Doc. Math. J. DMV 1

Singularities, Double Points,

Controlled Topology and Chain Duality

Andrew Ranicki

Received: August 7, 1998 Revised: February 10, 1999

Communicated by Joachim Cuntz

Abstract. A manifold is a Poincaré duality space without singularities. McCrory obtained a homological criterion of a global nature for deciding if a polyhedral Poincaré duality space is a homology manifold, i.e. if the singularities are homologically inessential. A homeomorphism of manifolds is a degree 1 map without double points. In this paper combinatorially controlled topology and chain complex methods are used to provide a homological criterion of a global nature for deciding if a degree 1 map of polyhedral homology manifolds has acyclic point inverses, i.e. if the double points are homologically inessential.

1991 Mathematics Subject Classification: Primary 55N45, 57R67; Secondary 55U35.

Keywords and Phrases: manifold, Poincaré space, singularity, controlled topology, chain duality.

Introduction

A chain duality on an additive category A is an involution on the derived category of finite chain complexes in A and chain homotopy classes of chain maps. The precise definition will be recalled in §1. Chain duality was introduced in Ranicki [29] in order to construct the algebraic surgery exact sequence of a space X

· · · → H_n(X; L_• )^A→ L_n(Z[π_1(X)]) → S_n(X) → H_{n−1}(X; L_• ) → . . .

with L_∗(Z[π_1(X)]) the surgery obstruction groups of Wall [43], and A the assembly map. Here, L_• is the 1-connective simply-connected algebraic surgery spectrum of Z, and the generalized homology groups are the (1-connective) Ltheory of the X-controlled Z-module category A (Z, X) of Ranicki and Weiss [34] H_∗(X; L_• ) = L_∗(A (Z, X)) .

The algebraic surgery exact sequence was used in [29, Chapter 17] to give algebraic formulations of the obstructions to the two basic questions of Browder- Novikov-Sullivan-Wall surgery theory :

A1. Is an n-dimensional Poincaré duality space X homotopy equivalent to an n-dimensional manifold?

A2. Is a homotopy equivalence f : M → N of n-dimensional manifolds homotopic to a homeomorphism?

The following are the basic questions of Chapman-Ferry-Quinn controlled topology :

B1. How close is an n-dimensional controlled Poincaré duality space X to being an n-dimensional manifold?

B2. How close is a controlled homotopy equivalence f : M → N of ndimensional manifolds to being a homeomorphism?

Here is a very crude approximation to controlled topology. Given a topological space X define an X-controlled space to be a space M equipped with a map p_M : M → X. A map of X-controlled spaces f : M → N is a map of the underlying spaces such that there is defined a commutative diagram

M^f // p_M A

   AA

  AA

 AA

A N

p_N ~~}}

}}

 }}

   }

X The map f is an X-controlled homology equivalence if the restrictions f| : p^{−1}_M (x) → p^{−1}_N (x) (x ∈ X) induce isomorphisms (f|)_∗ : H_∗(p^{−1}_M (x)) ∼= H_∗(p^{−1}_N (x)) .

An n-dimensional X-controlled Poincaré space is an X-controlled space N with Lefschetz duality isomorphisms H^{n−∗}(N, N\p^{−1}_N (x)) ∼= H_∗(p^{−1}_N (x)) (x ∈ X) .

There are two extreme cases :

• If X = {pt.} then :

– an X-controlled homology equivalence f : M → N of X-controlled spaces is just a homology equivalence, with f_∗ : H_∗(M) ∼= H_∗(N) , – an n-dimensional X-controlled Poincaré space N is just an ndimensional Poincaré space, with H^{n−∗}(N) ∼= H_∗(N) . • If p_N = 1 : N → N = X then :

– an N-controlled homology equivalence f : M → N of N-controlled spaces is just a map with acyclic point inverses, with (f|)_∗ : H_∗(f^{−1}(x)) ∼= H_∗({x}) (x ∈ N) , – an n-dimensional N-controlled Poincaré space N is just an ndimensional homology manifold, with H^{n−∗}(N, N\{x}) ∼= H_∗({x}) (x ∈ N) . In a more sophisticated exposition of controlled topology X would be a metric space, and the condition p_M = p_N f in the definition of an X-controlled map would be weakened to d(p_M (x), p_N f(x)) < ϵ (x ∈ M) for some ϵ > 0. In principle, Quinn [24] characterized ANR homology manifolds X as metrically X-controlled Poincaré duality spaces. (See Ranicki and Yamasaki [37] for a preliminary account of the metrically controlled L-theory required for the details of the characterization).

The original development of controlled topology for metric spaces involved quite complicated controlled algebra, starting with Connell and Hollingsworth [5]. However, these questions will only be considered here in the combinatorial context of compact polyhedra, homology manifolds and P L maps, for which the controlled algebra is much easier :

C1. Is a polyhedral n-dimensional Poincaré duality space X an n-dimensional homology manifold?

C2. Does a degree 1 P L map f : M → N of polyhedral n-dimensional homology manifolds have acyclic point inverses?

McCrory [17] obtained a homological obstruction for C1 (under slightly different hypotheses), which was interpreted in Ranicki [29, 8.5] in terms of the chain duality on the X-controlled Z-module category A (Z, X). The obstruction is the image in H^n(X × X\Δ_X ) of the Poincaré dual in H^n(X × X) of the diagonal class Δ_∗[X] ∈ H_n(X × X). The obstruction vanishes if and only if X is an n-dimensional homology manifold, if and only if the Z-module Poincaré duality chain equivalence

[X] ∩ − : Δ(X)^{n−∗} → Δ(X^′)

is an X-controlled chain equivalence.

The main results of this paper are the following homological obstructions for C1 and C2.

Theorem A. An n-dimensional polyhedral Poincaré complex X is an n-dim-ensional homology manifold if and only if there is defined a Lefschetz duality isomorphism H^n(X × X, Δ_X ) ∼= H_n(X × X\Δ_X ) ,

with Δ_X = {(x, x) ∈ X × X | x ∈ X} the diagonal of X.

Theorem B. A simplicial map f : M → N of n-dimensional polyhedral homology manifolds has acyclic point inverses if and only if it has degree 1

f_∗[M] = [N] ∈ H_n(N) and H_n((f × f)^{−1}Δ_N , Δ_M ) = 0 ,

with (f × f)^{−1}Δ_N = {(x, y) ∈ M × M | f(x) = f(y) ∈ N} the double point set of f.

Theorems A, B are proved in §§6,7 respectively, appearing as Theorem 6.13 and Corollary 7.5.

Here are the contents of the rest of the paper.

In §8 the obstructions of Theorems A, B are interpreted using bundles, specifically the Spivak normal bundle of a Poincaré complex and the tangent topological block bundle of a homology manifold.

In §9 the obstructions of Theorems A, B are related to the ‘total surgery obstruction’ s(X) ∈ S_n(X) of Ranicki [29] for the existence of a topological manifold in the homotopy type of a Poincaré space.

In §10 chain duality is used to develop a combinatorial version of the controlled surgery theory.

In §11 some standard results on intersections and self-intersections of manifolds are interpreted in terms of the chain duality.

In §12 (resp. §13) the controlled topology point of view on Whitehead torsion (resp. fibrations) is adapted to the combinatorially controlled chain homotopy theory.

In §14 some standard results in high-dimensional knot theory are interpreted in terms of the chain duality.

In this paper only oriented polyhedral Poincaré complexes and homology manifolds will be considered, and orientation-preserving P L maps between them.

A preliminary version of some of the material in this paper appeared in Ranicki [32].

I am grateful to Michael Weiss for valuable comments which helped improve the exposition of the paper.

1. Chain duality

Let A be an additive category, and let B (A ) be the additive category of finite

chain complexes in A and chain maps. A contravariant additive functor T :

A → B (A ) extends to T : B (A ) → B (A ) by defining T (C) for a chain complex

C to be the total of a double complex, with T (C)_n = ∑ p+q=n T (C_{−p})_q .

Definition 1.1 (Ranicki [29, 1.1]) A chain duality (T, e) on A is a contravariant additive functor T : A → B (A ), together with a natural transformation e : T^2 → 1 such that for each object A

in A :

• e(T (A)) . T (e(A)) = 1 : T (A) → T (A) , • e(A): T^2(A) → A is a chain equivalence.

Chain duality has the following properties :

• The dual of an object A is a chain complex T (A). • The dual of a chain complex C is a chain complex T (C).

Example 1.2 (i) An involution (T, e) on an additive category A is a chain duality such that T (A) is a 0-dimensional chain complex (= object) for each object A

in A , with e(A) : T^2(A) → A an isomorphism.

(ii) An involution R → R; r → r on a ring R determines the involution (T, e) on the additive category A (R) of f.g. free left R-modules with :

• T (A) = Hom_R(A, R) • R × T (A) → T (A) ; (r, f) → (x → f(x)r) • e(A)^{−1} : A → T^2(A) ; x → (f → f(x)) . 2. Simplicially controlled algebra

Let X be a simplicial complex, and let R be a commutative ring. Definition 2.1 (Ranicki and Weiss [34]) (i) An (R, X)-module is a finitely generated free R-module A with direct sum decomposition A = ∑ σ∈X A(σ) , such that each A(σ) is a f.g. free R-module.

(ii) An (R, X)-module morphism f : A → B is an R-module morphism such that for each σ ∈ X f(A(σ)) ⊆ ∑ τ ≥σ B(τ) . Write the components of f as f(τ, σ) : A(σ) → B(τ).

Let A (R) be the additive category of f.g. free R-modules, and let A (R, X)

be the additive category of (R, X)-modules. Regard the simplicial complex X as the category with objects the simplexes σ ∈ X, and morphisms the face inclusions σ ≤ τ. An (R, X)-module A = ∑ σ∈X A(σ) determines a contravariant functor [A] : X → A (R) ; σ → [A][σ] = ∑ τ ≥σ A(τ) . The (R, X)-module category A (R, X) is thus a full subcategory of the category of contravariant functors X → A (R). Proposition 2.2 (Ranicki and Weiss [34, 2.9]) The following conditions on a chain map f : C → D of finite chain complexes

in A (R, X) are equivalent :

(i) f is a chain equivalence, (ii) the R-module chain maps f(σ, σ) : C(σ) → D(σ) (σ ∈ X) are chain equivalences, (iii) the R-module chain maps [f][σ] : [C][σ] → [D][σ] (σ ∈ X) are chain equivalences.

3. Simplicially controlled topology The barycentric subdivision X^′ of a simplicial complex X is the simplicial complex with the same polyhedron |X^′| = |X| and one n-simplex ^σ_0 ^σ_1 . . . ^σ_n for each sequence of simplexes in X σ_0 < σ_1 < · · · < σ_n .

The dual cell of a simplex σ ∈ X is the contractible subcomplex D(σ, X) = {^σ_0 ^σ_1 . . . ^σ_n | σ ≤ σ_0} ⊆ X^′ , with boundary ∂D(σ, X) = {^σ_0^σ_1 . . . ^σ_n | σ < σ_0} ⊆ D(σ, X) . Definition 3.1 (i) An X-controlled simplicial complex (M, p_M ) is a finite simplicial complex M with a simplicial map p_M : M → X^′, the control map. (ii) A map f : (M, p_M ) → (N, p_N ) of X-controlled simplicial complexes is a simplicial map f : M → N such that p_M = p_N f : M → X^′. In practice, (M, p_M ) will be abbreviated to M.

Definition 3.2 The (R, X)-module chain complex Δ(M; R) of an X-controlled simplicial complex M is the R-coefficient simplicial chain complex of M with Δ(M; R)(σ) = Δ(p^{−1}_M D(σ, X), p^{−1}_M ∂D(σ, X); R) . and [Δ(M; R)_r][σ] = ∑ τ ≥σ Δ(M; R)(τ)_r = Δ(p^{−1}_M D(σ, X); R)_r (r ∈ Z, σ ∈ X) . A map of X-controlled simplicial complexes f : M → N induces an (R, X)- module chain map f : Δ(M; R) → Δ(N; R) .

Definition 3.3 A map of X-controlled simplicial complexes f : M → N is an X-controlled R-homology equivalence if the restrictions f| : p^{−1}_M D(σ, X) → p^{−1}_N D(σ, X) (σ ∈ X) induce isomorphisms in R-homology (f|)_∗ : H_∗(p^{−1}_M D(σ, X); R) ∼= H_∗(p^{−1}_N D(σ, X); R) (σ ∈ X) .

