Documenta Mathematica

Journal der Deutschen Mathematiker-Vereinigung Gegründet 1996

Band 20 · 2015

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, veröffentlicht Forschungsarbeiten aus allen mathematischen Gebieten und wird in traditioneller Weise referiert. Es wird indiziert durch Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Artikel können als TEX-Dateien per E-Mail bei einem der Herausgeber eingereicht werden. Hinweise für die Vorbereitung der Artikel können unter der unten angegebenen WWW-Adresse gefunden werden.

Documenta Mathematica, Journal der Deutschen Mathematiker-Vereinigung, publishes research manuscripts out of all mathematical fields and is refereed in the traditional manner. It is indexed in Mathematical Reviews, Science Citation Index Expanded, Zentralblatt für Mathematik.

Manuscripts should be submitted as TEX -files by e-mail to one of the editors. Hints for manuscript preparation can be found under the following web address.

http://www.math.uni-bielefeld.de/documenta

Geschäftsführende Herausgeber / Managing Editors: Ulf Rehmann (techn.), Bielefeld rehmann@math.uni-bielefeld.de Stefan Teufel, Tübingen stefan.teufel@uni-tuebingen.de Otmar Venjakob, Heidelberg venjakob@mathi.uni-heidelberg.de Herausgeber / Editors:

Christian Bär, Potsdam baer@math.uni-potsdam.de Don Blasius, Los Angeles blasius@math.ucla.edu Joachim Cuntz, Münster cuntz@math.uni-muenster.de Patrick Delorme, Marseille delorme@iml.univ-mrs.fr Gavril Farkas, Berlin (HU) farkas@math.hu-berlin.de Friedrich Götze, Bielefeld goetze@math.uni-bielefeld.de Ursula Hamenstädt, Bonn ursula@math.uni-bonn.de Max Karoubi, Paris karoubi@math.jussieu.fr Stephen Lichtenbaum Stephen Lichtenbaum@brown.edu Alfred K. Louis, Saarbrücken louis@num.uni-sb.de Eckhard Meinrenken, Toronto mein@math.toronto.edu Alexander S. Merkurjev, Los Angeles merkurev@math.ucla.edu Anil Nerode, Ithaca anil@math.cornell.edu Thomas Peternell, Bayreuth Thomas.Peternell@uni-bayreuth.de Takeshi Saito, Tokyo t-saito@ms.u-tokyo.ac.jp Stefan Schwede, Bonn schwede@math.uni-bonn.de Heinz Siedentop, München (LMU) h.s@lmu.de

ISSN 1431-0635 (Print), ISSN 1431-0643 (Internet)

SPARC

Leading Edge

Documenta Mathematica is a Leading Edge Partner of SPARC, the Scholarly Publishing and Academic Resource Coalition of the Association of Research Libraries (ARL), Washington DC, USA.

Address of Technical Managing Editor: Ulf Rehmann, Fakultät für Mathematik, Universität Bielefeld, Postfach 100131, D-33501 Bielefeld, Copyright © 2015 for Layout: Ulf Rehmann. Typesetting in TEX.

Documenta Mathematica

Band 20, 2015

Mathieu Huruguen Log Homogeneous Compactifications of Some Classical Groups 1–35 Hubert Kalf, Takashi Okaji, and Osanobu Yamada The Dirac Operator with Mass m_0 ≥ 0 : Non-Existence of Zero Modes and of Threshold Eigenvalues 37–64 Giulia Battiston The Variation of the Monodromy Group in Families of Stratified Bundles in Positive Characteristic 65–87

iii iv

Documenta Math. 1

Log Homogeneous Compactifications

of Some Classical Groups

Mathieu Huruguen

Received: January 8, 2014

Communicated by Alexander Merkurjev

Abstract. We generalize in positive characteristics some results of Bien and Brion on log homogeneous compactifications of a homogeneous space under the action of a connected reductive group. We also construct an explicit smooth log homogeneous compactification of the general linear group by successive blow-ups starting from a grassmannian. By taking fixed points of certain involutions on this compactification, we obtain smooth log homogeneous compactifications of the special orthogonal and the symplectic groups.

2010 Mathematics Subject Classification: 14L35, 14M12, 14M17, 14M25

Introduction

Let k be an algebraically closed field and G a connected reductive group defined over k. Given a homogeneous space Ω under the action of the group G it is natural to consider equivariant compactifications or partial equivariant compactifications of it. Embeddings are normal irreducible varieties equipped with an action of G and containing Ω as a dense orbit, and compactifications are complete embeddings. Compactifications have shown to be powerful tools to produce interesting representations of the group G or to solve enumerative problems. In the influent paper [21], Luna and Vust developed a classification theory of embeddings of the homogeneous space Ω assuming that the field k is of characteristic zero. Their theory can be made very explicit and extended to all characteristics, see for instance [15], in the spherical case, that is, when a Borel subgroup of G possesses a dense orbit in the homogeneous space Ω. In this case, the embeddings of Ω are classified by combinatorial objects called colored fans. If the homogeneous space is a torus acting on itself by

Documenta Mathematica 20 (2015) 1–35

2 Mathieu Huruguen

multiplication then one recovers the classification of torus embeddings or toric varieties in terms of fans, see for instance [14].

In the first part of the paper we focus on a certain category of “good” compactifications of the homogeneous space Ω. For example, these compactifications are smooth and the boundaries are strict normal crossing divisors. There are several notions of “good” compactifications in the literature. Some of them are defined by geometric conditions, as for example the toroidal compactifications of Mumford [14], the regular compactifications of Bifet De Concini and Procesi [3], the log homogeneous compactifications of Brion [5] and some of them are defined by conditions from the embedding theory of Luna and Vust, as for example the colorless compactifications. As it was shown by Bien and Brion [5], if the base field k is of characteristic zero then the homogeneous space Ω admits a log homogeneous compactification if and only if it is spherical, and in that case the four different notions of “good” compactifications mentioned above coincide. We generalize their results in positive characteristics in Section 1. We prove that a homogeneous space admitting a log homogeneous compactification is necessarily separably spherical in the sense of Proposition-Definition 1.7. In that case, we relate the log homogeneous compactifications to the regular and the colorless one, see Theorem 1.8 for a precise statement. We do not know whether the condition of being separably spherical is sufficient for a homogeneous space to have a log homogeneous compactification. Along the way we prove Theorem 1.4, which is of independent interest, on the local structure of colorless compactifications of spherical homogeneous spaces, generalizing a result of Brion, Luna and Vust, see [7].

In Section 2, we focus on the explicit construction of equivariant compactifications of a connected reductive group. That is, the homogeneous space Ω is a connected reductive group G acted upon by G×G by left and right translations. The construction of “good” compactifications of a reductive group is a very old problem, with roots in the 19th century in the work of Chasles, Schubert, who were motivated by questions from enumerative geometry. When the group G is semi-simple there is a particular compactification G called canonical which possesses interesting properties, making it particularly convenient to work with. For example, the boundary is a divisor whose irreducible component intersect properly and the closure of the G×G-orbits are exactly the partial intersections of these prime divisors. Also, there is a unique closed orbit of G × G in the canonical compactification of G. Moreover, every toroidal compactification of G has a dominant equivariant morphism to G. If the canonical compactification G is smooth, then it is wonderful in sense of Luna [20]. When the group G is of adjoint type, its canonical compactification is smooth, and there are many known constructions of this wonderful compactification, see for example [29], [17], [18], [19], [30], [27], [26] for the case of the projective linear group PGL(n) and [8], [24], [4] for the general case. In general the canonical compactification is not smooth, as it can be seen for example when G is the special orthogonal group SO(2n).

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 3

One way to construct a compactification of G is by considering a linear representation V of G and taking the closure of G in the projective space P(End(V )). The compactifications arising in this way are called linear. It was shown by De Concini and Procesi [8] that the linear compactifications of a semi-simple group of adjoint type are of particular interest. Recently, Timashev [28], Gandini and Ruzzi [11], found combinatorial criterions for certain linear compactifications to be normal, or smooth. In [10], Gandini classifies the linear compactifications of the odd special orthogonal group having one closed orbit. By a very new and elegant approach, Martens and Thaddeus [22] recently discovered a general construction of the toroidal compactifications of a connected reductive group G as the coarse moduli spaces of certain algebraic stacks parametrizing objects called “framed principal G-bundles over chain of lines”.

Our approach is much more classical. In Section 2, we construct a log homogeneous compactification G_n of the general linear group GL(n) by successive blow-ups, starting from a grassmannian. The compactification G_n is defined over an arbitrary base scheme. We then identify the compactifications of the special orthogonal group or the symplectic group obtained by taking the fixed points of certain involutions on the compactification G_n. This provides a new construction of the wonderful compactification of the odd orthogonal group SO(2n + 1), which is of adjoint type, of the symplectic group Sp(2n), which is not of adjoint type, and of a toroidal desingularization of the canonical compactification of the even orthogonal group SO(2n) having only two closed orbits. This is the minimal number of closed orbits on a smooth log homogeneous compactification, as the canonical compactification of SO(2n) is not smooth.

Our procedure is similar to that used by Vainsencher, see [30], to construct the wonderful compactification of the projective linear group PGL(n) or that of Kausz, see [13], to construct his compactification of the general linear group GL(n). However, unlike Kausz, we are not able to describe the functor of points of our compactification G_n. In that direction, we obtained a partial result in [12], where we describe the set G_n(K) for every field K. We decided not to include this description in the present paper, as it is long and technical. The functor of points of the wonderful compactification of the projective linear group is described in [27] and that of the symplectic group is described in [1].

Acknowledgments

This paper is part of my Ph.D thesis. I would like to thank my supervisor Michel Brion for his precious advices and his careful reading. I would also like to thank Antoine Chambert-Loir and Philippe Gille for helpful comments on a previous version of this paper.

Documenta Mathematica 20 (2015) 1–35

4 Mathieu Huruguen

1 Log homogeneous compactifications

First we fix some notations. Let k be an algebraically closed field of arbitrary characteristic p. By a variety over k we mean a separated integral k-scheme of finite type. If X is a variety over k and x is a point of X, we denote by T_{X,x} the tangent space of X at x. If Y is a subvariety of X containing x, we denote by N_{Y /X,x} the normal space to Y in X at x.

For an algebraic group G, H, P . . . we denote by the corresponding gothic letter g, h, p . . . its Lie algebra. Let G be a connected reductive group defined over k. A G-variety is a variety equipped with an action of G. Let X be a G-variety. For each point x ∈ X we denote by G_x the isotropy group scheme of x. We also denote by orb_x the morphism

orb_x : G → X, g → g · x.

The orbit of x under the action of G is called separable if the morphism orb_x is, that is, if its differential is surjective, or, equivalently, if the group scheme G_x is reduced.

We fix a homogeneous space Ω under the action of G. Let X be a smooth compactification of Ω, that is, a complete smooth G-variety containing Ω as an open dense orbit. We suppose that the complement D of Ω in X is a strict normal crossing divisor.

In [3], Bifet, De Concini and Procesi introduce and study the regular compactifications of a homogeneous space over an algebraically closed field of characteristic zero. We generalize their definition in two different ways :

Definition 1.1. The compactification X is regular (resp. strongly regular) if the orbits of G in X are separable, the partial intersections of the irreducible components of D are precisely the closures of the G-orbits in X and, for each point x ∈ X, the isotropy group G_x possesses an open (resp. open and separable) orbit in the normal space N_{Gx/X,x} to the orbit Gx in X at the point x.

If the characteristic of the base field k is zero, then the notion of regular and strongly regular coincide with the original notion of [3]. This is no longer true in positive characteristic, as we shall see at the end of Section 1.2.

In [5], Brion defines the log homogeneous compactifications over an algebraically closed field - throughout his paper the base field is also of characteristic zero, but the definition makes sense in arbitrary characteristic. Recall that the logarithmic tangent bundle T_X (− log D) is the vector bundle over X whose sheaf of section is the subsheaf of the tangent sheaf of X consisting of the derivations that preserve the ideal sheaf O_X (−D) of D. As G acts on X and D is stable under the action of G, it is easily seen that the infinitesimal action of the Lie algebra g on X gives rise to a natural vector bundle morphism:

X × g → T_X (− log D).

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 5

We refer the reader to [5] for further details.

Definition 1.2. The compactification X is called log homogeneous if the morphism of vector bundles on X:

X × g → T_X (− log D)

is surjective.

Assuming that the characteristic of the base field is zero, Bien and Brion prove in [2] that the homogeneous space Ω possesses a log homogeneous compactification if and only if it is spherical. In this case, they also prove that it is equivalent for a smooth compactification X of Ω to be log homogeneous, regular or to have no color - as an embedding of a spherical homogeneous space, see [15]. Their proof relies heavily on a local structure theorem for spherical varieties in characteristic zero established by Brion, Luna and Vust in [7].

A generalization of the local structure theorem was obtained by Knop in [16]; essentially, one has to replace in the statement of that theorem an isomorphism by a finite surjective morphism. In Section 1.1 we shall prove that under a separability assumption, the finite surjective morphism in Knop’s theorem is an isomorphism. Then, in Section 1.2 we prove that the smooth compactification X of Ω is regular if and only if the homogeneous space Ω is spherical, the embedding X has no color and each closed orbit of G in X is separable (Theorem 1.5). We also prove that the smooth compactification X of Ω is strongly regular if and only if it is log homogeneous (Theorem 1.6). Finally, we exhibit a class of spherical homogeneous spaces for which the notion of regular and strongly regular compactifications coincide. In Section 1.3 we show that log homogeneity is preserved under taking fixed points by an automorphism of finite order prime to the characteristic of the base field k. In Section 1.4 we recall the classification of Luna and Vust in the setting of compactification of reductive groups, as this will be useful in Section 2.

1.1 A local structure theorem

Let X be a smooth G-variety. We assume that there is a unique closed orbit ω of G in X and that this orbit is complete and separable. We fix a point x on ω. The isotropy group G_x is a parabolic subgroup of G. We fix a Borel subgroup B of G such that BG_x is open in G. We fix a maximal torus T of G contained in G_x and B and we denote by P the opposite parabolic subgroup to G_x containing B. We also denote by L the Levi subgroup of P containing T and by R_u(P ) the unipotent radical of P . With these notations we have the following proposition, which relies on a result of Knop [16, Theorem 1.2].

Proposition 1.3. There exists an affine open subvariety X_s of X which is stable under the action of P and a closed subvariety Z of X_s stable under the action of T , containing x such that:

Documenta Mathematica 20 (2015) 1–35

6 Mathieu Huruguen

(1) The variety Z is smooth at x and the vector space T_{Z,x} endowed with the action of T is isomorphic to the vector space N_{ω/X,x} endowed with the action of T .

(2) The morphism:

μ : R_u(P ) × Z → X_s, (p, z) → p · z

is finite, surjective, étale at (e, x), and the fiber μ^{−1}(x) is reduced to the single point {(e, x)}.

Proof. As the smooth G-variety X has a unique closed orbit, it is quasiprojective by a famous result of Sumihiro, see [25]. We fix a very ample line bundle L on X. We fix a G-linearization of this line bundle. By [16, Theorem 2.10], there exists an integer N and a global section s of L^N such that the nonzero locus X_s of s is an affine open subvariety containing the point x and the stabilizer of the line spanned by s in the vector space H^0(X, L^N ) is P . The open subvariety X_s is therefore affine, contains the point x and is stable under the action of the parabolic subgroup P . Using the line bundle L^N , we embed X into a projective space P(V ) on which G acts linearly. We choose a T -stable complement S to T_{ω,x} in the tangent space T_{P(V ),x}, such that S is the direct sum of a T -stable complement of T_{ω,x} in T_{X,x} and a T -stable complement of T_{X,x} in T_{P(V ),x}. This is possible because T is a linearly reductive group.

We consider now the linear subspace S^′ of P(V ) containing x and whose tangent space at x is S. It is a T -stable subvariety of P(V ). By [16, Theorem 1.2], there is an irreducible component Z of X_s ∩ S^′ containing x and such that the morphisms μ : R_u(P ) × Z → X_s, (p, z) → p · z

ν : Z → X_s/R_u(P ), z → zR_u(P )

are finite and surjective. Moreover, the fiber μ^{−1}(x) is reduced to the single point (e, x). We observe now that S^′ intersects X_s transversally at x. This implies that the subvariety Z is smooth at x. It is also T -stable, as an irreducible component of X_s ∩ S^′. By definition, the parabolic subgroup P contains the Borel subgroup B, therefore the orbit P x = R_u(P )x is open in ω. Moreover, we have the direct sum decomposition g = g_x ⊕ p_u, where p_u is the Lie algebra of the unipotent radical R_u(P ) of P . The morphism

d_eorb_x : g → T_{ω,x}

is surjective and identically zero on g_x. This proves that the restriction of this morphism to p_u is an isomorphism. The morphism

μ : R_u(P ) × Z → X_s, (p, z) → p · z

is therefore étale at (e, x). Indeed, its differential at this point is:

p_u × T_{Z,x} → T_{X,x}, (h, k) → d_eorb_x(h) + k.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 7

We also see that the spaces T_{Z,x} and N_{ω/X,x} endowed with their action of the torus T are isomorphic, completing the proof of the proposition.

We now suppose further that X is an embedding of the homogeneous space Ω. With this additional assumption we have:

Theorem 1.4. The following three properties are equivalent:

(1) The homogeneous space Ω is spherical and the embedding X has no color.

(2) The torus T possesses an open orbit in the normal space N_{ω/X,x}. Moreoever, the complement D of Ω in X is a strict normal crossing divisor and the partial intersections of the irreducible components of D are the closure of the G-orbits in X.

(3) The set X_0 = {y ∈ X, x ∈ By} is an affine open subvariety of X which is stable by P . Moreover, there exists a closed subvariety Z of X_0 which is smooth, stable by L, on which the derived subgroup [L, L] acts trivially and containing an open orbit of the torus L/[L, L], such that the morphism:

R_u(P ) × Z → X_0, (p, z) → p · z

is an isomorphism. Finally, each orbit of G in X intersects Z along a unique orbit of T .

Proof. (3) ⇒ (1) As T possesses an open orbit in Z, we see that the Borel subgroup B has an open orbit in X, and the homogeneous space Ω is spherical. Moreover, let D be a B-stable prime divisor on X containing ω. Using the isomorphism in (3) we can write

D ∩ X_0 = R_u(P ) × (D ∩ Z).

As D ∩ Z is a closed irreducible T -stable subvariety of Z, it is the closure of a T -orbit in Z. As the T -orbits in Z correponds bijectively to the G-orbits in X, we see that D is the closure of a G-orbit in X and is therefore stable under the action of G. This proves that the embedding X of Ω has no color.

(3) ⇒ (2) The isomorphism in (3) proves that the spaces T_{Z,x} and N_{ω/X,x} endowed with their actions of the torus T are isomorphic. As T possesses an open dense orbit in the first one, it also has an open dense orbit in the latter. As Z is smooth toric variety, we see that the complement of the open orbit of T in Z is a strict normal crossing divisor whose associated strata are the T -orbits in Z. Using the isomorphism given by (3), we see that the complement of the open orbit of the parabolic subgroup P in X_0 is a strict normal crossing divisor whose associated strata are the products R_u(P ) × Ω^′, where Ω^′ runs over the set of T -orbits in Z. To complete the proof that property (2) is satisfied, we translate the open subvariety X_0 by elements of G and we use the fact that each G-orbit in X intersects Z along a unique T -orbit.

Documenta Mathematica 20 (2015) 1–35

8 Mathieu Huruguen

(1) ⇒ (3) We use the notations of Proposition 1.3. By [15, Lemma 6.5] the fact that the embedding X has no color implies that the parabolic subgroup P is the stabilizer of the open B-orbit Ω in X. Using this fact and [16, Theorem 2.8] we obtain that the derived subgroup of P , and therefore the derived group of L, acts trivially on X_s/R_u(P ). Moreover, as the homogeneous space Ω is spherical, the Levi subgroup L has an open orbit in X_s/R_u(P ). The torus T has therefore an open orbit in X_s/R_u(P ), as the derived group of L acts trivially. Using the finite surjective morphism ν appearing in the proof of Proposition 1.3, we see that T has an open orbit in Z. Z is therefore a smooth affine toric variety with a fixed point under the action of a quotient of T . Moreover, as the subvariety Z is left stable under the action of T and the derived group [L, L] acts trivially on Z, we see that the Levi subgroup L leaves the subvariety Z invariant.

We observe now that the locus of points of R_u(P ) × Z where μ is not étale is closed and stable under the actions of R_u(P ) and T . The unique closed orbit of R_u(P ) ⋊ T in R_u(P ) × Z is R_u(P )x and μ is étale at (e, x), therefore we obtain that μ is an étale morphism. As the morphism μ is also finite of degree 1 (the fiber of {x} being reduced to a single point), it is an isomorphism.

We prove now that each G-orbit in X intersects Z along a unique T -orbit. First, we observe that, as ω is the unique closed orbit of G in X, the open subvariety X_s intersects every G-orbit. We shall prove that the closures of the G-orbits in X corresponds bijectively to the closures of the T -orbits in Z. Let X^′ be the closure of a G-orbit in X. As X^′ is the closure of X^′ ∩ X_s, it is also equal, using the isomorphism μ, to the closure of R_u(P )(X^′ ∩ Z). The closed subvariety X^′ ∩ Z of Z is therefore a closed irreducible T -stable subvariety. We can conclude that it is the closure of a T -orbit in Z. Conversely let Z^′ be the closure of a T -orbit in Z. As Z is a smooth toric variety, we can write

Z^′ = D^′_1 ∩ D^′_2 ∩ ... ∩ D^′_r,

where the D^′_is are T -stable prime divisors on Z. We observe that the prime divisors R_u(P )D^′_1, ..., R_u(P )D^′_r

on X are stable under the action of P . Indeed, the orbits of P in X_s are exactly the orbits of R_u(P ) ⋊ T in X_s. As X has no color, the fact that these divisors contain the closed orbit ω proves that they are stable under the action of G. Their intersection R_u(P )Z is also G-stable. As it is irreducible, we can conclude that it is the closure of a G-orbit in X.

In order to complete the proof that (1) ⇒ (3), it remains to show that

X_s = {y ∈ X, x ∈ By}.

Let y be a point on X such that x belongs to By. The intersection X_s ∩By is a non empty open subset of By which is stable under the action of B. Therefore

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 9

it contains y, that is, y belongs to X_s. Now let y be a point on X_s. The closed subvariety By contains a closed B-orbit in X_s. As the unique closed orbit of B in X_s is the orbit of x, we see that x belongs to By, completing the argument.

(2 ⇒ 3) We use the notations introduced in Proposition 1.3. By assumption, the torus T possesses an open orbit in the normal space N_{ω/X,x}. Moreover, by Proposition 1.3, the spaces T_{Z,x} and N_{ω/X,x} endowed with their actions of T are isomorphic. Therefore, the torus T possesses an open dense orbit in T_{Z,x}. It is then an easy exercise left to the reader to prove that the variety Z is a smooth toric variety for a quotient of T . The same arguments as above prove that the morphism μ is an isomorphism.

We prove now that each G-orbit in X intersects Z along a unique orbit of T . Let D be the complement of Ω in X. By assumption, it is a strict normal crossing divisor whose associated strata are the G-orbits in X. We denote by D_1, . . . , D_r the irreducible component of D. As there is a unique closed orbit of G on X each partial intersection ⋂ i∈I D_i is non empty and irreducible or, in other words, it is a stratum of D. The integer r is the codimension of the closed orbit ω in X, and there are exactly 2^r G-orbits in X. As the variety Z is a smooth affine toric variety of dimension r with a fixed point, we see that there are exactly 2^r orbits of T on Z. As each orbit of G in X intersect Z we see that the intersection of a G-orbit with Z is a single T -orbit.

Finally, we prove that the open subvariety X_s is equal to X_0 by the same argument as in the proof of (1) ⇒ (3), completing the proof of the theorem.

1.2 Regular, strongly regular and log homogeneous compactifications

In this section we use the following notation. Let X be a G-variety with a finite number of orbits (for example, a spherical variety). Let ω be an orbit of G in X. We denote by X_{ω,G} = {y ∈ X, ω ⊆ Gy}.

It is an open G-stable subvariety of X in which ω is the unique closed orbit.

Theorem 1.5. Let X be a smooth compactification of the homogeneous space Ω. The following two properties are equivalent:

(1) X is regular.

(2) The homogeneous space Ω is spherical, the embedding X has no color and the orbits of G in X are separable.

Proof. Suppose that X is regular. Let D be the complement of Ω in X. It is a strict normal crossing divisor. Let ω be a closed, and therefore complete and separable, orbit of G in X. We use the notations introduced at the beginning of Section 1.4 with X_{ω,G} in place of X. The normal space N_{ω/X,x} is the normal space to a stratum of the divisor D and therefore possesses a natural direct

Documenta Mathematica 20 (2015) 1–35

10 Mathieu Huruguen

sum decomposition into a sum of lines, each of them being stable under the action of G_x (which is connected, as it is a parabolic subgroup of G). Therefore the representation of G_x in N_{ω/X,x} factors through the action of a torus.This proves that the derived group of L acts trivially in this space, proving that the torus T has a dense orbit in N_{ω/X,x}. By Theorem 1.4 (applied to X_{ω,G}) the homogeneous space Ω is spherical and the embedding X_{ω,G} has no color. As this is true for each closed orbit ω of G in X, we see that the embedding X has no color.

We assume now that Ω is spherical, X has no color and that each orbit of G in X is separable. By applying Theorem 1.4 to each open subvariety X_{ω,G}, where ω runs over the set of closed orbits of X, we see that the complement D of Ω in X is a strict normal crossing divisor and that, for each point x in X, the isotropy group G_x has an open orbit in the normal space N_{Gx/X,x}. Moreover, by assumption, the G-orbits in X are separable. To complete the proof of the theorem, it remains to show that the partial intersections of the irreducible components of D are irreducible. But this is true on every colorless embedding of a spherical homogeneous space, due to the combinatorial description of these embeddings, see [15, Section 3].

Theorem 1.6. Let X be a smooth compactification of Ω. The following two properties are equivalent:

(1) X is a log homogeneous compactification.

(2) X is strongly regular.

Proof. We suppose first that the compactification X is log homogeneous. We denote by D the complement of Ω in X. It is a strict normal crossing divisor. Following the argument given in [5, Proposition 2.1.2] we prove that each stratum of the strict normal crossing divisor D is a single orbit under the action of G which is separable and that for each point x ∈ X, the isotropy group G_x possesses an open and separable orbit in the normal space N_{Gx/X,x}. In order to conclude, it remains to prove that the partial intersection of the irreducible components of D are irreducible. But the same argument as in the proof of Theorem 1.5 prove that Ω is spherical and X has no color, which is sufficient to complete the proof.

Conversely, if X is supposed to be strongly regular, the proof of [5, Proposition 2.1.2] adapts without change and shows that X is a log homogeneous compactification of Ω.

Proposition-Definition 1.7. If the homogeneous space Ω possesses a log homogeneous compactification, then it satisfies the following equivalent conditions:

(1) The homogeneous space Ω is spherical and there exists a Borel subgroup of G whose open orbit in Ω is separable.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 11

(2) The homogeneous space Ω is spherical and the open orbit of each Borel subgroup of G in Ω is separable.

(3) The homogeneous space Ω is separable under the action of G, and there exists a point x in X and a Borel subgroup B of G such that : b + g_x = g.

A homogeneous space satisfying one of these properties is said to be separably spherical.

