Documenta Math. 1403

Classification of Categorical

Subspaces of Locally Noetherian Schemes

Ryo Kanda^1

Received: January 8, 2015 Revised: October 30, 2015

Communicated by Stefan Schwede

Abstract. We classify the prelocalizing subcategories of the category of quasi-coherent sheaves on a locally noetherian scheme. In order to give the classification, we introduce the notion of a local filter of subobjects of the structure sheaf. The essential part of the argument is given as results on a Grothendieck category with certain properties. We also classify the localizing subcategories, the closed subcategories, and the bilocalizing subcategories in terms of filters.

2010 Mathematics Subject Classification: 18F20 (Primary), 18E15, 16D90, 14A22, 13C05 (Secondary) Keywords and Phrases: Locally noetherian scheme; prelocalizing subcategory; localizing subcategory; closed subcategory; local filter

Contents

1. Introduction 1404 2. Acknowledgement 1408 3. Atom spectrum 1408 4. Subcategories and quotient categories 1413 5. Atom spectra of quotient categories and localization 1422 6. Grothendieck categories with enough atoms 1426 7. The atom spectra of locally noetherian schemes 1430 8. Localization of prelocalizing subcategories and localizing subcategories 1435 9. Classification of prelocalizing subcategories 1444 10. Classification of localizing subcategories 1451 11. Classification of closed subcategories 1455 12. Classification of bilocalizing subcategories 1460 References 1464

1The author is a Research Fellow of Japan Society for the Promotion of Science. This work is supported by Grant-in-Aid for JSPS Fellows 25·249.

1. Introduction

Gabriel [Gab62] introduced a classification theory of subcategories of the category of modules over a ring. The theory relates several classes of subcategories to collections of ideals, and it reveals that geometry of the prime spectrum of a commutative ring is reflected in the structure of subcategories of modules. In this paper, we extend Gabriel’s result (Theorem 1.2) to an arbitrary locally noetherian scheme X and give a systematic classification of subcategories of the category QCoh X of quasi-coherent sheaves on X. We deal with the following classes of subcategories.

Definition 1.1. Let A be a Grothendieck category.

(1) A prelocalizing subcategory X of A is a full subcategory of A closed under subobjects, quotient objects, and arbitrary direct sums.

(2) A localizing subcategory of A is a prelocalizing subcategory of A closed under extensions.

(3) A closed subcategory of A is a prelocalizing subcategory of A closed under arbitrary direct products.

(4) A bilocalizing subcategory of A is a prelocalizing subcategory of A which is both localizing and closed.

It is known that a full subcategory X of a Grothendieck category A is prelocalizing (resp. closed) if and only if X is closed under subobjects and quotient objects, and the inclusion functor X → A has a right adjoint (resp. both a right and a left adjoint). See Proposition 4.3 and Proposition 11.2. The notion of closed subcategories can be regarded as the categorical reformulation of closed subschemes of a given scheme. In fact, for every ring Λ, Rosenberg [Ros95] showed that there is a bijection

{ two-sided ideals of Λ } → { closed subcategories of Mod Λ }

given by I → { M ∈ Mod Λ | MI = 0 }. It has been shown that the analogous results hold for every noetherian scheme with an ample line bundle ([Smi02, Theorem 4.1]) and for every separated scheme ([Bra14, Proposition 3.18]). One of the aims of this paper is to classify the closed subcategories of QCoh X for a locally noetherian scheme X. In more generality, we classify the prelocalizing subcategories of QCoh X by giving an analog of the following famous theorem by Gabriel [Gab62].

Theorem 1.2 ([Gab62, Lemma V.2.1]; Theorem 9.3). Let Λ be a ring. There is a bijection

{ prelocalizing subcategories of Mod Λ } → { prelocalizing filters of right ideals of Λ }

given by Y → { L ⊂ Λ in Mod Λ | Λ/L ∈ Y }.

Note that the prelocalizing filters of right ideals of Λ bijectively correspond to the right linear topologies on Λ (see [Ste75, section VI.4]).

For a locally noetherian scheme X, there exist too many filters of quasi-coherent subsheaves of O_X compared with the prelocalizing subcategories of QCoh X. Hence we need to consider a suitable class of filters, which we call local filters (Definition 9.5). By using local filters, we obtain a classification of prelocalizing subcategories, and as a consequence, we deduce classifications of localizing subcategories, closed subcategories, and bilocalizing subcategories.

Theorem 1.3 (Theorem 9.14, Corollary 10.9, Theorem 11.9, Corollary 12.7, Theorem 11.11, and Corollary 12.11). Let X be a locally noetherian scheme. There is a bijection

{ prelocalizing subcategories of QCoh X } → { local filters of quasi-coherent subsheaves of O_X }

given by Y → � I ⊂ O_X in QCoh X � � � � O_X I ∈ Y � . This bijection restricts to bijections

{ localizing subcategories of QCoh X } → � local filters of quasi-coherent subsheaves of O_X

closed under products � , { closed subcategories of QCoh X } → { principal filters of quasi-coherent subsheaves of O_X }, and { bilocalizing subcategories of QCoh X } → � principal filters of quasi-coherent subsheaves of O_X

closed under products � . In particular, there exists a bijection between the closed subcategories of QCoh X and the closed subschemes of X, and it restricts to a bijection between the bilocalizing subcategories of QCoh X and the subsets of X which are open and closed.

The key of the proof of Theorem 1.3 is to reduce the problem to open affine subschemes, and this part is in fact a consequence of the general theory of Grothendieck categories (Theorem 8.11). The notion of atom spectrum plays a crucial role in this process, and it clarifies the essential properties of the Grothendieck category QCoh X.

The atom spectrum ASpec A of a Grothendieck category A is the set of atoms in A which were introduced by Storrer [Sto72] (Definition 3.6). It is regarded as the collection of structural elements of the Grothendieck category in our previous studies [Kan12, Kan15b, Kan15a]. An atom is a generalization of a prime ideal of a commutative ring. Indeed, for every commutative ring R, there exists a canonical bijection between ASpec(Mod R) and Spec R (Proposition 3.7). For a locally noetherian scheme X, it is shown in this paper that there exists a canonical bijection between ASpec(QCoh X) and the underlying space of X (Theorem 7.6). Several fundamental notions of commutative rings and locally noetherian schemes are generalized to Grothendieck categories in terms of atom spectrum as summarized in Table 1.

In this paper, we also generalize another kind of Gabriel’s classification of localizing subcategories. Gabriel [Gab62] showed that for a noetherian scheme X, the localizing subcategories of QCoh X bijectively correspond to the specialization-closed subsets of the underlying space of X ([Gab62, Proposition VI.2.4 (b)]). This result has been generalized by a number of authors. (For example, [Hov01], [Kra08], [GP08a], [GP08b], [Tak08], [Tak09], [Her97], [Kra97], [Kan12], and [Kan15a] to some abelian categories. See [GP08a] or [Tak09] for generalizations to derived categories.) By combining the theory of atom spectrum and the description of the atom spectrum of QCoh X for a locally noetherian scheme X (Theorem 7.6), we obtain the following result.

Theorem 1.4 (Theorem 7.8). Let X be a locally noetherian scheme. There is a bijection

{ localizing subcategories of QCoh X } → { specialization-closed subsets of X }

given by X → Supp X . Its inverse is given by Φ → Supp^{−1} Φ.

This paper is organized as follows. In section 3, we recall the definition of the atom spectrum and fundamental notions and results on it. Section 4 is devoted to preliminary results on subcategories and quotient categories by localizing subcategories. In section 5, we summarize results on the atom spectrum and the localization at an atom. In section 6, we introduce the class of Grothendieck categories with enough atoms and show that the localizing subcategories are classified in terms of the atom spectrum for a Grothendieck category with enough atoms (Theorem 6.8). In section 7, we describe the atom spectrum of the Grothendieck category QCoh X for a locally noetherian scheme X and show that QCoh X has enough atoms (Theorem 7.6). In section 8, we investigate a Grothendieck category A with some properties and relate the prelocalizing subcategories (resp. localizing subcategories) of A with the prelocalizing subcategories (resp. localizing subcategories) of quotient categories of A. For a locally noetherian scheme X, the prelocalizing subcategories, the localizing subcategories, the closed subcategories, and the bilocalizing subcategories of QCoh X are classified in section 9, section 10, section 11, and section 12, respectively.

Remark 1.5. In this paper, we use the words “prelocalizing”, “localizing”, and “bilocalizing” subcategories in the same way as in [Pop73]. Some authors use different terminology on these subcategories and also on “closed” subcategories, which are summarized below. Note that we always work inside a Grothendieck category.

Table 1. Corresponding notions on ASpec A, Spec R, and X

Grothendieck category A Commutative ring R Locally noetherian scheme X

Atom spectrum ASpec A Prime spectrum Spec R Underlying space |X| Atom α in A Prime ideal p of R Point x ∈ X Associated atoms AAss M Associated primes Ass M Associated points Ass M Atom support ASupp M Support Supp M Support Supp M Open subsets of ASpec A Specialization-closed subsets of Spec R Specialization-closed subsets of X {α} for α ∈ ASpec A { q ∈ Spec R | q ⊂ p } for p ∈ Spec R { y ∈ X | x ∈ {y} } for x ∈ X α_1 ≤ α_2 p_1 ⊂ p_2 {x_1} ∋ x_2 Maximal atoms in A Maximal ideals of R Closed points in X Open points in ASpec A Maximal ideals of R Closed points in X Minimal atoms in A Minimal prime ideals of R Points in X of height 0 (=Closed points in ASpec A)

Generic point in ASpec A Unique maximal ideal of R Unique closed point in X Injective envelope E(α) Injective envelope E(R/p) j_{x∗}E(x) Residue field k(α) Residue field k(p) Residue field k(x) Atomic object H(α) Residue field k(p) j_{x∗}k(x) Localization A_α Mod R_p Mod O_{X,x}

(1) Prelocalizing subcategories are often called weakly closed subcategories.

This terminology was introduced by Van den Bergh [VdB01], and followed by [Smi02] and [Pap02], for example. Closed subcategories in [VdB01] were defined in the same way as we do.

(2) Van den Bergh used different terminology in the preprint version [VdB98]. Weakly closed (resp. closed) subcategories in the published version [VdB01] were called closed (resp. biclosed) subcategories in [VdB98]. This fits into Gabriel’s terminology [Gab62].

(3) In the context of torsion theory, such as in [Ste75, Chapter VI], prelocalizing subcategories, localizing subcategories, and bilocalizing subcategories in this paper are called hereditary pretorsion class, hereditary torsion class, and TTF-class (TTF indicates “torsion torsionfree”), respectively.

(4) In [Bra14], our prelocalizing subcategories (resp. closed subcategories) are called topologizing subcategories (resp. reflective topologizing subcategories). This preprint is aimed at modifying a theory of Rosenberg [Ros98], and the definition of topologizing subcategories was also changed. In Rosenberg’s paper [Ros98], our prelocalizing subcategories (resp. closed subcategories) are called coreflective topologizing subcategories (resp. reflective topologizing subcategories), and they are also called closed subcategories (resp. left closed subcategories) in [Ros95].

Conventions 1.6. Throughout this paper, we fix a Grothendieck universe. A set is called small if it is an element of the universe. For every category C, the collection Ob C (resp. Mor C) of objects (resp. morphisms) in C is a set, and Hom_C (X, Y ) is supposed to be small for all objects X and Y in C. A category C is called skeletally small if the set of isomorphism classes of objects in C is in bijection with a small set. The index set of each limit and colimit is assumed to be skeletally small.

Rings, modules over rings, schemes, and sheaves on schemes are assumed to be small. Every ring is associative and has an identity element.

2. Acknowledgement

The author would like to express his deep gratitude to Osamu Iyama for his elaborate guidance. The author thanks Mitsuyasu Hashimoto, S. Paul Smith, and Ryo Takahashi for their valuable comments.

3. Atom spectrum

In this section, we recall the definition of the atom spectrum of a Grothendieck category and fundamental results. We start with the definition of a Grothendieck category.

Definition 3.1.

(1) An abelian category A is called a Grothendieck category if it satisfies the following conditions.

(a) A admits arbitrary direct sums (and hence arbitrary direct limits), and for every direct system of short exact sequences in A, its direct limit is also a short exact sequence.

(b) A has a generator G, that is, every object in A is isomorphic to a quotient object of the direct sum of some copies of G.

(2) A Grothendieck category is called locally noetherian if it admits a small generating set consisting of noetherian objects.

The exactness of direct limits has the following characterizations.

Proposition 3.2. Let A be an abelian category with arbitrary direct sums. Then the following assertions are equivalent.

(1) For every direct system of short exact sequences in A, its direct limit is also a short exact sequence.

(2) Let M be an object in A. For each subobject L of M and each family N of subobjects of M such that every finite subfamily of N has an upper bound in N , we have L ∩ � N∈N N = � N∈N (L ∩ N).

(3) For every family {M_λ}_{λ∈Λ} of objects in A and every subobject L of � λ∈Λ M_λ, L = � Λ^′ ∈S � L ∩ � λ∈Λ^′

M_λ � , where S is the set of finite subsets of Λ.

Proof. [Pop73, Theorem 2.8.6]. □

From now on, we deal with a Grothendieck category A. The atom spectrum of a Grothendieck category is defined by using monoform objects defined as follows.

Definition 3.3.

(1) A nonzero object H in A is called monoform if for each nonzero subobject L of H, no nonzero subobject of H is isomorphic to a subobject of H/L.

(2) For monoform objects H_1 and H_2 in A, we say that H_1 is atomequivalent to H_2 if there exists a nonzero subobject of H_1 which is isomorphic to a subobject of H_2.

We recall the definitions of essential subobjects and uniform objects. These are also important notions in a Grothendieck category and related to monoform objects.

Definition 3.4.

(1) Let M be an object in A. A subobject L of M is called essential if for every nonzero subobject L^′ of M, we have L ∩ L^′ ≠ 0.

(2) A nonzero object U in A is called uniform if every nonzero subobject of U is essential.

In other words, a nonzero object U in A is uniform if and only if for all nonzero subobjects L_1 and L_2 of U, we have L_1 ∩ L_2 ≠ 0.

It is easy to show that each nonzero subobject of a uniform object is uniform. This type of result also holds for monoform objects.

Proposition 3.5.

(1) Each nonzero subobject of a monoform object is monoform. (2) Every monoform object is uniform.

(3) Every nonzero noetherian object has a monoform subobject.

Proof. (1) [Kan12, Proposition 2.2]. (2) [Kan12, Proposition 2.6].

(3) [Kan12, Theorem 2.9]. □

It follows from Proposition 3.5 (2) that atom equivalence is an equivalence relation on the set of monoform objects in A ([Kan12, Proposition 2.8]). The atom spectrum is defined by using this relation.

Definition 3.6. Let A be a Grothendieck category. Denote by ASpec A the quotient set of the set of monoform objects in A by atom equivalence. We call it the atom spectrum of A. Each element of ASpec A is called an atom in A. For each monoform object H in A, the equivalence class of H is denoted by H.

It is shown in [Kan15b, Proposition 2.7 (2)] that the atom spectrum ASpec A of a Grothendieck category A is in bijection with a small set. The following result shows that the atom spectrum of a Grothendieck category is a generalization of the prime spectrum of a commutative ring.

Proposition 3.7. Let R be a commutative ring.

(1) ([Sto72, Lemma 1.5]) Let a be an ideal of R. Then R/a is a monoform object in Mod R if and only if a is a prime ideal.

(2) ([Sto72, p. 631]) There is a bijection Spec R → ASpec(Mod R) given by p → R/p.

We can also generalize the notions of supports and associated primes in commutative ring theory.

Definition 3.8. Let M be an object in A.

(1) Define the subset AAss M of ASpec A by

AAss M = { α ∈ ASpec A | α = H for some monoform subobject H of M }.

We call each element of AAss M an associated atom of M. (2) Define the subset ASupp M of ASpec A by

ASupp M ={ α ∈ ASpec A |α = H for some monoform subquotient H of M }.

We call it the atom support of M.

Proposition 3.9. Let R be a commutative ring, and let M be an R-module. Then the bijection Spec R → ASpec(Mod R) in Proposition 3.7 (2) restricts to bijections Ass M → AAss M and Supp M → ASupp M.

Proof. [Kan15b, Proposition 2.13]. □

The following results are generalizations of fundamental results in commutative ring theory.

Proposition 3.10. Let 0 → L → M → N → 0 be an exact sequence in A. Then AAss L ⊂ AAss M ⊂ AAss L ∪ AAss N, and ASupp M = ASupp L ∪ ASupp N.

Proof. [Kan12, Proposition 3.5] and [Kan12, Proposition 3.3]. □

Proposition 3.11.

(1) Let {M_λ}_{λ∈Λ} be a family of objects in A. Then

AAss � λ∈Λ M_λ = � λ∈Λ AAss M_λ, and ASupp � λ∈Λ M_λ = � λ∈Λ ASupp M_λ.

(2) Let M be an object in A, and let {L_λ}_{λ∈Λ} be a family of subobjects of M. Then ASupp � λ∈Λ L_λ = � λ∈Λ ASupp L_λ.

Proof. (1) [Kan15b, Proposition 2.12]. (2) Since we have the canonical epimorphism � λ∈Λ L_λ ↠ � λ∈Λ L_λ and the inclusion L_μ ⊂ � λ∈Λ L_λ for each μ ∈ Λ, we obtain

ASupp L_μ ⊂ ASupp � λ∈Λ L_λ ⊂ � λ∈Λ ASupp L_λ

by (1). Hence the claim follows. □

Similarly to the case of commutative rings, we have the following results on the associated atoms of uniform objects and essential subobjects.

Proposition 3.12.

(1) Let U be a uniform object in A. Then AAss U consists of at most one element. In particular, for every monoform object H in A, we have AAss H = {H}.

(2) Let M be an object in A, and let L be an essential subobject of M.

Then AAss L = AAss M.

Proof. (1) [Kan15b, Proposition 2.15 (1)].

(2) [Kan15b, Proposition 2.16]. □

We introduce a topology on the atom spectrum.

Definition 3.13. We call a subset Φ of ASpec A a localizing subset if there exists an object M in A such that Φ = ASupp M.

Proposition 3.14. The set of localizing subsets of ASpec A satisfies the axioms of open subsets of ASpec A.

Proof. [Kan12, Proposition 3.8]. □

We call the topology on ASpec A defined by the set of localizing subsets of ASpec A the localizing topology. Throughout this paper, we regard ASpec A as a topological space in this way. For a commutative ring R, the localizing subsets of ASpec(Mod R) define a different topology from the Zariski topology on Spec R. Recall that a subset Φ of Spec R is said to be closed under specialization if for every p, q ∈ Spec R, the conditions p ∈ Φ and p ⊂ q imply q ∈ Φ.

Proposition 3.15. Let R be a commutative ring, and let Φ be a subset of Spec R. Then the corresponding subset � � R p � ∈ ASpec(Mod R) � � � � p ∈ Φ �

of ASpec(Mod R) is localizing if and only if Φ is closed under specialization.

Proof. [Kan12, Proposition 7.2 (2)]. □

For each α ∈ ASpec A, let Λ(α) be the topological closure of {α} in ASpec A. We introduce a partial order on the atom spectrum.

Definition 3.16. For α, β ∈ ASpec A, we write α ≤ β if α ∈ Λ(β).

The relation ≤ is called the specialization order on the topological space ASpec A with respect to the localizing topology. This is in fact a partial order on ASpec A since the topological space ASpec A is a Kolmogorov space ([Kan15b, Proposition 3.5]).

By definition, Λ(β) = { α ∈ ASpec A | α ≤ β } for each β ∈ ASpec A. The partial order has the following descriptions.

Proposition 3.17. Let α, β ∈ ASpec A. Then the following assertions are equivalent.