Proposition 3.4 A map of X-controlled simplicial complexes f : M → N is an X-controlled R-homology equivalence if and only if the induced (R, X)-module chain map f : Δ(M; R) → Δ(N; R) is a chain equivalence. Proof Immediate from 2.2. 2

Proposition 3.5 (i) If X = {pt.} an X-controlled map f : M → N is an X-controlled R-homology equivalence if and only if f induces R-homology isomorphisms f_∗ : H_∗(M; R) ∼= H_∗(N; R) .

(ii) If X = N an X-controlled map f : M → N is an X-controlled R-homology equivalence if and only if f has R-acyclic point inverses H_∗(f^{−1}(x); R) ∼= H_∗({x}; R) (x ∈ |X|) . Proof (i) Immediate from 3.4, since a chain map of finite free R-module chain complexes is a chain equivalence if and only if it induces isomorphisms in homology.

(ii) Immediate from 3.4, since every point x ∈ |X| is in the interior D(σ, X)\∂D(σ, X) of a unique dual cell D(σ, X), and H_∗({x}; R) ∼= H_∗(D(σ, X); R) , H_∗(f^{−1}(x); R) ∼= H_∗(f^{−1}D(σ, X); R) . 2 Here is another way in which (R, X)-module chain complexes arise :

Definition 3.6 (Ranicki [29, 4.2]) Let Δ^{−∗}(X; R) be the (R, X)-module chain complex defined by

Δ^{−∗}(X; R) = Hom_R(Δ(X; R), R)_{−∗} ,

Δ^{−∗}(X; R)_r(σ) = { R if r = −|σ| 0 otherwise. (r ∈ Z, σ ∈ X) .

As an R-module chain complex Δ^{−∗}(X; R) is just the R-coefficient simplicial cochain complex of X regraded to be a chain complex.

4. The (R, X)-module chain duality Proposition 4.1 (Ranicki [29, 5.1]) The additive category A (R, X) of (R, X)-modules has a chain duality (T, e) with the dual of an (R, X)-module A the (R, X)-module chain complex T (A) = Hom_R(Hom_{(R,X)}(Δ^{−∗}(X; R), A), R) with • T A(σ) = [A][σ]^{|σ|−∗} ,

• T (A)_r(σ) = ∑ τ ≥σ Hom_R(A(τ), R) if r = −|σ| 0 if r ≠ −|σ| . The chain duality is such that

T (C) ≃_R Hom_{(R,X)}(C, Δ(X^′; R))^{−∗} ≃_R Hom_R(C, R)^{−∗} for any finite (R, X)-module chain complex C.

Definition 4.2 Given an X-controlled simplicial complex M let Δ(M; R)^{−∗} = T (Δ(M; R)) be the (R, X)-module chain complex dual to Δ(M; R). Note that there is defined an R-module chain equivalence Δ(M; R)^{−∗} ≃_R Hom_R(Δ(M; R), R)^{−∗} , with Hom_R(Δ(M; R), R)^{−∗} the simplicial R-coefficient cochain complex of M regraded to be a chain complex, and note also that

Δ(M; R)^{−∗}(σ)_r = Hom_R(Δ(p^{−1}_M D(σ, X); R)_{−r+|σ|}, R) (r ∈ Z, σ ∈ X) . A map of X-controlled simplicial complexes f : M → N induces an (R, X)- module chain map f^∗ : Δ(N; R)^{−∗} → Δ(M; R)^{−∗} .

The (R, X)-module chain complex Δ^{−∗}(X; R) of 3.6 and the (R, X)-module chain complex Δ(X; R)^{−∗} of 4.2 (with p_M = 1 : M → M = X^′) are related by the (R, X)-module chain equivalence Δ^{−∗}(X; R) ≃_{(R,X)} Δ(X; R)^{−∗} induced by the projections Δ(D(σ, X); R) → R.

5. Products Definition 5.1 The product of X-controlled simplicial complexes M, N is the pullback X-controlled simplicial complex M ×_X N = {(x, y) ∈ M × N | p_M (x) = p_N (y) ∈ X} with control map M ×_X N → X ; (x, y) → p_M (x) = p_N (y) . (Strictly speaking, this only defines a polyhedron M ×_X N). Definition 5.2 The product of (R, X)-modules A, B is the (R, X)-module A ⊗_{(R,X)} B = ∑ λ,μ∈X,λ∩μ≠∅ A(λ) ⊗_R B(μ) ⊆ A ⊗_R B with (A ⊗_{(R,X)} B)(σ) = ∑ λ,μ∈X,λ∩μ=σ A(λ) ⊗_R B(μ) (σ ∈ X) . Recall the following properties of the products in 5.1,5.2 from Ranicki [29, Chapter 7]. (The product A ⊗_{(R,X)} B was denoted by A �_R B in [29, 7.1]). Proposition 5.3 (i) For any (R, X)-module chain complexes C, D • C ⊗_{(R,X)} Δ(X^′; R) ≃_{(R,X)} C , • T C ⊗_{(R,X)} D ≃_R Hom_{(R,X)}(C, D) . (ii) For any X-controlled simplicial complexes M, N

• Δ(M; R) ⊗_{(R,X)} Δ(N; R) ≃_{(R,X)} Δ(M ×_X N; R) , • Δ(M; R)^{−∗} ⊗_{(R,X)} Δ(N; R)^{−∗} ≃_R Hom_R(Δ(M × N, M × N\M ×_X N; R), R)_{−∗} , (iii) The Alexander-Whitney diagonal chain approximation of the barycentric subdivision X^′ of X is an R-module chain map

Δ : Δ(X^′; R) → Δ(X^′; R)⊗_RΔ(X^′; R) ; (^x_0 . . . ^x_n) → n∑ i=0 (^x_0 . . . ^x_i)⊗(^x_i . . . ^x_n) which is the composite of an (R, X)-module chain equivalence Δ(X^′; R) ≃_{(R,X)} Δ(X^′; R) ⊗_{(R,X)} Δ(X^′; R) and the inclusion Δ(X^′; R) ⊗_{(R,X)} Δ(X^′; R) ⊆ Δ(X^′; R) ⊗_R Δ(X^′; R) .

(iv) The homology classes [X] ∈ H_n(X; R) are in one-one correspondence with the chain homotopy classes of (R, X)-module chain maps

[X] ∩ − : Δ(X; R)^{n−∗} → Δ(X^′; R) ,

with

H_0(Hom_{(R,X)}(Δ(X; R)^{n−∗}, Δ(X^′; R))) = H_n(Δ(X^′; R) ⊗_{(R,X)} Δ(X^′; R)) = H_n(X; R) .

Remark 5.4 An X-controlled simplicial complex M is an example of a CW complex with a block system κ in the sense of Ranicki and Yamasaki [35]. The product Δ(M)⊗_(Z_{,X)}Δ(M) is chain equivalent to the chain complex D^κ(Δ(M)) of [35].

6. Homology manifolds and Poincaré complexes

Definition 6.1 An n-dimensional R-homology manifold is a finite simplicial complex M such that H_∗(M, M\^σ; R) = { R if ∗ = n 0 otherwise (σ ∈ M) .

Definition 6.2 An n-dimensional R-homology Poincaré complex is a finite simplicial complex M with a homology class [M] ∈ H_n(M; R) such that the cap products are R-module isomorphisms [M] ∩ − : H^{n−∗}(M; R) ∼= H_∗(M; R) . Similarly for an n-dimensional R-homology Poincaré pair (M, ∂M), with [M] ∈ H_n(M, ∂M; R) and [M] ∩ − : H^{n−∗}(M, ∂M; R) ∼= H_∗(M; R) . Proposition 6.3 A finite simplicial complex M is an n-dimensional R-homology manifold with fundamental class [M] ∈ H_n(M; R) if and only if each (D(σ, M), ∂D(σ, M)) (σ ∈ M) is an (n − |σ|)-dimensional R-homology Poincaré pair H^{n−|σ|−∗}(D(σ, M), ∂D(σ, M); R) ∼= H_∗(D(σ, M); R) with fundamental class [D(σ, M), ∂D(σ, M)] ∈ H_{n−|σ|}(D(σ, M), ∂D(σ, M); R) the image of [M] under the composition of |σ| codimension 1 boundary maps.

A Z-homology manifold will just be called a homology manifold, and similarly

for Poincaré complexes and pairs.

Definition 6.4 An n-dimensional X-controlled R-homology Poincaré complex M is an X-controlled simplicial complex with a homology class [M] ∈ H_n(M; R) such that the cap product

[M] ∩ − : Δ(M; R)^{n−∗} → Δ(M; R)

is an (R, X)-module chain equivalence.

Remark 6.5 An X-controlled simplicial complex M is an n-dimensional Xcontrolled R-homology Poincaré complex if and only if each p^{−1}_M (D(σ, X), ∂D(σ, X)) ⊆ M (σ ∈ X) is an (n−|σ|)-dimensional R-homology Poincaré pair. In terms of the polyhedra |M|, |X| this condition can be expressed as follows : for every x ∈ |X| the inverse image p^{−1}_M (x) ⊆ |M| has a closed regular neighbourhood (U, ∂U) which is an n-dimensional R-homology Poincaré pair.

By analogy with 3.5 :

Proposition 6.6 (i) If X = {pt.} an n-dimensional X-controlled R-homology Poincaré complex M is the same as an n-dimensional R-homology Poincaré complex.

(ii) If X = M an n-dimensional X-controlled R-homology Poincaré complex M is the same as an n-dimensional R-homology manifold.

Theorem 6.7 (Poincaré duality) An n-dimensional R-homology manifold M is an n-dimensional X-controlled R-homology Poincaré complex, with an (R, X)- module chain equivalence Δ(M; R)^{n−∗} ≃ Δ(M; R) with respect to any control map p_M : M → X^′. Proof An (R, M)-module chain equivalence

[M] ∩ − : Δ(M; R)^{n−∗} → Δ(M; R)

can be regarded as an (R, X)-module chain equivalence, for any control map p_M : M → X^′. 2

Corollary 6.8 (Poincaré-Lefschetz duality) An n-dimensional R-homology manifold with boundary (M, ∂M) is an n-dimensional X-controlled R-homology Poincaré pair, with an (R, X)-module chain equivalence Δ(M; R)^{n−∗} ≃ Δ(M, ∂M; R) with respect to any control map p_M : M → X^′.

Corollary 6.9 (Lefschetz duality) If M is an n-dimensional R-homology manifold and L ⊆ M is any subcomplex, there is defined an (R, X)-module chain equivalence Δ(M, M\L; R)^{n−∗} ≃ Δ(L; R) with respect to any control map p_M : M → X^′. Similarly for an (R, X)-module chain equivalence Δ(M, L; R)^{n−∗} ≃ Δ(M\L; R) . Proof Let (U, ∂U) be a closed regular neighbourhood of L in M, an n-dimen-sional R-homology manifold with boundary such that the inclusion L ⊂ U is a homotopy equivalence. There are defined (R, X)-module chain equivalences

Δ(M, M\L; R)^{n−∗} ≃ Δ(M, cl.(M\U); R)^{n−∗} (homotopy invariance) ≃ Δ(U, ∂U; R)^{n−∗} (excision) ≃ Δ(U; R) (Poincaré-Lefschetz duality) ≃ Δ(L; R) (homotopy invariance) . 2 Definition 6.10 Let M be an X-controlled simplicial complex, with a homology class [M] ∈ H_n(M; R). The X-controlled peripheral chain complex of M is the algebraic mapping cone

C = C([M] ∩ − : Δ(M; R)^{n−∗} → Δ(M^′; R))_{∗+1}

(with a dimension shift), a finite chain complex in A (R, X).

Proposition 6.11 The following conditions on an X-controlled simplicial complex M with a homology class [M] ∈ H_n(M; R) and peripheral chain complex C are equivalent :

(i) M is an n-dimensional X-controlled R-homology Poincaré complex, (ii) C is chain contractible in A (R, X), (iii) H_{n−1}(C ⊗_{(R,X)} C) = 0, (iv) each p^{−1}(D(σ, X), ∂D(σ, X)) (σ ∈ X) is an (n − |σ|)-dimensional Rhomology Poincaré pair.

Proof (i) ⇐⇒ (ii) The chain map [M] ∩ − : Δ(M; R)^{n−∗} → Δ(M^′; R) is a chain equivalence in A (R, X) if and only if the algebraic mapping cone is chain contractible in A (R, X).

