Documenta Math. 89

Spectral Triples and Finite Summability

on Cuntz-Krieger Algebras

Magnus Goffeng and Bram Mesland

Received: June 3, 2014 Revised: January 15, 2015

Communicated by Joachim Cuntz

Abstract. We produce a variety of odd bounded Fredholm modules and odd spectral triples on Cuntz-Krieger algebras by means of realizing these algebras as “the algebra of functions on a non-commutative space”coming from a sub shift of finite type. We show that any odd Khomology class can be represented by such an odd bounded Fredholm module or odd spectral triple. The odd bounded Fredholm modules that are constructed are finitely summable. The spectral triples are θsummable, although their phases will already on the level of analytic K-cycles be finitely summable bounded Fredholm modules. Using the unbounded Kasparov product, we exhibit a family of generalized spectral triples, related to work of Bellissard-Pearson, possessing mildly unbounded commutators, whilst still giving well defined K-homology classes.

2010 Mathematics Subject Classification: 46L80, 58B34 Keywords and Phrases: Noncommutative geometry, KK-theory, dynamical systems.

Introduction

This paper is a study of how odd K-homology classes on Cuntz-Krieger algebras can be realized by explicit cycles; both by means of bounded Fredholm modules (also known as analytic K-cycles) and as unbounded Fredholm modules, e.g. spectral triples. We will use the Poincaré duality for Cuntz-Krieger algebras constructed by Kaminker-Putnam [39] to find explicit finitely summable Fredholm modules representing any odd K-homology class. This allows us to realize odd K-homology classes by means of abstract Toeplitz operators and the finite summability of the cycles is proved using the work of the first named author [33].

The construction of unbounded representatives of these K-homology classes is more elaborate. We discuss the possibility of using Kasparov products of unbounded Fredholm modules for the fixed point algebra of the gauge action with

90 M. Goffeng and B. Mesland

a well studied unbounded bivariant cycle. Related constructions can be found in [32]. In many cases it is difficult to understand cohomological properties of unbounded Fredholm modules on the fixed point algebra, they nevertheless exist in abundance due to [13]. However, in interesting cases such as the Cuntz algebra O_N this will produce K-homologically trivial unbounded Fredholm modules.

A more fruitful viewpoint comes from describing the Cuntz-Krieger algebra as the noncommutative quotient of the underlying subshift of finite type, via its groupoid model. This viewpoint is common to noncommutative geometry. The maximal abelian subalgebra corresponding to the unit space in the groupoid plays the rôle of the base space in a fibration. The unbounded Fredholm modules are then obtained by restricting an unbounded bivariant cycle to a “fiber” over the unit space. The bivariant cycle is inspired both by the dynamics of the underlying subshift of finite type and the structures appearing in Kaminker- Putnam’s Poincaré duality class. This uses the idea of multiplication by real valued functions defined on the groupoid to obtain regular operators as in [51]. Localizations of this bivariant cycle to the commutative base exhausts the odd K-homology of the Cuntz-Krieger algebra.

An explicit construction of the unbounded Kasparov product of this cycle with canonically defined spectral triples on the commutative base from [5] yields a generalization of the notion of unbounded Fredholm module, allowing for unbounded commutators. This generalization is compatible with K-homology. The Kasparov products are constructed using the operator space approach to connections initiated by the second named author in [52] and developed further in [9, 38].

The problem that this work originates from can be formulated as follows. Whenever B is a C^∗-algebra and x ∈ K^∗(B) is a K-homology class, is it possible to find an explicit analytic K-cycle or unbounded Fredholm module representing x with favourable analytic properties? Here we are mainly concerned with finite- and θ-summability. We return to discuss this problem setting more precisely below. The Cuntz-Krieger algebras are interesting in this aspect because results of Connes [15], combined with the fact that (under weak assumptions) Cuntz-Krieger algebras admit no traces, imply that it is (under these weak assumptions) not possible to have a finitely summable unbounded Fredholm module on a Cuntz-Krieger algebra^1. In this paper we show that any odd Khomology class is represented by a finitely summable K-cycle. It should be mentioned that this interesting structure has been shown to appear also on the crossed product of boundary actions of a hyperbolic group [28]. We believe that our constructions illuminate the differences between finite summability in the bounded and the unbounded models for K-homology.

1Not even for the generalized notion of unbounded Fredholm modules alluded to above.

Summability and CK-algebras 91

In contrast to the obstructions to finite summability of unbounded Fredholm modules from [15], there is to our knowledge no analog for bounded Fredholm modules. Nor were we able to find an example in the literature of a K-homology class that can not be represented by an analytic K-cycle which is finitely summable on some dense sub-algebra. We provide such an example on a commutative C^∗-algebra.

Preliminaries. Before entering into finite summability issues and the precise formulation of the results in this paper, we recall some concepts of noncommutative geometry. This paper discusses the noncommutative geometry of Cuntz- Krieger algebras from the point of view of Kasparov’s KK-theory [40, 41], and the unbounded formulation thereof due to Connes [14] and Baaj-Julg [4]. The central objects in Kasparov’s approach to KK-theory are Fredholm modules. Fredholm modules come in two flavors, bounded and unbounded. The bounded Fredholm modules are sometimes referred to as analytic K-cycles. Definition 1. Let A be a C^∗-algebra. A bounded even Fredholm module over A is a triple (π, H , F) consisting of

(1) a Z/2-graded Hilbert space H carrying an even ∗-representation π :

A → �(H );

(2) an odd operator F ∈ �(H ) with the property that, for all a ∈ A, π(a)(F^2 − 1), π(a)(F − F^∗) and [F, π(a)] are all compact operators.

A triple (π, H , F) with the above properties save for the fact that the Hilbert space H is graded, defines a bounded odd Fredholm module. If in the above H is replaced with a Hilbert C^∗-module E over a second C^∗-algebra B,^2 then (π, E, F) defines an (A, B)-Kasparov module.

By defining a suitable notion of homotopy, the set of homotopy classes of even Fredholm modules forms an abelian group K^0(A), and the odd Fredholm modules are used to build an abelian group K^1(A). The groups K^0(A) and K^1(A) are called the K-homology groups of A combining into the Z/2Z-graded abelian group K^∗(A) = K^0(A)⊕ K^1(A). The K-homology groups are homotopy invariants of A and encode index theoretic information. See [36] for an excellent exposition of this theory. Historically, the Fredholm picture of K-homology was conceived by Atiyah [2] who introduced it to make the Atiyah-Singer index theorem into a functorial statement. It reached full maturity in the work of Kasparov [40], where the groups KK_∗(A, B) = KK_0(A, B) ⊕ KK_1(A, B) are defined similarly, as an abelian group of homotopy classes of (A, B)-Kasparov modules. This culminated in his proof of the Novikov conjecture for a large class of groups [41]. For computational purposes, it is sometimes convenient to work with unbounded Fredholm modules.

Definition 2. An unbounded even Fredholm module over a C^∗-algebra A consists of a triple (π, H , D) containing the data:

2In which case �(H ) is replaced with End∗ B (E) – the C^∗-algebra of adjointable B-linear operators on E, and the C^∗-algebra of compact operators by the C^∗-algebra of B-compact operators �_B (E).

92 M. Goffeng and B. Mesland

(1) a Z/2-graded Hilbert space H carrying an even ∗-representation π :

A → �(H ).

(2) a selfadjoint odd operator D with locally compact resolvents π(a)(D ± i)^{−1} ∈ �(H ) for all a ∈ A, such that the ∗-algebra

Lip(π, H , D) := ȷ a ∈ A :

π(a)Dom (D) ⊆ Dom (D) and [D, π(a)] extends to a bounded operator ff , is norm dense in A.

A triple (π, H , D) with the above properties save for the fact that the Hilbert space H is graded, defines an unbounded odd Fredholm module. If π is faithful and � ⊆ π(Lip(π, H , D)) is dense in π(A) the triple (� , H , D) is called an even (odd) spectral triple.

If in the above H is replaced with a Hilbert C^∗-module E over a second C^∗- algebra B, �(H ) with End^∗_B (E) – the C^∗-algebra of adjointable operators on E, and on the operator D the further assumption that D is regular is added (for details see [4]), then (π, E, D) defines an unbounded KK-cycle for (A, B).

An unbounded KK-cycle defines a Kasparov module by setting F := D(1 + D^2)^{− 12} , the bounded transform of D. It should be noted that with any choice of bounded continuous function χ ∈ C_b(R, R), such that χ^2 − 1 ∈ C_0(R), we can associate a Kasparov module by setting F_χ := χ(D), producing a Kasparov module differing from that defined by F only by a compact perturbation. For the special case of unbounded Fredholm modules, another way of doing this, which features prominently in the present work, is through the phase of D; the phase is defined as D|D|^{−1}. Here |D|^{−1} is defined to be 0 on the kernel of D. The construction of the phase hinges on the fact that for unbounded Fredholm modules, the spectrum of D is discrete, and there is a χ ∈ C^∞(R, R) as above with χ^′ ∈ C^∞_c (R, R) such that F_χ = D|D|^{−1}. In the special case of unbounded Fredholm modules, a modification of χ on a compact subset of R affects the bounded Fredholm module by a mere finite rank perturbation. In particular, the associated KK-class does not depend on χ. We will in this paper see several examples of how finer analytic properties depend on the choice χ.

The foundation of noncommutative geometry is built on the idea that the geometry of a “noncommutative space” is encoded by a spectral triple on the “algebra of functions”, i.e. a C^∗-algebra. Conformal geometry is encoded by a choice of a bounded Fredholm module. Homological algebra corresponds to K-theory and K-homology. These ideas were pioneered by Connes and many examples are to be found in [14]. In the classical case of manifolds, this circle of ideas is supported by facts such as

(1) The geodesic distance on a manifold can be reconstructed from any spectral triple defined from a Dirac type operator, see [14, Chapter VI].

Summability and CK-algebras 93

(2) The conformal class of a metric is uniquely determined by the bounded transform of a spectral triple defined from a Dirac type operator modulo compact perturbations, see [10].

(3) A Riemannian spin^c -manifold can be reconstructed from the spectral triple^3 associated with the spin^c -Dirac operator, see [16].

We have made a choice of a distinguishing in terminology between spectral triples and unbounded Fredholm modules as the former corresponds to prescribing a “non-commutative geometry” while the latter is a cocycle for a cohomology theory for C^∗-algebras. Despite this, we abuse the notation by sometimes identifying an unbounded Fredholm module (π, H , D) with the spectral triple (π(Lip(π, H , D)), H , D) for A/ ker π.

Obstructions to finite summability. Summability of Fredholm modules is based on the idea of refining the compactness properties in its definition by requiring that the compact operators appearing in Definition 1 and 2 belong to a finer symmetrically normed operator ideals. For details on symmetrically normed operator ideals, the reader is referred to [14, 50, 64]. We will mainly use finite summability and θ-summability; they are respectively defined using Schatten ideals and the Li-ideals. Throughout the paper, we let H denote a separable Hilbert space. For a compact operator T on H we let (μ_k(T ))_{k∈N} ⊆ R_+ denote a decreasing enumeration of the singular values of T . Recall that the Schatten ideals are defined as �^p(H ) := ˘ T ∈ �(H ) : (μ_k(T ))_{k∈N} ∈ ℓ^p(N) ¯ , for p > 0. These spaces are not closed in operator norm and form ideals of compact operators in �(H ). The homogeneous function

‖T ‖_� p :=^p Æ Tr((T^∗ T )^{p2} ) = ‖(μ_k(T ))_{k∈N}‖_ℓp_{(N)},

makes �^p(H ) into a symmetrically normed operator ideal (in particular a Banach ∗-algebra) for p ∈ [1, ∞) and for p ∈ (0, 1) into a quasi-normed space. For p ∈ [1, ∞), the spaces

�^{p,∞}(H ) := ę T ∈ �(H ) : μ_k(T ) = O(k^{−1/p}) ľ and Li^{1p} (H ) := ę T ∈ �(H ) : μ_k(T ) = O(log(k)^{−1/p}) ľ , form symmetrically normed operator ideals as well. We use the notation Li(H ) := Li^1(H ).

Definition 3. Let (π, H , F) be an analytic K-cycle for a C^∗-algebra A. Then (π, H , F) is said to be p-summable if the ∗-algebra Höl^p(π, H , F)

:= {a ∈ A : [F, π(a)] ∈ �^p(H ), π(a)(F^∗ − F), π(a)(F^2 − 1) ∈ �^{p/2}(H )},

is norm dense in A. If �^p(H ) and �^{p/2}(H ) is replaced with Li^{12} (H ) respectively Li(H ), (π, H , F) is θ-summable. An unbounded Fredholm module (π, H , D) is

3Once it is decorated with some further manifold-like structures.

94 M. Goffeng and B. Mesland

p-summable if π(a)(D ± i)^{−1} ∈ �^p(H ), for a in a subalgebra of Lip(π, H , D) dense in A, and θ-summable if �^p(H ) is replaced with Li^{12} (H ).

More generally, one can speak of summability relative to any ideal of operators. Whenever � , � ⊆ �(H ) are ∗-ideals such that � = {a : a^∗a ∈ � }, we will say that (π, H , F) is � -summable if the ∗-algebra

Höl^� (π, H , F) := ę a ∈ A : [F, π(a)] ∈ � , π(a)(F^∗ − F), π(a)(F^2 − 1) ∈ � ľ , is norm dense in A. The ∗-algebra Höl^� (π, H , F) forms a Banach ∗-algebra closed under holomorphic functional calculus once the ∗-ideals � and � are Banach ∗-ideals in �(H ) such that ‖a‖^2_� = ‖a^∗a‖_� , see more in [7, Proposition 3.12]. Yet another instance is if � (H ) = �^{p/2,∞}(H ) and � (H ) = �^{p,∞}(H ), in this case we refer to summability as p^+-summability.

The motivation for the terminology of the Hölder subalgebra comes from the prototypical example of a bounded Fredholm module on a manifold. Let M be a smooth closed n-dimensional manifold and F a self-adjoint pseudo-differential operator of order 0 acting on a hermitean vector bundle E → M such that F^2 = 1. Letting π denote the representation of C(M) on L^2(M, E) given by pointwise multiplication, we obtain an odd bounded Fredholm module (π, L^2(M, E), F). If E is graded and F odd in this grading this Fredholm module can be viewed as an even Fredholm module. It follows from combining the results reviewed in [70, Section 3.6] with [62, Proposition 1], the Weyl law for elliptic operators and standard results of real interpolation theory that there is a continuous inclusion of the Hölder continuous functions into the Hölder algebra:

(0.1) C^α(M) ⊆ Höl^{nα +} (π, L^2(M, E), F).

If (π, H , F) is p-summable, p is referred to as the degree of summability of (π, H , F). In geometric situations, we saw in Equation (0.1) that the degree of summability often is related to the dimension of the underlying space via some type of Weyl law. The notion of θ-summability is robust in the sense that θ-summable K-cycles can be lifted to unbounded θ-summable Fredholm modules (cf. [14, Chapter IV.8.α, Theorem 4]). Particular instances of this phenomenon are known for finite summability as well; notably, in the paper [62] a lifting result for the group algebra of a group of polynomial growth was established. The general situation is quite different in the case of finite summability.

The paper [15] shows that the existence of a finitely summable unbounded Fredholm module over a C^∗-algebra A implies the existence of a tracial state on A. In particular, purely infinite C^∗-algebras do not admit finitely summable unbounded Fredholm modules. Recent results by Emerson-Nica [28] show that certain purely infinite C^∗-algebras arising as boundary crossed product C^∗- algebras associated to hyperbolic groups are “uniformly summable”; that is, they admit finitely summable bounded Fredholm modules in a strong sense

Summability and CK-algebras 95

made precise below in Definition 5. Thus, a general lifting construction for Fredholm modules, preserving finite summability, is impossible. We show, among other results in this paper, that a result similar to that of [28] holds for Cuntz-Krieger algebras, which also are purely infinite in many cases. We furthermore provide a class of examples of θ-summable unbounded Fredholm modules on Cuntz-Krieger algebras such that their phases are finitely summable. This difference in finite summability for bounded and unbounded Fredholm modules indicates not only that lifting is a delicate matter but that the same holds for finer analytic properties of bounded transforms and the choice of χ.

Definition 4. Let A be a C^∗-algebra. We say that the class x ∈ K^∗(A) is summable of degree p if there exists a p-summable Fredholm module representing x. We define the degree of summability of x to be the infimum of the set of numbers p > 0 for which x is p-summable. The odd (even) degree of summability of A is the supremum of the degree of summability of all odd (even) K-homology classes.

When taking the infimum of a set, we always apply the convention that the infimum of the empty set if infinite. We say that the C^∗-algebra A has finitely summable odd respectively even K-homology if it has a finite odd respectively even degree of summability. We say that a K-homology class is finitely summable if it has a finite degree of summability. The summability degree of a C^∗-algebra is clearly an isomorphism invariant. An interesting question is if it is a homotopy invariant. A related open problem hinted above is to find obstructions for finite summability of K-homology classes similar to the tracial obstructions for finitely summable unbounded Fredholm modules from [15]. We also note the terminology uniformly summable from [28].

Definition 5 ([28]). A C^∗-algebra A is said to be uniformly summable if there is a p > 0 and a dense ∗-subalgebra � ⊆ A such that any x ∈ K^∗(A) admits a representative that is p-summable on � .

Example. We have one example of a K-homology class that is not finitely summable. This result is not to be confused with the interesting results of [57, 58] where a subalgebra of A, on which K-homology classes are required to be finitely summable, is fixed.

Lemma 6. Let A :=

L_∞ j=1 C(S^{2 j−1}) – the C_0-direct sum of odd-dimensional spheres. There is a K-homology class x ∈ K^1(A) with infinite degree of summability.

Proof. Consider the sum of fundamental classes x =

P_∞ j=1[S^{2 j−1}], that is, x is represented by (π,

L_∞

j=1 L^2(S^{2 j−1}), F) where π is action by pointwise multiplication and F = ⊕F_j where F_j = 2P_j − 1 and P_j is the Szegö projection on S^{2 j−1}. This is a well defined Fredholm module since a �→ [F, π(a)] is a norm-continuous mapping A → �(

L_∞ j=1 L^2(S^{2 j−1})) of norm at most 2 and for a in the dense subalgebra C_c (

‘_∞ j=1 S^{2 j−1}) ⊆ A it holds that [F, π(a)] ∈ �^p(

L_∞

j=1 L^2(S^{2 j−1})) for any

96 M. Goffeng and B. Mesland

p > dim(supp (a))+1. It holds that K^1 (A) ∼=

Q_∞

j=1 Z and it is a well known fact that x|_{C(S}2 j−1_) ∈ K^1(C(S^{2 j−1})) ∼= Z is a generator for any j, see for instance [71]. Suppose that x admits a p-summable representative (π̃, � , F̃). By [7, Proposition 3.12] it follows that � := Höl^p(π̃, H , F̃) is not only dense but also holomorphically closed in

L_∞ j=1 C(S^{2 j−1}). By a standard approximation argument, using that � is holomorphically closed, the characteristic function p_k for S^{2k−1} ⊆

‘_∞ j=1 S^{2 j−1} belongs to � . In particular p_k� ⊆ C(S^{2k−1}) is a holomorphically closed dense subalgebra. It follows that the degree of summability of x is bounded from below by that of x|_S2k−1 . By [25, Proposition 3] we have a lower estimate for the degree of summability of any z ∈ K^1(C(S^{2k−1})) \ {0} given by 2k − 2. Hence we have a contradiction since our assumptions imply that p ≥ 2k − 2 for all k. □

Content and organization of the paper. The content of the paper can be summarized in the following Theorem. We use the letter A for an N × Nmatrix only containing the numbers 0 and 1. It will be clear from its context when A is a matrix and when it is a C^∗-algebra as above.

The notation Ω_A is for the space of characters of the standard maximal abelian subalgebra in the Cuntz-Krieger algebra O_A associated with the N × N-matrix A, see more in Section 1 below. There is a C(Ω_A)-valued conditional expectation on O_A. We let E^Ω_A denote the C(Ω_A)-Hilbert C^∗-module closure of O_A and π^Ω_A : O_A → End^∗_{C(ΩA)}(E^Ω_A ) the left O_A-action.

Theorem 7. The odd degree of summability of a Cuntz Krieger algebra O_A is 0. Moreover, there exists an unbounded bivariant (O_A, C(Ω_A))-cycle (E^Ω_A , D) with the following property. For each class x ∈ K^1(O_A) one can find a finite collection (ω_{j,x} )^{mx}_{j=1} ⊆ Ω_A and localize D at each of these characters to construct the self-adjoint operator D_{j,x} on E^Ω_A ⊗_{ω j,x} C such that the unbounded Fredholm module 0 B @ m_xM

j=1 (π^Ω_A ⊗_{ω j,x}id_C),

m_xM

j=1 (E^Ω_A ⊗_{ω j,x} C),

m_xM

j=1 D_{j,x} 1 C A , is a θ-summable representative for x ∈ K^1(O_A). Moreover, each of the triples “ π^Ω_A ⊗_{ω j,x} id_C, E^Ω_A ⊗_{ω j,x} C, D_{j,x} |D_{j,x} |^{−1} ” form p-summable analytic K-cycles for any p > 0 .

Remark 8. The first statement of this Theorem should be compared to the results of [28]. The intersection of applications for this paper with [28] lies in the examples of discrete hyperbolic groups Γ such that C(∂ Γ) ⋊ Γ is a Cuntz- Krieger algebra. E.g. when Γ is a free group (see below in Subsubsection 3.4.3).

In these cases, the results of [28] are stronger in regards to finite summability of bounded Fredholm modules as they consider also the even K-homology. We compare the two approaches in a special case in Subsubsection 4.2.1.

Summability and CK-algebras 97

Remark 9. Whittaker [73, 74], has carried out constructions similar to those in this paper. The computational approaches differs, but the spirit prevails. It is an interesting question if the results of this paper carry over to general Smale spaces relating to the work of Whittaker.

Remark 10. In regards to the discussions above, we can use the same ∗-algebra for all of the Fredholm modules constructed in this paper. Namely, the ∗- algebra generated by the C^∗-generators of the Cuntz-Krieger algebra.

The paper is organized as follows. In Section 1 we recall some well known facts about Cuntz-Krieger algebras, focusing on their origin in the dynamics of sub shifts of finite type. This is encoded by means of a groupoid, first studied by Renault [59, 60]. The possibility to interchange the groupoid picture of Cuntz-Krieger algebras and the standard generator picture, used in the original definition of Cuntz-Krieger [22], is crucial to identifying the K-homology classes of the Fredholm modules and spectral triples constructed in this paper. Section 2 contains the proof of the fact that the odd degree of summability of O_A is 0, this is stated in Theorem 2.0.1. To be precise, we recall the construction from [39] of Poincaré duality K^∗(O_A) ∼= K_{∗+1}(O_AT ). Using this construction, we identify exactly which odd K-homology cycles we need to prove finite summability for. The results of Section 2 implies that any odd K-homology class can be represented by a Fredholm module on the GNS-space L^2(O_A) associated with the KMS-state on O_A. It would be desirable to prove that the duality class Δ ∈ K^1(O_A ¯⊗O_AT ) in fact is finitely summable, in which case it would follow that the even degree of summability of O_A is finite. We can in general only prove θ-summability of Δ (see Theorem 2.3.2). In certain cases, for instance SU_q(2), we obtain finite summability of a K-cycle representing Δ.

For the construction of unbounded Fredholm modules on O_A in a given odd K-homology class, we consider two approaches. One using the subalgebra of fixed points for the gauge action, an AF-algebra, in Section 3 and one using the standard maximal abelian subalgebra in Section 5. The approach of using the fixed point algebra is explored first as there is an unbounded KK-cycle naturally associated with the gauge action, the gauge cycle. We prove that the gauge cycle plays the role of a boundary mapping in the Pimsner-Voiculescu six term exact sequence associated with the gauge action. As such, the possible Khomology classes of the unbounded Fredholm modules that can be constructed from the fixed point algebra by means of a Kasparov product with the gauge cycle can be computed. We carry out these computations in some special cases in Subsection 3.4. In some cases any K-homology class is of this form (see Remark 3.4.9), only the odd ones are (e.g. for SU_q(2), see Remark 3.4.5) and in other cases only the trivial class is (e.g. the Cuntz algebra O_N , see Remark 3.4.3).

Before considering the approach of constructing unbounded Fredholm modules from the maximal abelian subalgebra in Section 5, we recall some spectral triples in Section 4 considered by Bellissard-Pearson [5]. These spectral triples are interesting since there is an obstruction to extending them to the ambient

98 M. Goffeng and B. Mesland

Cuntz-Krieger algebra coming from the class of the unit [1_{OAT} ] ∈ K_0(O_AT ) under Poincaré duality K_0(O_AT ) ∼= K^1(O_A). They also provide a natural candidate for constructing spectral triples on O_A with geometric content. In Section 5, we construct an unbounded bivariant (O_A, C(Ω_A))-cycle. The restrictions of this bivariant cycle to suitable fibres over Ω_A generate the odd K-homology group of O_A. We may even identify the phases of these unbounded Fredholm modules with finitely summable analytic K-cycles very similar to those constructed in Section 2. In particular, this shows that the Kasparov product

KK_1(O_A, C(Ω_A)) ⊗ K^0(C(Ω_A)) → K^1(O_A),

is surjective. This stands in sharp contrast with the situation where C(Ω_A) is replaced with the fixed point algebra F_A. E.g. for the Cuntz algebra where K^0(F_N ) = 0 but K^1(O_N ) ∼= Z/(N − 1)Z (cf. computations in Subsubsection 3.4.1).

In view of this, we end this paper with a construction of an unbounded Kasparov product between the unbounded bivariant (O_A, C(Ω_A))-cycle with the Bellissard- Pearson spectral triples – a certain infinite direct sum of point evaluations with dynamical content.

We compute the class of this Kasparov product in rational K-homology. The construction uses and extends the techniques of [9, 38, 52] to account for naturally ocurring unbounded commutators. This is achieved in the context of ϵ-unbounded Fredholm modules, a slight weakening of the notion of unbounded Fredholm modules. This weakening has been hinted at in the literature. We describe the main properties of ϵ-unbounded Fredholm modules in the Appendix.

Remark 11. In the Ph.D. thesis of Senior [63], an unbounded Fredholm operator for the quantum group SU_q(2) is constructed through the same connection techniques employed here. Although the algebra C(SU_q(2)) is a Cuntz-Krieger algebra (see Subsection 1.4.1), the base space taken in [63] is the noncommutative Podlés sphere, and thus the constructions differ fundamentally. In particular, the ϵ-unbounded Fredholm module techniques we employ to prove that our operators represent Kasparov products do not apply there.

1. Groupoids, C^∗-algebras and dynamics

In this section we will recall some well known facts about the dynamics of sub shifts of finite type, Cuntz-Krieger algebras and the interplay in between them arising from a certain groupoid. The purpose of this section is to set notations and to introduce the underlying classical geometry before describing its noncommutative geometry. Relevant references are provided in each subsection.

1.1. Subshifts of finite type on the boundary of a tree. In this section we recall basic facts and introduce notation regarding subshifts of finite type. We let A = (A_{i j} )^N_{i, j=1} denote an N × N matrix with coefficients being 0 or 1. Sometimes we write A(i, j) = A_{i j} . The matrix A can be thought of as defining

Summability and CK-algebras 99

the admissible paths in a Markov chain, where a jump from i to j is admissible if and only if A(i, j) = 1. We always assume that no row nor column of A is zero to guarantee that there is always an allowed jump into as well as out of a letter j ∈ {1, . . . , N}.

There are several well studied geometric objects associated with this Markov chain. The first is the compact space of infinite admissible words:

Ω_A := {(x_k)_{k∈N+} ∈ {1, . . . , N}^N : ∀k : A(x_k, x_{k+1}) = 1},

equipped with the topology induced from the compact product topology on {1, . . . , N}^N. The space Ω_A is totally disconnected. There is a natural shift operator Ω_A → Ω_A (x_k)_{k∈N} �→ (x_{k+1})_{k∈N}.

The pair (Ω_A, σ) is called a subshift of finite type and is amongst the most well studied systems in dynamics, see for example [42, 49, 55].

We call a sequence of numbers μ = (μ_j )^M_{j=1} with μ_j ∈ {1, . . . , N} a finite word of length M. The length M of μ is denoted by |μ|. A finite word μ = (μ_j)^M_{j=1} is said to be admissible for A if A(μ_j , μ_{j+1}) = 1 for j = 1, . . . , M − 1. To simplify notation we often write μ_1μ_2 · · · μ_M for a finite word μ = (μ_j)^M_{j=1}. The empty word is defined to be an admissible finite word that we denote by ∘_A. The length of the empty word is defined to be 0. The set of all admissible finite words will be denoted by �_A. For k ∈ N, we use the notation

(1.2) φ(k) := #{μ ∈ �_A : |μ| = k}.

The space Ω_A splits into cylinder sets C_μ associated with finite words μ:

C_μ := {(x_k)_{k∈N} : x_1 · · · x_{|μ|} = μ} and C_∘ = Ω_A.

A finite word μ is admissible if and and only if C_μ ≠ �. The sets C_μ are clopen subsets of Ω_A and generate the topology. The shift σ is injective on each C_μ if |μ| > 0. We will abuse the notation by denoting the with σ associated endomorphism of the C^∗-algebra C(Ω_A) also by σ. Whenever X ⊆ Ω_A is a clopen subset, the characteristic function χ_X of X defines a locally constant continuous function. These observations imply the following Proposition.

Proposition 1.1.1. The C^∗-algebra of continuous functions C(Ω_A) forms an AF-algebra. The AF-filtration is given by

�_k := M |μ|=k

Cχ_{Cμ} ∼= C^{φ(k)}.

The inclusions �_k �→ �_{k+1} are induced from the partition C_μ = ∪^N_{j=1}C_{μ j} .

The space Ω_A can be viewed as the boundary at infinity of the tree �_A of finite A-admissible words. The countable set �_A becomes a tree by allowing an edge between μ and ν whenever ν = μi for some i. By choosing the empty word ∘_A as the base point, �_A becomes a rooted tree. The space Ω_A is naturally identified

100 M. Goffeng and B. Mesland

with the space of infinite paths starting at ∘_A. As such, Ω_A carries a natural metric, defined for x ≠ y by

(1.3) d_{ΩA} (x, y) := e^{− min{n:xn≠ yn}}.

Informally speaking, two paths are close when they stay on the same track for a long time. In this metric, the cylinder sets satisfy

diam(C_μ) = e^{−|μ|}.

The tree �_A is in particular a Gromov hyperbolic space, and �_A := �_A ∪ Ω_A is a compactification of �_A when given the topology generated by that of �_A and the sets C^ϵ_μ := C_μ ∪ {ν ∈ �_A : ν ∈ C^�_μ , d_{ΩA} (∘_A, ν) ≥ ϵ^{−1}}.