Proof. We suppose first that the homogeneous space Ω possesses a log homogeneous compactification X and we prove that it satisfies the first condition. By Theorem 1.6 and 1.5, the homogeneous space Ω is spherical. Let ω be a closed, and therefore complete and separable, orbit of G in X. We apply Theorem 1.4 to the open subvariety X_{ω,G}. We use the notations introduced for this theorem. As X is strongly regular, the maximal torus T has an open and separable orbit in T_{Z,x} = N_{ω/X,x}. As this space endowed with its action of T is isomorphic to Z endowed with its action of T , because Z is an affine smooth toric variety with fixed point for a quotient of T , we see that the open orbit of T in Z is separable. Consequently, the open orbit of R_u(P ) ⋊ T in R_u(P ) × Z is separable, and the open orbit of B in Ω is separable.

We prove now that the three conditions in the statement of the propositiondefinition are equivalent. As the Borel subgroups of G are conjugated, condition (1) and (2) are equivalent. Suppose now that condition (1) is satisfied. Let B be a Borel subgroup of G and x a point in the open and separable orbit of B in Ω. The linear map d_eorb_x : b → T_{Bx,x} is surjective. As the orbit Bx is open in Ω we see that the homogeneous space Ω is separable under the action of G and that b + g_x = g.

Conversely, we suppose that condition (3) is satisfied. As the homogeneous space Ω is separable, the linear map

d_eorb_x : g → g/g_x

is the natural projection. As we have b + g_x = g, we see that the linear map

d_eorb_x : b → g/g_x

is surjective. This means precisely that the orbit Bx is open in Ω and separable.

Here are some example of separably spherical homogeneous spaces: separable quotients of tori, partial flag varieties, symmetric spaces in characteristic not 2 (Vust proves in [31] that symmetric spaces in characteristic zero are spherical; his proof extends to characteristic not 2 to show that symmetric spaces are separably spherical).

Documenta Mathematica 20 (2015) 1–35

12 Mathieu Huruguen

Theorem 1.8. We assume that the homogeneous space Ω is separably spherical. Let X be a smooth compactification of Ω. The following conditions are equivalent:

(1) X has no color and the closed orbits of G in X are separable.

(2) X is regular.

(3) X is strongly regular.

(4) X is log homogeneous under the action of G.

Proof. In view of Theorem 1.5 and 1.6 it suffices to show that (1) ⇒ (3). We assume that condition (1) is satisfied. Let ω be a closed, and therefore separable orbit of G in X. We apply Theorem 1.4 to the open subvariety X_{ω,G} of X introduced in the proof of Theorem 1.5. We use the notations introduced for Theorem 1.4. As the open orbit of B in Ω is separable, we see that the quotient of T acting on Z is separable. As Z is a smooth affine toric variety with fixed point under this quotient, we see that the orbits of T in Z are all separable and that for each point z ∈ Z, the stabilizer T_z has an open and separable orbit in the normal space N_{T z/Z,z} . From this we get readily that the embedding X_{ω,G} of Ω satisfies the conditions defining a strongly regular embedding. As this is true for each closed orbit ω, we see that X is a strongly regular compactification of Ω.

We end this section with an example of a regular compactification of a homogeneous space which is not strongly regular. We suppose that the base field k has characteristic 2. Let G be the group SL(2) acting on X := P^1 × P^1. There are two orbits: the open orbit Ω of pairs of distinct points and the closed orbit ω, the diagonal, which has codimension one in X. These orbits are separable under the action of G. Moreover, the complement of the open orbit, that is, the closed orbit ω, is a strict normal crossing divisor and the partial intersections of its irreducible components are the closure of G-orbits in X. A quick computation shows that for each point on the closed orbit ω, the isotropy group has an open non separable orbit in the normal space to the closed orbit at that point. Therefore the compactification X of Ω is regular and not strongly regular. By Theorem 1.8 the homogeneous space cannot be separably spherical. This can be seen directly as follows. The homogeneous space Ω is the quotient of G by a maximal torus T . A Borel subgroup B of G has an open orbit in Ω if and only if it does not contain T . But in that case the intersection B ∩ T is the center of G, which is not reduced because the characteristic of the base field is 2.

1.3 Log homogeneous compactifications and fixed points

Let X be a smooth variety over the field k and σ an automorphism of X which has finite order r prime to the characteristic p of k. Fogarty proves in [9] that the fixed point subscheme X^σ is smooth and that, for each fixed point x of σ in X, the tangent space to X^σ at x is T^σ_{X,x}.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 13

We suppose now that X is a smooth log homogeneous compactification of the homogeneous space Ω. We also assume that the automorphism σ leaves Ω stable and is G-equivariant, in the sense that there exists an automorphism σ of the group G satisfying

∀g ∈ G, ∀x ∈ X, σ(gx) = σ(g)σ(x).

By [23, Proposition 10.1.5], the neutral component G^′ of the group G^σ is a reductive group. Moreover, each connected component of the variety Ω^σ is a homogeneous space under the action of G^′. We let Ω^′ be such a component and X^′ be the connected component of X^σ containing Ω^′.

Proposition 1.9. X^′ is a log homogeneous compactification of Ω^′ under the action of G^′.

Proof. Let D be the complement of Ω in X. Let x be a point in X^′. Let D_1, . . . , D_s be the irreducible components of D containing x. First we prove that the intersection D^′ := D ∩ X^′ is a strict normal crossing divisor. For each index i, the intersection D^′_i := D_i ∩ X^′ is a divisor on X^′. Indeed, X^′ is not contained in D_i as it contains Ω^′. As x is fixed by the automorphism σ, we can assume that the components D_is are ordered in such a way that

σ(D_2) = D_1 . . . σ(D_{i1} ) = D_{i1 −1}, σ(D_1) = D_{i1}

. . .

σ(D_{it−1 +2}) = D_{it−1 +1} . . . σ(D_{it} ) = σ(D_s) = D_{it−1}, σ(D_{it−1 +1}) = D_{it} .

By convention we define i_0 = 0. For each integer j from 1 to t, and each integer i from i_{j−1} + 1 to i_j we have D^′_i = D^′_{ij} . Therefore we see that D^′_{ij} is the connected component of the smooth variety (D_{ij−1 +1} ∩ · · · ∩ D_{ij} )^σ containing x. Consequently, it is smooth. For the moment, we have proved that D^′ is a divisor on X^′ whose irreducible components are smooth.

We prove now that the divisor D^′_{i1} , . . . , D^′_{it} intersect transversally at the point x. Let U_x be an open neighborhood of x in X which is stable by the automorphism σ and on which the equation of D is u_1 . . . u_s = 0, where u_1 . . . u_s ∈ O_X (U_x) are part of a regular local parameter system at x and satisfy:

σ(u_2) = u_1 . . . σ(u_{i1} ) = u_{i1 −1}

. . .

σ(u_{it−1 +2}) = u_{it−1 +1} . . . σ(u_{it} ) = u_{it −1}.

We aim to prove that the images of the differential d_xu_{ij} by the natural projection (T_{X,x})^∗ → (T_X ′_{,x})^∗

are linearly independent, where j run from 1 to t. As the point x is fixed by σ, σ acts by the differential on the tangent space T_{X,x} and by the dual action

Documenta Mathematica 20 (2015) 1–35

14 Mathieu Huruguen

on (T_{X,x})^∗. As the order of the automorphism σ is prime to the characteristic p, we have a direct sum decomposition: (T_{X,x})^∗ = ((T_{X,x})^∗)^σ ⊕ Ker(id + σ + · · · + σ^{r−1}) where the projection on the first factor is given by l → 1 r (l + σ(l) + · · · + σ^{r−1}(l)).

Moreover, as T_X ′_{,x} is equal to (T_{X,x})^σ , the second factor in this decomposition is easily seen to be (T_X ′_{,x})^⊥, so that the natural projection (T_{X,x})^∗ → (T_X ′_{,x})^∗ gives an isomorphism ((T_{X,x})^∗)^σ → (T_X ′_{,x})^∗.

Finally, the images of the differential d_xu_{ij} in (T_X ′_{,x})^∗ are linearly independent, because the differentials d_xu_i are linearly independent in (T_{X,x})^∗. We have proved that the divisor D^′ is a strict normal crossing divisor. We leave it as an exercise to the reader to prove that there exists a natural exact sequence of vector bundle on X^′ 0 → T_X ′ (− log D^′) → T_X (− log D)_{|X} ′ → N_X ′_{/X} → 0, and that the space T_X ′ (− log D^′)_x is the subspace of fixed point by σ in the space T_X (− log D)_x. Now, the compactification X is log homogeneous, therefore the linear map g → T_X (− log D)_x is surjective. As r and p are relatively prime, this linear map is still surjective at the level of fixed points. That is, the linear map g^σ → T_X (− log D)^σ_x = T_X ′ (− log D^′)_x is surjective. This complete the proof of the proposition.

1.4 The example of reductive groups In this section the homogeneous space Ω is a connected reductive group G acted upon by the group G × G by the following formula: ∀(g, h) ∈ G × G, ∀x ∈ G, (g, h) · x = gxh^{−1} We would like to explain here the classification of smooth log homogeneous compactifications of G. Observe that the homogeneous space G under the action of G × G is actually separably spherical. By Theorem 1.8, its smooth log homogeneous compactifications are the smooth colorless compactifications

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 15

with separable closed orbits. The last condition is actually superfluous : by [6, Chapter 6], the closed orbits of G × G in a colorless compactification of G are isomorphic to G/B × G/B, where B is a Borel subgroup of G. The log homogeneous compactifications of G are therefore the smooth colorless one.

We now recall the combinatorial description of the smooth colorless compactifications of G. Let T be a maximal torus of G and B a Borel subgroup of G containing T . We denote by V the Q-vector space spanned by the oneparameter subgroups of T and by W the Weyl chamber corresponding to B. Let X be a smooth colorless embedding of G. We let the torus T act “on the left” on X. For this action, the closure of T in X is a smooth complete toric variety. We associate to X the fan consisting of those cones in the fan of the toric variety T which are included in −W. This sets a map from the set of smooth colorless compactifications of G to the set of fans in V with support −W and which are smooth with respect to the lattice of one parameter subgroups in V . This map is actually a bijection, see for instance [6, Chapter 6].

2 Explicit compactifications of classical groups

We construct a log homogeneous compactification G_n of the general linear group GL(n) by successive blow-ups, starting from a grassmannian. The precise procedure is explained in Section 2.1. The compactification G_n is defined over an arbitrary base scheme. In Section 2.2 we study the local structure of the action of GL(n) × GL(n) on G_n, still over an arbitrary base scheme. This enables us to compute the colored fan of G_n over an algebraically closed field in Section 2.4. Using this computation, we are able to identify the compactifications of the special orthogonal group or the symplectic group obtained by taking the fixed points of certain involutions on the compactification G_n. In the odd orthogonal and symplectic case we obtain the wonderful compactification. In the even orthogonal case we obtain a log homogeneous compactification with two closed orbits. This is the minimal number of closed orbits on a smooth log homogeneous compactification, as the canonical compactification of SO(2n) is not smooth.

2.1 The compactifications G_m

As we mentioned above our construction works over an arbitrary base scheme: until the end of Section 2.3 we work over a base scheme S. Let V_1 and V_2 be two free modules of constant finite rank n on S. We denote by V the direct sum of V_1 and V_2. We denote by p_1 and p_2 the projections respectively on the first and the second factor of this direct sum. We denote by G the group scheme GL(V_1) × GL(V_2) which is a subgroup scheme of GL(V).

Definition 2.1. We denote by Ω := Iso(V_2, V_1) the scheme over S parametrizing the isomorphisms from V_2 to V_1.

Documenta Mathematica 20 (2015) 1–35

16 Mathieu Huruguen There is a natural action of the group scheme G on Ω, via the following formulas ∀(g_1, g_2) ∈ G, ∀x ∈ Ω, (g_1, g_2) · x = g_1xg^{−1}_2 For this action, Ω is a homogeneous space under the action of G. Definition 2.2. We denote by G the grassmannian π : Gr_S (n, V) → S parametrizing the submodules of V which are locally direct summands of rank n. We denote by T the tautological module on G.

The module T is a submodule of π^∗V which is locally a direct summand of finite constant rank n. There is a natural action of the group scheme GL(V), and therefore of the group scheme G, on the grassmannian G. Moreover, Ω is contained in G as a G-stable open subscheme via the graph Ω → G, x → Graph(x).

Definition 2.3. We denote by p the following morphism of modules on the grassmannian G :

p = π^∗p_1 ⊕ π^∗p_2 : T^{⊕2} → π^∗V.

Definition 2.4. For d ∈ [[0, n]], we denote by H_d the locally free module

Hom( n+d⋀

(T^{⊕2}), n+d⋀ (π^∗V)).

on the grassmannian G.

Definition 2.5. For d ∈ [[0, n]], the exterior power ∧^{n+d}p is a global section of H_d. We denote by Z_d the zero locus of ∧^{n+d}p on the grassmannian G. We define in this way a sequence of G-stable closed subschemes on the grassmannian G Z_0 ⊂ Z_1 ⊂ · · · ⊂ Z_n ⊂ G.

Observe that the closed subscheme Z_0 is actually empty. Moreover, it is easy to prove that the open subscheme Ω is the complement of Z_n in G. We will now define a sequence of blow-ups

G_nG_{n−1}. . .G_1G_0 bn b1

and, for each integer m between 0 and n, a family of closed subschemes Z_{m,d} of G_m, where d runs from m to n.

Definition 2.6. Let m ∈ [[0, n]] and d ∈ [[m, n]]. The definition is by induction:

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 17

• For m = 0, we set G_0 := G and Z_{0,d} := Z_d.

• Assuming that the scheme G_{m−1} and its subschemes Z_{m−1,d} are defined, we define b_m : G_m → G_{m−1}

to be the blow-up centered at Z_{m−1,m} and, for each integer d from m to n, we define Z_{m,d} to be the strict transform of Z_{m−1,d} that is, the schematic closure of b^{−1}_m (Z_{m−1,d} \ Z_{m−1,m})

in G_m.

Moreover, we denote by I_{m,d} the ideal sheaf on G_m defining Z_{m,d}.

The group scheme G acts on the schemes G_m and leaves the subschemes Z_{m,d} globally invariant. Modulo Proposition 2.17 below, we prove now:

Theorem 2.7. For each integer m from 0 to n − 1, the S-scheme G_m is a smooth projective compactification of Ω.

Proof. By Proposition 2.17 the scheme G_m is covered by a collection of open subschemes isomorphic to affine spaces over S. In particular, the S-scheme G_m is smooth. It is a classical fact that the grassmannian G is projective over S. As the blow-up of a projective scheme over S along a closed subscheme is projective over S, we see that G_m is projective over S. Finally, observe that the open subscheme Ω of G is disjoint from the closed subscheme Z_n and therefore from each of the closed subscheme Z_d. As a consequence, Ω is an open subscheme of each of the G_m.

2.2 An atlas of affine charts for G_m

Let V be the set [[1, n]] × {1, 2}. We denote by V_1 the subset [[1, n]] × {1} and by V_2 the subset [[1, n]] × {2}. We shall refer to elements of V_1 as elements of V of type 1 and elements of V_2 as elements of type 2. We fix a basis v_i, i ∈ V , of the free module V. We suppose that v_i, i ∈ V_1 is a basis for V_1 and v_i, i ∈ V_2 is a basis for V_2. Moreover, for each subset I of V , we denote by V_I the free submodule of V spanned by the (v_i)_{i∈I} . For every integer m from 1 to n, we denote by V^{>m} the set [[m + 1, n]] × {1, 2}. We define the sets V^{⩾m}, V^{<m} and V^{⩽m} similarly. We also have, with obvious notations, the sets V^{>m}_1 , V^{>m}_2 , V^{⩾m}_1 , V^{⩾m}_2 . . . If I is a subset of V we denote by I_1 the set I ∩ V_1 and by I_2 the set I ∩ V_2.

One word on terminology. If X is an S-scheme, by a point x of X we mean an S-scheme S^′ and a point x of the set X(S^′). However, as it is usually unnecessary, we do not mention the S-scheme S^′ and simply write: let x be a point of X.

Documenta Mathematica 20 (2015) 1–35

18 Mathieu Huruguen Definition 2.8. We denote by R the set of permutations f of V such that, for each integer m from 1 to n, the elements f(m, 1) and f(m, 2) of V have different types.

Definition 2.9. Let f ∈ R. We denote by U_f the affine space Spec(O_S [x_{i,j} , (i, j) ∈ f(V_1) × f(V_2)]) over S. It is equipped with a structural morphism π_f to S. Denote by F_f the closed subscheme

Spec(O_S [x_{i,j} , (i, j) ∈ (f(V_1)_1 × f(V_2)_2) ⊔ (f(V_1)_2 × f(V_2)_1)]) We think of a point x of U_f as a matrix indexed by the set f(V_1) × f(V_2). For a subset I_1 of f(V_1) and I_2 of f(V_2), we denote by x_{I1 ,I2} the submatrix of x indexed by I_1 × I_2. For example, the closed subscheme F_f is defined by the vanishing of the two matrices x_{f (V1 )1 ×f (V2)1} and x_{f (V1 )2×f (V2)2} . Proposition-Definition 2.10. Let f ∈ R. There exists a unique morphism ι_f : U_f → G such that T_f := ι^∗_f T is the submodule of π^∗_f V spanned by π^∗_f v_j + ∑ i∈f (V_1 )

x_{i,j} π^∗_f v_i

where j runs over the set f(V_2). The morphism ι_f is an open immersion. We denote by G_f the image of the open immersion ι_f . The open subschemes G_f cover the grassmannian G as f runs over the set R.

Proof. This is classical. The open subscheme G_f of the grassmannian parametrizes the complementary submodules of V_{f (V1)} in V. Definition 2.11. Let f ∈ R. We denote by P_{f,0} the subgroup scheme Stab_G(V_{f (V1 )}) of G. It is a parabolic subgroup. We also denote by L_{f,0} its Levi subgroup L_{f,0} := Stab_G(V_{f (V1 )}, V_{f (V2)}) = ∏ i,j∈{1,2}

GL(V_{f (Vi)j} )

In the next proposition we describe the local structure of the action of the group scheme G on G. This is analogous to Proposition 1.3. Proposition 2.12. Let f ∈ R. The open subscheme G_f of G is left stable under the action of P_{f,0}. For the corresponding action of P_{f,0} on U_f through

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 19

the isomorphism ι_f , the closed subscheme F_f is left stable under the action of L_{f,0} and we have the following formulas ∀g ∈ L_{f,0}, ∀x ∈ F_f ,

x^′ = g · x where { x^′_{f (V1 )1 ,f (V2)2} = g_{f (V1)1} x_{f (V1)1 ,f (V2)2} g^{−1}_{f (V2 )2} x^′_{f (V1 )2 ,f (V2)1} = g_{f (V1)2} x_{f (V1)2 ,f (V2)1} g^{−1}_{f (V2 )1} Finally, the natural morphism m_{f,0} : R_u(P_{f,0}) × F_f → U_f , (r, x) → r · x is an isomorphism.

Proof. The open subscheme G_f of the grassmannian parametrizes the complementary submodules of V_{f (V1)} in V. It follows that it is stable under the action of the stabilizer P of V_{f (V1 )} in GL(V) and therefore under the action of its subgroup P_{f,0}.

Let x be a point of U_f and g a point of P . By definition, the point ι_f (x) is the graph of x. Therefore, the point g · ι_f (x) is the module consisting of elements of type

g(v + xv) = g_{f (V2)}v + (g_{f (V1 ),f (V2)} + g_{f (V1)}x)v, v ∈ V_{f (V2)}. It is thus equal to the point ι_f ((g_{f (V1 ),f (V2)} + g_{f (V1)}x)g^{−1}_{f (V2 )}).

In other words, the action of P on U_f is given by P × U_f → U_f , (g, x) → (g_{f (V1),f (V2)} + g_{f (V1)}x)g^{−1}_{f (V2 )}.

By specializing this action to the subgroup P_{f,0} of P , we immediately see that F_f is left stable under the action of L_{f,0} we obtain the formulas in the statement of the proposition.

Moreover, still using the description of the action of P on U_f found above, we see that if g is a point of R_u(P_{f,0}) and x a point of F_f , then the point x^′ = g · x of U_f is given by :

x^′_{f (V1 )1,f (V2)1} = g_{f (V1)1,f (V2)1} x^′_{f (V1 )1,f (V2)2} = x_{f (V1 )1,f (V2)2} x^′_{f (V1 )2,f (V2)1} = x_{f (V1 )2,f (V2)1} x^′_{f (V1 )2,f (V2)2} = g_{f (V1)2,f (V2)2} .

This proves that the natural P_{f,0}-equivariant morphism : m_{f,0} : R_u(P_{f,0}) × F_f → U_f is indeed an isomorphism.

Documenta Mathematica 20 (2015) 1–35

20 Mathieu Huruguen

Definition 2.13. Let f ∈ R and d ∈ [[0, n]]. We denote by I_{f,0,d} the ideal sheaf on F_f spanned by the minors of size d of the matrix ( 0 x_{f (V1)1 ,f (V2)2} x_{f (V1 )2,f (V2)1} 0 ) . We denote by Z_{f,0,d} the closed subscheme of F_f defined by the ideal sheaf I_{f,0,d}.

Proposition 2.14. Let f ∈ R and d ∈ [[0, n − 1]]. Through the isomorphism

m_{f,0} : R_u(P_{f,0}) × F_f → U_f

of Proposition 2.12 the closed subscheme ι^{−1}_f (Z_{0,d}) is equal to R_u(P_{f,0})×Z_{f,0,d}.

Proof. Due to the formula in the proof of Proposition 2.12, it suffices to show that the defining ideal of ι^{−1}_f (Z_{0,d}) on U_f is spanned by the minors of size d of the matrix ( 0 x_{f (V1)1 ,f (V2)2} x_{f (V1 )2,f (V2)1} 0 ) . To prove this, we express the matrix of the homomorphism

ι^∗_f p : T^{⊕2}_f → π^∗_f V

in appropriate basis. We choose the basis of T_f described in Proposition- Definition 2.10. This basis is indexed by the set f(V_2), which is the disjoint union of f(V_2)_1 and f(V_2)_2. We also choose the basis

π^∗_f (v_i), i ∈ f(V_1)_1, π^∗_f (v_j ) + ∑ i∈f (V_1 )_1

x_{i,j} π^∗_f (v_i), j ∈ f(V_2)_1

for π^∗_f V_1 and

π^∗_f (v_i), i ∈ f(V_1)_2, π^∗_f (v_j ) + ∑ i∈f (V_1 )_2

x_{i,j} π^∗_f (v_i), j ∈ f(V_2)_2

for π^∗_f V_2. The matrix of ι^∗_f p in these basis can be expressed in blocks as follows:

0 x_{f (V1 )1,f (V2)2} 0 0 Id 0 0 0 0 0 x_{f (V1)2 ,f (V2)1} 0 0 0 0 Id . By definition, the defining ideal of ι^{−1}_f (Z_{0,d}) is generated by the minors of size n + d of this matrix. By reordering the vector in the basis, we get the block diagonal square matrix with blocks I_n and ( 0 x_{f (V1)1 ,f (V2)2} x_{f (V1 )2,f (V2)1} 0 ) . We see therefore that the defining ideal of ι^{−1}_f (Z_{0,d}) is generated by the minors of size d of the last matrix, as we wanted.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 21 Definition 2.15. Let f ∈ R, m ∈ [[0, n]] and d ∈ [[m, n]].

• We define a parabolic subgroup scheme P_{f,m} of G by induction m. For m equals 0, we have already defined P_{f,0}. Then, assuming that P_{f,m−1} has been defined, we set

P_{f,m} =

Stab_{Pf,m−1} (V_{f (V} >m_{1 )∩V1} , V_{{f (m,2)}}) if f(m, 1) ∈ V_1 and f(m, 2) ∈ V_2 Stab_{Pf,m−1} (V_{f (V} >m_{1 )∩V2} , V_{{f (m,2)}}) if f(m, 1) ∈ V_2 and f(m, 2) ∈ V_1.

• We denote by L_{f,m} the following Levi subgroup of P_{f,m}: m∏ i=1 (GL(V_{f (i,1)}) × GL(V_{f (i,2)})) × ∏ i,j∈{1,2}

GL(V_{f (V} >m_{i )∩Vj} )

• We denote by F_{f,m} the affine space over S on the indeterminates x_{i,j} where (i, j) runs over the union of the sets {(f(1, 1), f(1, 2)), . . . , (f(m, 1), f(m, 2))} and ((f(V^{>m}_1 )_1) × (f(V^{>m}_2 )_2)) ∪ ((f(V^{>m}_1 )_2) × (f(V^{>m}_2 )_1)).

• We let the group scheme L_{f,m} act on F_{f,m} by the following formulas x^′_{f (1,1),f (1,2)} = g_{f (1,1)}g^{−1}_{f (1,2)}x_{f (1,1),f (1,2)} x^′_{f (i,1),f (i,2)} = g_{f (i,1)}g_{f (i−1,2)}g^{−1}_{f (i−1,1)}g^{−1}_{f (i,2)}x_{f (i,1),f (i,2)} for i ∈ [[2, m]] x^′_{f (V} >m_{1 )1,f (V} >m_{2 )2} = g^{−1}_{f (m,1)}g_{f (m,2)}g_{f (V} >m_{1 )1} x_{f (V} >m_{1 )1,f (V} >m_{2 )2} g^{−1}_{f (V >m2 )2} x^′_{f (V} >m_{1 )2,f (V} >m_{2 )1} = g^{−1}_{f (m,1)}g_{f (m,2)}g_{f (V} >m_{1 )2} x_{f (V} >m_{1 )2,f (V} >m_{2 )1} g^{−1}_{f (V >m2 )1} where g is a point of L_{f,m}, x a point of F_{f,m} and x^′ := g · x.

• We denote by U_{f,m} the product R_u(P_{f,m}) × F_{f,m} acted upon by the group scheme P_{f,m} = R_u(P_{f,m}) ⋊ L_{f,m} via the formula ∀(r, l) ∈ P_{f,m}, ∀(r^′, x) ∈ U_{f,m}, (r, l) · (r^′, x) = (rlr^′l^{−1}, l · x).

• We denote by I_{f,m,d} the ideal sheaf on F_{f,m} spanned by the minors of size d − m of the matrix ( 0 x_{f (V} >m_{1 )1 ,f (V} >m_{2 )2} x_{f (V} >m_{1 )2 ,f (V} >m_{2 )1} 0 ) .

Documenta Mathematica 20 (2015) 1–35

22 Mathieu Huruguen

• We denote by Z^′_{f,m,d} the closed subscheme of F_{f,m} defined by the ideal sheaf I_{f,m,d} and by Z_{f,m,d} the closed subscheme R_u(P_{f,m,d}) × Z^′_{f,m,d} of U_{f,m}.

• We denote by B_{f,m} the blow-up of U_{f,m} along the closed subscheme Z_{f,m,m+1}.

Let f ∈ R, m ∈ [[1, n]] and d ∈ [[m, n]]. The blow-up B_{f,m−1} is the closed subscheme of U_{f,m−1} ×Proj(O_S [X_{i,j} , (i, j) ∈ (f(V^{⩾m}_1 )_1 ×f(V^{⩾m}_2 )_2)⊔(f(V^{⩾m}_1 )_2 ×f(V^{⩾m}_2 )_1)]) defined by the equations

∀(i, j), (i^′, j^′) ∈ (f(V^{⩾m}_1 )_1 × f(V^{⩾m}_2 )_2) ⊔ (f(V^{⩾m}_1 )_2 × f(V^{⩾m}_2 )_1) x_{i,j} X_i′_{,j}′ − X_{i,j} x_i′_{,j}′ = 0.