(1) α ≤ β, that is, α ∈ Λ(β).

(2) For every object M in A, the condition α ∈ ASupp M implies β ∈ ASupp M.

(3) For every monoform object H in A with H = α, we have β ∈ ASupp H.

Proof. [Kan15b, Proposition 4.2]. □

The following result claims that the partial order ≤ on ASpec A is a generalization of the inclusion relation between prime ideals of a commutative ring.

Proposition 3.18. Let R be a commutative ring and p, q ∈ Spec R. Then R/p ≤ R/q in ASpec(Mod R) if and only if p ⊂ q. In other words, the bijection Spec R → ASpec(Mod R) in Proposition 3.7 (2) is an isomorphism between the partially ordered sets (Spec R, ⊂) and (ASpec(Mod R), ≤).

Proof. [Kan15b, Proposition 4.3]. □

4. Subcategories and quotient categories

In this section, we show preliminary results on subcategories and quotient categories of a Grothendieck category A. We start with defining some classes of subcategories, which are the main objects in this paper.

Definition 4.1.

(1) For full subcategories X_1 and X_2 of A, we denote by X_1 ∗ X_2 the full subcategory of A consisting of all objects M admitting an exact sequence 0 → M_1 → M → M_2 → 0 in A, where M_i belongs to X_i for each i = 1, 2.

(2) We say that a full subcategory X of A is closed under extension if X ∗ X ⊂ X , that is, for every exact sequence 0 → L → M → N → 0 in A, the condition L, N ∈ X implies M ∈ X .

(3) A full subcategory X of A is called a prelocalizing subcategory (or weakly closed subcategory in [VdB01]) of A if X is closed under subobjects, quotient objects, and arbitrary direct sums.

(4) A prelocalizing subcategory X of A is called a localizing subcategory of A if X is also closed under extensions.

(5) For a full subcategory X of A, denote by ⟨X ⟩_{preloc} (resp. ⟨X ⟩_{loc}) the smallest prelocalizing (resp. localizing) subcategory of A containing X . For an object M in A, let ⟨M⟩_{preloc} = ⟨{M}⟩_{preloc} and ⟨M⟩_{loc} = ⟨{M}⟩_{loc}.

Proposition 4.2.

(1) Let X_1, X_2, and X_3 be full subcategories of A. Then

(X_1 ∗ X_2) ∗ X_3 = X_1 ∗ (X_2 ∗ X_3).

(2) Let X_1 and X_2 be prelocalizing subcategories of A. Then X_1 ∗ X_2 is also a prelocalizing subcategory of A.

Proof. (1) [Kan12, Proposition 2.4 (2)].

(2) [Pop73, Lemma 4.8.11]. □

Prelocalizing subcategories are characterized as follows.

Proposition 4.3. Let A be a Grothendieck category (or more generally, an abelian category admitting arbitrary direct sums), and let X be a full subcategory of A closed under subobjects and quotient objects. Then the following assertions are equivalent.

(1) X is closed under arbitrary direct sums, that is, X is a prelocalizing subcategory of A.

(2) The inclusion functor X → A has a right adjoint.

(3) For each object M in A, there exists a largest subobject L of M which belongs to X .

Proof. Assume (3). Then the functor A → X which sends each object M to its largest subobject belonging to X and each morphism to the induced morphism is a right adjoint of the inclusion functor X → A.

The dual statement of (2)⇒(1) is essentially shown in [Ste75, Proposition X.1.2].

(1)⇒(3) follows from the next remark. □

Remark 4.4. Let X be a full subcategory of A closed under quotient objects and arbitrary direct sums, and let M be an object in A. Since the sum L = � λ∈Λ L_λ of all subobjects of M which belong to X is a quotient object of the direct sum � λ∈Λ L_λ, the subobject L of M also belongs to X . Hence L is the largest subobject of M which belongs to X .

The operation in Remark 4.4 of taking the subobject L from M is used throughout this paper. The following result shows that this operation commutes with taking arbitrary direct sums.

Proposition 4.5. Let A be a Grothendieck category, and let X be a full subcategory of A closed under quotient objects and arbitrary direct sums. Let {M_λ}_{λ∈Λ} be a family of objects in A, and take L_λ to be the largest subobject of M_λ which belongs to X for each λ ∈ Λ. Then � λ∈Λ L_λ is the largest subobject of � λ∈Λ M_λ which belongs to X .

Proof. Let N be the largest subobject of � λ∈Λ M_λ which belongs to X . It suffices to show that N ⊂ � λ∈Λ L_λ.

We show the claim in the case where Λ = {1, . . . , n} for some n ∈ Z_{≥1}. Let π_i : M_1 ⊕ · · · ⊕ M_n ↠ M_i be the projection for each i ∈ {1, . . . , n}. Since π_i(N) is a quotient object of N, it belongs to X . By the maximality of L_i, we have π_i(N) ⊂ L_i. Hence N ⊂ π_1(N) ⊕ · · · ⊕ π_n(N) ⊂ L_1 ⊕ · · · ⊕ L_n as subobjects of M_1 ⊕ · · · ⊕ M_n.

In the general case, let S be the set of finite subsets of Λ. Then by Proposition 3.2, N = � Λ^′ ∈S � N ∩ � λ∈Λ^′

M_λ � ⊂ � Λ^′ ∈S � λ∈Λ^′

L_λ = � λ∈Λ L_λ. □

For a localizing subcategory X of A, we have the quotient category A/X of A by X . It is a Grothendieck category together with a canonical (covariant) functor A → A/X ([Pop73, Corollary 4.6.2]). We refer the reader to [Kan15b, Definition 5.2] for the explicit definition of the quotient category. Instead, we state a universal property of the quotient category.

Theorem 4.6. Let A be a Grothendieck category, and let X be a localizing subcategory of A. The canonical functor is denoted by F : A → A/X .

(1) The functor F : A → A/X is exact and has a right adjoint A/X → A.

For every object M in A, we have F (M) = 0 if and only if M belongs to X .

(2) Let B be an abelian category together with an exact functor Q: A → B with Q(M) = 0 for each object M in X . Then there exists a unique functor Q: A/X → B such that QF = Q. Moreover, the functor Q is exact.

Proof. (1) [Pop73, Proposition 4.6.3], [Pop73, Theorem 4.3.8], and [Pop73, Lemma 4.3.4].

(2) [Pop73, Corollary 4.3.11] and [Pop73, Corollary 4.3.12]. □

Every object M in a Grothendieck category A has an injective envelope E(M) ([Gab62, Theorem II.6.2], see also [Pop73, Theorem 3.10.10]). By definition, the object M is an essential subobject of the injective object E(M). The object E(M) is also denoted by E_A(M) in order to specify the category explicitly. Let X be a localizing subcategory of A. An object M in A is called X - torsionfree if M has no nonzero subobject belonging to X . Note that every subobject of an X -torsionfree object is X -torsionfree.

Proposition 4.7. Let X be a localizing subcategory of A. Let M be an object in A, and let L be the largest subobject of M which belongs to X . Then M/L is X -torsionfree.

Proof. Assume that M/L is not X -torsionfree. Then there exists a subobject L^′ of M such that L ⊊ L^′, and L^′/L belongs to X . The subobject L^′ of M also belongs to X . This contradicts the maximality of L. □

For an object M in A, it is also important to consider the torsionfreeness of E(M)/M.

Proposition 4.8. Let X be a localizing subcategory of A, and let

0 → L → M → N → 0

be an exact sequence in A. If M and E(L)/L are X -torsionfree, then N is X -torsionfree.

Proof. This can be shown similarly to the proof of [Pop73, Proposition 4.5.5]. □ We state important properties of the canonical functor to a quotient category and its right adjoint by using the notion of torsionfreeness.

Proposition 4.9. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) F is surjective, that is, each object in A/X is of the form F (M), where M is some object in A.

(2) The counit morphism ε: F G → 1_{A/X} is an isomorphism. Hence G is fully faithful.

(3) Let η : 1_A → GF be the unit morphism. Then for each object M in A, the subobject Ker η_M of M is the largest subobject belonging to X , the subobject Im η_M of GF (M) is essential, and Cok η_M belongs to X . The objects GF (M) and E(GF (M))/GF (M) are X -torsionfree.

(4) Let M^′ be an object in A/X . Then G(M^′) and E(G(M^′))/G(M^′) are X -torsionfree.

Proof. (1) This is obvious from the definition of the canonical functor F . It also follows from Theorem 4.6. (2) [Pop73, Proposition 4.4.3 (1)].

(3) This follows from [Pop73, Proposition 4.4.3 (2)] and the proof of [Pop73, Proposition 4.4.5].

(4) This follows from (1) and (3). □

The next result is necessary to describe subobjects of an object in a quotient category.

Proposition 4.10. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A. Let M be an object in A. For each subobject L^′ of F (M), there exists a largest subobject L of M satisfying F (L) ⊂ L^′ as a subobject of F (M). Moreover, it holds that F (L) = L^′, and the quotient object M/L is X -torsionfree. The quotient object F (M)/L^′ of F (M) is equal to F (M/L).

Proof. Since G is left exact, the object G(L^′) can be regarded as a subobject of GF (M). Let η : 1_A → GF be the unit morphism. There is a commutative diagram

0 η^{−1}_M (G(L^′)) M M η^{−1}_M (G(L^′)) 0

0 G(L^′) GF (M)

GF (M) G(L^′) 0 η_M .

Classification of Categorical . . . 1417

By applying F to this diagram, we obtain the commutative diagram

0 F (η^{−1}_M (G(L^′))) F (M) F � M η^{−1}_M (G(L^′)) � 0

0 F G(L^′) F GF (M) F � GF (M) G(L^′) � 0

0 L^′ F (M) F � GF (M) G(L^′) � 0 ∼= ∼= ∼=

∼= ∼=

by Proposition 4.9 (2) and Proposition 4.9 (3). Hence the subobject L := η^{−1}_M (G(L^′)) of M satisfies F (L) = L^′, and F (M)/L^′ = F (M/L). By Proposition 4.8, the object GF (M)/G(L^′) is X -torsionfree, and hence M/L is also X -torsionfree.

Let ~L be a subobject of M such that F (~L) ⊂ L^′. Since we have the commutative diagram ~L M

GF (~L) GF (M)

η_{~L}ηM ,

it holds that η_M (~L) ⊂ GF (~L). Therefore

~L ⊂ η^{−1}_M (GF (~L)) ⊂ η^{−1}_M (G(L^′)) = L. □

Several properties of objects are preserved by the canonical functor to a quotient category and its right adjoint as in the following results.

Proposition 4.11. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) Let M^′ be an object in A/X , and let L^′ be an essential subobject of M^′.

Then G(L^′) is an essential subobject of G(M^′).

(2) Let U^′ be a uniform object in A/X . Then G(U^′) is a uniform object in A. (3) Let H^′ be a monoform object in A/X . Then G(H^′) is a monoform object in A.

(4) Let I^′ be an injective object in A/X . Then G(I^′) is an injective object in A.

(5) Let M^′ be an indecomposable object in A/X . Then G(M^′) is an indecomposable object in A.

Proof. (1) [Pop73, Corollary 4.4.7].

(2) Let L be a nonzero subobject of G(U^′). We have a commutative diagram

L G(U^′)

GF (L) GF G(U^′) ,

and the morphism G(U^′) → GF G(U^′) is an isomorphism by Proposition 4.9 (2). Hence the morphism L → GF (L) is a monomorphism, and in particular F (L) is a nonzero subobject of F G(U^′) ∼= U^′. By the uniformness of U^′ and (1), GF (L) is an essential subobject of GF G(U^′). Since L is essential as a subobject of GF (L) by Proposition 4.9 (3), L is an essential subobject of G(U^′). (3) [Kan15b, Lemma 5.14 (1)]. (4) [Pop73, Corollary 4.4.7].

(5) This follows from Proposition 4.9 (2). □

Proposition 4.12. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) Let M be an X -torsionfree object in A, and let L be an essential subobject of M. Then F (L) is an essential subobject of F (M).

(2) Let U be a uniform X -torsionfree object in A. Then F (U) is a uniform object in A/X .

(3) Let H be a monoform X -torsionfree object in A. Then F (H) is a monoform object in A/X .

(4) Let I be an injective X -torsionfree object in A. Then F (I) is an injective object in A/X .

Proof. (1) [Pop73, Lemma 4.4.6 (3)]. (2) This follows from Proposition 4.10 and (1). (3) [Kan15b, Lemma 5.14 (2)].

(4) [Pop73, Lemma 4.5.1 (2)]. □

The prelocalizing subcategories of A and those of quotient categories are related by the following operations.

Proposition 4.13. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) For each prelocalizing subcategory Y^′ of A/X , the full subcategory

F^{−1}(Y^′) := { M ∈ A | F (M) ∈ Y^′ }

of A is a prelocalizing subcategory, and

X ∗ F^{−1}(Y^′) ∗ X = F^{−1}(Y^′).

(2) For each prelocalizing subcategory Y of A, the full subcategory

F (Y) := � N ∈ A X � � � � N ∼= F (M) for some M ∈ Y �

of A/X is a prelocalizing subcategory.

(3) Let Y_1 and Y_2 be prelocalizing subcategories of A. Then

F (Y_1 ∗ X ∗ Y_2) = F (Y_1) ∗ F (Y_2).

Proof. (1) Since F is exact and commutes with arbitrary direct sums, the full subcategory F^{−1}(Y^′) is a prelocalizing subcategory. The inclusion F^{−1}(Y^′) ⊂ X ∗ F^{−1}(Y^′) ∗ X is obvious. By Theorem 4.6 (1),

F (X ∗ F^{−1}(Y^′) ∗ X ) ⊂ F (X ) ∗ F (F^{−1}(Y^′)) ∗ F (X ) ⊂ Y^′.

Hence X ∗ F^{−1}(Y^′) ∗ X ⊂ F^{−1}(Y^′).

(2) By Proposition 4.10, the full subcategory F (Y) of A/X is closed under subobjects and quotient objects. It is also closed under arbitrary direct sums since F commutes with arbitrary direct sums.

(3) Since F is exact, F (Y_1 ∗ X ∗ Y_2) ⊂ F (Y_1) ∗ F (Y_2) by Theorem 4.6 (1). Let M^′ be an object in A/X which belongs to F (Y_1) ∗ F (Y_2). Then there exists an exact sequence

0 → F (M_1) → M^′ → F (M_2) → 0

where M_i is an object in A which belongs to Y_i for each i = 1, 2. Since G is left exact, we have the exact sequence

0 → GF (M_1) → G(M^′) → GF (M_2).

Let η : 1_A → GF be the unit morphism, and let B be the image of the morphism G(M^′) → GF (M_2). Then we obtain a commutative diagram

0 GF (M_1) M B ∩ Im η_{M2} 0

0 GF (M_1) G(M^′) B 0 ,

where M is an object in A. Let N be the cokernel of the composite Im η_{M1} → GF (M_1) → G(M^′). There is a commutative diagram

0 Im η_{M1} M N 0

0 GF (M_1) M B ∩ Im η_{M2} 0 .

By the snake lemma, we have an exact sequence

0 → Cok η_{M1} → N → B ∩ Im η_{M2} → 0.

By Proposition 4.9 (3), the object Cok η_{Mi} belongs to X for each i = 1, 2. Hence F (Cok η_{M1} ) = 0, and F � B B ∩ Im η_{M2} � ∼= F � B + Im η_{M2} Im η_{M2} � ⊂ F � GF (M_2) Im η_{M2} � = 0.

By applying F to the morphisms B ∩ Im η_{M2} → B and Im η_{M1} → GF (M_1), we obtain F (B ∩ Im η_{M2} ) ∼−→ F (B) and F (Im η_{M1} ) ∼−→ F GF (M_1) ∼−→ F (M_1).

1420 Ryo Kanda

Hence we have the commutative diagram

0 F (Im η_{M1} ) F (M) F (N) 0

0 F GF (M_1) F (M) F (B ∩ Im η_{M2} ) 0

0 F GF (M_1) F G(M^′) F (B) 0

0 F (M_1) M^′ F (M_2) 0

∼= ∼=

∼= ∼=

∼= ∼= ∼= .

For each i = 1, 2, the quotient object Im η_{Mi} of M_i belongs to Y_i, and hence N belongs to X ∗ Y_2. Therefore M^′ belongs to F (Y_1 ∗ X ∗ Y_2). □ Proposition 4.14. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) There is a bijection � prelocalizing subcategories Y of A

satisfying X ∗ Y ∗ X = Y � → � prelocalizing subcategories of A X �

given by Y → F (Y). Its inverse is given by Y^′ → F^{−1}(Y^′). (2) For each i = 1, 2, let Y_i be a prelocalizing subcategory of A such that X ∗ Y_i ∗ X = Y_i. Then F (Y_1 ∗ Y_2) = F (Y_1) ∗ F (Y_2).

(3) The bijection in (1) restricts to a bijection � localizing subcategories Y of A

satisfying X ⊂ Y � → � localizing subcategories of A X � . Proof. (1) By Proposition 4.13 (1) and Proposition 4.13 (2), these maps are well-defined. Let η : 1_A → GF be the unit morphism.

Let Y be a prelocalizing subcategory of A satisfying X ∗Y ∗X = Y. It is obvious that Y ⊂ F^{−1}F (Y). Let M be an object in A which belongs to F^{−1}F (Y). Then there exists an object N in A which belongs to Y such that F (M) ∼= F (N). There is an exact sequence 0 → Im η_N → GF (N) → Cok η_N → 0.

The quotient object Im η_N of N belongs to Y. By Proposition 4.9 (3), the object Cok η_N belongs to X . Hence GF (M) ∼= GF (N) belongs to Y ∗ X . By Proposition 4.2 (2), the subobject Im η_M of GF (M) belongs to Y ∗ X . There is an exact sequence 0 → Ker η_M → M → Im η_M → 0, where Ker η_M belongs to X . Therefore M belongs to X ∗ Y ∗ X = Y. This shows that F^{−1}F (Y) ⊂ Y.

Let Y^′ be a prelocalizing subcategory of A/X . It is obvious that F F^{−1}(Y^′) ⊂ Y^′. Let M^′ be an object in A/X which belongs to Y^′. Then by Proposition 4.9 (1), there exists an object M in A such that F (M) = M^′. Since M belongs to F^{−1}(Y^′), the object M^′ = F (M) belongs to F F^{−1}(Y^′). This shows that Y^′ ⊂ F F^{−1}(Y^′).

(2) By Proposition 4.13 (3),

F (Y_1 ∗ Y_2) = F (Y_1 ∗ X ∗ Y_2) = F (Y_1) ∗ F (Y_2).

(3) This follows from (2). □

Remark 4.15. In the setting of Proposition 4.13 (3), the assertion F (Y_1 ∗ X ∗ Y_2) = F (Y_1 ∗ Y_2) does not necessarily hold. The next example gives a counter-example.

Example 4.16. Let K be a field, and let Λ be the ring Λ = � � K 0 0 K K 0 K K K

� � of 3×3 lower triangular matrices. Define simple Λ-modules S_i for each i = 1, 2, 3 by S_1 = � K 0 0 � , S_2 = � K K 0 � � K 0 0 � , S_3 = � K K K � � K K 0 � , and let X_i be the localizing subcategory of Mod Λ consisting of arbitrary direct sums of copies of S_i. Let F : A → A/X_2 and G: A/X_2 → A denote the canonical functors. Since the Λ-module M = � K K K � belongs to X_1 ∗X_2 ∗X_3, it follows that M ∼= GF (M) belongs to GF (X_1 ∗X_2 ∗X_3). On the other hand, every Λ-module belonging to X_1 ∗ X_3 is the direct sum of some object in X_1 and some object in X_3. Since Mod Λ is a locally noetherian Grothendieck category, by [Pop73, Proposition 5.8.12], the functor G commutes with arbitrary direct sums. Hence every Λ-module belonging to GF (X_1 ∗ X_3) is the direct sum of some object in GF (X_1) = X_1 ∗ X_2 and some object in GF (X_3) = X_3. Since M is indecomposable and belongs to neither X_1 ∗ X_2 nor X_3, the Λ-module M does not belong to GF (X_1 ∗ X_3). This shows that F (X_1 ∗ X_2 ∗ X_3) ⊄ F (X_1 ∗ X_3).