Here C^�_μ denotes the finite analogue of the cylinder set C_μ;

C^�_μ := {ν ∈ �_A : ν = μλ for some λ ∈ �_A} ⊂ �_A.

Definition 1.1.2. A function t : �_A → Ω_A is said to satisfy the cylinder condition if t(μ) ∈ C_μ ∀μ ∈ �_A.

The next proposition shows that functions satisfying the cylinder condition provides a natural candidate for a ∗-homomorphism splitting the following short exact sequence of C^∗-algebras:

0 → C_0(�_A) → C Ă �_A Ł → C(Ω_A) → 0.

Proposition 1.1.3. If t : �_A → Ω_A satisfies the cylinder condition, see Definition 1.1.2, then pullback along t^∗ : C(Ω_A) → C_b(�_A) factors over a ∗- homomorphism

t^∗ : C(Ω_A) → C Ă �_A Ł such that (t^∗ f )|_{ΩA} = f .

Proof. The Proposition follows once proving that the mapping t̄ : �_A → Ω_A given by t̄|_{�A} := t and t̄|_{ΩA} := id_{ΩA} is continuous. This follows from the fact that t̄^{−1}(C_μ) ⊆ C^ϵ_μ for some ϵ > 0, so t̄ is continuous. □

The set of finite words comes with a shift mapping defined as

σ_� : �_A \ ∘ → �_A, μ = μ_1μ_2 · · · μ_N �→ μ_2 · · · μ_N .

The endomorphism σ : C(Ω_A) → C(Ω_A) has an associated transfer operator

(1.4) L_σ( f )(x) := X y∈σ^{−1}(x)

f ( y).

This operator extends to an operator L̄_σ : C Ă �_A Ł → C Ă �_A Ł by setting L̄_σ( f )|_{�A} (μ) := P ν∈σ^{−1}_� (μ) f (ν) for μ ∈ �A. Via the Riesz Representation Theo-

rem, the induced operator L̄^∗_σ : C Ă �_A

Ł_∗ → C Ă �_A

Ł_∗

can be viewed as an operator on the Borel measures on �_A.

Summability and CK-algebras 101

Definition 1.1.4. A Borel measure μ on Ω_A is called conformal of dimension δ_A if L̄^∗_σ(μ) = e^{δA} μ.

There is a canonical σ-conformal measure on the space Ω_A, which can be constructed explicitly. Denote by δ_A the upper Minkowski dimension (sometimes called the upper box dimension, see e.g. [31]) of Ω_A.

Theorem 1.1.5 (cf. [5], Theorem 2). Let s > 0. The series P ν∈�_A e

−s|ν| is

convergent for all s > δ_A and divergent for 0 < s ≤ δ_A. Consequently δ_A := inf{s : P ν∈�_A e

−s|ν| < ∞}.

A direct corollary of Theorem 1.1.5 is the following (recall the definition of φ from Equation (1.2)).

Corollary 1.1.6. There is a positive sequence C_s ∈ ℓ^1(N) such that φ(k) ≤ C_s(k)e^{sk} whenever s > δ_A.

Consider the measures

μ_s := P e^{−s|ν|}δ_ν P e^{−s|ν|} , viewed as an element of C(�_A)^∗. Subsequently define μ_A = w^∗- lim_{s↓δA} μ_s, which is to be interpreted as a weak^∗ limit in C(�_A)^∗. This is the well-known Patterson- Sullivan construction [56, 69]. Since the series of Theorem 1.1.5 diverges at δ_A, the measure μ_A is supported only on the boundary Ω_A. For f ∈ C(Ω_A), R Ω_A f dμA can be computed by choosing an extension

f̃ to �_A, since any two such extensions differ by a function supported in �_A.

Theorem 1.1.7 (cf. [17, 24, 56, 69]). The measure μ_A is σ-conformal of dimension δ_A.

Proof. First we compute, Z Ω_A

f d L^∗_σμ_s = P ν∈�_A e

−s|ν| L

σ f (ν) P ν∈�_A e

−s|ν| = P ν∈�_A e

−s|ν| P λ∈σ^{−1}_� (ν) f (λ) P ν∈�_A e

−s|ν| = P ν∈�_A\∘ e

−s(|ν|−1) f (ν) P ν∈�_A e

−s|ν| = e s P ν∈�_A\∘ e

−s|ν| f (ν) P ν∈�_A e

−s|ν| ,

and then, using that P ν∈�_A e

−sν diverges at s = δ_A, we take the limit

lim_{s↓δA} Z Ω_A

f d L^∗_σμ_s = lim_{s↓δA} e^s P ν∈�_A\∘ e

−s|ν| f (ν) P ν∈�_A e

−s|ν|

= lim_{s↓δA} e^s P ν∈�_A e

−s|ν| f (ν) P ν∈�_A e

−s|ν| = e δ_A Z Ω_A

f dμ. □

102 M. Goffeng and B. Mesland

1.2. Groupoids, C^∗-algebras and modules. Groupoids are an intermediate structure between spaces and groups. The C^∗-algebras constructed from groupoids form a rich source of noncommutative C^∗-algebras, and the groupoid origin provides a geometric description of those.

Definition 1.2.1. A groupoid is a small category � in which all morphisms are invertible.

The requirement of being small is of a set-theoretical nature; the objects in � form a set. We denote the set of objects by �^{(0)} and the set of morphisms by �^{(1)}. There is an inclusion �^{(0)} → �^{(1)} as identity morphisms. We often write � for �^{(1)}. The domain and range maps are denoted d, r : �^{(1)} → �^{(0)} and the set of composable pairs is �^{(2)} := {(ξ, η) ∈ � × � : d(ξ) = r(η)}.

This is itself a groupoid with domain and range maps the coordinate projections, and composition (ξ_1, η_1) ∘ (η_1, ξ_2) := (ξ_1, ξ_2).

If � carries a locally compact Hausdorff topology for which the maps r, d and composition �^{(2)} → � are continuous, then � is said to be a locally compact Hausdorff groupoid.

Definition 1.2.2. A locally compact Hausdorff groupoid � is étale if the fibers of the range map r : � → �^{(0)} are discrete.

An étale groupoid � carries a canonical Haar system (see [59]), consisting of counting measure in each fibre of r. This allows for the definition of the convolution product on C_c (� ), defined by (1.5) f ∗ g(η) = X ξ∈r^{−1} (η)

f (ξ)g(ξ^{−1}η),

which is a finite sum because f is compactly supported and r^{−1}(η) is discrete.

There is a locally compact Hausdorff étale groupoid �_A encoding the dynamics of the totally disconnected compact space Ω_A and the self mapping σ. The unit space of �_A is defined as �^{(0)}_A := Ω_A and the morphism space by �^{(1)}_A := {(x, n, y) ∈ Ω_A × Z × Ω_A : ∃k ∈ N s.t. σ^{n+k} (x) = σ^k ( y)}.

The range and source mappings are defined by r(x, n, y) = x respectively d(x, n, y) = y.

The composition is given by (x, n, y)( y, m, z) = (x, m + n, z).

The groupoid �_A can be given a locally compact étale topology in the following way (see [59, 60]). Let m and n be natural numbers, U ⊆ Ω_A an open set on

Summability and CK-algebras 103

which σ^m is injective, and V ⊆ Ω_A an open set on which σ^n is injective. The basic open sets for the topology are given by

(1.6) (U, m, n, V ) := {(x, m − n, y) : σ^m(x) = σ^n( y)}.

Since this groupoid is étale, it admits a natural Haar system ν^x given by counting measure in the fibers.

Recall that a measure μ on �^{(0)} is called quasi-invariant if the induced measure dμ(ξ) = dν^x (ξ)dμ(x) is equivalent to its inverse dμ(ξ^{−1}). The Radon-Nikodym derivative Δ :=^{dμ−1}_{dμ} is a measurable 1-cocycle on � called the modular function. If � is an étale groupoid and U ⊂ � an open set on which both r and d are injective, define T : r(U) → d(U) by x �→ d(r^{−1}(x) ∩ U). A measure μ on �^{(0)} is quasi-invariant with modular function Δ if for every such U we have

d T^∗μ dμ (x) = Δ(r^{−1}(x) ∩ U).

See more in [59, Remark 3.22].

Proposition 1.2.3. The measure μ_A is a quasi-invariant measure on Ω_A with modular function Δ(x, n, y) = e^{−δAn}.

Proof. The maps r and d are injective on the basic open sets (U, m, n, V ). For n − m ≥ 0 and supp f ⊂ V we have

T^∗ f (x) = X y∈σ^{m−n}(x)

f ( y) = L^{n−m}_σ f (x).

We conclude that R V f d T^∗μ_A = R V f d L^{(n−m)∗}μ_A = e^{(n−m)δA} R V f dμ_A. For n − m < 0 Z V f dμ_A = Z U f d T^{−1∗}μ_A = Z U f d L^{(m−n)∗} σ μ_A

= e^{(m−n)δA} Z U f dμ_A = e^{(m−n)δA} Z V f d T^∗μ_A,

so in this case R V f d T^∗μ_A = e^{(n−m)δA} R V f dμ_A as well. □

The reduced C^∗-algebra of an étale groupoid � is a certain C^∗-algebra completion of the algebra that C_c (� ) forms under the convolution product (1.5). There is a conditional expectation ρ : C_c (� ) → C_0(�^{(0)}) given by restriction of functions to �^{(0)}. To construct C^∗_r (� ), define the C_0(�^{(0)})-valued inner product

(1.7) 〈 f , g〉(x) := X ξ∈r^{−1} (x)

f (ξ^{−1})g(ξ^{−1}) = ρ( f^∗ ∗ g),

which is C_0(�^{(0)})-linear for multiplication from the right. The completion of C_c (� ) in the norm induced from (1.7) is a Hilbert C^∗-module E^� , the Haar module, on which C_c (� ) acts, via convolution, by adjointable operators. Its

104 M. Goffeng and B. Mesland

completion in the operator norm is C^∗_r (� ). The map ρ above extends to a conditional expectation (1.8) ρ : C^∗_r (� ) → C_0(�^{(0)}). This intrinsic construction of C^∗_r (� ) was first considered in [44].

For a closed subgroupoid � ⊂ � , we can do a similar construction. Denote by ρ_� : C_c (� ) → C_c (� ) the restriction map. This extends to a conditional expectation ρ_� : C^∗_r (� ) → C^∗_r (� ), see [59]. Relative to the closed subgroupoid �^{(0)} ⊂ � , the inner product (1.7) can be expressed as 〈 f , g〉 = ρ_� (0) ( f^∗ ∗ g). We distinguish the domain and range mappings of � respectively � by an index, e.g. r_� : �^{(1)} → �^{(0)}. There is a right C_c (� )-module structure on C_c (� ) given by g · h(η) := X ξ∈r^{−1}_� (d_� (η))

g(ηξ)h(ξ^{−1}), η ∈ � ,

and the formula for the inner product is similar to (1.7):

〈 f , g〉(η) := ρ_� ( f^∗ ∗ g)(η) = X ξ∈r^{−1}_� (r_� (η))

f (ξ^{−1}η)g(ξ^{−1}) for η ∈ � ,

The completion of C_c (� ) with respect to this inner product is a Hilbert C^∗- module E^�_� over C^∗_r (� ); there is also a left action of C^∗_r (� ), which is defined by convolution. The C^∗-algebra of C^∗_r (� )-compact operators on such modules can be easily described. We now turn to a brief review of this description. Consider the right action of � on � and its associated quotient space (1.9) � /� = {[ξ] : ξ ∈ � , [ξ_1] = [ξ_2] ⇔ ∃η ∈ � ξ_1η = ξ_2}. The space � ⋉ � /� := {(ξ, [η]) : d(ξ) = r(η)}, can be made into a groupoid with (� ⋉ � /� )^{(0)} = � /� by defining range map: r(ξ, [η]) := [ξη], domain map: d(ξ, [η]) := [η], composition: (ξ_1, [η]) ∘ (ξ_2, [ξ^{−1}_2 η]) := (ξ_1ξ_2, [ξ^{−1}_2 η]), and inversion: (ξ, [η])^{−1} := (ξ^{−1}, [ξη]).

This groupoid is étale because both � and � are. The above construction is a special case of an action of the groupoid � on a space, which in this case is � /� . In that context, the map [η] → r(η), viewed as a map � /� → �^{(0)} is called the moment map of the action. For the general theory of groupoid actions, its relation to C^∗-algebras and modules, and further references see [47, 51, 68].

Theorem 1.2.4 (cf. [54, 65]). Let � be an étale groupoid and � ⊂ � a closed subgroupoid. The mapping π^�_� : C^∗_r (� ⋉ � /� ) → �_C ∗_{r (� )}(E^�_� )

Summability and CK-algebras 105

defined on a ∈ C_c (� ⋉ � /� ) ⊆ C^∗_r (� ⋉ � /� ) and f ∈ im (C_c (� ) → E^�_� ) by π^�_� (a) f (η) := X ξ∈r^{−1} (r(η))

a(ξ, [ξ^{−1}η]) f (ξ^{−1}η) for η ∈ � ,

is an isomorphism.

The fact that C^∗_r (� ⋉� /� )^∼−→ �_C ∗_{r (� )}(E^�_� ) follows from the Morita equivalence � ∼ � ⋉ � /� of groupoids and the results in [54, 65]. The explicit formula for the isomorphism can also be found in [51, Equation (11)].

1.3. Cuntz-Krieger algebras. Let O_A be the Cuntz-Krieger algebra associated with the N × N matrix A = (A_{i j} ). Recall our assumption on A; no row nor column in A is 0. The C^∗-algebra O_A was defined in [22] as the universal C^∗-algebra generated by elements S_i satisfying the relations

S^∗_i S_i = NX j=1 A_{i j} S_j S^∗_j ,

(1.10) NX i=1 S_i S^∗_i = 1,

(1.11)

S_i S^∗_i S_j S^∗_j = S_j S^∗_j S_i S^∗_i = δ_{i j} S_i S^∗_i .

(1.12) Following the notation [22], for the source projections we write Q_i := S^∗_i S_i and for the range projections P_i := S_i S^∗_i . The relations (1.10)-(1.12) become

(1.13) P_i P_j = δ_{i j} P_i and Q_i = NX j=1 A_{i j} P_j .

For any finite word μ = μ_1μ_2 · · · μ_M , we let S_μ ∈ O_A denote the element S_{μ1} S_{μ2} · · · S_{μM} . The relation (1.13) guarantees that the element S_μ is non-zero if and only if μ is an admissible word.

Proposition 1.3.1 (Lemma 1.1 of [46]). The following computation holds:

S^∗_ν S_γ =

8 > < > :

S_β , if γ = νβ, for some β, Q_{νk} , if ν = γ = ν_1 · · · ν_k S^∗_β , if ν = βγ, for some β, 0, otherwise.

Every non-zero word in S_i and S^∗_j can be written as a finite sum of terms of the form S_μS^∗_ν where the admissible μ = μ_1 · · · μ_k and ν = ν_1 · · · ν_l satisfy that μ_k = ν_l .

The following fundamental result is due to Renault.

Theorem 1.3.2 ([59, 60]). There is a canonical isomorphism between the groupoid C^∗-algebra C^∗_r (�_A) and the universal C^∗-algebra O_A.

106 M. Goffeng and B. Mesland

The isomorphism is implemented by mapping S_i to the characteristic function of the set

(1.14) X_i := ˘ (x, 1, σ(x)) : x ∈ C_i ¯ . As the images of the S_i :s satisfy the Cuntz Krieger relations, we obtain a ∗-homomorphism O_A → C^∗_r (�_A). For more details on the proof see [60].

Recall the following condition, usually referred to as condition (I), on the N ×Nmatrix A. A finite admissible word ν = ν_1 · · · ν_R is a loop based in j ∈ {1, . . . , N} if ν_1 = ν_R = j and ν_k ≠ j for k = 2, . . . , R − 1. If any j = 1, . . . , N satisfies that there is an admissible finite word μ = μ_1 · · · μ_M with μ_1 = j and there are two different loops based in μ_M , we say that A satisfies condition (I). The matrix A satisfies condition (I) if and only if Ω_A has no isolated points. An example when condition (I) is satisfied is if A is irreducible but not a permutation matrix.

Theorem 1.3.3 (Theorem 2.14 of [22], Proposition 4.3 of [1]). The Cuntz- Krieger algebra O_A satisfies the following:

(1) If A is irreducible, O_A is simple.

(2) If A satisfies (I), then O_A is purely infinite^4.

The quasi-invariant measure μ_A induces a functional

φ_A : C_c (�_A) → C, f �→ Z Ω_A

f |_{ΩA} dμ_A,

(1.15)

which extends to a state on C^∗_r (� ). The GNS-representation of O_A on L^2(O_A, φ_A) is canonically isomorphic to the convolution representation of C^∗_r (�_A) on L^2(�_A, μ_A). We will refer to this as the fundamental representation.

1.3.1. The algebra O_N . Also known as the Cuntz algebra, was first introduced in [18]. The algebra O_N is the universal C^∗-algebra generated by N orthogonal isometries. The algebra O_N is the Cuntz-Krieger algebra associated with the symmetric N × N-matrix giving by A_{i j} = 1 for all i, j. The geometry of Ω_{ON} takes a very simple form; since any word is admissible, it holds that �_{ON} = ∪_{k∈N}{1, . . . , N}^k and φ(k) = N^k. In this special case, the KMS-state φ_{ON} can be computed as φ_{ON} (S_μS^∗_ν ) = δ_{μ,ν} N^{−|μ|}.

1.4. The fixed point algebra of the circle action. The Cuntz-Krieger groupoid comes with a natural circle action. We describe the action in both pictures of O_A. First of all, the map

c_A : �_A → Z (x, n, y) �→ n,

(1.16)

4Hence O A is also simple.

Summability and CK-algebras 107

is a continuous homomorphism, or a 1-cocycle. Note that ln Δ = −δ_Ac_A, with Δ as in Proposition 1.2.3. This induces a disjoint union decomposition

�_A = [ n∈Z �_n,

where �_n = c^{−1}_A (n). Its kernel

�_A := ker c_A = c^{−1}_A (0) = {(x, 0, y) : ∃k, σ^k(x) = σ^k( y)}, is a closed subgroupoid. We denote F_A := C^∗_r (�_A) ⊂ C^∗_r (�_A). We remark that, by the remark on the end of page 3 of [22], the algebra F_A is simple if A is aperiodic. There is a U(1)-action on C^∗_r (�_A) (see [59]) constructed from the cocycle c_A via α_t ( f )(ξ) := e^{itcA(ξ)} f (ξ).

We refer to this action as the gauge action. The fixed point algebra for this action is exactly F_A. It is well known that the state φ_A (1.15) satisfies the KMS-condition at inverse temperature δ_A with respect to the gauge action (cf. Definition 3.15 and Proposition 5.4 of [59]).

A third way of describing F_A comes from the generators S_i . Observe that, in terms of the linearly spanning elements S_μS^∗_ν coming from Proposition 1.3.1,

α_t (S_μS^∗_ν ) = e^{(|μ|−|ν|)it} S_μS^∗_ν .

Hence F_A is the C^∗-algebra generated by S_μS^∗_ν for |μ| = |ν|. We define F^l_A to be the span of all non-zero S_μS^∗_ν where |μ| = |ν| = l + 1. As was computed in the proof of [22, Proposition 2.3]; for a fixed j, the elements S_μS^∗_ν where |μ| = |ν| = l + 1 and μ_{l+1} = ν_{l+1} = j form a set of matrix units; whenever l + 1 = |μ| = |ν| = |μ^′| = |ν^′|, (1.17) S_μS^∗_ν S_μ′ S^∗_ν ′ = δ_{ν,μ}′ S_μS^∗_{νl+1} S_{νl+1} S^∗_ν ′ = δ_{ν,μ}′ S_μS^∗_ν ′ .

These identities follows from Proposition 1.3.1. We can conclude the following Proposition.

Proposition 1.4.1 (Proposition 2.3 of [22]). The space F^l_A is closed under multiplication and adjoint. In particular,

F_A = ∪_{l∈N} F^l_A is an AF-algebra.

The stabilization F_A ¯⊗� admits yet another description in terms of groupoids. It follows from [51, Lemma 3.4] that �_A/�_A ∼= Ω_A × Z. The moment mapping �_A/�_A → Ω_A is the projection onto the first coordinate under the above homeomorphism. Hence we can identify �_A ⋉ �_A/�_A = �_A × Z. We will denote elements of �_A ⋉ �_A/�_A by (x, k, y, l). The range and domain mappings r, d : �_A ⋉ �_A/�_A = �_A × Z → �_A/�_A = Ω_A × Z are given by r(x, k, y, l) = (x, l) and d(x, k, y, l) = (x, k + l)

108 M. Goffeng and B. Mesland

The groupoid multiplication in �_A ⋉ �_A/�_A is given by (x, k, y, l)( y, m, z, k + l) = (x, k + m, z, l) The next Proposition follows by a standard argument, which is left to the reader.

Proposition 1.4.2. The mapping

β : �_A ⋉ �_A/�_A → �_A ⋉ �_A/�_A, (x, k, y, l) �→ (x, k, y, l − 1), is a groupoid automorphism. There is an isomorphism C^∗_r (�_A ⋉ �_A/�_A) ∼= O_A ⋊ U(1) under which β corresponds to the dual Z-action. In particular, C^∗_r (�_A ⋉ �_A/�_A) ⋊_β Z ∼_M O_A.

Remark 1.4.3. A consequence of Theorem 1.2.4 and Proposition 1.4.2 is the well known fact that there is a Z-action on F_A ¯⊗� such that O_A ¯⊗� ∼= (F_A ¯⊗�) ⋊ Z. The restriction map ρ : C^∗_r (�_A) → C^∗_r (�_c ) is a conditional expectation. The associated Hilbert C^∗-module is denoted E^c . Under the isomorphism O_A ∼= C^∗_r (�_A), ρ corresponds to the map E : O_A → F_A defined by

E(a) := 1 2π Z U(1)

α_t (a)dt.

The mapping E defines an F_A-valued inner product on O_A. The completion E^α of O_A in the norm associated to this inner product is a Z-graded Hilbert C^∗-module over F_A.

Proposition 1.4.4. The isomorphism C^∗_r (�_A) ∼= O_A is U(1)-equivariant and induces a Z-graded isomorphism E^{c ∼}−→ E^α.

1.4.1. The quantum group SU_q(2). Consider the matrix A = „ 1 1 0 1 « . The partial isometries S_1 and S_2 generating O_A satisfies the relations S^∗_1S_2 = 0, S_2S^∗_2 = S^∗_2S_2, S_1S^∗_1 + S_2S^∗_2 = 1 and S^∗_2S_2 = 1.

This condition guarantees that O_A ∼= C(SU_q(2)) for any q ∈ [0, 1), see more in [37]. The compact quantum group SU_q(2) is well studied and we merely describe it here as an interesting example. We do not derive anything new. Any admissible sequence μ ∈ �_A has the form μ = 11 · · · 122 · · · 2, that is, if the letter 2 appears in a word, all subsequent letters will be 2:s. We will identify a point (k, l) ∈ N^2 with the finite word consisting of k occurrences of 1 followed by l occurrences of 2. It holds that (1.18) φ(l) = #{μ ∈ �_A : |μ| = l} = l + 1.

Proposition 1.4.5. There is an isomorphism C(SU_q(2))^{U(1)} ∼= ~� – the unitalization of the compact operators on a separable infinite dimensional Hilbert space.

Summability and CK-algebras 109

Proof. We use the notation A = „ 1 1 0 1 « and F_A = C(SU_q(2))^{U(1)}. In light of

the identification �_A = N^2, it holds that

F^k_A ∼= C ⊕ M_k(C).

The first summand is spanned by S_{(k+1,0)}S^∗_{(k+1,0)} and the second summand spanned by S_μS^∗_ν where μ and ν are of length k + 1 and not ending in 1. Since

S_{(k,0)}S^∗_{(k,0)} = S_{(k+1,0)}S^∗_{(k+1,0)} + S_{(k,1)}S^∗_{(k,1)}

and S_{(k,l)}S^∗_{(k}′_{,l}′_) = S_{(k,l+1)}S^∗_{(k}′_{,l}′_{+1)}, for l, l^′ > 0,

the embedding of the second factors M_l (C) → M_{l+1}(C) is a corner embedding. Hence the mappings C ⊕ M_l (C) �→ C ⊕ M_{l+1}(C) are unital. It follows that lim −→ C ⊕ M_l (C) ∼= ~�. □

2. Finite summability of Fredholm modules

In this section we investigate the finite summability of odd K-homology classes on Cuntz-Krieger algebras. The central idea when treating the K-homology of Cuntz-Krieger algebras is the usage of Kaminker-Putnam’s Poincaré duality class for Cuntz-Krieger algebras. After recalling its construction we will prove the following Theorem:

Theorem 2.0.1. Any class in K^1(O_A) admits a p-summable representative for any p > 0.

To be precise, we prove that any class in K^1(O_A) can be represented by a K-cycle that is finite rank summable on the ∗-algebra generated by the generators of O_A. We return to the proof of this theorem in the end of Subsection 2.2. In the proof, we need to make use of KK-theory. The reader unfamiliar with KKtheory is referred to the textbook [43] or Kasparov’s original papers [40, 41]. We use the notation ¯⊗ for the minimal tensor product of C^∗-algebras.

2.1. Kaminker-Putnam’s Poincaré duality class. Whenever μ ∈ ∪_{k∈N}{1, . . . , N}^k, we let δ_μ ∈ ℓ^2(�_A) denote the delta function in μ if μ ∈ �_A and δ_μ = 0 if μ /∈ �_A. We obtain an ON-basis {δ_μ| μ ∈ �_A} for ℓ^2(�_A). We use the notation e_1, . . . , e_N for the standard ON-basis of C^N . If μ = μ_1 · · · μ_k ∈ {1, . . . , N}^k, we use the notation e_μ := e_{μ1} ⊗ · · · ⊗ e_{μk} ∈ (C^N )^{⊗k}. Let � denote the Hilbert space completion of ⊕^∞_{k=0}(C^N )^{⊗k}, with (C^N )^{⊗0} = C, in the scalar product

〈e_μ, e_ν 〉_� = δ_{μ,ν} .

There is a natural isometric embedding ℓ^2(�_A) → � whose range is the closed linear span of the set {e_μ| μ ∈ �_A}. We often identify ℓ^2(�_A) with its image under this embedding; that is, we identify e_μ with δ_μ if μ ∈ �_A. We also let

110 M. Goffeng and B. Mesland

P_A : � → ℓ^2(�_A) denote the orthogonal projection; in particular P_Ae_μ = δ_μ for any finite word μ. Define the bounded operators L^A_i : ℓ^2(�_A) → ℓ^2(�_A), δ_μ = e_μ �→ P_A(e_{iμ}) = δ_{iμ}.

There is a bijection of sets �_A → �_AT given by μ = μ_1μ_2 · · · μ_{k−1}μ_k �→ μ̄ := μ_kμ_{k−1} · · · μ_2μ_1, i.e. the word μ ordered in the opposite way. We define the unitary isomorphism J_� : ℓ^2(�_A) → ℓ^2(�_AT ), δ_μ �→ δ_{μ̄}.

Consider the operators R^A_i := J^∗_� L^{AT}_i J_� , which act as R^A_i δ_μ = δ_{μi} . We let {S_i |i = 1, . . . , N} and {T_i |i = 1, . . . , N} denote the generators of O_A and respectively O_AT . We define the ∗-homomorphisms

β_A := O_A → � (ℓ^2(�_A)), S_i �→ L^A_i mod �(ℓ^2(�_A)) and β^T_A := Ad(q(J_� ))(β_AT ) : O_AT → � (ℓ^2(�_A)), T_i �→ R^A_i mod �(ℓ^2(�_A)).

Here q : �(ℓ^2(�_A), ℓ^2(�_AT )) → �(ℓ^2(�_A), ℓ^2(�_AT ))/�(ℓ^2(�_A), ℓ^2(�_AT )) denotes the quotient mapping. The fact that β_A is a ∗-homomorphism for any A is shown in [39]; it also follows from Lemma 4.2.1 and Proposition 4.2.3 below. A short computation shows that (2.19) [L^A_i , R^A_j ] = 0 and [(L^A_i )^∗, R^A_j ] = δ_{i, j} P_{∘A} , where P_{∘A} denotes the orthogonal projection onto Cδ_{∘A} . See more in [39, Proposition 4.2]. It follows that the algebra β_A(O_A) commutes with β^T_A (O_AT ) in � (ℓ^2(�_A)). Since O_A and O_AT are nuclear we obtain a ∗-homomorphism β_{K P} := β_A ¯⊗β^T_A : O_A ¯⊗O_AT → � (ℓ^2(�_A)).

By standard constructions, see [43], the ∗-homomorphism β_{K P} induces a class [β_{K P} ] ∈ Ext(O_A ¯⊗O_AT , �(ℓ^2(�_A))) represented by the extension (2.20) 0 → �(ℓ^2(�_A)) → E_{K P} → O_A ¯⊗O_AT → 0, where E_{K P} := {a ⊕ T ∈ O_A ⊗ O_AT ⊕ �(ℓ^2(�_A)) : β_{K P} (a) = T mod �(ℓ^2(�_A)) ∈ im β_{K P} }. If β_{K P} is injective, for instance if O_A ⊗ O_AT is simple, E_{K P} is the C^∗-algebra generated by L^A_i and R^A_i and the exactness of (2.20) was in this case verified in the paragraph proceeding [39, Definition 4.3]. The C^∗-algebras O_A and O_AT are nuclear, so any element in the semi group Ext(O_A ¯⊗O_AT , �(ℓ^2(�_A))) is invertible, and Ext(O_A ¯⊗O_AT , �(ℓ^2(�_A))) ∼= K^1(O_A ¯⊗O_AT ).

This isomorphism can be found in [43, Chapter 3.3]. The construction of this isomorphism relies on the Choi-Effros Theorem and on the Stinespring Theorem. The two theorems combined guarantee the existence of a completely positive splitting of the short exact sequence (2.20) that has the following form.

Summability and CK-algebras 111

There is a Hilbert space H , a representation π : O_A ¯⊗O_AT → �(H ) and an isometry W : ℓ^2(�_A) → H such that

(2.21) β_{K P} (a) = q(W^∗π(a)W) for any a ∈ O_A ¯⊗O_AT .