Proposition 2.16. With these notations, the open subscheme {X_{f (m,1),f (m,2)} ≠ 0} of B_{f,m−1} is left stable under the action of P_{f,m} and is isomorphic, as a P_{f,m}-scheme, to U_{f,m}. Moreover, via this isomorphism, the strict transform of Z_{f,m−1,d} in U_{f,m} is Z_{f,m,d}.

Proof. We prove analogous statement for the the blow-up B^′_{f,m−1} of F_{f,m−1} along the closed subscheme Z^′_{f,m−1,m} from which the proposition is easily derived.

The scheme B^′_{f,m−1} is the closed subscheme of F_{f,m−1} ×Proj(O_S [X_{i,j} , (i, j) ∈ (f(V^{⩾m}_1 )_1 ×f(V^{⩾m}_2 )_2)⊔(f(V^{⩾m}_1 )_2 ×f(V^{⩾m}_2 )_1)]) defined by the equations

∀(i, j), (i^′, j^′) ∈ (f(V^{⩾m}_1 )_1 × f(V^{⩾m}_2 )_2) ⊔ (f(V^{⩾m}_1 )_2 × f(V^{⩾m}_2 )_1) x_{i,j} X_i′_{,j}′ − X_{i,j} x_i′_{,j}′ = 0.

Observe that the open subscheme U^′_{f,m} of B^′_{f,m−1} defined by X_{f (m,1),f (m,2)} ≠ 0 is isomorphic, as a scheme over F_{f,m−1} to

b : F_{f,m−1} → F_{f,m−1}, x_{i,j} → x_{f (m,1),f (m,2)}x_{i,j} if (i, j) ∈ f(V^{>m}_1 ) × f(V^{>m}_2 ) and i and j have different types x_{i,j} otherwise.

In the following we shall make use of this remark and use the coordinates x_{i,j} to describe the points of U^′_{f,m}.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 23

Observe that the center of the blow-up B^′_{f,m−1} → F_{f,m−1} is stable under the action of L_{f,m−1} and therefore the group scheme L_{f,m−1} acts on B^′_{f,m−1}. This action can be described as follows.

∀g ∈ L_{f,m−1}, ∀(x, X) ∈ B^′_{f,m}, (x^′, X^′) = g · (x, X) where x^′ = g · x and

X^′_{f (V ⩾m1 )1 ,f (V ⩾m2 )2} = g^{−1}_{f (m−1,1)}g_{f (m−1,2)}g_{f (V} ⩾m_{1 )1} X_{f (V} ⩾m_{1 )1,f (V} ⩾m_{2 )2} g^{−1}_{f (V ⩾m2 )2} X^′_{f (V ⩾m1 )2 ,f (V ⩾m2 )1} = g^{−1}_{f (m−1,1)}g_{f (m−1,2)}g_{f (V} ⩾m_{1 )2} X_{f (V} ⩾m_{1 )2,f (V} ⩾m_{2 )1} g^{−1}_{f (V ⩾m2 )1}

where we denote by X the matrix formed by the X_{i,j} . Observe now that the open subscheme U^′_{f,m} is the locus of points (x, X) of B^′_{f,m−1} such that X_{f (m,1),f (m,2)} does not vanish. Therefore, it is left stable under the action of the parabolic subgroup of L_{f,m−1}

P = Stab_{Lf,m−1} (V_{f (V} >m_{1 )}, V_{f (m,2)}) if f(m, 1) belongs to V_1 and f(m, 2) to V_2 Stab_{Lf,m−1} (V_{f (V} >m_{2 )}, V_{f (m,2)}) if f(m, 1) belongs to V_2 and f(m, 2) to V_1

The group scheme L_{f,m} is a Levi subgroup scheme of P . Let g be a point of L_{f,m} and x a point of F_{f,m}. The point x corresponds to the couple (b(x), X) in B^′_{f,m−1}, where

X_{i,j} = { x_{i,j} if (i, j) ≠ (f(m, 1), f(m, 2)) 1 if (i, j) = (f(m, 1), f(m, 2)).

Let (x^′, X^′) = g · (x, X). By a quick computation we get

x^′_{f (m,1),f (m,2)} = g^{−1}_{f (m−1,1)}g_{f (m−1,2)}g_{f (m,1)}g^{−1}_{f (m,2)}x_{f (m,1),f (m,2)} X^′_{f (m,1),f (m,2)} = g^{−1}_{f (m−1,1)}g_{f (m−1,2)}g_{f (m,1)}g^{−1}_{f (m,2)} X^′_{f (V} >m_{1 )1 ,f (V} >m_{2 )2} = g^{−1}_{f (m−1,1)}g_{f (m−1,2)}g_{f (V} >m_{1 )1} X_{f (V} >m_{1 )1,f (V} >m_{2 )2} g^{−1}_{f (V} >m_{2 )2} X^′_{f (V} >m_{1 )2 ,f (V} >m_{2 )1} = g^{−1}_{f (m−1,1)}g_{f (m−1,2)}g_{f (V} >m_{1 )2} X_{f (V} >m_{1 )2,f (V} >m_{2 )1} g^{−1}_{f (V >m2 )1} X^′_{i,j} = 0 otherwise

Therefore we see that the closed subscheme F_{f,m} of U^′_{f,m} is left stable under the action of the Levi subgroup L_{f,m} and, moreover, the action of L_{f,m} on F_{f,m} is given by the formulas in Definition 2.15. In a similar way, we prove that the natural morphism

R_u(P ) × F_{f,m} → U^′_{f,m}, (g, x) → g · x = x^′

Documenta Mathematica 20 (2015) 1–35

24 Mathieu Huruguen

is an isomorphism, given by the following formulas

x^′_{f (l,1),f (l,2)} = x_{f (l,1),f (l,2)} for all l ∈ [[1, m]] x^′_{f (V} >m_{1 )1,f (m,2)} = g_{f (V} >m_{1 )1,f (m,1)} x^′_{f (m,1),f (V} >m_{2 )2} = −g_{f (m,2),f (V} >m_{2 )2} x^′_{f (V} >m_{1 )1,f (V} >m_{2 )2} = x_{f (V} >m_{1 )1,f (V} >m_{2 )2} − g_{f (V} >m_{1 )1 ,f (m,1)}g_{f (m,2),f (V} >m_{2 )2} x^′_{f (V} >m_{1 )2,f (V} >m_{2 )1} = x_{f (V} >m_{1 )2,f (V} >m_{2 )1}

Now we compute the strict transform of Z^′_{f,m,d} in U^′_{f,m}. By definition, the strict transform of Z^′_{f,m,d} is the schematic closure of

Z := b^{−1}(Z^′_{f,m−1,d} ∩ {x_{f (m,1),f (m,2)} ≠ 0})

in U^′_{f,m}. Let x be a point of U^′_{f,m}. We denote (r, y) its components through the isomorphism R_u(P ) × F_{f,m} → U^′_{f,m}.

By definition, the point x belongs to Z if and only x_{f (m,1),f (m,2)} is invertible and all the square d − m + 1 minors extracted from the following matrix ( 0 b(x_{f (V} ⩾m_{1 )1,f (V} ⩾m_{2 )2} ) b(x_{f (V} ⩾m_{1 )2,f (V} ⩾m_{2 )1} ) 0 )

are zero. By definition of the morphism b, each coefficient in this matrix is a multiple of x_{f (m,1),f (m,2)} and the coefficient in place (f(m, 1), f(m, 2)) is exactly x_{f (m,1),f (m,2)}. As this indeterminate is invertible on the open subscheme {x_{f (m,1),f (m,2)} ≠ 0} we see that the point x belongs to Z if and only x_{f (m,1),f (m,2)} is invertible and all the minors of size d − m + 1 extracted from the matrix ( 0 x^′_{f (V ⩾m1 )1,f (V ⩾m2 )2} x^′_{f (V ⩾m1 )2,f (V ⩾m2 )1} 0 )

are zero, where x^′_{f (m,1),f (m,2)} = 1 and x^′_{i,j} = x_{i,j} otherwise. By operating standard row and column operations on this matrix we see now that x belongs to Z if and only if x_{f (m,1),f (m,2)} is invertible and all the minors of size d − m extracted from the matrix ( 0 x_{f (V} >m_{1 )1,f (V} >m_{2 )2} x_{f (V} >m_{1 )2,f (V} >m_{2 )1} 0 )

are zero. This proves that Z is the intersection of R_u(P ) × Z^′_{f,m,d} with the open subscheme {x_{f (m,1),f (m,2)} ≠ 0}.

In order to complete the proof, we now show that the schematic closure of Z in U^′_{f,m} is equal to R_u(P ) × Z^′_{f,m,d}. We can check this Zariski locally on the

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 25

base S and therefore assume that S is affine. First of all, it is obvious that the closure of Z is contained in R_u(P ) × Z^′_{f,m,d}. Conversely, let φ be a global function on U^′_{f,m} which vanishes on Z. This means that there exists an integer q such that x^q_{f (m,1),f (m,2)}φ belongs to the ideal spanned by the minors of size d − m of the following matrix: ( 0 x_{f (V} >m_{1 )1 ,f (V} >m_{2 )2} x_{f (V} >m_{1 )2,f (V} >m_{2 )1} 0 ) . As the indeterminate x_{f (m,1),f (m,2)} does not appear in this matrix, we can conclude that φ itself belongs to this ideal, completing the proof of the proposition.

Proposition 2.17. Let f ∈ R. There exists a unique collection of open immersions ι_{f,m}, for m from 1 to n such that each of the squares below are commutative :

G_0 U_{f,0}

G_1 U_{f,1}

G_{n−1} U_{f,n−1}

G_n U_{f,n} . . ι_{f,0}ι_{f,1}ι_{f,n−1}ι_{f,n} b_{f,1} b1 b_{f,n} bn

The open immersion ι_{f,m} is equivariant for the action of P_{f,m}. We denote by G_{f,m} the image of the open immersion ι_{f,m}. The open subschemes G_{f,m} cover G_m as f run over R.

Proof. The existence and P_{f,m}-equivariance of the ι_{f,m} follows directly from Proposition 2.16. The uniqueness comes from the fact that for each index m, the intersection Ω ∩ G_{f,m} is dense in G_{f,m}. The last assertion is proved as follows. By Proposition 2.10, the open subschemes G_{f,0} cover the scheme G_0. Moreover, it follows from Proposition 2.16 that the blow-up B_{f,m−1} is covered by the open subschemes U_f ′_{,m} where f^′ runs over the elements of R having the same restriction as f to [[1, k]] × {1, 2} and satisfying f(V_1) = f^′(V_1) and f(V_2) = f^′(V_2).

2.3 An alternative construction

In this section we provide an alternative construction for the schemes G_m. Recall from Section 2.1 that the section ∧^{n+d}p of the locally free module H_d does not vanish on Ω. Therefore it defines an invertible submodule of H_d on Ω that is locally a direct summand. In other words, it defines a morphism from Ω to the projective bundle P(H_d) over Ω.

Documenta Mathematica 20 (2015) 1–35

26 Mathieu Huruguen

Definition 2.18. Let d ∈ [[0, n]]. We denote by φ_d the morphism φ_d : Ω → P(H_d).

defined by the global section ∧^{n+d}p of H_d.

Proposition 2.19. Let d ∈ [[0, n]] and m ∈ [[d, n]]. The morphism φ_d extends to G_m in a unique way.

Proof. We first observe that Ω is dense in each of the schemes G_m. If the morphism φ_d extends to G_m it is therefore in a unique way. Moreover, it suffices to show that φ_d extends to G_d, because then the composite

G_m^{bm}−→ G_{m−1} −→ . . . −→ G_d^{φd}−→ P(H_d) is an extension of φ_d to G_m.

By the same density argument as above it suffices to show that the morphism φ_d extends from Ω ∩ G_{f,d} to G_{f,d} for each element f of the set R. We identify the scheme G_{f,d} with U_{f,d} via the isomorphism ι_{f,d}. Observe that the scheme P(H_d) is equipped with an action of the group scheme G and the morphism φ_d is equivariant with respect to this action. By using this remark, we see that it suffices to extend the morphism φ_d from Ω ∩ F_{f,d} to F_{f,d}.

We denote by c the composite b_{f,1} ∘· · ·∘b_{f,d}. We use the trivialization of H_d on G_{f,0} as in the proof of Proposition 2.14. For this trivialization, the coordinates are indexed by the product (V_2 ⊔ V_2) × V . The morphism φ_d is given over Ω ∩ F_{f,d} in this coordinates by the n + d minors of the matrix 0 c(x)_{f (V1 )1,f (V2)2} 0 0 Id 0 0 0 0 0 c(x)_{f (V1 )2,f (V2)1} 0 0 0 0 Id .

It follows from the definition of c that all these minors are multiples of x^d_{f (1,1),f (1,2)}x^{d−1}_{f (1,2),f (2,2)} . . . x_{f (d,1),f (d,2)} and that one of them, namely the one indexed by the product of f(V_1)_2 ⊔ f(V^{⩽d}_2 )_2 ⊔ (f(V^{⩽d}_1 )_2) ⊔ f(V_2)_2 and f(V^{⩽d}_1 )_1 ⊔ f(V_2)_1 ⊔ f(V^{⩽d}_1 )_2 ⊔ f(V_2)_2 is exactly equal to this product or its opposite. By dividing each coordinate by this product we therefore extend the morphism φ_d to F_{f,d}. Proposition 2.20. Let m ∈ [[0, n]]. The morphism

ψ_m := φ_0 × φ_1 × ... × φ_m : G_m → P(H_0) ×_G P(H_1) ×_G ... ×_G P(H_m) is a closed immersion.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 27

Proof. We prove this by induction on m. For m = 0 the morphism φ_0 is defined by the nowhere vanishing section ∧^np of H_0 and is therefore a closed immersion. We suppose now that ψ_{m−1} is a closed immersion and prove that ψ_m is also a closed immersion. As this morphism is proper, it suffices to check that it is a monomorphism in order to prove that it is a closed immersion. Let q_1 and q_2 be two points of G_m which are mapped to the same point by ψ_m. We want to show that they are equal.

First, we suppose that q_1 and q_2 are points of G_{f,m}, where f is an element of R. We identify G_{f,m} and U_{f,m} via the isomorphism ι_{f,m}. We use the notations introduced in the proof of Proposition 2.16. The scheme U_{f,m} is isomorphic to the product R_u(P_{f,m−1}) × U^′_{f,m}. Using the induction hypothesis, we can assume that q_1 and q_2 are actually points of U^′_{f,m}. Viewed as points of U^′_{f,m} (which is isomorphic to F_{f,m−1} via the morphism b) we denote the coordinates of q_1 by (x_{i,j,1}) and and the coordinates of q_2 by (x_{i,j,2}). Still by the induction hypothesis, we have x_{i,j,1} = x_{i,j,2} for (i, j) in the following set

{(f(1, 1), f(1, 2)), . . . , (f(m, 1), f(m, 2))}

as it follows from the definition of the morphism b. Observe now that the morphism φ_m is defined over U^′_{f,m} by exactly the same process as explained in the proof of Proposition 2.19. By this we mean that the coordinates of φ_d are obtained by computing the n + d minors of the matrix

0 c(x)_{f (V1 )1,f (V2)2} 0 0 Id 0 0 0 0 0 c(x)_{f (V1 )2 ,f (V2)1} 0 0 0 0 Id

and dividing by the product

x^m_{f (1,1),f (1,2)}x^{m−1}_{f (1,2),f (2,2)} . . . x_{f (m,1),f (m,2)}.

Indeed this process makes sense over U^′_{f,m} and extend φ_d over Ω ∩ U^′_{f,m}. Moreover, such an extension is unique. Let (i, j) be an element of

(f(V^{⩾m}_1 )_1 × f(V^{⩾m}_2 )_2) ⊔ (f(V^{⩾m}_1 )_2 × f(V^{⩾m}_2 )_1)

different from (f(m, 1), f(m, 2)). We suppose that i is of type 1 and j of type 2, the other case being entirely similar. The coordinate of φ_m corresponding to the minor indexed by the product of

f(V_1)_2 ⊔ f(V^{<d}_2 )_2 ⊔ {j} ⊔ (f(V^{⩽d}_1 )_2) ⊔ f(V_2)_2 and f(V^{⩽d}_1 )_1 ⊔ f(V_2)_1 ⊔ f(V^{<d}_1 )_2 ⊔ {i} ⊔ f(V_2)_2.

is x_{i,j} or its opposite. We can therefore conclude that x_{i,j,1} = x_{i,j,2}. Finally we have proved that q_1 = q_2.

Documenta Mathematica 20 (2015) 1–35

28 Mathieu Huruguen

We go back to the general case. Let f be an element of R. We prove now that the open subschemes q^{−1}_1 (G_{f,m}) and q^{−1}_2 (G_{f,m}) are equal. This is sufficient to complete the proof of the proposition. By the induction hypothesis, we already know that the open subschemes q^{−1}_1 (G_{f,m−1}) and q^{−1}_2 (G_{f,m−1}) are equal. Observe now that the computations above actually prove the following: through φ_m, the non zero locus on B_{f,m} of the coordinate of P(H_m) corresponding to the minor indexed by the product of

f(V_1)_2 ⊔ f(V^{⩽m}_2 )_2 ⊔ (f(V^{⩽m}_1 )_2) ⊔ f(V_2)_2 and f(V^{⩽m}_1 )_1 ⊔ f(V_2)_1 ⊔ f(V^{⩽m}_1 )_2 ⊔ f(V_2)_2

is U_{f,m}. This implies the result.

2.4 The colored fan of G_n

In this section we assume that the base scheme S is the spectrum of an algebraically closed field k of arbitrary characteristic. The scheme G_n is an equivariant compactification of the homogeneous space Iso(V_2, V_1) under the action of the group GL(V_1) × GL(V_2). Through the fixed trivializations of the free modules V_1 and V_2 we see that G_n is an equivariant compactification of the general linear group GL(n) under the action of GL(n) × GL(n). The aim of this section is to compute the colored fan of this compactification, as explained in Section 1.4.

But first, we say a word about the blow-up procedure explained in Section 2.1 in this setting. By definition, the set Z_d(k) is the set of n-dimensional subspaces of V(k) such that the sum of the ranks of p_1(k) and p_2(k) is strictly less than n + d at every point. Another way to state this is that Z_d(k) is the set {F ∈ G(k), dim(F ∩ V_1(k)) + dim(F ∩ V_2(k)) > n − d}.

For example, the set Z_1(k) is the set of n-dimensional subspaces of V(k) which are direct sum of a subspace of V_1(k) and a subspace of V_2(k). Using this description, it is not difficult to prove that Z_1(k) is the union of the closed orbits of G(k) in G(k). We leave it as an exercise to the reader to prove that, for d from 1 to n − 1, an orbit ω of G(k) in G(k) is contained in Z_d(k) if and only if its closure is the union of ω and some orbits contained in Z_{d−1}(k).

We use the notations introduced in Section 1.4. We choose for T the diagonal torus in GL(n) and for B the Borel subgroup of upper triangular matrices. The torus T is naturally isomorphic to the torus G^n_m. The vector space V is therefore naturally isomorphic to Q^n. The Weyl chamber W corresponding to the chosen Borel subgroup B of GL(n) is given by

W = {(a_1, . . . , a_n) ∈ V, a_1 � a_2 � . . . � a_n}.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 29

Proposition-Definition 2.21. We denote by Q the set of permutations g of [[1, n]] such that

∃m ∈ [[0, n]], g_{|g}−1_{([[1,m]])} is decreasing and g_{|g}−1_{([[m,n]])} is increasing.

If such an integer m exists, it is unique. We call it the integer associated to g and denote it by m_g. Also, we denote by ε_g the function

ε_g : [[1, n]] → {+1, −1}, x →

−1 if g(x) ∈ [[1, m_g]]

1 if g(x) ∈ [[m_g + 1, n]]

Finally, we denote by C_g the following cone in V :

C_g := {(a_1, . . . , a_n) ∈ V, 0 � ε_g(1)a_{g(1)} � · · · � ε_g (n)a_{g(n)}}

Proposition 2.22. The compactification G_n of GL(n) is log homogeneous and its colored fan consists of the cones C_g and their faces, where g runs over the set Q.

Proof. Let us first prove that the compactification G_n is log homogeneous. Let f be an element of R. We claim that the complement of Ω in F_{f,n} is the union of the coordinate hyperplanes x_{f (d,1),f (d,2)} = 0, where d runs from 1 to n. Indeed, a point x of F_{f,n} belongs to Ω if and only if the point x^′ = (b_{f,n} ∘ · · · ∘ b_{f,1})(x) belongs to Ω. Moreover, we have { x^′_{f (d,1),f (d,2)} = x_{f (1,1),f (1,2)} . . . x_{f (d,1),f (d,2)} for all d ∈ [[1, n]] x^′_{i,j} = 0 if (i, j) /∈ {(f(1, 1), f(1, 2)), . . . , (f(n, 1), f(n, 2))}.

By Proposition 2.14, the point x^′ belongs to Ω if and only if the product

x^′_{f (1,1),f (1,2)} . . . x^′_{f (n,1),f (n,2)} = x^n_{f (1,1),f (1,2)}x^{n−1}_{f (2,1),f (2,2)} . . . x_{f (n,1),f (n,2)}

does not vanish, that is, if and only if each of the x_{f (d,1),f (d,2)} does not vanish. This proves the claim. In particular, the complement of Ω in G_n is a strict normal crossing divisor. By Definition 2.15, the variety F_{f,n} is a smooth toric variety for a quotient of the torus T × T = L_{f,n}. From this we see that it is log homogeneous. It is now straightforward to check that the P_{f,n}-variety U_{f,n} is log homogeneous. It readily follows that the G-variety G_n is log homogeneous.

We let T acts on G_n on the left. By Section 1.4, the closure T of T in G_n is a toric variety under the action of T and we can use the fan of this toric variety to compute the colored fan of G_n. We shall now identify some of the cones in the fan of T . Let g be an element of Q. We fix an element f of R such that, for each integer d from 1 to n, f(d, 1) = (g(d), 1) if ε_g (d) = 1 and f(d, 2) = (g(d), 1) if ε_g(d) = −1 The variety F_{f,n} is an open affine toric

Documenta Mathematica 20 (2015) 1–35

30 Mathieu Huruguen

subvariety of T . It corresponds to a cone in the fan of T , namely the cone spanned by the one-parameter subgroups having a limit in F_{f,n} at 0. Let

λ : G_m → T, t → (t^{a1} , . . . , t^{an} )

be a one-parameter subgroup of T . By the formulas in Definition 2.15, we see that the one-parameter subgroup λ has a limit in F_{f,n} at 0 if and only if

0 � ε_g (1)a_{g(1)} � . . . � ε_g(n)a_{g(n)}

that is, if and only if λ belongs to C_g . This proves that, for each element g of Q, the cone C_g belongs to the fan of the toric variety T .

To complete the proof, we show now that the cone −W is equal to the union of the cones C_g , where g runs over the set Q. Let g be an element of Q and let (a_1, . . . , a_n) be a point in C_g . Let also i be an integer between 1 and n − 1. If i < m_g , then there are two integers j > j^′ such that g(j) = i and g(j^′) = i + 1. These integers satisfy ε(j) = −1 and ε(j^′) = −1. By definition of the cone C_g , we have ε(j^′)a_{g(j}′_) � ε(j)a_{g(j)}, that is, a_i � a_{i+1}. The same kind of argument prove that a_i � a_{i+1} for i = m_g and for i > m_g. This proves that the cone C_g is contained in the cone −W. We consider now an element (a_1, . . . , a_n) of −W. By definition it satisfies a_1 � a_2 � . . . � a_n. Let m be an integer such that a_m � 0 and a_{m+1} � 0. The rational numbers −a_1, . . . , −a_m and a_{m+1}, . . . , a_n are nonnegative. By ordering them in increasing order, we construct an element g of Q such that the point (a_1, . . . , a_n) belongs to C_g .

2.5 Fixed points

In this section, the scheme S is the spectrum of an algebraically closed field k of characteristic not 2. We apply the results obtained in Section 1.3 for some involutions on the log homogeneous compactification G_n of GL(n). We denote by J_r the antidiagonal square matrix of size r with all coefficients equal to one on the antidiagonal.

Let b be a nondegenerate symmetric or antisymmetric bilinear form on k^n. Via the fixed trivializations of V_1 and V_2 we obtain nondegenerate symmetric or antisymmetric bilinear forms b_1 and b_2 on the k-vector spaces V_1(k) and V_2(k). We equip the direct sum V(k) of V_1(k) and V_2(k) with the nondegenerate symmetric or antisymmetric bilinear form b_1 ⊕ b_2. We let σ be the involution of G mapping a n-dimensional k-vector subspace F of V(k) to its orthogonal. It is an easy exercise to check that

dim(F^⊥ ∩ V_1(k)) = dim(F ∩ V_2(k)) and dim(F^⊥ ∩ V_2(k)) = dim(F ∩ V_1(k)).

By the description of Z_d given in Section 2.4, we see that the involution σ leaves each of the closed subvarieties Z_d of G invariant. Therefore it extends to an involution, still denoted σ, of each of the varieties G_m. To prove that we are

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 31

in the setting of Section 1.3, it remains to observe that there is an involution σ of GL(n), namely the one associated to b, such that

∀g ∈ GL(n) × GL(n), ∀x ∈ G_m, σ((g_1, g_2) · x) = σ(g_1) · σ(x) · σ(g_2)^{−1}.

As in Section 1.3, we denote by G^′ the neutral component of G^σ and by G^′_n the connected component of G^σ_n containing G^′.

The odd orthogonal case. We suppose that n = 2r + 1 is odd. We let b be the scalar product with respect to the matrix J_{2r+1}. We have G^′ := SO(2r+1). We let T^′ be the intersection of T with G^′ and B^′ the intersection of B with G^′. The maximal torus T^′ is naturally isomorphic to the split torus G^r_m via the following morphism

G^r_m → T^′, (t_1, . . . , t_r) → diag(t_1, . . . , t_r, 1, t^{−1}_r , . . . , t^{−1}_1 ).

The space V^′ is therefore naturally isomorphic to Q^r. It is contained in V via the following linear map

V^′ → V, (a^′_1, . . . , a^′_r, 0, −a^′_r, . . . , −a^′_1).

The Weyl chamber with respect to B^′ is given by

W^′ = {(a^′_1, . . . , a^′_r) ∈ V, a^′_1 � a^′_2 � . . . � a^′_r � 0}.

Proposition 2.23. The compactification G^′_n of G^′ is the wonderful compactification.

Proof. First of all, by Proposition 1.9, the compactification G^′_n is log homogeneous. As explained in Section 1.4, we use the closure of T^′ in G^′_n to compute the colored fan of G^′_n. Observe that T^′ is a subtorus of T and therefore the fan of the toric variety T^′ is the trace on V^′ of the fan of the toric variety T . By Proposition 2.22, the cone

{(a_1, . . . , a_{2r+1}) ∈ V, 0 � a_{r+1} � −a_r � a_{r+2} � · · · � −a_1 � a_{2r+1}}

belongs to the fan of T . The trace of this cone on V^′ is −W^′, proving that the cone −W^′ belongs to the colored fan of G^′_n. But the only fan in V^′ with support −W^′ containing −W^′ is the fan formed by −W^′ and its faces. This completes the proof.