The following result gives a characterization of a quotient category.

Proposition 4.17. Let A and B be Grothendieck categories, and let Q: A → B be an exact functor with a fully faithful right adjoint B → A. Then the full subcategory X = { M ∈ A | Q(M) = 0 } of A is a localizing subcategory, and there exists a unique equivalence Q: A/X ∼−→ B such that QF = Q, where F : A → A/X is the canonical functor.

Proof. [Pop73, Theorem 4.4.9]. □

We state some facts on the image of a localizing subcategory in a quotient category.

Proposition 4.18. Let X and Y be localizing subcategories of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) It holds that ⟨F (Y)⟩_{loc} = F (⟨X ∪ Y⟩_{loc}).

(2) If X ⊂ Y, then the composite Y → A → A/X induces an equivalence Y X ∼−→ F (Y).

(3) If X ⊂ Y, then the composite

A → A/X → A/X F (Y) induces an equivalence A Y ∼−→ A/X F (Y) . Proof. (1) It is obvious that ⟨F (Y)⟩_{loc} ⊂ F (⟨X ∪ Y⟩_{loc}). Since F is exact and commutes with arbitrary direct sums,

F (⟨X ∪ Y⟩_{loc}) ⊂ ⟨F (X ∪ Y)⟩_{loc} = ⟨F (X ) ∪ F (Y)⟩_{loc} = ⟨F (Y)⟩_{loc} by Theorem 4.6 (1).

(2) The equivalence follows from the construction of A/X (see [Gab62, p. 365] or [Kan15b, Definition 5.2]).

(3) By Proposition 4.14 (3), the full subcategory F (Y) of A/X is a localizing subcategory, and F^{−1}F (Y) = Y. By Proposition 4.9 (2), the composite is an exact functor with a fully faithful right adjoint. Hence by Proposition 4.17, it induces an equivalence A Y = A F^{−1}F (Y)

∼−→ A/X F (Y) . □ 5. Atom spectra of quotient categories and localization Throughout this section, let A be a Grothendieck category. We recall a description of the atom spectrum of a quotient category of A and fundamental results on the localization of A at an atom. We start with relating localizing subcategories of A and localizing subsets of ASpec A.

Definition 5.1.

(1) For a full subcategory X of A, define the subset ASupp X of ASpec A by ASupp X = � M∈X ASupp M.

(2) For a subset Φ of ASpec A, define the full subcategory ASupp^{−1} Φ of A by

ASupp^{−1} Φ = { M ∈ A | ASupp M ⊂ Φ }.

Proposition 5.2.

(1) For every full subcategory X of A, the subset ASupp X of ASpec A is a localizing subset.

(2) For every subset Φ of ASpec A, the full subcategory ASupp^{−1} Φ of A is a localizing subcategory.

Proof. (1) Recall that ASpec A is in bijection with a small set. For each α ∈ ASupp X , choose an object M(α) in A which belongs to X such that α ∈ ASupp M(α). Then

ASupp � α∈ASupp X

M(α) = � α∈ASupp X

ASupp M(α) = ASupp X

by Proposition 3.11 (1).

(2) This follows from Proposition 3.10 and Proposition 3.11 (1). □

The following result shows that a localizing subset of ASpec A is determined by the corresponding localizing subcategory of A.

Proposition 5.3. For every localizing subset Φ of ASpec A,

ASupp(ASupp^{−1} Φ) = Φ.

Proof. This follows from the proof of [Kan12, Theorem 4.3]. □

If A is a locally noetherian Grothendieck category, we also have ASupp^{−1}(ASupp X ) = X for every localizing subcategory X of A, and these correspondences establish a bijection between the localizing subcategories of A and the localizing subsets of ASpec A ([Kan12, Theorem 5.5]). We generalize this result later as Theorem 6.8.

We describe the atom spectrum of the quotient category by a localizing subcategory.

Theorem 5.4. Let A be a Grothendieck category, and let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A. Then the map ASpec A \ ASupp X → ASpec(A/X ) given by H → F (H) is a homeomorphism. Its inverse is given by H^′ → G(H^′).

Proof. [Kan15b, Theorem 5.17]. □

Remark 5.5. Every localizing subcategory X of A is a Grothendieck category, and ASpec X is homeomorphic to the localizing subset ASupp X of ASpec A by the correspondence H → H ([Kan15b, Proposition 5.12]). We identify ASpec X with ASupp X , and ASpec(A/X ) with ASpec A \ ASupp X via the homeomorphism in Theorem 5.4. Then

ASpec A = ASpec X ∪ ASpec A X , and ASpec X ∩ ASpec A X = ∅.

We describe atom supports and associated atoms in a quotient category.

Proposition 5.6. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) For every object M^′ in A/X , AAss G(M^′) = AAss M^′, and ASupp G(M^′) \ ASupp X = ASupp M^′.

(2) For every object M in A, AAss F (M) ⊃ AAss M \ ASupp X , and ASupp F (M) = ASupp M \ ASupp X .

Proof. These follow from [Kan15b, Lemma 5.16]. By considering Proposition 4.9 (4), the assertion AAss G(M^′) = AAss M^′ also follows. □

The atom spectrum of the image of a localizing subcategory in a quotient category is described as follows.

Proposition 5.7. Let X and Y be localizing subcategories of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A. Then ASpec ⟨F (Y)⟩_{loc} = ASpec F (⟨X ∪ Y⟩_{loc})

= ASpec Y ∩ ASpec A X = ASpec Y \ ASpec X , and ASpec A/X ⟨F (Y)⟩_{loc}

= ASpec A ⟨X ∪ Y⟩_{loc}

= ASpec A X ∩ ASpec A Y = ASpec A \ (ASpec X ∪ ASpec Y).

Proof. This follows from ASupp ⟨X ∪ Y⟩_{loc} = ASupp X ∪ ASupp Y and Proposition 4.18. □ Definition 5.8. Let A be a Grothendieck category and α ∈ ASpec A. Define a localizing subcategory X (α) of A by X (α) = ASupp^{−1}(ASpec A \ Λ(α)). Define the localization A_α of A at α by A_α = A/X (α). The canonical functor A → A_α is denoted by (−)_α.

In Definition 5.8, the subset ASpec A\Λ(α) of ASpec A is localizing. By Proposition 5.3, ASupp X (α) = ASpec A \ Λ(α). Therefore we have the following result.

Theorem 5.9. Let A be a Grothendieck category and α ∈ ASpec A. Then ASpec A_α = Λ(α). In particular, the partially ordered set ASpec A has the largest element α.

Proof. [Kan15b, Proposition 6.6 (1)]. □ We obtain the following description of atom supports. Proposition 5.10.

(1) For every α ∈ ASpec A, X (α) = { M ∈ A | α /∈ ASupp M }.

(2) For every object M in A, ASupp M = { α ∈ ASpec A | M_α ≠ 0 }.

Proof. [Kan15b, Proposition 6.2]. □ We show that the localization of a Grothendieck category at an atom is “local” in the following sense.

Definition 5.11. Let A be a Grothendieck category.

(1) We say that A is local if there exists a simple object in A such that E(S) is a cogenerator of A.

(2) A localizing subcategory X of A is called prime if A/X is a local Grothendieck category.

Theorem 5.12. Let A be a Grothendieck category. Then the following assertions are equivalent.

(1) A is local.

(2) There exists α ∈ ASpec A such that for every nonzero object M in A, we have α ∈ ASupp M.

(3) There exists α ∈ ASpec A such that the canonical functor A → A_α is an equivalence.

Proof. [Kan15b, Proposition 6.4 (1)] and [Kan15b, Proposition 6.6 (2)]. □ In the case of where A is a locally noetherian Grothendieck category, the localness of A is characterized as follows.

Proposition 5.13. Let A be a Grothendieck category. If A is local, then all simple objects in A are isomorphic to each other. In the case where A is a nonzero locally noetherian Grothendieck category, the converse also holds.

Proof. [Kan15b, Proposition 6.4 (2)]. □

Theorem 5.12 shows that the localizing subcategory X (α) is prime for every α ∈ ASpec A. This correspondence gives the following bijection.

Theorem 5.14. Let A be a Grothendieck category. There is a bijection ASpec A → { prime localizing subcategories of A }

given by α → X (α). For each α, β ∈ ASpec A, we have α ≤ β if and only if X (α) ⊃ X (β).

Proof. [Kan15b, Theorem 6.8]. □

We consider the localization of a quotient category.

Proposition 5.15. Let X be a localizing subcategory of A and α ∈ ASpec A \ ASupp X . Then the composite of the canonical functors A → A/X and A/X → (A/X )_α induces an equivalence A_α ∼−→ (A/X )_α.

Proof. By Proposition 5.10 (1), X ⊂ X (α). Hence the claim follows from Proposition 5.6 (2) and Proposition 4.18 (3). □

In the setting of Proposition 5.15, we identify A_α and (A/X )_α. The following result shows that the localization of a Grothendieck category at an atom is a generalization of the localization a commutative ring at a prime ideal.

Proposition 5.16. Let R be a commutative ring.

(1) Let p ∈ Spec R. Denote by α the corresponding atom R/p in Mod R.

Then the functor − ⊗_R R_p : Mod R → Mod R_p induces an equivalence (Mod R)_α ∼−→ Mod R_p.

(2) The Grothendieck category Mod R is local if and only if the commutative ring R is local.

Proof. (1) [Kan15b, Proposition 6.9].

(2) This follows from Theorem 5.12 and (1). □

6. Grothendieck categories with enough atoms

The purpose of this paper is to investigate the category QCoh X of quasicoherent sheaves on a locally noetherian scheme X. In general, the category QCoh X is a Grothendieck category but not necessarily locally noetherian (see Remark 7.5). In this section, we introduce the notion of a Grothendieck category with enough atoms and investigate its properties. It is shown later that QCoh X is a Grothendieck category with enough atoms.

Let A be a Grothendieck category. Recall that every monoform object in A is uniform (Proposition 3.5 (2)). We say that uniform objects U_1 and U_2 in A are equivalent (denoted by U_1 ∼ U_2) if there exists a nonzero subobject of U_1 which is isomorphic to a subobject of U_2. The equivalence between monoform objects is exactly the same as the atom-equivalence defined in Definition 3.3 (2).

Proposition 6.1. Let U_1 and U_2 be uniform objects in A. Then U_1 is equivalent to U_2 if and only if E(U_1) is isomorphic to E(U_2).

Proof. [Kra03, Lemma 2]. □

Since every indecomposable injective object in A is uniform ([Ste75, Proposition V.2.8]), the map

{ uniform objects in A } ∼ → { indecomposable injective objects in A } ∼= induced by the correspondence U → E(U) is bijective. We consider the restriction of this bijection to ASpec A.

Definition 6.2. Let A be a Grothendieck category. For α ∈ ASpec A, define the injective envelope E(α) of α by E(α) = E(H), where H is a monoform object in A satisfying H = α.

Proposition 6.1 implies that the isomorphism class of E(α) in Definition 6.2 does not depend on the choice of the representative H.

Definition 6.3. We say that a Grothendieck category A has enough atoms if A satisfies the following conditions.

(1) Every injective object in A has an indecomposable decomposition. (2) Each indecomposable injective object in A is isomorphic to E(α) for some α ∈ ASpec A.

Note that an indecomposable decomposition of an injective object is unique in the following sense.

Theorem 6.4. Let A be a Grothendieck category, and let I be an injective object with I ∼= � λ∈Λ I_λ ∼= � μ∈Λ^′

I^′_μ,

where I_λ and I^′_μ are indecomposable for each λ ∈ Λ and μ ∈ Λ^′. Then there exists a bijection φ: Λ → Λ^′ such that I_λ is isomorphic to I^′_{φ(λ)} for each λ ∈ Λ.

Proof. This follows from Krull–Remak–Schmidt–Azumaya’s theorem ([Pop73, Theorem 5.1.3]) and the fact that the endomorphism ring of each indecomposable injective object in A is local ([Pop73, Lemma 4.20.3]). □

The following result shows that a Grothendieck category with enough atoms is a generalization of a locally noetherian Grothendieck category.

Proposition 6.5. Every locally noetherian Grothendieck category has enough atoms.

Proof. This follows from Proposition 3.5 (3) and [Ste75, Proposition V.4.5] since every nonzero object in a locally noetherian Grothendieck category has a nonzero noetherian subobject. □

We show that every quotient category of a Grothendieck category with enough atoms has enough atoms.

Proposition 6.6. Let A be a Grothendieck category, and let X be a localizing subcategory of A.

(1) If every injective object in A has an indecomposable decomposition, then every injective object in A/X has an indecomposable decomposition.

(2) If A has enough atoms, then A/X has enough atoms.

Proof. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) Let I^′ be an injective object in A/X . By Proposition 4.11 (4), the object G(I^′) in A is injective. Hence G(I^′) has an indecomposable decomposition

G(I^′) = � λ∈Λ I_λ.

We obtain I^′ ∼= F G(I^′) ∼= � λ∈Λ F (I_λ).

By Proposition 4.9 (4), Proposition 4.12 (2) and Proposition 4.12 (4), the object F (I_λ) is an indecomposable injective object in A/X for each λ ∈ Λ. (2) Let I^′ be an indecomposable injective object in A/X . Then by Proposition 4.11 (5) and Proposition 4.11 (4), the object G(I^′) in A is indecomposable and injective. Hence there exists α ∈ ASpec A such that G(I^′) ∼= E_A(α). We obtain I^′ ∼= F G(I^′) ∼= F (E_A(α)). Let H be a monoform subobject of E_A(α). By Proposition 4.9 (4), the object H is X -torsionfree. By Proposition 4.12 (3), the object I^′ has the monoform subobject F (H). This implies that I^′ = E(F (H)) = E_{A/X} (α). □

A Grothendieck category A is called locally uniform^2 if every nonzero object in A has a uniform subobject. It is shown that this holds whenever A has enough atoms.

Proposition 6.7. Let A be a Grothendieck category with enough atoms. Then every nonzero object in A has a monoform subobject. In particular, the Grothendieck category A is locally uniform.

Proof. Let M be a nonzero object in A. Then there exists a family {α_λ}_{λ∈Λ} of atoms in A such that E(M) ∼= � λ∈Λ E(α_λ).

2In [Pop73, p. 330], it is called locally coirreducible since a uniform object is called a

coirreducible object.

Hence E(M) has a monoform subobject H. Since M is an essential subobject of E(M), the subobject H ∩ M of M is monoform by Proposition 3.5 (1). The last assertion follows from Proposition 3.5 (2). □

The classification of the localizing subcategories by the atom spectrum we mentioned after Proposition 5.3 is generalized to a Grothendieck category with enough atoms.

Theorem 6.8. Let A be a Grothendieck category with enough atoms. There is a bijection

{ localizing subcategories of A } → { localizing subsets of ASpec A }

given by X → ASupp X . Its inverse is given by Φ → ASupp^{−1} Φ.

Proof. By Proposition 5.2 and Proposition 5.3, it suffices to show that ASupp^{−1}(ASupp X ) = X for each localizing subcategory X of A. The inclusion X ⊂ ASupp^{−1}(ASupp X ) holds obviously. Let M be an object in A which belongs to ASupp^{−1}(ASupp X ), and let L be the largest subobject of M which belongs to X . If M/L is nonzero, then by Proposition 6.7, there exists a monoform subobject H of M/L. Since H ∈ ASupp M ⊂ ASupp X , there exists a nonzero subobject H^′ of H which belongs to X . Let H^′ = L^′/L ⊂ M/L. Since L and L^′/L belongs to X , the subobject L^′ of M also belongs to X . This contradicts the maximality of L. Therefore ASupp^{−1}(ASupp X ) = X . □

We show that every localizing subcategory is the intersection of some family of prime localizing subcategories.

Corollary 6.9. Let A be a Grothendieck category with enough atoms. For every localizing subcategory X of A, X = � α∈ASpec A\ASupp X

X (α).

Proof. By Proposition 5.10 (1) and Theorem 6.8, � α∈ASpec A\ASupp X

X (α)

= { M ∈ A | α /∈ ASupp M for each α ∈ ASpec A \ ASupp X } = { M ∈ A | ASupp M ⊂ ASupp X }

= ASupp^{−1}(ASupp X ) = X . □

Let A be a Grothendieck category and α ∈ ASpec A. It is shown in the proof of [Kan15a, Theorem 2.5] that the injective envelope E(α) has a largest monoform subobject H(α). The object H(α) is called the atomic object corresponding to α. It is straightforward to show that no monoform object in A has a proper essential subobject isomorphic to H(α).

The atomic objects correspond to the simple objects in the localizations.

Proposition 6.10. Let A be a Grothendieck category and α ∈ ASpec A. Denote the canonical functor by F_α : A → A_α and its right adjoint by G_α : A_α → A. Let S^′ be the simple object in A_α.

(1) S^′ is the atomic object corresponding to the atom S^′ in A_α. (2) G_α(S^′) is isomorphic to the atomic object H(α). (3) The ring End_A(H(α)) is isomorphic to the skew field End_{Aα} (S^′).

Proof. (1) It holds that S^′ ⊂ H(S^′) ⊂ E(S^′) = E(S^′). If S^′ ⊊ H(S^′), then by Theorem 5.12, S^′ ∈ ASupp(H(S^′)/S^′), and hence there exist a subobject L of H(S^′) with S^′ ⊂ L and a subobject of H(S^′)/L which is isomorphic to S^′. This contradicts the monoformness of H(S^′). Therefore S^′ = H(S^′). (2) By Theorem 5.4, the object F_α(H(α)) is a monoform object in A_α, and G_αF_α(H(α)) is a monoform object in A. By (1), F_α(H(α)) ∼= S^′. Since H(α) is X (α)-torsionfree, by Proposition 4.9 (3), the canonical morphism H(α) → G_αF_α(H(α)) is a monomorphism, and H(α) is essential as a subobject of G_αF_α(H(α)). Therefore the morphism H(α) → G_αF_α(H(α)) is an isomorphism, and G_α(S^′) ∼= G_αF_α(H(α)) ∼= H(α). (3) By (2) and Proposition 4.9 (2),

End_A(H(α)) ∼= End_A(G_α(S^′)) ∼= Hom_{Aα} (F_αG_α(S^′), S^′) ∼= End_{Aα} (S^′).

This gives a ring isomorphism End_A(H(α)) ∼= End_{Aα} (S^′). □

The skew field End_A(H(α)) is called the residue field of α and denoted by k(α).

7. The atom spectra of locally noetherian schemes

In this section, we describe the atom spectrum of the category of quasi-coherent sheaves on a locally noetherian scheme. Let X be a locally noetherian scheme with the underlying topological space |X| and the structure sheaf O_X . It is known that the category Mod X of O_X -modules and the category QCoh X of quasi-coherent sheaves on X are Grothendieck categories (see [Har66, Theorem II.7.8] and [Con00, Lemma 2.1.7]). For a commutative ring R, we identify QCoh(Spec R) with Mod R.

Proposition 7.1. Let U be an open affine subscheme of X, and let i: U → X be the immersion. Then the functor i_∗ : Mod U → Mod X and its left adjoint i^∗ : Mod X → Mod U induce the functor i_∗ : QCoh U → QCoh X and its left adjoint i^∗ : QCoh X → QCoh U.