It follows from the fact that β_{K P} is a ∗-homomorphism that [W W^∗, π(a)] ∈ �(H ) for all a ∈ O_A ¯⊗O_AT . The identity (2.21) guarantees that the image of [β_{K P} ] under Ext(O_A ¯⊗O_AT , �(ℓ^2(�_A))) → K^1(O_A ¯⊗O_AT ) is represented by the odd analytic K-cycle (π, H , 2W W^∗ − 1). The data π, H and W is difficult to construct in general. Further, the problem of finite summability on a dense subalgebra is not made easier by the abstract construction from the Stinespring Theorem. We will return to this problem in the next section. First we recall the construction of Poincaré duality from the image Δ ∈ K^1(O_A ¯⊗O_AT ) of the extension class [β_{K P} ].

Theorem 2.1.1 (Consequence of [39]). The mapping

K_∗(O_AT ) �→ K^{∗+1}(O_A), [e] �→ (1_{OA} ⊗ [e]) ⊗_{OA ¯⊗OAT} Δ

is an isomorphism.

Remark 2.1.2. Recall that KK-theory comes with a product; for separable C^∗- algebras A, B and C, there is a Z/2Z-graded operation

⊗_B : KK_∗(A, B) ⊗ KK_∗(B, C) → KK_∗(A, C),

called the Kasparov product. This product is associative. As such, one often considers KK-theory from the perspective of defining an additive category^5 whose objects are the separable C^∗-algebras and the group of morphisms from A to B is KK_0(A, B) with the composition of morphisms given by the Kasparov product. Further, it coincides with the index pairing

K_∗(B) ⊗ K^∗(B) → Z

when A = C = C, once identifying KK_∗(C, B) ∼= K_∗(B), KK_∗(B, C) = K^∗(B) and KK_∗(C, C) ∼= Z. The particular Kasparov product (1_{OA} ⊗ [e]) ⊗_{OA⊗OAT} Δ used in Theorem 2.1.1 is that between the class 1_{OA} ⊗ [e] ∈ KK_∗(O_A, O_A ¯⊗O_AT ) and Δ ∈ KK_1(O_A ¯⊗O_AT , C). See more in [27, 39].

In order to use Theorem 2.1.1, we will need to compute Kasparov products in the case described in Remark 2.1.2. Computations of this type are well known to experts in the field, we include them for the sake of completeness. Throughout this subsection, A and B denote unital C^∗-algebras and (π, H , F) an odd analytic K-cycle for A¯⊗B.

Proposition 2.1.3. Let e ∈ B ¯⊗M_m(C) = M_m(B) be a projection and set

H_e := [π ⊗ id_{Mm(C)}](1_A ⊗ e)(H ⊗ C^m).

5It even carries a triangulated structure, see [53].

112 M. Goffeng and B. Mesland

There is an odd analytic K-cycle (π_e, H_e, F_e) on A defined by

π_e : A → �(H_e), a �→ [π ⊗ id_{Mm(C)}](a ⊗ e), and F_e := [π ⊗ id_{Mm(C)}](1_A ⊗ e) · [F ⊗ id_Cm ] · [π ⊗ id_{Mm(C)}](1_A ⊗ e).

Proof. We assume m = 1 to shorten notation. Since F commutes with π(1_A ⊗e) up to compacts, F^2_e − π(1_A ⊗ e)F^2π(1_A ⊗ e) ∈ �(H_e).

Since F^2 − 1 is compact, so is F^2_e − 1. Furthermore F^∗_e = π(1_A ⊗ e)F^∗π(1_A ⊗ e) so F^∗_e − F_e ∈ �(H_e). Finally, we have for any a ∈ A that [F_e, π_e(a)] = [π(1_A ⊗ e)Fπ(1_A ⊗ e), π(a ⊗ e)] = = π(1_A ⊗ e)[F, π(a ⊗ 1_B )]π(1_A ⊗ e) ∈ �(H_e). □ Lemma 2.1.4. If e ∈ B ⊗ M_m(C) is a projection, the Kasparov product (1_A ⊗ [e]) ⊗_{A¯⊗B} [π, H , F] can be represented by the Fredholm module (π_e, H_e, F_e) (see notation in Proposition 2.1.3).

Proof. The K-theory class 1_A ⊗[e] can be represented by the A−A¯⊗B Kasparov module (A¯⊗eB^m, 0) with its obvious A-action on the left and the structure of an A¯⊗B-Hilbert C^∗-module comes from the inclusion A¯⊗eB^m ⊆ A¯⊗B^m. It is clear that as A − C-Hilbert C^∗-modules H_e = (A¯⊗eB^m) ⊗_A¯_{⊗B} H .

Since (π_e, H_e, F_e) is a Fredholm module on the right Hilbert space, to verify that it is a Kasparov product between [π, H , F] and (A¯⊗eB^m, 0) it suffices to prove that F_e is an F-connection, see [43, Definition 2.2.4]. The other conditions on a Kasparov product automatically hold as the Kasparov operator in (A¯⊗eB^m, 0) is 0, see [43, Definition 2.2.7]. Recall that F_e is an F-connection if for x ∈ A¯⊗eB^m, the linear mapping ξ �→ x ⊗_{A¯⊗B} (Fξ) − F_e(x ⊗_{A¯⊗B} ξ) is compact. However, since (1_A ⊗ e)x = x this fact follows from the identity x ⊗_{A¯⊗B} (Fξ) − F_e(x ⊗_{A¯⊗B} ξ) = π(x)Fξ − π(1_A ⊗ e)Fπ(1_A ⊗ e)π(x)ξ = π(1_A ⊗ e)[π(x), F]ξ. □ Remark 2.1.5. The natural mapping K^1(A) → Ext(A, �) is defined by mapping a cycle x := (π, H , F) to the extension associated with the Busby invariant β_F : A → � (H ), β_F (a) := q(P_F π(x)P_F ) where P_F := (F + 1)/2 and q : �(H ) → � (H ) denotes the quotient mapping. If F^2 = 1, the Hilbert space can be reduced to P_F H = ker(F − 1). The Busby invariant β_F is degenerately equivalent to β̃_F : A → � (P_F H ), β_F (a) := q(P_F π(x)P_F ). In particular, the Busby invariant of the K-cycle (π_e, H_e, F_e) constructed in Lemma 2.1.4 is β_e(a) := β_F (a ⊗ e).

Summability and CK-algebras 113

We end this subsection with a proposition on finite summability concerning Poincaré dualities whose proof is carried out mutatis mutandis to that of Proposition 2.1.3. We let � denote a symmetrically normed operator ideal, see [64, Chapter 1.7]. Assume that � ⊆ A and � ⊆ B are unital dense ∗-subalgebras.

Proposition 2.1.6. Let e ∈ � ⊗ M_m(C) be a projection and assume that (π, H , F) is � -summable on the ∗-subalgebra � ⊗ (C1_B + Ce) ⊆ A¯⊗B, then (π_e, H_e, F_e) is � -summable on � .

Remark 2.1.7. We note the following important consequence of Proposition 2.1.6. Assume that (π, H , F) is � -summable on � ⊗^{al g} �. Then any element in the image of the mapping

K_0(B) �→ K^1(A), x �→ (1_A ⊗ x) ⊗_{A¯⊗B} [π, H , F],

is � -summable on � . A slight modification of the argument above implies that the same holds true for elements in the image of the analogously defined mapping K_1(B) → K^0(A). This fact follows from [7, Proposition 3.12] which allows us to assume � ⊆ B to be holomorphically closed, and the mapping K_∗(�) → K_∗(B) induced from the inclusion � �→ B to be an isomorphism.

2.2. Finite summability in K^1(O_A). To deal with finite summability problems for O_A we note an important relation between linear splittings and finite summability based on [33]. The observation will reduce the problem of finite summability for an odd K-homology class to finding such π, H and W described above, in the paragraph preceding Theorem 2.1.1, that behaves well on generators. Whenever {x_i }_{i∈I} is a set of elements in a ∗-algebra, we let C^∗[x_i |i ∈ i] denote the ∗-algebra generated by {x_i }_{i∈I} .

Theorem 2.2.1. Let � , � ⊆ � be symmetrically normed operator ideals such that a^∗a ∈ � implies a ∈ � . Suppose that

0 → �(H_0) → E → A → 0

is a short exact sequence of C^∗-algebras with Busby invariant β_E . Assume the following:

(1) The C^∗-algebra A contains a dense ∗-subalgebra generated by a set {x_i }_{i∈I} ⊆ A, where I is an index set, and that there is a set {X_i }_{i∈I} ⊆ �(H_0) of pre images of {β_E (x_i )}_{i∈I} under the quotient mapping q : �(H_0) → � (H_0) such that the mapping

C^∗[x_i |i ∈ I] → �(H_0)/� (H_0), x_i �→ X_i mod � (H_0),

is a well defined ∗-homomorphism.

(2) There is a Hilbert space H , a ∗-representation π : A → �(H ) and an isometry W : H_0 → H such that

X_i − W^∗π(x_i)W ∈ � (H_0).

Then [β_E ] defines an invertible class in Ext(A, �(H_0)) whose image in K^1(A) is represented by the K-cycle (π, H , 2W W^∗ − 1) which is � -summable on the dense ∗-subalgebra C^∗[x_i |i ∈ I] ⊆ A.

114 M. Goffeng and B. Mesland

The proof is closely modeled on the structure in the refined extension invariant of [33] that is adapted for extensions of Schatten class ideals. Compare to for instance [33, Theorem 3.2]. The examples of ideals to keep in mind is the finitely summable case � = �^p and � = �^{2p} or the θ-summable case � = Li and � = Li_{1/2}.

Proof. It follows by the construction of the isomorphism Ext(A, �)^{−1} ∼= K^1(A) that [β_E ] is represented by the K-cycle (π, H , 2W W^∗ − 1), see the discussion before Theorem 2.1.1. The � -summability statement requires a more subtle algebraic analysis.

To simplify notation, we set � := C^∗[x_i |i ∈ I]. We can define a linear mapping τ : � → �(H_0), a �→ W^∗π(a)W. The assumptions of the Lemma guarantees that we can define the ∗-algebra

� := {(a, T ) ∈ � ⊕ �(H_0) : τ(a) − T ∈ � (H_0)}.

There is a natural mapping σ_� : � → � given by (a, T ) �→ a which admits a linear splitting τ̃(a) := (a, τ(a)).

The mapping τ induces a ∗-homomorphism β_� : � → �(H_0)/� (H_0). The pullback of the universal � -summable extension along β_� places � in a commuting diagram of ∗-algebras with exact rows:

0 −−−−→ � (H_0) −−−−→ �^{σ�}−−−−→ � −−−−→ 0 ‚ ‚ ‚ ? ? y ? ? y^β�

0 −−−−→ � (H_0) −−−−→ �(H_0) −−−−→ �(H_0)/� (H_0) −−−−→ 0 ,

where � → �(H_0) is defined by (a, T ) �→ T .

We set P := WW^∗. The operator U := W^∗|_{PH} : PH → H_0 is a unitary isomorphism. We now turn to the ∗-algebra ^� defined from the diagram

0 −−−−→ � (H_0) −−−−→ �^{σ�}−−−−→ � −−−−→ 0

Ad(U) ? ? y ? ? y^{Ad(U)} ‚ ‚ ‚ 0 −−−−→ � (PH ) −−−−→ ^� −−−−→ � −−−−→ 0

By construction, the linear mapping τ̂(a) := Pπ(a)P = U^∗τ(a)U ∈ ^� defines a splitting of the lower row. In particular, for any a, b ∈ � it holds that

τ̂(ab) − τ̂(a)τ̂(b) ∈ � (PH ).

It follows that [P, π(a)] ∈ � (H ) for all a ∈ � by an algebraic manipulation, see [33, Lemma 3.7]. □

Remark 2.2.2. If the mapping β_� : � → �(H_0)/� (H_0) in the proof of Theorem 2.2.1 is injective, the mapping � → �(H_0) is injective. Hence there is an isomorphism of ∗-algebras

� ∼= {T ∈ �(H ) : T mod � (H_0) ∈ im β_� }.

Summability and CK-algebras 115

Let us return to the C^∗-algebra O_A. Recall the definition of the KMS-state φ_A on O_A from (1.15), the associated GNS-space L^2(O_A, φ_A) and the fundamental representation π_A. By the results of Subsection 1.3, there is an isomorphism L^2(O_A, φ_A) ∼= L^2(�_A) intertwining the O_A-action with the C^∗(�_A)-action under the isomorphism O_A ∼= C^∗(�_A) from Theorem 1.3.2.

Fix a finite admissible word λ ∈ �_A. Define H_λ as the closed linear span of all elements S_{μλ} ∈ L^2(O_A, φ_A). For any two finite words μ, ν ∈ �_A, Proposition 1.3.1 implies that

〈S_μ, S_ν 〉_L2_{(OA,φA)} = φ_A(S^∗_μS_ν ) = δ_{μ,ν} φ_A(S^∗_{μk} S_{μk} ) = δ_{μ,ν} NX j=1 A_{μk , j} vol(C_j ),

where k := |μ|. For any finite word μ = μ_1 · · · μ_k, admissible or not, we set

c_μ := 0 @ NX j=1 A_{μk , j} vol(C_j) 1 A −1/2 . In particular, it holds that c_μ only depends on the last letter of μ. It follows from the computation above that the non-zero elements of {c_{μλ}S_{μλ}|μ ∈ �_A} form an ON-basis for H_λ. Let ℓ^2(�_λ) ⊂ ℓ^2(�_A) be the closed subspace spanned by the basis vectors associated with the words �_λ := {μλ ∈ �_A|μ ∈ �_A}.

The operator P_λ := R^A_{λ̄}(R^A_{λ̄})^∗ ∈ �(ℓ^2(�_A)) is the orthogonal projection onto ℓ^2(�_λ). We define the unitary isomorphism U : ℓ^2(�_A) → H_∘ by δ_μ �→ c_μS_μ. It follows from the above discussion that the map W_λ := UP_λ : ℓ^2(�_A) → L^2(O_A, φ_A), is a partial isometry. We recapitulate by noting that the partial isometry W_λ maps δ_μ to c_μS_μ if μ ∈ �_λ and it maps δ_μ to 0 if μ /∈ �_λ. Hence, the image of W_λ is H_λ and the image of W^∗_λ is ℓ^2(�_λ).

Proposition 2.2.3. The partial isometry W_λ satisfies the equation: W^∗_λ π_A(S_i)W_λ = L^A_i W^∗_λ W_λ ≡ L^A_i R^A_{λ̄}(R^A_{λ̄})^∗, i = 1, . . . , N.

Proof. It suffices to prove that W^∗_λ π_A(S_i )W_λδ_{μλ} = L^A_i δ_{μλ} since the vectors δ_{μλ} spans the range of W^∗_λ . A direct computation goes as follows:

W^∗_λ π_A(S_i )W_λδ_{μλ} = c_{μλ}W^∗_λ π_A(S_i )S_{μλ} = c_{μλ}W^∗_λ S_{iμλ} = δ_{iμλ} = L^A_i δ_{μλ}, since c_{μλ} = c_{iμλ}. □ Remark 2.2.4. The orthogonal projection W_λW^∗_λ ∈ �(L^2(O_A, φ_A)) onto H_λ correspond to a projection constructed in the groupoid picture as follows. For any finite word μ, S_μ corresponds to the characteristic function of the set {(x, |μ|, σ^{|μ|}(x)) ∈ �_A|x ∈ C_μ}.

116 M. Goffeng and B. Mesland

It holds that

(2.22) Q_λ f := X μ∈�_A

c^2_{μλ}S_{μλ} Z Ω_A

ρ(S^∗_{μλ} ∗ f )dμ_A,

with ρ as in (1.8), defines a projection in L^2(�_A, μ_A) corresponding to W_λW^∗_λ under the isomorphism L^2(O_A, φ) ∼= L^2(�_A, μ_A). This is akin to the constructions in [28].

Proposition 2.2.5. The extension defined from the Busby invariant β_i : O_A → � (ℓ^2(�_A)), a �→ β_{K P} (a ⊗ T_i T^∗_i ) can be represented by the odd analytic K-cycle (π_A, L^2(O_A, φ_A), 2W_i W^∗_i −1) which is p-summable for any p > 0 on the dense ∗-subalgebra C^∗[S_1, S_2, . . . , S_N ] ⊆ O_A.

Proof. For j = 1, . . . , n, the operators X_j := L^A_j R^A_i (R^A_i )^∗ lifts β_i (S_j). The operators X_j satisfy the Cuntz-Krieger relations modulo finite rank operators, so S_j �→ X_j mod �^p(ℓ^2(�_A)) defines a ∗-homomorphism C^∗[S_1, S_2, . . . , S_N ] → �(ℓ^2(�_A))/�^p(ℓ^2(�_A)) for any p > 0, even modulo finite rank operators. It also holds that W^∗_i W_i = R^A_i (R^A_i )^∗. In particular, X_j = W^∗_i π_A(S_j )W_i. Hence, the Proposition follows from Theorem 2.2.1. □

We recall the following description of K_0(O_AT ) from [19, Proposition 3.1].

Proposition 2.2.6 (Proposition 3.1 of [19]). The mapping

Z^N → K_0(O_AT ), (k_j )^N_{j=1} �→ NX j=1 k_j [T_j T^∗_j ]

is surjective with kernel being (1 − A)Z^N

Proof of Theorem 2.0.1. By Theorem 2.1.1, Remark 2.1.5 and Proposition 2.2.6 any K-homology class on O_A can be represented by an extension class of the form

P_N j=1 k_j [β_j ]. The Theorem follows from Proposition 2.2.5. □

2.3. A representative for Δ. As previously indicated (see Proposition 2.1.6), any summability property of a K-cycle representative for Δ would carry over to any K-homology class for O_A. The problem is to represent Δ in a reasonable way. We will in this subsection construct a θ-summable representative for Δ.

We will use the notation H^T_0 for the closed linear span of {T_{μ̄}|μ ∈ �_A} in L^2(O_AT , φ_AT ). Just as for O_A, there are constants c^T_μ > 0 only depending on the first word of μ such that {c^T_μ T_{μ̄}|μ ∈ �_A} forms an ON-basis for H^T_0 . Define the linear mapping �_0 by

�_0 : ℓ^2(�_A) → H_0 ⊗ H^T_0 , δ_λ �→ X μν=λ

(|λ| + 1)^{− 12} c_μS_μ ⊗ c^T_ν T_ν ,

whose adjoint equals

�^∗_0 : H_0 ⊗ H^T_0 → ℓ^2(�_A), c_μc^T_ν S_μ ⊗ T_{ν̄} �→ (|μν| + 1)^{−1/2}δ_{μν}

Summability and CK-algebras 117

The operator �_0 is an isometry since �^∗_0 �_0δ_λ = X μν=λ

(|μν| + 1)^{−1}δ_λ = δ_λ.

We will make use of the isometry � : ℓ^2(�_A) → L^2(O_A, φ_A) ⊗ L^2(O_AT , φ_AT ) that is defined as the composition of �_0 and with the isometric inclusion H_0 ⊗ H^T_0 �→ L^2(O_A, φ_A) ⊗ L^2(O_AT , φ_AT ). Lemma 2.3.1. For any A it holds that

L^A_i − �^∗[π_A(S_i ) ⊗ 1_{OAT} ]� , R^A_i − �^∗[1_{OA} ⊗ π_AT (T_i )]� ∈ Li(ℓ^2(�_A)). If there is a p > 0 such that φ(l) ≲ l^p, it holds that

L^A_i − �^∗[π_A(S_i ) ⊗ 1_{OAT} ]� , R^A_i − �^∗[1_{OA} ⊗ π_AT (T_i )]� ∈ �^{p+1,∞}(ℓ^2(�_A)). Proof. This is yet another proof by computation. Choose a finite word λ ∈ �_A. It holds that

�^∗[π_A(S_i ) ⊗ 1_{OAT} ]� δ_λ = �^∗ 0 @ X μν=λ

c_μc^T_ν (|μν| + 1)^{−1/2}S_{iμ} ⊗ T_{ν̄} 1 A =

= (|λ| + 1)^{−1/2} (|iλ| + 1)^{−1/2} δ_{iλ} = L^A_i δ_λ + r |λ| + 2 |λ| + 1 − 1 ! L^A_i δ_λ,

�^∗[1_{OA} ⊗ π_AT (T_i )]� δ_λ = �^∗ 0 @ X μν=λ

c_μc^T_ν (|μν| + 1)^{−1/2}S_μ ⊗ T_{iν̄} 1 A =

= (|λ| + 1)^{−1/2} (|iλ| + 1)^{−1/2} δ_{λi} = R^A_i δ_λ + r |λ| + 2 |λ| + 1 − 1 ! R^A_i δ_λ,

since c_μ only depend on the last letter of μ and c^T_ν only depend on the first letter of ν. We define Γ ∈ �(ℓ^2(�_A)) by

Γδ_λ := r |λ| + 2 |λ| + 1 − 1 ! δ_λ

and reformulate the above identities as

�^∗[π_A(S_i ) ⊗ 1_{OAT} ]� − L^A_i = L^A_i Γ and �^∗[1_{OA} ⊗ π_AT (T_i )]� − R^A_i = R^A_i Γ. We recall the elementary asymptotics r |λ| + 2 |λ| + 1

− 1 = 1 2|λ| + O „ 1 |λ|^2 « , as |λ| → ∞.

It holds in general that φ(l) ≲ e^{sl} for s > δ_A by Corollary 1.1.6, so Γ ∈ Li(ℓ^2(�_A)). On the other hand φ(l) ≲ l^p implies Γ ∈ �^{p+1,∞}(ℓ^2(�_A)). □

118 M. Goffeng and B. Mesland

From Theorem 2.2.1 and Lemma 2.3.1 we may conclude a summability result for the duality class Δ. This result is by no means a surprise. There is to the authors’ knowledge no known counter examples to the θ-summability problem for unbounded Fredholm modules, so in effect there are no counter examples to representing K-homology classes by θ-summable Fredholm modules, cf. [14, Chapter IV.8.α, Theorem 4]. We nevertheless state it as a Theorem.

Theorem 2.3.2. The class Δ ∈ K^1(O_A ¯⊗O_AT ) is represented by the analytic Kcycle

(π_A ⊗ π_AT , L^2(O_A, φ_A) ⊗ L^2(O_AT , φ_AT ), 2� �^∗ − 1),

which is θ-summable on the dense ∗-subalgebra of O_A ¯⊗O_AT generated by S_i ⊗ 1 and 1 ⊗ T_i for i = 1, . . . , n. If there is a p > 0 such that φ(l) ≲ l^p, this is a �^{p+1,∞}-summable K-cycle.

Theorem 2.3.2 and Equation (1.18) imply that any K-homology class on SU_q(2) is finitely summable.

3. Unbounded (O_A, F_A)-cycles

We will in this section start approaching the problem of constructing unbounded Fredholm modules on O_A. It is natural to try and construct unbounded Fredholm modules as Kasparov products of bivariant cycles with unbounded Fredholm modules on one of the subalgebras C(Ω_A) ⊆ F_A ⊆ O_A. In this section, we will consider classes in KK_1(O_A, F_A). In Section 5 we construct classes in KK_1(O_A, C(Ω_A)). Both constructions provide cycles that behave analogously to those studied in Section 2 apart from the difficulties of being bivariant. A problem with using the fixed point algebra is that, despite there being a well studied bivariant (O_A, F_A)-cycle that is naturally constructed, the unbounded Fredholm modules on F_A are more difficult to construct and understand topologically than those on C(Ω_A). E.g. for the Cuntz algebra O_N , it holds that the even K-homology of the fixed point algebra vanishes but its odd K-homology is an uncountable group (cf. Proposition 3.4.2).

We will in the remaining parts of the paper use a great deal of unbounded KK-theory. The reader unfamiliar with this material is referred to [4, 9, 36, 38, 45, 52].

3.1. The homogeneous components. In this subsection, we describe the structure of the module E^c – the completion of O_A as the pre-F_A-Hilbert C^∗- module associated with the conditional expectation ρ_c : O_A → F_A coming from the restriction mapping C_c (�_A) → C_c (�_A). It is clear that E^c decomposes as a direct sum of F-modules: E^c = M n∈Z E^c_n,

Summability and CK-algebras 119

corresponding to the disjoint union decomposition � = S n∈Z �_n, where �_n = c^{−1}_A (n). We show below that each E^c_n is a finitely generated projective F_Amodule, and consequently E^c is isomorphic to a direct sum of finitely generated projective F_A-modules. Since E^c_0 = F_A it suffices to consider n ≠ 0.

Lemma 3.1.1. Let n > 0. The column vectors v_n := (S^∗_μ)_{|μ|=n} ∈ Hom^∗_{FA} (E^c_n, F^{φ(n)}_A ) have the property that v^∗_n v_n = 1. In particular, E^c_n is a finitely generated projective F_A-module for n > 0. Proof. We have v^∗_n v_n = X |μ|=n

S_μS^∗_μ = 1,

which follows from successively applying the relation (1.11). For an element a ∈ O_A of degree n, the vector v_n a, constructed by coordinatewise multiplication by a, is an element of F^{φ(n)}_A . Therefore, for positive n, the map E^c_n → F^{φ(n)}_A a �→ v_na, is an isometry onto its image; its image is equal to p_n F^{φ(n)}_A , with p_n := v_n v^∗_n . Hence, E^c_n is a finitely generated projective F_A-module. □ Recall the notation P_j for the projections S_j S^∗_j . The projections P_j are of degree 0, and S_i P_j is of degree 1 for any i, j. Recall that we assume that neither row nor column of A is composed of only zeroes. Hence the numbers

N_j := NX i=1 A_{i j} ,

satisfy 0 < N_j ≤ N. For two finite words μ and ν, not necessarily admissible, of the same length n > 0 we set

R_{μ,ν} := 1 p N_{ν1} · · · N_{νn}

S_{μ1} P_{ν1} · · · S_{μn} P_{νn}

We use the notation φ̃(n) := #{(μ, ν) : |μ| = |ν| = n, R_{μ,ν} ≠ 0}. It is clear that φ̃(n) ≤ φ(n)^2.

Lemma 3.1.2. Let n > 0. The column vectors w_n := (R_{μ,ν} )_{μ=|ν|=n} ∈ Hom^∗_{FA} (E^c_{−n}, F^{φ̃(n)}_A ) have the property that w^∗_n w_n = 1. In particular, E^c_{−n} is a finitely generated projective F_A-module for n > 0. Proof. We have

w^∗_nw_n = X |μ|=|ν|=n 1 N_{ν1} · · · N_{νn}

P_{νn} S^∗_{μn} · · · P_{ν1} S^∗_{μ1} S_{μ1} P_{ν1} · · · S_{μn} P_{νn}

= NX μ_n ,ν_n=1 1 N_{νn}

P_{νn} S^∗_{μn} 0 B @ X |μ^′|=|ν^′|=n−1 1 N_ν ′_1 · · · N_ν ′_{n−1}

· · · P_{ν1} S^∗_{μ1} S_{μ1} P_{ν1} · · · 1 C A S_{μn} P_{νn}

120 M. Goffeng and B. Mesland

= NX μ_n ,ν_n=1 1 N_{νn}

P_{νn} S^∗_{μn} w^∗_{n−1}w_{n−1}S_{μn} P_{νn} .

Hence, the result follows by induction once proven for n = 1. In that case, the equation becomes

w^∗_1w_1 = NX i, j=1 1 N_j

P_j S^∗_i S_i P_j = NX i, j=1 N X ℓ=1 1 N_j

A_{iℓ} P_j S_ℓS^∗_ℓ P_j ! by (1.10)

= NX i, j=1 1 N_j

A_{i j} S_j S^∗_j by (1.12) = X j S_jS^∗_j = 1 by (1.11). □ 3.2. The gauge cycle. By [51], pointwise multiplication by the cocycle c_A induces a selfadjoint regular operator D_c on the Hilbert C^∗-module E^c , giving (E^c , D_c ) the structure of an odd unbounded KK-cycle for KK_1(O_A, F_A). We will refer to this cycle as the gauge cycle. The construction of the gauge cycle was considered in a more general setup in [11] that we make use of in the next subsection. We assume that A is a C^∗-algebra with a strongly continuous U(1)-action satisfying the spectral subspace assumption [11, Definition 2.2]. The gauge action on O_A satisfies the spectral subspace condition because, as we saw above, the graded components of O_A form finitely generated projective F_A-modules.

We let F ⊆ A denote the fixed point algebra for the U(1)-action. There is a positive expectation value E : A → F given by a �→^1_{2π}

R_{2π} 0 e^{iθ} (a)dθ, this expectation coincides with ρ_c for O_A. After completion of A with respect to the associated F-valued scalar product we obtain an A − F-Hilbert C^∗-module that we denote by E^R. We can also define the operator

D_R y = i d dθ Ă e^{−iθ} . y Ł |_{θ =0},

which is a densely defined F-linear operator on E^R. Since U(1) is abelian, D_R commutes with the circle action on E^R giving a U(1)-equivariant operator.

Proposition 3.2.1. Whenever the U(1)-action on A satisfies the spectral subspace assumption, the pair (D_R, E^R) forms a U(1)-equivariant unbounded (A, F)- Kasparov module.

For a proof, see [11, Proposition 2.9]. We can construct KK-cycles as in Section 2. A difference here is that one has to work with partial isometries in Hilbert C^∗-modules.

Proposition 3.2.2. The F_A-linear adjointable mapping

v : ℓ^2(�_A) ⊗ F_A → E^c , defined by v : δ_μ ⊗ a �→ S_μa,

Summability and CK-algebras 121

is a partial isometry and the projection vv^∗ ∈ End^∗_{FA} (E^c) has compact commutators with O_A. It consequently defines a U(1)-equivariant (O_A, F_A)-Kasparov module (E^c , 2vv^∗ − 1) whose class in KK^{U(1)}_1 (O_A, F_A) coincides with the class [E^c , D_c ] of the gauge cycle (E^c , D_c ).

Proof. Observe that v is adjointable by Lemma 3.1.1 and 3.1.2. It is clear that v is a partial isometry because the elements S_μ are mutually orthogonal in the module E^c and v^∗(S_μa) = δ_μ ⊗S^∗_μS_μ a, so both v^∗ v and vv^∗ are projections. The statement that the partial isometry defines a Kasparov module is proved as in the previous section. To see that vv^∗ defines the gauge cycle, one only needs to observe that it is exactly the projection onto the positively graded part of the module E^c . □

Remark 3.2.3. In a similar way as in Proposition 3.2.2, we can define a partial isometry

w : ℓ^2(�_A) ⊗ F_A ⊗ F_AT → E^c_A ⊗ E^c_{AT} ,

δ_μ ⊗ a ⊗ b �→ X λν=μ 1 p |μ| + 1

S_μa ⊗ T_ν b.

It can be proven, in the same way as in Proposition 3.2.2, that the projection ww^∗ has compact commutators with O_A ¯⊗O_AT . Consequently we obtain an odd U(1)-equivariant (O_A ¯⊗O_AT , F_A ¯⊗F_AT )-Kasparov module. Compare to the construction of Subsection 2.3.