(ii) ⇐⇒ (iii) The (R, X)-module chain map

α = [M] ∩ − : Δ(M; R)^{n−∗} → Δ(M^′; R)

is chain homotopic to its chain dual, with a chain homotopy

β : α ≃ T α : Δ(M; R)^{n−∗} → Δ(M^′; R) .

Define a chain equivalence in A (R, X) ϕ_X : C^{n−1−∗} → C = C(α)_{∗+1} by ϕ_X = ( β 1 1 0 ) : C^{n−1−r} =Δ(M; R)^{n−r} ⊕ Δ(M^′; R)_{r+1} → C_r =Δ(M^′; R)_{r+1} ⊕ Δ(M; R)^{n−r} .

(See §9 for a more detailed discussion of the quadratic Poincaré structure on C). The abelian group

H_{n−1}(C ⊗_{(R,X)} C) = H_0(Hom_{(R,X)}(C^{n−1−∗}, C)) = H_0(Hom_{(R,X)}(C, C))

consists of the chain homotopy classes of chain maps C → C. This group is 0 if and only if C is chain contractible.

(ii) ⇐⇒ (iv) By 2.2 C is chain contractible if and only if each component R-module chain complexes C(σ) (σ ∈ X) is chain contractible. Now C(σ) ≃_R C([p^{−1}D(σ, X)] ∩ − : Δ(p^{−1}(D(σ, X), ∂D(σ, X)); R)^{n−|σ|−∗} → Δ(p^{−1}D(σ, X); R))_{∗+1} , so that C(σ) ≃_R 0 if and only if p^{−1}(D(σ, X), ∂D(σ, X)) (σ ∈ X) is an (n−|σ|)- dimensional R-homology Poincaré pair. 2

Example 6.12 Let X = {pt.}. The following conditions on a simplicial complex M with a homology class [M] ∈ H_n(M; R) and peripheral R-module chain complex C are equivalent :

(i) M is an n-dimensional R-homology Poincaré complex with fundamental class [M], (ii) H_∗(C) = 0, (iii) H_{n−1}(C ⊗_R C) = 0.

In the following result X = M.

Theorem 6.13 The following conditions on an n-dimensional R-homology Poincaré complex X are equivalent :

(i) X is an n-dimensional R-homology manifold, (ii) the peripheral chain complex

C = C([X] ∩ − : Δ(X; R)^{n−∗} → Δ(X^′; R))_{∗+1}

is (R, X)-module chain contractible, (iii) H_{n−1}(C ⊗_{(R,X)} C) = 0, (iv) the cohomology class V ∈ H^n(X × X; R) Poincaré dual to the homology class Δ_∗[X] ∈ H_n(X × X; R) has image 0 ∈ H^n(X × X\Δ_X ; R), (v) the fundamental class [X] ∈ H_n(X; R) is such that [X] ∈ im(H^n(X × X, X × X\Δ_X ; R) → H_n(X; R)) , (vi) a particular R-module morphism

H^n(X × X\Δ_X ; R) → H_n(X × X, Δ_X ; R)

(specified in the proof) is an isomorphism, namely the Lefschetz duality isomorphism.

Proof (i) ⇐⇒ (ii) ⇐⇒ (iii) This is a special case of 6.11. (i) ⇐⇒ (iv) There is defined an exact sequence H^n(X × X, X × X\Δ_X ; R) → H^n(X × X; R) → H^n(X × X\Δ_X ; R) . Thus V has image 0 ∈ H^n(X ×X\Δ_X ; R) if and only if there exists an element U ∈ H^n(X × X, X × X\Δ_X ; R) with image V . Now U is a chain homotopy class of (R, X)-module chain maps Δ(X^′; R) → Δ(X; R)^{n−∗}, since

H^n(X × X, X × X\Δ_X ; R) = H_n(Δ(X; R)^{−∗} ⊗_{(R,X)} Δ(X; R)^{−∗}) = H_0(Hom_{(R,X)}(Δ(X^′; R), Δ(X; R)^{n−∗})) .

U is a chain homotopy inverse of ϕ = [X] ∩ − : Δ(X; R)^{n−∗} → Δ(X^′; R) with

ϕU = 1 ∈ H_0(Hom_{(R,X)}(Δ(X^′; R), Δ(X^′; R))) = H^0(X; R) , ϕ = T ϕ ∈ H_0(Hom_{(R,X)}(Δ(X; R)^{n−∗}, Δ(X^′; R))) , (T U)ϕ = (T U)(T ϕ) = T (ϕU) = 1

∈ H_0(Hom_{(R,X)}(Δ(X^′; R)^{n−∗}, Δ(X; R)^{n−∗})) .

(iv) ⇐⇒ (v) ⇐⇒ (vi) Immediate from the commutative braid of exact sequences

H^n(X×X, X×X\Δ_X ; R) %%KK

  KKK

KK

## H^n(X×X; R) %%KK

  KKK

KK

## H_n(X×X, Δ_X ; R) H_n(X; R) Δ� 99ssss

sss

%%KK

  KKK

KK

H^n(X×X\Δ_X ; R) 99ss

  sss
ss

%%KK

  KKK

KK

H_{n+1}(X×X, Δ_X ; R)

0 99ss

  sss
ss

0 ;; H_{n−1}(C ⊗_{(R,X)} C) 99ss

  sss
ss

;; H^{n+1}(X×X, X×X\Δ_X ; R)

on noting that X × X is a 2n-dimensional R-homology Poincaré complex with isomorphisms [X × X] ∩ − : H^n(X × X; R) ∼= H_n(X × X; R) and that the diagonal map Δ : X → X × X ; x → (x, x) is split by the projection p : X × X → X ; (x, y) → x , so that H_∗(X × X; R) = H_∗(X; R) ⊕ H_∗(X × X, Δ_X ; R) .

The classes V ∈ H^n(X × X, X × X\Δ_X ; R) , ϕ_X ∈ H_{n−1}(C ⊗_{(R,X)} C) (with ϕ_X as in the proof of 6.11) are both images of the fundamental class [X] ∈ H_n(X; R), so that they have the same image in H^n(X × X\Δ_X ; R). 2 Remark 6.14 The equivalence (i) ⇐⇒ (iv) in 6.13 in the case R = Z is a slight generalization of the corresponding results of McCrory [17, Theorem 1] and Ranicki [29, 8.5] for n-circuits and n-dimensional pseudomanifolds respectively. Remark 6.15 A Poincaré complex X is a homology manifold precisely when the dihomology spectral sequence of Zeeman [45] collapses. See McCrory [18] for a geometric interpretation in terms of moving cocycles in X ×X off the diagonal. There is also a version of 6.13 for Poincaré pairs with manifold boundary. Here is a special case :

Proposition 6.16 An n-dimensional R-homology Poincaré pair (X, ∂X) with R-homology manifold boundary is an n-dimensional R-homology manifold with boundary if and only if the cohomology class V ∈ H^n(X × X, X × ∂X; R) Poincaré-Lefschetz dual to the homology class Δ_∗[X] ∈ H_n(X × X, ∂X × X; R) (with [X] ∈ H_n(X, ∂X; R)) is the image of a class U ∈ H^n(X × X, X × ∂X ∪ X × X\Δ_X ; R) . Remark 6.17 In general, a singularity does not arise as a non-manifold point of a Poincaré complex, so 6.13 cannot be applied directly to obtain a homological invariant of the singularity. However, for an isolated singular point of a complex hypersurface it is possible to apply 6.16 to a related Poincaré pair with manifold boundary. Given a polynomial function f : C^{n+1} → C with an isolated critical point z_0 ∈ V = f^{−1}(0) Milnor [20] relates the singularity of f at z_0 to the properties of the fibred knot

k : V ∩ S_ϵ = S^{2n−1} ⊂ S_ϵ = S^{2n+1}

defined by intersecting V with

S_ϵ = {z ∈ C^{n+1} | ‖z − z_0‖ = ϵ}

for a sufficiently small ϵ. (Only P L structures are considered here – the differentiable structure on V ∩ S_ϵ could of course be exotic). In §14 below there will be associated to any fibred knot k : S^{2n−1} ⊂ S^{2n+1} a (2n + 2)-dimensional homology Poincaré pair (X, ∂X) with manifold boundary, which is a homology manifold with boundary if k is unknotted; the obstruction to (X, ∂X) being a homology manifold with boundary is related to homological invariants of k, and hence to the nature of the singularity.

7. Degree 1 maps and homology equivalences

This section investigates the extent to which a degree 1 map of n-dimensional homology manifolds has acyclic point inverses. It is shown that this is the case if and only if the n-dimensional homology of the double point set relative to the diagonal is zero.

Definition 7.1 The double point set of a map f : M → N is the pullback (5.1)

M ×_N M = (f × f)^{−1}(Δ_N ) = {(x, y) ∈ M × M | f(x) = f(y) ∈ N} . If f is a simplicial map then M ×_N M is an N-controlled simplicial complex.

Given a map f : M → N define the maps i : M → M ×_N M ; x → (x, x) , j : M ×_N M → N ; (x, y) → f(x) = f(y) , k : M ×_N M → M ; (x, y) → x . There is defined a commutative diagram M × M^{f ×f} // N × N

M ×_N M^j //

OO

N Δ_N OO

M

Δ_M CCΥ

       ΥΥ
      ΥΥ
     ΥΥ
    ΥΥ
   ΥΥ
  ΥΥ
 ΥΥ
Υ

i ::tt

    ttt
  ttt
t^f

44iiii

            iiiii
        iiiii
    iiiii
iiii

It follows from ki = 1 : M → M that

H_∗(M ×_N M) = H_∗(M) ⊕ H_∗(M ×_N M, Δ_M ) .

Definition 7.2 Let f : M → N be a map of X-controlled R-homology Poincaré complexes, with dim(M) = m, dim(N) = n. (i) The Umkehr of f is the (R, X)-module chain map

f^! : Δ(N; R) ≃ Δ(N; R)^{n−∗ f} � −−−−→ Δ(M; R)^{n−∗} ≃ Δ(M; R)_{∗+m−n} . (ii) f has degree 1 if m = n and

f_∗[M] = [N] ∈ H_n(N; R) .

Proposition 7.3 (i) If f : M → N is a degree 1 map of n-dimensional Xcontrolled R-homology Poincaré complexes the Umkehr (R, X)-module chain map f^! : Δ(N; R) → Δ(M; R) is such that

ff^! ≃ 1 : Δ(N; R) → Δ(N; R) and there exists an (R, X)-module chain equivalence Δ(M; R) ≃_{(R,X)} Δ(N; R) ⊕ Δ(f^!) .

(ii) If f : M → N is a degree 1 map of n-dimensional R-homology manifolds then H_n(Δ(f^!) ⊗_{(R,N)} Δ(f^!)) = H_n(M ×_N M, Δ_M ; R) .

Proof (i) Immediate from f_∗[M] = [N] ∈ H_n(N; R) and the naturality properties of the cap product.

(ii) Apply Δ(M) ⊗_(Z_{,N)} − to the (Z, N)-module chain equivalence given by (i) Δ(M) ≃_(Z_{,N)} Δ(N) ⊕ Δ(f^!) , to obtain Δ(M) ⊗_(Z_{,N)} Δ(M)

≃_(Z_{,N)} (Δ(M)⊗_(Z_{,N)} Δ(N)) ⊕ (Δ(M) ⊗_(Z_{,N)} Δ(f^!))

≃_(Z_{,N)} (Δ(M)⊗_(Z_{,N)} Δ(N)) ⊕ (Δ(N) ⊗_(Z_{,N)} Δ(f^!)) ⊕ (Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) ≃_(Z_{,N)} Δ(M) ⊕ Δ(f^!) ⊕ (Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) .

Since H_n(f^!) = 0, it follows that

H_n(M ×_N M) = H_n(Δ(M) ⊗_(Z_{,N)} Δ(M)) = H_n(M) ⊕ H_n(f^!) ⊕ H_n(Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) = H_n(M) ⊕ H_n(Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) . 2 Theorem 7.4 The following conditions on a degree 1 map f : M → N of ndimensional X-controlled R-homology Poincaré complexes are equivalent :

(i) f is an X-controlled R-homology equivalence (3.3), (ii) f : Δ(M; R) → Δ(N; R) is an (R, X)-module chain equivalence, (iii) there exists an (R, X)-module chain homotopy f^!f ≃ 1 : Δ(M; R) → Δ(M; R) , (iv) Δ_∗[M] = (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M ×_X M; R) , (v) (f^! ⊗ f^!)Δ_∗[N] = 0 ∈ H_n(M ×_X M, Δ_M ; R) , (vi) (f × f)_∗ : H_n(M ×_X M; R) ∼= H_n(N ×_X N; R) .