The even orthogonal case. We suppose that n = 2r is odd. We let b be the scalar product with respect to the matrix J_{2r}. We have G^′ := SO(2r). We let T^′ be the intersection of T with G^′ and B^′ the intersection of B with G^′. The maximal torus T^′ is naturally isomorphic to the split torus G^r_m via the following morphism

G^r_m → T^′, (t_1, . . . , t_r) → diag(t_1, . . . , t_r, t^{−1}_r , . . . , t^{−1}_1 ).

Documenta Mathematica 20 (2015) 1–35

32 Mathieu Huruguen

The space V^′ is therefore naturally isomorphic to Q^r. It is contained in V via the following linear map V^′ → V, (a^′_1, . . . , a^′_r, −a^′_r, . . . , −a^′_1).

The Weyl chamber with respect to B^′ is given by

W^′ = {(a^′_1, . . . , a^′_r) ∈ V, a^′_1 � a^′_2 � . . . � a^′_{r−1} � |a^′_r|}.

Proposition 2.24. The compactification G^′_n of G^′ is log homogeneous and its fan consists of the cones

C_+ := {(a^′_1, . . . , a^′_r) ∈ V, a^′_1 � a^′_2 � . . . � a^′_{r−1} � a^′_r � 0} and C_− := {(a^′_1, . . . , a^′_r) ∈ V, a^′_1 � a^′_2 � . . . � a^′_{r−1} � −a^′_r � 0} and their faces.

Proof. The proof is similar to that of Proposition 2.23. With the arguments given in this proof it suffices to observe that the trace of the following cone in V : {(a_1, . . . , a_{2r}) ∈ V, 0 � −a_r � a_{r+1} � · · · � −a_1 � a_{2r}} on V^′ is C_+, the trace of

{(a_1, . . . , a_{2r}) ∈ V, 0 � a_r � −a_{r+1} � −a_{r−1} � a_{r+2} � · · · � −a_1 � a_{2r}} is C_− and that −W^′ is the union of C_+ and C_−.

Observe that the Weyl chamber W^′ is not smooth with respect to the lattice of one-parameter subgroups of T^′. Therefore the canonical compactification of G^′ is not smooth, and the compactification G^′_n is a minimal log homogeneous compactification, in the sense that it has a minimal number of closed orbits. The symplectic case. We suppose that n = 2r is even. We let b be the scalar product with respect to the block antidiagonal matrix ( 0 −J_r J_r 0 ) . We have G^′ := Sp(2r). We let T^′ be the intersection of T with G^′ and B^′ the intersection of B with G^′. The maximal torus T^′ is naturally isomorphic to the split torus G^r_m via the following morphism G^r_m → T^′, (t_1, . . . , t_r) → diag(t_1, . . . , t_r, t^{−1}_r , . . . , t^{−1}_1 ).

The space V^′ is therefore naturally isomorphic to Q^r. It is contained in V via the following linear map V^′ → V, (a^′_1, . . . , a^′_r, −a^′_r, . . . , −a^′_1).

The Weyl chamber with respect to B^′ is given by W^′ = {(a^′_1, . . . , a^′_r) ∈ V, a^′_1 � a^′_2 � . . . � a^′_r � 0}.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 33

Proposition 2.25. The compactification G^′_n of G^′ is the wonderful compactification.

Proof. The proof is similar to that of Proposition 2.23. With the arguments given in this proof it suffices to observe that the trace of the following cone in V : {(a_1, . . . , a_{2r}) ∈ V, 0 � −a_r � a_{r+1} · · · � −a_1 � a_{2r}}

on V^′ is −W^′.

References

[1] T. Abe. Compactification of the symplectic group via generalized symplectic isomorphisms. In Higher dimensional algebraic varieties and vector bundles, RIMS Kôkyûroku Bessatsu, B9, pages 1–50. Res. Inst. Math. Sci. (RIMS), Kyoto, 2008.

[2] F. Bien and M. Brion. Automorphisms and local rigidity of regular varieties. Compositio Math., 104(1):1–26, 1996.

[3] E. Bifet, C. De Concini, and C. Procesi. Cohomology of regular embeddings. Adv. Math., 82(1):1–34, 1990.

[4] M. Brion. Group completions via Hilbert schemes. J. Algebraic Geom., 12(4):605–626, 2003.

[5] M. Brion. Log homogeneous varieties. In Proceedings of the XVIth Latin American Algebra Colloquium (Spanish), Bibl. Rev. Mat. Iberoamericana, pages 1–39. Rev. Mat. Iberoamericana, Madrid, 2007.

[6] M. Brion and S. Kumar. Frobenius splitting methods in geometry and representation theory, volume 231 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 2005.

[7] M. Brion, D. Luna, and Th. Vust. Espaces homogènes sphériques. Invent.

Math., 84(3):617–632, 1986.

[8] C. De Concini and C. Procesi. Complete symmetric varieties. In Invariant theory (Montecatini, 1982), volume 996 of Lecture Notes in Math., pages 1–44. Springer, Berlin, 1983.

[9] J. Fogarty. Fixed point schemes. Amer. J. Math., 95:35–51, 1973.

[10] J. Gandini. Simple linear compactifications of odd orthogonal groups. J.

Algebra, 375:258–279, 2013.

[11] J. Gandini and A. Ruzzi. Normality and smoothness of simple linear group compactifications. ArXiv e-prints, March 2012.

Documenta Mathematica 20 (2015) 1–35

34 Mathieu Huruguen

[12] M. Huruguen. Compactification of spherical homogeneous spaces over an arbitrary field. Ph.D thesis, available at http://tel.archives-ouvertes.fr/tel- 00716402, 2011.

[13] I. Kausz. A modular compactification of the general linear group. Doc.

Math., 5:553–594 (electronic), 2000.

[14] G. Kempf, F.F. Knudsen, D. Mumford, and B. Saint-Donat. Toroidal embeddings. I. Lecture Notes in Mathematics, Vol. 339. Springer-Verlag, Berlin, 1973.

[15] F. Knop. The Luna-Vust theory of spherical embeddings. In Proceedings of the Hyderabad Conference on Algebraic Groups (Hyderabad, 1989), pages 225–249, Madras, 1991. Manoj Prakashan.

[16] F. Knop. Über Bewertungen, welche unter einer reduktiven Gruppe invariant sind. Math. Ann., 295(2):333–363, 1993.

[17] D. Laksov. Notes on the evolution of complete correlations. In Enumerative geometry and classical algebraic geometry (Nice, 1981), volume 24 of Progr. Math., pages 107–132. Birkhäuser Boston, Boston, MA, 1982.

[18] D. Laksov. Completed quadrics and linear maps. In Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), volume 46 of Proc. Sympos. Pure Math., pages 371–387. Amer. Math. Soc., Providence, RI, 1987.

[19] D. Laksov. The geometry of complete linear maps. Ark. Mat., 26(2):231– 263, 1988.

[20] D. Luna. Toute variété magnifique est sphérique. Transform. Groups, 1(3):249–258, 1996.

[21] D. Luna and Th. Vust. Plongements d’espaces homogènes. Comment.

Math. Helv., 58(2):186–245, 1983.

[22] J. Martens and M. Thaddeus. Compactifications of reductive groups as moduli stacks of bundles. ArXiv e-prints, May 2011.

[23] R. W. Richardson. On orbits of algebraic groups and Lie groups. Bull.

Austral. Math. Soc., 25(1):1–28, 1982.

[24] E. Strickland. A vanishing theorem for group compactifications. Math.

Ann., 277(1):165–171, 1987.

[25] H. Sumihiro. Equivariant completion. J. Math. Kyoto Univ., 14:1–28, 1974.

[26] M. Thaddeus. Complete collineations revisited. Math. Ann., 315(3):469– 495, 1999.

Documenta Mathematica 20 (2015) 1–35

Log Homogeneous Compactifications 35

[27] A. Thorup and S. Kleiman. Complete bilinear forms. In Algebraic geometry (Sundance, UT, 1986), volume 1311 of Lecture Notes in Math., pages 253– 320. Springer, Berlin, 1988.

[28] D. A. Timashëv. Equivariant compactifications of reductive groups. Mat.

Sb., 194(4):119–146, 2003.

[29] J. A. Tyrell. Complete quadrics and collineations in S_n. Mathematika, pages 69–79, 1956.

[30] I. Vainsencher. Complete collineations and blowing up determinantal ideals. Math. Ann., 267(3):417–432, 1984.

[31] T. Vust. Opération de groupes réductifs dans un type de cônes presque homogènes. Bull. Soc. Math. France, 102:317–333, 1974.

Mathieu Huruguen Department of Mathematics University of British Columbia 1984 Mathematics Road Vancouver, BC, V6T 1Z2, Canada huruguen@math.ubc.ca

Documenta Mathematica 20 (2015) 1–35

Documenta Mathematica 20 (2015)

Documenta Math. 37

The Dirac Operator with Mass m_0 ≥ 0 :

Non-Existence of Zero Modes

and of Threshold Eigenvalues

Hubert Kalf, Takashi Okaji, and Osanobu Yamada

Received: November 21, 2014

Communicated by Heinz Siedentop

Abstract. A simple global condition on the potential is given which excludes zero modes of the massless Dirac operator. As far as local conditions at infinity are concerned, it is shown that at energy zero the Dirac equation without mass term has no non-trivial L^2-solutions at infinity for potentials which are either very slowly varying or decaying at most like r^{−s} with s ∈ (0, 1). When a mass term is present, it is proved that at the thresholds there are again no such solutions when the potential decays at most like r^{−s} with s ∈ (0, 2). In both situations the decay rate is optimal.

2010 Mathematics Subject Classification: Primary 35P15; Secondary 81Q10.

Keywords and Phrases: Dirac operators, virial theorem, threshold eigenvalue, zero mode.

1 Introduction

In their 1986 study of the stability of matter in the relativistic setting of the Pauli operator J. Fröhlich, E.H. Lieb and M. Loss recognised that there was a restriction on the nuclear charge if and only if the three-dimensional Dirac operator with mass zero has a non-trivial kernel (see [LS], Chapters 8, 9 and the references there). An example of such a zero mode was first given by M. Loss and H.T. Yau [LY]; for many more examples see [LS], p.167. Later, the Loss-Yau example was used in a completely different setting, viz. to show the necessity of certain restrictions in analogues of Hardy and Sobolev inequalities [BEU].

Documenta Mathematica 20 (2015) 37–64

38 Kalf, Okaji, and Yamada

An observation with remarkable technological consequences is that in certain situations of non-relativistic quantum mechanics the dynamics of wave packets in crystals can be modelled by the two-dimensional massless Dirac operator (see [FW] and the references there). When the potential is spherically symmetric, a detailed spectral analysis of the Dirac operator with mass zero was given in two and three dimensions by K.M. Schmidt [S]. In particular he showed that a variety of potentials with compact support can give rise to zero modes. In Theorem 2.1 of the present paper we give a simple global condition on the potential which rules out zero modes of the massless Dirac operator in any dimension. Theorem 2.7 deals with a fairly large class of massless Dirac operators under conditions on the potential solely at infinity. It is shown, for example, that for energy zero there is no non-trivial solution of integrable square at infinity if the potential is very slowly varying or decaying like r^{−s} with s ∈ (0, 1). This decay rate is in a certain sense the best possible one (see Appendix B). To rule out non-trivial L^2-solutions at infinity for the threshold energies ±m_0 turns out to be more complicated. Here the asymptotic analysis of Appendix B suggests 1/r^2-behaviour as the borderline case and Theorem 2.10 indeed permits potentials which tend to zero with a rate at most like r^{−s} with s ∈ (0, 2). Theorem 2.10 relies on a transformation of the solutions which is intimately connected with the block-structure that can be given to the Dirac matrices. In connection with this theorem we should like to draw attention to the very interesting paper [BG] where global conditions are used. In broad outline the proof of our Theorems 2.7 and 2.10 follows from the virial technique which was developed by Vogelsang [V] for the Dirac operator and later extended in [KOY], but basic differences in the assumptions on the potential are required in the situations considered here. At the beginning of §4 the general strategy of proof is outlined and comparison with [KOY] made, but the present paper is self-contained.

Acknowledgements. H.K. and O.Y. are indebted to Malcolm Brown, Maria Esteban, Karl Michael Schmidt and Heinz Siedentop for the invitation to the programme ’Spectral Theory of Relativistic Operators” at the Isaac Newton Institute in the summer of 2012. H.K. also gratefully acknowledges the hospitality given to him at Kyoto University and Ritsumeikan University in the autumn of 2013. T.Ō and O.Y. are partially supported by JSPS Grant-in-Aid No.22540185 and No.230540226, respectively.

2 Results and Examples

Given n ≥ 2 and N := 2^{[(n+1)/2]}, there exist n + 1 anti-commuting Hermitian N × N matrices α_1, α_2, ..., α_n, β := α_{n+1} with square one. No specific representation of these matrices will be needed except in Appendix B. Using the notation

α · p = n∑ j=1 α_j (−i∂_j ),

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 39

we start by considering the differential expression

τ := α · p + Q

in L^2(R^n)^N . Here Q : R^n → C^{N×N} is a matrix-valued function with measurable entries.

Let ϕ ∈ C^N . Then u(x) :=

1 + iα · x (1 + |x|^2)^{n/2} ϕ satisfies τu = 0 with Q(x) = − n 1 + r^2

. (2.1)

This is the example of Loss and Yau [LY] mentioned in the Introduction. (Note that u is in L^2 iff n ≥ 3.) For n = 3 the potential in (2.1) is in fact the first in a hierarchy of potentials with constants larger than 3, all giving rise to zero modes; see [SU].

In contrast, we have the following result.

Theorem 2.1. Let Q : R^n → C^{N×N} be measurable with sup x∈R^n

|x||Q(x)| ≤ C for some 0 < C < n − 1 2 . Then any solution u ∈ H^1_{loc}(R^n)^N ∩ L^2(R^n, r^{−1}dx)^N of τu = 0 is identically zero.

Remark 2.2. a) In case Q is Hermitian, Theorem 2.1 can be rephrased as follows: The self-adjoint realisation H of τ with ∫ |u|^2 r dx < ∞ (u ∈ D(H)) (2.2)

does not have the eigenvalue zero. (For the existence of such a self-adjoint realisation see [Ar] and the references therein.)

b) Suppose that V is a real-valued scalar potential with sup_{x∈R}n |x||V (x)| < n−1 2 . Then it needs but a small additional assumption to show by means of the virial theorem that the self-adjoint realisation H of α · p + V + m_0β (m_0 ≠ 0) with property (2.2) does not have the eigenvalues ±m_0 (see, e.g., [L], Theorem 2.4 in conjunction with [We], p.335).

c) It seems to be difficult to compare our C with the size of the compactly supported potentials in [S] which produce zero modes for n ≥ 2.

Now we replace the whole space with the exterior domain

E_R := {x ∈ R^n | |x| > R},

where R > 0 can be arbitrarily large. On E_R we consider the Dirac equation

(α · D + Q)u = 0 with D := p − b. (2.3)

Documenta Mathematica 20 (2015) 37–64

40 Kalf, Okaji, and Yamada We assume for simplicity that the vector potential b is in C^1(E_R, R^n). Further conditions will not be imposed on b but on the magnetic field B := (∂_ib_k − ∂_kb_i).

Note that B can be identified with the scalar function ∂_1b_2 − ∂_2b_1 if n = 2 and the vector-valued function curl b if n = 3. Solutions of (2.3) will be functions in H^1_{loc}(E_R)^N which satisfy (2.3), if Q is locally bounded in E_R. The following result and its remark are essentially contained in [KOY], Example 6.1 and final remark on p.40.

Theorem 2.3. Let m_0 ≥ 0, λ ∈ R and Q := V + m_0β − λ + W , where (I) V = V^∗ ∈ C^1(E_R, C^{N×N} ), (II) W is a measurable and bounded matrix function (not necessarily Hermitian).

Suppose V , W and the magnetic field B satisfy the following conditions: a) r^{1/2}V = o(1) = r∂_rV uniformly with respect to directions; b) there exist numbers K ∈ (0, 1/2) and M > 0 such that r|W | ≤ K, |Bx| ≤ M on E_R.

Assertion: If u ∈ L^2(E_R)^N is a solution of (2.3) for |λ| > √ m^2_0 + M^2/(1 − 2K), then u = 0 on E_{R1} for some R_1 > R. If r|W | = o(1) or |Bx| = o(1) uniformly w.r.t. directions, then K = 0 or M = 0 is permitted.

Remark 2.4. If V ∈ C^2(R, ∞) is a real-valued (scalar) function, condition a) can be replaced by V (r) = o(1) = rV^′(r), rV^{′′}(r) = o(1) as r → ∞.

Remark 2.5. Using a unique continuation result, e.g., the simple one [HP] or the more sophisticated one in [DO], one can conclude that u = 0 on R^n. Remark 2.6. It follows immediately from Theorem 2.3 and Remark 2.5 that the potential in (2.1) cannot create a non-zero eigenvalue. Theorem 2.3 will now be supplemented by Theorems 2.7 and 2.10. Theorem 2.7. Let m_0 = 0, λ ≤ 0 and V , W as in (I), (II) of Theorem 2.3. Let q ∈ C^2(R, ∞) be a positive bounded function with the properties (i) [r(q − λ)]^′ ≥ δ_0(q − λ) for some δ_0 ∈ (0, 1),

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 41

(ii) q^′ q^2

= o(1) = r q^{′′} q^2 . Suppose V , W and B satisfy the following conditions: (H.1) r(V − q) = O(1), ∂_rV − q^′ = o (q r ) ; (H.2) r|W | ≤ K for some K ∈ [0, δ_0/2); (H.3) there is a function a(r) with |Bx| ≤ a(r) and a q = o(1).

Assertion: Any solution u ∈ L^2(E_R)^N of (2.3) with Q = V + W − λ vanishes identically on E_{R1} for some R_1 > R.

Remark 2.8. a) To prove Theorem 2.7, it will be important to observe that condition (i) implies

r(q − λ) ≥ const. r^{δ0} (r > R).

b) If q is a negative bounded function with property (ii) and which satisfies [r(λ − q)]^′ ≥ δ_0(λ − q) for some δ_0 ∈ (0, 1), then Theorem 2.7 holds for λ ≥ 0. c) In case V decays at infinity, hypothesis (H.3) demands a corresponding stronger decay of B to prevent the existence of eigenvalues. (The contrasting situation that V and B become large at infinity is considered in [MS].)

Examples. For simplicity we assume V = q and W = 0. Let q_0 be a positive number. Then the functions

q = q_0 [2 + sin (log log r)], (2.4) q = q_0 (log r)^{−s} (s > 0), (2.5) q = q_0 r^{−s} (0 < s < 1), (2.6)

have the required properties (i), (ii). In addition, a magnetic field with the decay property (H.3) is allowed. As far as (2.5) and (2.6) are concerned, Remarks 2.4–2.5 already rule out any eigenvalue λ ≠ 0. In case there is no vector potential, it follows from [S], Corollary 1 that the self-adjoint operator associated with τ = α · p + q in L^2(R^n)^N has purely absolutely continuous spectrum outside [q_0, 3q_0].

Remark 2.9. More realistic potentials than (2.4) will have the property

lim_{r→∞} q(r) =: q_∞ ≠ 0.

In such situations, however, it may be possible to use Theorem 2.3 or Remark 2.4 to show that (α · D + Q − q_∞)u = λu has no non-trivial solution of integrable square at infinity if λ = −q_∞. A case in point is the potential q = r 1 + r , Documenta Mathematica 20 (2015) 37–64

42 Kalf, Okaji, and Yamada

which does not obey condition (i). Assuming |Bx| = o(1) uniformly w.r.t. directions, it follows from Theorem 2.3 that (α · D + q − 1)u = λu has no solution u ≠ 0 in L^2 at infinity if λ ≠ 0. In particular, α · D + q has no zero mode.

For the equation (α · D + V + m_0β)u = −m_0u, D := p − b (2.7) our result is as follows.

Theorem 2.10. Let m_0 > 0 and μ := √ q(q + 2m_0). Let q ∈ C^2(R, ∞) be a positive function with q = o(1) and the following properties: (i) (rμ)^′ μ ≥ δ_0 for some δ_0 ∈ (0, 1);

(ii) r q^′ q = O(1), r q^{′′} q^{3/2}

= o(1).

Suppose V ∈ C^1(E_R, R) and B satisfy the following conditions: (H.1) r^2(V − q) = O(1), ∂_rV − q^′ = o ( q r ) ; (H.2) there is a function a(r) with |Bx| ≤ a(r) and a √ q = o(1).

Assertion: Any solution u ∈ L^2(E_R)^N of (2.7) vanishes identically on E_{R1} for some R_1 > R.

Remark 2.11. a) The function μ originates from a transformation in Appendix A (see (A.13)–(A.18)). Theorem 2.10 holds good for solutions of (α · D + V + m_0β)u = m_0u, if q = o(1) is a negative function and μ := √ q(q − 2m_0).

b) Since (rμ)^′ μ = 1 + rq^′ 2q + o(1),

q may decay like r^{−s} with 0 < s < 2.

3 Proof of Theorem 2.1

Since ∫ r|α · pu|^2 = ∫ r|Qu|^2 ≤ C^2 ∫ |u|^2 r < ∞,

we can find a sequence of functions {u_j } in C^∞_0 (R^n)^N with

r^{−1/2}u_j → r^{−1/2}u, √ r (α · p)u_j → √ r (α · p)u

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 43

in L^2(R^n)^N . Let U_j = r^{(n−1)/2}u_j . We write ‖U_j ‖ rather than ‖U_j (r·)‖ for the norm in L^2(S^{n−1})^N and similarly for the scalar product. We use the decomposition in (A.3) of Appendix A and note that the symmetric operator S with b = 0 has a purely discrete spectrum with − ( N_0 + n − 1 2 ) ∪ ( N_0 + n − 1 2 )

as eigenvalues. Hence ∫ r|α · pu_j |^2 =

∫_∞ 0 r ‖ ‖ ‖ ‖α^r ( −i∂_rU_j + i r SU_j )‖ ‖ ‖ 2

= ∫_∞ 0 r ⟨ −i∂_rU_j + i r SU_j , −i∂_rU_j + i r SU_j ⟩

= ∫_∞ 0 r ( ‖∂_rU_j ‖^2 + 1 r^2

‖SU_j ‖^2 ) + ∫_∞ 0 ∂_r⟨−U_j , SU_j ⟩ = ∫_∞ 0 r ( ‖∂_rU_j ‖^2 + 1 r^2

‖SU_j ‖^2 )

≥ ( n − 1 2 )_2 ∫_∞ 0 ‖U_j ‖^2 r , and the assertion follows in the limit j → ∞. □

4 Preliminaries to the proof of Theorem 2.7

To explain the general strategy of the proof of Theorem 2.7, let u be a solution of (2.3). We multiply U := r^{(n−1)/2}u by functions e^φ, φ = φ(| · |) real-valued, and χ = χ(| · |) with support in E_R and

0 ≤ χ ≤ 1, χ = 1 on [s, t_k], χ = 0 outside [s − 1, t_{k+1}], where {t_k} is a sequence tending to infinity as k → ∞. Then ξ := χe^φU satisfies [ −iα_rD_r + iα_r ( S r + φ^′ ) + Q ] ξ = g := −iα_rχ^′e^φU, (4.1)

where D_r = ∂_r − i(x/r) · b. As in proofs of unique continuation results by means of Carleman inequalities, the idea is (as it was in the earlier papers ([V], [KOY]) to prove the existence of a constant C > 0 such that for large s and in the limit t_k → ∞ the inequality ∫_∞ s e^{2φ}‖U‖^2 ≤ C

∫_s s−1 e^{2φ}‖U‖^2 (4.2)

holds. (For the precise inequality see (5.3) below.) If, for example φ = (ℓ/2)r^b is permitted for some b > 0, (4.2) implies

e^{ℓ(s+1)b}

∫_∞ s+1 ‖U‖^2 ≤ Ce^{ℓsb}

∫_s s−1 ‖U‖^2, (4.3)

Documenta Mathematica 20 (2015) 37–64

44 Kalf, Okaji, and Yamada

and in the limit ℓ → ∞ the desired conclusion U = 0 on E_{s+1} follows. The present paper differs from [KOY] in three important respects. Firstly, the function q in Theorem 2.7 and 2.10 is allowed to tend to zero at infinity, while it was absolutely necessary to require ±q ≥ const. > 0 in [KOY]. Secondly, in contrast to [KOY], Proposition 3.1, the virial relation (A.8) from which we set out here ∫ ⟨[∂_rr(V − λ)]ξ, ξ⟩ = − ∫ ⟨(α · Bx)ξ, ξ⟩

I_1 + ∫ 2Re⟨r W ξ, D_rξ⟩

I_2 + ∫ 2rφ^′Re⟨−iα_rD_rξ, ξ⟩

I_3 − ∫ 2rRe⟨g, D_rξ⟩

T_1

, (4.4)

does not contain a term involving q^′/q. Such a term arose in [KOY] as it was necessary to divide ξ by (±q)^{1/2} in order to cope with the case that the potential (and possibly a variable mass) became large at infinity. Thirdly, we use a more refined cutoff function.

Given t_k := 2^k and s < t_k, there exists a function χ ∈ C^∞(0, ∞) with

χ(r) = 1 for s ≤ r ≤ t_k and χ(r) = 0 for r ≥ t_{k+1}

such that 0 ≤ −rχ^′(r) ≤ const. r t_{k+1} − t_k

≤ const.

2^{k+1} 2^k for r ∈ [t_k, t_{k+1}] and all k ∈ N. Moreover,

r^ℓ|χ^{(ℓ)}(r)| ≤ const. (r ∈ [t_k, t_{k+1}], k ∈ N)

for ℓ = 2 and ℓ = 3.

Estimates of the five terms in (4.4) will lead us to inequality (5.1) below, from which an inequality of type (4.3) will eventually emerge with the help of a bootstrap argument.

We start with the left-hand side of (4.4) and write ∂_r[r(V − λ)] = V − q + r(∂_r V − q^′) + [r(q − λ)]^′ ≥ [ O(1/r) q − λ

+ o(1) q q − λ

+ δ_0 ] (q − λ)

by means of (i) and (H.1) in Theorem 2.7. Since 0 < q/(q − λ) ≤ 1 and (q − λ)^{−1} ≤ O(r^{1−δ0} ) at infinity in view of Remark 2.8, we have ∫ ⟨[∂_rr(V − λ)]ξ, ξ⟩ ≥ ∫ [δ_0 + o(1)](q − λ)‖ξ‖^2. (4.5)

The four terms I_1, I_2, I_3 and T_1 on the right-hand side of (4.4) are estimated as follows.