3.3. The Pimsner-Voiculescu sequence for the Cuntz-Krieger algebra. What we wish to do in this section is to relate the cohomological properties of the Cuntz-Krieger algebra with the fixed point algebra. The standard procedure, found in [19] for instance, is to apply the Pimsner-Voiculescu sequence. In this section we briefly recall the proof of the Pimsner-Voiculescu sequence in KK following [23] and prove that the gauge cycle appears as the boundary mapping. We summarize the results of this subsection in the following Theorem:

Theorem 3.3.1. The gauge element [E^c , D_c ] ∈ KK_1(O_A, F_A), the Z-action β on � ¯⊗F_A of Proposition 1.4.2 and the inclusion ι : F_A → O_A fits into a distinguished triangle in KK:

F_A^{1−β} � F_A ι � � � �

O_A. ∘� � [E^c ,D_c ] � �

The triangulated structure of KK is explained in [53]; a distinguished triangle is a triangle isomorphic in KK to a semi split short exact sequence of C^∗- algebras. In practice, it ensures that for any separable C^∗-algebra D there are

122 M. Goffeng and B. Mesland

the following six term exact sequences:

KK_0(D, F_A)^{1−β∗}−−−−→ KK_0(D, F_A)^{ι∗}−−−−→ KK_0(D, O_A)

−⊗[E^c ,D_c ] x ? ? ? ? y^{−⊗[E c ,D}c^]

KK_1(D, O_A)^{ι∗}←−−−− KK_1(D, F_A)^{1−β∗}←−−−− KK_1(D, F_A)

KK_0(O_A, D)^{ι∗}−−−−→ KK_0(F_A, D)^{1−β} ∗ −−−−→ KK_0(F_A, D)

[E^c ,D_c ]⊗− x ? ? ? ? y^{[E c ,D}c^{]⊗−}

KK_1(F_A, D)^{1−β} ∗ ←−−−− KK_1(F_A, D)^{ι∗}←−−−− KK_1(O_A, D) The Pimsner-Voiculescu sequence can be derived in many ways. We will here consider the Toeplitz extension approach due to Cuntz. Assume that B is a unital C^∗-algebra and that β is an automorphism of B. The restriction that B is unital makes the semantics easier, but can be lifted. Let � (B) denote the C^∗-algebra generated by B and an isometry v_B satisfying the relation

v_B bv^∗_B = β(b).

One can represent � (B) in End^∗_B(⊕^∞_{k=0}B) by extending the mappings

B ∋ b �→ ⊕_kβ^k(b) ∈ End^∗_B (⊕^∞_{k=0}B) and v_B (x_k)_{k∈N} := (x_{k−1})_{k∈N}.

There is a U(1)-action on � (B) induced from the grading on ⊕^∞_{k=0} B, i.e. the U(1)-action is defined from z(v_B) := zv_B .

Let us realize B ⋊ Z as the universal C^∗-algebra generated by B and a unitary u_B satisfying u_B bu^∗_B = β(b).

There is a ∗-homomorphism σ_B : � (B) → B ⋊ Z given by extending v_B �→ u_B . Since σ_B respects the grading it is clear that σ_B is U(1)-equivariant with respect to the dual U(1)-action on B ⋊ Z. There is an isomorphism of right B-Hilbert C^∗-modules ⊕^∞_{k=0}B ∼= ℓ^2(N) ⊗ B.

Lemma 3.3.2. The morphism σ_B is well defined and fits into a U(1)-equivariant semisplit short exact sequence

(3.23) 0 → �_B(ℓ^2(N) ⊗ B) → � (B)^{σB}−→ B ⋊ Z → 0.

Proof. We can identify B ⋊ Z with the C^∗-subalgebra of End^∗_B (ℓ^2(Z) ⊗ B) generated by the image of

B ∋ b �→ ⊕_kβ^k(b) ∈ End^∗_B(⊕_{k∈Z}B) and the unitary u_B (x_k)_{k∈Z} := (x_{k−1})_{k∈Z}.

Let P : ℓ^2(Z)⊗B → ℓ^2(N)⊗B denote the orthogonal projection. The adjointable operator P is U(1)-equivariant. It is clear that the B-linear mapping

� : B ⋊ Z → � (B), b �→ P bP

is a U(1)-equivariant completely positive splitting of σ_B . Let

q : End^∗_B (ℓ^2(N) ⊗ B) → �_B (ℓ^2(N) ⊗ B) := End^∗_B(ℓ^2(N) ⊗ B)/�_B(ℓ^2(N) ⊗ B)

Summability and CK-algebras 123

denote the quotient mapping. Once we prove that q ∘ � is a ∗-homomorphism, the Lemma follows. The operator P commutes with the B-action on ℓ^2(Z) ⊗ B. Furthermore, if we let e_k denote the standard basis for ℓ^2(Z), then

[P, u_B ](e_k ⊗ x) = ĺ 0, k ≠ −1 e_0 ⊗ x, k = −1.

In particular, [P, u_B ] ∈ �(ℓ^2(Z)) ⊗ 1_B ⊆ �_B(ℓ^2(Z) ⊗ B). It follows that [P, b] ∈ �_B(ℓ^2(Z) ⊗ B) for any b ∈ B ⋊ Z. Hence q ∘ � is a ∗-homomorphism. □

Lemma 3.3.3. There is a U(1)-equivariant homotopy � (B) ∼_h B with trivial U(1)-action on B.

For a proof, see [20]. Let ι_B : B → B ⋊ Z denote the embedding.

Corollary 3.3.4. The morphism [� ] ∈ KK^{U(1)}_1 (B ⋊ Z, B) defined from the invertible extension class (3.23) fits into a distinguished triangle in KK^{U(1)}:

B^{1−β} � B

ι_B � � � �

B ⋊ Z, ∘� � [� ] � �

using the homotopy of Proposition 3.3.3 and the Morita equivalence �_B(ℓ^2(N)⊗ B) ∼_M B.

As a consequence of the Corollary, after setting B = F_A ¯⊗� and equipping it with its dual Z-action coming from F_A ¯⊗� ∼= O_A ⋊ U(1) ¯⊗�, what remains to prove of Theorem 3.3.1 is to show that [� ] coincides with the gauge element in KK_1(O_A, F_A) after Takesaki-Takai duality O_A ¯⊗� ∼= (F_A ¯⊗�) ⋊ Z. We first construct an unbounded representative for the Pimsner-Voiculescu element [� ] ∈ KK^{U(1)}_1 (B ⋊ Z, B).

Before constructing this, let us make a series of minor remarks placing the algebra above in a more analytic framework. The Fourier transform induces an isomorphism L^2(S^1) ∼= ℓ^2(Z) which in turn produces an isomorphism C(S^1) ∼= C^∗(Z) intertwining the pointwise action of the former with the left regular representation of the latter. The image of ℓ^2(N) under the Fourier transform is H^2(S^1) – the Hardy space consisting of functions in L^2(S^1) with a holomorphic extension to the interior of S^1 ⊆ C. The analogy of the projection P in this picture is the projection of L^2(S^1)⊗ B onto those B-valued functions on S^1 with a holomorphic extension to the interior. We note that

L^2(S^1) ⊗ B ∼= ( (b_k)_{k∈Z} ∈ Y k∈Z B ˛ ˛ ˛ ˛ X k∈Z b^∗_k b_k < ∞ ) .

124 M. Goffeng and B. Mesland

Proposition 3.3.5. There is a natural unitary U(1)-equivariant isomorphism of B ⋊ Z − B-Hilbert C^∗-modules L^2(S^1) ⊗ B ∼= B ⋊ Z, where the closure is taken in B-valued scalar product 〈a, b〉 := E(a^∗ b). We define

W^{1,2}(S^1, B) := ( (b_k)_{k∈Z} ∈ Y k∈Z B : X k k^2 b^∗_k b_k < ∞ ) , and the U(1)-equivariant B-linear unbounded operator D_{B⋊Z} on L^2(S^1) ⊗ B on an elementary tensor by D_{B⋊Z}(e_k ⊗ x) := ke_k ⊗ x and extending it to the domain W^{1,2}(S^1, B) by continuity. If y ∈ W^{1,2}(S^1, B) then D_{B⋊Z} y = i d dθ Ă e^{−iθ} . y Ł |_{θ =0}.

Proposition 3.3.6. The operator D_{B⋊Z} with domain W^{1,2}(S^1, B) gives a U(1)- equivariant unbounded (B ⋊ Z, B)-cycle . For a proof, see [11, Section 2].

Lemma 3.3.7. The bounded transform of D_{B⋊Z} is a compact perturbation of the (B ⋊ Z, B)-Kasparov module (L^2(S^1) ⊗ B, 2P − 1). Especially; [D_{B⋊Z}] = [� ] ∈ KK^{U(1)}_1 (B ⋊ Z, B). Proof. We have that D_{B⋊Z}(1 + D^2_{B⋊Z})^{−1/2}(e_k ⊗ x) := k(1 + k^2)^{−1/2}e_k ⊗ x.

Since k(1 + k^2)^{−1/2} − sign(k) ∼ −(2k)^{−1} as |k| → ∞ and B ⋊ Z satisfies the spectral subspace condition (see [11, Definition 2.2]), the Proposition follows from [11, Lemma 2.4]. □ We again turn our attention to the gauge cycle. It is possible to, in the Pimsner- Voiculescu sequence of the Cuntz-Krieger algebra, replace the Toeplitz element [� ] of F_A ¯⊗� by the gauge cycle for O_A. Recall its definition from above. We denote the class associated with the gauge cycle (E^R, D_R) of a U(1)−C^∗-algebra A satisfying the spectral subspace condition by [E^R, D_R] ∈ KK^{U(1)}_1 (A, F). We note the following Proposition whose proof is left to the reader. Proposition 3.3.8. The image of [E^R, D_R] under the isomorphism j_{�(L}2_{(S}1_{))} : KK^{U(1)}_1 (A, F) → KK^{U(1)}_1 (�(L^2(S^1)) ¯⊗A, F) associated with the U(1)-equivariant Morita equivalence A ∼_M �(L^2(S^1)) ¯⊗A, where the right hand side is equipped with the diagonal U(1)-action, coincides with the class of (L^2(S^1) ⊗ E^R, id_L2_{(S}1_) ⊗ D_R)

Summability and CK-algebras 125

where the (�(L^2(S^1)) ¯⊗A, F)-Hilbert C^∗-module L^2(S^1) ⊗ E^R is equipped with the diagonal U(1)-action.

The A-action on E^R is by construction equivariant, hence there is an action of A ⋊ U(1) on E^R. By [11, Lemma 2.4.ii], the spectral subspace assumption guarantees that this action induces a ∗-homomorphism A⋊U(1) → �_F (E^R). We let G denote the associated (A ⋊ U(1), F)-Hilbert C^∗-module. We denote the associated class in KK-theory by [G] ∈ KK^{U(1)}_0 (A⋊ U(1), F). Let us remark that G = E^R as Banach spaces and as (A, F)-bimodules we have the equality

(3.24) A ⊗_A G = E^R.

Lemma 3.3.9. If A is a U(1) − C^∗-algebra satisfying the spectral subspace assumption, and F := A^{U(1)}, then

j_{�(L}2_{(S}1_{))}[E^R, D_R] = [D_{A⋊U(1)⋊Z}] ⊗_{A⋊U(1)} [G] in KK^{U(1)}_1 (�(L^2(S^1)) ¯⊗A, F),

where [D_{A⋊U(1)⋊Z}] ∈ KK^{U(1)}_1 (�(L^2(S^1)) ¯⊗A, A ⋊ U(1)) is the element constructed for the Z − C^∗-algebra A ⋊ U(1) as in Proposition 3.3.6.

Proof. To simplify notation, we set B := A ⋊ U(1) which is a Z − C^∗-algebra in its dual action. Using that Ă L^2(S^1) ⊗ B Ł ⊗_B G ∼= L^2(S^1) ⊗ G, the class [D_{B⋊Z}] ⊗_B [G] ∈ KK_1(B ⋊ Z, F) can be represented by the U(1)-equivariant (B ⋊ Z, F)-Kasparov cycle Ă L^2(S^1) ⊗ G, D_{B⋊Z} ⊗_B id_G Ł . Define the unitary U ∈ End^∗_F (L^2(S^1) ⊗ G) by representing the unitary U_0 ∈ � (C^∗(U(1)) ¯⊗C(U(1))) which is defined as an operator on L^2(U(1))⊗ L^2(U(1)) via U_0 f (g, h) = f (gh, h).

The unitary U implements Takesaki-Takai duality giving an isomorphism of (B ⋊ Z, F)-Hilbert C^∗-modules

L^2(S^1) ⊗ G ∼= L^2(S^1) ⊗ E^R

where the left hand carries the structure of a (B⋊Z, F)-Hilbert C^∗-module under Takesaki-Takai duality B ⋊ Z ∼= �(L^2(S^1)) ¯⊗A and the U(1)-action is diagonal. The Lemma now follows from Proposition 3.3.8. □

Corollary 3.3.10. Under the mapping KK_1(O_A, F_A) → KK_1((� ¯⊗F_A)⋊Z, � ¯⊗F_A) induced from the Morita equivalence O_A ∼_M (� ¯⊗F_A)⋊Z, the gauge element [D_R] is mapped to the Toeplitz element [D_{(� ¯⊗FA)⋊Z}].

This Corollary follows directly from that G is an imprimitivity bimodule implementing the Morita equivalence O_A ⋊ U(1) ∼_M F_A, see Proposition 1.4.2. In general, we can conclude the following Corollary which implies Theorem 3.3.1.

126 M. Goffeng and B. Mesland

Corollary 3.3.11. If A is a U(1) − C^∗-algebra satisfying the spectral subspace assumption and G is a Morita equivalence, the following triangle is distinguished in KK^{U(1)}

F^{1−β} � F

ι_F � � � �

A, ∘� � [E^R,D_R] � �

where ι_F : F → B denotes the inclusion and β ∈ KK_0(F, F) is Morita equivalent to the Z-action dual to the U(1)-action on A.

3.4. Computations and problems with the approach using the fixed point algebra. In this subsection we will compute K-groups of some examples of Cuntz-Krieger algebras and their fixed point algebras. These computations are known, and are provided only as a basis for discussion regarding possibilities of constructing unbounded Fredholm modules with prescribed Khomology classes. In order to do so, we require a Proposition giving a general formula for the K-theory and K-homology of the fixed point algebra.

Proposition 3.4.1. The K-theory groups of F_A are given by

K_0(F_A) ∼= lim −→ (Z^N , A^T ) and K_1(F_A) ∼= 0.

The K-homology groups of F_A are given by

K^0(F_A) ∼= lim ←− A^i Z^N and K^1(F_A) ∼= Ẑ^N_A /(Z^N / lim ←− A^i Z^N ).

Here Ẑ^N_A := lim ←− Z^N /A^i Z^N denotes the A-adic completion of Z^N .

The computation of the K-homology groups of the fixed point algebra might not be as well known as the corresponding result in K-theory so we will sketch the proof. For a detailed proof in a special case, we refer to the notes [35]. The proof relies on a result of Schochet-Rosenberg (see [61, Theorem 1.14]) stating that if B = lim −→ B_i there is a graded short exact sequence

(3.25) 0 → lim ←− 1 K^{∗+1}(B_i ) → K^∗(B) → lim ←− K^∗(B_i ) → 0.

We can directly conclude from Equation (3.25) and the AF-structure of F_A that

K^0(F_A) ∼= lim ←− (Z^N , A) and K^1(F_A) ∼= lim ←− 1 (Z^N , A).

These isomorphisms are simplified further using the explicit construction of derived projective limits in the category of abelian groups, see for instance [72, Chapter 3.5].

3.4.1. The algebra O_N . The algebra O_N (i.e. the Cuntz algebra), was recalled above in Subsubsection 1.3.1. We let F_N denote the fixed point algebra in O_N .

Proposition 3.4.2. It holds that

K_0(F_N ) ∼= Z » 1 N – , K^1(F_N ) ∼= Z_N /Z and K_1(F_N ) ∼= K^0(F_N ) ∼= 0.

Summability and CK-algebras 127

Here we use the notation Z

Ť_1 N Ů for the ring generated by^1_N and Z_N for the N-adic completion of Z.

Proof. We let w := (1, 1, . . . , 1)^T ∈ Z^N and ℓ := (1, 1, . . . , 1) ∈ Hom (Z^N , Z). It holds that A = w ⊗ ℓ. For any k ∈ N_+ and x ∈ Z^N , A^k x = N^{k−1}ℓ(x)w. Hence K_0(F_N ) ∼= lim−→(Z, N) = Z[N^{−1}]. Similarly, K^0(F_N ) ∼= lim←−(Z, N) = 0. It also follows that Z^N /A^k Z^N = Z^{N −1} ⊕ Z/N^{k−1}Z. Hence

Ẑ^N_A = lim ←− Z

N /A^kZ^N = Z^{N −1} ⊕ Z_N , so K^1(F_N ) = (Z^{N −1} ⊕ Z_N )/Z^N = Z_N /Z. □ The isomorphism K_0(F_N ) ∼= Z

Ť_1 N Ů is implemented by the tracial state φ_N :

F_N → C given by restricting the KMS-state on O_N to F_N . Remark 3.4.3. The well known computations

K_0(O_N ) ∼= K^1(O_N ) ∼= Z/(N − 1)Z and K_1(O_N ) ∼= K^0(O_N ) ∼= 0, follow from Proposition 3.4.2 and the Pimsner-Voiculescu sequence (Theorem 3.3.1). In particular, we arrive at the short exact sequence for the only nonvanishing K-homology group K^1(O_N ): 0 → K^1(O_N ) → Z_N /Z → Z_N /Z → 0.

It follows that the Kasparov product with the gauge class of O_N on K-homology vanishes.

3.4.2. The quantum group SU_q(2). Recall that C(SU_q(2)) is isomorphic to the

Cuntz-Krieger algebra constructed from the matrix A = „ 1 1 0 1 « , as in Subsubsection 1.4.1.

Proposition 3.4.4. When A = „ 1 1 0 1 « , it holds that

K_0(F_A) ∼= K^0(F_A) ∼= Z^2 and K_1(F_A) ∼= K^1(F_A) ∼= 0.

This Proposition follows directly from Proposition 1.4.5 or the computation of the K-groups, in Proposition 3.4.1, since A is invertible. The K-theory and K-homology for O_A is in this case given by (3.26) K_0(O_A) ∼= K_1(O_A) ∼= K^0(O_A) ∼= K^1(O_A) ∼= Z, as can be seen from the Pimsner-Voiculescu sequences

0 → K_1(O_A)^{⊗[Dc ]}−−−→ Z^2

0 B @ 0 0 1 0 1 C A −−−−−→ Z^2 → K_0(O_A) → 0,

0 → K^0(O_A) → Z^2

0 B @ 0 1 0 0 1 C A −−−−−→ Z^{2 [Dc ]⊗}−−−→ K^1(O_A) → 0.

128 M. Goffeng and B. Mesland

Remark 3.4.5. We conclude that the Kasparov product with the gauge class

surjects onto the odd K-homology group of SU_q(2). As the fixed point algebra

is the unitalization of the C^∗-algebra of compact operators, see Proposition

1.4.5, it admits unbounded Fredholm modules with both good analytic and

topological properties.

3.4.3. The crossed product C(∂ F_d ) ⋉ F_d . Let F_d denote the free group on d

generators that we denote by {γ_1, . . . , γ_d }. The boundary of F_d consists of

infinite words in the alphabet given by the generators {γ_1, . . . , γ_d , γ^{−1}_1 , . . . , γ^{−1}_d }

subject to the condition that for any i, the letters γ_i and γ^{−1}_i cannot succeed

each other. It is well known that the group F_d act amenably on its boundary

∂ F_d . Hence C(∂ F_d ) ⋉ F_d ∼= C(∂ F_d ) ⋉_r F_d .

Proposition 3.4.6. The crossed product C(∂ F_d )⋉F_d is a Cuntz-Krieger algebra

O_A such that F_d = �_A and ∂ F_d = Ω_A where A is the symmetric 2d × 2d-matrix

consisting of 1’s except for 2 × 2-identity matrices on the 2 × 2-diagonal,

A_{Fd} :=

0 B B B B B B B B B B B B B @

1 0 1 1 · · · 1 1

0 1 1 1 · · · . . . . 1 1 1 0 · · · . . . . 1 1 0 1 · · · . . . . . . . . .. . 1 1 · · · 1 0

1 1 1 · · · 0 1

1 C C C C C C C C C C C C C A

.

This result can be found in [67, Section 2]. We just indicate how to prove

it using groupoids. It suffices to provide an isomorphism of groupoids φ :

∂ F_d ⋊ F_d^∼−→ �_A for this specific choice of matrix A. Such an isomorphism is

given by φ(x, γ) := (x, n(x, γ), xγ) where

n(x, γ) = |γ| − 2ℓ(x, γ),

here |γ| is the word length of γ and ℓ(x, γ) is the number of reductions necessary

in xγ to write it in reduced form. It is well defined because A guarantees that

any word x ∈ Ω_A corresponds to a reduced word in ∂ F_d .

Proposition 3.4.7. It holds that

K^∗ Ă (C(∂ F_d ) ⋉ F_d )^{U(1)} Ł ∼= ĺ Z^{2d−1}, ∗ = 0,

Z_{2d−1}, ∗ = 1 and

K^∗ ` C(∂ F_d ) ⋉ F_d ´ ∼ = ĺ Z^d , ∗ = 0,

Z^d ⊕ Z/(d − 1)Z, ∗ = 1.

The K-homology groups of (C(∂ F_d )⋉F_d )^{U(1)} are computed via Proposition 3.4.1.

The expression for K^∗(C(∂ F_d ) ⋊ F_d ) can either be derived from the Pimsner-

Voiculescu sequence of Theorem 3.3.1 or found in [26, Example 33]. The role of

the gauge cycle in the Pimsner-Voiculescu sequence in this case is non-trivial.

Summability and CK-algebras 129

3.4.4. A Cuntz-Krieger algebra such that the gauge cycle surjects. To construct

a Cuntz-Krieger algebra such that the Kasparov product with the gauge cycle

[E^c , D_c ] ⊗ − : K^∗(F_A) → K^∗(O_A) surjects, we consider the 2d × 2d-matrix:

A_d :=

0 B B B B B B B B B B B B B @

0 1 1 1 · · · 1 1

1 0 1 1 · · · . . . . 1 1 0 1 · · · . . . . 1 1 1 0 · · · . . . . . . . . .. . 1 1 · · · 0 1

1 1 1 · · · 1 0

1 C C C C C C C C C C C C C A

.

Proposition 3.4.8. It holds that

K^∗ Ă F_{Ad} Ł ∼= ĺ Z^{2d−1}, ∗ = 0,

Z_{2d−1}, ∗ = 1 and

K^∗ Ă O_{Ad} Ł ∼= ĺ 0, ∗ = 0,

(Z/2Z)^{2(d−1)} ⊕ Z/4(d − 1)Z, ∗ = 1.

The proof of Proposition 3.4.8 follows from Proposition 3.4.1 and Theorem

3.3.1 after a lengthier exercise in linear algebra.

Remark 3.4.9. Writing out the Pimsner-Voiculescu sequence of Theorem 3.3.1

using the computations of Proposition 3.4.8 we arrive at a commuting diagram

whose rows are exact:

0 −−−−→ K^0(F_{Ad} ) −−−−→ K^0(F_{Ad} )^{[Ec ,Dc ]⊗}−−−−→ K^1(F_{Ad} ) −−−−→ ‚ ‚ ‚ ‚ ‚ ‚ ‚ ‚ ‚ 0 −−−−→ Z^{2d−1} −−−−→ Z^{2d−1} −−−−→ (Z/2Z)^{2(d−1)} ⊕ Z/4(d − 1)Z −−−−→

−−−−→ K^1(F_{Ad} ) −−−−→ K^1(F_{Ad} ) −−−−→ 0 ‚ ‚ ‚ ‚ ‚ ‚ −−−−→ Z_{2d−1} −−−−→ Z_{2d−1} −−−−→ 0 .

Since the 2d − 1-adic numbers Z_{2d−1} is a torsion-free group, it follows that the

mapping K^1(O_{Ad} ) → K^1(F_{Ad} ) vanishes. We conclude that the Kasparov product

with the gauge class in fact surjects onto the K-homology of the Cuntz-Krieger

algebra O_{Ad} .

4. An even spectral triple on the algebra C(Ω_A)

In [5], a family of even spectral triples were defined for boundaries of trees.

While the space of finite words �_A is a tree and Ω_A is its boundary, even spectral

triples for C(Ω_A) can be obtained in this way. We will in this section recall

130 M. Goffeng and B. Mesland

the construction of [5] and prove that the spectral triples obtained in this way pair non-degenerately with many elements in K_0(C(Ω_A)). They encode geometric, measure-theoretic and dynamical data (see [5, 66]), and have the interesting property that the class 2[1_{OAT} ] ∈ K_0(O_AT ) obstructs the extension of these spectral triples to O_A (see Proposition 4.2.7). We also interpret these spectral triples as secondary invariants for the triviality of the restriction of the extension class dual to 2[1_{OAT} ] ∈ K_0(O_AT ) to C(Ω_A) (see Remark 4.2.10). In the next section we will consider generalized unbounded Fredholm modules for O_A constructed through the unbounded Kasparov product, using the present spectral triples as the base.

4.1. The Bellissard-Pearson spectral triples. The considerations in [5] allows one to define a spectral triple on the boundary of a tree by means of interior properties of the tree. In our situation the tree is �_A and its boundary is Ω_A. The key geometric idea, that transfers geometry on the interior to that on the boundary, is that of a choice function.

Definition 4.1.1 (Choice functions on finite words). Let t, t^′ : �_A → Ω_A denote functions. We say that the pair τ = (t, t^′) is comparable if there is a constant C > 0 such that τ satisfies that

d_{ΩA} (t(μ), t^′(μ)) ≤ Cdiam(C_μ).

If the inequality is an equality with C = 1 for all μ, we say that τ is strictly comparable. A comparable pair of functions satisfying the cylinder condition, see Definition 1.1.2, is called a weak choice function. If the comparison is strict we say τ is a choice function.

If t and t^′ satisfy the cylinder condition, then τ = (t, t^′) is comparable with C = 1. For a function t : �_A → Ω_A, we let π_t : C(Ω_A) → �(ℓ^2(�_A)) denote the composition of the pullback homomorphism t^∗ : C(Ω_A) → C_b (�_A) with the representation given by pointwise multiplication C_b(�_A) → �(ℓ^2(�_A)). Compare to Proposition 1.1.3 if t satisfies the cylinder condition.

Definition 4.1.2 (The Bellissard-Pearson spectral triple [5]). Let τ = (τ_+, τ_−) : �_A → Ω_A × Ω_A be a comparable pair. The associated even Bellissard- Pearson spectral triple BP^{exp}(τ) := (π_τ, ℓ^2(�_A, C^2), D^{BP}_� ) consists of (1) The Hilbert space ℓ^2(�_A, C^2) graded by the decomposition

ℓ^2(�_A, C^2) = ℓ^2(�_A) ⊕ ℓ^2(�_A).

(2) The even representation π_τ : C(Ω_A) → �(ℓ^2(�_A, C^2)) given by

π_τ := π_{τ+} ⊕ π_{τ−} .

(3) The self-adjoint operator D^{BP}_� defined on its core C_c (�_A, C^2) by

D^{BP}_� „ φ_+ φ_− « (μ) := diam(C_μ)^{−1} · „ φ_−(μ) φ_+(μ) « = e^{|μ|} „ φ_−(μ) φ_+(μ) « .

Summability and CK-algebras 131

For s ∈ (0, 1], we also define the logarithmic family of Bellissard-Pearson spectral triples BP_s(τ) := (π_τ, ℓ^2(� , C^2), D_{� ,s}), where the operator D_{� ,s} is defined on its core C_c (�_A, C^2) by the expression

D_{� ,s} „ φ_+ φ_− « (μ) := Ă − log diam(C_μ)

Ł_s · „ φ_−(μ) φ_+(μ) « = |μ|^s „ φ_−(μ) φ_+(μ) « . Remark 4.1.3. The construction of spectral triples in [5] was only carried out for choice functions and the logarithmic version was not considered. The results in [5] regarding these spectral triples were concerned with metric and measuretheoretic properties. The motivation to lax the conditions on τ stems from the wish to obtain a larger variety of K-homology classes that pair non-degenerately with “many” K-theory elements. The introduction of the logarithmic version of the spectral triple is a matter we return to throughout the section and Subsection 6.2.

Proposition 4.1.4. The logarithmic and the ordinary even Bellissard-Pearson spectral triples of a comparable pair τ = (τ_+, τ_−) form even unbounded Fredholm modules. For s ≥^1_2 , BP_s(τ) is θ-summable, whereas BP^{exp}(τ) is finitely summable. If the image of τ is dense^6 the Bellissard-Pearson spectral triples indeed form spectral triples.

Proof. It was proven in [5, Proposition 8] that (π_τ, ℓ^2(�_A, C^2), D^{BP}_� ) is a well defined unbounded Fredholm module. The operator D^{BP}_� admits bounded commutators with elements of the algebra Lip(Ω_A, d_{ΩA} ) consisting of functions f : Ω_A → C that are Lipschitz in the metric on Ω_A defined in (1.3). From the estimate

‖[D_{� ,s}, π_τ( f )]‖_{�(ℓ}2_{(�A,C}2_{))} = sup_{μ∈�A} |μ|^s ‚ ‚ ‚ ‚ »„ 0 1 1 0 « , „ f (τ_+(μ)) 0 0 f (τ_−(μ)) «–‚ ‚ ‚_{M2 (C)}

≤ sup_{μ∈�A} e^{|μ|} ‚ ‚ ‚ ‚ »„ 0 1 1 0 « , „ f (τ_+(μ)) 0 0 f (τ_−(μ)) «–‚ ‚ ‚_{M2 (C)}

= ‖[D^{BP}_{�A} , π_τ( f )]‖_{�(ℓ}2_{(�A,C}2_{))},

it follows that the same holds for BP_s(τ). Since diam(C_μ) = e^{−|μ|}, it follows that

(4.27) Tr(e^{−t D2� ,s} ) = 2 X μ∈�_A

e^{−t|μ|2s} = 2 ∞X k=0 X |μ|=k

e^{−tk2s} = 2 ∞X k=0 φ(k)e^{−tk2s} .