Proof (i) ⇐⇒ (ii) This is a special case of 3.4. (ii) ⇐⇒ (iii) Immediate from 7.3.

(iii) ⇐⇒ (iv) Immediate from the identifications 1 = Δ_∗[M] , f^!f = (f^! ⊗ f^!)Δ_∗[N] ∈ H_0(Hom_{(R,X)}(Δ(M; R), Δ(M; R))) = H_n(M ×_X M; R) .

(iv) ⇐⇒ (v) Immediate from the identity (f^! ⊗ f^!)Δ_∗[N] = ([M], (f^! ⊗ f^!)Δ_∗[N] − Δ_∗[M]) ∈ H_n(M ×_X M; R) = H_n(M; R) ⊕ H_n(M ×_X M, Δ_M ; R) .

(ii) =⇒ (vi) If f : Δ(M; R) → Δ(N; R) is an (R, X)-module chain equivalence then so is

f ⊗ f : Δ(M; R) ⊗_{(R,X)} Δ(M; R) → Δ(N; R) ⊗_{(R,X)} Δ(N; R) . (vi) =⇒ (iv) It follows from ff^! ≃ 1 and (f ⊗ f)_∗Δ_∗[M] = Δ_∗[N] ∈ H_n(N ×_X N; R) that

Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] ∈ ker((f × f)_∗ : H_n(M ×_X M; R) → H_n(N ×_X N; R)) = {0} . 2 Corollary 7.5 The following conditions on a degree 1 map f : M → N of ndimensional homology manifolds are equivalent : (i) f has acyclic point inverses, (ii) H_n(M ×_N M, Δ_M ) = 0, (iii) H_n(Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) = 0.

Proof (i) ⇐⇒ (ii) Apply 7.3 with R = Z, X = N, so that

M ×_X M = M ×_N M = (f × f)^{−1}Δ_N , N ×_X N = N , H_n(M ×_X M) = H_n(M) ⊕ H_n(M ×_N M, Δ_M ) .

Since f_∗ : H_n(M) ∼= H_n(N), condition 7.4 (vi) (f × f)_∗ : H_n(M ×_N M) ∼= H_n(N ×_N N) for f to be a (Z, N)-homology equivalence is equivalent to H_n(M ×_N M, Δ_M ) = 0 .

As in 3.5 (ii) a map f is a (Z, N)-homology equivalence if and only if it has acyclic point inverses.

(ii) ⇐⇒ (iii) By 7.3 (ii) H_n(Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) = H_n(M ×_N M, Δ_M ). 2

Remark 7.6 (i) A map f : M → N is injective if and only if M ×_N M = Δ_M .

The condition of 7.5 (ii) is automatically satisfied for injective f. (ii) A degree 1 map f : M → N of n-dimensional R-homology manifolds is surjective by the following argument, which does not require M, N to be polyhedra. If x ∈ N\f(M) then H_n(M, M\f^{−1}(x); R) = 0 , H_n(N, N\{x}; R) = R , leading to a contradiction in the commutative diagram H_n(M; R) = R^{∼=}−−−−→ H_n(N; R) = R ∼_= H_n(M, M\f^{−1}(x); R) = 0^f�−−−−→ H_n(N, N\{x}; R) = R (assuming M, N are connected).

Corollary 7.7 (i) A map f : M → N of n-dimensional R-homology Poincaré complexes is an R-homology equivalence if and only if it is degree 1 and Δ_∗[M] = (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M × M; R) .

(ii) A map f : M → N of n-dimensional R-homology manifolds has R-acyclic point inverses if and only if it is degree 1 and Δ_∗[M] = (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M ×_N M; R) .

Proof (i) Apply 7.4 with X = {pt.}.

(ii) Apply 7.4 with X = N. 2 Definition 7.8 Given a map f : M → N of R-homology manifolds with dim(M) = m, dim(N) = n let the Umkehr of the map j : M ×_N M → N ; (x, y) → f(x) = f(y) be the (R, N)-module chain map j^! : Δ(N; R) → Δ(M ×_N M; R)_{∗+2m−2n} given by the composite j^! : Δ(N; R) ≃_{(R,N)} Δ(N × N, N × N\Δ_N ; R)^{2n−∗} (f ×f )� −→ Δ(M × M, M × M\M ×_N M; R)^{2n−∗} ≃_{(R,N)} Δ(M ×_N M; R)_{∗+2m−2n} .

Proposition 7.9 The following conditions on a degree 1 map f : M → N of n-dimensional R-homology manifolds are equivalent : (i) f has R-acyclic point inverses, (ii) there exists an (R, N)-module chain homotopy i_∗f^! ≃ j^! : Δ(N; R) → Δ(M ×_N M; R) , (iii) there exists an (R, N)-module chain map g : Δ(N) → Δ(M) with an (R, N)-module chain homotopy i_∗g ≃ j^! : Δ(N; R) → Δ(M ×_N M; R) .

Proof (i) ⇐⇒ (ii) Identify

i_∗f^! = Δ_∗[M] , j^! = (f^! ⊗ f^!)Δ_∗[N] ∈ H_0(Hom_{(R,N)}(Δ(N; R), Δ(M ×_N M; R))) = H_n(M ×_N M; R) and apply the equivalence (i) ⇐⇒ (iv) of 7.4, with X = N. (ii) =⇒ (iii) Take g = f^!.

(iii) =⇒ (i) It follows from the exact sequence

H_0(Hom_{(R,N)}(Δ(N; R), Δ(M; R))) i�−→ H_0(Hom_{(R,N)}(Δ(N; R), Δ(M ×_N M; R))) −→ H_0(Hom_{(R,N)}(Δ(N; R), Δ(M ×_N M, Δ_M ; R))) that such a g exists if and only if the (R, N)-module chain homotopy class j^! ∈ H_0(Hom_{(R,N)}(Δ(N; R), Δ(M ×_N M; R))) has 0 image in

H_0(Hom_{(R,N)}(Δ(N; R), Δ(M ×_N M, Δ_M ; R))) = H_n(M ×_N M, Δ_M ; R) . But this image is precisely the element (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M ×_N M, Δ_M ; R) of 7.4 (v) whose vanishing is (necessary and) sufficient for f to have R-acyclic point inverses. 2

8. Bundles The results of §§6,7 will now be interpreted from the bundle point of view, aftre a brief review of the various bundle theories involved. Oriented spherical fibrations η over a space X (D^k, S^{k−1}) → (E(η), S(η)) → X are classified up to oriented fibre homotopy equivalence by the homotopy classes of maps η : X → BG(k) to a classifying space BG(k). Every such fibration has a Thom space T (η) = E(η)/S(η) and a Thom class U_η ∈ ~H^k(T (η)) . See Rourke and Sanderson [38] for the theory of (oriented) P L k-block bundles, with a classifying space BS~P L(k). A codimension k embedding M^n ⊂ N^{n+k} of P L manifolds has a normal P L k-block bundle ν_{M⊂N} : M → BP L(k).

See Martin and Maunder [15] for the theory of homology cobordism bundles, with a classifying space BSH(k) and forgetful maps BS~P L(k) → BSH(k) , BSH(k) → BSG(k) . A codimension k embedding M^n ⊂ N^{n+k} of homology manifolds (i.e. a P L map which is an injection) has a normal homology cobordism S^{k−1}-bundle ν_{M⊂N} : M → BSH(k). See Rourke and Sanderson [39] for the theory of (oriented) topological k-block bundles, with a classifying space BS ]T OP (k) and forgetful maps BS~P L(k) → BS ]T OP (k) , BS ]T OP (k) → BSG(k) . Galewski and Stern [7] proved that every homology cobordism S^{k−1}-bundle has a canonical lift to a topological k-block bundle, so that there is defined a commutative diagram of classifying spaces and forgetful maps BS~P L(k) // fflffl BS ]_{T OP (k)} fflffl BSH(k) //

88pp

    ppp
  ppp
ppp

BSG(k) . The diagonal embedding of an n-dimensional homology manifold M Δ : M → M × M ; x → (x, x) has a normal homology cobordism S^{n−1}-bundle, the tangent homology cobordism S^{n−1}-bundle ([15, 5.3]) τ_M = ν_Δ : M → BSH(n) , and hence a tangent topological n-block bundle τ_M : M → BS ]T OP (n). The Euler class of τ_M may be identified with the Euler characteristic of M, as follows.

The Euler characteristic of a finite simplicial complex X is χ(X) = ∞∑ r=0 (−)^rdimRH_r(X; R) ∈ Z .

Proposition 8.1 (i) For a connected n-dimensional Poincaré complex X χ(X) = Δ^∗(V ) ∈ H^n(X) = Z with V ∈ H^n(X × X) the Poincaré dual of Δ_∗[X] ∈ H_n(X × X). (ii) The obstruction to a degree 1 map f : M → N of connected n-dimensional Poincaré complexes being a homology equivalence (7.7 (i)) Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M × M) has image χ(M) − χ(N) ∈ Z under the composite

H_n(M × M) ∼= H^n(M × M)^Δ � −→ H^n(M) = Z .

Proof (i) As for smooth manifolds (Milnor and Stasheff [21, 11.13]). (ii) Immediate from (i). 2 It is well known that χ(M) = χ(τ_M ) for a smooth manifold M ([21, 11.13]). More generally :

Proposition 8.2 The Euler characteristic of a connected n-dimensional homology manifold M is the Euler class of the tangent n-block bundle τ_M χ(M) = χ(τ_M ) ∈ H^n(M) = Z .

Proof The homology tangent bundle of M (Spanier [40, p.294]) is the homology fibration (M, M\{∗}) → (M × M, M × M\Δ_M ) → M with M → M × M ; x → (∗, x) , M × M → M ; (x, y) → x . The tangent topological n-block bundle of M (D^n, S^{n−1}) → (E(τ_M ), S(τ_M )) → M is related to the homology tangent bundle by a homotopy pushout diagram S(τ_M ) // fflffl M × M\Δ_M fflffl E(τ_M ) ≃ M Δ // M × M .

The Thom space, Thom class and Euler class of τ_M are such that T (τ_M ) = E(τ_M )/S(τ_M ) = (M × M)/(M × M\Δ_M ) , U_M ∈ ~H^n(T (τ_M )) = H^n(M × M, M × M\Δ_M ) , e(τ_M ) = z^∗(U_M ) ∈ H^n(M) , with z : M → T (τ_M ) the zero section. Furthermore, there is defined a commutative diagram H^n(M × M, M × M\Δ_M ) ∼= fflffl i^∗ // H_n(M × M) Δ^∗ fflffl ~H^n(T (τ_M )) z^∗ // H^n(M) with i : M × M → (M × M, M × M\Δ_M ) the natural map. As before, let V ∈ H^n(M × M) be the Poincaré dual of Δ_∗[M] ∈ H_n(M × M). The Thom class U_M ∈ ~H^n(T (τ_M )) has image i^∗(U_M ) = V ∈ H^n(M × M) , and e(τ_M ) = z^∗(U_M ) = Δ^∗(i^∗(U_M )) = Δ^∗(V ) = χ(M) ∈ H^n(M) = Z . 2 Remark 8.3 Theorem 6.13 can be regarded as a converse of 8.2 : A connected n-dimensional Poincaré complex X is an n-dimensional homology manifold if and only if the Poincaré dual V ∈ H^n(X × X) of Δ_∗[X] ∈ H_n(X × X) is the image of a Thom class U ∈ ~H^n(T (τ_X )), in which case χ(X) = e(τ_X ) ∈ H^n(X) = Z .

McCrory [17] called such U a geometric Thom class for X. Proposition 8.4 A degree 1 map f : M → N of n-dimensional R-homology manifolds has acyclic point inverses if and only if the Thom classes U_M ∈ H^n(M × M, M × M\Δ_M ; R) , U_N ∈ H^n(N × N, N × N\Δ_N ; R) have the same image in H^n(M × M, M × M\M ×_N M; R) c^∗(U_M ) = (f × f)^∗(U_N ) ∈ H^n(M × M, M × M\M ×_N M; R) , with c : (M × M, M × M\M ×_N M) → (M × M, M × M\Δ_M ) the inclusion of pairs.