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 45

Lemma 4.1.

a) I_1 := − ∫ ⟨(α · Bx)ξ, ξ⟩ ≤ ∫ o(1)(q − λ)‖ξ‖^2,

b) I_2 := ∫ 2Re⟨r W ξ, D_rξ⟩ ≤ ∫ [ 2K − K (q − λ)^2 ( φ^′ r + φ^{′′} ) + o(1) ] (q − λ)‖ξ‖^2 + T_2,

where

T_2 := K ∫ { (χ^′)^2 q − λ

+ |χ^′| [ const.

r(q − λ)

+ o(1) ]} ‖e^φU‖^2 (4.6)

≤ const. {∫_s s−1 r‖e^φU‖^2 +

∫_{tk+1}

t_k

r^{−δ0} (q − λ)‖e^φU‖^2 } . (4.7)

Proof. a) follows immediately from assumption (H.3) since α · Bx is an Hermitian matrix with square |Bx|^2. To prove b), we observe

I_2 = ∫ 2Re⟨r W ξ, D_rξ⟩ ≤ K (∫ (q − λ)‖ξ‖^2 + ∫ 1 q − λ

‖D_rξ‖^2 )

and use relations (A.9), (A.11) with h = 1 q − λ

, j = r ( h r )_′

= h^′ − h r . Then ∫ 1 q − λ

‖D_rξ‖^2 ≤ ∫ 1 q − λ

‖g − Qξ‖^2 − ∫ 1 r(q − λ)

⟨Aξ, ξ⟩ + ∫ j Im⟨Qξ, α_rξ⟩ + ∫ [ j^′ 2 − h ( φ^′ r + φ^{′′} )] ‖ξ‖^2 + ∫ jχχ^′ ‖e^φU‖^2, (4.8)

where Q = V + W − λ, A = −α_r(α · Bx). Before turning to the first term on the right-hand side of (4.8) we note

Im⟨Qξ, α_rξ⟩ = Im ⟨(V − q)ξ, α_rξ⟩ + Im ⟨W ξ, α_rξ⟩ and |Im ⟨(V − q)ξ, α_r ξ⟩| ≤ const.

r(q − λ)

(q − λ)‖ξ‖^2 ≤ const. r^{δ0}

(q − λ)‖ξ‖^2 (4.9)

Documenta Mathematica 20 (2015) 37–64

46 Kalf, Okaji, and Yamada

as well as

|Im ⟨W ξ, α_rξ⟩| ≤ const.

r(q − λ)

(q − λ)‖ξ‖^2 ≤ const. r^{δ0}

(q − λ)‖ξ‖^2 (4.10)

(see hypotheses (H.1), (H.2) and Remark 2.8 a). Similarly, the term

−2rRe⟨g, Qξ⟩ = 2rRe ⟨iα_rχ^′e^φU, Qχe^φU⟩ = 2rRe ⟨iα_rχ^′e^φU, (V − q + W )χe^φU⟩

can be estimated by

| − 2rRe⟨g, Qξ⟩| ≤ const.|χ^′|‖e^φU‖^2.

Next,

‖g − Qξ‖^2 = ‖(q − λ + V − q + W )ξ‖^2 + ‖g‖^2 − 2Re ⟨g, Qξ⟩ = (q − λ)^2‖ξ‖^2 + ‖(V − q + W )ξ‖^2 + 2(q − λ)Re ⟨ξ, (V − q + W )ξ⟩ +‖g‖^2 − 2Re ⟨g, Qξ⟩

≤ [1 + o(1)](q − λ)^2‖ξ‖^2 + [ (χ^′)^2 + const. r |χ^′|| ] ‖e^φU‖^2. (4.11)

Using Remark 2.8 a) again, the second term in (4.8) can be majorised by

const. ∫ a r^{δ0}

‖ξ‖^2.

With hypothesis (H.2) we see that it is ∫ o(1)(q − λ)‖ξ‖^2.

The same is true of the third term in (4.8), since (4.9) and (4.10) hold and j = o(1) by Remark 2.8 a) and the first part of assumption (ii). This leaves us with j^′ q − λ = 1 r^2(q − λ)^2 + q^′ r(q − λ)^3 − q^{′′} (q − λ)^3 + 2(q^′)^2 (q − λ)^4 , which, by assumptions (ii) and Remark 2.8 a), is again o(1). Collecting terms, we finally obtain (4.6) from which (4.7) follows, employing the properties of our cutoff function and Remark 2.8 a). □

Lemma 4.2. Let φ^′ ≥ 0 and

k_φ := −rφ^′φ^{′′} − (φ^′)^2 + 1 2 (rφ^{′′})^′, (4.12)

c := a q − λ + const.

r(q − λ) + 1 2 q^′ (q − λ)^2 + 1 2 rq^{′′} (q − λ)^2

(4.13)

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 47

Then,

I_3 := ∫ 2rφ^′Re⟨−iα_rD_rξ, ξ⟩ ≤ ∫ [ k_φ (q − λ)^2 + φ^′ q − λ c + const.

|φ^{′′}| (q − λ)^2 ] (q − λ)‖ξ‖^2 (4.14)

+T_3,

where

T_3 := ∫ r q − λ

[ φ^′(χ^′)^2 + |φ^{′′}||χ^{′′}| ] ‖e^φU‖^2

≤ const. {∫_s s−1 r^2(φ^′ + |φ^{′′}|) ‖e^φU‖^2 (4.15) + ∫_{tk+1}

t_k

r^{2−2δ0} ( φ^′ r + |φ^{′′}| ) (q − λ)‖e^φU‖^2 } . Proof. By setting ξ = √ q − λ w, I_3 can be written as

I_3 = ∫ 2rφ^′Re⟨−iα_rD_rξ, ξ⟩ = ∫ 2rφ^′Re⟨−iα_rD_rw, (q − λ)w⟩ = ∫ 2rφ^′Re⟨−iα_rD_rw, Qw⟩ − ∫ 2rφ^′Re⟨−iα_rD_rw, (V − q + W )w⟩.

Using (A.10), (A.12) with h = rφ^′, j = rφ^{′′}, we obtain

I_3 = ∫ rφ^′(‖f‖^2 − ‖D_rw‖^2 − ‖f + iα_rD_rw‖^2) − ∫ φ^′⟨Aw, w⟩ + ∫ [ rφ^′φ^{′′} + 1 2 (rφ^{′′})^′ − [r(φ^′)^2]^′ + 1 2 ( rφ^′ q − λ q^′

)_′ − rφ^{′′} 2(q − λ) q^′ ] ‖w‖^2 + ∫ rφ^{′′}Im⟨Qw, α_rw⟩ + ∫ rφ^{′′} q − λ χχ^′‖e^φU‖^2 − ∫ 2rφ^′Re⟨−iα_rD_rw, (V − q + W )w⟩. (4.16)

The last term can simply be estimated by ∫ rφ^′ ( ‖D_rw‖^2 + const.

r^2

‖w‖^2 ) . Replacing ξ by w in (4.9) and (4.10), we have

I_3 ≤ ∫ { k_φ + φ^′ [ a + const. r + 1 2 ( rq^′ q − λ

)_′]

+ const.|φ^{′′}| } ‖w‖^2 + ∫ r q − λ

[φ^′(χ^′)^2 + |φ^{′′}||χ^′|] ‖e^φU‖^2,

Documenta Mathematica 20 (2015) 37–64

48 Kalf, Okaji, and Yamada

which leads to (4.12)–(4.14). The estimate (4.15) is again a consequence of the properties of χ and of Remark 2.8 a). □ Lemma 4.3. Let φ^′ ≥ 0. Then

T_1 := − ∫ 2rRe⟨g, D_rξ⟩

≤ const. {∫_s s−1 r [ (1 + φ^′)‖e^φU‖^2 + e^{2φ}‖D_rU‖^2 ] (4.17) + ∫_{tk+1}

t_k

r^{1−δ0} (1 + |φ^{′′}|) (q − λ)‖e^φU‖^2 } . Proof. Let η := e^φU. Since Re⟨−iα_rχ^′η, ∂_r(χη)⟩ = χχ^′ Re⟨−iα_rη, ∂_rη⟩, we have

T_1 = − ∫ 2rRe⟨g, D_rξ⟩ = ∫ 2rRe⟨iα_rχ^′e^φU, D_rξ⟩ = ∫ 2rχχ^′Re⟨iα_rη, D_rη⟩.

On the interval [s − 1, s] the integral can simply be estimated by ∫_s s−1 2rχ^′‖η‖‖D_rη‖ ≤

∫_s s−1 re^{2φ}‖U‖‖D_rU + φ^′U‖.

On [t_k, t_{k+1}] we use the estimate ∫_s s−1 r(−χ^′)(‖η‖^2 + ‖D_rη‖^2)

and observe that (A.9) and (A.11) hold with χ = 1 (i.e., g = 0) and ξ = η, provided h and j have compact support. Hence, with h = r(−χ^′), j = r(h/r)^′ = −rχ^{′′} we have ∫ r(−χ^′) [ ‖D_rη‖^2 + ‖ ( S r + φ^′ ) η‖^2 ]

= ∫ r(−χ^′)‖Qη‖^2 + ∫ χ^′⟨Aη, η⟩ − ∫ rχ^{′′}Im⟨(V − q + W )η, α_rη⟩ + ∫ [ − 1 2 (χ^{′′} + rχ^{′′′}) + χ^′φ^′ + rχ^′φ^{′′} ] ‖η‖^2.

The integration extends over [t_k, t_{k+1}] only where χ^′φ^′ ≤ 0. Using Remark 2.8 a) and the estimates of the derivatives of χ, the assertion follows. □ Remark 4.4. The constant in (4.6), (4.13), and (4.14) is the sum of the constants which occur in assumptions (H.1) and (H.2). In view of the hypotheses of Theorem 2.7 the function c in (4.13) is o(1) at infinity. It is important that the constants in (4.7), (4.15) and (4.17) are independent of φ and t_k := 2^k.

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 49

5 Proof of Theorem 2.7

Before proving Theorem 2.7 we prepare the following

Proposition 5.1. Suppose f > 0, g ≥ 0 are functions on (0, ∞) with ∫_∞ 1 f = ∞,

∫_∞

g < ∞,

and f is continuous and non-decreasing. Let t_k := 2^k (k ∈ N). Then we have

lim inf k→∞ ∫_{tk+1}

t_k

fg = 0

Proof. Assume to the contrary that there are numbers ε_0 > 0 and N ∈ N such that ∫_{tk+1}

t_k

fg ≥ ε_0

for N ≤ k ∈ N. Then

∫_∞

t_N g = ∞∑ k=N+1

∫_{tk}

t_{k−1}

(fg) 1 f ≥ ε_0 ∞∑ k=N+1 1 f(t_k)

≥ ε_0

∫_∞

t_{N +1} 1 f = ∞

gives the desired contradiction.

Proof of Theorem 2.7 From (4.4) and (4.5) and Lemma 4.1–4.3 we see ∫ [δ_0 − 2K + o(1)](q − λ)e^{2φ}‖χU‖^2 (5.1) ≤ ∫ [ k_φ (q − λ)^2 + φ^′ q − λ c + const.

|φ^{′′}| (q − λ)^2 − K (q − λ)^2 ( φ^′ r + φ^{′′} )] (q − λ)e^{2φ}‖χU‖^2

+const.

∫_s s−1 r^2e^{2φ}[(1 + φ^′ + |φ^{′′}|)‖U‖^2 + ‖D_rU‖^2]

+const.

∫_{tk+1}

t_k

r^{1−δ0} e^{2φ}(1 + φ^′ + r|φ^{′′}|)|(q − λ)‖U‖^2,

where t_k := 2^k.

a) We claim ∫_∞ s r^ℓ(q − λ)‖U‖^2 < ∞

Documenta Mathematica 20 (2015) 37–64

50 Kalf, Okaji, and Yamada

for all s > R and ℓ > 0. Let j ∈ N. We choose φ = (j/2) log log r in (5.1) and note

φ^′ = j 2r log r

, φ^{′′} = − j 4r^2 log r ( 1 + 1 log r ) , k_φ = j 4r^2 log r [ 1 + 2 log r + j + 2 (log r)^2 ] ≤ j(j − 1) 4r^2(log r)^3 + 2j 4r^2 log r

for r > R_0 if R_0 is sufficiently large. Using Remark 2.8 a), the first integral on the right-hand side of (5.1) can be majorised by

const. ∫ { 1 r^{2δ0} [ j(j − 1) (log r)^3 + j (log r)^2 + j (log r) ]

+ 1 r^{δ0} j (log r) o(1) } (log r)^j (q − λ)‖χU‖^2.

The last integral on the right-hand side of (5.1) can be estimated by ∫_{tk+1}

t_k

r^{1−δ0} (1 + const. j)(log r)^j (q − λ)‖U‖^2. (5.2)

With (q − λ) being bounded, (q − λ)‖U‖^2 is in L^1(R_0, ∞). Thus there is a sub-sequence {t_{kℓ} }^∞_{ℓ=1} on which (5.2) tends to zero in view of Proposition 5.1. This proves ∫_∞

R_0

(log r)^j (q − λ)‖U‖^2 < ∞.

Moreover, for some c_0 > 0 the inequality (5.1) implies

c_0

∫_∞

R_0 L∑ j=0 (ℓ log r)^j j! (q − λ)‖U‖^2

≤ const.

∫_∞ s−1 ℓ^2 r^{2δ0} log r L∑ j=2 (ℓ log r)^{j−2} (j − 2)! + ℓ r^{δ0} L∑ j=1 (ℓ log r)^{j−1} (j − 1)!

·(q − λ)‖U‖^2 + const.

∫_s s−1 r^2 L∑ j=0 (ℓ log r)^j j! [(1 + j)‖U‖^2 + ‖D_rU‖^2].

Since we can let L → ∞, this establishes the claim.

b) Next we assert ∫_∞ s e^{ℓrb} (q − λ)‖U‖^2 < ∞

for all s > R, ℓ > 0 and b ∈ (0, δ_0).

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 51

We insert φ = (jb/2) log r into (5.1) and observe

φ^′ = jb 2r , φ^{′′} = − jb 2r^2

, k_φ = jb 4r^2 . In view of Part a) there is a sub-sequence {t_{kℓ} } with

lim_{ℓ→∞}

∫_{tkℓ +1}

t_{kℓ}

r^{1−δ0} (1 + jb)r^{jb}(q − λ)‖U‖^2 = 0.

Using Remark 2.8 a) again, we see that (5.1) implies

c_0

∫_∞ s r^{jb}(q − λ)‖U‖^2 ≤ const.

∫_∞ s−1 ( 1 r^{2δ0} + 1 r^{δ0} ) jbr^{jb}(q − λ)‖U‖^2

+ const.

∫_s s−1 r^{2+jb}[(1 + jb)‖U‖^2 + ‖D_rU‖^2] or c_0

∫_∞ s L∑ j=0 (ℓr^b)^j j! (q − λ)‖U‖^2

≤ const.

∫_∞ s−1 ℓb r^{δ0 −b} L∑ j=1 (ℓr^b)^{j−1} (j − 1)!

(q − λ)‖U‖^2

+ const.

∫_s s−1 r^2 L∑ j=0 (ℓr^b)^j j! [(1 + jb)‖U‖^2 + ‖D_rU‖^2].

For b ∈ (0, δ_0) we can again move the first term of the right-hand side to the left and let L → ∞.

c) In order to show that U vanishes a.e. on E_{R1} for some R_1 > R, we choose φ = (ℓ/2)r^b where ℓ > 0 and b ∈ (0, δ_0). From

φ^′ = ℓb 2 r^{b−1}, φ^{′′} = − ℓb 2 (1 − b)r^{b−2}

we observe (φ^′/r) + φ^{′′} > 0, so that the last part of the first integral on the right-hand side of (5.1) can be discarded. On account of Part b) there is a sequence {t_{kℓ} } on which the last integral vanishes. Finally we note

k_φ = − ℓb 4 [ ℓb^2 −

(1 − b)^2 r^b ] r^{2(b−1)}.

With X := ℓb 2(q − λ) r^{b−1}

Documenta Mathematica 20 (2015) 37–64

52 Kalf, Okaji, and Yamada

we therefore have − k_φ (q − λ)^2 − φ^′ q − λ c(r) − const.

|φ^{′′}| (q − λ)^2

= bX^2 − d(r)X,

where d(r) :=

1 − b r(q − λ) ( 1 − b 2 + const. ) + c(r) = o(1).

Hence ∫_∞ s [ δ_0 − 2K + o(1) − d(r)^2 4b ] (q − λ)e^{ℓrb} ‖U‖^2

≤ const.

∫_s s−1 r^2e^{ℓrb} [(1 + ℓbr^b)‖U‖^2 + ‖D_rU‖^2]. (5.3)

Now there is an R_1 > R with the property that the left-hand side of (5.3) can be estimated from below by

const. e^{ℓ(s+1)b}

∫_∞ s+1 ‖U‖^2

for s > R_1. The assertion therefore follows in the limit ℓ → ∞.

6 Proof of Theorem 2.10

From (A.16)-(A.17) with λ = −m_0 we see

μ := [(q + m_0)^2 − m^2_0]^{1/2} = √ q √ q + 2m_0, F := ( q + 2m_0 q )_{1/4}

, (6.1) and √ μF = √ q + 2m_0, √ μ F = √ q. As a consequence

ξ := χe^φ ( F U_1 (1/F )U_2 ) = μ^{−1/2}χe^φζ with ζ := (√ q + 2m_0 U_1 √ q U_2 )

solves [ −iα_rD_r + iα_r ( S r + φ^′ ) + Q ] ξ = g := −μ^{−1/2}(iα_r)χ^′e^φζ,

where

Q = μI_N + (V − q) ( F^{−2}I_{N/2} 0

0 F^2I_{N/2} ) − m_0q^′ 2q(q + 2m_0)

(iα_rβ).

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 53

So our virial relation (A.8) now reads ∫ {⟨[∂_r(rQ)]ξ, ξ⟩ + ⟨(α · Bx)ξ, ξ⟩} = ∫ 2rφ^′Re⟨−iα_rD_rξ, ξ⟩ − ∫ 2rRe⟨g, D_rξ⟩. (6.2)

Before beginning our estimates we observe that the assumption (i) implies

rμ ≥ const. r^{δ0} or q^{−1/2} ≤ const. r^{1−δ0} . (6.3)

In view of (6.1) and our assumptions (ii), (H.1) we therefore have 1 μ (rF^{−2})^′(V − q) = 1 μF^2 [ 1 − m_0rq^′ q(q + 2m_0) ] (V − q)

= o(1)

V − q q = o(1),

1 μ (rF^2)^′(V − q) =

F^2 μ [ 1 + m_0rq^′ q(q + 2m_0) ] (V − q)

= O(1)

V − q q = o(1),

and from [ rq^′ q(q + 2m_0)

]_′ = 1 q + 2m_0 [ q^′ q + rq^{′′} q − r ( q^′ q )_2 − r(q^′)^2 q(q + 2m_0) ]

we find 1 μ [ rq^′ q(q + 2m_0)

]_′

= o(1),

taking advantage of (6.3) again. Since ∫ ⟨(α · Bx)ξ, ξ⟩ ≥ − ∫ a μ μ ‖ξ‖^2 = − ∫ o(1) μ ‖ξ‖^2,

the left-hand side of (6.2) can be estimated from below by ∫ [δ_0 + o(1)]μ‖ξ‖^2.

Lemma 6.1. Let φ^′ ≥ 0 and

k_φ := −rφ^′φ^{′′} − (φ^′)^2 + 1 2 (rφ^{′′})^′,

c := a μ + r(V − q)^2 μq + 1 2μ [( r μ^′ μ )_′

+ m_0 | | | | ( r q^′ μ^2 )_′| | | | ] .

Documenta Mathematica 20 (2015) 37–64

54 Kalf, Okaji, and Yamada

Then

I := ∫ 2rφ^′Re⟨−iα_rD_rξ, ξ⟩ ≤ ∫ ( k_φ μ^2 + φ^′ μ c + const.

|φ^{′′}| μ^2 ) μ‖ξ‖^2 + J,

where

J := ∫ r μ^2

[φ^′(χ^′)^2 + |φ^{′′}||χ^{′′}|] ‖e^φζ‖^2

≤ const. {∫_s s−1 r^3(φ^′ + |φ^{′′}|) ‖e^φζ‖^2 + ∫_{tk+1}

t_k

r^{2−2δ0} ( φ^′ r + |φ^{′′}| ) ‖e^φζ‖^2 }

with a constant which is independent of φ and t_k := 2^k. (Note that the assumptions of Theorem 2.10 imply c = o(1).) Proof. Since w := μ^{−1/2}ξ satisfies [ −iα_rD_r + iα_r ( S r + φ^′ ) + Q − i μ^′ 2μ α_r ] w = f := μ^{−1/2}g,

we have ∫ j ⟨( S r + φ^′ ) w, w ⟩ + 1 2 ∫ ( j^′ − j μ^′ μ ) ‖w‖^2 + ∫ j Im⟨Qw, α_rw⟩ + ∫ j μ^2 χχ^′‖e^φζ‖^2 = 0

as a substitute for identity (A.12). Let I_1 := ∫ 2rφ^′ Re ⟨ −iα_rD_rw, m_0q^′ 2q(q + 2m_0)

(iα_rβ)w ⟩ , I_2 := ∫ 2rφ^′ Re ⟨ −iα_rD_rw, (V − q) ( F^{−2}w_1 F^2w_2 )⟩ . Replacing q by μ in (A.10), we can write I = ∫ 2rφ^′ Re ⟨−iα_rD_rw, μw⟩ = ∫ 2rφ^′ Re ⟨−iα_rD_rw, Qw⟩ + I_1 + I_2 = ∫ rφ^′(‖f‖^2 − ‖D_rw‖^2 − ‖f + iα_rD_rw‖^2) − ∫ φ^′⟨Aw, w⟩ + ∫ [ k_φ + 1 2 ( rφ^′ μ^′ μ )_′ − 1 2 rφ^{′′} μ^′ μ ] ‖w‖^2 + ∫ rφ^{′′} μ^2 χχ^′‖e^φζ‖^2 + ∫ rφ^{′′} Im⟨Qw, α_rw⟩ + I_1 + I_2.

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 55

Integrating by parts in I_1, we obtain

I_1 = − ∫ 2rφ^′ Re ⟨ ∂_rw, q^′ 2q(q + 2m_0)

(m_0β)w ⟩ (6.4) = 1 2 ∫ ⟨ w, { rφ^{′′} q^′ q(q + 2m_0)

(m_0β) + φ^′ [ rq^′ q(q + 2m_0)

]_′ (m_0β) } w ⟩

and note that the first term in (6.4) cancels ∫ rφ^{′′} Im⟨Qw, α_rw⟩ = − 1 2 ∫ rφ^{′′} ⟨ q^′ q(q + 2m_0)

(m_0β)w, w ⟩ . Furthermore, since

F^{−4}|w_1|^2 + F^4|w_2|^2 = q q + 2m_0

|w_1|^2 + q + 2m_0 q |w_2|^2,

we have I_2 ≤ ∫ rφ^′‖D_rw‖^2 + const. ∫ rφ^′

(V − q)^2 q ‖w‖^2.

Collecting terms, the assertion follows. □

Lemma 6.2. Let φ^′ ≥ 0. Then

T := − ∫ 2r Re⟨g, D_rξ⟩ ≤ { const.

∫_s s−1 r^2 [ (1 + φ^′)‖e^φζ‖^2 + e^{2φ}‖D_rζ‖^2 ]

+ ∫_{tk+1}

t_k

r^{1−δ0} (1 + |φ^{′′}|)‖e^φζ‖^2 }

with a constant which is independent of φ and t_k.

Proof. Abbreviating ϕ := e^φζ, we have

T = − ∫ 2r Re⟨g, D_rξ⟩ = ∫ 2r χχ^′ μ Re⟨iα_rϕ, D_rϕ⟩.

On the interval [s − 1, s] the integral can be estimated by ∫_s s−1 2r χ^′ μ ‖ϕ‖ ‖D_rϕ‖ ≤ const.

∫_s s−1 r^{2−δ0} e^{2φ}‖ζ‖ ‖D_rζ + φ^′ζ‖,

using (6.3). On [t_k, t_{k+1}] we majorise the integral by ∫_{tk+1}

t_k r μ (−χ^′)(‖ϕ‖^2 + ‖D_rϕ‖^2) (6.5)

Documenta Mathematica 20 (2015) 37–64

56 Kalf, Okaji, and Yamada

and note that it is permitted to use (A.9), (A.11) with χ = 1 (i.e., g = 0) and ξ = ϕ, since h = r μ (−χ^′), j = r ( h r )_′

= h^′ − h r have compact support. Hence on [t_k, t_{k+1}] ∫ r μ (−χ^′) [ ‖D_rϕ‖^2 + ‖ ‖ ‖ ( S r + φ^′ ) ϕ ‖ ‖ ‖^2 ]

= ∫ r μ (−χ^′)‖Qϕ‖^2 + ∫ χ^′ μ ⟨Aϕ, ϕ⟩ + ∫ [ j^′ 2 − ( φ^′ r + φ^{′′} ) h ] ‖ϕ‖^2 + ∫ j Im⟨Qϕ, α_rϕ⟩.

Now, −φ^{′′}h ≤ const.|φ^{′′}|r^{1−δ0} by (6.3), while −(φ^′/r)h ≤ 0 on [t_k, t_{k+1}]. From h^′ = o(1) = h^{′′} we conclude j = o(1) = j^′. The integral (6.5) can therefore be estimated by

const.

∫_{tk+1}

t_k

r^{1−δ0} (1 + |φ^{′′}|)‖ϕ‖^2,

which concludes the proof. □

Summing up, we have ∫ [δ_0 + o(1)]‖χe^φζ‖^2 ≤ ∫ ( k_φ μ^2 + φ^′ μ c + const.

|φ^{′′}| μ^2 ) ‖χe^φζ‖^2

+ const. {∫_s s−1 r^3e^{2φ}[(1 + φ^′ + |φ^{′′}|)‖ζ‖^2 + ‖D_rζ‖^2] + ∫_{tk+1}

t_k

r^{1−δ0} (1 + φ^′ + r|φ^{′′}|)e^{2φ}‖ζ‖^2 } , which does not differ from (5.1) in any essential way. The previous bootstrap argument can therefore be repeated almost verbatim, proving ζ = 0 and so u = 0 a.e. on E_{R1} for some R_1 > R. □

Appendix

A Identities in Connection with the Virial Theorem

A.1 Algebraic Relations

The principal part in

(α · D + Q)u = 0, D := p − b, p = −i∇ (A.1)

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 57

can be decomposed with the operators

D_r := ∂_r − i x r · b, α_r := α · x r , S := n − 1 2 − ∑ 1≤j<k≤n

iα_j α_k(x_j D_k − x_kD_j ) (A.2)

as follows: α · D = α_r ( −ir^{(1−n)/2} D_rr^{(n−1)/2} + i r S ) . (A.3)

S is a symmetric operator in L^2(S^{n−1})^N which commutes with every operator which solely depends on the radial variable r; it anticommutes with α_r. In two dimensions we have S = 1 2 − iσ_1σ_2(x_1D_2 − x_2D_1) = 1 2 + σ_3(x_1D_2 − x_2D_1),

where σ_1, σ_2, σ_3 are the Pauli matrices. For n = 3 it is convenient to define σ := (−iα_2α_3, −iα_3α_1, −iα_1α_2). Then

S = 1 + σ · L with L := x × D,

but the operator K := βS is also used instead of S.

We notice that α · Bx anticommutes with α_r, since B is skew-symmetric. A longer but completely elementary calculation shows

A := [D_r, S] = −iα_r(α · Bx).

Since α^2_r = 1, this implies A^2 = |Bx|^2 and

[D_r, iα_rS] = α · Bx. (A.4)

Furthermore, T := (β + η α · Bx)(1 + ζ iα_r) is an Hermitian N × N matrix with square

T^2 = (1 + η^2|Bx|^2)(1 + ζ^2),

if η, ζ ∈ R.

Finally we note that the (n+1) Dirac matrices can be given the following block structure :

α_j = ( 0 a_j a^∗_j 0 ) (j = 1, 2, · · · , n), β = ( I_{N/2} 0 0 I_{N/2} ) . (A.5)

The a_j are (N/2) × (N/2) matrices (Hermitian if n is odd) which satisfy the following commutation relations :

a_j a^∗_k + a_ka^∗_j = 2δ_{jk}I_{N/2}, a^∗_j a_k + a^∗_ka_j = 2δ_{jk}I_{N/2}.