By Corollary 1.1.6, the operator e^{−t D2� ,s} is trace class if s ≥^1_2 and t > δ_A. □

Remark 4.1.5. For s =^1_2 the trace (4.27) equals the Poincaré series from Theorem 1.1.5. After introducing a power in the metric defined in Equation (1.3) and in the expression defining D^{BP}_� , one can obtain arbitrarily low degree of finite summability. Further, if there are constants C, p > 0 such that φ(k) ≤ Ck^p for all k, then BP_s(τ) is also finitely summable. This holds for instance for

6E.g. when τ satisfies the cylinder condition.

132 M. Goffeng and B. Mesland

SU_q(2) by (1.18). This is possible only when there is an isolated point in Ω_A as the following proposition shows.

Proposition 4.1.6. If the matrix A satisfies condition (I), there are C, ϵ > 0 such that φ(k) ≥ Ce^{ϵk} .

Remark 4.1.7. For any point x ∈ Ω_A, let ω_x : C(Ω_A) → C denote point evaluation in x. Let [x] ∈ K^0(C(Ω_A)) denote the K-homology class associated with ω_x . Formally, we may realize the K-homology class that the Bellissard-Pearson spectral triple defines as the formal difference of the sum of all [x], where x ranges over τ_+(�_A), and the sum of all [x], where x ranges over τ_−(�_A). This observation can be made sense of in a more rigorous way. For μ ∈ �_A, the difference [τ_+(μ)] − [τ_−(μ)] ∈ K^0(C(Ω_A)) can be represented by the even unbounded Fredholm module

S_{μ,s} = „ ω_{τ+(μ)} ⊕ ω_{τ−(μ)}, C^2, „ 0 |μ|^s |μ|^s 0 «« . The direct sum M μ∈�_A

S_{μ,s} = 0 B @ M μ∈�_A

ω_{τ+(μ)} ⊕ ω_{τ−(μ)}, M μ∈�_A

C^2, M μ∈�_A „ 0 |μ|^s |μ|^s 0 « 1 C A = BP_s(τ)

is well defined once making suitable closures and choices of domains.

4.2. Obstructions to extending to Cuntz-Krieger algebras. Our motivation for introducing the logarithmic version of the Bellissard-Pearson spectral triple is that it extends to a slightly larger algebra related to the Cuntz-Krieger algebra, but not equal to it. The deficiency between that algebra and the Cuntz-Krieger algebra comes from an obstruction in K_0(O_AT ) (see Proposition 4.2.6 and 4.2.7). We let V_σ ∈ �(ℓ^2(�_A)) be defined by

V_σ f (v) = ĺ f (σ_� (v)) if v ≠ ∘_A 0, if v = ∘_A. . A direct computation gives the identity

V^∗_σ V_σ = S,

where S f (x) = |σ^{−1}_� {x}| f (x). We will henceforth apply the convention that

σ^{−1}_� (σ_� (∘_A)) = �.

Assume that t : �_A → Ω_A is function satisfying the cylinder condition (see Definition 1.1.2). We define the operators s_{i,t} ∈ �(ℓ^2(�_A)) for i = 1, . . . , n by

(4.28) s_{i,t} := π_t(χ_{Ci} )V_σ.

We also let P_{∘A} : ℓ^2(�_A) → ℓ^2(�_A) denote the orthogonal projection onto the space spanned by δ_{∘A} .

Summability and CK-algebras 133

Lemma 4.2.1. Let t : �_A → Ω_A be a function satisfying the cylinder condition. The operators s_{i,t} are partial isometries satisfying the relations

(4.29) s^∗_{i,t}s_{k,t} = δ_{i,k} NX j=1 A_{i j} s_{j,t}s^∗_{j,t} + P_{∘A} ,

for any i and k.

Proof. If i ≠ j, χ_{Ci} χ_{C j} = 0 and it follows that s^∗_{i,t}s_{j,t} = V^∗_σ π_t(χ_{Ci} χ_{C j} )V_σ = 0.

Given f ∈ ℓ^2(�_A), we have that s_j s^∗_j f (μ) = π_t(χ_{C j} )V_σV^∗_σ π_t(χ_{C j} ) f (μ) = = X ν∈σ^{−1}_� (σ_� (μ))

χ_{C j} (t(μ))χ_{C j} (t(ν)) f (ν) = ( χ_{C j} (t(μ)) f (μ), if μ ≠ ∘_A, 0 if μ = ∘_A.

We conclude that (s_{i,t})^N_{i=1} forms a collection of partial isometries with orthogonal ranges. On the other hand,

s^∗_{i,t}s_{i,t} f (μ) = V^∗_σ π_t(χ_{Ci} ) f (σ_� (μ)) = X ν∈σ^{−1}_� (μ)

χ_{Ci} (t(ν)) f (σ_� (ν)) =

= X ν∈σ^{−1}_� (μ),t(ν)∈C_i

f (μ) = NX j=1 A_{i j} χ_{C j} (t(μ)) f (μ),

since the word ν = iμ ∈ σ^{−1}(μ) is admissible only when A_{iμ1} ≠ 0. Rewriting this, we obtain the identity

(4.30) s_{i,t}s^∗_{i,t} = ĺ π_t(χ_{Ci} ) − P_{∘A} , if t(∘_A) ∈ C_i , π_t(χ_{Ci} ), if t(∘_A) /∈ C_i .

Since there is only one i for which t(∘_A) ∈ C_i , Equation (4.29) holds true. □ Remark 4.2.2. There is a geometric consequence of Lemma 4.2.1 for �_A. Later we will prove that for any function t satisfying the cylinder condition, the linear mapping S_i �→ s_{i,t} can not be compactly perturbed to a ∗-homomorphism O_A → �(ℓ^2(�_A)) if [1] ≠ 0 in the K-theory group K_0(O_AT ), this is related to Kaminker- Putnam’s Poincaré duality K^∗(O_A) ∼= K_{∗+1}(O_AT ). See more in Remark 2.1.5, Proposition 4.2.6 and Proposition 4.2.7. In particular, it proves it impossible for a function t : �_A → Ω_A satisfying the cylinder condition to be viewed as the moment map of a �_A-action on the finite words �_A since if that was the case, it would extend to a ∗-homomorphism O_A ∼= C^∗(�_A) → �(ℓ^2(�_A)) extending the C(Ω_A)-representation coming from t.

In order to understand the role of the operators (s_{i,t})^N_{i=1}, we need to relate them to a similar set of operators appearing above in Subsection 2.1, cf. [39]. Proposition 4.2.3. If t satisfies the cylinder condition, it holds that L^A_i = s_{i,t}.

134 M. Goffeng and B. Mesland

Proof. For any finite word μ ∈ �_A, s_{i,t}δ_μ = X ν∈σ^{−1}_� (μ)

χ_{Ci} (t(ν))δ_ν = δ_{iμ},

since the cylinder condition (see Definition 1.1.2) guarantees that ν = iμ is the unique word in σ^{−1}_� (μ) such that χ_{Ci} (t(ν)) ≠ 0. □

The computations of Lemma 4.2.1 can also be seen from Proposition 4.2.3 and [39, Proposition 4.2].

Remark 4.2.4. A consequence of Proposition 4.2.3 is that the operators s_{i,t} do not depend on the choice of t. This does not contradict computations such as that in Equation (4.30) since this computation merely expresses a cancellation occurring in ∘_A. We conclude the following Proposition. Proposition 4.2.5. The C^∗-algebra E_{BP} := C^∗(s_{i,t}|i = 1, . . . , n)) ⊆ �(ℓ^2(�_A)), contains �(ℓ^2(�_A)) and t^∗C(Ω_A) for any function t : �_A → Ω_A satisfying the cylinder condition.

We note that if Ẽ_{BP} is the C^∗-subalgebra Ẽ_{BP} ⊆ E_{K P} generated by the L^A_i , then E_{BP} is the image of Ẽ_{BP} in �(ℓ^2(�_A)). If O_A is simple, E_{BP} ∼= Ẽ_{BP} . By arguments similar to those in Subsection 2.1, Ẽ_{BP} /�(ℓ^2(�_A)) ∼= O_A. We can conclude the following Proposition from Remark 2.1.5.

Proposition 4.2.6. The extension Ẽ_{BP} represents the image of [1_{OAT} ] ∈ K_0(O_AT ) under the isomorphism K_0(O_AT ) → K^1(O_A) of Theorem 2.1.1. For any pair of functions τ = (τ_+, τ_−) satisfying the cylinder condition, we set s_i := s_{i,τ+} ⊕ s_{i,τ−} . It follows from Proposition 4.2.6 that if the element [1_{OAT} ] ∈ K_0(O_AT ) is 2-torsion, the K-homological obstruction to lifting the mapping S_i �→ s_i mod � ∈ � (ℓ^2(�_A, C^2)) to a ∗-homomorphism O_A → �(ℓ^2(�_A, C^2)), vanishes. In a similar fashion, we conclude the following.

Proposition 4.2.7. Assume that k is such that k[1_{OAT} ] ≠ 0. For functions t_1, . . . , t_k : �_A → Ω_A satisfying the cylinder condition, ⊕^k_{j=1}π_{t j} : C(Ω_A) → �(ℓ^2(�_A, C^k )), does not extend to a representation of O_A and neither does any compact perturbation of it.

Remark 4.2.8. If K^0(F_A) = 0, it follows from Theorem 3.3.1 that K^1(O_A) → K^1(F_A) is injective. This happens for instance for the algebra O_N as we saw above in Remark 3.4.3. In this particular case, the obstruction mentioned in Proposition 4.2.7 to lifting the representation of C(Ω_A) in the Bellissard-Pearson spectral triples remains for F_A.

Summability and CK-algebras 135

Proposition 4.2.9. If t : �_A → Ω_A is a function satisfying the cylinder condition, the representation π_t of C(Ω_A) satisfies that

q ∘ π_t = β_A|_{C(ΩA)},

and hence [β_A]|_{C(ΩA)} = 0 in K^1(C(Ω_A)).

Remark 4.2.10. An interesting interpretation of this Proposition is that the Bellissard-Pearson spectral triples should be thought of as an invariant for the choice of two multiplicative liftings of β_A|_{C(ΩA)}, i.e. a secondary invariant for the homological triviality of the Toeplitz extension E_{BP} restricted to C(Ω_A).

Proposition 4.2.11. For i = 1, . . . , N, the operator s_i := s_{i,τ+} ⊕ s_{i,τ−} and its adjoint

(1) preserve C_c (�_A, C^2);

(2) admit bounded commutators with D_{� ,s};

(3) there is a sequence ( f_k) ⊆ C_c (�_A, C^2) such that ‖ f_k ‖ = 1 but ‖[D^{BP}_� , s_i ] f_k‖ → ∞.

Proof. Property (1) is clear from the definition s_i := s_{i,τ+} ⊕ s_{i,τ−} and Equation (4.28). To prove (2), we note that Proposition 4.2.3 implies that

[D_{� ,s}, s_i ] „ δ_μ δ_ν « = „ (|iν|^s − |ν|^s) δ_{iν} ` |iμ|^s − |μ|^s ´ δ_{iμ} « . Since μ �→ − log diam(C_μ) = |μ| grows linearly in |μ|, μ �→ |iμ|^s −|μ|^s is a bounded function for 0 < s ≤ 1. Hence [D_{� ,s}, s_i ] is bounded. Concerning (3), it follows from Proposition 4.2.3 that

[D^{BP}_� , s_i ] „ δ_μ δ_ν « = 0 B @ Ă diam(C_{iν} )^{−1} − diam(C_ν )^{−1} Ł δ_{iν} Ă diam(C_{iμ})^{−1} − diam(C_μ)^{−1} Ł δ_{iμ}

1 C A . Take a sequence (μ_k)^∞_{k=1} ⊆ �_A such that |μ_k| = k and iμ_k is admissible for all k. Set f_k := (δ_{μk} , 0)^T . It trivially holds that f_k ∈ C_c (�_A, C^2) and that ‖ f_k‖ = 1. Since diam(C_μ) = e^{−|μ|}, there is an ϵ > 0 for which

diam(C_μ) diam(C_{iμ})

> 1 + ϵ

We conclude that ‖[D^{BP}_� , s_i ] f_k‖ ≥ ϵe^k → ∞, as k → ∞. □

As a consequence of Proposition 4.2.11, the operator D_{� ,s} defines a spectral triple on E_{BP} (see Proposition 4.2.5) which is θ-summable for s ≥ 1/2. Yet another consequence is that D^{BP}_� does not define a spectral triple on E_{BP} such that s_{i,t} is in the Lipschitz algebra. In the light of Theorem 1.3.3 and Proposition 4.1.4 this result does not come as a surprise as in that case we would obtain a finitely summable spectral triple on E_{BP} . We do however note that there is no obvious obstruction to finitely summable spectral triples on E_{BP} since it is not purely infinite. This fact follows from [6, Proposition V.2.2.23] and the existence of the inclusion �(ℓ^2(�_A)) ⊆ E_{BP} of Proposition 4.2.5.

136 M. Goffeng and B. Mesland

4.2.1. Dual of the unit for a free group. We end this subsection by a comparison of various descriptions of the extension dual to [1_{OAT} ] ∈ K_0(O_AT ) in the special case of a free group. This example, described above in Subsection 3.4.3, falls into the category of extensions studied by Emerson-Nica [28]. The extension constructed in [28] is defined from the short exact sequence

0 → C_0(F_d ) ⋊ F_d → C(F_d ) ⋊ F_d → C(∂ F_d ) ⋊ F_d → 0.

Using the isomorphism C_0(F_d ) ⋊ F_d ∼= �(ℓ^2(F_d )) we obtain an extension E_{EN} whose class was proven in [28] to be dual to [1_{OA} ] ∈ K_0(O_A). In [28] an explicit finitely summable analytic K-cycle representing this extension class was prescribed. Recall the measure μ_A on ∂ F_d constructed as in Subsection 1.1. Let P_{EN} be the orthogonal projection onto the image of the isometric embedding ℓ^2(F_d ) → ℓ^2(F_d , L^2(∂ F_d , μ_A)) as constant functions on ∂ F_d . By [28, Theorem 1.1] the class [E_{EN} ] is represented by the finitely summable analytic cycle (π_{Fd} , ℓ^2(F_d , L^2(∂ F_d , μ_A)), 2P_{EN} −1), where π_{Fd} is the crossed product representation associated with the covariant C(∂ F_d )-representation on ℓ^2(F_d , L^2(∂ F_d , μ_A)). One can check that this construction of P_{EN} corresponds to the construction of Q_∘ in Remark 2.2.4 thus concluding the following Proposition.

Proposition 4.2.12. If A is the 2d × 2d-matrix from Subsection 3.4.3, the following diagram with exact rows commute:

0 −−−−→ �(ℓ^2(F_d )) −−−−→ E_{BP} −−−−→ O_A −−−−→ 0 ‚ ‚ ‚ ‚ ‚ ‚ ‚ ‚ ‚ 0 −−−−→ �(ℓ^2(F_d )) −−−−→ E_{EN} −−−−→ O_A −−−−→ 0

Furthermore, under the unitary equivalence L^2(O_A, φ_A) ∼= ℓ^2(F_d , L^2(∂ F_d , μ_A)) induced by the isomorphism of groupoids �_A ∼= ∂ F_d ⋊ F_d it holds that

(π_A, L^2(O_A, φ_A), 2W_∘W^∗_∘ − 1) = (π_{Fd} , ℓ^2(F_d , L^2(∂ F_d , μ_A)), 2P_{EN} − 1)

Remark 4.2.13. For a general N ×N-matrix A, there are several other equivalent ways of constructing extensions equivalent to E_{BP} in a geometric way from the short exact sequence

0 → C_0(�_A) → C Ă �_A Ł → C(Ω_A) → 0.

For instance, using crossed products by partial actions of the free group F_N on Ω_A (see [29]) or a crossed product by the shift endomorphism (see [30]).

4.3. K-homology classes. We now turn to the study of the index theory of the Bellissard-Pearson spectral triples. Whenever (π, H , D) is an unbounded Fredholm module on a C^∗-algebra A, we let [π, H , D] ∈ K^∗(A) denote its Khomology class, obtained via the bounded transform. Throughout this subsection, τ = (τ_+, τ_−) denotes a comparable pair of functions �_A → Ω_A. For most of the section, τ will be a weak choice function.

Summability and CK-algebras 137

Lemma 4.3.1. For 0 < s ≤ 1, the bounded transforms of the logarithmic and the ordinary even Bellissard-Pearson spectral triples coincide in K-homology:

[BP^{exp}(τ)] = [BP_s(τ)] ∈ K^0(C(Ω_A)).

Further, the class [BP_s(τ)] ∈ K^0(C(Ω_A)) of a comparable pair τ can be represented by the analytic K-cycle

(4.31) Ă π_τ, ℓ^2(�_A, C^2), F Ł , where F := „ 0 1 1 0 « . For any p > 0 and weak choice function τ, this K-cycle is p-summable on the dense ∗-subalgebra generated by cylinder functions inside C(Ω_A).

Proof. It is clear that [BP^{exp}(τ)] = [BP_s(τ)]. That [BP_s(τ)] ∈ K^0(C(Ω_A)) is represented by the K-cycle (4.31) follows from that F = D^{BP}_� |D^{BP}_� |^{−1}. To verify the p-summability claim, take a finite word μ ∈ �_A and consider the locally constant function χ_{Cμ} ∈ C(Ω_A). For any ν, ν^′ ∈ �_A,

[F, π_τ(χ_{Cμ} )] „ δ_ν δ_ν ′ « = 0 B B @ “ χ_{Cμ} (τ_−(ν^′)) − χ_{Cμ} (τ_+(ν^′)) ” δ_ν ′ “ χ_{Cμ} (τ_+(ν)) − χ_{Cμ} (τ_−(ν)) ” δ_ν

1 C C A .

If both τ_+ and τ_− satisfies the cylinder condition, then

χ_{Cμ} (τ_+(ν)) − χ_{Cμ} (τ_−(ν)) = 0 if |ν| ≥ |μ|.

The latter statement holds, because χ_{Cμ} (τ_±(ν)) is non-zero if and only if τ_±(ν) ∈ C_μ and whenever |ν| ≥ |μ| the cylinder condition and τ_±(ν) ∈ C_μ implies that there is a finite word λ with ν = μλ, hence τ_+(ν) ∈ C_μ if and only if τ_−(ν) ∈ C_μ. It follows that [F, π_τ(χ_{Cμ} )] is an operator of rank at most 2 P k<|μ| φ(k) and hence p-summable for any p > 0. The linear span of the

cylinder functions {χ_{Cμ} |μ ∈ �_A} forms a dense subalgebra of C(Ω_A) and the Lemma follows. □

Lemma 4.3.1 gives us a description of the class [BP(τ)] by means of the quasihomomorphism (π_{τ+} , π_{τ−} ), cf. [21]. To understand the index pairing of the Bellissard-Pearson spectral triples with K-theory, we first recall a well known computation of the K-theory of C(Ω_A).

Lemma 4.3.2. The K-theory group K_∗(C(Ω_A)) is given by

K_∗(C(Ω_A)) = ĺ C(Ω_A, Z), if ∗ = 0, 0, if ∗ = 1.

138 M. Goffeng and B. Mesland

Proof. We write C(Ω_A) = lim −→ �_k as in Proposition 1.1.1. Continuity of K-theory under direct limits implies that

K_∗(C(Ω_A)) = lim −→ K_∗(�_k) = ( lim −→ K_0(�_k), if ∗ = 0, 0, if ∗ = 1. = ĺ C(Ω_A, Z), if ∗ = 0, 0, if ∗ = 1. . □ We say that a word μ ∈ �_A is minimal if the following condition holds:

(4.32) For any ν_0, λ_0 ∈ �_A such that μ = ν_0λ_0, we have that C_μ ≠ C_{ν0} .

Lemma 4.3.3. Let μ ∈ �_A and let ν_0 be the longest minimal word such that μ = ν_0λ_0 for some λ_0. Then there is a weak choice function τ = (τ_+, τ_−) such that whenever ν, λ ∈ �_A \ {∘_A} are such that μ = νλ then

(1) τ_+(ν) ∈ C_μ if and only if τ_−(ν) ∈ C_μ for |λ| ≠ |λ_0| + 1 (2) τ_−(ν) /∈ C_μ and τ_+(ν) ∈ C_μ if |λ| = |λ_0| + 1.

Proof. Let τ^0 be any weak choice function. We will redefine τ^0 on the set of ν:s such that there exists a λ ∈ �_A \ {∘_A} with μ = νλ. Since C_μ = C_{ν0} we can equally well assume μ = ν_0 and |λ_0| = 0. Whenever μ = νλ, we divide into the four cases

A) |λ| > 1 and τ^0_+(ν) = τ^0_−(ν). B) |λ| = 1 and τ^0_+(ν) ≠ τ^0_−(ν). C) |λ| > 1 and τ^0_+(ν) ≠ τ^0_−(ν). D) |λ| = 1 and τ^0_+(ν) = τ^0_−(ν).

If ν satisfies A), we do not alter τ^0(v). If ν satisfies B), and τ_+(ν) ∈ C_μ we do not alter τ^0(ν). If ν satisfies B), and τ_−(ν) ∈ C_μ we redefine τ_±(ν) := τ^0_∓(ν). If ν satisfies B) and τ^0_+(ν), τ^0_−(ν) /∈ C_μ we do not alter τ^0_−(ν) but define τ_+(ν) := τ^0_+(μ) ∈ C_μ. If C) holds, then we set τ_±(ν) := τ^0_−(ν). If D) holds, then the minimality assumption (4.32) guarantees that there is a finite word λ^′ such that |λ^′| = |λ|, λ^′ ≠ λ and νλ^′ is admissible. Define τ_+(ν) := τ^0_+(μ) ∈ C_μ and τ_−(ν) := τ^0_−(νλ^′) /∈ C_μ. The constructed τ satisfy the cylinder condition, hence τ is a comparable pair. □

Our main result of this subsection indicates the topological importance of the Bellissard-Pearson spectral triples.

Lemma 4.3.4. For any non-empty word μ ∈ �_A \ {∘_A} there is a weak choice function τ_μ such that 〈[χ_{Cμ} ], [BP_s(τ_μ)]〉 = 1.

Proof. It suffices to prove the Lemma for finite words μ satisfying the minimality assumption (4.32). A straight forward index manipulation gives the

Summability and CK-algebras 139

identities

〈[χ_{Cμ} ], [BP_s(τ_μ)]〉 = ind (τ^∗_+(χ_{Cμ} ) : τ^∗_−(χ_{Cμ} )ℓ^2(�_A) → τ^∗_+(χ_{Cμ} )ℓ^2(�_A))

= ind (τ^∗_+(χ_{Cμ} ), τ^∗_−(χ_{Cμ} )),

where the last index denotes the relative index of the Fredholm pair of projections given by (τ^∗_+(χ_{Cμ} ), τ^∗_−(χ_{Cμ} )). Using [3, Proposition 2.2], it follows that

〈[χ_{Cμ} ], [BP_s(τ_μ)]〉 = Tr_ℓ2_{(�A)} “ τ^∗_+(χ_{Cμ} ) − τ^∗_−(χ_{Cμ} ) ”

= X |ν|<|μ|

[χ_{Cμ} (τ_+(ν)) − χ_{Cμ} (τ_−(ν))] = # ę ν ˛ ˛ τ_+(ν) ∈ C_μ, τ_−(ν) /∈ C_μ ľ (4.33) − # ę ν ˛ ˛ τ_−(ν) ∈ C_μ, τ_+(ν) /∈ C_μ ľ . The Lemma follows from Equation (4.33) and Lemma 4.3.3. □

5. Unbounded (O_A, C(Ω_A))-cycles and the associated spectral triples

In this section we will construct classes over the commutative base by combining the philosophies of Section 2 and Section 3. The advantage of using C(Ω_A) is that there are several well behaved K-homology classes, e.g. point evaluations and Bellissard-Pearson spectral triples. We will use these to construct unbounded Fredholm modules on Cuntz-Krieger algebras O_A and prove that such unbounded Fredholm modules exhaust K^1(O_A). For this purpose, point evaluations suffices. We consider the products with Bellissard-Pearson spectral triples in the next section. The reader unfamiliar with unbounded KK-theory is referred to the references listed in the beginning of Section 3.

5.1. An unbounded (O_A, C(Ω_A))-cycle. We start this subsection with a structure analysis for the Haar module E^Ω_A over the commutative algebra C(Ω_A). Consider the filtration of �_A given by

(5.34) �^k_A := {(x, n, y) ∈ �_A : σ^{k+n}(x) = σ^k( y)},

which forms a filtration by subsets such that:

(1) Each set �^k_A is closed under under composition.

(2) Inversion is a filtered operation in the sense that if ξ = (x, n, y) ∈ �^k_A , then ξ^{−1} ∈ �^{n+k}_A .

(3) The filtering respects the cocycle grading; �^k_A = ∪_{n∈Z}�^k_n where �^k_n := �^k_A ∩ c^{−1}_A (n).

We can further decompose this filtration into a grading.

140 M. Goffeng and B. Mesland

Lemma 5.1.1. The function κ : �_A → N (x, n, y) �→ min{k : σ^{k+n}(x) = σ^k( y)},

(5.35)

is locally constant and hence continuous.

Proof. Recall the definition of the basic open sets from (1.6). Let κ(x, n, y) = k and take (U, n + k, k, V ) with U := C_{x1···xn+k} and V = C_{y1···yk} . Since k is minimal, it follows that x_{n+k} ≠ y_k. Therefore it is clear that for any (x^′, n, y^′) ∈ (U, n + k, k, V ), κ(x^′, n, y^′) = k. So κ is locally constant. □ Because κ is continuous, the sets κ^{−1}(k) are clopen in �_A. Therefore each �^k_A decomposes as a disjoint union

�^k_A = k[ i=0 κ^{−1}(i),

compatible with the cocycle grading. Writing �^k_n := {(x, n, y) ∈ �_A : κ(x, n, y) = k}, this gives decompositions �_A = [ n∈Z [ k∈N �^k_n and C_c (�_A) = M n∈Z M k∈N C_c (�^k_n ),

where the former is a disjoint union and the latter is a decomposition into C(Ω_A)-submodules. For if f ∈ C_c (�_A) and g ∈ C(Ω_A), then f ∗ g(x, n, y) = f (x, n, y)g( y), so supp ( f ∗ g) ⊂ supp f . For n + k < 0, �^k_n = � hence we use the convention C_c (�^k_n ) = 0 if n + k < 0. After completion this gives a decomposition of the Hilbert C^∗-module E^Ω_A as E^Ω_A = M n∈Z M k∈N E^k_n .

We will now proceed to show that each E^k_n is a finitely generated projective C(Ω_A)-module. Define the sets X^{(k)}_{n,μ} := {(x, n, y) : κ(x, n, y) = k, x ∈ C_μ, |μ| = k + n}, whose characteristic function we denote by χ^k_{n,μ} ∈ C_c (�^k_n ). We set φ_λ(l) := #{μ ∈ �_A : μλ ∈ �_A, |μ| = l − |λ|}.

Recall the conditional expectation ρ : O_A → C(Ω_A) defined in (1.8). Lemma 5.1.2. For any finite word λ ∈ �_A and n + k ≥ |λ|, the column vectors v_{n,k,λ} := Ą“ χ^k_{n,μλ}

”_∗Ń

|μ|=n+k−|λ| ∈ Ă C_c (�^k_n )^{φλ(n+k)}

Ł_∗

⊆ C_c (�^{n+k}_{−n} )^{φλ(n+k)}, satisfy v^∗_{n,k,λ}ρ(v_{n,k,λ} ∗ f ) = χ_{(σ}n+k−|λ|_)−1_{(Cλ)} ∗ f ∀ f ∈ C_c (�^k_n ).

Summability and CK-algebras 141

In particular, under the inclusion Ă C_c (�^k_n )^{φ(n+k)}

Ł_∗

⊆ Hom^∗_{C(ΩA)}(E^k_n , C(Ω_A)^{φ(n+k)}),

the following C(Ω_A)-linear operators define isometries

v_{n,k} := v_{n,k,∘} ∈ Hom^∗_{C(ΩA)}(E^k_n , C(Ω_A)^{φ(n+k)}).

Proof. We must show that for f ∈ C_c (�^k_n ) X |μ|=k+n−|λ|

χ^k_{n,μλ} ∗ ρ Ą“ χ^k_{n,μλ}

”_∗ ∗ f Ń = χ_{(σ}n+k−|λ|_)−1_{(Cλ)} ∗ f .

First, for arbitrary μ, we compute ρ Ą“ χ^k_{n,μ}

”_∗ ∗ f Ń (x, 0, x) = X “ χ^k_{n,μ}

”_∗

(x, ℓ, z) f (z, −ℓ, x)

= A_{μn+k ,xk+1} δ_{k,κ(μσ}k_{(x),n,x)} f (μσ^k(x), n, x),

and subsequently

χ^k_{n,μ} ∗ ρ Ą“ χ^k_{n,μ}

”_∗ ∗ f Ń (x, m, y) = X χ^k_{n,μ}(x, ℓ, z)ρ Ą“ χ^k_{n,μ}

”_∗ ∗ f Ń (z, m − ℓ, y) = X χ^k_{n,μ}(x, m, y) Ą“ χ^k_{n,μ}

”_∗ ∗ f Ń ( y, 0, y)

= χ^k_{n,μ}(x, m, y)A_{μn+k , yk+1} δ_{k,κ(μσ}k_{( y),n, y)} f (μσ^k( y), n, y)

= χ^k_{n,μ}(x, m, y) f (x, m, y).

Therefore, we have X |μ|=n+k−|λ|

χ^k_{n,μλ} ∗ ρ Ą“ χ^k_{n,μλ}

”_∗ ∗ f Ń (x, m, y) = X |μ|=n+k−|λ|

χ^k_{n,μλ}(x, m, y) f (x, m, y)

= χ_{(σ}n+k−|λ|_)−1_{(Cλ)}(x) f (x, m, y) = (χ_{(σ}n+k−|λ|_)−1_{(Cλ)} ∗ f )(x, m, y). □ Proposition 5.1.3. The Haar module E^Ω_A is the direct sum of the finitely generated projective C(Ω_A)-modules E^k_n .

Proof. It is clear from Lemma 5.1.2 that the image of the isometries v_{n,k} equals the range of the projections p_{n,k} = v_{n,k} v^∗_{n,k}. Hence, E^k_n ∼= p_{n,k} C(Ω_A)^{φ(k+n)} are finitely generated projective C(Ω_A)-modules. The Proposition follows from the fact that E^Ω_A = L n∈Z L k∈N E^k_n . □

Define an operator D_κ : C_c (�_A) → C_c (�_A) via pointwise multiplication D_κ f (ξ) := κ(ξ) f (ξ).

Proposition 5.1.4. The operator D_κ is essentially selfadjoint and regular in E^Ω_A . Moreover, it commutes up to bounded operators with the generators S_i .