Proof. [Gro60, 0.4.4.3.1] and [Gro60, Proposition I.9.4.2 (i)]. □

In the rest of this paper, every quasi-coherent sheaf M on X is always regarded as an object in QCoh X, not in Mod X. Hence a subobject of M means a quasicoherent subsheaf of M.

For an open affine subscheme U of X with the immersion i: U → X, the functor i^∗ : QCoh X → QCoh U is also denoted by (−)|_U . The category QCoh U is realized as a quotient category of QCoh X through this functor.

Proposition 7.2. Let U be an open affine subscheme of X. Then the functor (−)|_U : QCoh X → QCoh U induces an equivalence (QCoh X)/X_U ∼−→ QCoh U, where X_U is a localizing subcategory of QCoh X defined by

X_U = { M ∈ QCoh X | M|_U = 0 }.

Proof. Let i: U → X be the immersion. Since the counit functor i^∗i_∗ → 1_{QCoh U} is an isomorphism, the functor i_∗ is fully faithful. The functor i^∗ is exact. Hence the claim follows from Proposition 4.17. □

For each object M in QCoh X, the subset Supp M of X is defined by

Supp M = { x ∈ X | M_x ≠ 0 }.

For each x ∈ X, let j_x : Spec O_{X,x} → X be the canonical morphism. Note that j^∗_x is equal to the localization (−)_x : QCoh X → Mod O_{X,x}. The category Mod O_{X,x} is realized as a quotient category of QCoh X through this morphism.

Proposition 7.3. For every x ∈ X, the full subcategory

X (x) := { M ∈ QCoh X | x /∈ Supp M } = { M ∈ QCoh X | M_x = 0 }

of QCoh X is a prime localizing subcategory. The functor (−)_x : QCoh X → Mod O_{X,x} induces an equivalence (QCoh X)/X (x) ∼−→ Mod O_{X,x}.

Proof. Let i: U → X be the immersion of an open affine subscheme with x ∈ U. Then the functor (−)_x : QCoh X → Mod O_{X,x} is equal to the composite of (−)|_U : QCoh X → QCoh U and (−)_x : QCoh U → Mod O_{X,x}. By Proposition 7.2 and Proposition 5.16 (1), these two functors are exact functors with fully faithful right adjoints. Hence we obtain the equivalence by Proposition 4.17. By Proposition 5.16 (2), the localizing subcategory X (x) is prime. □

For each x ∈ X, denote the unique maximal ideal of O_{X,x} by m_x, the residue field of x by k(x) = O_{X,x}/m_x, and an injective envelope of k(x) in Mod O_{X,x} by E(x) = E_{OX,x} (k(x)). We state that every injective object in QCoh X is a direct sum of indecomposable injective objects of this form.

Theorem 7.4 (Hartshorne [Har66]). Let X = (|X|, O_X ) be a locally noetherian scheme.

(1) For every family {I_λ}_{λ∈Λ} of injective objects in QCoh X, the direct sum � λ∈Λ I_λ is also injective.

(2) Every injective object in QCoh X has an indecomposable decomposition. (3) There is a bijection

|X| →

{ indecomposable injective objects in QCoh X } ∼= given by x → j_{x∗}E(x).

Proof. [Con00, Lemma 2.1.5]. □

Remark 7.5. In [Har66, p. 135], it is shown that there exists a locally noetherian scheme X such that the Grothendieck category QCoh X is not locally noetherian. By combining Theorem 7.4 (1) and [Pop73, Theorem 5.8.7], we deduce that QCoh X is not even (categorically) locally finitely generated. On the other hand, the set of coherent sheaves on X generates QCoh X [Gro60, Corollary I.9.4.9]. Consequently, a coherent sheaf on X is not necessarily a finitely generated object in QCoh X.

We give a description of the atom spectrum of QCoh X.

Theorem 7.6. Let X = (|X|, O_X ) be a locally noetherian scheme.

(1) For each x ∈ X, the set AAss j_{x∗}E(x) consists of one element, say α_x.

The injective envelope of α_x is E(α_x) = j_{x∗}E(x). The atomic object is H(α_x) = j_{x∗}k(x). The residue field is k(α_x) ∼= k(x).

(2) There is a bijection |X| → ASpec(QCoh X) given by x → α_x. Moreover, the Grothendieck category QCoh X has enough atoms.

Proof. (1) By Proposition 7.3 and Proposition 5.6 (1),

AAss j_{x∗}E(x) = AAss E(x) = {k(x)}.

Since j_{x∗}E(x) is an indecomposable injective object by Theorem 7.4 (3), it is an injective envelope of each of its nonzero subobjects. Hence E(α_x) = j_{x∗}E(x). By Proposition 6.10 (2), H(α_x) = j_{x∗}k(x). By Proposition 6.10 (3), k(α_x) ∼= End_{OX,x} (k(x)) ∼= k(x).

(2) The bijection in Theorem 7.4 (3) is the composite of the map

|X| → ASpec(QCoh X)

given by x → α_x and the injection

ASpec(QCoh X) →

{ indecomposable injective objects in QCoh X } ∼= given by α → E(α). Hence these maps are also bijective. By Theorem 7.4 (2), the Grothendieck category QCoh X has enough atoms. □

A subset Φ of X is said to be closed under specialization if for every x ∈ Φ, we have {x} ⊂ Φ. Atom supports and related notions in QCoh X are described as follows.

Corollary 7.7.

(1) Let M be an object in QCoh X. Then the bijection |X| → ASpec(QCoh X) in Theorem 7.6 (2) restricts to a bijection Supp M → ASupp M.

(2) For each x ∈ X, we have X (α_x) = X (x). The canonical functor QCoh X → Mod O_{X,x} induces an equivalence (QCoh X)_{αx} ∼−→ Mod O_{X,x}.

(3) For each subset Φ of X, the corresponding subset { α_x ∈ ASpec(QCoh X) | x ∈ Φ } of ASpec(QCoh X) is localizing if and only if Φ is closed under specialization.

(4) Let x, y ∈ X. Then α_x ≤ α_y if and only if y ∈ {x}.

Proof. (1) For each x ∈ X, by Proposition 7.3 and Proposition 5.6 (2), α_x ∈ ASupp M if and only if k(x) ∈ ASupp j^∗_xM. By Proposition 3.9, this is equivalent to m_x ∈ Supp j^∗_xM, which means M_x = j^∗_xM ≠ 0. (2) By (1) and Proposition 5.10 (1), X (α_x) = X (x). The equivalence follows from Proposition 7.3.

(3) By (2), it suffices to show that Φ is closed under specialization if and only if there exists an object M in QCoh X satisfying Φ = Supp M. For every object M in QCoh X, it is straightforward to show that Supp M is closed under specialization.

Assume that Φ is closed under specialization. For each x ∈ Φ, we have Supp j_{x∗}k(x) = {x}. Hence Supp � x∈Φ j_{x∗}k(x) = � x∈Φ Supp j_{x∗}k(x) = Φ.

(4) This follows from (3). □ We specialize Theorem 6.8 to the case of QCoh X. For a full subcategory X of QCoh X, define the specialization-closed subset Supp X of X by Supp X = � M∈X Supp M.

For a subset Φ of X, define the localizing subcategory Supp^{−1} Φ of QCoh X by Supp^{−1} Φ = { M ∈ QCoh X | Supp M ⊂ Φ }.

Theorem 7.8. Let X be a locally noetherian scheme. There is a bijection { localizing subcategories of QCoh X } → { specialization-closed subsets of X } given by X → Supp X . Its inverse is given by Φ → Supp^{−1} Φ. Proof. In Theorem 7.6 (2), we showed that the Grothendieck category QCoh X has enough atoms and described ASpec(QCoh X). Hence the claim follows from Theorem 6.8 and Corollary 7.7 (3). □ Definition 7.9. Let X be a locally noetherian scheme, and let M be an object in QCoh X. The subset Ass M of X is defined by Ass M = { x ∈ X | m_x ∈ Ass_{OX,x} M_x }.

Each element of Ass M is called an associated point of M.

In order to show that associated atoms are generalizations of associated points defined in Definition 7.9, we need the following results.

Proposition 7.10. Let Spec R be an open affine subscheme of X, and let i: Spec R → X be the immersion. For every R-module M, we have Ass i_∗M = i(Ass_R M).

Proof. [Gro65, Proposition 3.1.13] and [Gro65, Proposition 3.1.2]. □

Lemma 7.11. For each x ∈ X, we have Ass j_{x∗}E(x) = {x} and Supp j_{x∗}E(x) = {x}.

Proof. Let i: Spec R → X be the immersion of an open affine subscheme such that x = i(p) for some p ∈ Spec R. Then the morphism j_x is the composite of j : Spec O_{X,x} ∼= Spec R_p → Spec R and i: Spec R → X. By [Mat89, Theorem 18.4 (vi)], j_∗E(x) = E_R(R/p). By Proposition 7.10,

Ass j_{x∗}E(x) = Ass i_∗E_R � R p � = i � Ass_R E_R � R p � = i({p}) = {x}.

By the argument in [Mat89, p. 150], for each q ∈ Spec R, we have E_R(R/p)_q = E_{Rq} ((R/p)_q). Hence we obtain

Supp E_R � R p � = { q ∈ Spec R | p ⊂ q } and Supp j_{x∗}E(x) = Supp i_∗ � E_R � R p � = {x}. □

Proposition 7.12. Let M be an object in QCoh X. Then the bijection |X| → ASpec(QCoh X) in Theorem 7.6 (2) restricts to a bijection Ass M → AAss M.

Proof. Assume that α_x ∈ AAss M, and let i: U → X be the immersion of an open affine subscheme with x ∈ U. By Proposition 7.2 and Proposition 5.6 (2), α_x ∈ AAss i^∗M. By Proposition 3.9 and Proposition 7.10, we obtain x ∈ Ass i_∗i^∗M. Since the canonical morphism M → i_∗i^∗M induces an isomorphism M_x ∼−→ (i_∗i^∗M)_x, we deduce that x ∈ Ass M.

Conversely, assume that x ∈ Ass M. By Theorem 7.4 (2) and Theorem 7.4 (3), there exists a family {x_λ}_{λ∈Λ} of points in X such that

E(M) ∼= � λ∈Λ j_{xλ ∗}E(x_λ).

By [Gro65, Proposition 3.1.7],

x ∈ Ass M ⊂ Ass E(M) = � λ∈Λ Ass j_{xλ ∗}E(x_λ).

Hence there exists λ ∈ Λ such that x ∈ Ass j_{xλ ∗}E(x_λ). By Lemma 7.11, x_λ = x. By Proposition 3.12 (2), we deduce that

α_x ∈ AAss j_{x∗}E(x) ⊂ AAss E(M) = AAss M. □

8. Localization of prelocalizing subcategories and localizing subcategories

In order to classify the prelocalizing subcategories of QCoh X for a locally noetherian scheme X, we show that they are determined by their restrictions to open affine subschemes of X. In this section, we prove this claim in a categorical setting (Setting 8.3). We start with two lemmas, which show the setting includes the case of QCoh X.

Lemma 8.1. Let X be a locally noetherian scheme, and let M be an object in QCoh X. Then for each y ∈ Supp M, there exists x ∈ Ass M with y ∈ {x}.

Proof. By Theorem 7.4 (2) and Theorem 7.4 (3), there exists a family {x_λ}_{λ∈Λ} of points in X such that

E(M) ∼= � λ∈Λ j_{xλ ∗}E(x_λ).

Then y ∈ Supp M ⊂ Supp E(M) = � λ∈Λ Supp j_{xλ ∗}E(x_λ).

By Lemma 7.11, y ∈ Supp j_{xλ ∗}E(x_λ) = {x_λ} for some λ ∈ Λ. By Proposition 7.12 and Proposition 3.12 (2), we obtain

Ass M = Ass E(M) = � λ∈Λ Ass j_{xλ ∗}E(x_λ) = { x_λ | λ ∈ Λ }.

Therefore the claim follows. □

Lemma 8.2. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Let M be an R-module. Then the R-module M_S is a quotient object of the direct sum of some copies of M. In particular, for every p ∈ Spec R, the R-module M_p belongs to the prelocalizing subcategory ⟨M⟩_{preloc} of Mod R.

Proof. For each s ∈ S, the image of the R-homomorphism M → M_S given by x → xs^{−1} is Ms^{−1}. Hence the R-submodule Ms^{−1} of M_S is a quotient R-module of M. Since � s∈S Ms^{−1} ↠ � s∈S Ms^{−1} = M_S,

the claim follows. □

In the rest of this section, we investigate localizations of prelocalizing subcategories in the following setting.

Setting 8.3. Let A be a Grothendieck category with enough atoms, and let {X_λ}_{λ∈Λ} be a family of localizing subcategories of A. For each λ ∈ Λ, let U_λ = A/X_λ. Denote the canonical functors and their right adjoints by • F_λ : A → U_λ and G_λ : U_λ → A for each λ ∈ Λ, • F^λ_μ : U_λ → U_μ and G^λ_μ : U_μ → U_λ for each λ, μ ∈ Λ with U_μ ⊂ U_λ, • F_α : A → A_α and G_α : A_α → A for each α ∈ ASpec A,

• F^λ_α : U_λ → (U_λ)_α and G^λ_α : (U_λ)_α → U_λ for each λ ∈ Λ and α ∈ ASpec U_λ. (Note that (U_λ)_α = A_α.)

We assume the following properties.

(1) It holds that

ASpec A = � λ∈Λ ASpec U_λ.

Moreover, for each λ_1, λ_2 ∈ Λ and α ∈ ASpec U_{λ1} ∩ ASpec U_{λ2} , there exists μ ∈ Λ such that

α ∈ ASpec U_μ ⊂ ASpec U_{λ1} ∩ ASpec U_{λ2} .

In other words, the family {ASpec U_λ}_{λ∈Λ} satisfies the axiom of open basis of ASpec A.^3 (2) For each object M in A and β ∈ ASupp M, there exists α ∈ AAss M with α ≤ β.

(3) Let λ ∈ Λ, and let M^′ be an object in U_λ and α ∈ ASpec U_λ. Then the object G^λ_αF^λ_α (M^′) belongs to ⟨M^′⟩_{preloc}.

For a locally noetherian scheme X, let {U_λ}_{λ∈Λ} be an open affine basis of X (that is, an open basis of X consisting of affine subsets). Then Lemma 8.1 and Lemma 8.2 show that the Grothendieck category QCoh X together with {QCoh U_λ}_{λ∈Λ} satisfies the conditions in Setting 8.3. We assume Setting 8.3 in the rest of this section.

We show that every quotient category of A also satisfies the same conditions.

Proposition 8.4. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A. Then the Grothendieck category A/X together with the family {⟨F (X_λ)⟩_{loc}}_{λ∈Λ} of localizing subcategories of A/X also satisfies the conditions in Setting 8.3. In particular, for every α ∈ ASpec A, the Grothendieck category A_α together with {⟨(X_λ)_α⟩_{loc}}_{λ∈Λ} satisfies the conditions in Setting 8.3.^4

Proof. By Proposition 6.6 (2), the Grothendieck category A/X has enough atoms.

(1) By Proposition 5.7,

ASpec A/X ⟨F (X_λ)⟩_{loc}

= ASpec A X_λ

∩ ASpec A X . (2) Let M^′ be an object in A/X , and let β ∈ ASupp M^′. By Proposition 5.6 (1), β ∈ ASupp G(M^′). Hence there exists α ∈ AAss G(M^′) = AAss M^′ with α ≤ β.

3However, we regard ASpec A as a topological space only by the localizing topology. (See

Proposition 3.14.)

4It is shown in Proposition 8.15 (3) that ⟨F (X λ)⟩_{loc} = F (X_λ). In particular, ⟨(X_λ)_α⟩_{loc} = (X_λ)_α.

(3) Let λ ∈ Λ. By Proposition 4.18 (1) and Proposition 4.18 (3), A/X ⟨F (X_λ)⟩_{loc}

∼= A ⟨X_λ ∪ X ⟩_{loc}

∼= A/X^λ ⟨F_λ(X )⟩_{loc} . Let U^′_λ := U_λ/⟨F_λ(X )⟩_{loc}. Denote the canonical functors by F^′ : U_λ → U^′_λ, F^′_α : U^′_λ → A_α, and their right adjoints by G^′ : U^′_λ → U_λ, G^′_α : A_α → U^′_λ, respectively. Let M^{′′} be an object in U^′_λ, and let α ∈ ASpec U^′_λ. Then by the assumption, the object G^λ_αF^λ_α G^′(M^{′′}) belongs to ⟨G^′(M^{′′})⟩_{preloc}. Since F^′ is exact, the object F^′G^λ_αF^λ_α G^′(M^{′′}) belongs to ⟨F^′G^′(M^{′′})⟩_{preloc} = ⟨M^{′′}⟩_{preloc}. Since

F^′G^λ_αF^λ_α G^′(M^{′′}) ∼= F^′G^′G^′_αF^′_αF^′G^′(M^{′′}) ∼= G^′_αF^′_α(M^{′′}), the claim follows. □

Under the assumptions of Setting 8.3, we can show a complemental fact on associated atoms in a quotient category.

Lemma 8.5. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A. For every object M in A, AAss F (M) = AAss M \ ASupp X .

In particular, for every α ∈ ASpec A,

AAss M_α = AAss M ∩ Λ(α).

Proof. By Proposition 5.6,

AAss GF (M) = AAss F (M) ⊃ AAss M \ ASupp X .

Let η : 1_A → GF be the unit morphism and β ∈ AAss GF (M). Note that β /∈ ASupp X . By Proposition 4.9 (3), the subobject L := Ker η_M of M belongs to X , and Im η_M is an essential subobject of GF (M). By Proposition 3.12 (2), β ∈ AAss(Im η_M ) = AAss(M/L). Hence there exists a subobject L^′ of M with L ⊂ L^′ such that L^′/L is a monoform object representing β. Since β ∈ ASupp L^′, by Setting 8.3 (2), there exists α ∈ AAss L^′ with α ≤ β. Since β /∈ ASupp X , it holds that α /∈ ASupp L by Proposition 3.17. By Proposition 3.10 and Proposition 3.12 (1), α ∈ AAss(L^′/L) = {β}. Therefore β = α ∈ AAss L^′ ⊂ AAss M. □

We show two lemmas as parts of the proof of Theorem 8.8. It is useful to determine whether an object belongs to a given prelocalizing subcategory.

Lemma 8.6. Let λ ∈ Λ, and let Y^′ be a prelocalizing subcategory of U_λ. Let U^′ be a uniform object in U_λ with AAss U^′ = {α}. If U^′_α belongs to Y^′_α, then U^′ belongs to Y^′.

Proof. There exists an object N^′ in U_λ which belongs to Y^′ such that U^′_α ∼= N^′_α. By Setting 8.3 (3), the object G^λ_αF^λ_α (U^′) ∼= G^λ_αF^λ_α (N^′) belongs to Y^′. Let η : 1_{Uλ} → G^λ_αF^λ_α be the unit morphism. Then by Proposition 4.9 (3), α /∈ ASupp(Ker η_U ′ ). If Ker η_U ′ ≠ 0, then by Proposition 3.12 (2), α ∈ AAss(Ker η_U ′ ) ⊂ ASupp(Ker η_U ′ ). This is a contradiction. Hence η_U ′ is a monomorphism. The object U^′ belongs to Y^′. □

Lemma 8.7. Let Y be a prelocalizing subcategory of A, and let U be a uniform object in A with AAss U = {α}. If U_α belongs to Y_α, then U belongs to Y.