For n = 2, 3 this is of course well-known; the Pauli matrices take the role of the α_j if n = 2 and of the a_j if n = 3. For general n see [KY].

Documenta Mathematica 20 (2015) 37–64

58 Kalf, Okaji, and Yamada

A.2 Analytic Tools

Let φ, χ, q, h and j be smooth real-valued functions which depend only on r; we assume that χ has compact support and q is positive. When u is a solution of (A.1), then (A.3) implies that

ξ := χe^φU with U := r^{(n−1)/2}u and w := q^{−(1/2)}ξ

are solutions of [ −iα_rD_r + iα_r ( S r + φ^′ ) + Q ] ξ = g := −iα_rχ^′e^φU, (A.6) [ −iα_rD_r + iα_r ( S r + φ^′ ) + Q − iα_r q^′ 2q ] w = f := q^{−(1/2)}g. (A.7)

Splitting Q into an Hermitian part Q_1 and Q_2 := Q − Q_1, the following virial relation holds : ∫ ⟨[∂_r(rQ_1]ξ, ξ⟩ = − ∫ ⟨(α · Bx)ξ, ξ⟩ (A.8) + ∫ 2 Re⟨r Q_2ξ, D_rξ⟩ + ∫ 2rφ^′ Re⟨−iα_rD_rξ, ξ⟩ − ∫ 2r Re⟨g, D_rξ⟩.

Norm and scalar product in L^2(S^{n−1})^N are denoted by ‖ · ‖ and ⟨·, ·⟩, respectively. We write ‖ξ‖ rather than ‖ξ(r·)‖ and similarly for the scalar product. Integration is over (0, ∞). Starting from ∫ 2r Re⟨g, D_rξ⟩

(A.8) can immediately be verified, using (A.6) and (A.4) as well as an integration by parts in the term containing Q_1 (see [KOY], Proposition 3.1 and the remark on p. 40). In case χ can be replaced by 1, the virial theorem in its familiar form follows from (A.8) by setting φ = 0, Q_2 = 0 and observing that g is zero.

As a consequence of (A.6) – (A.7) we note the following energy relations: ∫ h [ ‖D_rξ‖^2 + ‖ ‖ ‖ ‖ ( S r + φ^′ ) ξ ‖ ‖ ‖ ‖ 2] = ∫ h‖g − Qξ‖^2 (A.9)

− ∫ h r ⟨Aξ, ξ⟩ − ∫ r ( h r )_′ ⟨ S r ξ, ξ ⟩ − ∫ (hφ^′)^′‖ξ‖^2,

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 59 ∫ 2h Re⟨−iα_rD_rw, Qw⟩ (A.10) = ∫ h(‖f‖^2 − ‖D_rw‖^2 − ‖f + iα_rD_rw‖^2) − ∫ h r ⟨Aw, w⟩ − ∫ r ( h r )_′ ⟨ S r w, w ⟩ + ∫ [( h q^′ 2q )_′ − (hφ^′)^′ ] ‖w‖^2.

(A.9) follows from ∫ h‖iα_r(g − Qξ)‖^2 = ∫ h ‖ ‖ ‖D_rξ − ( S r + φ^′ ) ξ ‖ ‖ ‖^2

by undoing the square on the right-hand side and integrating by parts (cf. [KOY], Proposition 3.3 and the remark on p.40). Similarly, (A.10) can be proved by inserting into the left-hand side the expression for Qw which arises from (A.7) (cf. [KOY], Proposition 3.2 and the remark on p.40). Since S is unbounded from above and from below, the corresponding term on the right-hand side of (A.9)–(A.10) has to be eliminated. This can be done with the help of the auxiliary identities ∫ j ⟨( S r + φ^′ ) ξ, ξ ⟩ + 1 2 ∫ j^′‖ξ‖^2 + ∫ j Im⟨Qξ, α_rξ⟩ + ∫ jχχ^′‖e^φU‖^2 = 0, (A.11)

∫ j ⟨( S r + φ^′ ) w, w ⟩ + 1 2 ∫ ( j^′ − j q^′ q ) ‖w‖^2 + ∫ j Im⟨Qw, α_rw⟩ + ∫ j q χχ^′‖e^φU‖^2 = 0. (A.12)

(A.11), for example, results at once from ∫ Im ⟨ iα_r ( S r + φ^′ ) ξ, jα_rξ ⟩ , inserting (A.6) and integrating by parts (cf. [KOY], p.23).

Let F = F (r) > 0 be a smooth function, m_0 > 0 and λ ∈ R. When V is a scalar function and Q = V + m_0β − λ, it may be advantageous to split a solution u of (A.1) into two vectors u_1, u_2 with N/2 components and use the block structure (A.5) of the Dirac matrices jointly with the transformation

ζ := ( F U_1 (1/F ) U_2 ) , U_j = r^{(n−1)/2}u_j (A.13)

Documenta Mathematica 20 (2015) 37–64

60 Kalf, Okaji, and Yamada

(cf. [KOY], p.37). Then α_r = ( 0 a_r a^∗_r 0 ) where a_r :=

∑_n

j=1(x_j /r)a_j . With a smooth function q = q(r) and

P :=

F^′ F iα_rβ + (A.14) ( (1/F^2) (V − q + q + m_0 − λ)I_{N/2} 0 0 F^2(V − q + q − m_0 − λ)I_{N/2} ) , we then have (

−α_rD_r + i r α_rS + P ) ζ = 0. (A.15)

If, for example, q − m_0 − λ > 0, requiring 1 F^2

(q + m_0 − λ) = μ = F^2(q − m_0 − λ), (A.16)

leads to

μ = [(q − λ)^2 − m^2_0]^{1/2}, F = ( q + m_0 − λ q − m_0 − λ

)_{1/4} (A.17)

Since F^′ F = − m_0 2 q^′ μ^2 , the potential (A.14) becomes

P = μI_N + (V − q) ( F^{−2}I_{N/2} 0

0 F^2I_{N/2} ) − m_0 2 q^′ μ^2 iα_rβ. (A.18)

B Asymptotic Behaviour of Solutions

In case Q in (−iα · ∇ + Q)u = 0 (B.1)

is Q = m_0β + λ − q and q is a rotationally symmetric scalar function, it suffices to discuss the ordinary differential equation

u^′ = ( −(k/r) −q + m_0 + λ q + m_0 − λ (k/r) ) u, (B.2)

where k is an eigenvalue of the angular momentum operator S in (A.2) with b = 0. k is an integer or half-integer such that |k| ≥ (n − 1)/2. (For general n, the reduction of (B.1) to (B.2) can be found in [KY].)

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 61

B.1 Case m_0 = 0 = λ In the new variables t = log r, v(t) = u(e^t) (B.3) (B.2) reads v^′ = {( −k 0 0 k ) + ( 0 −e^t q(e^t) e^t q(e^t) 0 )} v. (B.4)

If e^t q(e^t) → 0 as t → ∞, then (B.4) has a fundamental system of solutions v_± with the property lim_{t→∞} 1 t log |v_±(t)| = ±k.

(We refer to the references in [AKS] for this theorem which goes back to Perron, Lettenmeyer and Hartman-Wintner.) Hence (B.2) has a solution which is in L^2 at infinity if rq(r) → 0 as r → ∞ and 2|k| > 1. Note that (B.4) has a fundamental system of solutions

v_±(t) = e^{±√k2 −c2 t}v^0_±

if q = c/r. Hence (B.2) has an L^2-solution at infinity if |k| > [(1/2) + c^2]^{1/2}.

B.2 Case λ = −m_0 < 0 In this case (B.2) reads

u^′ = {( 0 0 2m_0 0 ) + ( −(k/r) −q q (k/r) )} u =: (J + R)u. (B.5)

The Jordan matrix J can be removed by observing that

ϕ := ( 1 0 σ 1 ) with σ := 2m_0 r

has the properties ϕ^′ = J = Jϕ. Hence z := ϕ^{−1}u satisfies

ϕ^′z + ϕz^′ = (J + R) ϕz or z^′ = ϕ^{−1}R ϕz

(see [Ea], p.43 for this trick). Since the asymptotically leading term in ϕ^{−1}Rϕ still has the double eigenvalue zero, a second transformation is required. With

D := ( 1 0 0 σ ) , w := D^{−1}z

we obtain

w^′ = [(D^{−1})^′D + (ϕD)^{−1}RϕD]w (B.6) = {( −k 0 2k k − 1 ) + ( −σrq −σrq σrq + rq/σ −σrq )} 1 r w. Documenta Mathematica 20 (2015) 37–64

62 Kalf, Okaji, and Yamada

The constant matrix in (B.6) has the eigenvalues

μ_± := − 1 2 ± √ 1 4 + k(k − 1).

So, if k ≠ 0, 1, and if r^2 q → 0 r → ∞, (B.6) has a fundamental system of solutions w_± with |w_±(r)| = r^{μ± +o(1)} as r → ∞.

Since u = ϕDw and |ϕD| ≤ const.r, (B.5) has a solution which is of integrable square at infinity if 2μ_− + 3 < 0, i.e., |k − (1/2)| > 1. For q = c/r^2 system (B.6) reads

w^′ = { A + ( 0 0 c 2m_0 0 ) 1 r^2 } 1 r w, (B.7)

where A := ( −(k + σ_0) −σ_0 2k + σ_0 k − 1 − σ_0 )

and σ_0 := 2mc. Introducing new variables as in (B.3), (B.7) becomes

w̃^′(t) = { A + e^{−2t} ( 0 0 c 2m_0 0 )} w̃(t). (B.8)

Since the eigenvalues of A are

μ_± := − 1 2 (1 + 2σ_0) ± [ 1 4 + k(k − 1 − 2σ_0) − σ^2_0

]_{1/2} , it follows from the Levinson theorem ([Ea], Theorem 1.8.1) that (B.8) has a solution which is in L^2 at infinity if |k| is sufficiently large. The same is therefore true of (B.5)

References

[Ar] Arai, M., On essential selfadjointness, distinguished selfadjoint extension and essential spectrum of Dirac operators with matrix valued potentials, Publ. RIMS, Kyoto Univ., 19 (1983), 33–57.

[AKS] Arnold, V., Kalf, H. and Schneider, A., Separated Dirac operators and asymptotically constant linear systems, Math. Proc. Camb. Phil. Soc., 121 (1997), 141–146.

[BEU] Balinsky, A., Evans, W.D. and Umeda, T., The Dirac-Hardy and Dirac-Sobolev inequalities in L^1, Publ. RIMS, Kyoto Univ., 47 (2011), 791–801.

Documenta Mathematica 20 (2015) 37–64

The Dirac Operator 63

[BG] Boussaid N. and Golénia, S., Limiting absorption principle for some long range perturbations of Dirac systems at threshold energies, Comm. Math. Phys., 299 (2010), 677-708.

[DO] De Carli, L. and Okaji, T., Strong unique continuation property for the Dirac equation. Publ. RIMS, Kyoto Univ., 35 (1999), 825–846.

[Ea] Eastham, M.S.P., The asymptotic solution of linear differential systems, Oxford: Clarendon Press, 1989.

[FW] Fefferman, C.L. and Weinstein, M.I., Honeycomb lattice potentials and Dirac points, J. Amer. Math. Soc., 25 (2012), 1169–1220.

[HP] Hile, G.N. and Protter, M.H., Unique continuation and the Cauchy problem for first order systems of partial differential equations, Comm. Partial Differential Equations, 1 (1976), 437–465.

[KOY] Kalf, H., Okaji, T. and Yamada, O., Absence of eigenvalues of Dirac operators with potentials diverging at infinity, Math. Nachr., 259 (2003), 19–41.

[KY] Kalf, H. and Yamada, O., Essential self-adjointness of n–dimensional Dirac operators with a variable mass term J. Math. Phys., 42 (2001), 2667–2676.

[L] Leinfelder, H., On the virial theorem in quantum mechanics, Integral Equations Operator Theory, 4 (1981), 226–244.

[LS] Lieb, E.H. and Seiringer, R., The stability of matter in quantum mechanics, Cambridge University Press 2010.

[LY] Loss, M. and Yau, H.T., Stability of Coulomb systems with magnetic fields III. Zero energy bound states of the Pauli operators, Comm. Math. Phys. 104(1986), 283–290.

[MS] Mehringer and Stockmeyer, E., Confinement-deconfinement transitions for two-dimensional Dirac particles, J. Func. Anal., 266(2014), 2225–2350.

[SU] Saitō, Y. and Umeda, T., A sequence of zero modes of Weyl-Dirac operators and an associated sequence of solvable polynomials, Spectral theory, Function spaces and Inequalities, 197–209, Operator Th. Adv. Appl., 219, Basel; Birkhäuser/Springer, 2012.

[S] Schmidt, K.M., Spectral properties of rotationally symmetric massless Dirac operators, Lett. Math. Phys., 92 (2010), 231–241.

[V] Vogelsang, V., Absence of embedded eigenvalues of the Dirac equation for long range potentials, Analysis, 7 (1987), 259–274.

Documenta Mathematica 20 (2015) 37–64

64 Kalf, Okaji, and Yamada

[We] Weidmann, J., Linear Operators in Hilbert spaces, Graduate Texts in Mathematics 68, New York: Springer 1980.

Hubert Kalf Mathematisches Institut der Universität München Theresienstr. 39 D-80333 München, Germany hubert.kalf@mathematik. uni-muenchen.de

Takashi Okaji Department of Mathematics Graduate school of Science Kyoto University Kyoto 606-8502 Japan okaji@math.kyoto-u.ac.jp

Osanobu Yamada Faculty of Science and Engineering Ritsumeikan University Kusatsu, Shiga 525-8577 Japan yamadaos@se.ritsumei.ac.jp

Documenta Mathematica 20 (2015) 37–64

Documenta Math. 65

The Variation of the Monodromy Group in Families

of Stratified Bundles in Positive Characteristic

Giulia Battiston

Received: June 03, 2014

Communicated by Takeshi Saito

Abstract. In this article we study smooth families of stratified bundles in positive characteristic and the variation of their monodromy group. Our aim is, in particular, to strengthen the weak form of the positive equicharacteristic p-curvature conjecture stated and proved by Esnault and Langer in [9]. The main result is that if the ground field is uncountable then the strong form holds. In the case where the ground field is countable we provide positive and negative answers to possible generalizations.

2010 Mathematics Subject Classification: 2010 MSC Primary: 14D05, 14H30, 13N10

1. Introduction

Let (E, ∇) be a vector bundle endowed with a flat connection on a smooth complex variety X. Then, there exists a smooth scheme S over (some open subscheme of) Spec Z such that (E, ∇) = (E_S , ∇_S ) ⊗_S C and X = X_S ⊗_S C with X_S smooth over S and (E_S , ∇_S ) flat connection on X_S relative to S. The p-curvature conjecture of Grothendieck and Katz predicts (see [2, Conj. 3.3.3]) that if for all closed points s of a dense open subscheme S̃ ⊂ S we have that E_S ×_S s is spanned by its horizontal sections, then (E, ∇) must be trivialized by an étale finite cover of X.

An analogue problem can be studied in equicharacteristic zero, and in fact it reduces the p-curvature conjecture to the number field case. Y. André in [2, Prop. 7.1.1] and E. Hrushovski in [14, 116] stated and proved the following equicharacteristic zero version of the p-curvature conjecture: let X → S be a smooth morphism of varieties over a field K of characteristic zero; let (E, ∇) be a flat connection on X relative to S such that, for every closed point s in a dense open S̃ ⊂ S, the flat connection (E, ∇) ×_S s is trivialized by a finite étale cover. Then, there exists a finite étale cover of the generic geometric fiber over η̄ that trivializes (E, ∇) ×_S η̄, where η̄ is a geometric generic point of S.

Documenta Mathematica 20 (2015) 65–87

66 Giulia Battiston

The theorem of André and Hrushovsky translates naturally in positive characteristic, providing a positive equicharacteristic analogue to the p-curvature conjecture. Here, the role of relative flat connections is played by relative stratified bundles. A stratified bundle on X relative to S is a vector bundle of finite rank with an action of the ring of differential operators D_{X/S} on X relative to S. In [9, Cor. 4.3, Rmk. 5.4.1] H. Esnault and A. Langer proved, using an example of Y. Laszlo (see [18]), that there exists X → S a projective smooth morphism of varieties over F̄_2 and a stratified bundle over X relative to S which is trivialized by a finite étale cover on every closed fiber but not on the geometric generic one. In particular, this provides a counterexample to the positive equicharacteristic version of André and Hrushovsky’s theorem. Nevertheless, they were able to prove what they call a weak form of the theorem (see [9, Thm. 7.2]): let X → S be a projective smooth morphism and let E = (E, ∇) be a stratified bundle on X relative to S such that, for all closed points of a dense open S̃ ⊂ S, the stratified bundle E ×_S s is trivialized by a finite étale cover of order prime to p. Then, if K ≠ F̄_p, there exists a finite étale cover of order prime to p of the generic geometric fiber that trivializes E ×_S η̄. In case K = F̄_p, there exists a finite étale cover of order prime to p such that the pullback of E ×_S η̄ is a direct sum of stratified line bundles.

In this article we answer two natural questions aiming at generalizing this last theorem: the first one is whether we can relax the assumption of coprimality to p of the order of the trivializing covers of the E ×_S s, while keeping the assumption that X is proper over S. The second one is if we can drop this last assumption as well. Our main result, in particular, is that if K is uncountable then the positive equicharacteristic version of André and Hrushovsky’s theorem holds.

Let assume from now on that K has positive characteristic p. Bearing in mind the counterexample of Esnault and Langer ([9, Cor. 4.3]) we cannot hope in general to completely eliminate the assumption of coprimality to p of the order of the trivializing covers of the E ×_S s. Still, we can answer positively the first question proving that it suffices to impose to the power of p dividing the order of such trivializing covers to be bounded:

Theorem 1 (See Theorem 4.3). Let K be an algebraically closed field, X → S a smooth proper morphism of K-varieties and E = (E, ∇) a stratified bundle on X relative to S. Assume that for every closed point s in a dense open S̃ ⊂ S the stratified bundle E_s = E ×_S s is trivialized by a finite étale cover whose order is not divisible by p^N for some fixed N ≥ 0. Then, if K ≠ F̄_p, there exists a finite étale cover of the generic geometric fiber that trivializes E_{η̄} = E ×_S η̄. In case K = F̄_p, there exists a finite étale cover such that the pullback of E_{η̄} is the direct sum of stratified line bundles.

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 67

The second question has a more involved answer. The assumption on X being proper over S is more delicate to eliminate; the order of the trivializing covers does not play any role while the cardinality of K becomes the main obstruction:

Counterexample (See Proposition 5.1). If K is a countable field, then there exists a stratified bundle on A^2_K relative to A^1_K which is trivial on every closed fiber but is not trivialized by any finite étale cover on the generic geometric fiber.

On the other hand the main result of this article is that in case K is uncountable the strong version of the theorem holds, namely:

Theorem 2 (See Theorem 6.1). Let K be an uncountable algebraically closed field, X → S a smooth morphism of K-varieties and E = (E, ∇) a stratified bundle on X relative to S such that, for every closed point s in a dense open S̃ ⊂ S, the stratified bundle E_s = E ×_S s is trivialized by a finite étale cover. Then, there exists a finite étale cover of the generic geometric fiber that trivializes E_{η̄} = E ×_S η̄.

In the case where K is countable and X is not proper over S there is still room for improvement, using the theory of regular singular stratified bundles (introduced in [11]). Roughly speaking, a stratified bundle is regular singular if it has only mild (that is logarithmic) singularities along the divisor at infinity. In characteristic zero there is a parallel notion of regular singular flat connections, and one of the first steps in the proof of André’s theorem is to show that if a relative flat connection (E, ∇) on X over S is regular singular on the fiber over all closed points of a dense subset of S then it is regular singular on the generic fiber (see [2, Lemma 8.1.1]). In positive characteristic this is no longer true, as our counterexample shows. The converse still holds (see the proof of Lemma 7.4): if X admits a good compactification over S and E = (E, ∇) is a stratified bundle on X relative to S such that E_{η̄} is regular singular then for every closed point s of some dense open S̃ ⊂ S the stratified bundle E_s is regular singular as well. Moreover, assuming E_{η̄} to be regular singular we obtain the same results than in the proper case:

Theorem 3 (See Theorem 7.7). Let K be an algebraically closed field of any cardinality and X → S a smooth morphism of K-varieties. Let E = (E, ∇) be a stratified bundle on X relative to S such that, for every closed point s in a dense open S̃ ⊂ S, the stratified bundle E_s = E ×_S s is trivialized by a finite étale cover whose order is not divisible by p^N for some fixed N ≥ 0. Assume moreover that E_{η̄} = E ×_S η̄ is regular singular. Then, if K ≠ F̄_p, there exists a finite étale cover of the generic geometric fiber that trivializes E_{η̄} . In case K = F̄_p, there exists a finite étale cover such that the pullback of E_{η̄} is the direct sum of stratified line bundles.

The proofs of these generalizations are of two different kinds. The ones of Theorem 1 and Theorem 3 rely on a reduction to Esnault and Langer’s result ([9, Thm. 7.2]). Theorem 3 is reduced to Theorem 1 using the theory of exponents

Documenta Mathematica 20 (2015) 65–87

68 Giulia Battiston

for regular singular stratified bundles ([11],[16]) and an adaptation of Kawamata coverings ([15, Thm. 17]) to positive characteristic (see Theorem 7.6). Theorem 1 is then proved by reduction to [9, Thm. 7.2] constructing a suitable finite étale cover of X that kills the p-powers in the orders of the trivializing covers on the closed fibers.

The proof of Theorem 2 is of another flavour: it relies on the invariance of the Tannakian monodromy group under algebraically closed extension of fields for finite stratified bundles (Lemma 3.4), and on the easy but fundamental fact that a (relative) stratified bundle is defined by countably many data.

Acknowledgments. The results contained in this article are part of my PhD work under the supervision of Hélène Esnault. I would like to thank her for introducing me to the subject, and for her great patience and support. Moreover, I would like to thank Lars Kindler for many useful and pleasant discussions, in particular regarding Lemma 3.2.

Notation. If S is an integral scheme k(S) will denote its field of fractions, η its generic point and η̄ a geometric generic point given by the choice of an algebraically closure k(S) of k(S). If K is a field a variety over K is a separated integral scheme of finite type over K.

2. The category of stratified bundles

Throughout the whole article K will denote an algebraically closed field of positive characteristic p and u : X → S a smooth morphism of varieties over K, of relative dimension d. Let D_{X/S} be the quasi-coherent O_X -module of relative differential operators as defined in [12, §16]; recall that if U is an open subscheme of X admitting global coordinates x_1, . . . , x_d relative to S, then for every k ∈ N there are O_S -linear maps ∂^{(k)}_{xi} : O_U → O_U given by

∂^{(k)}_{xi} (x^h_j ) = δ_{ij} ( h k ) (x^{h−k}_j )

where δ_{ij} is the Kronecker delta. These maps are differential operators of order k and generate locally the ring of differential operators:

D_{X/S|U} = O_U [ ∂^{(k)}_{xi} | i ∈ {1, . . . , d}, k ∈ N_{>0} ] . For higher differential operators we have an extension of the Leibniz rule, namely if f, g ∈ O_U then

(1) ∂^{(k)}_{xi} (fg) = ∑ a+b=k a,b≥0

∂^{(a)}_{xi} (f)∂^{(b)}_{xi} (g).

Definition 2.1. A stratified bundle E (relative to S) is a O_X -locally free module E of finite rank r endowed with a D_{X/S} -action extending the O_X -module structure via the inclusion O_X ⊂ D_{X/S} . A morphism of stratified bundles is a morphism of D_{X/S} -modules. We denote by Strat(X/S) the category of stratified bundles on X relative to S; if S = Spec K we use the notation Strat(X/K)

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 69

for Strat(X/ Spec K). The structure sheaf O_X together with the natural D_{X/S} - action is denoted by I_{X/S} ; if S = Spec K we use the notation I_{X/K} for I_{X/ Spec K} . A stratified bundle is trivial if it is isomorphic to I^{⊕r}_{X/S} for some r ∈ N.

If h : Y → X is a morphism of smooth S-varieties then the pullback along h induces a functor h^∗ : Strat(X/S) → Strat(Y/S) and if h is finite and étale then the pushforward along h induces a functor h_∗ : Strat(Y/S) → Strat(X/S). For E, F ∈ Strat(X/S) we can construct the dual E^∨, the tensor product E ⊗ F and the direct sum E ⊕ F, all of which are objects of Strat(X/S).

3. The monodromy group

If X is a smooth connected K-variety, Strat(X/K) is an abelian tensor rigid K-linear category and the choice of a rational point x ∈ X(K) defines a fiber functor to the category of finite dimensional K-vector spaces by: ω_x : Strat(X/S) → Vecf_K E → E_x

where E is the vector bundle underlying E ([21, §VI.1]). Hence (Strat(X/S), ω_x) is a neutral Tannakian category and by Tannakian duality ([7, Thm. 2.11]) there exists an affine group scheme π^{Strat}_1 (X, x) .= π(Strat(X/S), ω_x) = Aut^⊗_K (ω_x) over K such that Strat(X/K) is equivalent via ω_x to the category of finite dimensional representations of π^{Strat}_1 (X, x) over K. For every E ∈ Strat(X/K) we denote by ⟨E⟩_⊗ ⊂ Strat(X/K) the full Tannakian subcategory spanned by E with fiber functor ω_x defined as above. The affine group scheme π(E, x) .= π(⟨E⟩_⊗, ω_x) is called the monodromy group of E. If U ⊂ X is an open dense subscheme of X then by [16, Lemma 2.5(a)] the restriction functor ρ_U : ⟨E⟩_⊗ → ⟨E_{|U} ⟩_⊗ is an equivalence; hence, in particular, the monodromy group of E is invariant under restriction to dense open subschemes. Moreover, as K is algebraically closed, the monodromy group does not depend on the choice of x, up to non-unique isomorphism (this can be deduced from [7, Thm. 3.2]). We will hence sometimes use the notation π(E) instead of π(E, x).

Definition 3.1. We say that E ∈ Strat(X/K) is finite if its monodromy group is finite. By what we have just remarked, this property is independent of the choice of x. We say that E is isotrivial if it is étale trivializable; that is, there exists h : Y → X finite étale cover such that h^∗E is trivial in Strat(Y/K).

These two properties are equivalent:

Lemma 3.2. For a stratified bundle E ∈ Strat(X/K) the following are equivalent:

i) E is isotrivial; ii) E is finite.

Moreover, if E is finite, then there exists an étale π(E, x)-torsor h_{E,x} : Y_{E,x} → X, called the Picard–Vessiot torsor of E such that, for any E^′ ∈ Strat(X/K), the pullback h^∗_{E,x}E^′ is trivial if and only if E^′ ∈ ⟨E⟩_⊗.

Documenta Mathematica 20 (2015) 65–87

70 Giulia Battiston

Finally, for a finite étale cover h : Y → X such that h^∗E is trivial, the following conditions are equivalent:

i) h : Y → X is the Picard–Vessiot torsor for E;

ii) every finite étale cover trivializing E factors (non-uniquely) through h : Y → X;

iii) h : Y → X is Galois and ⟨E⟩_⊗ = ⟨h_∗I_{Y /K} ⟩_⊗; iv) h : Y → X is Galois of Galois group π(E, x)(K).