142 M. Goffeng and B. Mesland

Proof. The operator D_κ is obviously symmetric. Moreover D_κ ± i maps the submodule C_c (�^k_A ) surjectively onto itself, and the union S k C_c (�^k_A ) is dense in E^Ω_A . Therefore D_κ ± i have dense range, and the closure of D_κ is selfadjoint and regular in E^Ω_A . That D_κ commutes up to bounded operators with the operators S_i follows by direct computation:

[D_κ, S_i ]g(x, n, y) = X κ(x, n, y)S_i (x, ℓ, z)g(z, n − ℓ, y) − S_i (x, ℓ, z)(κg)(z, n − ℓ, y) = X` κ(x, n, y) − κ(z, n − ℓ, y) ´ S_i (x, ℓ, z)g(z, n − ℓ, y) = (κ(x, n, y) − κ(σ(x), n − 1, y))χ_{Ci} (x)g(σ(x), n − 1, y) = S_i p_− g(x, n, y),

where p_− denotes the projection onto ⊕_{k∈N}E^k_{−k}, because

κ(x, n, y) = ĺ κ(σ(x), n − 1, y), when n + κ(x, n, y) > 0, κ(σ(x), n − 1, y) − 1, when n + κ(x, n, y) = 0. □ The generator of the gauge action D_c , extends to a selfadjoint regular operator on E^Ω_A . However, instead of a naive combination of the operators D_c and D_κ, we need to assemble the two with a little more care in order to construct unbounded Kasparov modules that will eventually allow us to obtain nontrivial unbounded Fredholm modules on O_A. We define the subset Y_λ := {(x, n, y) ∈ �^0_A : |λ| ≤ n and σ^{n−|λ|}(x) = λ y}.

We note that Y_{∘A} = �^0_A and c_A|_{Yλ} ≥ |λ|. We let p_λ ∈ End^∗_{C(ΩA)}(E^Ω_A ) denote the projection given by pointwise multiplication by the characteristic function of Y_λ. We write E^0_{n,λ} for the completion of the submodule C_c (Y_λ ∩c^{−1}_A (n)), and E^{⊥0}_{n,λ} for the completion of C_c (�^0_A \ Y_λ ∩ c^{−1}_A (n)). Recall the notation �_λ = {μλ ∈ �_A}.

Proposition 5.1.5. The projection p_λ projects onto the closed C(Ω_A)- submodule of E^Ω_A generated by {S_μ|μ ∈ �_λ}, and can be written as p_λ f = P_∞

n=0 v^∗_{n,0,λ}ρ(v_{n,0,λ} ∗ f ). In particular, for any finite word λ, the Haar module E^Ω_A decomposes as a direct sum of finitely generated projective C(Ω_A)-modules

(5.36) E^Ω_A = ∞M n=0 E^0_{n,λ} ⊕ ∞M n=0 E^{⊥0}_{n,λ} ⊕ ∞M k=1 M n≥−k

E^k_n .

Proof. It suffices to prove that p_λS_{μλ} = S_{μλ} and that p_λS_μS^∗_ν = 0 if and only if μ ≠ μ_0ν for all μ_0 ∈ �_λ. Since S_{μλ} is defined from the characteristic function of the set {(x, |μ| + |λ|, y) ∈ �_A|x ∈ C_{μλ}, σ^{|μ|+|λ|}(x) = y}, it follows that p_λS_{μλ} = S_{μλ}. The element S_μS^∗_ν is defined from the characteristic function of the set {(x, |μ| − |ν|, y) ∈ �_A : x ∈ C_μ, y ∈ C_ν , σ^{|μ|}(x) = σ^{|ν|}( y)}.

Summability and CK-algebras 143

The proposition follows from the fact that p_λS_μS^∗_ν is the characteristic function of the set ˘ (x,|μ| − |ν|, y) ∈ �_A : x ∈ C_μ, y ∈ C_ν , |λ| + |ν| ≤ |μ|, σ^{|μ|}(x) = σ^{|ν|}( y), σ^{|μ|−|ν|−|λ|}(x) = λ y ¯

=

8 > < > :

�, if μ ≠ μ_0ν ∀μ_0 ∈ �_λ

{(x, |μ| − |ν|, y) ∈ �_A|x ∈ C_μ, y ∈ C_ν , σ^{|μ|}(x) = σ^{|ν|}( y)}, if for some μ_0 ∈ �_λ, μ = μ_0ν.

The factorization and decomposition statements now follow directly from Lemma 5.1.2. □ Recall that κ|_� k_A = k ∈ {0, 1, 2, . . .} and that c_A|_� k_A + k ≥ 0. Now consider the function ψ_λ : �_A → Z given by

(5.37) ψ_λ(x, n, y) = 8 < : n when (x, n, y) ∈ Y_λ −n when (x, n, y) ∈ �^0_A \ Y_λ −|n| − κ(x, n, y) when (x, n, y) ∈ �_A \ �^0_A , .

The function ψ_λ is clearly locally constant and continuous. Define an operator D_λ : C_c (�_A) → C_c (�_A) by pointwise multiplication by ψ_λ, i.e. D_λ f (x, n, y) = ψ_λ(x, n, y) f (x, n, y). We wish to show that D_λ has bounded commutators with the generators S_i . We compute

[D_λ, S_i ] f (x, n, y) = (ψ_λ(x, n, y) − ψ_λ(σ(x), n − 1, y))χ_{Ci} (x) f (σ(x), n − 1, y) = (ψ_λ(x, n, y) − ψ_λ(σ(x), n − 1, y))(S_i f )(x, n, y).

(5.38) Lemma 5.1.6. The function a_λ(x, n, y) := ψ_λ(x, n, y) − ψ_λ(σ(x), n − 1, y) satisfies the estimate |a_λ(x, n, y)| ≤ max(2, 2|λ| − 1) for any (x, n, y) ∈ �_A and belongs to C_b(�_A). More precisely, a_λ(x, n, y) = 8 > < > :

(2|λ| − 1) χ_{Yλ ∩{cA=|λ|}} + χ_{Yλ ∩{cA>|λ|}} − χ_� 0_{>0 \Yλ} +2χ_{�≤0 ∩{cA+κ=0}} − χ_{�>0 \�} 0 + χ_{�≤0 ∩{cA+κ>0}}, |λ| > 0,

χ_� 0 +2χ_{�<0 ∩{cA+κ=0}} − χ_{�>0 \�} 0 + χ_{�≤0 ∩{cA+κ>0}}, λ = ∘_A.

Proof. We prove the Lemma by dividing into cases. Assume first that λ is non-empty. Consider the following statements involving (x, n, y) ∈ �_A:

a. (x, n, y) ∈ Y_λ; b. (x, n, y) ∈ �^0 \ Y_λ; c. (x, n, y) ∈ � \ �^0; α. (σ(x), n − 1, y) ∈ Y_λ; β. (σ(x), n − 1, y) ∈ �^0 \ Y_λ; γ. (σ(x), n − 1, y) ∈ � \ �^0.

144 M. Goffeng and B. Mesland

We start by excluding the cases that do not occur:

(a and γ) cannot hold simultaneously, for this would be the case if and only if n = 0 and (x, n, y) ∈ Y_λ which is not possible for n ≥ |λ| > 0.

(b and α) can not hold simultaneously, because b implies n > 0 in which case α implies a.

(c and α or β) can not hold simultaneously, because c. implies n < 0 or n ≥ 0 and σ^n(x) ≠ y while α. or β. implies n > 0 and σ^n(x) = y.

We thus have five cases to consider:

(a and α) This holds if and only if n > |λ| and (x, n, y) ∈ Y_λ. In this case, a_λ(x, n, y) = 1. The contribution from a. and α. is therefore χ_{Yλ ∩{cA>|λ|}}.

(a and β) This holds if and only if n = |λ| > 0 and (x, n, y) ∈ Y_λ. In this case, a_λ(x, n, y) = 2|λ| − 1, and this contributes (2|λ| − 1)χ_{Yλ ∩{cA=|λ|}} if |λ| > 0.

(b and β) This holds if and only if (x, n, y) ∈ �^0 \ Y_λ and n > 0 in which case a_λ(x, n, y) = −1. As such, the contribution to a_λ is −χ_� 0_{>0\Yλ} .

(b and γ) This holds if and only if n = 0 and (x, n, y) ∈ �^0 \ Y_λ and if this is the case, a_λ(x, n, y) = 2. Thus, b. and γ contribute 2χ_� 0_{0 \Yλ} = 2χ_� 0_0 to a_λ.

(c and γ) This case can be divided into four sub cases:

(1) n > 0 and σ^n(x) ≠ y; (2) n = 0 and x ≠ y;

(3) n < 0 and n + κ(x, n, y) = 0; (4) n < 0 and n + κ(x, n, y) > 0.

In the first case a_λ(x, n, y) = −1, contributing −χ_{�>0 \�} 0 to a_λ. In the second case, a_λ(x, n, y) = 1, contributing χ_{�0\�} 0_0 to a_λ. In the third case a_λ(x, n, y) = 2, contributing 2χ_{�<0 ∩{cA+κ=0}} to a_λ. In the fourth case a_λ(x, n, y) = 1, contributing χ_{�<0 ∩{cA+κ>0}} to a_λ. The total contribution from the case c. is therefore −χ_{�>0 \�} 0 + χ_{�≤0∩{cA+κ>0}} + 2χ_{�<0 ∩{cA+κ=0}}.

We only sketch the case when λ is the empty word. If λ is the empty word, the case-by-case analysis is similar but without the cases b. and β. The conditions a. and α hold if and only if a. holds and n > 0, contributing χ_� 0_{>0} . Further, a. and γ hold if and only if a. holds and n = 0, contributing χ_� 0_0 . So the contributions from the case a. is exactly χ_� 0 . If c. holds, then γ follows contributing in the same fashion as above the terms −χ_{�>0 \�} 0 + χ_{�≤0 ∩{cA+κ>0}} + 2χ_{�<0 ∩{cA+κ=0}}. □

Summability and CK-algebras 145

Theorem 5.1.7. The operator (E^Ω_A , D_λ) is an odd unbounded KK-cycle for (O_A, C(Ω_A)), which defines the same class as the (O_A, C(Ω_A))-Kasparov module (E^Ω_A , 2p_λ − 1) does.

Proof. The operator D_λ is C(Ω_A)-linear by construction. The operators D_λ ± i : C_c (�_A) → C_c (�_A) are bijective since D_λ is defined via multiplication by a real valued function. Thus, D_λ extends to a selfadjoint regular operator in the module E^Ω_A . To prove that D_λ has compact resolvent, we observe that the restriction of D^2_λ to E^k_n acts as multiplication by (|n|+ k)^2, so since E^k_n is finitely generated and projective, the resolvent (1 + D^2_λ)^{−1} is compact. It remains to show that D_λ has bounded commutators with the generators S_i . This fact follows from Equation (5.38) and Lemma 5.1.6. Since ψ_λ is positive exactly on Y_λ, the class of this unbounded cycle coincides with that of p_λ using Proposition 5.1.5. □

Remark 5.1.8. It is also possible to construct even classes over C(Ω_A) from c_A and κ. On the direct sum E^Ω_A ⊕ E^Ω_A , consider the O_A representation determined by S_i �→ S_i ⊕ S_i and the unbounded symmetric operator

D^{ev} := „ 0 D_c + iD_κ D_c − iD_κ 0 « . The pair (E^Ω_A ⊕ E^Ω_A , D^{ev} ) defines a cycle for KK_0(O_A, C(Ω_A)).

5.1.1. The operator D_{∘A} on the free group. Let us consider the construction of Theorem 5.1.7 in the example of the free group, recalled above in Subsection 3.4.3. The reader can verify that the function φ^∗κ : ∂ F_d ⋊ F_d → N, where φ denotes the groupoid isomorphism implementing the isomorphism of Proposition 3.4.6, is given by φ^∗κ(x, γ) = ℓ(x, γ).

In particular, for the empty word λ = ∘_A, it holds that

φ^∗ψ(x, γ) = 8 < : |γ| when ℓ(x, γ) = 0 − ˛ ˛|γ| − 2ℓ(x, γ) ˛ ˛ − ℓ(x, γ) when ℓ(x, γ) > 0.

5.1.2. Quick computation for SU_q(2). Recall the construction from Subsubsection 1.4.1.

Proposition 5.1.9. If τ = (τ_+, τ_−) : �_{SUq (2)} → Ω_{SUq (2)} × Ω_{SUq (2)} is a weak choice function such that τ_+(∘_A) ∈ C_2 and τ_−(∘_A) ∈ C_1, then the class [E^Ω_{SUq (2)}, D_2] ⊗_{C(ΩSUq (2))} [BP(τ)] generates K^1(C(SU_q(2))).

We use the identification �_{SUq (2)} ∼= N×N given by the mapping that maps (k, l) to the word 1 · · · 12 · · · 2 of k 1:s and l 2:s.

146 M. Goffeng and B. Mesland

Proof. It is well-known (see more in Equation (3.26)), that K_1(C(SU_q(2))) ∼= Z ∼= K^1(C(SU_q(2))). Hence, the Universal Coefficient Theorem for KK-theory implies that the index pairing

K_1(C(SU_q(2))) ⊗ K^1(C(SU_q(2))) → Z

is non-degenerate and in fact an isomorphism. Thus, it suffices to construct a unitary u ∈ C(SU_q(2)) such that the class x := [u] ⊗_{C(SUq (2))} [E^Ω_{SUq (2)}, D_2] ∈ K_0(C(Ω_{SUq (2)})) satisfies that x ⊗_{C(ΩSUq (2))} [BP(τ)] = −1.

Consider the unitary u := S_2 + 1 − S_2S^∗_2 = S_2 + S_1S^∗_1. We set T := p_2up_2 ∈ End^∗_{C(ΩSUq (2))}(p_2E^Ω_{SUq (2)}), so x = ind_{C(ΩSUq (2))}(T ). It holds that p_2E^Ω_{SUq (2)} is generated over C(Ω_{SUq (2)}) by the elements {S_{(k,l)} : l > 0}. A direct computation gives that

T S_{(k,l)} = ĺ S_{(k,l)}, k > 0, S_{(0,l+1)}, k = 0, and T^∗S_{(k,l)} = 8 < : S_{(k,l)}, k > 0, S_{(0,l−1)}, k = 0, l > 1, 0, k = l − 1 = 0.

It follows that ker T = 0 and ker T^∗ = S_2C(Ω_{SUq (2)}) ∼= χ_{C2} C(Ω_{SUq (2)}). Hence x = ind_{C(ΩSUq (2))}(T ) = −[χ_{C2} ]. It follows that x ⊗_{C(ΩSUq (2))} [BP(τ)] = −1 from the computation (4.33). □ 5.2. Restricting to a fiber. In this subsection we will exhaust all the odd K-homology classes of O_A by the unbounded Fredholm modules that are restrictions of the unbounded (O_A, C(Ω_A))-cycles (E^Ω_A , D_λ) of Theorem 5.1.7 to “fibers” over points in Ω_A. Whenever ω is a character on C(Ω_A), we say that ω starts in j if the word that ω corresponds to starts in j, i.e. ω(χ_{Ckμ} ) = δ_{k, j} ω(χ_{Ckμ} ) for any μ ∈ �_A. Before formulating the precise result on these unbounded Fredholm modules, we need a lemma whose notation will come in handy. Recall the notation �_λ = {μλ ∈ �_A}.

Lemma 5.2.1. For any character ω starting in j, there is a partial isometry ι_ω : ℓ^2(�_A) → E^Ω_A ⊗_ω C such that the source projection is the orthogonal projection onto Cδ_{∘A} ⊕ L A(k, j)≠0 ℓ

2(�_k) and

ι_ω(δ_μ) = ĺ 1_{OA} ⊗_ω 1_C, if μ = ∘_A, S_μ ⊗_ω 1_C, if μ ∈ �_A \ {∘_A}.

Proof. The identity ι_ω(δ_μ) = S_μ ⊗_ω 1 and ι_ω(δ_{∘A} ) = 1_{OA} ⊗_ω 1_C determines a linear mapping C_c (�_A) → E^Ω_A ⊗_ω C. Let P_k := R^A_k(R^A_k)^∗ denote the orthogonal projection onto ℓ^2(�_k). Since 1_{OA} ⊗_ω 1_C is a unit vector in E^Ω_A ⊗_ω C, it suffices to prove that for arbitrary μ, ν ∈ �_A, with μ = μ_0k, it holds that

(5.39) 〈ι_ωδ_μ, ι_ωδ_ν 〉_E Ω_{A ⊗ωC} = 〈 X A( j,k)≠0

P_kδ_μ, δ_ν 〉 = ĺ δ_{μ,ν} , if A(k, j) ≠ 0, 0, otherwise.

Summability and CK-algebras 147

Let μ = μ_0k. A direct computation shows that

〈ι_ωδ_μ, ι_ωδ_ν 〉_E Ω_{A ⊗ωC} = ω(S^∗_μS_ν ) = δ_{μ,ν} ω(S^∗_kS_k)

= δ_{μ,ν} NX i=1 A_{ki} ω(S_i S^∗_i ) = ĺ δ_{μ,ν} , if A(k, j) ≠ 0, 0, otherwise. □ Remark 5.2.2. Already on an algebraic level,

ι_ω(δ_{μk}) = S_{μk} ⊗_ω 1 = S_{μk}S^∗_kS_k ⊗_ω 1 = NX l=1 A_{kl} S_{μk}S_l S^∗_l ⊗_ω 1

= NX l=1 A_{kl} S_{μk} ⊗_ω ω(χ_{Cl} ) = A_{k j} S_{μk} ⊗_ω 1.

Let λ ∈ �_A be a finite word, if λ is non-empty we let λ_ℓ denote the last letter of λ. We define the partial isometry W_{λ,ω} : ℓ^2(�_λ) → E^Ω_A ⊗_ω C by W_{λ,ω} := ι_ω|_ℓ2_{(�λ)}.

By Lemma 5.2.1 it holds that W_{λ,ω} is an isometry if λ is non-empty and A(λ_ℓ, j) = 1. If λ is non-empty and A(λ_ℓ, j) = 0, then W_{λ,ω} is a partial isometry of rank 1 with source projection being the one-dimensional space Cδ_{∘A} . If λ = ∘_A, the partial isometry W_{λ,ω} is precisely ι_ω.

We let π^Ω_A : O_A → End^∗_{C(ΩA)}(E^Ω_A ) denote the left O_A-action. Let P_ω ∈ �(E^Ω_A ⊗_ω C) denote the orthogonal projection onto the one-dimensional space ker D_λ ⊗_ω 1 = Cι_ω(δ_{∘A} ) = C1_{OA} ⊗_ω 1_C.

These identities follow from the definition of ψ_λ, see Definition 5.37. Theorem 5.2.3. Let ω : C(Ω_A) → C be a character starting in j. For a finite word λ ∈ �_A, the unbounded Fredholm module (5.40) ω_∗(E^Ω_A , D_λ) = (π^Ω_A ⊗_ω id_C, E^Ω_A ⊗_ω C, D_λ ⊗_ω 1), is θ-summable. If φ(l) ≤ Cl^p for some C, p > 0, then ω_∗(E^Ω_A , D_λ) is �^{p+1,∞}- summable. Furthermore, it holds that the phase of the unbounded Fredholm module (5.40) coincides with the finitely summable analytic K-cycle: (π^Ω_A ⊗_ω id_C, E^Ω_A ⊗_ω C, 2W_{λ,ω}W^∗_{λ,ω} ± P_ω − 1), where the sign is + is λ ≠ ∘_A and the sign is − if λ = ∘_A. On the level of K-homology, it holds that (5.41)

ω_∗[E^Ω_A , D_λ] = 8 < : [β_j ], λ = ∘_A, A(λ_ℓ, j)[β_{λ1} ], λ = λ_1 · · · λ_ℓ ∈ �_A \ {∘_A} in K^1(O_A).

148 M. Goffeng and B. Mesland

Remark 5.2.4. In fact, it follows from Lemma 5.2.1 that if λ is non-empty and A(λ_ℓ, j) = 0 then 2W_{λ,ω}W^∗_{λ,ω} + P_ω − 1 = P_ω − 1. Hence, the computations of Theorem 5.2.3 imply that the phase of the unbounded Fredholm module (5.40) is modulo P_ω a degenerate cycle, as such it is K-homologically trivial in a very strong sense.

Recall the notation β_k from Proposition 2.2.5. We wish to remark^7 that since (E^Ω_A , D_λ) is an unbounded KK-cycle, functoriality of unbounded KK-cycles guarantees that ω_∗(E^Ω_A , D_λ) is an unbounded Fredholm module. As such, the proof consists of proving θ-summability and identifying its bounded transform. We structure the proof of the later in a Proposition.

Proposition 5.2.5. Let ω be a character on C(Ω_A), λ ∈ �_A and define K^λ_ω as the closed linear span of {S_μ ⊗_ω 1|μ = μ_0λ} ⊆ E^Ω_A ⊗_ω C. It holds that the positive spectral projection of D_λ ⊗_ω 1 is the orthogonal projection onto (1 − P_ω)K^λ_ω ⊆ E^Ω_A ⊗_ω C. In particular, if ω starts in j and A(λ_ℓ, j) = 0, where λ_ℓ is the last letter of λ, then K^λ_ω = 0.

The proof of the first part of Proposition 5.2.5 is clear from Proposition 5.1.5 and the proof of Theorem 5.1.7. The second part follows from the first part and Lemma 5.2.1 (cf. Remark 5.2.2).

Proof of Theorem 5.2.3. It follows from Proposition 5.2.5 and Lemma 5.2.1 that if λ is non-empty, the projection onto the positive spectrum of D_λ ⊗_ω 1 coincides with W_{λ,ω}W^∗_{λ,ω}. If λ is empty, the projection onto the non-negative spectrum of D_∘ ⊗_ω 1 coincides with W_{∘,ω}W^∗_{∘,ω}. In our convention, declaring |D_λ ⊗_ω 1|^{−1} to be 0 on ker D_λ ⊗_ω 1, it holds that

D_λ ⊗_ω 1 |D_λ ⊗_ω 1| = 8 < : 2W_{λ,ω}W^∗_{λ,ω} + P_ω − 1, if λ ≠ ∘_A

2W_{∘,ω}W^∗_{∘,ω} − P_ω − 1, if λ = ∘_A .

Hence, if λ is non-empty and A(λ_ℓ, j) = 0, Equation (5.41) follows. To prove Equation (5.41) for a non-empty λ with A(λ_ℓ, j) = 1, we apply the ideas of Subsection 2.2 after computing

W^∗_{λ,ω} ^ (π_A ⊗_ω id_C)(S_i) ~ W_{λ,ω} = L^A_i |_ℓ2_{(�λ)}, i = 1, . . . , N.

The identity (5.41) and finite summability follows mutatis mutandis to the proof of Proposition 2.2.5 using the fact that ℓ^2(�_λ) = R^A_{λ̄}(R^A_{λ̄})^∗ℓ^2(�_A) and in the K-theory of O_AT it holds that

T¯_λ T^∗_{λ̄} ∼ T^∗_{λ̄} T¯_λ = T^∗_{λ1} T_{λ1} ∼ T_{λ1} T^∗_{λ1} .

If λ = ∘_A, it follows from Proposition 5.2.1 that

W^∗_{∘,ω} ^ (π_A ⊗_ω id_C)(S_i) ~ W_{∘,ω} = W^∗_{∘,ω}W_{∘,ω} L^A_i |_{Cδ∘A ⊕}^L_{A(k, j)≠0 ℓ}2_{(�k )}, i = 1, . . . , N.

7For the sake of mental peace of the reader.

Summability and CK-algebras 149

Hence W^∗_{∘,ω} ^ (π_A ⊗_ω id_C)(S_i) ~ W_{∘,ω} − L^A_i |^L_{A(k, j)≠0 ℓ}2_{(�k )} is of finite rank. An argument similar to that in Subsection 2.2 shows that Ť π^Ω_A ⊗_ω id_C, E^Ω_A ⊗_ω C, 2W_{∘,ω}W^∗_{∘,ω} − P_ω − 1 Ů = NX l=1 A(l, j)[β_l ] = [β_j]

It remains to prove θ-summability, i.e. that e^{−(Dλ ⊗ω1)2} is trace class. Applying the computations of Proposition 5.1.3 and the definition of D_λ, we have that

E^Ω_A ⊗_ω C = M n∈Z M l∈N l+n≥0

ω(p_{n,l} )C^{φ(l+n)}

and in this decomposition

(D_λ ⊗_ω 1)^2 = M n∈Z M l∈N l+n≥0

(|n| + l)^2ω(p_{n,l} ).

It follows from Corollary 1.1.6 that e^{−(Dλ ⊗ω1)2} is trace class. Assuming that φ(l) ≤ Cl^p for some p implies that |D_λ ⊗_ω 1|^{−1} ∈ �^{p+1,∞}(E^Ω_A ⊗_ω C); in this case, ω_∗(E^Ω_A , D_λ) is a �^{p+1,∞}-summable unbounded Fredholm module. □

Remark 5.2.6. In particular, Theorem 5.2.3 implies that for a choice of characters ω_1, ω_2, . . . , ω_N such that each ω_k starts in a letter k, the mapping

Z^N → K^1(O_A), (l_1, l_2, . . . , l_N ) �→ NX k=1 l_k Ť (ω_k)_∗(E^Ω_A , D_∘) Ů is surjective.

This gives an explicit proof of the fact that the Kasparov product

KK_1(O_A, C(Ω_A)) ⊗ K^0(C(Ω_A)) → K^1(O_A) is surjective.

Remark 5.2.7. If the matrix A is irreducible or has property (I), Theorem 1.3.3 implies that the unbounded Fredholm modules ω_∗(E^Ω_A , D_λ) in fact are spectral triples on O_A.

6. Kasparov products with the Bellissard-Pearson spectral triples

The point localizations of the previous section form a simple case of the Kasparov product in KK-theory. We will describe the Kasparov products of the (O_A, C(Ω_A))-cycles with the Bellissard-Pearson spectral triples, via the operator space approach to connections [9, 38, 52]. It turns out that, by naively applying these techniques, we obtain a 1−s-unbounded Fredholm module (see the appendix) from any cycle (E^Ω_A , D_λ), with λ a finite word, and any Bellissard-Pearson spectral triple (π_τ, ℓ^2(�_A, C^2), D_{� ,s}) for s ∈ (0, 1). The case s = 1 is excluded as the theory of ϵ-unbounded Fredholm modules breaks down at ϵ = 0. First, we will briefly recall the techniques developed in [9].

Definition 6.0.1. Let (π, H , D) be a unbounded Fredholm module. Its Lipschitz algebra is as in Definition 2 (see page 91) defined to be the ∗-algebra

(6.42) �_D = Lip(π, H , D) := {a ∈ A : [D, a] ∈ �(H )}.

150 M. Goffeng and B. Mesland

This algebra is the maximal subalgebra of A such that [D, a] is bounded for any a. The algebra �_D can be topologized by the representation

π̃_D := id ⊕ π_D : �_D → A ⊕ �(H ⊕ H )

where π_D : a �→ „ π(a) 0 [D, π(a)] π(a) « , realizing �_D as a closed subalgebra of A⊕ �(H ⊕ H ). As such it is an operator algebra. The reader can consult [8] for an exposition of the general theory of nonselfadjoint operator algebras. The involution in A induces an involution in �_D, which is well behaved with respect to the representation π_D. Indeed,

π_D(a^∗) = v^∗π_D(a)^∗ v, where v = „ 0 −1 1 0 « , which implies that the involution is completely isometric for the norm induced by π̃_D. Operator algebras equipped with a completely bounded involution are called involutive operator algebras [9, 52] and operator ∗-algebras in [38]. The main feature of involutive operator algebras is that there is a class of modules over them, which in many ways behave like Hilbert C^∗-modules. We recall the theory for Lipschitz algebras.

Definition 6.0.2 ([38, 52]). Let �_D be a unital Lipschitz algebra. The standard free module over �_D is the module

H_� := ( (a_i )_{i∈Z} ∈ Y i∈Z �_D : X i∈Z π̃_D(a_i )^∗π̃_D(a_i ) < ∞ ) . The module H_� carries an �_D-valued inner product, but this inner product does not define the norm. The algebra of adjointable operators End^∗_� (H_� ) consists of those completely bounded operators T : H_� → H_� that admit an adjoint with respect to the inner product. The existence of unbounded projections in H_� is due to the fact that norm and inner product are not related in the same way as they are in Hilbert C^∗-modules. A projection is a closed densely defined operator satisfying p^2 = p^∗ = p. In [9, Definition 2.27], a Lipschitz module over �_D is defined to be a closed submodule � ⊂ H_� which is the range of a densely defined (possibly unbounded) projection p : Dom p → H_� that decomposes as a direct sum p = L i∈I p_i of projections p_i ∈ End^∗_� (H_� ) for some countable set I. The algebra �(� ) is defined to be the cb-norm closure of the �_D-linear finite rank operators on � .

Proposition 6.0.3 ([9]). For each i ∈ Z, let p_i ∈ M_{ni} (�_D) be a projection and �_i := p_{ni} �^{ni}_D ⊂ �^{ni}_D . Then the direct sum L i∈Z �_i is a Lipschitz module.

The main feature of Lipschitz modules is the existence of connections on them. Recall that the space of 1-forms associated to (π, H , D) is

Ω^1_D := ( X i π(a_i)[D, π(b_i )] : a_i ∈ A, b_i ∈ �_D ) ⊂ �(H ),

Summability and CK-algebras 151

where the sums converges in operator norm. The operator space Ω^1_D is a left Amodule and a right �_D-module. The map a �→ [D, a] is a completely bounded derivation �_D → Ω^1_D . A D-connection on a Lipschitz module � is a completely bounded map ∇ : � → E ~⊗_AΩ^1_D,

where ~⊗ denotes the Haagerup module tensor product (see [8] for the general construction and [52, Section 3.2] and the papers [9, 38] for its use in the context of KK-theory), satisfying the Leibniz rule

∇(ea) = ∇(e)a + e ⊗ [D, a],

for e ∈ � and a ∈ �_D. By [9], connections on Lipschitz modules always exist, since the Grassmann connection p[D, p] is completely bounded by construction.

6.1. A connection on the Haar module. We now employ the machinery described above to construct a Lipschitz submodule �^Ω_A ⊂ E^Ω_A for any given logarithmic Bellissard-Pearson spectral triple BP(τ). By Proposition 6.0.3 it suffices to show that the Haar module E^Ω_A is a direct sum of finitely generated projective modules over C(Ω_A), which is the content of Proposition 5.1.3. The following lemma serves in making the associated Lipschitz structure explicit.