Proof. Let L be the largest subobject of U which belongs to Y. Assume that L ⊊ U. Then by Proposition 6.7, there exists β ∈ AAss(U/L). By Setting 8.3 (2), α ≤ β. By Setting 8.3 (1), there exists λ ∈ Λ such that β ∈ ASpec U_λ = ASpec A \ ASupp X_λ. Then by Proposition 3.17, we also have α ∈ ASpec U_λ. By a similar argument to that in the proof of Lemma 8.6, the canonical morphism U → G_λF_λ(U) is a monomorphism, and U is X_λ-torsionfree. By Proposition 4.12 (2), the object F_λ(U) is uniform, and AAss F_λ(U) = {α} by Proposition 3.12 (1). Since F_λ(U)_α = U_α belongs to Y_α = F_λ(Y)_α, by Lemma 8.6, the object F_λ(U) belongs to F_λ(Y). We obtain an object N in A which belongs to Y such that F_λ(N) ∼= F_λ(U). Let V be the image of the composite of the canonical morphism N → G_λF_λ(N) and G_λF_λ(N) ∼−→ G_λF_λ(U). By Proposition 4.9 (3), the object G_λF_λ(U)/V belongs to X_λ. Hence G_λF_λ(U) U ∩ V → G_λF_λ(U) U ⊕ G_λF_λ(U) V ∈ X_λ.

Since U ∩ V belongs to Y, we have U ∩ V ⊂ L by the maximality of L. Hence U/L also belongs to X_λ, and β ∈ ASupp(U/L) ⊂ ASupp X_λ. This is a contradiction. Therefore L = U. □

Theorem 8.8. Assume Setting 8.3. Let Y be a prelocalizing subcategory of A, and let M be an object in A. If M_α belongs to Y_α for every α ∈ AAss M, then M belongs to Y.

Proof. Since A has enough atoms, there exists a family {α_ω}_{ω∈Ω} of elements of ASpec A such that E(M) ∼= � ω∈Ω E(α_ω).

Let Z = ⟨M⟩_{preloc}. For each ω ∈ Ω, let L_ω be the largest subobject of E(α_ω ) which belongs to Z. Then by Proposition 4.5, M ⊂ � ω∈Ω L_ω. Since L_ω is uniform for each ω ∈ Ω, by Proposition 3.12, {α_ω} = AAss L_ω ⊂ AAss E(M) = AAss M.

By Proposition 4.13 (2), it is straightforward to show that Z_{αω} = ⟨M_{αω} ⟩_{preloc}. Hence by the assumption, Z_{αω} ⊂ Y_{αω} . Since L_ω belongs to Z, the object (L_ω)_{αω} belongs to Y_{αω} . By Lemma 8.7, we deduce that L_ω belongs to Y. Therefore the subobject M of � ω∈Ω L_ω also belongs to Y. □

The following results are consequences of Theorem 8.8.

Proposition 8.9. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A. Then for every object M in A, the object GF (M) belongs to ⟨M⟩_{preloc}.

Proof. Let η : 1_A → GF be the unit morphism. Let α ∈ AAss GF (M). By Proposition 5.6 (1),

α ∈ AAss GF (M) = AAss F (M) ⊂ ASpec A X = ASpec A \ ASupp X .

By Proposition 4.9 (3), the objects Ker η_M and Cok η_M belong to X . By applying (−)_α to the exact sequence 0 → Ker η_M → M → GF (M) → Cok η_M → 0, we obtain the isomorphism M_α ∼−→ GF (M)_α. Hence GF (M)_α belongs to (⟨M⟩_{preloc})_α. By Theorem 8.8, we deduce that GF (M) belongs to ⟨M⟩_{preloc}. □ Proposition 8.10. Let Y be a prelocalizing subcategory of A and α ∈ ASpec A. Then α ∈ ASupp Y if and only if H(α) belongs to Y.

Proof. If H(α) belongs to Y, then α = H(α) ∈ ASupp Y.

Assume α ∈ ASupp Y. Then there exists a monoform object H in A with H = α such that H belongs to Y. By Proposition 8.9, the object G_αF_α(H) belongs to Y. By the proof of Proposition 6.10 (2), the object G_αF_α(H) is isomorphic to H(α). □

We show the main result in this section.

Theorem 8.11. Assume Setting 8.3. Then there exist bijections between the following sets.

(1) The set of prelocalizing subcategories of A.

(2) The set of families {Y_λ ⊂ U_λ}_{λ∈Λ} of prelocalizing subcategories such that F^λ_μ (Y_λ) = Y_μ for each λ, μ ∈ Λ with ASpec U_μ ⊂ ASpec U_λ.

(3) The set of families {Y(α) ⊂ A_α}_{α∈ASpec A} of prelocalizing subcategories such that Y(β)_α = Y(α) for each α, β ∈ ASpec A with α ≤ β.

The correspondences are given as follows.

(1) Y → � (2) {F_λ(Y)}_{λ∈Λ} (3) {Y_α}_{α∈ASpec A},

(2) {Y_λ}_{λ∈Λ} → � � � � � (1) � λ∈Λ F^{−1}_λ (Y_λ)

(3) {Y(α)}_{α∈ASpec A}, where Y(α) = (Y_λ)_α for λ ∈ Λ with α ∈ ASpec U_λ,

(3) {Y(α)}_{α∈ASpec A} → � � � � �

(1) � α∈ASpec A

F^{−1}_α (Y(α)) (2) � � α∈ASpec U_λ

(F^λ_α )^{−1}(Y(α)) � λ∈Λ . Proof. ((1)↔(2)) Let Y be a prelocalizing subcategory of A. It is obvious that Y ⊂ � λ∈Λ F^{−1}_λ F_λ(Y). Let M be an object in A which belongs to

� λ∈Λ F^{−1}_λ F_λ(Y). For each α ∈ AAss M, by Setting 8.3 (1), there exists λ ∈ Λ such that α ∈ ASpec U_λ. Then M_α = F_λ(M)_α ∈ F_λ(Y)_α = Y_α.

By Theorem 8.8, the object M belongs to Y. We obtain Y = � λ∈Λ F^{−1}_λ F_λ(Y).

Let {Y_λ}_{λ∈Λ} be an element of (2) and Y := � λ∈Λ F^{−1}_λ (Y_λ). It is obvious that F_λ(Y) ⊂ Y_λ. Let M^′ be an object in U_λ which belongs to Y_λ. We show that F_λ′ G_λ(M^′) belongs to Y_λ′ for each λ^′ ∈ Λ. For each β ∈ AAss F_λ′ G_λ(M^′), by Lemma 8.5 and Proposition 5.6 (1), β ∈ AAss M^′ ∩ ASpec U_λ′ ⊂ ASpec U_λ ∩ ASpec U_λ′ .

Hence there exists μ ∈ Λ such that β ∈ ASpec U_μ ⊂ ASpec U_λ ∩ ASpec U_λ′ .

Since the object F_λ′ G_λ(M^′)_β = G_λ(M^′)_β = F_λG_λ(M^′)_β = M^′_β belongs to

(Y_λ)_β = F^λ_μ (Y_λ)_β = (Y_μ)_β = F^{λ′}_μ (Y_λ′ )_β = (Y_λ′ )_β ,

by Proposition 8.4 and Theorem 8.8, the object F_λ′ G_λ(M^′) belongs to Y_λ′ . Hence G_λ(M^′) belongs to Y, and M^′ ∼= F_λG_λ(M^′) belongs to F_λ(Y). We obtain F_λ(Y) = Y_λ.

(Well-definedness of (2)→(3)) Let {Y_λ}_{λ∈Λ} be an element of (2) and α ∈ ASpec A. Let λ_1, λ_2 ∈ Λ such that α ∈ ASpec U_{λi} for each i = 1, 2. Then by Setting 8.3 (1), there exists μ ∈ Λ such that α ∈ ASpec U_μ ⊂ ASpec U_{λ1} ∩ ASpec U_{λ2} .

Hence (Y_{λ1} )_α = F^{λ1}_μ (Y_{λ1} )_α = (Y_μ)_α = F^{λ2}_μ (Y_{λ2} )_α = (Y_{λ2} )_α.

((2)↔(3)) Let {Y_λ}_{λ∈Λ} be an element of (2). For each λ ∈ Λ, let

~Y_λ := � α∈ASpec U_λ

(F^λ_α )^{−1}F^λ_α (Y_λ).

Then Y_λ ⊂ ~Y_λ. Let M^′ be an object in U_λ which belongs to ~Y_λ. For each α ∈ AAss M^′, we have M^′_α ∈ (Y_λ)_α. Hence by Proposition 8.4 and Theorem 8.8, the object M^′ belongs to Y_λ, and we obtain Y_λ = ~Y_λ. Let {Y(α)}_{α∈ASpec A} be an element of (3). For each λ ∈ Λ, let

Y_λ := � α∈ASpec U_λ

(F^λ_α )^{−1}(Y(α)).

For each α ∈ ASpec A, by Setting 8.3 (1), there exists μ ∈ Λ such that α ∈ ASpec U_μ. It is obvious that F^μ_α (Y_λ) ⊂ Y(α). Let M^{′′} be an object in A_α which belongs to Y(α). We show that F^λ_β G^λ_α(M^{′′}) belongs to Y(β) for each β ∈

ASpec U_λ. For each γ ∈ AAss F^λ_β G^λ_α(M^{′′}), by Lemma 8.5 and Proposition 5.6 (1), γ ∈ AAss M^{′′} ∩ Λ(β) ⊂ Λ(α) ∩ Λ(β).

Since the object F^λ_β G^λ_α(M^{′′})_γ = G^λ_α(M^{′′})_γ = F^λ_α G^λ_α(M^{′′})_γ = M^{′′}_γ belongs to Y(α)_γ = Y(γ) = Y(β)_γ , the object F^λ_β G^λ_α(M^{′′}) belongs to Y(β). Hence G^λ_α(M^{′′}) belongs to Y_λ, and M^{′′} ∼= F^λ_α G^λ_α(M^{′′}) ∈ F^λ_α (Y_λ). We obtain F^μ_β (Y_λ) = Y(β). □

For a family {Y^ω}_{ω∈Ω} of prelocalizing subcategories of A, we can consider the smallest prelocalizing subcategory ⟨ � ω∈Ω Y^ω ⟩_{preloc} containing Y^ω for every ω ∈ Ω and the intersection � ω∈Ω Y^ω. These are described in terms of prelocalizing subcategories of quotient categories in the following ways.

Proposition 8.12. Assume that the following elements correspond to each other by the bijections in Theorem 8.11 for each ω ∈ Ω.

(1) Y^ω.

(2) {Y^ω_λ }_{λ∈Λ}.

(3) {Y^ω (α)}_{α∈ASpec A}.

Then the following elements correspond to each other by the bijections.

(1) ⟨ � ω∈Ω Y^ω⟩_{preloc}.

(2) {⟨ � ω∈Ω Y^ω_λ ⟩_{preloc}}_{λ∈Λ}.

(3) {⟨ � ω∈Ω Y^ω(α)⟩_{preloc}}_{α∈ASpec A}.

Proof. For each λ ∈ Λ,

F_λ � � ω∈Ω Y^ω � preloc � = � F_λ � � ω∈Ω Y^ω � preloc = � � ω∈Ω F_λ(Y^ω ) � preloc = � � ω∈Ω Y^ω_λ � preloc . It is shown similarly that (⟨ � ω∈Ω Y^ω⟩_{preloc})_α = ⟨ � ω∈Ω Y^ω(α)⟩_{preloc} for each α ∈ ASpec A. □

Proposition 8.13. Assume that the following elements correspond to each other by the bijections in Theorem 8.11 for each ω ∈ Ω.

(1) Y^ω.

(2) {Y^ω_λ }_{λ∈Λ}.

(3) {Y^ω (α)}_{α∈ASpec A}.

Then the following elements correspond to each other by the bijections.

(1) � ω∈Ω Y^ω.

(2) { � ω∈Ω Y^ω_λ }_{λ∈Λ}.

(3) { � ω∈Ω Y^ω (α)}_{α∈ASpec A}.

Proof. Let λ ∈ Λ. It is obvious that F_λ( � ω∈Ω Y^ω ) ⊂ � ω∈Ω F_λ(Y^ω ) = � ω∈Ω Y^ω_λ . Let M^′ be an object in U_λ which belongs to � ω∈Ω Y^ω_λ . Then for each ω ∈ Ω, there exists an object M_ω in A which belongs to Y^ω such that F_λ(M_ω) ∼= M^′. By Proposition 8.9, the object G_λ(M^′) ∼= G_λF_λ(M_ω) belongs to ⟨M_ω⟩_{preloc}. Hence G_λ(M^′) belongs to � ω∈Ω Y^ω , and M^′ ∼= F_λG_λ(M^′) ∈ F_λ( � ω∈Ω Y^ω ). This shows that F_λ( � ω∈Ω Y^ω) = � ω∈Ω Y^ω_λ .

It is shown similarly that ( � ω∈Ω Y^ω )_α = � ω∈Ω Y^ω(α) for each α ∈ ASpec A. □ Families in Theorem 8.11 (3) have the following characterization.

Proposition 8.14. For each family {Y(α) ⊂ A_α}_{α∈ASpec A} of prelocalizing subcategories, the following assertions are equivalent.

(1) There exists a prelocalizing subcategory Y of A satisfying Y_α = Y(α) for each α ∈ ASpec A.

(2) For each α ∈ ASpec A, there exist λ ∈ Λ with α ∈ ASpec U_λ and a prelocalizing subcategory Y^′ of U_λ satisfying Y^′_β = Y(β) for each β ∈ ASpec U_λ.

(3) For each α, β ∈ ASpec A with α ≤ β, it holds that Y(β)_α = Y(α).

Proof. This can be shown straightforwardly by using Theorem 8.11. □

In order to investigate the localizing subcategories of QCoh X, we improve Proposition 4.13 under the assumptions of Setting 8.3.

Proposition 8.15. Let X be a localizing subcategory of A. Denote the canonical functor by F : A → A/X and its right adjoint by G: A/X → A.

(1) Let Y be a prelocalizing subcategory of A. Then Y ∗ X ⊂ X ∗ Y. (2) Let Y_1 and Y_2 be prelocalizing subcategories of A. Then

F (Y_1 ∗ Y_2) = F (Y_1) ∗ F (Y_2).

(3) Let Y be a localizing subcategory of A. Then F (Y) is a localizing subcategory of A/X .

Proof. (1) Let M be an object in A which belongs to Y ∗ X . Then there exists an exact sequence 0 → L → M → N → 0 in A, where L belongs to Y, and N belongs to X . Since F (L) ∼= F (M), the object GF (M) ∼= GF (L) belongs to Y by Proposition 8.9. Let η : 1_A → GF be the unit morphism. There is an exact sequence

0 → Ker η_M → M → Im η_M → 0.

By Proposition 4.9 (3), the object Ker η_M belongs to X . The subobject Im η_M of GF (M) belongs to Y. Therefore M belongs to X ∗ Y.

(2) By Proposition 4.13 (3), F (Y_1 ∗ Y_2) ⊂ F (Y_1 ∗ X ∗ Y_2) = F (Y_1) ∗ F (Y_2).

By (1),

F (Y_1 ∗ X ∗ Y_2) ⊂ F (X ∗ Y_1 ∗ Y_2) ⊂ F (X ) ∗ F (Y_1 ∗ Y_2) = F (Y_1 ∗ Y_2). (3) By (2), F (Y) ∗ F (Y) = F (Y ∗ Y) = F (Y). □

Theorem 8.16. Assume that the following elements correspond to each other by the bijections in Theorem 8.11 for each i = 1, 2.

(1) Y^i.

(2) {Y^i_λ}_{λ∈Λ}.

(3) {Y^i(α)}_{α∈ASpec A}.

Then the following elements correspond to each other by the bijections.

(1) Y^1 ∗ Y^2.

(2) {Y^1_λ ∗ Y^2_λ}_{λ∈Λ}.

(3) {Y^1(α) ∗ Y^2(α)}_{α∈ASpec A}.

Proof. This follows from Proposition 8.15. □

Corollary 8.17. The bijections in Theorem 8.11 restrict to bijections between following sets.

(1) The set of localizing subcategories of A.

(2) The set of families {Y_λ ⊂ U_λ}_{λ∈Λ} of localizing subcategories such that F^λ_μ (Y_λ) = Y_μ for each λ, μ ∈ Λ with ASpec U_μ ⊂ ASpec U_λ.

(3) The set of families {Y(α) ⊂ A_α}_{α∈ASpec A} of localizing subcategories such that Y(β)_α = Y(α) for each α, β ∈ ASpec A with α ≤ β.

Proof. This follows from Theorem 8.16. □

Prime localizing subcategories of A are characterized as follows.

Theorem 8.18. Assume Setting 8.3, and let X be a localizing subcategory of A. Then the following assertions are equivalent.

(1) X is a prime localizing subcategory of A. (2) There exists α ∈ ASpec A such that X = X (α).

(3) For each family {X_ω}_{ω∈Ω} of localizing subcategories of A satisfying X = � ω∈Ω X_ω, there exists ω ∈ Ω such that X = X_ω.

(4) For each family {Y_ω}_{ω∈Ω} of prelocalizing subcategories of A satisfying X = � ω∈Ω Y_ω, there exists ω ∈ Ω such that X = Y_ω .

Proof. The equivalence (1)⇔(2) follows from Theorem 5.14. Let {Y_ω}_{ω∈Ω} be a family of prelocalizing subcategories of A satisfying X (α) = � ω∈Ω Y_ω . Since H(α) does not belong to X (α), there exists ω ∈ Ω such that H(α) does not belong to Y_ω. By Proposition 8.10, α /∈ ASupp Y_ω , and hence Y_ω ⊂ X (α). This shows (2)⇒(4).

The implication (4)⇒(3) is obvious. The implication (3)⇒(2) follows from Corollary 6.9. □

9. Classification of prelocalizing subcategories

Let X be a locally noetherian scheme with the structure sheaf O_X . In this section, we classify the prelocalizing subcategories of QCoh X. Let {U_λ}_{λ∈Λ} be an open affine basis of X. Let i_λ : U_λ → X be the immersion for each λ ∈ Λ, and let i_{λ,μ} : U_μ → U_λ be the immersion for each λ, μ ∈ Λ with U_μ ⊂ U_λ. We recall the notion of a filter. This is an essential tool to classify prelocalizing subcategories.

Definition 9.1. Let A be a Grothendieck category, and let M be an object in A.

(1) A filter of subobjects of M in A is a set F of subobjects of M satisfying the following conditions. (a) M ∈ F.

(b) If L ⊂ L^′ are subobjects of M with L ∈ F, then L^′ ∈ F. (c) If L_1, L_2 ∈ F, then L_1 ∩ L_2 ∈ F.

If there is no danger of confusion, we simply say that F is a filter of M. (2) For each subobject L of M, denote by F(L) the filter consisting of all subobjects L^′ of M with L ⊂ L^′. A filter of the form F(L) is called a principal filter.

Remark 9.2. In Definition 9.1 (2), the principal filter F(L) is closed under arbitrary intersection. Conversely, if a filter F of M is closed under arbitrary intersection, then F = F(L), where L is the smallest element of F. It is obvious that the map

{ subobjects of M } → { principal filters of M }

given by L → F(L) is bijective.

For a ring Λ, we say that a filter F of right ideals of Λ is prelocalizing if for each L ∈ F and a ∈ Λ, the right ideal

a^{−1}L = { b ∈ Λ | ab ∈ L }

of Λ belongs to F. For a ring Λ, Gabriel [Gab62] gave a classification of the prelocalizing subcategories of Mod Λ.

Theorem 9.3 ([Gab62, Lemma V.2.1]). Let Λ be a ring. There is a bijection

{ prelocalizing subcategories of Mod Λ } → { prelocalizing filters of right ideals of Λ }

given by Y → � L ⊂ Λ in Mod Λ � � � � Λ L ∈ Y � .

Its inverse is given by F → { M ∈ Mod Λ | Ann_Λ(x) ∈ F for every x ∈ M } = � Λ L ∈ Mod Λ � � � L ∈ F � preloc . Proof. [Pop73, Theorem 4.9.1]. □

For a commutative ring R, every filter F of R is prelocalizing. Indeed, for L ∈ F and a ∈ R, we have L ⊂ a^{−1}L, and hence a^{−1}L ∈ F. Therefore the following assertion holds.