Proof. The first part of the lemma is [9, Lemma 1.1]. As for the second part, first notice that point (b) and (f) of [16, Prop. 2.15], together with [16, Cor. 2.16] imply that if h : Y → X is a finite étale cover trivializing E then ⟨E⟩_⊗ ⊂ ⟨h_∗I_{Y /K} ⟩_⊗ and that ⟨E⟩_⊗ = ⟨h_{E,x∗}I_{YE,x/K} ⟩_⊗. Moreover, if h : Y → X is Galois of Galois group G, then π(h_∗I_{Y /K} , x) is the finite constant group G and if h̃ : Ỹ → X is an étale cover factoring through h then ⟨h_∗I_{Y /K} ⟩_⊗ ⊂ ⟨h̃_∗I_{Ỹ /K} ⟩_⊗. We are now ready to prove the rest of the lemma.

(i)⇒(ii) Because ⟨E⟩_⊗ = ⟨h_{E,x∗}I_{YE,x/K} ⟩_⊗, a cover h̃ : Ỹ → X trivializes E if and only if it trivializes h_{E,x∗}I_{YE,x/K} . Let Z = Ỹ ×_X Y_{E,x}, and let p_1 and p_2 be the projections on the first and second factor. Then by flat base change (notice that the flat base change morphism is compatible with the D_{Ỹ /K} -action) there is an isomorphism of D_{Ỹ /K} - modules h̃^∗h_{E,x∗}I_{YE,x/K} ≃ p_{1∗}I_{Z/K} ; hence, the latter is also a trivial stratified bundle. This, together with [16, Cor. 2.17], implies that p_1 : Z → Ỹ is a trivial covering. In particular, it admits a section s; hence, h̃ = s ∘ p_2 ∘ h_{E,x} and h̃ factors through h.

(ii)⇒(iii) Because h trivializes E, we have the inclusion ⟨E⟩_⊗ ⊂ ⟨h_∗I_{Y /K} ⟩_⊗. On the other side, by assumption, h_{E,x} : Y_{E,x} → X factors through h : Y → X; hence, ⟨h_∗I_{Y /K} ⟩_⊗ ⊂ ⟨h_{E,x∗}I_{YE,x /K} ⟩_⊗ = ⟨E⟩_⊗.

(iii)⇒(iv) As ⟨E⟩_⊗ = ⟨h_∗I_{Y /K} ⟩_⊗, then we have the equality π(E, x) = π(h_∗I_{Y /K} , x) and as h : Y → X is Galois, then its Galois group is π(h_∗I_{Y /K} )(K) = π(E, x)(K).

(iv)⇒ (i) By what we already proved there must be a factorization f : Y → Y_{E,x} such that h = h_{E,x} ∘ f. Hence, if G is the Galois group of h : Y → X then h_E : Y_E → X corresponds to a normal subgroup H of G. But by assumption G = π(E, x)(K) = H; hence, h = h_E. □

Corollary 3.3. If E ∈ Strat(X/K) is finite then the set of finite étale covers of X trivializing E has a minimal element which is Galois of Galois group π(E, x)(K).

By [8, Cor. 12] for every E ∈ Strat(X/K) the group scheme π(E, x) is smooth (which is equivalent to being reduced). In particular, as K is algebraically closed, if E is finite we are allowed to identify the abstract group π(E, x)(K) and the algebraic group π(E, x). Given a finite stratified bundle E ∈ Strat(X/K) it is straightforward to see that for every L ⊃ K algebraically closed field

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 71

extension E_L = E ⊗_K L ∈ Strat(X_L/L) is finite as well. In fact, the following stronger statement holds:

Lemma 3.4. Let E ∈ Strat(X/K) and let L ⊃ K be an algebraically closed field extension such that E_L is finite. Then for every L^′ ⊃ K algebraically closed such that trdeg_K L^′ ≥ trdeg_K L (or, if both are infinite, such that there exists an immersion L → L^′ which is the identity on K) we have that E_L′ is finite. Moreover for any x ∈ X(K) π(E_L, x)(L) ≃ π(E_L′ , x)(L^′), where we consider x ∈ X_L(L) via K ⊂ L and similarly for L^′.

Proof. Let L and L^′ as in the hypothesis, then we can construct an immersion L → L^′ which is the identity on K, just by sending any transcendence basis of L to a algebraically independent set in L^′ over K and using the fact that L^′ is algebraically closed to see that this extends to an immersion L → L^′. Hence, we have reduced the problem to proving that if E is finite and L ⊃ K is an algebraically closed field extension then E_L is finite and has the same monodromy group of E as abstract groups. In order to do so we need first to establish a result on Galois covers:

Claim. Let h : Y → X be a Galois cover of Galois group G and let h_L : Y_L → X_L the extension of scalars of h : Y → X to L, then h_L is a Galois cover of Galois group G.

Proof. Certainly h_L : Y_L → X_L is a finite étale morphism as these properties are stable under base change. We are left to check that (i) Y_L is connected, (ii) Aut(Y_L/X_L) acts transitively on the fiber over some geometric point of X_L and finally (iii) Aut(Y_L/X_L) ≃ Aut(Y/X).

i) As K is algebraically closed (hence, in particular, separably closed) Y is connected if and only if Y_L is connected for any field extension L ⊃ K. In particular, Y_L is connected.

ii) Let x ∈ X_L(L) be any closed (in particular, geometric) point of X_L, then the composition x̄ : Spec(L) → X_L → X is a geometric point for X. As h : Y → X is Galois, Aut(Y/X) acts transitively on Y_{x̄} = Y ×_X x̄ = Y_L ×_{XL} x = Y_{L,x}. Now, the action of Aut(Y/X) on Y_{L,x} factors through Aut(Y_L/X_L) via the inclusion Aut(Y/X) ⊂ Aut(Y_L/X_L) defined by ϕ → ϕ_L. Hence, the action of Aut(Y_L/X_L) on Y_{L,x} is transitive as well; therefore, h_L : Y_L → X_L is Galois.

iii) As Y_{x̄} = Y_{L,x} and both h and h_L are Galois, it follows that the order of their Galois group is the same, as it is the cardinality of the respective geometric fibers over x̄ and over x. Moreover we have a natural inclusion Aut(Y/X) ⊂ Aut(Y_L/X_L) so as they have the same cardinality they must be equal; hence, Aut(Y_L/X_L) = G. □

Until the end of the proof let us denote by h_{E,x} : Y → X the Picard–Vessiot torsor of E (see Lemma 3.2), then h_{E,x}⊗_K L : Y_L → X_L is a Galois cover trivializing

Documenta Mathematica 20 (2015) 65–87

72 Giulia Battiston

E_L which is then finite, by Lemma 3.2. Recall that ⟨(h_{E,x})_∗I_{Y /K} ⟩_⊗ = ⟨E⟩_⊗. But then in particular, ⟨(h_{E,x})_∗I_{Y /K} ⊗_K L⟩_⊗ = ⟨E_L⟩_⊗ and as (h_{E,x})_∗I_{Y /K} ⊗_K L = (h_{E,x} ⊗_K L)_∗I_{YL/L}, it follows that ⟨(h_{E,x} ⊗_K L)_∗Y_L⟩_⊗ = ⟨E_L⟩_⊗. Hence, by Lemma 3.2, we have that h_{E,x} ⊗_K L : Y_L → X_L is the minimal trivializing cover for E_L. Now, the Galois group of h_{E,x} is the same as that of h_{E,x} ⊗_K L by the previous claim; hence, again by Lemma 3.2, we have that π(E_L, x)(L) = π(E, x)(K). □

Finite stratified bundle have an additional propriety that will turn out to be very useful to prove that some stratified bundle cannot be isotrivial:

Lemma 3.5. Let E ∈ Strat(X/K) be a finite stratified bundle. Then there exists a subfield K^′ ⊂ K of finite type over F_p over which X and E are defined; that is, there exists X^′ smooth variety over K^′ and E^′ ∈ Strat(X^′/K^′) such that X = X^′ ×_{Spec K}′ Spec K and E = E^′ ⊗_K′ K.

Proof. Let h_{E,x} : Y_{E,x} → X be the Picard–Vessiot torsor of E (see Lemma 3.2), and let H = (h_{E,x})_∗I_{YE,x/K} , then (see Lemma 3.2) E ∈ ⟨H⟩_⊗. Certainly there exists K^{′′} of finite type over F_p on which h_{E,x} : Y_{E,x} → X is defined; hence, H is also defined over K^{′′}. Notice that E is a subquotient of P where P ∈ Z[H, H^∨] (see e.g. [16, def. 2.4]); that is, E ≃ P̃/P̄ with P̄ ⊂ P̃ ⊂ P. It is clear that P̃ and P̄ are defined over some extension K^′ of finite type of K^{′′} (thus over F_p). Therefore, so does E ≃ P̃/P̄. □

In particular, we have the following:

Corollary 3.6. Let E ∈ Strat(X/K) with K algebraically closed, such that for some algebraically closed field extension L ⊃ K the stratified bundle E_L is finite. Assume that K has infinite transcendence degree over F_p, then E is finite as well.

Proof. As E_L is finite then by Lemma 3.5 there exists K^′ ⊂ L algebraically closed of finite transcendence degree over F_p over which E_L and is defined. But then E is defined over K^′ as well, hence we can assume that K^′ ⊂ K. Let h_{EL} : Y → X_L be the Picard–Vessiot torsor of E_L, then it is defined over some algebraically closed field K^{′′} of finite transcendence degree over K^′. In particular E_K′′ is finite and as ∞ = trdeg_K′ K ≥ trdeg_K′ K^{′′} by Lemma 3.2 E = E_K′ ⊗_K′ K is finite. □

4. Families of finite stratified bundles

We can view a relative stratified bundle E ∈ Strat(X/S) as a family of stratified bundles parametrized by the points of S. In particular, for every s ∈ S(K), let E_s ∈ Strat(X_s/k(s)) denote the restriction of E on X_s and E_{η̄} ∈ Strat(X_{η̄}/k(η̄)) its restriction on the geometric generic fiber given by a choice of an algebraic closure k(S) of k(S). It is natural then to ask how the property of being isotrivial behaves in families: the main question we want to study is whether it is true that if E_s is finite for every s ∈ S(K) then so is E_η . André proved in [2, Prop. 7.1.1] that the analogous result in characteristic zero holds. In

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 73

positive characteristic, following an idea of Laszlo, in [9, Cor. 4.3, Rmk. 5.4.1] the authors proved that there exists X → S a projective smooth morphism of varieties over F̄_2 and a stratified bundle on X relative to S which is finite on every closed fiber but not on the geometric generic one. Nevertheless, assuming X to be projective over S and imposing a coprimality to p condition on the order of the monodromy group on the closed fibers, they proved the following:

Theorem 4.1. [9, Thm. 7.2] Let X → S be a smooth projective morphism of Kvarieties with geometrically connected fibers and let E ∈ Strat(X/S). Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, the stratified bundle E_s has finite monodromy of order prime to p. Then i) there exists f_{η̄} : Y_{η̄} → X_{η̄} a finite étale cover of order prime to p such that f^∗E_{η̄} decomposes as direct sum of stratified line bundles;

ii) if K ≠ F̄_p then E_{η̄} is trivialized by a finite étale cover of order prime to p.

Note that the cover of order prime to p in the second point of the theorem factors through the Picard–Vessiot torsor of E_{η̄} by its minimality (see Lemma 3.2). In particular, this implies that the order of the monodromy group of E_{η̄} is prime to p.

This article is devoted to determine how the assumptions of X being projective over S and of the order of the monodromy groups to be prime to p can or cannot be relaxed in order to get similar results. A first strengthening of the theorem comes rather directly from the ideas in the proof of Theorem 4.1. In order to prove it we need first to establish the following

Lemma 4.2. Let h : X → S be a proper flat separable morphism of connected varieties with geometrically connected fibers over an algebraically closed field K and suppose it has a section σ : S → X. Let S̃ ⊂ S(K) be any subset of the closed points of S, let N ∈ N and let us fix for every s ∈ S̃ a finite étale cover g_s : Z_s → X_s of degree less than N. Then there exists an open subscheme U ⊂ S and a finite étale cover f : W → X ×_S U dominating all the g_s for s ∈ S̃ ∩ U; that is, for every s ∈ S̃ ∩ U the finite étale cover f_s : W_s → X_s factors through g_s : Z_s → X_s.

Proof. The proof of this lemma is a generalization of the construction that one can find in the beginning of the proof of [9, Thm. 5.1].

First notice that if the order of the g_s : Z_s → X_s is bounded by N then the order of their Galois closures is bounded by N!, hence we can assume all the g_s : Z_s → X_s to be Galois. Moreover if S^′ is connected and S^′ → S is étale and generically finite then there is a non-trivial open U over which S^′ ×_S U → U is finite and étale. As X → S is smooth its image is open; hence, by shrinking S, we can assume that X → S is surjective.

Let S^′ → S be finite étale, then so is X^′ = X ×_S S^′ → X. Let s ∈ S̃ and s^′ ∈ S^′(K) lying over s. Assume that we have found f^′ : W → X^′ such that f^′_s : W_s → X^′_s factors through g_s′ : Z_s′ = Z_s ×_{k(s)} k(s^′) → X^′_s′ then the

Documenta Mathematica 20 (2015) 65–87

74 Giulia Battiston

composition f : W → X^′ → X is a finite étale cover of X and f_s : W_s → X_s factors through g_s.

As h : X → S has geometrically connected fibers so does h^′ : X^′ → S^′ as if s^′ ∈ S lies over s ∈ S then X^′_s′ = X_s ⊗_{k(s)} k(s^′). Therefore, h^′ : X^′ → S^′ is proper, flat, separable and has geometrically connected fibers. So if S^′ is connected the morphism h^′ : X^′ → S^′ together with the section σ^′ : S^′ → X^′ induced by σ : S → X satisfy the assumptions of the theorem.

For any s ∈ S̃ let G_s ⊂ π^{ét}_1 (X_s, σ(s)) be the open normal subgroup corresponding via Galois duality to the cover g_s : Z_s → X_s. Let η̄ be a generic geometric point of S given by the choice of an algebraic closure k(S) of k(S). The fibers of X → S are geometrically connected and the morphism is proper, flat and separable; hence, the specialization map π^{ét}_1 (X_{η̄}, σ(η̄)) ↠ π^{ét}_1 (X_s, σ(s)) is surjective. Composing it with the quotient of π^{ét}_1 (X_s, σ(s)) by G_s we get

ρ_s : π^{ét}_1 (X_{η̄}, σ(η̄)) ↠ π^{ét}_1 (X_s, σ(s)) ↠ π^{ét}_1 (X_s, σ(s))/G_s.

Notice that the index of ker(ρ_s) in π^{ét}_1 (X_{η̄}, σ(η̄)) is bounded by N. Let τ : S^′ → S be any finite étale cover and let s^′ ∈ S lying over s. As K is algebraically closed, then k(s^′) ≃ k(s) and hence X^′_s′ ≃ X_s. In particular, the natural morphism π^{ét}_1 (X^′_s′ , σ^′(s^′)) → π^{ét}_1 (X_s, σ(s)) is an isomorphism. Let G_s′ ⊂ π^{ét}_1 (X^′_s′ , σ^′(s^′)) be the open subgroup corresponding to g_s′ : Z_s′ → X^′_s′ , that is, the preimage of G_s under this isomorphism and let us denote by

ρ_s′ : π^{ét}_1 (X_{η̄}, σ(η̄)) ↠ π^{ét}_1 (X^′_s′ , σ^′(s^′)) ↠ π^{ét}_1 (X^′_s′ , σ^′(s^′))/G_s′ ,

then ker(ρ_s′ ) = ker(ρ_s) ⊂ π^{ét}_1 (X_{η̄}, σ(η̄)).

As X_{η̄} is a projective k(S)-variety, then π^{ét}_1 (X_{η̄} , σ(η̄)) is topologically finitely generated and hence has finitely many subgroups of index less than N, which are all opens by Nikolov–Segal theorem ([19, Thm 1.1]), the intersection of which we denote by G: It is a normal open subgroup and it has finite index. Moreover G ⊂ ⋂ s∈S̃

ker(ρ_s) = ⋂ s^′∈τ^{−1}(S̃)

ker(ρ_s′ ).

At this point, we need an additional step before concluding similarly than in the proof of [9, Thm. 5.1]. By Galois duality G corresponds to a finite étale cover Z_{η̄} → X_{η̄}. Let k(S)^{sep} be the separable closure of k(S) in k(S). The base change functor from the category of finite étale covers over X ⊗_S k(S)^{sep} to the one of finite étale covers over X_{η̄} is an equivalence. Hence, Z_{η̄} is defined over some separable extension of k(S). In particular, there exists an étale generically finite cover S^′ → S such that Z_{η̄} descends to a finite étale cover of X^′ = X ×_S S^′.

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 75

Let η̄^′ be the geometric generic point of S^′ given by k(S) ⊂ k(S^′) ⊂ k(S). Then X^′_{η̄}′ = X_{η̄} and σ(η̄) = σ^′(η̄^′). Hence, the following diagram commutes:

π^{ét}_1 (X^′_{η̄}, σ^′(η̄^′)) � π^{ét}_1 (X^′, σ^′(η̄^′)) � π^{ét}_1 (X_{η̄} , σ(η̄)) � π^{ét}_1 (X, σ(η̄)).

Let K^′ be the kernel of π^{ét}_1 (X_{η̄}, σ(η̄)) → π^{ét}_1 (X^′, σ^′(η̄^′)). As X → S is projective we have the following exact sequence:

π^{ét}_1 (X_{η̄} , σ(η̄)) q � α � � � �

{1} � π^{ét}_1 (X_{η̄} , σ(η̄))/K^{′ i} � π^{ét}_1 (X^′, σ^′(η̄^′)) � π^{ét}_1 (S^′, η̄^′) �

σ^′_∗�

{1}.

By [1, V Cor 6.7] we have the inclusion G ⊃ K^′. Moreover if we denote by Π_K′ = π^{ét}_1 (X_{η̄}, σ(η̄))/K^′, then the section σ^′_∗ induces a splitting

π^{ét}_1 (X^′, σ^′(η̄^′)) ≃ Π_K′ ⋊ σ^′_∗(π^{ét}_1 (S^′, η̄^′))

as abstract groups. It is also a splitting of topological groups (see for example [4, §2.10 Prop. 28] and following discussion). In particular, the topology on π^{ét}_1 (X^′, σ^′(η̄^′)) is the product topology. Note that G = q(G) is invariant by the action of σ^′_∗(π^{ét}_1 (S^′, η̄^′)); hence, we can define

H = G ⋊ σ^′_∗(π^{ét}_1 (S^′, η̄^′)).

By definition α^{−1}(H) = G, and H has finite index in π^{ét}_1 (X^′, σ^′(η̄^′)). It is also open: π^{ét}_1 (X^′, σ^′(η̄^′)) is endowed with the product topology, and G is open because G = q^{−1}(G) is open as well. Hence, H corresponds to a finite étale cover W → X^′ and as the composition H ⊂ π^{ét}_1 (X^′, σ^′(η̄^′)) ↠ π^{ét}_1 (S^′, η̄^′) is surjective, then W has geometrically connected fibers over S^′. In particular, the specialization map is again surjective. Let z ∈ W be a closed point lying over s^′ and let ζ̄ be a geometric generic point lying over σ(η̄), then we have the following commutative diagram

π^{ét}_1 (W_{η̄} , ζ̄) 0 � � � π^{ét}_1 (X_{η̄}, σ(η̄)) � � π^{ét}_1 (X_{η̄}, σ(η̄))/G � π^{ét}_1 (W_s, z) � π^{ét}_1 (X^′_s′ , σ^′(s^′)) � π^{ét}_1 (X^′_s′ , σ^′(s^′))/G_s′ .

Using the surjectivity of the specialization map on W it follows that the composition of the morphisms on the second line is zero as well; hence, if G̃_s′ ⊂ π^{ét}_1 (X^′_s′ , σ^′(s^′)) is the open normal subgroup corresponding to f_s′ : W_s′ → X^′_s′ then G̃_s ⊂ G_s′ . Therefore, f_s′ factors through g_s′ . □

Documenta Mathematica 20 (2015) 65–87

76 Giulia Battiston

We can summarize the previous lemma by saying that with the assumptions of the theorem, up to shrinking S every family of finite étale covers of the closed fibers with bounded order can be dominated by a finite étale cover of X (notice that the existence of the section σ : X → S is not essential for the proof).

Theorem 4.3. Let X → S be a smooth proper morphism of K-varieties with geometrically connected fibers and E ∈ Strat(X/S) of rank r. Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, the stratified bundle E_s has finite monodromy and that the highest power of p dividing |π(E_s)| is bounded over S̃. Then

i) there exists f_{η̄} : Y_{η̄} → X_{η̄} a finite étale cover such that f^∗E_{η̄} decomposes as direct sum of stratified line bundles;

ii) if K ≠ F̄_p then E_{η̄} is finite.

Proof. We will reduce this theorem to Theorem 4.1. By the invariance of the monodromy group it suffices to prove the theorem for f^∗E where f : Y → X is a morphism of smooth S-varieties which is generically finite étale. By Chow’s lemma and using de Jong alterations ([6]) there exists f : Y → X projective and generically finite étale, hence we can assume X to be projective. Up to taking an étale open of S we can assume that there exists a section σ : S → X. For any s ∈ S̃ let Γ_s = π(E, σ(s)) and h_s : Y_s → X_s the Picard–Vessiot torsor of E_s (see Lemma 3.2). Let G_s ⊂ π^{ét}_1 (X_s, σ(s)) be the normal open subgroup corresponding via Galois duality to the cover h_s. By Tannakian duality E_s corresponds to the image of an r-dimensional representation of π^{Strat}_1 (X_s, σ(s)) ([7, Prop. 2.21]) and as E_s is finite by [8, Prop. 13] this representation factors through the étale fundamental group, considered as a constant group scheme

π^{Strat}_1 (X_s, σ(s)) ↠ π^{ét}_1 (X_s, σ(s)) ↠ π^{ét}_1 (X_s, σ(s)) / G_s = Γ_s ⊂ GL_r(K)

where r is the rank of E. By Brauer–Feit generalization of Jordan’s theorem [5, Theorem], as the orders of the Sylow-p-subgroups of every G_s are bounded by p^N , there exists an integer M = f(r, N) and, for every s ∈ S̃, a normal abelian subgroup A_s such that |Γ_s : A_s| < M. This gives for every s ∈ S(K) a Galois cover g_s : Z_s → X_s of order bounded by M and a factorization

Y_s → Z_s → X_s

where Y_s → Z_s is Galois of Galois group A_s. Therefore, by Lemma 4.2, up to shrinking S there exists a cover g^′ : Z^′ → X such that g^′_s : Z^′_s → X_s factors through g_s : Z_s → X_s. In particular, if E^′ is the pullback of E via g^′ then π(E^′_s) is abelian for every s. Up to taking an étale open of S the section σ : S → X extends to a section σ^′ : S → Z^′. Let Γ^′_s = π(E^′, σ^′(s)), as we just noticed for every s ∈ S̃ we have that Γ^′_s is abelian; hence, we can write it as the direct product of its p part with its prime to p part:

Γ^′_s = Γ^p_s × Γ^{p′}_s

and Γ^{p′}_s corresponds to a Galois cover over Z^′_s whose index is by assumption bounded by p^N for some N ∈ N. Applying Lemma 4.2 and up to shrinking S

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 77

we get a Galois cover g^{′′} : Z^{′′} → Z^′ dominating all such covers. Let E^{′′} be the pullback of E^′ along g^{′′}, then π(E^{′′}_s ) is (abelian) of order prime to p for every s ∈ S̃. Therefore, we have reduced the problem to Theorem 4.1. □

5. A counterexample over countable fields

Our next aim is to drop the assumption of X being projective over S. However, before getting to the positive results, let us present a counterexample to understand what we can reasonably expect to hold without this assumption. Assume for the rest of this section K to be an algebraically closed countable field. Let X = A^2_K , S = A^1_K and let X → S be given by K[y] → K[x, y]. The main result of this section is the following:

Proposition 5.1. There exists E ∈ Strat(X/S) such that E_s is trivial for every point s ∈ S(K) but E_{η̄} is not isotrivial.

The rest of the section will be spent constructing such a stratified bundle and proving it satisfies the proposition.

As x is a global coordinate of X relative to S, it is clear that

D_{X/S} = O_X [∂^{(k)}_x | k ∈ N_{>0}].

Moreover any vector bundle is free over X. If E is a vector bundle on X, then a D_{X/S} -module structure on E is a O_S -linear morphism

ϕ : D_{X/S} → End_{OS} (E)

extending the O_X -module structure on E; hence, the image of O_X ⊂ D_{X/S} under ϕ is always fixed. Therefore, to determine the action of the whole D_{X/S} it is enough to consider the image of the generators ∂^{(k)}x under ϕ. Let e_1, . . . , e_r be a basis for E, and let A_k = (a^k_{ij} ) be given by ∂^{(k)}_x (e_i) = ∑ a^k_{ij} e_j .

Then the A_k, for k ∈ N_{>0}, determine the D_{X/S} -action: If s =

∑_r

i=1 f_i · e_i is a section of E, with f_i ∈ O_X , then using (1) we have

(2) ∂^{(k)}_{xi} (s) = r∑ i=1 ∑ a+b=k a,b≥0

∂^{(a)}_x (f_i)A_b · e_i.

Note that if e^′_1, . . . , e^′_r is an other basis of E and U = (u_{ij} ) ∈ H^0(X, GL_r) is given by e^′_i = ∑ u_{ij} e_j then by (1) it follows that in this new basis the matrices A^′_k = (a^{′ k}_{ij} ) describing the action of ∂^{(k)}x are given by

(3) A^′_k = [ ∑ a+b=k a,b≥0

∂^{(a)}_x (U)A_b ] U^{−1}.

In order to construct our example, let us fix a bijection n → a_n between the natural numbers and K = S(K). Let E ∈ Strat(X/S) be the rank-two relative stratified bundle E = O_X · e_1 ⊕ O_x · e_2 with D_{X/S} -action given by ∂^{(k)}x (e_1) = 0 and Documenta Mathematica 20 (2015) 65–87

78 Giulia Battiston

(4) ∂^{(k)}_x (e_2) = {∏_h i=0(y − a_i) · e_1 if k = p^h, 0 else.

In order to prove Proposition 5.1 we need to show that this actually defines an action of D_{X/S} over E and that E satisfies the two properties of the proposition, namely that it is trivial on every closed fiber and not isotrivial on the geometric generic fiber.

Lemma 5.2. The formulae in (4) define a D_{X/S} -module structure on E.

Proof. As we fixed the action of the generators of D_{X/S} , for it to extend to a D_{X/S} -action we only need to check that the relations of the generators in the ring of differential operators are satisfied by their images in End_{OX} (E). By [3, Cor. 2.5] the only relations are

[∂^{(l)}_x , ∂^{(k)}_x ] = 0

∂^{(k)}_x ∘ ∂^{(l)}_x = ( k + l k ) ∂^{(k+l)} x [∂^{(k)}_x , x] = ∂^{(k−1)}_x .