Lemma 6.1.1. Let (π_τ, ℓ^2(�_A, C^2), D_{� ,s}) be a logarithmic Bellissard-Pearson spectral triple. The projections p_{n,k,λ} := v_{n,k,λ} v^∗_{n,k,λ} ∈ M_{φ(n+k)}(C(Ω_A)) are in fact elements of M_{φ(n+k)}(Lip(Ω_A, d_{ΩA} )), and therefore [D_{� ,s}, p_{n,k,λ}] ∈ �(ℓ^2(�_A, C^2)).

Proof. The projection v_{n,k,λ} v^∗_{n,k,λ} ∈ M_{φ(n+k)}(C(Ω_A)) has entries Ť v_{n,k,λ} v^∗_{n,k,λ} Ů μ,ν = ρ Ą“ χ^k_{n,μλ}

”_∗ χ^k_{n,νλ} Ń

which equal 0 if μ ≠ ν. For μ ∈ �_A of length n+ k the convolution product gives “ χ^k_{n,μ}

”_∗ χ^k_{n,μ}(x) = X χ^k_{n,μ}(z, n, x) = ȷ 1 if A_{μn+k ,xk+1} = 1 and μ_{n+k} ≠ x_k 0 otherwise

Thus, for k = 0, this function equals the projection NX i=1 A_{μn,i} χ_{Ci} ,

whereas, for k > 0, we get NX j=1 X i≠μ_{n+k}

A_{μn+k ,i} (σ^{k−1})^∗χ_{Ci j} .

Since these are sums of shifted cylinder functions, it is Lipschitz in the metric d_{ΩA} . It follows that the projection v_{n,k,λ} v^∗_{n,k,λ} is a matrix of functions that are Lipschitz in the metric d_{ΩA} . The proposition follows from Proposition 4.1.4. □

152 M. Goffeng and B. Mesland

In view of this fact, Proposition 5.1.3 and Lemma 6.1.1 imply that the module E^k_k admits a submodule �^n_k with the structure of a projective operator module over the involutive operator algebra

Lip_{τ,s}(Ω_A) := Lip(π_τ, ℓ^2(�_A, C^2), D_{� ,s}) = ȷ f ∈ C(Ω_A) : „ π_τ( f ) 0 [D_{� ,s}, π_τ( f )] π_τ( f ) « ∈ �(ℓ^2(�_A, C^2) ⊕ ℓ^2(�_A, C^2)) ff . This uses the fact that Proposition 4.1.4 implies that there is a continuous inclusion Lip(Ω_A, d_{ΩA} ) �→ Lip_{τ,s}(Ω_A) for any s ∈ (0, 1]. Denote by �^Ω_A ⊂ E^Ω_A the submodule

�^Ω_A := 8 < : f ∈ E Ω A : X n,k,μ |μ|=n+k

π̃_D(ρ(χ^{k∗}_{n,μ} f ))^∗π̃_D(ρ(χ^{k∗}_{n,μ} f )) < ∞ 9 = ; , which is complete in the norm

(6.43) ‖ f ‖^2_� := ‚ ‚ ‚ ‚ ‚ ‚ X n,k,μ

π̃_D(ρ(χ^{k∗}_{n,μ} f ))^∗π̃_D(ρ(χ^{k∗}_{n,μ} f )) ‚ ‚ ‚ ‚ ‚ ‚_{C(ΩA)⊕�(ℓ2(� ,C4 ))} .

To reduce notation, we suppress the dependence on s in �^Ω_A in our notation. We reduce notation further by setting Ω^1_τ := Ω^1_{D� ,s} , which depends on τ through the representation of C(Ω_A). The norm in (6.43) is compatible with the projective module decomposition (5.36). There is a connection

∇^k_n : �^k_n → E^k_n ~⊗_{C(ΩA)}Ω^1_τ f �→ v^∗_{n,k} ⊗ [D_{� ,s}, ρ(v_{n,k} ∗ f )],

whose direct sum extends to a connection ∇ : �^Ω_A → E^Ω_A ~⊗_{C(ΩA)}Ω^1_τ.

Lemma 6.1.2. The module �^Ω_A is dense E^Ω_A and �^Ω_A is a Lipschitz module in the norm (6.43). The operator D_λ restricts to a selfadjoint regular operator in �^Ω_A , and (D_λ ± i)^{−1} ∈ �(�^Ω_A ). Moreover, [D_λ, ∇] = 0.

Proof. To see that �^Ω_A is dense in E^Ω_A , observe that the finitely generated projective Lip_{τ,s}(Ω_A)-module

�^k_n := ę f ∈ E^n_k : v_{n,k} f ∈ Lip_{τ,s}(Ω_A)^{φ(n+k)} ľ ⊂ �^Ω_A ,

is dense in E^k_n . The Lip_{τ,s}(Ω_A)-module �^Ω_A contains the algebraic direct sum of the �^k_n as a dense submodule. Since the norm (6.43) comes from the embedding

v : �^Ω_A → M n,k,μ

Lip_{τ,s}(Ω_A)^{φ(n+k)} ∼= H_{Lip}s_{τ(ΩA)}

f �→ (ρ(χ^{k∗}_{n,μ} f ))_{n,k,μ},

Summability and CK-algebras 153

�^Ω_A is a Lipschitz module. We now prove that the resolvents (D_λ ± i)^{−1} are completely bounded for the Lipschitz norm. The Lipschitz norm is given by (6.43), for f ∈ �^Ω_A we have

‖(D_λ ± i)^{−1} f ‖^2_� = ‚ ‚ ‚ ‚ ‚ X n,k,μ

π̃_D (ρ(χ^{k∗}_{n,μ}(D_λ ± i)^{−1} f ))^∗π̃_D(ρ(χ^{k∗}_{n,μ}(D_λ ± i)^{−1} f )) ‚ ‚ ‚ ‚ ‚_{C(ΩA)⊕�(ℓ2(� ,C4))} , and this norm identity is compatible with the projective module decomposition (5.36). Thus (although D_λ depends on whether k = 0 or k > 0 and μ ∈ �_λ or not) for fixed n, k, μ, we have

π̃_D(ρ(χ^{k∗}_{n,μ}(D_λ ± i)^{−1} f ))^∗π̃_D(ρ(χ^{k∗}_{n,μ}(D_λ ± i)^{−1} f ))

≤ (1 + n^2 + k^2)^{−1}π̃_D(ρ(χ^{k∗}_{n,μ} f ))^∗π̃_D(ρ(χ^{k∗}_{n,μ} f )),

by definition of ψ_λ, see Equation (5.37). This shows that ‖(D_λ ± i)^{−1} f ‖^2_� ≤ ‖ f ‖^2_� . The same computation shows that the resolvent (D_λ ± i)^{−1} is completely contractive. Moreover, they also show that the resolvents are cb-norm limits of finite rank operators (see Proposition 5.1.5 and Lemma 6.1.1), and hence (D_λ ± i)^{−1} ∈ �(�^Ω_A ). By construction, the connection satisfies [∇, D_λ] = 0. □

The operator 1 ⊗_∇ D_{� ,s} acts on elementary tensors e ⊗ (φ_+, φ_−)^T ∈ �^Ω_A ⊗^{al g}_{Lipτ,s (ΩA)} C_c (�_A, C^2) as

(1 ⊗_∇ D_{� ,s}) „ e ⊗ „ φ_+ φ_− «« (v) = ∞X k=0 ∞X n=−k X |μ|=n+k

χ^k_{n,μ} ⊗ Ć |v|^sπ_−(ρ(χ^{k∗}_{n,μ}e))φ_− |v|^sπ_+(ρ(χ^{k∗}_{n,μ}e))φ_+ Ň (v).

Theorem 6.1.3. For any logarithmic Bellissard-Pearson spectral triple with grading operator γ and any finite word λ, the operator D_{λ,τ,s} := D_λ ⊗ γ + 1 ⊗_∇ D_{� ,s},

is selfadjoint and has compact resolvent in H (τ) := E^Ω_A ⊗_{C(ΩA)} ℓ^2(�_A, C^2).

Proof. The unbounded KK-cycle (E^Ω_A , D_λ) admits the compatible Lipschitz structure (�^Ω_A , D_λ, ∇) (described above) associated with a Bellissard-Pearson spectral triple (π_τ, ℓ^2(�_A, C^2), D_{� ,s}). Therefore, the operator 1 ⊗_∇ D_{� ,s} is essentially selfadjoint by [9, Theorem 2.30]. Since (D_λ ± i)^{−1} ∈ �(�^Ω_A ),

im(D_λ ⊗ γ ± i)^{−1}(1 ⊗_∇ D_{� ,s} ± i)^{−1} = im(1 ⊗_∇ D_{� ,s} ± i)^{−1}(D_λ ⊗ γ ± i)^{−1}, and D_λ ⊗ γ and 1 ⊗_∇ D_{� ,s} anticommute on this subspace by the proof of [9, Theorem 2.35]. From [9, Theorem 2.33], and the discussion in [9, Example 2.39], it follows that D_{λ,τ,s} is selfadjoint on the intersection of the domains of D_λ ⊗ γ and 1 ⊗_∇ D_{� ,s}. The products of the resolvents (1 ⊗_∇ D_{� ,s} ± i)^{−1} and (D_λ ⊗ γ ± i)^{−1} are compact by construction; hence by [52, Lemma 6.3.2], the resolvent of the sum is compact as well. □

Remark 6.1.4. In this section and Theorem 6.1.3, contrary to the constructions in [9, 38, 52], we have not discussed any left module structure for a dense subalgebra of O_A on �^Ω_A . The existence of a left module structure as in [9, 38, 52]

154 M. Goffeng and B. Mesland

would imply that the product operator has bounded commutators with the dense subalgebra of O_A, and thus represents the Kasparov product of the unbounded modules involved. In view of not having a well behaved left module structure, we cannot conclude bounded commutators with the left action of the dense subalgebra of O_A from Theorem 6.1.3. Due to the lack of bounded commutators, we are required to use the broader setting of ϵ-unbounded Fredholm modules in order to identify this operator as the Kasparov product.

6.2. A family of ϵ-unbounded Fredholm modules. We now proceed to show that (H (τ), D_{λ,τ,s}) constitutes an ϵ-unbounded Fredholm module representing the Kasparov product

KK_1(O_A, C(Ω_A)) × K^0(C(Ω_A)) → K^1(O_A) [D_λ] × [BP_s(τ)] �→ [D_λ] ⊗_{C(ΩA)} [BP_s(τ)].

The classes [D_λ] ∈ KK_1(O_A, C(Ω_A)) are described in Subsection 5.1, and [BP_s(τ)] ∈ K^0(C(Ω_A)) = KK_0(C(Ω_A), C) are the classes associated with the logarithmic Bellissard-Pearson spectral triples, with s < 1, from Section 4. The reader is referred to the appendix for the notion of ϵ-unbounded Fredholm modules.

Lemma 6.2.1. Let k + n > 0 and μ be a nonempty word starting in μ_1. Then (1) S_i χ^k_{n,μ} = A_{i,μ1} χ^k_{n+1,iμ}; (2) “ χ^k_{n,μ}

”_∗

S_i = δ_{i,μ1} “ χ^k_{n−1,σ� (μ)}

”_∗ . Proof. We compute

S_i χ^k_{n,μ}(x, m, y) = X S_i (x, ℓ, z)χ^k_{n,μ}(z, m − ℓ, y)

= χ_{Ci} (x)χ^k_{n,μ}(σ(x), m − 1, y),

which is nonzero only if m = n + 1, x_1 = i, σ(x) ∈ C_μ and κ(σ(x), n, y) = k. This holds if and only if x ∈ C_{iμ} and κ(x, n + 1, y) = k, proving 1.). For 2.) we compute again “ χ^k_{n,μ}

”_∗ S_i (x, m, y) = X “ χ^k_{n,μ}

”_∗ (x, ℓ, z)S_i (z, m − ℓ, y) = X χ^k_{n,μ}(z, −ℓ, x)S_i (z, m − ℓ, y)

= A_{i, y1} χ^k_{n,μ}(i y, 1 − m, x),

and this is nonzero only if m = −(n − 1), μ_1 = i, y ∈ C_{σ� (μ)} and κ(i y, n, x) = k. This holds only if κ( y, n − 1, x) = k, proving 2.) □

Lemma 6.2.2. Let k ≥ 0 and i = 1, . . . , N. Then (1) “ χ^k_{−k,∘}

”_∗

S_i = (χ_{Ci} ∘ σ^k ) ∗ “ χ^{k+1}_{−k−1,∘}

”_∗ ; (2) S_i χ^k_{−k,∘} = χ^k_{−k+1,i} + χ_{Ci} ∗ χ^{k−1}_{−k+1,∘}; (3) χ_{Ci} ∗ χ^k_{−k,∘} = χ^k_{−k,∘} ∗ Ă χ_{Ci} ∘ σ^k Ł .

Summability and CK-algebras 155

Proof. For 1.) compute Ă χ^k_{−k,∘}

Ł_∗

S_i (x, m, y) = X Ă χ^k_{−k,∘}

Ł_∗ (x, ℓ, z)S_i (z, m − ℓ, y) = X χ^k_{−k,∘}(z, −ℓ, x)S_i (z, m − ℓ, y)

= A_{i y1} χ^k_{−k,∘}(i y, 1 − m, x) = ȷ 1 when m = k + 1, A_{i y1} = 1, κ(i y, −k, x) = k 0 otherwise = ȷ 1 when m = k + 1, A_{i y1} = 1, κ( y, −(k + 1), x) = k + 1, σ^k(x) ∈ C_i 0 otherwise

= χ_{Ci} (σ^k(x))χ^{k+1}_{−k−1,∘}( y, −m, x) = χ_{Ci} (σ^k(x)) “ χ^{k+1}_{−k−1,∘}

”_∗ (x, m, y).

For 2.)

S_i χ^k_{−k,∘}(x, m, y) = X S_i (x, ℓ, z)χ^k_{−k,∘}(z, m − ℓ, y)

= δ_{i,x1} χ^k_{−k,∘}(σ(x), m − 1, y) = ȷ 1 when x ∈ C_i , m = −(k − 1), κ(σ(x), −k, y) = k 0 otherwise = ȷ 1 when x ∈ C_i , m = −(k − 1), κ(x, −(k − 1), y) ∈ {k, k − 1} 0 otherwise

= (χ^k_{−(k−1),i} + χ_{Ci} ∗ χ^{k−1}_{−(k−1),∘})(x, m, y).

Also 3.) is verified by direct computation.

χ_{Ci} ∗ χ^k_{−k,∘}(x, m, y) = χ_{Ci} (x)χ^k_{−k,∘}(x, m, y) = ȷ 1 when x ∈ C_i , m = −k, κ(x, −k, y) = k 0 otherwise = ȷ 1 when x ∈ C_i , m = −k, x = σ^k( y) 0 otherwise = ȷ 1 when σ^k( y) ∈ C_i , m = −k, κ(x, −k, y) = k 0 otherwise

= χ^k_{−k,∘} ∗ (χ_{Ci} ∘ σ^k)(x, m, y). □

156 M. Goffeng and B. Mesland

Proposition 6.2.3. Let (π_τ, ℓ^2(�_A, C^2), D_{� ,s}) be a logarithmic Bellissard- Pearson spectral triple. The operators S_i preserve the algebraic tensor product

0 B @ al gM

n,k �^k_n 1 C A ⊗^{al g}_{C(ΩA)} C_c (�_A, C^2),

which is a core for D_λ ⊗γ+1⊗_∇ D_{� ,s} and [1⊗_∇ D_{� ,s}, S_i ] is given on an elementary tensor e ⊗ (φ_+ φ_−)^T by the sum

Ť 1 ⊗_∇ D_{� ,s}, S_i Ů e ⊗ „ φ_+ φ_− « (6.44) = − ∞X k=0 χ^k_{−k,∘} ⊗ Ť D_{� ,s}, π_τ Ă χ_{Ci} ∘ σ^k ŁŮ π_τ “ ρ(χ^{(k+1)∗}

−k−1,∘e)

” „φ_+

φ_− « .

The operator [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k )] on ℓ^2(�_A, C^2) is given by multiplication by a compactly supported matrix valued function on �_A satisfying the estimate

(6.45) ‚ ‚[D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)] ‚ ‚_{�(ℓ2(�A,C2))} ≤ k^s.

Proof. Since S_i (�^k_n ) ⊆ �^{k−1}_{n+1} ⊕ �^k_{n+1}, the operator S_i preserves the algebraic direct sum of the �^n_k and hence a common core for D_λ ⊗ 1 and 1 ⊗_∇ D_{� ,s}. The commutator [S_i , 1 ⊗_∇ D_{� ,s}] is computed as

[S_i , 1 ⊗_∇ D_{� ,s}] Ć e ⊗ Ć φ_+

φ_− ŇŇ (v) (6.46)

= X n,k,μ

S_i χ^k_{n,μ} ⊗ 0 B @ |v|^sπ_− “ ρ(χ^{k∗}_{n,μ} e) ” φ_−

|v|^sπ_+ “ ρ(χ^{k∗}_{n,μ} e) ” φ_+

1 C A (v)

− χ^k_{n,μ} ⊗ 0 B @ |v|^sπ_− “ ρ(χ^{k∗}_{n,μ}S_i e) ” φ_−

|v|^sπ_+ “ ρ(χ^{k∗}_{n,μ}S_i e) ” φ_+

1 C A (v).

Summability and CK-algebras 157

This expression can by Lemma 6.2.1 (for n + k > 0) and by Lemma 6.2.2 (for n + k = 0) be written as: = X n+k>0

A_{i,μ1} χ^k_{n+1,iμ} ⊗ 0 B @ |v|^sπ_− “ ρ(χ^{k∗}_{n,μ}e) ” φ_−

|v|^sπ_+ “ ρ(χ^{k∗}_{n,μ}e) ” φ_+

1 C A (v)

− χ^k_{n,μ} ⊗ 0 B @ |v|^sπ_− “ ρ(δ_{i,μ1} χ^{k∗}_{n−1,σ(μ)}e) ” φ_−

|v|^sπ_+ “ ρ(δ_{i,μ1} χ^{k∗}_{n−1,σ(μ)})e) ” φ_+

1 C A (v)

+ ∞X k=0 “ χ^k_{−k+1,i} + χ_{Ci} ∗ χ^{k−1}_{−k+1,∘}) ” ⊗ 0 B @ |v|^s π_− “ ρ(χ^{k∗}_{−k,∘} e) ” φ_−

|v|^s π_+ “ ρ(χ^{k∗}_{−k,∘} e) ” φ_+

1 C A (v)

− ∞X k=0 χ^k_{−k,∘} ⊗ 0 B @ |v|^sπ_− “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_−

|v|^sπ_+ “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_+

1 C A (v)

We regroup these expressions as follows.

(6.47) X n+k>0

A_{i,μ1} χ^k_{n+1,iμ} ⊗ 0 B @ |v|^sπ_− “ ρ(χ^{k∗}_{n,μ}e) ” φ_−

|v|^sπ_+ “ ρ(χ^{k∗}_{n,μ}e) ” φ_+

1 C A (v)

(6.48) −χ^k_{n,μ} ⊗ 0 B @ |v|^sπ_− “ ρ(δ_{i,μ1} χ^{k∗}_{n−1,σ(μ)}e) ” φ_−

|v|^sπ_+ “ ρ(δ_{i,μ1} χ^{k∗}_{n−1,σ(μ)}e) ” φ_+

1 C A (v)

(6.49) + ∞X k=0 χ^k_{−k+1,i} ⊗ 0 B @ |v|^sπ_− “ ρ(χ^{k∗}_{−k,∘}e) ” φ_−

|v|^sπ_+ “ ρ(χ^{k∗}_{−k,∘}e) ” φ_+

1 C A (v)

+ ∞X k=0 χ_{Ci} ∗ χ^k_{−k,∘}⊗ 0 B @ |v|^sπ_− “ ρ(χ^{(k+1)∗}

−k−1,∘e) ” φ_−

|v|^sπ_+ “ ρ(χ^{(k+1)∗}

−k−1,∘e) ” φ_+

1 C A (v)

(6.50)

− χ^k_{−k,∘} ⊗ 0 B @ |v|^sπ_− “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_−

|v|^sπ_+ “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_+

1 C A (v).

We claim that (6.47), (6.48) and (6.49) add up to 0. To see this, consider a nonempty word μ with A_{iμ1} = 1. Each nonzero term in (6.47) is cancelled by a nonzero term in (6.48). All of (6.47) is cancelled in this way. What remains in (6.48) are the terms with n + k = |μ| = 1 and δ_{i,μ1} = 1. The remaining terms in (6.48) correspond to μ = i and n = −k + 1. These are exactly the terms

158 M. Goffeng and B. Mesland

occuring in (6.49), with the opposite sign. As such, the remainder of (6.48) is cancelled by (6.49), as claimed, and the entire commutator in (6.46) equals (6.50).

Subsequently, we handle (6.50) by exchanging π_+ and π_− at the expense of a commutator to obtain

[S_i , 1 ⊗_∇ D_{� ,s}] Ć e ⊗ Ć φ_+

φ_− ŇŇ (v)

= ∞X k=0 χ_{Ci} ∗ χ^k_{−k,∘} ⊗ 0 B @ |v|^sπ_+ “ ρ(χ^{(k+1)∗}

−k−1,∘e) ” φ_−

|v|^sπ_− “ ρ(χ^{(k+1)∗}

−k−1,∘e) ” φ_+

1 C A (v)

(6.51)

− ∞X k=0 χ^k_{−k,∘} ⊗ 0 B @ |v|^s π_+ “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_−

|v|^s π_− “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_+

1 C A (v)

+ ∞X k=0 χ_{Ci} ∗ χ^k_{−k,∘}⊗ h D_{� ,s}, π_τ “ ρ(χ^{(k+1)∗}

−k−1,∘ e)

”i Ćφ_+

φ_− Ň (v) (6.52)

− ∞X k=0 χ^k_{−k,∘} ⊗ h D_{� ,s}, π_τ “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e)

”i Ćφ_+

φ_− Ň (v),

and to the term (6.51) we apply Lemma 6.2.2 3.) to obtain ∞X k=0 χ^k_{−k,∘}(χ_{Ci} ∘ σ^k)⊗ 0 B @ |v|^s π_+ “ ρ(χ^{(k+1)∗}

−k−1,∘ e) ” φ_−

|v|^s π_− “ ρ(χ^{(k+1)∗}

−k−1,∘ e) ” φ_+

1 C A (v)

− ∞X k=0 χ^k_{−k,∘} ⊗ 0 B @ |v|^sπ_+ “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_−

|v|^sπ_− “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘}e) ” φ_+

1 C A (v)

= ∞X k=0 χ^k_{−k,∘}⊗ 0 B @ |v|^sπ_+ “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘} e) ” φ_−

|v|^sπ_− “ ρ((χ_{Ci} ∘ σ^k)χ^{(k+1)∗}_{−k−1,∘} e) ” φ_+

1 C A (v)

− ∞X k=0 χ^k_{−k,∘} ⊗ 0 B @ |v|^sπ_+ “ ρ((χ_{Ci} ∘ σ^k )χ^{(k+1)∗}_{−k−1,∘}e) ” φ_−

|v|^sπ_− “ ρ((χ_{Ci} ∘ σ^k )χ^{(k+1)∗}_{−k−1,∘}e) ” φ_+

1 C A (v) = 0.

The remaining term (6.52) further simplifies to (6.44) using Lemma 6.2.2 3.) once more.

Summability and CK-algebras 159

The commutator [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)] appearing in (6.44) vanishes whenever |v| > k because in that case τ_+(v)_{k+1} = v_{k+1} = τ_−(v)_{k+1} hence χ_{Ci} (τ_+(v)) = χ_{Ci} (τ_−(v)). Here the subscript k+1 indicates the (k+1)-st letter. The estimate (6.45) follows readily from the same observation. □

Recall the notation H (τ) and D_{λ,τ,s} from Theorem 6.1.3.

Theorem 6.2.4. For s ∈ (0, 1) the pair (H (τ), D_{λ,τ,s}) is a well defined (1 − s)-unbounded Fredholm module on O_A that represents the Kasparov product [E, D_λ] ⊗_{C(ΩA)} [BP_s(τ)].

Proof. The operator D_{λ,τ,s} = D_λ ⊗ γ + 1 ⊗_∇ D_{� ,s} is selfadjoint with compact resolvent by Theorem 6.1.3. We will show that the operators

[1 ⊗_∇ D_{� ,s}, S_i ](1 + D^2_{λ,τ,s})^{− s2} , (1 + D^2_{λ,τ,s})^{− s2} [1 ⊗_∇ D_{� ,s}, S_i ]

are bounded. By Proposition 6.2.3, S_i preserves a core for D_λ ⊗ γ + 1 ⊗_∇ D_{� ,s}. The operator 1 + D^2_{λ,τ,s} = 1 + D^2_λ ⊗ 1 + (1 ⊗_∇ D_{� ,s})^2 preserves subspaces of the form �^k_n ⊗_{Lipτ(ΩA)} C_c (�_A, C^2). From the form of (6.44), it follows that (6.53) (1+D^2_{λ,τ,s})^{− s}2 [1⊗_∇ D_{� ,s}, S_i ] : �^{k+1}_{−k−1} ⊗_{Lipτ (ΩA)} C_c (�_A, C^2) → �^k_{−k} ⊗_{Lipτ (ΩA)} C_c (�_A, C^2).

We denote the restricted operator of Equation (6.53) by T_{i,k}. By Equation (6.44) and the orthogonality of the decomposition of Proposition 5.1.5, it holds that ‚ ‚ ‚(1 + D^2_{λ,τ,s})^{− s2} [1 ⊗_∇ D_{� ,s}, S_i ] ‚ ‚ ‚_{�(H (τ))} ≤ sup_k ‖T_{i,k}‖_{�(H (τ))}

As such, it suffices to show that for any k and any finite sum (6.54) x = X j e_j ⊗ Ć φ^j_+ φ^j_− Ň = X j χ^{k+1}_{−k−1,∘} ⊗π_τ Ă ρ Ă (χ^{k+1}_{−k−1,∘})^∗ e_j ŁŁ Ć φ^j_+ φ^j_− Ň ∈ �^{k+1}_{−k−1} ⊗_{Lipτ (ΩA)} C_c (�_A, C^2)

it holds that

‖T_{i,k} x‖_{H (τ)} = ‚ ‚ ‚(1 + D^2_{λ,τ,s})^{− s2} [1 ⊗_∇ D_{� ,s}, S_i ]x ‚ ‚ ‚_{H (τ)} = ‚ ‚ ‚ ‚ ‚ X j (1 + D^2_{λ,τ,s})^{− s}2 χ^k_{−k,∘} ⊗ [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)]π_τ(ρ(χ^{(k+1)∗}_{−k−1,∘}e_j ) Ć φ^j_+ φ^j_− Ň‚ ‚ ‚ ‚_{H (τ)}

≤ ‚ ‚ ‚ ‚ ‚ X j χ^{k+1}_{−k−1,∘} ⊗ π_τ “ ρ(χ^{(k+1)∗}

−k−1,∘e j )

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚_{H (τ)}

= ‖x‖_{H (τ)}.

(6.55)

It is of computational importance to note that when writing

x = χ^{k+1}_{−k−1,∘} ⊗ v, where v = X j π_τ “ ρ “ (χ^{k+1}_{−k−1,∘})^∗e_j

”” Ćφ j_+

φ^j_− Ň ,

160 M. Goffeng and B. Mesland

as in Equation (6.54), we have that

(6.56) ‖x‖^2_{H (τ)} = D v, π_τ “ ρ((χ^{k+1}_{−k−1,∘})^∗χ^{k+1}_{−k−1,∘}) ” v E ℓ^2(�_A,C^2)

= ‖v‖^2_{ℓ2 (�A,C2)},

because ρ((χ^{k+1}_{−k−1,∘})^∗χ^{k+1}_{−k−1,∘}) = 1 by Lemma 5.1.2. It follows from the construc-

tion of D_λ that D_λ ⊗1 acts as multiplication by −2k on �^k_{−k} ⊗_{Lipτ (ΩA)} C_c (�_A, C^2).

With this fact at hand, the verification of this estimate is a straightforward

computation using the inequality (6.45):

‖T_{i,k} x‖H_{(τ)} = ‚ ‚(1 + D^2_{λ,τ,s} )^{− s}_2 [1 ⊗_∇ D_{� ,s}, S_i ]x ‚ ‚ H (τ) = ‚ ‚ ‚ ‚ ‚ ‚ X j (1 + 4k^2 + (1 ⊗_∇ D_{� ,s})^2)^{− s2} χ^k_{−k,∘} ⊗ [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)]π_τ “ ρ(χ^{(k+1)∗}

−k−1,∘ e j )

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚ H (τ)

= ‖ (1 + 4k^2 + (1 ⊗_∇ D_{� ,s})^2)^{− s2} X j χ^k_{−k,∘} ⊗ [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)]π_τ “ ρ(χ^{(k+1)∗}

−k−1,∘e j )

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚ ‚ H (τ)

≤ (1 + k^2)^{− s2} ‚ ‚ ‚ ‚ ‚ ‚ X j χ^k_{−k,∘} ⊗ [D_{� ,s} , π_τ(χ_{Ci} ∘ σ^k)]π_τ “ ρ(χ^{(k+1)∗}

−k−1 e j

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚ ‚ H (τ)

= (1 + k^2)^{− s2} ‚ ‚ ‚ ‚ ‚ ‚ χ^k_{−k,∘} ⊗ [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)] X j π_τ “ ρ(χ^{(k+1)∗}

−k−1 e j

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚ ‚ H (τ) . (6.57)

Using the identity (6.56), we arrive at

‖T_{i,k} x‖_{H (τ)} ≤ (1 + k^2)^{− s}2 ‚ ‚ ‚ ‚ ‚ [D_{� ,s}, π_τ(χ_{Ci} ∘ σ^k)] X j “ ρ(χ^{(k+1)∗}

−k−1 e j

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚_{ℓ2(�A,C2)}

≤ (1 + k^2)^{− s2} k^s ‚ ‚ ‚ ‚ ‚ X j π_τ “ ρ(χ^{(k+1)∗}

−k−1 e j

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚_{ℓ2(�A,C2)}

≤ ‚ ‚ ‚ ‚ ‚ X j π_τ “ ρ(χ^{(k+1)∗}

−k−1 e j

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚_{ℓ2(�A,C2)}

= ‚ ‚ ‚ ‚ ‚ X j χ^{k+1}_{−k−1,∘} ⊗ π_τ “ ρ(χ^{(k+1)∗}

−k−1 e j

” Ćφ j_+

φ^j_− Ň‚ ‚ ‚ ‚_{H (τ)}

= ‖x‖_{H (τ)}.

(6.58)

Hence (6.55) holds proving that Ă 1 + (D_{λ,τ,s})^2

Ł_− s_2

[1 ⊗_∇ D_{� ,s}, S_i ] is bounded.