Proof This is just the cohomology version of 7.7 (ii), after Lefschetz duality (6.8) identifications

U_M = [M] ∈ H^n(M × M, M × M\Δ_M ; R) = H_n(M; R) , U_N = [N] ∈ H^n(N × N, N × N\Δ_N ; R) = H_n(N; R) , H^n(M × M, M × M\M ×_N M; R) = H_n(M ×_N M; R) , noting that M × M and N × N are 2n-dimensional R-homology manifolds. 2 Remark 8.5 Suppose that f : M → N is a degree 1 map of n-dimensional homology manifolds which is covered by a stable map b : τ_M ⊕ ϵ^∞ → τ_N ⊕ ϵ^∞ of the tangent block bundles. (For example, if M, N have trivial tangent block bundles then any map f : M → N is covered by an unstable map b : τ_M → τ_N ). In general, the diagram

~H n(T (τ_N )) ∼= T (b)^∗ // ~H n(T (τ_M )) ∼= H^n(N × N, N × N\Δ_N ) (f × f)^∗

!!D

         DD

        DD

       DD

     DD

    DD

   DD

 DD

DD

H^n(M × M, M × M\Δ_M ) c^∗ ——yy yy

 yy

   yy

    yy

     yy

      yy

        yy

         yy

H^n(M × M, M × M\M ×_N M) is not commutative, with the obstruction in 8.4 non-zero :

c^∗T (b)^∗(U_N ) − (f × f)^∗(U_N ) = c^∗(U_M ) − (f × f)^∗(U_N ) ≠ 0 ∈ H^n(M × M, M × M\M ×_N M) . In §9 below this difference will be expressed in terms of an N-controlled refinement of the (symmetrization of the) quadratic structure used in Ranicki [27] to obtain a chain level expression for the Wall surgery obstruction. Proposition 8.6 Let f : M → N be a degree 1 map of n-dimensional R-homology manifolds. If there exists an N-controlled map a : (M × M, M × M\Δ_M ) → (N × N, N × N\Δ_N ) such that the diagram (M × M, M × M\M ×_N M) c ¨¨~~

~~

 ~~

  ~~

    ~~

     ~~

      ~~

       ~~

f × f ŒŒ>

        >>

       >>

      >>

     >>

   >>

  >>

 >>

>

(M × M, M × M\Δ_M ) a // (N × N, N × N\Δ_N ) is N-controlled homotopy commutative, then (f × f)^∗(U_N ) = c^∗(U_M ) ∈ H^n(M × M, M × M\M ×_N M; R) and f has acyclic point inverses. Moreover, a^∗(U_N ) = U_M ∈ H^n(M × M, M × M\Δ_M ; R) .

Proof Define the (R, N)-module chain map g : Δ(N; R) ≃_{(R,N)}Δ(N × N, N × N\Δ_N ; R)^{2n−∗} a� −→ Δ(M × M, M × M\Δ_M ; R)^{2n−∗} ≃_{(R,N)} Δ(M; R) such that

g[N] = a^∗(U_N ) ∈ H_n(M) = H^n(M × M, M × M\Δ_M ) . The N-controlled homotopy of pairs ac ≃ f × f : (M × M, M × M\M ×_N M) → (N × N, N × N\Δ_N ) induces an (R, N)-module chain homotopy ac ≃ f × f : Δ(M × M, M × M\M ×_N M; R) ≃_{(R,N)} Δ(M ×_N M; R)^{2n−∗} → Δ(N × N, N × N\Δ_N ; R) ≃_{(R,N)} Δ(N; R)^{2n−∗} . The chain dual is an (R, N)-module chain homotopy i_∗g ≃ j^! : Δ(N; R) → Δ(M ×_N M; R) , so that i_∗g[N] = j^![N] = [M ×_N M] ∈ H_n(M ×_N M; R) , with dual the identity c^∗a^∗(U_N ) = (f × f)^∗(U_N ) ∈ H^n(M × M, M × M\M ×_N M; R) , so that f has R-acyclic point inverses by 8.4, and

g ≃ f^{−1} ≃ f^! : Δ(N; R) → Δ(M; R) , g[N] = [M] ∈ H_n(M; R) , a^∗(U_N ) = U_M ∈ H^n(M × M, M × M\Δ_M ; R) . 2 Remark 8.7 A degree 1 map f : M → N of n-dimensional homology manifolds which is covered by a map of the tangent n-block bundles b : τ_M → τ_N need not be covered by a map of homology tangent bundles a as in 8.6.

9. The total surgery obstruction

The total surgery obstruction s(X) ∈ S_n(X) of Ranicki [29] is defined for a finite simplicial complex X satisfying n-dimensional Poincaré duality with respect to all coefficients – such Poincaré complexes are considered further below. For n ≥ 5 the total surgery obstruction is s(X) = 0 if and only if the polyhedron |X| is homotopy equivalent to a topological manifold (which need not be triangulable). On the other hand, an n-dimensional homology Poincaré complex X is a homology manifold if and only if an obstruction in H^n(X × X\Δ_X ) (6.13) is 0. The obstruction of 6.13 will now be related to the total surgery obstruction and its Z-homology analogue.

So far, only the homology H_∗(X; R) and cohomology H^∗(X; R) of a simplicial complex X with coefficients in a commutative ring R have been considered. For non-simply-connected X the homology H_∗(X; Λ) and cohomology H^∗(X; Λ) and with coefficients in an R[π_1(X)]-module Λ will also be considered.

Given a commutative ring R and a group π let the group ring R[π] have the involution R[π] → R[π] ; a = ∑ g∈π n_gg → a = ∑ g∈π n_gg^{−1} (n_g ∈ R) .

Use the involution to convert every left R[π]-module M into a right R[π]-module M^t, with the same additive group and M^t × R[π] → M^t ; (x, a) → a.x . Define an involution (1.2) on the additive category A (R[π]) of f.g. free (left) R[π]-modules

∗ : A (R[π]) → A (R[π]) ; A → A^∗ = Hom_{R[π]}(A, R[π])

with R[π] × A^∗ → A^∗ ; (a, f) → (x → f(x).a) .

Definition 9.1 Given a connected simplicial complex X with universal cover ~X and an R[π_1(X)]-module Λ define the Λ-coefficient homology and cohomology R-modules of X to be H_∗(X; Λ) = H_∗(Λ^t ⊗_{R[π1(X)]} Δ( ~X; R)) , H^∗(X; Λ) = H_∗(Hom_{R[π1(X)]}(Δ( ~X; R), Λ)) .

The Λ-coefficient homology and cohomology R-modules are related by a cap product pairing H_n(X; R) ⊗_R H^m(X; Λ) → H_{n−m}(X; Λ); x ⊗ y → x ∩ y . For Λ = R[π_1(X)] the Λ-coefficient homology and cohomology groups are R[π_1(X)]-modules

H_∗(X; R[π_1(X)]) = H_∗(Δ( ~X; R)) = H_∗( ~X; R) , H^∗(X; R[π_1(X)]) = H_{−∗}(Hom_{R[π1(X)]}(Δ( ~X; R), R[π_1(X)]))

Definition 9.2 An n-dimensional universal R-homology Poincaré complex is a finite connected simplicial complex X with a homology class [X] ∈ H_n(X; R) such that the cap products are R[π_1(X)]-module isomorphisms [X] ∩ − : H^{n−∗}(X; R[π_1(X)]) ∼= H_∗(X; R[π_1(X)]) .

A universal Z-homology Poincaré complex will just be called a universal homology Poincaré complex.

Remark 9.3 (i) A universal homology Poincaré complex is just a Poincaré complex in the sense of Wall [42].

(ii) If X is a universal R-homology Poincaré complex with universal cover ~X then the R[π_1(X)]-module chain map

[X] ∩ − : Δ( ~X; R)^{n−∗} = Hom_{R[π1(X)]}(Δ( ~X; R), R[π_1(X)])_{∗−n} → Δ( ~X; R) is a chain equivalence, and there are defined Poincaré duality isomorphisms [X] ∩ − : H^{n−∗}(X; Λ) ∼= H_∗(X; Λ) for any R[π_1(X)]-module Λ.

(iii) A connected finite simplicial complex X with finite fundamental group π_1(X) is an n-dimensional universal R-homology Poincaré complex if and only if the universal cover ~X is an n-dimensional R-homology Poincaré complex in the sense of 6.2.

Proposition 9.4 A connected n-dimensional R-homology manifold X is an ndimensional universal R-homology Poincaré complex.

Proof The assembly functor of Ranicki and Weiss [34]

A : A (R, X) → A (R[π1 (X)]) ; A =^∑_{σ∈X} A(σ) → A(^~X) =^∑ eσ∈ eX A(p~σ)

is defined for any connected simplicial complex X, with p : ~X → X the universal covering projection. The assembly is a natural transformation of additive categories with chain duality ([29, 9.11]), so that the assembly of the ndimensional symmetric Poincaré complex (Δ(X^′; R), Δ[X]) in A (R, X) is the n-dimensional symmetric Poincaré complex (Δ( ~X^′; R), Δ[X]) in A (R[π_1 (X)]). (This is just a formalization of the standard dual cell proof of Poincaré duality, e.g. Wall [43, Thm. 2.1]). 2

In particular, a homology manifold is a universal homology Poincaré complex.

Definition 9.5 (Quinn [22]) (i) An n-dimensional normal complex (X, ν_X , ρ_X ) is a finite simplicial complex X together with a normal structure

(ν_X : X → BSG(k) , ρ_X : S^{n+k} → T (ν_X )) (k large) .

The homology class

[X] = U_{νX} ∩ h(ρ_X ) = [X] ∈ H_n(X) (h = Hurewicz)

is the fundamental class of X.

(ii) A normal structure on an n-dimensional homology Poincaré complex X is a normal structure (ν_X , ρ_X ) realizing the fundamental class [X] ∈ H_n(X).

Remark 9.6 (i) A finite simplicial complex X is an n-dimensional universal homology Poincaré complex if and only if a regular neighbourhood (U, ∂U) of an embedding X ⊂ S^{n+k} defines a fibration (D^k, S^{k−1}) → (U, ∂U) → X (Spivak [41], Wall [42], Ranicki [27]). A n-dimensional universal homology Poincaré complex X has a canonical class of Spivak normal structures (ν_X : X → BSG(k), ρ_X : S^{n+k} → T (ν_X )), namely those represented by such regular neighbourhoods (U, ∂U) with ρ_X : S^{n+k} → S^{n+k}/cl.(S^{n+k}\U) = U/∂U = T (ν_X ) . (ii) Browder [1] used Poincaré surgery on π_1(X) to prove that every n-dimen-sional homology Poincaré complex X admits normal structures (ν_X : X → BSG(k), ρ_X : S^{n+k} → T (ν_X )), and that for any such structure ν_X ⊕ ϵ : X → BSG(k + 1) is the normal fibration of a Poincaré embedding X ⊂ S^{n+k+1} with complement T (ν_X ) ∪_{ρX} D^{n+k+1}.

Definition 9.7 (Ranicki [29, 17.1]) The peripheral quadratic complex of an n-dimensional normal complex X is the (n−1)-dimensional quadratic Poincaré complex (C, ψ_X ) in A (Z, X) with C the X-controlled peripheral chain complex (6.10)

C = C([X] ∩ − : Δ(X)^{n−∗} → Δ(X^′))_{∗+1} and ψ_X ∈ Q^X_{n−1}(C) = H_{n−1}(W ⊗Z_{[Σ2]} (C ⊗_(Z_{,X)} C))

the X-controlled quadratic class obtained by the boundary construction of [29, 2.6].

Note that the normal complex X is a universal homology Poincaré complex if and only if the peripheral chain complex C is A (Z[π_1(X)])-contractible.

Remark 9.8 The X-controlled quadratic class ψ_X ∈ Q^X_{n−1}(C) in 9.7 has symmetrization (1 + T )ψ_X = ϕ_X ∈ H_{n−1}(C ⊗_(Z_{,X)} C)

the chain homotopy class of chain equivalences ϕ_X : C^{n−1−∗} → C (6.11). In fact, ψ_X is an X-controlled version of the quadratic class

ψ = ψ_F (U_{νX} ) ∈ Q_{n−1}(C) = H_{n−1}(W ⊗Z_{[Σ2]} (C ⊗ZC))

obtained by evaluating the spectral quadratic construction of Ranicki [28, 7.3]

ψ_F : ~H^k(T (ν_X )) → Q_{n−1}(C)

on the Thom class U_{νX} ∈ ~H^k(T (ν_X )). Here, F : T (ν_X )^∗ → Σ^∞X_+ is a stable map inducing the chain map [X] ∩ − : Δ(X)^{n−∗} → Δ(X^′), with T (ν_X )^∗ the spectrum S-dual of the Thom space T (ν_X ). If X is homology Poincaré then T (ν_X )^∗ = Σ^∞X_+. If X is R-homology Poincaré ψ = 0 ∈ Q_{n−1}(C) = 0, but in general ψ_X ≠ 0.