Let us begin with the second relation: for k, l > 0

∂^{(k)}_x ∘ ∂^{(l)}_x (e_1) = 0

∂^{(k)}_x ∘ ∂^{(l)}_x (e_2) = { ∂^{(k)}_x (

∏_h

i=0(y − a_i) · e_1) = 0 if l = p^h

0 else

Hence, we just need to verify that if k + l = p^h then

(_{k+l} k ) = 0 but this holds by Lucas’s theorem and the first relation follows immediately. Moreover by (2) we have

∂^{(k)}_x · x(e_i) = ∂^{(k)}_x (x · e_i) = ∑ a+b=k a,b≥0

∂^{(a)}_x (x)∂^{(b)}_x (e_i) = x∂^{(k)}_x (e_i) + ∂^{(k−1)}_x (e_i);

hence, the third relation trivially holds. □

In order to prove that E_s is trivial for every closed fiber, let us fix n ∈ N and let s = a_n ∈ S(K), that is, X_s = {y = a_n} ⊂ X. Let us consider the basis change on O_{Xs} · e_1 ⊕ O_{Xs} · e_2 = E_s given by e^′_1 = e_1 and

e^′_2 = e_2 − [ (y − a_0)x + (y − a_0)(y − a_1)x^p + · · · +

[^{n−1}∏ i=0 (y − a_i) ] x^{pn−1} ] · e_1

then by (3) in this new basis the action of D_{Xs/k(s)} is given by ∂^{(k)}_x (e^′_1) = ∂^{(k)}_x (e^′_2) = 0 hence is the trivial action. We are now left to prove that E_{η̄} is not isotrivial:

Lemma 5.3. Let E ∈ Strat(X/S) be the stratified bundle defined by (4), then E_{η̄} is not isotrivial.

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 79

Proof. In order to prove that E_{η̄} is not isotrivial it suffices by Lemma 3.5 to show that it cannot be defined over any K^′ of finite type over F_p. Remark that E_{η̄} is defined over A^1_{η̄} which descends to A^1_K′ for any K^′ ⊂ K. By way of contradiction assume there exists such a K^′ and let E^′ be the descent of E_{η̄} over A^1_K′ . This means that there is a basis e^′_1, e^′_2 of E_{η̄} such that the matrices A^′_k in this new basis take values in K^′[x].

Let U be the basis change matrix between e_i and e^′_i, then U is defined over some K^{′′} of finite type over K^′, hence over F_p, so by (3) we have that

∏_h i=0(y − a_i) ∈ K^{′′}[x]. In particular, if we denote by A = F_p[

∏_h i=0(y − a_i) | h ∈ N], our assumption implies that A ⊂ K^{′′}[x].

To see that this leads to a contradiction it suffices to show that K ⊈ K^{′′}(x) where K is the quotient field of A. Note that K ⊂ K; therefore, it is enough to prove that for every K^′ of finite type over F_p we have that K ⊈ K^′(x) and as F̄_p ⊂ K it is sufficient to show F̄_p ⊈ K′(x), which follows from the following:

Claim. Let F_q be a finite field with q = p^n for some n ∈ N and let K ⊃ F_q an algebraic extension such that [K : F_q] = +∞. Then for every m ∈ N and every ε_1, . . . , ε_m non-algebraic over F_q we have that

K ⊈ F_q (ε_1, . . . , ε_m).

Proof. By induction on m, the case m = 0 being evident. Let m = 1, and γ ∈ K − F_q and let μ_γ (t) its minimal polynomial over F_q. By way of contradiction assume γ ∈ F_q(ε_1); then γ = f(ε_1)/g(ε_1) and

g(ε_1)^{deg μγ} · μ_γ

( f(ε_1) g(ε_1) ) = 0 gives an algebraic dependence of ε_1 over F_q which is a contradiction with our assumption that ε_1 is not algebraic over F_q. Let now m ≥ 1, by induction step we know that for every n ∈ N, q = p^n, then no infinite algebraic extension of F_q is contained in F_q(ε_1, . . . , ε_{m−1}); hence, there exists an r such that F_qr = F_q (ε_1, . . . , ε_{m−1}) ∩ K. Then

F_q(ε_1, . . . , ε_{m−1})(ε_m) ∩ K ⊂ F_qr (ε_m) ≠ K

by the m = 1 step applied to q = p^{rn}. In particular, K ⊈ F_q (ε_1, . . . , ε_m). □

Note that if K^′ is of finite type over F_p then K^′ can be always be written as F_q (ε_1, . . . , ε_m) for some q = p^n and ε_i non-algebraic over F_q ; hence, F̄_p ⊈ K^′(x). Therefore, E cannot be defined over any K^′ of finite type over F_p and by Lemma 3.5 it cannot be finite. □

Remark 5.4. Let us observe that if K is uncountable the same construction provides an example of a relative stratified bundle E ∈ Strat(A^2_K /A^1_K ) and a dense subset S̃ ⊂ A^1_K (K) such that E_s is trivial for every s ∈ S̃ but E_{η̄} is not isotrivial. Therefore, the density condition on S̃ of Theorem 4.1 will not be sufficient for our purposes, in parallel with the similar problem that one encounters in the equicharacteristic zero case (see [2, Rmk. 7.2.3]).

Documenta Mathematica 20 (2015) 65–87

80 Giulia Battiston

6. The main theorem

From the example in previous section it appears that in the case where X is not projective over S the situation is significantly different from the one in Theorem 4.1. In the latter one big obstruction for the theorem to hold is related to p dividing the order of the monodromy group on the closed fibers. In the counterexample of Section 5 these are trivial and the obstruction seems more related to the cardinality of K. As noticed in Section 3, the monodromy group does not depend (up to a non-unique isomorphism) on the choice of x ∈ X. Therefore, in this section we will denote the monodromy group of a stratified bundle E simply by π(E).

In order to phrase the statement of the main theorem let us introduce the following notation: we will denote by (X, S; E) (and call it a triple over K) any triple consisting of X → S smooth morphism of K-varieties with geometrically connected fibers and E ∈ Strat(X/S). We denote furthermore by K^′ = K^′(X, S; E) a (minimal) algebraically closed subfield of K such that (X, S; E) is defined over K^′, and by (X^′, S^′; E^′) the descent of the triple (X, S; E) to K^′. Then the following result holds

Theorem 6.1. Let (X, S; E) be a triple over K, let K^′ = K^′(X, S; E) ⊂ K and (X^′, S^′; E^′) the descended triple to K^′. Let k(S^′) be the function field of S^′. Let us assume:

∃ i : k(S^′) → K extending K^′ ⊂ K. (∗) Assume that there exists a dense open S̃ ⊂ S such that E_s is finite for every s ∈ S̃(K), then so is E_{η̄} . Moreover there exists s ∈ S̃(K) such that π(E_s)(K) ≃ π(E_{η̄} )(k(S)), in particular

i) |π(E_s)| is bounded over S̃(K);

ii) if p ∤ |π(E_s)| for every s ∈ S̃(K) then p ∤ |π(E_{η̄} )|;

iii) any group property holding for π(E_s) for every s ∈ S̃(K) holds for π(E_{η̄} ).

Proof. Up to shrinking S, we can assume S̃ = S. Let Δ : S^′ → S^′ ×_{Spec K}′ S^′ be the diagonal morphism and i : k(S^′) → K be an immersion as in (∗). Then the base change along

Spec K^i � Spec k(S^′) � Spec S^′

induces (s : Spec K → S) ∈ S(K) such that X^′ ⊗_{k(S}′_) K ≃ X_s and

i^∗E^′ = E_s,

where we are considering i : k(S^′) → K as a geometric generic point of S^′. In particular, π(i^∗E^′) = π(E_s). Therefore, i^∗E^′ is finite; hence, by Lemma 3.4, E_{η̄} is finite as well, moreover their monodromy group are isomorphic as constant groups. □

Corollary 6.2. If K is uncountable then the assumption (∗), hence the theorem, always holds.

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 81

Proof. It suffices to show that if K is uncountable, then for any triple (X, S; E) over K there exists K^′ = K^′(X, S; E) and an inclusion k(S^′) ⊂ K extending K^′ ⊂ K. But it is easy to check that a triple (X, S; E) is defined by countably many data; hence, we can choose K^′ such that it has countable transcendence degree over F_p. As K is uncountable, it has infinite transcendence degree over K^′; hence, there always exists k(S^′) ⊂ K as in (∗). □

Remark 6.3. Notice that if the smooth morphism X → S does not have geometrically connected fibers then we lose the notion of monodromy group on the closed and geometric generic fibers: if X is a K-variety which is not connected and I_{X/K} is the trivial stratified bundle on X then End(I_{X/K} ) ≠ K, hence Strat(X/K) is not a Tannakian category. Nevertheless, if we do not assume X → S to have geometrically connected fibers, the same proof shows that if E_s is finite when restricted to every connected component of X_s, then the same holds for E_{η̄} on every connected component of X_{η̄}.

7. Regular singularity and a refinement of the theorem

Regardless of the example in Section 5, there is a way to broaden Theorem 4.1 in the case where K is countable, making the additional assumption that the stratified bundle is regular singular on the geometric generic fiber. Let X be a smooth variety over K and let (X, X) be a good partial compactification of X; that is: X is a smooth variety over K such that X ⊂ X is an open subscheme and D = X\X is a strict normal crossing divisor. Let D_{X/K} (log D) ⊂ D_{X/K} the subalgebra generated by the differential operators that locally fix all powers of the ideal of definition of D. If U ⊂ X admits global coordinates x_1, . . . , x_d and D is smooth and given by {x_1 = 0} then

D_{X/K} (log D)_{|U} = O_U [ x^k_1 ∂^{(k)}_{x1} , ∂^{(k)}_{xi} | i ∈ {2, . . . , d}, k ∈ N_{>0} ] . Definition 7.1. A stratified bundle E ∈ Strat(X/K) is called (X, X)-regular singular if it extends to a locally free O_X -coherent D_{X/k}(log D)-module E on X. It is regular singular if it is (X, X)-regular singular for every partial good compactification (X, X).

Remark 7.2. There is a parallel notion of regular singularities in characteristic zero. Despite the fact that isotrivial implies regular singular over the complex numbers, this is not longer true in positive characteristic, due to the existence of wild coverings (for a more precise statement, see [16, Thm. 1.1]).

For a (X, X)-regular singular stratified bundle E we have a theory of exponents (see [11, §3]) of E along D: it is a finite subset Exp_D (E) ⊂ Z_p/Z given by the following:

Proposition 7.3. [11, Lemma 3.8],[16, Prop. 4.12] Let X = Spec A be a smooth variety over K = K̄ with global coordinates x_1, . . . , x_d and let D be the smooth divisor defined by {x_1 = 0}. Let E ∈ Strat(X/K) a (X, X)-regular singular stratified bundle and E a locally free D_{X/K} (log D)-module extending E . Then

Documenta Mathematica 20 (2015) 65–87

82 Giulia Battiston

there exists a decomposition of E_{|D} = ⨁ K_α with α ∈ Z_p such that x^k_1 ∂^{(k)}x_1 acts on K_α by multiplication by

(_α k ) . The image in Z_p/Z of the α ∈ Z_p such that K_α ≠ 0 are called the exponents of E along D and do not depend on the choice of E.

If D is not smooth Exp_D(E) is defined to be the union of the exponents along all the irreducible components of D. By [16, Cor. 5.4] E extends to a stratified bundle E on X if and only if its exponents are zero. In particular, [16, Prop. 4.11] implies that if E is finite then its exponents are torsion. Moreover:

Lemma 7.4. Let E be a D_{X/S} -module such that E_s is finite for every s ∈ S̃ a dense subset of S(K). If E_{η̄} is regular singular then the exponents of E_{η̄} with respect to any partial good compactification of X_{η̄} are torsion.

Proof. Let us fix (X_{η̄} , X_{η̄}) a partial good compactification and let D_{η̄} = X_{η̄}\X_{η̄}. As the exponents can be checked locally, we can shrink X_{η̄} around the generic point of one of the irreducible components of D_{η̄} at a time. Moreover in order to prove the lemma we are allowed to take a generically finite étale open S^′ of S and substitute X by X ×_S S^′ (and S̃ by its preimage) as the geometric generic fiber is the same. Finally for every s ∈ S(K) we have that X^′_s is either empty or a finite union of copies of X_s; hence, we will still denote by s any point s^′ ∈ S^′ lying over it.

Hence, without loss of generality, we can assume that we are in the following situation: the partial good compactification (X_{η̄}, X_{η̄} ) is the restriction of a relative good partial compactification (X, X) defined on the whole S, X is the spectrum of a ring A, with global relative coordinates x_1, . . . , x_d over S and finally D = X\X is defined by {x_1 = 0}. Moreover we can assume that E is globally free and that on the geometric generic fiber E_{η̄} extends to a globally free D_{X̄η̄ /k(S)}(log D_{η̄})-module E_{η̄} .

Let s ∈ S̃ be any point such that X_s ∩ D ≠ ∅, and let us consider the globally free O_X -module Ē = O_Xē_1 ⊕ · · · ⊕ O_Xē_r. Then the ē_i induce a basis on the restriction of E to the closed fiber over s (as well as to the geometric generic one) and to the boundary divisor (as well as to its complement) as in the following commutative diagram:

E_s =

⨁_r i=1 O_{Xs} e^s_i E =

⨁_r i=1 O_X e_i

⊗k(s)

�^{⊗k(S)} � E_{η̄} = ⨁^r_{i=1} O_{Xη̄} ε_i

E_s =

⨁_r i=1 O_{X s}ē^s_i

|X_s �

|_{Ds} � E = ⨁_r i=1 O_X ē_i

⊗k(s)

�^{⊗k(S)} �

|_X �

|_D �

E_{η̄} =

⨁_r i=1 O_{X η̄} ε̄_i

|_{Xη̄} �

|_{Dη̄} � E_{|Ds} =

⨁_r

i=1 O_{Ds}ẽ^s_i E_{|D} =

⨁_r i=1 O_Dẽ_i

⊗k(s)

�^{⊗k(S)}� E_{|Dη̄} = ⨁^r_{i=1} O_{Dη̄} ε̃_i.

Consider the first line of the diagram: on the first (respectively second and third) column there is an action of D_{Xs /k(s)} (respectively D_{X/S} and D_{Xη̄ /k(S)}),

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 83

compatible with each other. On the last column this action extends to a logarithmic action on E_{η̄} that we want to extend compatibly to E. Similarly as in Section 5, let A_{i,k} be the matrices describing the action of ∂^{(k)}_{xi} ∈ D_{X/S} in the basis e_i, then the same ones describe the action of ∂^{(k)}_{xi} ∈ D_{Xη̄ /k(S)} in the basis ε_i. By regular singularity of E_{η̄} this action extends to a D_{X η̄ /k(S)}(log D_{η̄})-action. Therefore, there is a second basis ε^′_1, . . . , ε^′_d on the geometric generic fiber such that in the new basis the matrices A^′_{i,k} have no poles in x_1 for i ≠ 1 and logarithmic poles for i = 1. Let U ∈ H^0(X_{η̄} , GL_r) the basis change matrix from ε_i to ε^′_i. Taking a generically finite étale open of S we can assume that U is defined on the whole S; hence, the A^′_{i,k} are defined over the whole S as well and this defines an action of

D_{X/S} (log D) .= O_X [ x^k_1 ∂^{(k)}_{x1} , ∂^{(k)}_{xi} | i ∈ {2, . . . , d}, k ∈ N_{>0}]

on E, compatible with the logarithmic action on the fibers over η̄. In particular, this induces a D_{X s} (log D_s)-action on E_s; hence, E_s is (X_s, X_s)-regular singular (notice that if S^′ is an étale open of S then for s ∈ S(K) the fiber X^′_s of X^′ = X ×_S S^′ is either empty or the disjoint union of finitely many copies of X_s).

We want now to compare Exp_{Dη̄} (E_{η̄} ) and Exp_{Ds} (E_s). By Proposition 7.3 we have that E_{η̄|Dη̄} = ⊕F_α; hence, there exists ε̃_i a basis of E_{|Dη̄} such that the matrices B̃_k defining the action of x^k_1 ∂_{(k),x1} are diagonal with values

(_α k ) ∈ F_p.

Let ε̄_i be a lift of ε̃_i, then up to taking an étale generically finite open of S we can assume that ε̄_i is a restriction of a basis ē_i of E over X. In particular, the decomposition extends as well and E_{|D} = ⊕F_α induces a decomposition on E_{s|Ds} . This decomposition must coincide with the one given by Proposition 7.3; hence, the exponents must be the same of the ones of E_{η̄} . As E_s is isotrivial, its exponents are torsion; hence, so must be the ones of E_{η̄}. □

Remark 7.5. While the previous proof shows that if E_{η̄} is regular singular so are the E_s for every s ∈ S(K), the example in Section 5, together with Theorem 7.7, shows that the converse does not hold in general (however, one can prove it is the case when K is uncountable). On the contrary, in characteristic zero it is always true that if a relative flat connection is regular with respect to some smooth good compactification on the fibers over a dense set of points of S, then it is regular on the geometric generic fiber, as proven in [2, Lemma 8.1.1].

Before stating and proving the main theorem of this section we need to prove the existence of Kawamata coverings in positive characteristic. Analogously to the original construction in characteristic zero ([15, Thm. 17]) we have the following

Theorem 7.6. Let X be a projective smooth variety of dimension d over an algebraically closed field K of characteristic p and let D be a simple normal crossing divisor on X. Let m ∈ N prime to p, then there exist a projective smooth variety Y and a finite surjective mapping f : Y → X such that (f^∗D)_{red}

Documenta Mathematica 20 (2015) 65–87

84 Giulia Battiston

is a simple normal crossing divisor on Y and if f^∗D = ∑ m_iD̃_i is the decomposition in irreducible components with D̃_i ≠ D̃_j for i ≠ j then m | m_i for all i and m_i are all prime to p.

Proof. The proof follows the one of the original theorem ([15, Thm. 17], see also [10, Lemma 3.17]). One does the construction one irreducible component D^′ of D at a time, choosing an ample line bundle M on X and N ≫ 0 such that NM − D^′ is very ample. The only additional care that needs to be taken, is to choose N so that m | N and (N, p) = 1, which is possible as m is prime to p (this will be enough to prove that Y is smooth in the very same way by [13, Lemma 1.8.6]). One needs moreover to use [17, Cor. 12] instead of the classical smoothness theorem for general members of a very ample linear system. □

We can now state and prove the following

Theorem 7.7. Let X → S be a smooth morphism of K-varieties with geometrical connected fibers and let E ∈ Strat(X/S). Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, the stratified bundle E_s has finite monodromy and that the highest power of p dividing |π(E_s)| is bounded over S̃. Assume moreover that E_{η̄} is regular singular, then

i) there exists f_{η̄} : Y_{η̄} → X_{η̄} a finite étale cover such that f^∗E_{η̄} decomposes as direct sum of stratified line bundles;

ii) if K ≠ F̄_p then E_{η̄} is finite.

Proof. Let U ⊂ X be a dense open, then by invariance of the monodromy group it is enough to show the theorem for E_{|U} moreover it is enough to prove finiteness for its pullback along any finite étale cover. Therefore, we can always work up to generically finite étale covers. Using [6] we can find an alteration generically finite étale f : X^′ → X such that X^′ admits a good projective compactification relative to S. By [16, Prop. 4.4] the pullback of a regular singular stratified bundle is again regular singular. Hence, without loss of generality, we can assume that X admits a good projective compactification X relative to S. We will denote by D = X\X the divisor at infinity. Let Exp_D(E_{η̄} ) ⊂ Z_p/Z be the finite set of exponents of E_{η̄} along D_{η̄} (as defined in Lemma 7.3). As E_{η̄} is regular singular then by Lemma 7.4 the exponents of E_{η̄} are torsion; let m ∈ N an integer prime to p killing the torsion of Exp_D(E_{η̄} ) and let f : Y_{η̄} → X_{η̄} be the Kawamata covering constructed in Theorem 7.6: it ramifies on a simple normal crossing divisor D̃_{η̄} containing the divisor at infinity D_{η̄} = X_{η̄} − X_{η̄} and it is Kummer on X_{η̄} − D̃_{η̄}. As m divides the ramification order along D_{η̄} by [16, Prop. 4.11] the exponents of the pullback of E_{η̄} along (f^∗D_{η̄})_{red} are zero; hence, it extends to the whole Y_{η̄}. Up to taking an étale open of S and using a similar argument as in the proof of Lemma 7.4 we can assume that this extension is defined on the whole S. Therefore, we have reduced the problem to Theorem 4.3. □

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 85

8. Finite vector bundles

The notion of isotriviality has as well relevance in the category of vector bundles over a proper smooth K-variety, even though it is not equivalent to the notion of finiteness (see [20, Lemma 3.1] and following definition) for vector bundles, at least in positive characteristic. In the same spirit of Theorem 4.1, Esnault and Langer proved in the same paper the following:

Theorem 8.1. [9, Thm. 5.1] Let X → S be a smooth projective morphism of K-varieties with geometrically connected fibers and let E be a locally free sheaf over X. Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, there is a finite étale Galois cover h_s : Y_s → X_s of order prime to p such that h^∗_s (E_s) is trivial. Then

i) there exists f_{η̄} : Y_{η̄} → X_{η̄} a finite étale cover of order prime to p such that f^∗E_{η̄} decomposes as direct sum of stratified line bundles;

ii) if K ≠ F̄_p then E_{η̄} is trivialized by a finite étale cover of order prime to p.

Then, a reasoning similar to the proof of Theorem 4.3 proves the following:

Theorem 8.2. Let X → S be a smooth projective morphism of K-varieties with geometrically connected fibers and let E be a locally free sheaf over X. Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, there is a finite étale Galois cover h_s : Y_s → X_s such that h^∗_s (E_s) is trivial and that the highest power of p dividing the order of such covers is bounded over S̃. Then

i) there exists f_{η̄} : Y_{η̄} → X_{η̄} a finite étale cover such that f^∗E_{η̄} decomposes as direct sum of stratified line bundles;

ii) if K ≠ F̄_p then E_{η̄} is trivialized by a finite étale cover.

Proof. We will reduce this theorem to Theorem 8.1. By taking an étale open of S we can assume there exists a section σ : S → X. Let r be the rank of E and fix s a closed point in S. As X_s is a smooth k(s)-variety, then (see [9, Definition 3.2] and following discussion) every étale trivializable vector bundle is Nori semistable. In particular, the Galois cover h_s : Y_s → X_s corresponds to a representation of rank r of the Nori fundamental group scheme π^N_1 (X_s, σ_s) (for the definition of the Nori group scheme see [20]) that factors through the étale fundamental group:

π^N_1 (X_s, σ(s)) ↠ π^{ét}_1 (X_s, σ(s)) ↠ Γ_s ⊂ GL_r(K),

where Γ_s is the Galois group of h_s : Y_s → X_s. The rest of the proof follows exactly as in Theorem 4.3. □

If the morphism X → S is not projective but only smooth we get a similar result to Corollary 6.2:

Theorem 8.3. Let K be an algebraically closed field of positive characteristic with infinite transcendental degree over F_p. Let X → S be a smooth morphism

Documenta Mathematica 20 (2015) 65–87

86 Giulia Battiston

of varieties over K and E a vector bundle over X. Assume that there exists a dense open S̃ ⊂ S such that E_s is isotrivial for every s ∈ S̃(K), then so is E_{η̄} .

Proof. There exists K^′ a subfield of K of finite type over F_p such that X → S and E descend to X^′ → S^′ and E^′. Moreover as K has infinite transcendence degree over F_p there exists an immersion k(S^′) → K over K^′ and a point s ∈ S(K), like in the proof of Theorem 6.1, such that the morphism i : Spec K → Spec k(S^′) given by k(S^′) ⊂ K is a geometric generic point of S^′, and on X^′ ⊗_{k(S}′_) K ≃ X_s i^∗E^′ = E_s.

Note that there exists an immersion ι : K → k(S) (which is not the natural one given by the fact that S is a K-variety) that is the identity on k(S^′), hence via ι we have that X_{η̄} ≃ X^′ ⊗_{k(S}′_) k(S) ≃ X_s ⊗_K k(S). In particular, if we continue to consider K as a subfield of k(S) via the immersion ι, then h_s ⊗_K k(S) : Y_s ×_{Spec K} Spec k(S) → X_{η̄} trivializes E_{η̄}. □

References

[1] Revêtements étales et groupe fondamental (SGA 1). Documents Mathématiques (Paris) [Mathematical Documents (Paris)], 3. Société Mathématique de France, Paris, 2003. Séminaire de géométrie algébrique du Bois Marie 1960–61. [Algebraic Geometry Seminar of Bois Marie 1960-61], Directed by A. Grothendieck, With two papers by M. Raynaud, Updated and annotated reprint of the 1971 original [Lecture Notes in Math., 224, Springer, Berlin; MR0354651 (50 #7129)].

[2] Y. André. Sur la conjecture des p-courbures de Grothendieck-Katz et un problème de Dwork. In Geometric aspects of Dwork theory. Vol. I, II, pages 55–112. Walter de Gruyter GmbH & Co. KG, Berlin, 2004.

[3] V.V. Bavula. Generators and defining relations for the ring of differential operators on a smooth affine algebraic variety in prime characteristic. J. Algebra, 323(4):1036–1051, 2010.

[4] N. Bourbaki. General Topology: Chapters 1-4. Elements of mathematics.

Springer, 1998.

[5] R. Brauer and W. Feit. An analogue of Jordan’s theorem in characteristic p. Ann. of Math., (84):119–131, 1966.

[6] A.J. de Jong. Smoothness, semi-stability and alterations. Publ. Math. IHES, (83):51–93, 1996.

[7] P. Deligne and J. Milne. Hodge cycles, motives, and Shimura varieties, volume 900 of Lecture Notes in Mathematics. Springer-Verlag, Berlin-New York, 1982.

[8] J. dos Santos. Fundamental group schemes for stratified sheaves. J. Algebra, 317 (2):691–713, 2007.

[9] H. Esnault and A. Langer. On a positive equicharacteristic variant of the p-curvature conjecture. Doc. Math., 18:23–50, 2013.

Documenta Mathematica 20 (2015) 65–87

The Variation of the Monodromy Group in Families . . . 87

[10] H. Esnault and E. Viehweg Lectures on vanishing theorems DMV Seminar, Vol. 20. Birkhäuser Verlag, Basel, 1992.

[11] D. Gieseker. Flat vector bundles and the fundamental group in non-zero characteristics. Ann. Sc. Norm. Super. Pisa Cl. Sci. (4), 2(1):1–31, 1975.

[12] A. Grothendieck and J. Dieudonné. Éléments de géométrie algébrique IV:

Étude locale des schémas et des morphismes de schémas., volume 32. 1967. Institut des Hautes Études Scientifiques. Publications Mathématiques.

[13] A. Grothendieck and J.P. Murre. The tame fundamental group of a formal neighbourhood of a divisor with normal crossings on a scheme. Lecture Notes in Mathematics, Vol. 208. Springer-Verlag, Berlin-New York, 1971.

[14] E. Hrushovski. Computing the Galois group of a linear differential equation.

Differential Galois Theory, Banach Center Publications, 58:97—-138, 2002. [15] Y. Kawamata. Characterization of abelian varieties. Comp. Math., 43:253– 276, 1981.

[16] L. Kindler. Regular singular stratified bundles and tame ramification. to appear in Transaction of the AMS, October 2012.

[17] S.L. Kleiman. The transversality of a general translate. Comp. Math., 28 (3):287–297, 1974.

[18] Y. Laszlo. A non-trivial family of bundles fixed by the square of Frobenius.

C. R. Acad. Sci. Paris Sér. I Math., 333(7):651–656, 2001. [19] N. Nikolov and D. Segal. On finitely generated profinite groups I. Strong completeness and uniform bounds. Ann. of Math., (165):171–238, 2007.

[20] M.V. Nori. On the representations of the fundamental group. Comp. Math., 33(1):29–41, 1976.

[21] N. Saavedra Rivano. Catégories Tannakiennes. Lecture Notes in Mathematics, Vol. 265. Springer-Verlag, Berlin-New York, 1972.

Giulia Battiston gbattiston@mi.fu-berlin.de

Documenta Mathematica 20 (2015) 65–87

Documenta Mathematica 20 (2015)