.1017/is014009013jkt281. MR 3349327

452 Rasmus Bentmann, Ralf Meyer

[2] Teresa Bates, Jeong H. Hong, Iain Raeburn, and Wojciech Szymański, The ideal structure of the C^∗-algebras of infinite graphs, Illinois J. Math. 46 (2002), no. 4, 1159–1176, available at http://projecteuclid.org/euclid.ijm/1258138472. MR 1988256 [3] Rasmus Bentmann, Kirchberg X-algebras with real rank zero and intermediate cancellation, J. Noncommut. Geom. 8 (2014), no. 4, 1061–1081, doi: 10.4171/JNCG/178.

MR 3310939

[4] Rasmus Bentmann and Manuel Köhler, Universal coefficient theorems for C^∗-algebras over finite topological spaces (2011), eprint. arXiv: 1101.5702.

[5] Aldridge K. Bousfield, On the homotopy theory of K-local spectra at an odd prime, Amer.

J. Math. 107 (1985), no. 4, 895–932, doi: 10.2307/2374361. MR 796907 [6] Mike Boyle, Shift equivalence and the Jordan form away from zero, Ergodic Theory Dynam. Systems 4 (1984), no. 3, 367–379, doi: 10.1017/S0143385700002510.MR 776874 [7] Alain Connes, Noncommutative geometry, Academic Press Inc., San Diego, CA, 1994.

MR 1303779

[8] Joachim Cuntz, A class of C^∗-algebras and topological Markov chains. II. Reducible chains and the Ext-functor for C^∗-algebras, Invent. Math. 63 (1981), no. 1, 25–40, doi: 10.1007/BF01389192. MR 608527 [9] Marius Dădărlat and James McClure, When are two commutative C^∗-algebras stably homotopy equivalent?, Math. Z. 235 (2000), no. 3, 499–523, doi: 10.1007/s002090000143.

MR 1800209

[10] Ivo Dell’Ambrogio, Heath Emerson, and Ralf Meyer, An equivariant Lefschetz fixedpoint formula for correspondences, Doc. Math. 19 (2014), 141–193, available at

http://www.math.uni-bielefeld.de/documenta/vol-19/05.html. MR 3178251

[11] Siegfried Echterhoff, Steven Kaliszewski, John Quigg, and Iain Raeburn, Naturality and induced representations, Bull. Austral. Math. Soc. 61 (2000), no. 3, 415–438, doi: 10.1017/S0004972700022449. MR 1762638 [12] Søren Eilers, Gunnar Restorff, and Efren Ruiz, Strong classification of extensions of classifiable C^∗-algebras (2013). arXiv: 1301.7695.

[13] Robert T. Finn, Jorge Martinez, and Warren W. McGovern, The global dimension of an f-ring via its space of minimal prime ideals, Comm. Algebra 25 (1997), no. 3, 905–921, doi: 10.1080/00927879708825896. MR 1433441 [14] Eusebio Gardella, Classification theorems for circle actions on Kirchberg algebras, I (2014), preprint. arXiv: 1405.2469.

[15] , Classification theorems for circle actions on Kirchberg algebras, II (2014), preprint. arXiv: 1406.1208.

[16] Masaki Izumi, Finite group actions on C^∗-algebras with the Rokhlin property. II, Adv.

Math. 184 (2004), no. 1, 119–160, doi: 10.1016/S0001-8708(03)00140-3.MR 2047851 [17] Gennadi G. Kasparov, Equivariant KK-theory and the Novikov conjecture, Invent.

Math. 91 (1988), no. 1, 147–201, doi: 10.1007/BF01404917. MR 918241 [18] Eberhard Kirchberg, Das nicht-kommutative Michael-Auswahlprinzip und die Klassifikation nicht-einfacher Algebren, C^∗-Algebras (Münster, 1999), Springer, Berlin, 2000, pp. 92–141, doi: 10.1007/978-3-642-57288-3. MR 1796912 [19] Eberhard Kirchberg and Mikael Rørdam, Infinite non-simple C^∗-algebras: absorbing the Cuntz algebra O_∞, Adv. Math. 167 (2002), no. 2, 195–264, doi: 10.1006/aima.2001.2041.

MR 1906257

[20] Manuel Köhler, Universal coefficient theorems in equivariant KKtheory, Ph.D. Thesis, Georg-August-Universität Göttingen, 2010,

http://hdl.handle.net/11858/00-1735-0000-0006-B6A9-9.