Refer to Ranicki [29, p.148] for the algebraic surgery exact sequence of a simplicial complex X

· · · → H_n(X; L_• )^A→ L_n(Z[π_1(X)]) → S_n(X) → H_{n−1}(X; L_• ) → . . . ,

with A the assembly map. The generalized homology group

H_n(X; L_• ) = L_n(A (Z, X))

is the cobordism group of 1-connective n-dimensional quadratic Poincaré complexes (C, ψ_X ) in A (Z, X), with C an n-dimensional chain complex in A (Z, X) and ψ_X ∈ Q^X_n (C) = H_n(W ⊗Z_{[Σ2]} (C ⊗_(Z_{,X)} C)) such that

(1 + T )ψ_X ∈ H_n(C ⊗_(Z_{,X)} C) = H_0(Hom_(Z_{,X)}(C^{n−∗}, C)) is a chain homotopy class of (Z, X)-module chain equivalences C^{n−∗} → C. Here, W is a free Z[Σ_2]-module resolution of Z W : · · · → Z[Σ_2]^{1−T}−→ Z[Σ_2]^{1+T}−→ Z[Σ_2]^{1−T}−→ Z[Σ_2] and the generator T ∈ Σ_2 acts on C ⊗_(Z_{,X)} C by signed transposition. The quadratic L-group L_n(Z[π_1(X)]) = L_n(A (Z[π_1(X)])) is the cobordism group of n-dimensional quadratic Poincaré complexes (C, ψ) over the group ring Z[π_1(X)] with ψ ∈ Q_n(C) = H_n(W ⊗Z_{[Σ2]} (C ⊗Z_{[π1(X)]} C)) .

The structure group S_n(X) is the cobordism group of 1/2-connective

A (Z[π1(X)])-contractible (n − 1)-dimensional quadratic Poincaré complexes in A (Z, X).

Definition 9.9 (Ranicki [29, 17.4]) The total surgery obstruction of an n-dimensional universal homology Poincaré complex X is the cobordism class of the peripheral quadratic Poincaré complex

in A (Z, X)

s(X) = (C, ψ_X ) ∈ S_n(X) .

Proposition 9.10 Let X be an n-dimensional universal Poincaré complex, with peripheral complex (C, ψ_X ).

(i) The following conditions are equivalent :

(a) X is an n-dimensional homology manifold, (b) C is A (Z, X)-contractible, (c) (1 + T )ψ_X = 0 ∈ H_{n−1}(C ⊗_(Z_{,X)} C).

(ii) The total surgery obstruction is such that s(X) = 0 if (and for n ≥ 5 only if) the polyhedron |X| is homotopy equivalent to an n-dimensional topological manifold. The image of the total surgery obstruction t(X) = [s(X)] ∈ H_{n−1}(X; L_• ) is such that t(X) = 0 if and only if the Spivak normal fibration ν_X : X → BSG admits a topological reduction ~ν_X : X → BST OP .

Proof (i) (a) ⇐⇒ (b) The peripheral quadratic complex (C, ψ_X ) is A (Z, X)- contractible if and only if the peripheral chain complex C is A (Z, X)- contractible, if and only if X is a homology manifold (6.11). (b) ⇐⇒ (c) The map

H_n(X) → H_{n−1}(C ⊗_(Z_{,X)} C)

in the braid used in the proof of Theorem 6.13 sends the fundamental class [X] ∈ H_n(X) to the homology class

(1 + T )ψ_X ∈ H_{n−1}(C ⊗_(Z_{,X)} C) ,

and C is A (Z, X)-contractible if and only if (1 + T )ψ_X = 0. (ii) See [29, 17.4]. 2

Remark 9.11 There is also an R-coefficient version, for any commutative ring R. The R-coefficient peripheral complex (C, ψ_X ) of an n-dimensional universal R-homology Poincaré complex X is the A (R[π_1 (X)])-contractible (n − 1)- dimensional quadratic Poincaré complex in A (R, X) with

C = C([X] ∩ − : Δ(X; R)^{n−∗} → Δ(X^′; R))_{∗+1}

The R-coefficient total surgery obstruction ([29, 26.1]) of X is the cobordism class s(X; R) = (C, ψ_X ) ∈ S_n(X; R) ,

taking value in the R-coefficient structure group fitting into the R-coefficient algebraic surgery exact sequence

· · · → H_n(X; L_• )^A→ Γ_n(R[π_1(X)] → R) → S_n(X; R) → H_{n−1}(X; L_• ) → . . .

with Γ_∗ the R-homology surgery obstruction groups of Cappell and Shaneson [3]. The R-coefficient total surgery obstruction is such that s(X; R) = 0 if (and for n ≥ 5 only if) the polyhedron |X| is R-homology equivalent to an n-dimensional topological manifold (Ranicki [29, 26.1]). See §14 below for the application to knot theory, with R = Z.

10. Combinatorially controlled surgery theory

This section develops the combinatorial version of the topological controlled surgery theory proposed by Quinn [23] and Ranicki and Yamasaki [37]. In principle, it is possible to construct the topological theory using the combinatorial version and the Čech nerves of open covers (cf. Quinn [25, 1.4]), but this will not be done here.

A degree 1 map f : M → N of n-dimensional homology manifolds has acyclic point inverses if and only if

Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] = 0 ∈ H_n(M ×_N M) by 7.7 (ii). For a normal map (f, b) : M → N this obstruction will now be related to the chain level surgery obstruction. The Wall surgery obstruction of (f, b) was expressed in Ranicki [27],[29] as the cobordism class of a kernel n-dimensional quadratic Poincaré complex in A (Z[π_1(N)])

σ_∗(f, b) = (Δ(f^!), ψ_b) ∈ L_n(Z[π_1(N)]) .

The quadratic class ψ_b will be refined to an N-controlled version ψ_{b,N} , with symmetrization

(1 + T )ψ_{b,N} = Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M ×_N M) .

Galewski and Stern [7], [8, 1.7] proved that the Spivak normal fibration ν_M : M → BSG of a homology manifold M has a canonical topological bundle reduction ν_M : M → BST OP , namely the canonical topological bundle reduction of the normal homology cobordism bundle ν_M : M → BSH, and that in fact for dim(M) ≥ 5 there exists a polyhedral topological manifold M_{T OP} with a map M_{T OP} → M with contractible point inverses.

Definition 10.1 A normal map (f, b) : M → N from an n-dimensional homology manifold M to an n-dimensional Poincaré complex N is a degree 1 map f : M → N with a map of (stable) topological bundles b : ν_M → η over f.

The surgery obstruction σ_∗(f, b) ∈ L_n(Z[π_1(N)]) of a normal map (f, b) : M → N is defined by Maunder [16] following Wall [43]. The surgery obstruction is shown in [16] to be such that σ_∗(f, b) = 0 if (and for n ≥ 5 only if) (f, b) is normal bordant to a homotopy equivalence. The surgery obstruction can also be defined using the chain complex method of Ranicki [26], [27].

Definition 10.2 The N-controlled quadratic structure of a normal map (f, b) : M → N of n-dimensional homology manifolds is the element

ψ_{b,N} = ψ_{F,N} [N] ∈ Q^N_n (Δ(M)) = H_n(EΣ_2 ×_{Σ2} (M ×_N M))

with ψ_{F,N} : H_∗(N) → Q^N_∗ (Δ(M)) the N-controlled version of the quadratic construction of [27, Chapter 1]

ψ_F : H_∗(N) → Q_∗(Δ(M)) = H_∗(EΣ_2 ×_{Σ2} (M × M)) .

Here, b : ν_M → η is a stable bundle map over f from the stable normal bundle ν_M of M, η is a bundle over N, EΣ_2 is a contractible space with a free Σ_2- action, the generator T ∈ Σ_2 acts on M ×_N M by transposition T : M ×_N M → M ×_N M ; (x, y) → (y, x) and F : Σ^∞N_+ → Σ^∞M_+ is a geometric Umkehr map (= the S-dual of T (b) : Σ^∞T (ν_M ) → Σ^∞T (η)) inducing f^! on the chain level.

As usual, write W = Δ(EΣ_2), so that Q_n(Δ(M)) = H_n(W ⊗Z_{[Σ2]} (Δ(M) ⊗ZΔ(M))) , Q^N_n (Δ(M)) = H_n(W ⊗Z_{[Σ2]} (Δ(M) ⊗_(Z_{,N)} Δ(M))) .

Remark 10.3 As defined in [27] the quadratic construction ψ_F only gives an element ψ_b = ψ_F [N] ∈ Q_n(Δ(M)). There are two ways of checking that there is a lift of ψ_b to an N-controlled element ψ_{b,N} ∈ Q^N_n (Δ(M)) :

• Note that the natural chain level transformation in [27, Chapter 1] ψ_F : Δ(N) → W ⊗Z_{[Σ2]} (Δ(M) ⊗ZΔ(M)) factors through ψ_{F,N} : Δ(N) → W ⊗Z_{[Σ2]} (Δ(M) ⊗_(Z_{,N)} Δ(M)) exactly as for the Alexander-Whitney diagonal chain approximation (5.3 (iii)), so that ψ_F : H_n(N)^{ψF,N}−→ Q^N_n (Δ(M)) −→ Q_n(Δ(M)) .

• Note that (f, b) determines an algebraic normal map in A (Z, N) in the sense of [29, 2.16], with a corresponding quadratic class ψ_{b,N} .

An n-dimensional homology manifold M determines an n-dimensional symmetric Poincaré complex in A (Z, N) σ^∗_N (M) = (Δ(M), Δ_∗[M] ∈ Q^n_N (Δ(M))) for any simplicial map M → N. Here, the Q-group is defined by Q^n_N (Δ(M)) = H_n(HomZ_{[Σ2]}(W, Δ(M) ⊗_(Z_{,N)} Δ(M))) , and Δ_∗ : H_n(M) → Q^n_N (Δ(M)) is induced by the Alexander-Whitney diagonal chain approximation. (Note that Δ_∗ is an isomorphism for 1 : M → N = M). The fundamental L^• (Z)-homology class of M (Ranicki [29, 16.16]) is the cobordism class [M]L = σ^∗_M (M) ∈ L^n(A (Z, M)) = H_n(M; L^• (Z)) .

For a degree 1 map f : M → N the algebraic mapping cone of the Umkehr chain map f^! : Δ(N) → Δ(M) is a (Z, N)-module chain complex Δ(f^!) = C(f^! : Δ(N) → Δ(M)) .

Let e : Δ(M) → Δ(f^!) be the inclusion. The kernel n-dimensional symmetric Poincaré complex in A (Z, N) σ^∗_N (f) = (Δ(f^!), (e ⊗ e)Δ_∗[M]) is such that up to homotopy equivalence

σ^∗_N (M) = σ^∗_N (N) ⊕ σ^∗_N (f) ,

with cobordism class the difference of the fundamental L^• (Z)-homology classes

σ^∗_N (f) = f_∗[M]L − [N]L ∈ H_n(N; L^• (Z)) .

Definition 10.4 (Ranicki [29, 18.3]) The normal invariant of a normal map (f, b) : M → N of n-dimensional homology manifolds is the cobordism class

[f, b]L = (Δ(f^!), (e ⊗ e)ψ_{b,N} ) ∈ L_n(A (Z, N)) = H_n(N; L_• ) = [N, G/T OP ] .

The normal invariant of 10.4 is a (mild) generalization of the traditional normal invariant in surgery theory, and has the following properties :

• [f, b]L ∈ H_n(N; L_• ) is a normal bordism invariant, such that [f, b]L = 0 if f has acyclic point inverses.

• For a normal map of polyhedral topological manifolds [f, b]L = 0 if (and for n ≥ 5 only if) (f, b) is normal bordant to a homeomorphism.

• The assembly of [f, b]L in the Wall surgery group is the surgery obstruction of (f, b) A[f, b]L = σ_∗(f, b) ∈ L_n(Z[π_1(N)]) .