Corollary 9.4. Let R be a commutative ring. There is a bijection { prelocalizing subcategories of Mod R } → { filters of ideals of R } given by Y → � I ⊂ R in Mod R � � � R I ∈ Y � . Its inverse is given by F → { M ∈ Mod R | Ann_R(x) ∈ F for every x ∈ M } = � R I ∈ Mod R � � � I ∈ F � preloc . Proof. This is immediate from Theorem 9.3. □

In the case of a locally noetherian scheme X, we need to use the notion of a local filter instead of a filter (see Theorem 9.14 and Example 12.13).

Definition 9.5. Let X be a locally noetherian scheme. We say that a filter F of subobjects of O_X in QCoh X is a local filter of O_X if it satisfies the following condition: let I be a subobject of O_X , and assume that for each x ∈ X, there exist an open affine neighborhood U of x in X and I^′ ∈ F such that I^′|_U ⊂ I|_U as a subobject of O_U . Then I ∈ F.

Proposition 9.6. Every principal filter of O_X is a local filter.

Proof. For every subobject I of O_X , we show that F(I) is a local filter. Let I^′ be a subobject of O_X such that for each x ∈ X, there exist an open affine neighborhood U(x) of x in X and J(x) ∈ F(I) such that J(x)|_{U(x)} ⊂ I^′|_{U(x)}. Let J := � x∈X J(x) in QCoh X. Then J ∈ F(I), and J|_{U(x)} ⊂ I^′|_{U(x)} for each x ∈ X. For each open subset U of X,

J(U) = { s ∈ O_X (U) | s|_{U(x)∩U} ∈ J(U(x) ∩ U) for each x ∈ X } ⊂ { s ∈ O_X (U) | s|_{U(x)∩U} ∈ I^′(U(x) ∩ U) for each x ∈ X } = I^′(U),

and hence J ⊂ I^′ follows. This implies that I^′ ∈ F. □

The next result shows that the local filters of O_X are exactly the same as the filters of O_X in the case where X is quasi-compact. This is the reason that we do not need to consider a local filter in the case of a commutative ring. Proposition 9.7. If X is a noetherian scheme, then every filter of O_X is a local filter.

Proof. Let F be a filter of O_X . Let I be a subobject of O_X , and assume that for each x ∈ X, there exist an open affine neighborhood U(x) of x in X and I^′(x) ∈ F such that I^′(x)|_{U(x)} ⊂ I|_{U(x)}. Since X is quasi-compact, there exists x_1, . . . , x_n ∈ X such that X =

�_n j=1 U(x_j ). Let I^′ :=

�_n j=1 I^′(x_j ). Then I^′ belongs to F. Since I^′|_{U(xj )} ⊂ I|_{U(xj )} for each j = 1, . . . , n, we have I^′ ⊂ I, and hence I also belongs to F. □

The following result describes the local filter generated by a set of subobjects of O_X .

Proposition 9.8. Let S be a set of subobjects of O_X . Let F be the set consisting of all subobjects I of O_X satisfying the following condition: for each x ∈ X, there exist an open affine neighborhood U of x in X and n ∈ Z_{≥1} and I_1, . . . , I_n ∈ S such that (I_1 ∩ · · · ∩ I_n)|_U ⊂ I|_U .

Then F is the smallest local filter of O_X including S.

Proof. It is obvious that F satisfies the conditions (a) and (b) in Definition 9.1 (1). We show that (c) is satisfied. Let I^{(1)}, I^{(2)} ∈ F. Then for each j = 1, 2 and x ∈ X, there exist an open affine neighborhood U^{(j)} of x in X and n_j ∈ Z_{≥1} and I^{(j)}_1 , . . . , I^{(j)}_{nj} ∈ S such that

(I^{(j)}_1 ∩ · · · ∩ I^{(j)}_{nj} )|_U (j) ⊂ I^{(j)}|_U (j) .

Then

(I^{(1)}_1 ∩ · · · ∩ I^{(1)}_{n1} ∩ I^{(2)}_1 ∩ · · · ∩ I^{(2)}_{n2} )|_U (1)_{∩U} (2) ⊂ (I^{(1)} ∩ I^{(2)})|_U (1)_{∩U} (2) .

This shows I^{(1)} ∩ I^{(2)} ∈ F. Hence F is a filter of O_X .

Let I be a subobject of O_X such that for each x ∈ X, there exist an open affine neighborhood U of x in X and I^′ ∈ F such that I^′|_U ⊂ I|_U . Let x ∈ X, and take such U and I^′. Then there exists an open affine neighborhood U^′ of x in X and n ∈ Z_{≥1} and I^′_1, . . . , I^′_n ∈ S such that (I^′_1 ∩ · · · ∩ I^′_n)|_U ′ ⊂ I^′|_U ′ .

Since (I^′_1 ∩ · · · ∩ I^′_n)|_{U∩U} ′ ⊂ I^′|_{U∩U} ′ ⊂ I|_{U∩U} ′ , it holds that I ∈ F. This shows that F is a local filter. It is obvious that F is the smallest local filter of O_X including S. □

In the setting of Proposition 9.8, the local filter F is denoted by ⟨S⟩_{locfilt}. We investigate the restriction of a filter to an open affine subscheme and the localization at a point.

Proposition 9.9. Let F be a filter of O_X .

(1) For every λ ∈ Λ, the set

F|_{Uλ} := { I|_{Uλ} ⊂ O_{Uλ} in QCoh U_λ | I ∈ F }

is a filter of O_{Uλ} .

(2) For every x ∈ X, the set

F_x := { I_x ⊂ O_{X,x} in Mod O_{X,x} | I ∈ F }

is a filter of O_{X,x}.

Proof. (1) Since O_X ∈ F, we have O_{Uλ} ∈ F|_{Uλ} .

Let ~I ⊂ ~I^′ be subobjects of O_{Uλ} with ~I ∈ F|_{Uλ} . By Proposition 4.10, there exists a largest subobject I (resp. I^′) of O_X satisfying I|_{Uλ} ⊂ ~I (resp. I^′|_{Uλ} ⊂ ~I^′), and it holds that I|_{Uλ} = ~I (resp. I^′|_{Uλ} = ~I^′). Then I ∈ F and I ⊂ I^′ imply I^′ ∈ F. We deduce that ~I^′ = I^′|_{Uλ} ∈ F|_{Uλ} .

Let ~I_1, ~I_2 ∈ F|_{Uλ} . Then for each i = 1, 2, there exists I_i ∈ F such that I_i|_{Uλ} = ~I_i. It holds that I_1 ∩ I_2 ∈ F. Since (−)|_{Uλ} : QCoh X → QCoh U_λ is an exact functor, I_1|_{Uλ} ∩ I_2|_{Uλ} = (I_1 ∩ I_2)|_{Uλ} ∈ F|_{Uλ} .

(2) This is shown similarly to (1). □

We give a characterization of a local filter.

Proposition 9.10. Let F be a filter of O_X . Then the following assertions are equivalent.

(1) F is a local filter.

(2) Let I be a subobject of O_X such that for each x ∈ X, there exists an open affine neighborhood U of x in X satisfying I|_U ∈ F|_U . Then I ∈ F.

Proof. It is obvious that (1) implies (2).

Assume (2). Let I be a subobject of O_X such that for each x ∈ X, there exist an open affine neighborhood U of x in X and I^′ ∈ F satisfying I^′|_U ⊂ I|_U . Since F|_U is a filter of O_U by Proposition 9.9 (1), we have I|_U ∈ F|_U . Hence I ∈ F. This shows (1). □

The following lemmas show that the bijection in Corollary 9.4 commutes with the restriction to an open affine subscheme and the localization at a point.

Lemma 9.11. Let λ, μ ∈ Λ with U_μ ⊂ U_λ. Let Y be a prelocalizing subcategory of QCoh U_λ, and let F be the corresponding filter of O_{Uλ} by the bijection in Corollary 9.4. Then the filter F|_{Uμ} of O_{Uμ} corresponds to the prelocalizing subcategory Y|_{Uμ} of QCoh U_μ by the bijection.

Proof. Let F^′ be the filter of O_{Uμ} corresponding to Y|_{Uμ} , that is,

F^′ = � ~I ⊂ O_{Uμ} in QCoh U_μ � � � � O_{Uμ} ~I ∈ Y|_{Uμ} � .

It is obvious that F|_{Uμ} ⊂ F^′. Let ~I ∈ F^′. Then there exists an object M in QCoh X which belongs to Y such that O_{Uμ} /~I ∼= M|_{Uμ} . By Proposition 4.10, there exists a subobject I of O_{Uλ} such that I|_{Uμ} = ~I, and O_{Uλ} /I is X -torsionfree, where X = { M^′ ∈ QCoh U_λ | M^′|_{Uμ} = 0 }.

By Proposition 4.9 (3), the canonical morphism O_{Uλ} /I → (i_{λ,μ})_∗i^∗_{λ,μ}(O_{Uλ} /I) is a monomorphism. By Proposition 8.9, the object

(i_{λ,μ})_∗i^∗_{λ,μ} � O_{Uλ} I � ∼= (i_{λ,μ})_∗ � O_{Uμ} ~I � ∼= (i_{λ,μ})_∗i^∗_{λ,μ}M

belongs to Y. Hence O_{Uλ} /I also belongs to Y. This shows that I ∈ F and that ~I = I|_{Uμ} ∈ F|_{Uμ} . Therefore F|_{Uμ} = F ′. □

Lemma 9.12. Let x, y ∈ X with y ∈ {x}. Let Y be a prelocalizing subcategory of Mod O_{X,y}, and let F be the corresponding filter of O_{X,y} by the bijection in Corollary 9.4. Then the filter F_x of O_{X,x} corresponds to the prelocalizing subcategory Y_x of Mod O_{X,x} by the bijection.

Proof. This is shown similarly to Lemma 9.11. □

We show a lemma to glue filters on open affine basis to a local filter of O_X .

Lemma 9.13.

(1) For every local filter F of O_X ,

F = { I ⊂ O_X in QCoh X | I|_{Uλ} ∈ F|_{Uλ} for each λ ∈ Λ }.

(2) Let F_λ be a filter of O_{Uλ} for each λ ∈ Λ, and assume that F_λ|_{Uμ} = F_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ. Then there exists a unique local filter F of O_X satisfying F|_{Uλ} = F_λ for each λ ∈ Λ.

Proof. (1) This follows from Proposition 9.10. (2) The uniqueness follows from (1). Let

F := { I ⊂ O_X in QCoh X | I|_{Uλ} ∈ F_λ for each λ ∈ Λ }.

It is straightforward to show that F is a filter of O_X satisfying F|_{Uλ} ⊂ F_λ for each λ ∈ Λ.

Let I be a subobject of O_X such that for each x ∈ X, there exists an open affine neighborhood U of x in X satisfying I|_U ∈ F|_U . For each λ ∈ Λ and y ∈ U_λ, there exists an open affine neighborhood U^′ of y in X satisfying I|_U ′ ∈ F|_U ′ . Take μ ∈ Λ satisfying y ∈ U_μ ⊂ U_λ ∩ U^′. Then (I|_{Uλ} )|_{Uμ} = (I|_U ′ )|_{Uμ} ∈ (F|_U ′ )|_{Uμ} = (F|_{Uλ} )|_{Uμ} . Since F|_{Uλ} is a local filter by Proposition 9.9 (1) and Proposition 9.7, we have I|_{Uλ} ∈ F|_{Uλ} ⊂ F_λ. This shows that I ∈ F. By Proposition 9.10, the filter F is a local filter.

We show that F_λ ⊂ F|_{Uλ} . Let ~J ∈ F_λ. By Proposition 4.10, there exists a subobject J of O_X such that J|_{Uλ} = ~J, and O_X /J is X_{Uλ} -torsionfree (see Proposition 7.2). It suffices to show that J ∈ F, that is, J|_{Uμ} ∈ F_μ for each μ ∈ Λ. Denote by Y_λ and Y_μ the prelocalizing subcategories of QCoh U_λ and QCoh U_μ corresponding to F_λ and F_μ by Corollary 9.4, respectively. We show that the object O_{Uμ} /J|_{Uμ} belongs to Y_μ. Let x ∈ Ass_{Uμ} (O_{Uμ} /J|_{Uμ} ). By Lemma 8.5,

x ∈ Ass_{Uμ}

O_X J � � � �_{Uμ} = Ass^X

O_X J ∩ U_μ ⊂ U_λ ∩ U_μ.

Hence � O_{Uμ} J|_{Uμ} � x = O_{X,x} J_x = � O_{Uλ} J|_{Uλ} � x = � O_{Uλ} ~J � x ∈ (Y_λ)_x.

Take ν ∈ Λ such that x ∈ U_ν ⊂ U_λ ∩ U_μ. Then (Y_λ)_x = (Y_λ|_{Uν} )_x = (Y_ν )_x = (Y_μ|_{Uν} )_x = (Y_μ)_x. Hence by Theorem 8.8, the object O_{Uμ} /J|_{Uμ} belongs to Y_μ. This shows that J|_{Uμ} ∈ F_μ. □

The following theorem is the main result in this section, which gives a classification of the prelocalizing subcategory of QCoh X.

Theorem 9.14. Let X be a locally noetherian scheme, and let {U_λ}_{λ∈Λ} be an open affine basis of X. Then there exist bijections between the following sets.

(1) The set of prelocalizing subcategories of QCoh X.

(2) The set of families {Y_λ ⊂ QCoh U_λ}_{λ∈Λ} of prelocalizing subcategories such that Y_λ|_{Uμ} = Y_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(3) The set of families {Y(x) ⊂ Mod O_{X,x}}_{x∈X} of prelocalizing subcategories such that Y(y)_x = Y(x) for each x, y ∈ X with y ∈ {x}.

(4) The set of local filters of O_X .

(5) The set of families {F_λ}_{λ∈Λ}, where F_λ is a filter of O_{Uλ} for each λ ∈ Λ, such that F_λ|_{Uμ} = F_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(6) The set of families {F(x)}_{x∈X} , where F(x) is a filter of O_{X,x} for each x ∈ X, such that F(y)_x = F(x) for each x, y ∈ X with y ∈ {x}.

The correspondences are given as follows.

(1) Y → � � � � (4) � I ⊂ O_X in QCoh X � � � O^X I ∈ Y �

(2) {Y|_{Uλ} }_{λ∈Λ} (3) {Y_x}_{x∈X}

(4) F → � � � � � (1) � O_X I � � � I ∈ F � preloc . (5) {F|_{Uλ} }_{λ∈Λ} (6) {F_x}_{x∈X} (2) {Y_λ}_{λ∈Λ} → (1) { M ∈ QCoh X | M|_{Uλ} ∈ Y_λ for each λ ∈ Λ } (3) {Y(x)}_{x∈X} → (1) { M ∈ QCoh X | M_x ∈ Y(x) for each x ∈ X } (5) {F_λ}_{λ∈Λ} → (4) { I ⊂ O_X in QCoh X | I|_{Uλ} ∈ F_λ for each λ ∈ Λ } (6) {F(x)}_{x∈X} → (4) { I ⊂ O_X in QCoh X | I_x ∈ F(x) for each x ∈ X }

Proof. Theorem 8.11 gives bijections between (1), (2), and (3). Corollary 9.4 and Lemma 9.11 (resp. Lemma 9.12) give a bijection between (2) and (5) (resp. (3) and (6)). Lemma 9.13 gives a bijection between (4) and (5). □

For a family of prelocalizing subcategories of QCoh X, the supremum and the intersection are described in terms of local filters as follows.

Proposition 9.15. Assume that the following elements correspond to each other by the bijections in Theorem 9.14 for each ω ∈ Ω.

(1) Y^ω.

(2) {Y^ω_λ }_{λ∈Λ}. (3) {Y^ω (x)}_{x∈X} .

(4) F^ω.

(5) {F^ω_λ }_{λ∈Λ}. (6) {F^ω(x)}_{x∈X} .

Then the following elements correspond to each other by the bijections.

(1) ⟨ � ω∈Ω Y^ω⟩_{preloc}.

(2) {⟨ � ω∈Ω Y^ω_λ ⟩_{preloc}}_{λ∈Λ}.

(3) {⟨ � ω∈Ω Y^ω(x)⟩_{preloc}}_{x∈X} .

(4) ⟨ � ω∈Ω F^ω⟩_{locfilt}.

(5) {⟨ � ω∈Ω F^ω_λ ⟩_{locfilt}}_{λ∈Λ}.

(6) {⟨ � ω∈Ω F^ω(x)⟩_{locfilt}}_{x∈X} .

Proof. This follows from Proposition 8.12. □

Proposition 9.16. Assume that the following elements correspond to each other by the bijections in Theorem 9.14 for each ω ∈ Ω.

(1) Y^ω.

(2) {Y^ω_λ }_{λ∈Λ}. (3) {Y^ω (x)}_{x∈X} .

(4) F^ω.

(5) {F^ω_λ }_{λ∈Λ}. (6) {F^ω(x)}_{x∈X} .

Then the following elements correspond to each other by the bijections. (1) � ω∈Ω Y^ω.

(2) { � ω∈Ω Y^ω_λ }_{λ∈Λ}.

(3) { � ω∈Ω Y^ω (x)}_{x∈X} . (4) � ω∈Ω F^ω.

(5) { � ω∈Ω F^ω_λ }_{λ∈Λ}.

(6) { � ω∈Ω F^ω(x)}_{x∈X} .

Proof. This follows from Proposition 8.13. □

We demonstrate a calculation of the prelocalizing subcategories by using Theorem 9.14.

Example 9.17. Let k be an algebraically closed field, and consider the polynomial ring k[x] with a variable x. For each a ∈ k, let p_a := (x − a) ⊂ k[x] and m_a := p_ak[x]_{pa} . Then

Spec k[x] = { p_a | a ∈ k } ∪ {0}.

Since k[x]_{pa} is a discrete valuation ring, the set of ideals of k[x]_{pa} is

{ m^i_a | i ∈ Z_{≥0} } ∪ {0}, where m^0_a = k[x]_{pa} . For each n ∈ Z_{≥0}, define the filter F^n_a of k[x]_{pa} by

F^n_a = { m^i_a | 0 ≤ i ≤ n }, and let F^∞_a := { m^i_a | i ∈ Z_{≥0} }, F_a := { m^i_a | i ∈ Z_{≥0} } ∪ {0}.

Then the set of filters of k[x]_{pa} is

{ F^n_a | n ∈ Z_{≥0} ∪ {∞} } ∪ {F_a}.

Since k[x]_0 = k(x) is a field, the set of the filters of k(x) consists of F^∞ = {k(x)} and F = {0, k(x)}. For each a ∈ k and n ∈ Z_{≥0} ∪ {∞}, (F^n_a )_0 = F^∞, and (F_a)_0 = F. Hence the set � ({F^{r(a)}_a }_{a∈k}, F^∞) � � � � r = {r(a)}_{a∈k} ∈ � a∈k (Z_{≥0} ∪ {∞}) � ∪ {({F_a}_{a∈k}, F)}

is the set of families of filters which are compatible with localizations. By Theorem 9.14, the set of prelocalizing subcategories of Mod k[x] is � Y_r � � � � r ∈ � a∈k (Z_{≥0} ∪ {∞}) � ∪ {Mod k[x]},

where

Y_r = { M ∈ Mod k[x] | M_{pa} m^{r(a)}_a = 0 for each a ∈ k with r(a) ≠ ∞ } for each r ∈ � a∈k(Z_{≥0} ∪ {∞}).