[21] Douglas Lind and Brian Marcus, An introduction to symbolic dynamics and coding, Cambridge University Press, Cambridge, 1995. doi: 10.1017/CBO9780511626302MR 1369092 [22] Ralf Meyer, Homological algebra in bivariant K-theory and other triangulated categories. II, Tbil. Math. J. 1 (2008), 165–210, available at

http://www.tcms.org.ge/Journals/TMJ/Volume1/Xpapers/tmj1_9.pdf. MR 2563811

Classify up to Equivariant KK-Equivalence 453

[23] Ralf Meyer and Ryszard Nest, The Baum–Connes conjecture via localisation of categories, Topology 45 (2006), no. 2, 209–259, doi: 10.1016/j.top.2005.07.001.MR 2193334 [24] , An analogue of the Baum–Connes isomorphism for coactions of compact groups, Math. Scand. 100 (2007), no. 2, 301–316, available at

http://www.mscand.dk/article/view/15025. MR 2339371

[25] , C^∗-Algebras over topological spaces: the bootstrap class, Münster J. Math. 2 (2009), 215–252, available at

http://nbn-resolving.de/urn:nbn:de:hbz:6-10569452982. MR 2545613

[26] , Homological algebra in bivariant K-theory and other triangulated categories. I, Triangulated categories (Thorsten Holm, Peter Jørgensen, and Raphaël Rouqier, eds.), London Math. Soc. Lecture Note Ser., vol. 375, Cambridge Univ. Press, Cambridge, 2010, pp. 236–289, doi: 10.1017/CBO9781139107075.006. MR 2681710 [27] , C^∗-Algebras over topological spaces: filtrated K-theory, Canad. J. Math. 64 (2012), 368–408, doi: 10.4153/CJM-2011-061-x. MR 2953205 [28] Amnon Neeman, Triangulated categories, Annals of Mathematics Studies, vol. 148, Princeton University Press, Princeton, NJ, 2001. MR 1812507 [29] Volodymyr Nekrashevych, C^∗-algebras and self-similar groups, J. Reine Angew. Math.

630 (2009), 59–123, doi: 10.1515/CRELLE.2009.035. MR 2526786

[30] David Pask and Iain Raeburn, On the K-theory of Cuntz–Krieger algebras, Publ. Res.

Inst. Math. Sci. 32 (1996), no. 3, 415–443, doi: 10.2977/prims/1195162850.MR 1409796 [31] N. Christopher Phillips, Freeness of actions of finite groups on C^∗-algebras, Operator structures and dynamical systems, Contemp. Math., vol. 503, Amer. Math. Soc., Providence, RI, 2009, pp. 217–257, doi: 10.1090/conm/503. MR 2590625 [32] Iain Raeburn and Wojciech Szymański, Cuntz–Krieger algebras of infinite graphs and matrices, Trans. Amer. Math. Soc. 356 (2004), 39-59, doi: 10.1090/S0002-9947-03-03341-5. MR 2020023 [33] Gunnar Restorff, Classification of Cuntz–Krieger algebras up to stable isomorphism, J.

Reine Angew. Math. 598 (2006), 185–210, doi: 10.1515/CRELLE.2006.074.MR 2270572 [34] Mikael Rørdam, Classification of extensions of certain C^∗-algebras by their six term exact sequences in K-theory, Math. Ann. 308 (1997), no. 1, 93–117, doi: 10.1007/s002080050067. MR 1446202 [35] Jonathan Rosenberg, Algebraic K-theory and its applications, Graduate Texts in Mathematics, vol. 147, Springer, New York, 1994. doi: 10.1007/978-1-4612-4314-4MR 1282290 [36] Jonathan Rosenberg and Claude Schochet, The Künneth theorem and the universal coefficient theorem for equivariant K-theory and KK-theory, Mem. Amer. Math. Soc.

62 (1986), no. 348, doi: 10.1090/memo/0348. MR 0849938

[37] Gian-Carlo Rota, On the foundations of combinatorial theory. I. Theory of Möbius functions, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 2 (1964), 340–368 (1964), doi: 10.1007/BF00531932. MR 0174487 [38] Robert Steinberg, On a theorem of Pittie, Topology 14 (1975), 173–177, doi: 10.1016/0040-9383(75)90025-7. MR 0372897 [39] Andreas Thom, Connective E-theory and bivariant homology, Ph.D. Thesis, Univ. Münster, 2003, http://nbn-resolving.de/urn:nbn:de:hbz:6-85659543776.

[40] Jerome J. Wolbert, Classifying modules over K-theory spectra, J. Pure Appl. Algebra

124 (1998), no. 1-3, 289–323, doi: 10.1016/S0022-4049(96)00112-0. MR 1600317

454 Rasmus Bentmann, Ralf Meyer

Rasmus Bentmann Mathematisches Institut Georg-August Universität Göttingen Bunsenstraße 3–5 37073 Göttingen Germany rasmus.bentmann @mathematik.uni-goettingen.de

Ralf Meyer Mathematisches Institut Georg-August Universität Göttingen Bunsenstraße 3–5 37073 Göttingen Germany rmeyer2@uni-goettingen.de