• The image of σ_∗(f, b) in the homology surgery Γ-group of Cappell and Shaneson [3]

A^H [f, b]L = σ^H_∗ (f, b) ∈ Γ_n(Z[π_1(N)] → Z)

is such that σ^H_∗ (f, b) = 0 if (and for n ≥ 5 only if) (f, b) is normal bordant to a homology equivalence.

For P L manifolds these are direct applications of the surgery obstruction theory of Wall [43]. In the general case, apply the extension of the theory to polyhedral homology manifolds due to Maunder [16], or else combine with the result of Galewski and Stern [7], [8, 1.7] that every polyhedral homology manifold can be resolved by a polyhedral topological manifold and the T OP version of Wall’s theory.

Proposition 10.5 The N-controlled quadratic class ψ_{b,N} of a normal map (f, b) : M → N of n-dimensional homology manifolds determines a kernel n-dimensional quadratic Poincaré complex in A (Z, N)

σ^N_∗ (f, b) = (Δ(f^!), (e ⊗ e)ψ_{b,N} ) with cobordism class the normal invariant of (f, b) [f, b]L = σ^N_∗ (f, b) ∈ L_n(A (Z, N)) = H_n(N; L_• ) .

The Poincaré duality chain equivalence of the symmetrization (1 + T )σ^N_∗ (f, b) = σ^∗_N (f) is such that up to chain homotopy

(1 + T )(e ⊗ e)ψ_{b,N} = (e ⊗ e)Δ_∗[M] : Δ(f^!)^{n−∗} → Δ(f^!) , which is the obstruction to f having acyclic point inverses (7.7 (ii)) (1 + T )(e ⊗ e)ψ_{b,N} = Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(Δ(f^!) ⊗_(Z_{,N)} Δ(f^!)) = H_n(M ×_N M, Δ_M ) (7.3 (ii)) .

Proof The identity

(1 + T )ψ_{b,N} = Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M ×_N M) is just the N-controlled analogue of the standard property of the quadratic construction ([27])

(1 + T )ψ_b = Δ_∗[M] − (f^! ⊗ f^!)Δ_∗[N] ∈ H_n(M × M) . 2 Remark 10.6 The quadratic class ψ_{b,N} ∈ Q^N_n (Δ(M)) can be defined for any degree 1 map f : M → N of n-dimensional universal Poincaré complexes with a map b : ν_M → ν_N of the Spivak normal fibrations, with all the properties of ψ_{b,N} in 10.2 except that the n-dimensional quadratic complex (Δ(f^!), (e ⊗ e)ψ_{b,N} )

in A (Z, N) will only be Poincaré in A (Z[π1(N)]).

A homotopy equivalence f : M → N of n-dimensional homology manifolds can be regarded as a normal map (f, b) : M → N with b : ν_M → (f^{−1})^∗ν_M . Definition 10.7 (Ranicki [29, 18.3]) The structure invariant of a homotopy equivalence f : M → N of n-dimensional homology manifolds is the cobordism class s(f) = (Δ(f^!), ψ_{b,N} ) ∈ S_{n+1}(N) with image the normal invariant [f, b]L ∈ H_n(N; L_• ). Proposition 10.8 (Ranicki [29, 18.3]) The structure invariant of a homotopy equivalence f : M → N of polyhedral n-dimensional topological manifolds is such that s(f) = 0 ∈ S_n(N) if (and for n ≥ 5 only if) f is h-cobordant to a homeomorphism.

In §13 below there will be obtained controlled versions of 10.7 and 10.8.

There is also a simple version of the structure invariant, which is defined for a simple homotopy equivalence f : M → N of n-dimensional homology manifolds, taking value in the relative group S^s_n(N) in the exact sequence

· · · → H_n(N; L_• )^A→ L^s_n(Z[π_1(N)]) → S^s_n(N) → H_{n−1}(N; L_• ) → . . . .

Remark 10.9 The simple homotopy theory version of surgery theory allows an application of the s-cobordism theorem, to obtain :

The simple structure invariant of a simple homotopy equivalence f : M → N of polyhedral n-dimensional topological manifolds is such that s(f) = 0 ∈ S^s_n(N) if (and for n ≥ 5 only if) f is homotopic to a homeomorphism.

Proposition 10.10 (i) A map f : M → N of simplicial complexes with acyclic point inverses is simple, with τ(f) = 0 ∈ W h(π_1(N)).

(ii) A homotopy equivalence f : M → N of n-dimensional homology manifolds with acyclic point inverses is simple, with simple structure invariant s(f) = 0 ∈ S^s_n(N).

(iii) For n ≥ 5 a homotopy equivalence f : M → N of n-dimensional polyhedral topological manifolds with acyclic point inverses is homotopic to a homeomorphism.

Proof (i) As in the proof of 9.4 use the assembly functor of Ranicki and Weiss [34]

A : A (Z, N) → A (Z[π1(N)]) ; A =^∑_{σ∈N} A(σ) → A(^~N) =^∑ eσ∈ eN A(p~σ)

with p : ~N → N the universal covering projection. A choice of basis for each of the f.g. free Z-modules A(σ) (σ ∈ N) determines a basis for the assembly f.g. free Z[π_1(N)]-module A( ~N ), uniquely up to multiplication by the group elements g ∈ π_1(N). Thus if C is a based (Z, N)-module chain complex such that C( ~N) is contractible there is a well-defined Whitehead torsion τ(C( ~N )) ∈ W h(π_1(N)) . For any simplicial map f : M → N there is defined a based (Z, N)-module chain complex C = C(f : Δ(M) → Δ(N))

with C(σ) = C(f| : Δ(f^{−1}D(σ, N), f^{−1}∂D(σ, N)) → Δ(D(σ, N), ∂D(σ, N))) (σ ∈ N) . The assembly of C is the based f.g. free Z[π_1(N)]-module chain complex

C( ~N) = C( ~f : Δ( ~M) → Δ( ~N )) with ~M = f^∗ ~N the pullback cover of M. If ~f is a Z[π_1(N)]-module chain equivalence (e.g. if f is a homotopy equivalence) the torsion of f is defined by τ(f) = τ(C( ~N )) ∈ W h(π_1(N)) . If f has acyclic point inverses each C(σ) is contractible, and ~f is a Z[π_1(N)]- module chain equivalence, with the torsion of f such that τ(f) = τ(C( ~N )) ∈ im(W h({1}) → W h(π_1(N))) = {0} , so that τ(f) = 0. (This uses W h({1}) = 0, exactly as in the proof of the combinatorial invariance of Whitehead torsion in Milnor [19]). (ii) The simple structure invariant s(f) is the cobordism class of the simple

Z[π1(N)]-contractible n-dimensional quadratic Poincaré complex (Δ(f^!), ψb,N ) in A (Z, N) with_{f ! = f −1 : Δ(N) → Δ(M) .}

By (i) Δ(f^!) is simple (Z, N)-contractible, and so represents 0 in the simple structure group.

(iii) By (ii) f is a simple homotopy equivalence with zero simple structure invariant, so that 10.9 applies. 2

Remark 10.11 Let n ≥ 5.

(i) A map f : M → N of n-dimensional P L manifolds with acyclic point inverses is homotopic through maps with acyclic point inverses to a P L homeomorphism if and only if the Cohen-Sato-Sullivan obstruction

c^H (f) ∈ H^3(N; θ^H_3 )

is 0, with θ^H_3 the Kervaire-Milnor cobordism group of oriented 3-dimensional P L homology spheres (Ranicki [31, pp.26–28]). The obstruction is 0 if f has contractible point inverses. The obstruction is the homotopy class of the map c^H (f) : N → H/P L ≃ K(θ^H_3 , 3) classifying the difference between the P L reductions of the normal homology cobordism bundles of M and N. The combination of the Kirby-Siebenmann result T OP/P L ≃ K(Z_2, 3) with the work of Galewski and Stern [7] shows that the various classifying spaces are related by a commutative braid of fibration sequences

K(θ^H_3 , 3) α ##GG

  GGG

G

BP L ##G

   GG

 GG

GG

BT OP κ ##GG

  GGG

GG

!! K(ker(α), 5)

K(Z2, 3)

;;ww

  www
ww

δ ##GG

 GG

GG

BH ;;w

   ww
 ww
ww

c^H ##GG

  GGG

GG

K(Z2, 4)

δ ;;wwww

ww

K(ker(α), 4)

;;ww

  www
ww

==K(θ^{H3} , 4) α ;;wwww

ww

Documenta Mathematica 4 (1999) 1–59

with α : θ^H_3 → Z_2 the Rochlin map ([31, p.26]).

(ii) A homeomorphism f : M → N of n-dimensional P L manifolds is homotopic to a P L homeomorphism if and only if the Casson-Sullivan obstruction

κ(f) = α(c^H (f)) ∈ H^3(N; Z_2)

is 0 ([31, p.14]). The obstruction is the homotopy class of the map κ(f) : N → T OP/P L ≃ K(Z_2, 3) classifying the difference between the P L reductions of the normal topological block bundles of M and N.

(iii) A homeomorphism f : M → N of n-dimensional P L manifolds is homotopic to a simplicial map with acyclic point inverses if and only if the Galewski- Matumoto-Stern obstruction

δκ(f) ∈ H^4(N; ker(α))

is 0 ([31, p.28]).

(iv) Galewski and Stern [8] proved that an n-dimensional topological manifold N is polyhedral (i.e. can be triangulated by a polyhedron) if and only if the element δκ(ν_N ) ∈ H^5(N; ker(α))

is 0. In particular, this obstruction is 0 for the topological manifold N = M_{T OP} resolving a (polyhedral) homology manifold M given by Galewski and Stern [7], so that M_{T OP} can be taken to be polyhedral.

11. Intersections and self-intersections

The chain complex methods of this paper will now be applied to obtained a combinatorially controlled homology version of the intersection theory of homology submanifolds.

Definition 11.1 Given maps of X-controlled R-homology Poincaré complexes

f_1 : M_1 → N , f_2 : M_2 → N

with dim(M_1) = m_1 , dim(M_2) = m_2 , dim(N) = n

define the X-controlled intersection class

[M_1 ×_X M_2] ∈ H_{m1+m2−n}(M_1 ×_X M_2; R) to be the chain homotopy class of the (R, X)-module chain map Δ(M_1; R)^{m1−∗} ≃ Δ(M_1; R)^{f1}−→ Δ(N; R) ≃ Δ(N; R)^{n−∗}

(f2)�

−→ Δ(M_2; R)^{n−∗} ≃ Δ(M_2; R)_{∗+m2−n} , using the identifications

H_{m1+m2−n}(M_1 ×_X M_2; R) = H_{m1+m2−n}(Δ(M_1; R) ⊗_{(R,X)} Δ(M_2; R)) = H_0(Hom_{(R,X)}(Δ(M_1; R)^{m1−∗}, Δ(M_2; R)_{∗+m2−n})) .

In terms of the Umkehr (R, X)-module chain maps (7.1)

f^!_1 : Δ(N; R) ≃ Δ(N; R)^{n−∗ (f1)} � −→ Δ(M_1; R)^{n−∗} ≃ Δ(M_1; R)_{∗+m1−n} , f^!_2 : Δ(N; R) ≃ Δ(N; R)^{n−∗ (f2)} � −→ Δ(M_2; R)^{n−∗} ≃ Δ(M_2; R)_{∗+m2−n} the X-controlled intersection class is given by the evaluation on the fundamental class [N] ∈ H_n(N) of the composite

H_n(N; R)^Δ→ H_n(N ×_X N; R)^{f !1⊗f !2}−→ H_{m1+m2−n}(M_1 ×_X M_2; R) , that is

[M_1 ×_N M_2] = (f^!_1 ⊗ f^!_2)Δ[N] ∈ H_{m1+m2−n}(M_1 ×_X M_2; R) . For the remainder of §11 R = Z, X = N, i.e. only homology manifolds will be considered.

Definition 11.2 Embeddings of homology manifolds f_1 : (M_1)^{m1} → N^n , f_2 : (M_2)^{m2} → N^n are transverse if

• the intersection M_1 ∩ M_2 is an (m_1 + m_2 − n)-dimensional homology manifold, • the product embedding f_1 × f_2 : M_1 × M_2 → N × N has a normal homology cobordism bundle ν_{f1×f2} : M_1 × M_2 → BSH(2n − m_1 − m_2) whose restriction to M_1 ∩ M_2 (viewed as a submanifold of M_1 × M_2) is a normal homology cobordism bundle for M_1 ∩ M_2 ⊂ N.