10. Classification of localizing subcategories

In this section, we investigate extensions of prelocalizing subcategories (Definition 4.1 (1)) in terms of local filters and classify the localizing subcategories of QCoh X for a locally noetherian scheme X. The classification is given as a restriction of Theorem 9.14. We start with recalling Gabriel’s classification of the localizing subcategories of Mod Λ for a ring Λ.

Definition 10.1. Let Λ be a ring.

(1) For prelocalizing filters F_1 and F_2 of right ideals of Λ, define the product F_1 ∗ F_2 as follows: L ∈ F_1 ∗ F_2 if and only if there exists L_1 ∈ F_1 satisfying a^{−1}L ∈ F_2 for every a ∈ L_1.

(2) A prelocalizing filter F of right ideals of Λ is called a Gabriel filter if F ∗ F ⊂ F holds.

Proposition 10.2. Let Λ be a ring. If F_1 and F_2 are prelocalizing filters of right ideals of Λ, then F_1 ⊂ F_1 ∗ F_2, and F_2 ⊂ F_1 ∗ F_2.

Proof. Let L_1 ∈ F_1. Then a^{−1}L_1 = Λ ∈ F_2 for each a ∈ L_1. This shows that F_1 ⊂ F_1 ∗ F_2.

Let L_2 ∈ F_2. Then Λ ∈ F_1, and a^{−1}L_2 ∈ F_2 for each a ∈ Λ. This shows that F_2 ⊂ F_1 ∗ F_2. □

Theorem 10.3 ([Gab62, p. 412]). Let Λ be a ring.

(1) For each i = 1, 2, let Y_i be a prelocalizing subcategory of Mod Λ, and let F_i be the prelocalizing filter of right ideals of Λ corresponding to F_i by the bijection in Theorem 9.3. Then Y_1 ∗ Y_2 corresponds to F_2 ∗ F_1 by the bijection.

(2) The bijection in Theorem 9.3 restricts to a bijection { localizing subcategories of Mod Λ } → { Gabriel filters of right ideals of Λ }. Proof. [Ste75, Theorem VI.5.1]. □ For a commutative ring R, we say that a filter F of R is closed under products if I_1, I_2 ∈ F implies I_1I_2 ∈ F. In the case of a commutative noetherian ring, products of filters and Gabriel filters are characterized as follows. Proposition 10.4. Let R be a commutative noetherian ring.

(1) Let F_1 and F_2 be filters of R. Then F_1 ∗ F_2 = { I ⊂ R in Mod R | I_1I_2 ⊂ I for some I_1 ∈ F_1, I_2 ∈ F_2 }. (2) Let F be a filter of R. Then F is a Gabriel filter if and only if F is closed under products.

Proof. (1) Let I ∈ F_1 ∗ F_2. Then there exists I_1 ∈ F_1 such that a^{−1}I ∈ F_2 for each a ∈ I_1. Since R is noetherian, there exist b_1, . . . , b_n ∈ R such that I_1 = b_1R + · · · + b_nR. Let I_2 := b^{−1}_1 I ∩ · · · ∩ b^{−1}_n I. Then I_2 ∈ F_2, and I_1I_2 = b_1I_2 + · · · + b_nI_2 ⊂ b_1(b^{−1}_1 I) + · · · + b_n(b^{−1}_n I) ⊂ I.

Conversely, let J_1 ∈ F_1 and J_2 ∈ F_2. For each a ∈ J_1, we have J_2 ⊂ a^{−1}J_1J_2, and hence a^{−1}J_1J_2 ∈ F_2. This implies that J_1J_2 ∈ F_1 ∗ F_2. (2) This follows from (1). □ For a commutative noetherian ring R, the classification of the localizing subcategories of Mod R is stated as follows.

Corollary 10.5. Let R be a commutative noetherian ring. Then the bijection in Corollary 9.4 restricts to a bijection { localizing subcategories of Mod R } → { filters of R closed under products }. Proof. This follows from Theorem 10.3 (2) and Proposition 10.4 (2). □ In the rest of this section, let X be a locally noetherian scheme, and let {U_λ}_{λ∈Λ} be an open affine basis of X. For an object M in QCoh X and a subobject I of O_X , the subobject MI of M is defined as the image of the canonical morphism M ⊗_{OX} I → M in QCoh X. Definition 10.6.

(1) Let F_1 and F_2 be local filters of O_X . We define the product F_1 ∗ F_2 by F_1 ∗ F_2 = ⟨ I_1I_2 ⊂ O_X in QCoh X | I_i ∈ F_i for each i = 1, 2 ⟩_{locfilt}.

(2) We say that a local filter F is closed under products if F ∗F ⊂ F holds.

Note that a local filter F is closed under products if and only if I_1, I_2 ∈ F implies I_1I_2 ∈ F.

Products of local filters of O_X commute with the restriction to an open affine subscheme and the localization at a point.

Lemma 10.7. Let F_i be a local filter of O_X for each i = 1, 2.

(1) For every λ ∈ Λ,

(F_1 ∗ F_2)|_{Uλ} = F_1|_{Uλ} ∗ F_2|_{Uλ} .

(2) For every x ∈ X,

(F_1 ∗ F_2)_x = (F_1)_x ∗ (F_2)_x.

Proof. (1) Let J ∈ (F_1 ∗ F_2)|_{Uλ} . Then there exists I ∈ F_1 ∗ F_2 such that I|_{Uλ} = J. For each x ∈ U_λ, there exist an open affine neighborhood U of x in X and I_1 ∈ F_1 and I_2 ∈ F_2 such that (I_1I_2)|_U ⊂ I|_U . Hence

(I_1|_{Uλ} I_2|_{Uλ} )|_{Uλ ∩U} = (I_1I_2)|_{Uλ∩U} ⊂ I|_{Uλ ∩U} = J|_{Uλ∩U} .

This shows that J ∈ F_1|_{Uλ} ∗ F_2|_{Uλ} .

Conversely, assume J ∈ F_1|_{Uλ} ∗ F_2|_{Uλ} . Then for each x ∈ U_λ, there exist an open affine neighborhood V of x in U_λ and J_1 ∈ F_1|_{Uλ} and J_2 ∈ F_2|_{Uλ} such that (J_1J_2)|_V ⊂ J|_V . For each i = 1, 2, there exists I_i ∈ F_i such that I_i|_{Uλ} = J_i. Then (I_1I_2)|_{Uλ} ∈ (F_1 ∗ F_2)|_{Uλ} , and

((I_1I_2)|_{Uλ} )|_V = (J_1J_2)|_V ⊂ J|_V .

Since (F_1 ∗ F_2)|_{Uλ} is a local filter by Proposition 9.9 (1) and Proposition 9.7, we obtain J ∈ (F_1 ∗ F_2)|_{Uλ} .

(2) This can be shown similarly to (1). □

We describe extensions of prelocalizing subcategories of QCoh X in terms of products of local filters.

Theorem 10.8. Assume that the following elements correspond to each other by the bijections in Theorem 9.14 for each i = 1, 2.

(1) Y^i.

(2) {Y^i_λ}_{λ∈Λ}. (3) {Y^i(x)}_{x∈X} .

(4) F^i.

(5) {F^i_λ}_{λ∈Λ}. (6) {F^i(x)}_{x∈X} .

Then the following elements correspond to each other by the bijections.

(1) Y^1 ∗ Y^2.

(2) {Y^1_λ ∗ Y^2_λ}_{λ∈Λ}.

(3) {Y^1(x) ∗ Y^2(x)}_{x∈X} .

(4) F^1 ∗ F^2.

(5) {F^1_λ ∗ F^2_λ}_{λ∈Λ}.

(6) {F^1(x) ∗ F^2(x)}_{x∈X} .

Proof. This follows from Theorem 8.16, Theorem 10.3 (1), and Lemma 10.7. □

Corollary 10.9. The bijections in Theorem 9.14 restrict to bijections between following sets.

(1) The set of localizing subcategories of QCoh X.

(2) The set of families {X_λ ⊂ QCoh U_λ}_{λ∈Λ} of localizing subcategories such that X_λ|_{Uμ} = X_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(3) The set of families {X (x) ⊂ Mod O_{X,x}}_{x∈X} of localizing subcategories such that X (y)_x = X (x) for each x, y ∈ X with y ∈ {x}.

(4) The set of local filters of O_X closed under products. (5) The set of families {F_λ}_{λ∈Λ}, where F_λ is a filter of O_{Uλ} closed under products for each λ ∈ Λ, such that F_λ|_{Uμ} = F_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(6) The set of families {F(x)}_{x∈X} , where F(x) is a filter of O_{X,x} closed under products for each x ∈ X, such that F(y)_x = F(x) for each x, y ∈ X with y ∈ {x}.

Proof. This follows from Theorem 10.8. □

We apply Corollary 10.9 to Example 9.17.

Example 10.10. In the setting of Example 9.17,

F^m_a ∗ F^n_a = F^{m+n}_a

for each a ∈ k and m, n ∈ Z_{≥0} ∪ {∞}. Hence by Corollary 10.9, the set of localizing subcategories of Mod k[x] is � Y_r � � � � r ∈ � a∈k {0, ∞} � ∪ {Mod k[x]}.

In Theorem 7.8, we showed that there exists a bijection between the localizing subcategories of QCoh X and the specialization-closed subsets of X. For a local filter F of O_X closed under products, the corresponding specialization-closed subset of X is { x ∈ X | F_x ≠ {O_{X,x}} }.

Prime localizing subcategories of QCoh X are characterized in terms of local filters as follows.

Theorem 10.11. Let F be a local filter of O_X closed under products. Then the following assertions are equivalent.

(1) By the bijection in Theorem 9.14, the local filter F corresponds to a prime localizing subcategory of QCoh X.

(2) There exists x ∈ X such that

F = { I ⊂ O_X in QCoh X | I_x = O_{X,x} }.

(3) For each family {F_ω}_{ω∈Ω} of local filters of O_X closed under products satisfying F = � ω∈Ω F_ω, there exists ω ∈ Ω such that F = F_ω.

(4) For each family {F_ω}_{ω∈Ω} of local filters of O_X satisfying F = � ω∈Ω F_ω, there exists ω ∈ Ω such that F = F_ω.

Proof. This follows from Theorem 8.18. □

11. Classification of closed subcategories

In this section, we investigate the closed subcategories of QCoh X for a locally noetherian scheme X, whose definition is as follows.

Definition 11.1. Let A be a Grothendieck category. A prelocalizing subcategory X of A is called a closed subcategory of A if X is closed under arbitrary direct products.

Note that every Grothendieck category has arbitrary direct products ([Pop73, Corollary 3.7.10]).

Closed subcategories are characterized by Proposition 4.3 and the following result.

Proposition 11.2. Let A be a Grothendieck category (or more generally, an abelian category admitting arbitrary direct products), and let Y be a full subcategory of A closed under subobjects and quotient objects. Then the following assertions are equivalent.

(1) Y is closed under arbitrary direct products. (2) The inclusion functor Y → A has a left adjoint.

(3) For each object M in A, there exists a smallest subobject L of M satisfying M/L ∈ Y.

Proof. Apply Proposition 4.3 to the opposite category of A. □

Note that for a Grothendieck category, every full subcategory which is closed under subobjects and arbitrary direct products is also closed under arbitrary direct sums.

For a ring Λ, Rosenberg [Ros95] showed that there exists a bijection between the closed subcategories of Mod Λ and the two-sided ideals of Λ. This result can be unified into Theorem 9.3 as follows.

Theorem 11.3 (Gabriel [Gab62, Lemma V.2.1] and Rosenberg [Ros95, Proposition III.6.4.1]). Let Λ be a ring. Then there exist bijections between the following sets.

(1) The set of closed subcategories of Mod Λ.

(2) The set of principal prelocalizing filters of right ideals of Λ. (3) The set of two-sided ideals of Λ.

The bijection between (1) and (2) is induced by the bijection in Theorem 9.3. The bijection between (1) and (3) is given by

(1) → (3) : Y → � M∈Y Ann_Λ(M),

(3) → (1) : I → { M ∈ Mod Λ | MI = 0 } = � Λ I � preloc . Proof. We show that for each right ideal L of Λ, the principal filter F(L) of right ideals of Λ is prelocalizing if and only if L is a two-sided ideal of Λ. Assume that F(L) is prelocalizing. Then for each a ∈ Λ, we have a^{−1}L ∈ F(L). This implies L ⊂ a^{−1}L, and hence aL ⊂ L. Therefore L is a two-sided ideal of Λ. The converse is obvious. The bijection between (2) and (3) follows from Remark 9.2.

Let Y be a prelocalizing subcategory of A, and let F be the corresponding prelocalizing filter of right ideals of Λ. If Y is a closed subcategory of A, then by Proposition 11.2, there exists a smallest element of F. Hence F is principal. Conversely, assume that F is principal. Then F = F(I) for some two-sided ideal I of Λ. Since

Y = { M ∈ Mod Λ | I ⊂ Ann_Λ(x) for each x ∈ M } = { M ∈ Mod Λ | MI = 0 },

the prelocalizing subcategory Y of A is also closed under arbitrary direct products. □

The aim of this section is to generalize Theorem 11.3 to a locally noetherian scheme X. Let {U_λ}_{λ∈Λ} be an open affine basis of X. We show a lemma on gluing of subobjects on open affine subschemes.

Lemma 11.4. Let M be an object in QCoh X, and let L_λ be a subobject of M|_{Uλ} for each λ ∈ Λ. Assume that L_λ|_{Uμ} = L_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ. Then there exists a unique subobject L of M such that L|_{Uλ} = L_λ for each λ ∈ Λ.

Proof. (Existence) Define a subsheaf L of M by

L(U) = { s ∈ M(U) | s|_{Uλ} ∈ L_λ(U_λ) for each λ ∈ Λ with U_λ ⊂ U }

for each open subset U of X. It is straightforward to show that L is a subsheaf of M satisfying L|_{Uλ} = L_λ for each λ ∈ Λ. In particular, the sheaf L is quasi-coherent.

(Uniqueness) Let L^′ be a subobject of M in QCoh X such that L^′|_{Uλ} = L_λ for each λ ∈ Λ. Then

L^′(U) = { s ∈ M(U) | s|_{Uλ} ∈ L^′(U_λ) for each λ ∈ Λ with U_λ ⊂ U } = { s ∈ M(U) | s|_{Uλ} ∈ L_λ(U_λ) for each λ ∈ Λ with U_λ ⊂ U }

for each open subset U of X. □

The following lemma shows that for a principal filter of O_X , its restriction to an open affine subscheme and its localization at a point are also principal filters.

Lemma 11.5. Let I be a subobject of O_X .

(1) For every λ ∈ Λ, we have F(I)|_{Uλ} = F(I|_{Uλ} ). (2) For every x ∈ X, we have F(I)_x = F(I_x).

Proof. (1) For each J^′ ∈ F(I)|_{Uλ} , there exists J ∈ F(I) such that J|_{Uλ} = J^′. Since I ⊂ J, it holds that I|_{Uλ} ⊂ J|_{Uλ} = J^′. This shows that F(I)|_{Uλ} ⊂ F(I|_{Uλ} ).

It is follows from I ∈ F(I) that I|_{Uλ} ∈ F(I)|_{Uλ} . Since F(I)|_{Uλ} is a filter of O_{Uλ} by Proposition 9.9 (1), we have F(I)|_{Uλ} ⊃ F(I|_{Uλ} ).

(2) This is shown similarly by using Proposition 9.9 (2). □

Conversely, if the restriction of a local filter of O_X to each open affine subscheme U_λ is principal, then the local filter is principal.

Lemma 11.6. Let F be a local filter of O_X . Then F is a principal filter if and only if the filter F|_{Uλ} of O_{Uλ} is principal for every λ ∈ Λ.

Proof. If F is a principal filter, then F|_{Uλ} is a principal filter for every λ ∈ Λ by Lemma 11.5 (1).

Assume that there exists a subobject I_λ of O_{Uλ} such that F|_{Uλ} = F(I_λ) for each λ ∈ Λ. For each λ, μ ∈ Λ with U_μ ⊂ U_λ,

F(I_λ|_{Uμ} ) = F(I_λ)|_{Uμ} = (F|_{Uλ} )|_{Uμ} = F|_{Uμ} = F(I_μ).

Hence I_λ|_{Uμ} = I_μ. By Lemma 11.4, there exists a subobject I of O_X such that I|_{Uλ} = I_λ for each λ ∈ Λ. Since F(I)|_{Uλ} = F(I|_{Uλ} ) = F(I_λ) = F_λ for each λ ∈ Λ, it follows from Lemma 9.13 (2) that F(I) = F. □

Remark 11.7. Let F be a local filter of O_X . Even if F_x is a principal filter of O_{X,x} for each x ∈ X, the local filter F is not necessarily a principal filter. A counter-example is given in Example 11.12.

We characterize closed subcategories of QCoh X in terms of local filters.

Lemma 11.8. Let Y be a prelocalizing subcategory of QCoh X, and let F be the corresponding local filter of O_X by the bijection in Theorem 9.14. Then Y is a closed subcategory of QCoh X if and only if F is a principal filter. If F = F(I) for a subobject I of O_X , then I is the smallest subobject of O_X satisfying O_X /I ∈ Y, and

Y = { M ∈ QCoh X | MI = 0 }.

Proof. Assume that Y is a closed subcategory of QCoh X. Then by Proposition 11.2, there exists a smallest subobject I of O_X satisfying O_X /I ∈ Y. Hence F = F(I).

Conversely, assume that F = F(I) for some subobject I of O_X . Then for each λ ∈ Λ, we have F|_{Uλ} = F(I|_{Uλ} ) by Lemma 11.5 (1), and hence

Y|_{Uλ} = { M^′ ∈ QCoh U_λ | M^′(I|_{Uλ} ) = 0 }

by Theorem 11.3. By Theorem 9.14,

Y = { M ∈ QCoh X | M|_{Uλ} ∈ Y|_{Uλ} for every λ ∈ Λ } = { M ∈ QCoh X | M|_{Uλ} I|_{Uλ} = 0 for every λ ∈ Λ } = { M ∈ QCoh X | MI = 0 }.

For each object M in QCoh X, the subobject MI of M is the smallest among the subobjects L of M satisfying (M/L)I = 0. Therefore Y is a closed subcategory of QCoh X. □

As in Remark 11.7, the same type of theorem as Corollary 10.9 does not hold for the closed subcategories. For this reason, we use the characterization in Proposition 8.14 in order to obtain a generalization to the closed subcategories.

Theorem 11.9. Let X be a locally noetherian scheme, and let {U_λ}_{λ∈Λ} be an open affine basis of X. Then there exist bijections between the following sets.

(1) The set of closed subcategories of QCoh X.

(2) The set of families {Y_λ ⊂ QCoh U_λ}_{λ∈Λ} of closed subcategories such that Y_λ|_{Uμ} = Y_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(3) The set of families {Y(x) ⊂ Mod O_{X,x}}_{x∈X} of closed subcategories such that for each x ∈ X, there exist λ ∈ Λ with x ∈ U_λ and a closed subcategory Y^′ of QCoh U_λ satisfying Y^′_y = Y(y) for each y ∈ U_λ.

(4) The set of principal filters of O_X .

(5) The set of families {F_λ}_{λ∈Λ}, where F_λ is a principal filter of O_{Uλ} for each λ ∈ Λ, such that F_λ|_{Uμ} = F_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(6) The set of families {F(x)}_{x∈X} , where F(x) is a principal filter of O_{X,x} for each x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with x ∈ U_λ and a principal filter F^′ of O_{Uλ} satisfying F^′_y = F(y) for each y ∈ U_λ.

(7) The set of subobjects of O_X .

(8) The set of families {I_λ}_{λ∈Λ}, where I_λ is a subobject of O_{Uλ} for each λ ∈ Λ, such that I_λ|_{Uμ} = I_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(9) The set of families {I(x)}_{x∈X} , where I(x) is an ideal of O_{X,x} for each x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with x ∈ U_λ and a subobject I^′ of O_{Uλ} satisfying I^′_y = I(y) for each y ∈ U_λ.