Boundedness of the reverse product follows from a similar computation, re-

versing the order in which the estimates (6.57) and (6.58) respectively, are

applied. Now Lemma A.8 implies that the commutators [D, S_i ] are ϵ-bounded.

Thus, by Proposition A.5, D has ϵ-bounded commutators with the ∗-subalgebra

of O_A generated by the operators S_i , which is dense in O_A. Thus we have an

ϵ-unbounded Fredholm module with ϵ = 1 − s. To see that this ϵ-unbounded

Fredholm module represents the Kasparov product one uses Theorem A.7 which

Summability and CK-algebras 161

applies because the connection condition 1.), the domain condition 2.) and the semiboundedness condition 3.) are satisfied by construction. □

Remark 6.2.5. We remark once more that s = 1 is excluded from Theorem 6.2.4 because the theory of ϵ-unbounded Fredholm modules breaks down at ϵ = 0. As the proof of Theorem 6.2.4 shows, the operators [1⊗_∇ D_{� ,1}, S_i ](1+ D^2_{λ,τ,1})^{− 12} and (1 + D^2_{λ,τ,1})^{− 1}2 [1 ⊗_∇ D_{� ,1}, S_i ] are bounded, but it is unclear if the bounded transform is well defined and represents the Kasparov product [E, D_λ] ⊗_{C(ΩA)} [BP_1(τ)].

6.3. The rational K-homology class of the product. Lastly, we identify the rational K-homology class of the Kasparov products constructed in the previous subsection. The identification is done via an index theoretic argument, therefore it needs only to hold rationally.

Theorem 6.3.1. In K^1(O_A) ⊗ Q we have

[E, D_λ] ⊗_{C(ΩA)} [BP_s(τ)] ⊗ Q = ĺ [β_{j+} ] ⊗ Q − [β_{j−} ] ⊗ Q, if λ = ∘_A, (A(λ_ℓ, j_+) − A(λ_ℓ, j_−))[β_{λ1} ] ⊗ Q, if λ = λ_1 · · · λ_ℓ ∈ �_A \ {∘_A}, where j_± is the first letter of τ_±(∘_A).

Proof. The computation of the class [E^Ω_A , D_λ] ⊗_{C(ΩA)} [BP_s(τ)] in K^1(O_A) ⊗ Q relies on the fact that O_A is in the bootstrap class with finitely generated Ktheory and K-homology, so K^1(O_A)⊗Q ∼= Hom_Z(K_1(O_A), Q) and rational classes are determined by their index pairing. Furthermore, using Remark 4.1.7, we write

H (τ) = M μ∈�_A

E^Ω_A ⊗_{ωτ+(μ)⊕ωτ− (μ)} C^2 and D_{λ,τ,s}|D_{λ,τ,s}|^{−1} = M μ∈�_A

F_μ.

Since in each fixed summand E^Ω_A ⊗_{ωτ+(μ)⊕ωτ− (μ)} C^2 ⊆ H (τ), D_{λ,τ,s} is a bounded perturbation of the operator D_λ ⊗_{ωτ+ (μ)⊕ωτ− (μ)} (1 ⊕ −1), it follows from [12, Appendix A, Theorem 8], and an argument similar to the proof of Proposition 5.2.5, that for any μ

F_μ−(2p_λ − 1) ⊗_{ωτ+(μ)⊕ωτ− (μ)} (1 ⊕ −1) ∈ � “ E^Ω_A ⊗_{ωτ+(μ)⊕ωτ−(μ)} C^2 ” (6.59)

and ‖F_μ − (2p_λ − 1) ⊗_{ωτ+ (μ)⊕ωτ− (μ)} (1 ⊕ −1)‖_{�(E} Ω_{A ⊗ωτ+ (μ)⊕ωτ− (μ) C}2_) ≤ 2 + |μ|^s.

For any x ∈ K_1(O_A), represented by a unitary u, there is a finite set F_u ⊆ �_A such that

x ⊗_{OA} [E^Ω_A , D_λ] ⊗_{C(ΩA)} [BP_s(τ)] = X μ∈F_u

x ⊗_{OA} [E^Ω_A , D_λ] ⊗_{C(ΩA)} [S_μ] = X μ∈F_u

x ⊗ (ω_{τ+(μ)} − ω_{τ−(μ)})_∗[E^Ω_A , D_λ]

162 M. Goffeng and B. Mesland

If such a finite set F_u does not exist, the index pairing x ⊗_{OA} [E^Ω_A , D_λ] ⊗_{C(ΩA)} [BP_s(τ)] can not be well defined. The cylinder condition implies that for any nonempty word μ it holds that the first letter of τ_+(μ) is the same as that of τ_−(μ). Hence

x ⊗_{OA} [E^Ω_A , D_λ] ⊗_{C(ΩA)} [BP_s(τ)] = x ⊗ (ω_{τ+(∘A)} − ω_{τ−(∘A)})_∗[E^Ω_A , D_λ].

The theorem now follows from Theorem 5.2.3. □

Remark 6.3.2. It would be interesting to compute the integral class [E^Ω_A , D_λ] ⊗_{C(ΩA)} [BP_s(τ)] ∈ K^1(O_A) explicitly. It is to the authors unclear if there is a deeper homological obstruction for Theorem 6.3.1 to hold over Z. A direct K-homological proof, e.g. using partial isometries, would require a deeper understanding of the Hilbert space H (τ). One might speculate that the analytic difficulties arising in this problem are analogous to the limiting behaviour in the construction of the measure μ_A = w^∗- lim_{s↓δA} μ_s from Subsection 1.1.

Appendix A. ϵ-unbounded KK-cycles and the Kasparov product

We describe a weakening of the definition of an unbounded KK-cycle [4]. This notion, and in particular Theorem A.6 below, originated from discussions of the second author with A. Rennie. One of the key observations in the proof of this theorem appears in [34, Lemma 51]. Related notions are anticipated in the literature, (eg. [12, 48]) but to the authors’ knowledge, a concise exposition as in this appendix has not appeared before. The main idea here is to relax the requirement on the commutators [D, a] to be bounded by only asking for ϵ-boundedness of these operators.

Definition A.1. Let B be a C^∗-algebra and E be a B-Hilbert C^∗-module. An operator a ∈ End^∗_B (E) has ϵ-bounded commutators with the selfadjoint regular operator D if

(1) aDom D ⊂ Dom D;

(2) [D, a](1 + D^2)^{− 1−ϵ2} and (1 + D^2)^{− 1−ϵ2} [D, a] extend to End^∗_B(E). In short we say that [D, a] is ϵ-bounded. We write δ :=^ϵ_2 throughout this section.

Remark A.0.3. Let us give a geometric example of ϵ-bounded commutators to explain the appearance of the parameter ϵ > 0. Let D be a self-adjoint elliptic pseudodifferential operator of order m > 0 acting on a vector bundle E → M on a closed manifold M. The Hilbert space is H = L^2(M, E). The domain of D is the Sobolev space W^{m,2}(M, E). If a ∈ C^∞(M), then [D, a] is a pseudodifferential operator of order m − 1. Hence (1 + D^2)^{1−m2m} [D, a] and [D, a](1 + D^2)^{1−m}2m are pseudodifferential operators of order 0, thus bounded on L^2(M, E). We conclude that any a ∈ C^∞(M) has 1/m-bounded commutators with D. As such, one can consider the reciprocal ϵ^{−1} as an “order” of the operator D appearing in an ϵ-bounded commutator.

Summability and CK-algebras 163

Definition A.2. Let A and B be C^∗-algebras and ϵ > 0. An odd ϵ-KK-cycle is a pair (E, D) where E is a C^∗ − (A, B)−bimodule and D a selfadjoint regular operator such that

(1) a(1 + D^2)^{− 1}2 ∈ �(E); (2) the space Lip^ϵ (E, D) := {a ∈ A : [D, a] is ϵ-bounded}

is dense in A.

If E is a Z/2Z-graded C^∗ − (A, B)−bimodule^8, and (E, D) is as above with D anticommuting with the grading operator on E, we say that (E, D) is an even ϵ- KK-cycle. If B = C, we call an odd/even ϵ-KK-cycle an odd/even ϵ-unbounded Fredholm module and if the B-action is faithful, we call it an ϵ-spectral triple.

We remind the reader that in the context of graded C^∗-algebras, it suffices to consider even unbounded KK-cycles, because the odd group KK_1(A, B) can be naturally identified with the even group KK_0(A, B ⊗ C_1), where C_1 denotes the first complex Clifford algebra. This is known as formal Bott periodicity (cf. [36, 40, 41]). For this reason we will in this appendix formulate things mostly for even KK-cycles.

Remark A.3. Although the definition of ϵ-boundedness allows for larger classes of unbounded Fredholm modules, obstructions to finite summability remains. The reader can check that the proof of [15, Theorem 8] implies the following statement: if A is a C^∗-algebra and (π, H , D) is an ϵ-unbounded Fredholm module with (1 + D^2)^{−1} ∈ �^p(H ), for some p ∈ [1, ∞), then there is a tracial state on A.

An ϵ-cycle is an ϵ^′-cycle for any ϵ^′ ≤ ϵ. All of the proofs below rely on the integral representation formula and the estimates in the following lemma.

Lemma A.4. Let D be a regular self-adjoint operator on a B-Hilbert C^∗-module E. For any 0 < r < 1

(A.60) (1 + D^2)^{−r} = sin(rπ) π Z_∞ 0 λ^{−r} (1 + D^2 + λ)^{−1}dλ,

is a norm convergent integral. Moreover we have the estimates ‖(1 + D^2 + λ)^{−s}‖_{End}∗_{B (E)} ≤ (1 + λ)^{−s};

‖D(1 + D^2 + λ)^{− 12} ‖_{End}∗_{B (E)} ≤ 1 and ‖D^2(1 + D^2 + λ)^{−1}‖_{End}∗_{B (E)} ≤ 1.

The integral formula has been used in the Hilbert C^∗-module context since the work of Baaj-Julg [4]. A detailed treatment can be found in [12, Appendix A, Remark 3]. The estimates can be found in [12, Appendix A, Remark 5].

Proposition A.5. If a, b ∈ Lip^ϵ (E, D) then a^∗, ab ∈ Lip^ϵ (E, D). In particular Lip^ϵ (E, D) is a ∗-algebra.

8In this appendix, ungraded C ∗-algebras A and B will be equipped with the trivial gradings

whenever a grading on them is required.

164 M. Goffeng and B. Mesland

Proof. The statement a^∗ ∈ Lip^ϵ (E, D) follows directly from the definition. For the product of a and b, we write

[D, ab](1 + D^2)^{− 12 +δ} = a[D, b](1 + D^2)^{− 12 +δ} + [D, a]b(1 + D^2)^{− 12 +δ}, and observe that the first summand admits a bounded extension. For the second summand we use the integral expression [b, (1 + D^2)^{− 12 +δ}] = sin (^1_2 − δ)π π Z_∞ 0 λ^{− 1}2^{+δ}(1 + D^2 + λ)^{−1}([b, D]D + D[D, b])(1 + D^2 + λ)^{−1}dλ.

Multiplying with [D, a] and estimating the relevant parts of the integral gives ‖[D, a]λ^{− 12 +δ}(1 + D^2+λ)^{−1}[b, D]D(1 + D^2 + λ)^{−1}‖ ≤ C_{a,δ} C_{b,ϵ} λ^{12 −δ}

‖(1 + D^2 + λ)^{−ϵ}‖‖(1 + D^2 + λ)^{− 1}2 ‖ ≤

C_{a,ϵ} C_{b,ϵ} λ^{1+δ} , and similarly

‖[D, a]λ^{− 12 +δ}(1 + D^2 + λ)^{−1} D[D, b](1 + D^2 + λ)^{−1}‖ ≤

C_{a,ϵ} C_{b,ϵ} λ^{1+δ} . Therefore, the integral converges in norm and [D, ab](1 + D^2)^{− 1}2^{+δ} admits a bounded extension. The proof that (1 + D^2)^{− 12 +δ}[D, ab] admits a bounded extension is carried out analogously. □ We now come to the main result about ϵ-KK-cycles, concerning the bounded transform and the relation to KK-theory.

Theorem A.6 (cf. [4]). The bounded transform (E, D(1 + D^2)^{− 12} ) of an ϵ-KK-cycle is an (A, B) Kasparov module and hence defines a class in KK_∗(A, B). We note that the proof of this Theorem is carried out analogously to the proof of [34, Lemma 51].

Proof. The proof of the theorem relies on the integral formula (A.60) to show that the commutators [F, a] are compact. The properties a(F − F^∗), a(1− F^2) ∈ �(E) hold trivially. Recall that δ := ϵ/2. We have [D(1 + D^2)^{− 1}2 , a] = [D, a](1 + D^2)^{− 1}2 + D[(1 + D^2)^{− 1}2 , a].

The first term is compact because (1+ D^2)^{−δ} is compact and [D, a](1+ D^2)^{− 12 +δ} is bounded. For the second term, we expand

D[(1 + D^2)^{− 1}2 , a] = 1 π Z_∞ 0 λ^{− 1}2 D(1 + D^2 + λ)^{−1}[a, D]D(1 + D^2 + λ)^{−1}dλ

+ 1 π Z_∞ 0 λ^{− 1}2 D^2(1 + D^2 + λ)^{−1}[a, D](1 + D^2 + λ)^{−1}dλ.

(A.61)

Summability and CK-algebras 165

Using the estimates from Lemma A.4 we find that

‖λ^{− 1}2 D(1 + D^2 + λ)^{−1}[a, D]D(1 + D^2 + λ)^{−1}‖ ≤

C_{a,ϵ} 2λ^{1+δ} , and ‖λ^{− 12} D^2(1 + D^2 + λ)^{−1}[a, D](1 + D^2 + λ)^{−1}‖ ≤

C_{a,ϵ} λ^{1+δ} , where C_{a,ϵ} := ‖[D, a](1 + D^2)^{− 12 +δ}‖. We conclude that the integral formula (A.61) converges in norm and the commutators are compact. □

Kucerovsky [45] gives sufficient conditions for a triple of even cycles to represent a Kasparov product. As in the bounded case, to formulate this result, we need the mappings T_x ∈ End^∗_C (F , E ⊗_B F ), T_x : f �→ x ⊗_B f , defined for x ∈ E. The adjoint of the operator T_x is given by T^∗_x ∈ End^∗_C (E ⊗_B F , F ), T^∗_x : e ⊗ f �→ 〈x, e〉 f ,

Theorem A.7 (cf. [45]). Let (E, S) be an even ϵ-unbounded (A, B) − KK-cycle, (F , T ) an even ϵ-unbounded (B, C) − KK-cycle and (E ⊗_B F , D) an even ϵunbounded (A, C) − KK-cycle such that:

(1) for all x in a dense subspace of AE, the operator »„ D 0 0 T « , „ 0 T_x T^∗_x 0

«– Ć (1 + D^2)^{− 12 +δ} 0 0 (1 + T^2)^{− 12 +δ} Ň , defined on Dom D ⊕ Dom T , extends to an operator in End^∗_B(E ~⊗_BF );

(2) Dom D ⊂ Dom S ⊗ 1;

(3) there is λ ∈ R such that 〈Dx, S ⊗ 1x〉 + 〈S ⊗ 1x, Dx〉 ≥ −λ〈x, x〉. Then (E ⊗_B F , D) represents the Kasparov product of (E, S) and (F , T ).

Proof. As in [45], conditions 2.) and 3.) imply the positivity condition for the bounded transforms. The proof that condition 1.) implies the bounded connection condition is the same as the proof that an ϵ-unbounded KK-cycle gives a Fredholm module. □

Sufficient conditions for products in which one of the factors is an odd ϵunbounded Fredholm module can be derived by formal Bott periodicity. We refer to the relevant discussions in [9, 36, 38].

The following lemma describes a weakening of the domain preservation condition, and is useful in practice for proving ϵ-boundedness.

Lemma A.8. Suppose a maps a core for D into Dom D and [D, a](1 + D^2)^{− 12 +δ} and (1 + D^2)^{− 1}2^{+δ}[D, a] extend to operators in End^∗_B (E). Then the commutator [(1 + D^2)^{− 12} , a] maps E into Dom D. Consequently a preserves Dom D and [D, a](1 + D^2)^{− 1}2^{+δ}and (1 + D^2)^{− 1}2^{+δ}[D, a] are bounded on Dom D.

166 M. Goffeng and B. Mesland

Proof. Denote the core respected by a by X . By (A.60) and [12, Lemma 2.3] and the discussion succeeding it, we can write

[a, (1 + D^2)^{− 12} ] = 1 π Z_∞ 0 λ^{− 12} (1 + D^2 + λ)^{−1} D[D, a](1 + D^2 + λ)^{−1}dλ

+ 1 π Z_∞ 0 λ^{− 12} (1 + D^2 + λ)^{−1}[D, a]D(1 + D^2)^{−1}dλ,

(A.62)

as a norm convergent integral on X . The integral expression (A.61) for D[(1 + D^2)^{− 12} , a] converges in norm on X . Since X is a core, it is of the form (1 + D^2)^{− 1}2 Y for some dense Y ⊂ E. For a Cauchy sequence y_n ∈ Y , with limit e ∈ E, the integrals (A.60) and (A.62) converge in norm at y_n − y_m. Thus [(1 + D^2)^{− 12} , a] y_n ∈ Dom D is Cauchy for the graph norm and therefore [(1 + D^2)^{− 12} , a]e ∈ Dom D. From this it follows that for a sequence y_n → e we have

a(1 + D^2)^{− 1}2 y_n = [a, (1 + D^2)^{− 1}2 ] y_n + (1 + D^2)^{− 1}2 a y_n,

and thus a(1 + D^2)^{− 1}2 e ∈ Dom D. □

Acknowledgements. The authors do first and foremost wish to thank the Mathematisches Forschungsinstitut Oberwolfach (Germany) for their support through the Research in Pairs program in 2013, during which most of this work was carried out. The authors also thank the Leibniz Universität Hannover and GRK1463 for facilitating this collaboration. The second author was supported by the EPSRC grant EP/J006580/2. The authors would like to thank the anonymous referee for finding a computational mistake in the proof of Proposition 6.2.3, leading us to a simpler proof of Lemma 6.2.2. We are indebted to Adam Rennie for discussing the subtleties surrounding spectral triples with relatively bounded commutators, resulting in the exposition in the appendix. We are grateful to Robin Deeley and Bogdan Nica for carefully reading the manuscript and valuable comments. We would also like to thank Richard Sharp, Georges Skandalis, Aidan Sims, Mike Whittaker and Johan Öinert for inspiring discussions.

References

[1] C. Anantharaman-Delaroche, Purely infinite C^∗-algebras arising from dynamical systems, Bull. Soc. Math. France 125 (1997), no. 2, p. 199–225.

[2] M. F. Atiyah, Global theory of elliptic operators, 1970 Proc. Internat. Conf.

on Functional Analysis and Related Topics (Tokyo, 1969), p. 21–30 Univ. of Tokyo Press, Tokyo.

[3] J. E. Avron, R. Seiler and B. Simon, Charge deficiency, charge transport and comparison of dimensions, Comm. Math. Phys. 159 (1994), no. 2, p. 399–422.

Summability and CK-algebras 167

[4] S. Baaj and P. Julg, Théorie bivariante de Kasparov et operateurs non bornés dans les C^∗-modules hilbertiens, C.R. Acad. Sci. Paris Sér. I Math, 296 (1983), no. 21, p. 875–878.

[5] J. Belissard and J. Pearson, Noncommutative Riemannian Geometry and Diffusion on Ultrametric Cantor Sets, J. Noncomm. Geom., 3, (2009), p. 447–480.

[6] B. Blackadar, Operator algebras. Theory of C^∗-algebras and von Neumann algebras. Encyclopaedia of Mathematical Sciences, 122. Operator Algebras and Non-commutative Geometry, III. Springer-Verlag, Berlin, 2006. xx+517 pp.

[7] B. Blackadar and J. Cuntz, Differential Banach algebra norms and smooth subalgebras of C^∗-algebras, J. Operator Theory 26 (1991), no. 2, p. 255– 282.

[8] D. P. Blecher and C. le Merdy, Operator algebras and their modules, an operator space approach, Oxford University Press.

[9] S. Brain, B. Mesland and W.D. van Suijlekom, Gauge theory for spectral triples and the unbounded Kasparov product, J. Noncommut. Geom., to appear.

[10] C. Bär, Conformal structures in noncommutative geometry, J. Noncommut. Geom. 1 (2007), no. 3, p. 385–395.

[11] A. L. Carey, S. Neshveyev, R. Nest and A. Rennie, Twisted cyclic theory, equivariant KK-theory and KMS states, J. Reine Angew. Math. 650 (2011), p. 161–191.

[12] A. L. Carey and J. Philips, Unbounded Fredholm modules and spectral flow, Can. J. Math. Vol 50 (4), 1998, p. 673–718.

[13] E. Christensen and C. Ivan, Spectral triples for AF C^∗-algebras and metrics on the Cantor set., J. Operator Theory 56 (2006), no. 1, p. 17–46.

[14] A. Connes, Noncommutative geometry, Academic Press, Inc., San Diego, CA, 1994. xiv+661 pp [15] A. Connes, Compact metric spaces, Fredholm modules and hyperfiniteness, Ergod. Th. Dyn. Sys. 9 (1989), p. 207–230.

[16] A. Connes, On the spectral characterization of manifolds, J. Noncommut.

Geom. 7 (2013), no. 1, p. 1–82.

[17] M. Coornaert, Mesures de Patterson-Sullivan sur le Bord d’un Espace Hyperbolique au Sens de Gromov, Pacific J. Math. 159 No. 2 (1993), p. 241–270.

[18] J. Cuntz, Simple C^∗-algebras generated by isometries, Comm. Math. Phys.

57 (1977), no. 2, p. 173–185.

[19] J. Cuntz, A class of C^∗-algebras and topological Markov chains. II. Reducible chains and the Ext-functor for C^∗-algebras, Invent. Math. 63 (1981), no. 1, p. 25–40.

[20] J. Cuntz, K-theory and C^∗-algebras, Conference on K-theory (Bielefeld, 1982), Springer Lecture Notes in Mathematics, vol. 1046, pp. p. 55–79.

[21] J. Cuntz, A new look at KK-theory, K-Theory 1 (1987), no. 1, p. 31–51.

168 M. Goffeng and B. Mesland

[22] J. Cuntz and W. Krieger, A class of C^∗-algebras and topological Markov chains, Invent. Math. 56 (1980), no. 3, p. 251–268.

[23] J. Cuntz, R. Meyer and J.M. Rosenberg, Topological and Bivariant Ktheory, Birkhäuser 2007.

[24] M. Denker, M. Urbańnski, On the existence of conformal measures, Trans.

Amer. Math. Soc. 328 (1991), p. 563–587.

[25] R. G. Douglas and D. Voiculescu, On the smoothness of sphere extensions, J. Operator Theory 6 (1981), no. 1, p. 103–111.

[26] H. Emerson and R. Meyer, Euler characteristics and Gysin sequences for group actions on boundaries, Math. Ann. 334 (2006), no. 4, p. 853–904.

[27] H. Emerson and R. Meyer, Dualities in equivariant Kasparov theory, New York J. Math. 16 (2010), p. 245–313.

[28] H. Emerson and B. Nica, K-homological finiteness and hyperbolic groups, arXiv:1312.4646.

[29] R. Exel, M. Laca and J. Quigg, Partial dynamical systems and C^∗-algebras generated by partial isometries, J. Operator Theory 47 (2002), no. 1, p. 169–186.

[30] R. Exel, A new look at the crossed-product of a C^∗-algebra by an endomorphism, Ergodic Theory Dynam. Systems 23 (2003), no. 6, p. 1733–1750.

[31] K. Falconer, Fractal geometry: mathematical foundations and applications, (1990). Chichester: John Wiley. p. 38–47.

[32] O. Gabriel, M. Grensing, Spectral Triples and Generalized Crossed Products, arXiv:1310.5993.

[33] M. Goffeng, Equivariant extensions of ∗-algebras, New York J. Math. 16 (2010), p. 369–385.

[34] M. Grensing, Universal cycles and homological invariants of locally convex algebras, J. Funct. Anal. 263 (2012), no. 8, p. 2170–2204.

[35] T. Hadfield, K-homology of the CAR-algebra, http://arxiv.org/abs/math/0112236.

[36] N. Higson and J. Roe, Analytic K-homology, Oxford Mathematical Monographs. Oxford Science Publications. Oxford University Press, Oxford, 2000. xviii+405 pp.

[37] J. H. Hong, W. Szymański, Quantum spheres and projective spaces as graph algebras Comm. Math. Phys. 232 (2002), no. 1, p. 157–188.

[38] J. Kaad, M. Lesch, Spectral flow and the unbounded Kasparov product, Adv. Math. Volume 248 (2013), p. 495–530.

[39] J. Kaminker, I. Putnam, K-theoretic duality of shifts of finite type, Comm.

Math. Phys. 187 (1997), no. 3, p. 509–522 [40] G. G. Kasparov, The operator K-functor and extensions of C^∗-algebras, Izv. Akad. Nauk SSSR Ser. Mat. 44 (1980), no. 3, p. 571–636.

[41] G. G. Kasparov, Equivariant KK-theory and the Novikov conjecture, Invent. Math. 91 (1988), no. 1, p. 147–201.

[42] B. Kitchens, Symbolic Dynamics, Springer-Verlag, 1998. [43] K. Knudsen-Jensen and K. Thomsen, Elements of KK-theory, Birkhäuser 1991.

Summability and CK-algebras 169

[44] M. Koshkam and G. Skandalis, Regular representations of groupoid C^∗- algebras and applications to inverse semigroups, J. Reine Angew. Math. 546 (2002), p. 47–72.

[45] D. Kucerovsky, The KK-product of unbounded modules, K-Theory 11 (1997), no. 1, p. 17–34.

[46] A. Kumjian, D. Pask and I. Raeburn, Cuntz-Krieger algebras of directed graphs, Pacific J. Math. 184, (1998) p. 161–174.

[47] N. P. Landsman, Operator algebras and Poisson manifolds associated to groupoids, Comm. Math. Phys. 222, p. 97–116 (2001) Springer-Verlag.

[48] M. Lesch, Uniqueness of spectral flow on spaces of unbounded selfadjoint Fredholm operators, Contemp. Math. 366 (2005), p. 193–224.

[49] D. Lind and B. Marcus, An Introduction to Symbolic Dynamics and Coding, Cambridge University Press, 1995.

[50] S. Lord, F. Sukochev and D. Zanin, Singular traces. Theory and applications. De Gruyter Studies in Mathematics, 46. De Gruyter, Berlin, 2013. xvi+452 pp.

[51] B. Mesland, Groupoid cocycles and K-theory, Münster J. Math 4 (2011), p. 227–249.

[52] B. Mesland, Unbounded bivariant K-theory and correspondences in noncommutative geometry, J. Reine Angew. Math., to appear.

[53] R. Meyer, R. Nest, The Baum-Connes Conjecture via Localisation of Categories, Topology, vol. 45 (2006), p. 209–259.

[54] P. Muhly, J. Renault and D. P. Williams, Equivalence and isomorphism for groupoid C^∗-algebras, J. Operator Theory 17 (1987), p. 3–22.

[55] W. Parry, M. Pollicott, Zeta Functions and the Periodic Orbit Structure of Hyperbolic Dynamics, Asterisque 187-188, Societe mathematique de France, 1990.

[56] S. J. Patterson, The limit set of a Fuchsian group, Acta Math. 136 (1976), p. 241–273.

[57] M. Puschnigg, Finitely summable Fredholm modules over higher rank groups and lattices, J. K-Theory 8 (2011), no. 2, p. 223–239.

[58] S. D. Rave, On Finitely Summable K-Homology, PhD Thesis, University of Münster (2012).

[59] J. Renault,A groupoid approach to C^∗-algebras, LNM 793, Springer 1980. [60] J. Renault, Cuntz-like algebras, Operator theoretical methods (Timisoara, 1998) Theta Found, Bucharest, 2000, p. 371–386.

[61] J. Rosenberg and C. Schochet, The Künneth Theorem and the Universal Coefficient Theorem for Kasparov’s generalized K-functor, Duke Math. J. 55 (1987), no. 2, p. 431–474.

[62] E. Schrohe, M. Walze and J. Warzecha, Construction de triplets spectraux à partir de modules de Fredholm, C. R. Acad. Sci. Paris Ser. I Math. 326 (1998), no. 10, p. 1195–1199.

[63] R. Senior, Modular spectral triples and KMS - states in noncommutative geometry, Ph.D. thesis, Australian National University, 2011.

170 M. Goffeng and B. Mesland

[64] B. Simon, Trace ideals and their applications, volume 120 of Mathematical Surveys and Monographs, American Mathematical Society, Providence, RI, second edition, 2005.

[65] A. Sims and D.P. Williams, Renault equivalence Theorem for reduced groupoid C^∗-algebras, J. Operator Theory 68 (2012), no. 1, p. 223–239.

[66] R. Sharp, Spectral triples and Gibbs measures for expanding maps on Cantor sets, J. Noncommut. Geom. 6 (2012), no. 4, p. 801–817.

[67] J. Spielberg, Free-product groups, Cuntz-Krieger algebras, and covariant maps, Internat. J. Math. 2 (1991), no. 4, p. 457–476 [68] M. M. Stadtler and M. O’Uchi, Correspondence of groupoid C^∗-algebras.

Journal of Operator Theory 42(1999), p. 103–119.

[69] D. Sullivan, The density at infinity of a discrete group of hyperbolic motions, Publ. Math. de l’IHES, Volume 50, Issue 1(1979), p. 171-202.

[70] M. E. Taylor, Pseudodifferential operators and nonlinear PDE, Progress in Mathematics, 100. Birkhäuser Boston, Inc., Boston, MA, 1991. 213 pp. ISBN: 0-8176-3595-5.

[71] U. Venugopalkrishna, Fredholm operators associated with strongly pseudoconvex domains in C^n, J. Functional Analysis 9 (1972), p. 349–373.

[72] C. Weibel, An introduction to homological algebra, Cambridge University Press (1994).

[73] M. F. Whittaker, Poincaré Duality and Spectral Triples for Hyperbolic Dynamical Systems, PhD Thesis, University of Victoria (2010).

[74] M. F. Whittaker, Spectral triples for hyperbolic dynamical systems, J. Noncommut. Geom. 7 (2013), no. 2, p. 563–582.

M. Goffeng Insitut für Analysis Leibniz Universität Welfengarten 1 30167 Hannover Germany

B. Mesland Department of Mathematics University of Warwick Zeeman Building Coventry CV4 7AL United Kingdom brammesland@gmail.com