The bijections between the sets (1), . . . , (6) are induced by Theorem 9.14. The bijections (4)↔(7), (5)↔(8), and (6)↔(9) are defined by the bijection L → F(L) in Remark 9.2.

Proof. This follows from Theorem 9.14, Theorem 11.3, Lemma 11.6, and Lemma 11.8. □

We establish a bijection between the closed subcategories of QCoh X and the closed subschemes of X by using the following fact.

Proposition 11.10. There is a bijection

{ subobjects of O_X } → { closed subschemes of X }

given by I → (Supp(O_X /I), i^{−1}(O_X /I)), where i: Supp(O_X /I) → X is the immersion. For each closed subscheme Y of X, the corresponding subobject I of O_X is given by the exact sequence

0 → I → O_X → i_∗O_Y → 0,

where i: Y → X is the immersion, and O_X → i_∗O_Y is the canonical morphism.

Proof. [Har77, Proposition II.5.9]. □

Theorem 11.11. Let X be a locally noetherian scheme. Then there exists a bijection between

(1) The set of closed subcategories of QCoh X. (2) The set of closed subschemes of X.

For each closed subscheme Y of X with the immersion i: Y → X, the functor i_∗ : QCoh Y → QCoh X is fully faithful and induces an equivalence between QCoh Y and the closed subcategory of QCoh X corresponding to Y .

Proof. The bijection is obtained by Theorem 11.9 and Proposition 11.10. By [Gro60, 0.5.1.4], [Gro60, Proposition I.5.5.1 (i)], and [Gro60, Corollary I.9.2.2 (a)], we have the functor i^∗ : QCoh X → QCoh Y and its right adjoint i_∗ : QCoh Y → QCoh X. It is straightforward to show that the counit morphism i^∗i_∗ → 1_{QCoh Y} is an isomorphism. Hence i_∗ is fully faithful. An object M in QCoh X is isomorphic to the image of an object in QCoh Y by i_∗ if and only if the canonical morphism M → i_∗i^∗M is an isomorphism. Let I be the subobject of O_X corresponding to Y . Since we have the exact sequence

0 → MI → M → i_∗i^∗M → 0,

M → i_∗i^∗M is an isomorphism if and only if MI = 0. Therefore the claim follows. □

Example 11.12. We follow the notations in Example 9.17 and Example 10.10. Each nonzero proper ideal I of k[x] is generated by an element of the form (x − a_1)^{r1} · · · (x − a_l)^{rl} , where l ∈ Z_{≥1}, a_1, . . . , a_l are distinct elements of k, and r_1, . . . , r_l ∈ Z_{≥1}. We have

I_{pa} = � m^{ri}_{ai} if a = a_i for some i ∈ {1, . . . , l} k[x]_{pa} if a ∈ k \ {a_1, . . . , a_l} . For each r ∈ � a∈k(Z_{≥0} ∪ {∞}), the object k[x]/I belongs to Y_r if and only if r_i ≤ r(a_i) for every i = 1, . . . , l. Hence the corresponding filter of k[x] to Y_r is � � � (x − a_1)^{r1} · · · (x − a_l)^{rl} ⊂ k[x] � � � � � � l ∈ Z_{≥1}, a_1, . . . , a_l ∈ k (distinct) r_1, . . . , r_l ∈ Z_{≥1} r_i ≤ r(a_i) for each i = 1, . . . , l

� � � ∪ {k[x]}.

This is equal to

⟨ (x − a)^r ⊂ k[x] | a ∈ k, r ∈ Z_{≥1}, r ≤ r(a) ⟩_{locfilt}, and we have the description

Y_r = � k[x] (x − a)^r � � � � a ∈ k, r ∈ Z^{≥1}, r ≤ r(a) � preloc . By Theorem 11.9, the set of closed subcategories of Mod k[x] is � Y_r � � � � � r ∈ � a∈k Z_{≥0} � ∪ {Mod k[x]}.

Let r ∈ ( � a∈k Z_{≥0}) \ ( � a∈k Z_{≥0}). Then for every p ∈ Spec k[x], the prelocalizing subcategory (Y_r )_p of Mod k[x]_p is a closed subcategory, and F_p is a principal filter of k[x]_p. However, the prelocalizing subcategory Y_r of Mod k[x] is not a closed subcategory, and the corresponding local filter of k[x] is not a principal filter.

12. Classification of bilocalizing subcategories

Let X be a locally noetherian scheme. We investigate extensions of closed subcategories. The following lemma shows that products of principal filters are also principal.

Lemma 12.1. Let I_1 and I_2 be subobjects of O_X . Then F(I_1)∗F(I_2) = F(I_1I_2).

Proof. This follows from Proposition 9.6. □

Extensions of closed subcategories are described in terms of products of principal filters.

Theorem 12.2. Assume that the following elements correspond to each other by the bijections in Theorem 11.9 for each i = 1, 2.

(1) Y^i.

(2) {Y^i_λ}_{λ∈Λ}. (3) {Y^i(x)}_{x∈X} . (4) F^i.

(5) {F^i_λ}_{λ∈Λ}. (6) {F^i(x)}_{x∈X} .

(7) I^i.

(8) {I^i_λ}_{λ∈Λ}. (9) {I^i(x)}_{x∈X} .

Then the following elements correspond to each other by the bijections.

(1) Y^1 ∗ Y^2.

(2) {Y^1_λ ∗ Y^2_λ}_{λ∈Λ}.

(3) {Y^1(x) ∗ Y^2(x)}_{x∈X} . (4) F^1 ∗ F^2.

(5) {F^1_λ ∗ F^2_λ}_{λ∈Λ}.

(6) {F^1(x) ∗ F^2(x)}_{x∈X} .

(7) I^1I^2.

(8) {I^1_λI^2_λ}_{λ∈Λ}.

(9) {I^1(x)I^2(x)}_{x∈X} .

Proof. This follows from Theorem 10.8 and Lemma 12.1. □

As a corollary of Theorem 12.2, we obtain a classification of the bilocalizing subcategories of QCoh X. They are defined as follows.

Definition 12.3. Let A be a Grothendieck category. A prelocalizing subcategory X of A is called a bilocalizing subcategory of A if X is both localizing and closed.

Bilocalizing subcategories have the following characterization.

Proposition 12.4. Let A be a Grothendieck category, and let X be a localizing subcategory of A. Then X is a bilocalizing subcategory of A if and only if the canonical functor A → A/X has a left adjoint.

Proof. [Pop73, Theorem 4.21.1]. □

For a ring Λ, the bilocalizing subcategories of Mod Λ are classified by the idempotent two-sided ideals of Λ.

Definition 12.5. Let Λ be a ring. A two-sided ideal I of Λ is called idempotent if I^2 = I holds.

Proposition 12.6. Let Λ be a ring.

(1) For each i = 1, 2, let Y_i be a closed subcategory of Mod Λ, and let I_i be the corresponding two-sided ideal of Λ by the bijection in Theorem 11.3. Then Y_1 ∗ Y_2 corresponds to I_2I_1 by the bijection.

(2) The bijection in Theorem 11.3 restricts to a bijection

{ bilocalizing subcategories of Mod Λ } → { idempotent two-sided ideals of Λ }.

Proof. (1) For two-sided ideals I_1 and I_2 of Λ, it is straightforward to show that F(I_1) ∗ F(I_2) = F(I_1I_2). Therefore the claim follows from Theorem 10.3 (1).

(2) This follows from (1). □

A subobject I of O_X is called idempotent if I^2 = I holds. We classify the bilocalizing subcategories of QCoh X as follows.

Corollary 12.7. The bijections in Theorem 11.9 restrict to bijections between following sets.

(1) The set of bilocalizing subcategories of QCoh X.

(2) The set of families {Y_λ ⊂ QCoh U_λ}_{λ∈Λ} of bilocalizing subcategories such that Y_λ|_{Uμ} = Y_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(3) The set of families {Y(x) ⊂ Mod O_{X,x}}_{x∈X} of bilocalizing subcategories such that for each x ∈ X, there exist λ ∈ Λ with x ∈ U_λ and a bilocalizing subcategory Y^′ of QCoh U_λ satisfying Y^′_y = Y(y) for each y ∈ U_λ.

(4) The set of principal filters of O_X closed under products. (5) The set of families {F_λ}_{λ∈Λ}, where F_λ is a principal filter of O_{Uλ} closed under products for each λ ∈ Λ, such that F_λ|_{Uμ} = F_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(6) The set of families {F(x)}_{x∈X} , where F(x) is a principal filter of O_{X,x} closed under products for each x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with x ∈ U_λ and a principal filter of subobjects F^′ of O_{Uλ} which is closed under products and satisfies F^′_y = F(y) for each y ∈ U_λ.

(7) The set of idempotent subobjects of O_X .

(8) The set of families {I_λ}_{λ∈Λ}, where I_λ is an idempotent subobjects of O_{Uλ} for each λ ∈ Λ, such that I_λ|_{Uμ} = I_μ for each λ, μ ∈ Λ with U_μ ⊂ U_λ.

(9) The set of families {I(x)}_{x∈X} , where I(x) is an idempotent ideal of O_{X,x} for each x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with x ∈ U_λ and an idempotent subobject I^′ of O_{Uλ} satisfying I^′_y = I(y) for each y ∈ U_λ.

Proof. This follows from Theorem 12.2. □

Example 12.8. In the setting of Example 11.12, the set of bilocalizing subcategories of Mod k[x] is

{ Y_r | r = {0}_{a∈k} } ∪ {Mod k[x]} = {0, Mod k[x]}.

We show that the sets in Corollary 12.7 also bijectively correspond to the set of open closed subsets of X. We start with the following well-known fact on a commutative noetherian ring.

Lemma 12.9. Let R be a commutative noetherian ring, and let I be an idempotent ideal of R. Then there exists an ideal J of R such that R = I ⊕ J in Mod R. In particular, the subset Supp(R/I) of Spec R is open and closed.

Proof. By Nakayama’s lemma ([Mat89, Theorem 2.2]), there exists a ∈ R such that aI = 0 and 1 − a ∈ I. Then a^2 = a and (1 − a)R = I. By letting J = aR, we obtain R = I ⊕ J, and Spec R is the disjoint union of the closed subsets V (I) and V (J) determined by I and J, respectively. □

The idempotence of a subobject of O_X is characterized in terms of the corresponding closed subscheme.

Lemma 12.10. Let X be a locally noetherian scheme. Let I be a subobject of O_X , and let Y be the corresponding closed subscheme of X by the bijection in Proposition 11.10. Then I is idempotent if and only if Y is also an open subscheme of X.

Proof. Assume that I is idempotent. For each open affine subscheme U of X, the subobject I|_U of O_U is idempotent. By Lemma 12.9, the subset Supp(O_U /I|_U ) of U is open and closed. Since

Supp

O_U I|_U

= U ∩ Supp

O_X I , the underlying space Supp(O_X /I) of Y is an open subset of X. For each y ∈ Y , the ideal I_y of O_{X,y} is idempotent, and (O_X /I)_y ≠ 0. Hence I_y = 0. It follows that O_Y = (O_X /I)|_Y = O_X |_Y .

Conversely, assume that Y is also an open subscheme. Let i: Y → X be the immersion. There is an exact sequence

0 → I → O_X → i_∗(O_X |_Y ) → 0.

For each x ∈ X,

I_x = � 0 if x ∈ Y O_{X,x} if x /∈ Y , and hence I_x is idempotent. It follows that I is idempotent. □

Corollary 12.11. Let X be a locally noetherian scheme. Then there exist bijections between the following sets.

(1) The set of bilocalizing subcategories of QCoh X.

(2) The set of idempotent subobjects of O_X .

(3) The set of closed subschemes of X which are also open subschemes. (4) The set of subsets of X which are open and closed.

The bijection (1)↔(2) is in Corollary 12.7. The bijection (2)↔(3) is induced by the bijection in Proposition 11.10. For each element Y of (3), the corresponding element of (4) is the underlying space of Y .

Proof. This follows from Corollary 12.7 and Lemma 12.10. □

By using the classification of the prelocalizing (resp. localizing, closed) subcategories of Mod k[x], we can obtain a classification of the prelocalizing (resp. localizing, closed) subcategories for the projective line.

Example 12.12. Let k be an algebraically closed field, and consider the projective line X = P^1_k. Denote by Φ the set of closed points in X. For each r ∈ � x∈Φ(Z_{≥0} ∪ {∞}), we define a prelocalizing subcategory Y_r of QCoh X by

Y_r = { M ∈ QCoh X | M_xm^{r(x)}_x = 0 for each x ∈ Φ with r(x) ≠ ∞ }.

Then by the main results (Theorem 9.14, Corollary 10.9, Theorem 11.9, and Corollary 12.7) and the examples on Spec k[x] (Example 9.17, Example 10.10, Example 11.12, and Example 12.8), the set of prelocalizing subcategories of QCoh X is �

Y_r � � � � r ∈ � x∈Φ (Z_{≥0} ∪ {∞}) � ∪ {QCoh X},

the set of localizing subcategories of QCoh X is � Y_r � � � � r ∈ � x∈Φ {0, ∞} � ∪ {QCoh X},

the set of closed subcategories of QCoh X is � Y_r � � � � r ∈ � x∈Φ Z_{≥0} � ∪ {QCoh X},

and the set of bilocalizing subcategories of QCoh X is

{ Y_r | r = {0}_{x∈Φ} } ∪ {QCoh X} = {0, QCoh X}.

Example 12.13. For each i ∈ Z, let k_i be a field, and let U_i := Spec k_i. Consider the disjoint union X := � i∈Z U_i. For each subset B of Z, define a prelocalizing subcategory Y_B of QCoh X by

Y_B = { M ∈ QCoh X | M|_{Ui} = 0 for each i ∈ Z \ B }.

Then by Theorem 9.14, Corollary 10.9, Theorem 11.9, and Corollary 12.7, the set { Y_B | B ⊂ Z } is the set of prelocalizing subcategories of QCoh X, and every prelocalizing subcategory of QCoh X is bilocalizing. Therefore every local filter of O_X is a principal filter. For each subset B of Z, let I_B be the idempotent subobject of O_X corresponding to the bilocalizing subcategory Y_B . Then the filter

F = { I_B | Z \ B is a finite set }

of O_X is not a local filter since F is not a principal filter.

References

[Bra14] M. Brandenburg, Rosenberg’s Reconstruction Theorem (after Gabber), arXiv:1310.5978v3, 18 pp.

[Con00] B. Conrad, Grothendieck duality and base change, Lecture Notes in Mathematics, 1750, Springer-Verlag, Berlin, 2000, vi+296 pp.

[Gab62] P. Gabriel, Des catégories abéliennes, Bull. Soc. Math. France 90 (1962), 323–448.

[GP08a] G. Garkusha and M. Prest, Classifying Serre subcategories of finitely presented modules, Proc. Amer. Math. Soc. 136 (2008), no. 3, 761–770.

[GP08b] G. Garkusha and M. Prest, Torsion classes of finite type and spectra, K-theory and noncommutative geometry, 393–412, EMS Ser. Congr. Rep., Eur. Math. Soc., Zürich, 2008.

[Gro60] A. Grothendieck, Éléments de géométrie algébrique, I, Le langage des schémas, Inst. Hautes Études Sci. Publ. Math., No. 4, 1960, 228 pp. [Gro65] A. Grothendieck, Éléments de géométrie algébrique, IV, Étude locale des schémas et des morphismes de schémas, II, Inst. Hautes Études Sci. Publ. Math., No. 24, 1965, 231 pp.

[Har66] R. Hartshorne, Residues and duality, Lecture notes of a seminar on the work of A. Grothendieck, given at Harvard 1963/64, With an appendix by P. Deligne, Lecture Notes in Mathematics, No. 20, Springer-Verlag, Berlin-New York, 1966, vii+423 pp.

[Har77] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, No. 52, Springer-Verlag, New York, 1977, xvi+496 pp.

[Her97] I. Herzog, The Ziegler spectrum of a locally coherent Grothendieck category, Proc. London Math. Soc. (3) 74 (1997), no. 3, 503–558.

[Hov01] M. Hovey, Classifying subcategories of modules, Trans. Amer. Math.

Soc. 353 (2001), no. 8, 3181–3191.

[Kan12] R. Kanda, Classifying Serre subcategories via atom spectrum, Adv.

Math. 231 (2012), no. 3–4, 1572–1588.

[Kan15a] R. Kanda, Extension groups between atoms and objects in locally noetherian Grothendieck category, J. Algebra 422 (2015), 53–77.

[Kan15b] R. Kanda, Specialization orders on atom spectra of Grothendieck categories, J. Pure Appl. Algebra, 219 (2015), no. 11, 4907–4952.

[Kra97] H. Krause, The spectrum of a locally coherent category, J. Pure Appl. Algebra 114 (1997), no. 3, 259–271.

[Kra03] H. Krause, Uniqueness of uniform decompositions in abelian categories, J. Pure Appl. Algebra 183 (2003), no. 1–3, 125–128.

[Kra08] H Krause, Thick subcategories of modules over commutative Noetherian rings (with an appendix by Srikanth Iyengar), Math. Ann. 340 (2008), no. 4, 733–747.

[Mat89] H. Matsumura, Commutative ring theory, Translated from Japanese by M. Reid, Second edition, Cambridge Studies in Advanced Mathematics, 8, Cambridge University Press, Cambridge, 1989, xiv+320 pp. [Pap02] C. J. Pappacena, The injective spectrum of a noncommutative space, J. Algebra 250 (2002), no. 2, 559–602.

[Pop73] N. Popescu, Abelian categories with applications to rings and modules, London Mathematical Society Monographs, No. 3, Academic Press, London-New York, 1973, xii+467 pp.

[Ros95] A. L. Rosenberg, Noncommutative algebraic geometry and representations of quantized algebras, Mathematics and its Applications, 330, Kluwer Academic Publishers Group, Dordrecht, 1995, xii+315 pp.

[Ros98] A. L. Rosenberg, The spectrum of abelian categories and reconstruction of schemes, Rings, Hopf algebras, and Brauer groups (Antwerp/Brussels, 1996), 257–274, Lecture Notes in Pure and Appl. Math., vol. 197, Dekker, New York, 1998.

[Smi02] S. P. Smith, Subspaces of non-commutative spaces, Trans. Amer.

Math. Soc. 354 (2002), no. 6, 2131–2171.

[Ste75] B. Stenström, Rings of quotients: An introduction to methods of ring theory, Die Grundlehren der Mathematischen Wissenschaften, Band 217, Springer-Verlag, New York-Heidelberg, 1975, viii+309 pp.

[Sto72] H. H. Storrer, On Goldman’s primary decomposition, Lectures on rings and modules (Tulane Univ. Ring and Operator Theory Year, 1970–1971, Vol. I), pp. 617–661, Lecture Notes in Math., Vol. 246, Springer-Verlag, Berlin-New York, 1972.

[Tak08] R. Takahashi, Classifying subcategories of modules over a commutative Noetherian ring, J. Lond. Math. Soc. (2) 78 (2008), no. 3, 767– 782.

[Tak09] R. Takahashi, On localizing subcategories of derived categories, J.

Math. Kyoto Univ. 49 (2009), no. 4, 771–783.

[VdB98] M. Van den Bergh, Blowing up non-commutative smooth surfaces, arXiv:math/9809116v1, 128 pp.

[VdB01] M. Van den Bergh, Blowing up of non-commutative smooth surfaces, Mem. Amer. Math. Soc. 154 (2001), no. 734, x+140 pp.

Ryo Kanda Graduate School of Mathematics Nagoya University Furo-cho, Chikusa-ku Nagoya-shi, Aichi-ken 464-8602, Japan ryo.kanda.math@gmail.com

Documenta Mathematica 20 (2015)