(Compare with the notion of homology manifold transversality considered by Galewski and Stern [7, Chapter 3].)

Proposition 11.3 The N-controlled intersection class of transversely intersecting embeddings of homology manifolds f_1 : (M_1)^{m1} → N^n, f_2 : (M_2)^{m2} → N^n is the fundamental class of the (m_1 + m_2 − n)-dimensional homology submanifold M_1 ×_N M_2 = M_1 ∩ M_2 ⊂ N , that is [M_1 ×_N M_2] = [M_1 ∩ M_2] ∈ H_{m1+m2−n}(M_1 ×_N M_2) .

Proof The normal homology cobordism bundle ν = ν_{M1∩M2⊂N} : M_1 ∩ M_2 → BSH(2n − m_1 − m_2) is such that there are defined isomorphisms H_∗(N, N\(M_1 ∩ M_2)) ∼= H_∗(N, cl.(N\E(ν))) ∼= H_∗(E(ν), S(ν)) ∼= H_{∗+m1+m2−2n}(M_1 ∩ M_2) .

The identity [M_1 ×_N M_2] = [M_1 ∩ M_2] follows from the evaluation of [N] ∈ H_n(N) in the commutative diagram H_n(N)

fflffl

∼= // H_n(N ×_N N)

f^!_1 ⊗ f^!_2 fflffl H_n(N, N\(M_1 ∩ M_2)) ∼= // H_{m1+m2−n}(M_1 ×_N M_2) . 2 Given a map f : M → N define the maps i : M → M ×_N M ; x → (x, x) , j : M ×_N M → N ; (x, y) → f(x) = f(y) , k : M ×_N N → M ; (x, y) → x (as in §7) such that ji = f : M → N , ki = 1 : M → M . The induced maps i_∗ : H_∗(M) → H_∗(M ×_N M) are split injections, with H_∗(M ×_N M) = H_∗(M) ⊕ H_∗(M ×_N M, Δ_M ) .

If M, N are homology manifolds with dim(M) = m, dim(N) = n the Umkehr

(Z, N)-module chain maps

f^! : Δ(N) → Δ(M)_{∗+m−n} , j^! : Δ(N) → Δ(M ×_N M)_{∗+2m−2n} are defined as in 7.1,7.8.

Proposition 11.4 Let f : M^m → N^n be a map of homology manifolds. (i) The N-controlled intersection class of f with itself [M ×_N M] = j^![N] ∈ H_{2m−n}(M ×_N M) is such that [M ×_N M] = 0 ∈ H_{2m−n}(M ×_N M, Δ_M ) if and only if [M ×_N M] ∈ im(i_∗ : H_{2m−n}(M) → H_{2m−n}(M ×_N M)) . (ii) If f is an embedding then [M ×_N M] = [M] ∩ e(ν_f ) ∈ H_{2m−n}(M ×_N M) = H_{2m−n}(M) , with e(ν_f ) ∈ H^{n−m}(M) the Euler class of the normal homology cobordism bundle ν_f : M → BSH(n − m).

Proof (i) Immediate from the definition of [M ×_N M], and the (split) exact sequence 0 → H_{2m−n}(M)^i�−→ H_{2m−n}(M ×_N M) → H_{2m−n}(M ×_N M, Δ_M ) → 0 . (ii) For an embedding f i = 1 : M → M ×_N M = M , j = f : M ×_N M = M → N . It follows from the commutative diagram H_n(N) Δ_N // ∼= ((RRR

      RRRR

   RRRR

RR

j^!

fflffl

H_n(N ×N)

f^! ⊗ f^!

fflffl

∼= wwooo ooo

  ooo

    oo

H^n(N ×N, N ×N\Δ_N ) (f ×f)^∗ fflffl

// H^n(N ×N) (f ×f)^∗ fflffl H^n(M ×M, M ×M\Δ_M ) ∼= vvllll llll

   llll

      l

// H n(M ×M) ∼= ’’OO

    OOO

  OOO

OOO

H_{2m−n}(M) Δ_M // H_{2m−n}(M ×M) that

Δ_M [M ×_N M] = Δ_M j^![N] = (f^! ⊗ f^!)Δ_N [N] ∈ H_{2m−n}(M × M) .

The Pontrjagin-Thom collapse map F : N_+ → N/cl.(N\E(ν_f )) = E(ν_f )/S(ν_f ) = T (ν_f ) induces the Umkehr Z-module chain map

F = f^! : Δ(N) = ~Δ(N_+) → ~Δ(T (ν_f )) ≃ Δ(M)_{∗+m−n} . It follows from the commutative diagram H_n(N) F = f^! //

Δ_N fflffl

~H_n(T (ν_f )) ∼= H_m(M)

Δ_{T (νf )} fflffl

− ∩ e(ν_f ) **VVVV

        VVVVV

    VVVVV

VVVV

H_{2m−n}(M) Δ_M tthhhhh hhhhh

    hhhhh

        hhh

H_n(N ×N) f^! ⊗ f^! // ~

H_n(T (ν_f ) ∧ T (ν_f )) ∼= H_{2m−n}(M × M) that

(f^! ⊗ f^!)Δ_N [N] = Δ_M (f^![N] ∩ e(ν_f )) = Δ_M ([M] ∩ e(ν_f )) ∈ H_{2m−n}(M × M) .

Thus

Δ_M [M ×_N M] = (f^! ⊗ f^!)Δ_N [N] = Δ_M ([M] ∩ e(ν_f )) ∈ H_{2m−n}(M × M) .

Now Δ_M : H_{2m−n}(M) → H_{2m−n}(M × M) is a (split) injection, so that [M ×_N M] = [M] ∩ e(ν_f ) ∈ H_{2m−n}(M) . 2 Remark 11.5 (i) If f : M^m → N^n is a map of homology manifolds with an N-controlled map a : (M × M, M × M\Δ_M ) → (N × N, N × N\Δ_N ) such that the diagram (M × M, M × M\M ×_N M) c ¨¨~~

~~

 ~~

  ~~

    ~~

     ~~

      ~~

       ~~

f × f ŒŒ>

        >>

       >>

      >>

     >>

   >>

  >>

 >>

>

(M × M, M × M\Δ_M ) a // (N × N, N × N\Δ_N ) is N-controlled homotopy commutative then [M ×_N M] ∈ im(i_∗ : H_{2m−n}(M) → H_{2m−n}(M ×_N M)) , where c is the inclusion. (For m = n this is essentially the same as 8.6.) The property ac ≃ f × f is related to the necessary and sufficient condition obtained by Haefliger [10] for a map f : M^m → N^n of differentiable manifolds in the stable range 2n ≥ 3(m + 1) to be homotopic to an embedding, namely that f × f : M × M → N × N be Σ_2-equivariantly homotopic to a map h : M × M → N × N with h^{−1}(Δ_N ) = Δ_M , so that h defines a map of pairs h : (M × M, M × M\Δ_M ) → (N × N, N × N\Δ_N ) . The action of Σ_2 is by transposition (x, y) → (y, x). See 11.11 below for a more detailed discussion of the case n = 2m.

(ii) The identity of 11.4 (ii) for an embedding f : M^m → N^n can also be proved geometrically, whenever there exists an isotopic embedding f^′ : M^′ = M → N such that :

• M, M^′ ⊂ N intersect transversely in a (2m − n)-dimensional homology submanifold M ∩ M^′ ⊂ N, • [M ∩ M^′] ∈ H_{2m−n}(M) is Poincaré dual to e(ν_f ) ∈ H^{n−m}(M), • [M ×_N M] = [M ∩ M^′] ∈ H_{2m−n}(M).

Applying 11.3, it follows that

[M ×_N M] = [M ∩ M^′] = [M] ∩ e(ν_f ) ∈ H_{2m−n}(M ×_N M) = H_{2m−n}(M) . (iii) Let f : M → X be a degree 1 map of n-dimensional manifolds, which is covered by a stable bundle map b : τ_M ⊕ ϵ^∞ → τ_X ⊕ ϵ^∞ . The induced stable map of Thom spaces

T (b) : T (τ_M ⊕ ϵ^∞) = Σ^∞T (τ_M ) → T (τ_X ⊕ ϵ^∞) = Σ^∞T (τ_X ) sends the Thom class of τ_X to the Thom class of τ_M T (b)^∗ : ~H^n(T (τ_X )) → ~H^n(T (τ_M )) ; U_X → U_M The images of the Thom classes U_M , U_X under the maps

inclusion^∗ : ~H^n(T (τ_M )) ∼= H^n(M × M, M × M\Δ_M ) → H^n(M × M, M × M\(f × f)^{−1}Δ_X ) , f × f^∗ : H^n(X × X, X × X\Δ_X ) → H^n(M × M, M × M\(f × f)^{−1}Δ_X ) are not the same (in general), since the diagram I in ~H n(T (τ_M )) ∼= I

~H n(T (τ_X )) ∼= T (b)^∗ oo

H^n(M × M, M × M\Δ_M ) ((QQQ

      QQQQ

   QQQQ

QQ

fflffl

H^n(X × X, X × X\Δ_X ) vvmmm mmm

  mmm

     mmm

fflffl H^n(M × M, M × M\(f × f)^{−1}Δ_X ) vvmmmm mmmm

   mmmm

      m

((QQ

       QQQ

     QQQ

  QQQ

Q

H^n(M × M) H^n(X × X) (f × f)^∗ oo does not commute. However, it does commute in the unstable case b : τ_M → τ_X , with a commutative diagram (M × M, M × M\Δ_M ) b // fflffl (X × X, X × X\Δ_X ) fflffl M f // X Definition 11.6 The homotopy double point set P (f) of a map f : M → N is the homotopy pullback in the diagram P (f) // fflffl M f fflffl M^f // N Thus P (f) is the space of triples (x, y, ω) with x, y ∈ M and ω : [0, 1] → N a path such that ω(0) = f(x) , ω(1) = f(y) ∈ N .

The space P (f) is a homotopy model for the actual double point set M ×_N M, and there is an evident inclusion M ×_N M → P (f) ; (x, y) → (x, y, ω) with ω(t) = f(x) = f(y) ∈ N (0 ≤ t ≤ 1).

Proposition 11.7 If f : M^m → N^n is a map of homology manifolds the image of [M ×_N M] ∈ H_{2m−n}(M ×_N M, Δ_M ) in H_{2m−n}(P (f), Δ_M ) is a homotopy invariant of f, which is 0 if f is homotopic to an embedding. Proof Immediate from 11.4. 2

Remark 11.8 See Hatcher and Quinn [11] for the systematic use of homotopy pullbacks to define intersection invariants of submanifolds.

Next, consider an immersion of an m-dimensional homology manifold in an n-dimensional homology manifold f : M^m → N^n with m < n. Let ν_f : M → BSH(n − m) classify the normal homology cobordism bundle, so that there is defined a fibration (D^{n−m}, S^{n−m−1}) → (E(ν_f ), S(ν_f )) → M and the Thom space is given by T (ν_f ) = E(ν_f )/S(ν_f ) .

For sufficiently large k there exists a map g : M → int(D^k ) such that f × g : M → N × D^k ; x → (f(x), g(x)) is an embedding with normal homology cobordism bundle ν_{f ×g} = ν_f ⊕ ϵ^k : M → BSH(n − m + k) . The corresponding Pontrjagin-Thom collapse map

F : Σ^kN_+ = N × D^k/N × S^{k−1} → T (ν_f ⊕ ϵ^k) = Σ^kT (ν_f ) induces the Umkehr (Z, N)-module chain map

f^! : Δ(N) ≃ Δ(N)^{n−∗ f} � −→ Δ(M)^{n−∗} ≃ Δ(M)_{∗+m−n} ≃ ~Δ(T (ν_f )) . Let ν_f ×_N ν_f : M ×_N M → BSH(2(n − m)) be the homology cobordism bundle defined by the restriction of the product ν_f × ν_f : M × M → BSH(2(n − m)) to M ×_N M ⊆ M × M, with Thom space

T (ν_f ×_N ν_f ) = E(ν_f ×_N ν_f )/S(ν_f ×_N ν_f ) = E(ν_f ) ×_N E(ν_f )/(E(ν_f ) ×_N S(ν_f ) ∪ S(ν_f ) ×_N E(ν_f )) .

Definition 11.9 The N-controlled self-intersection class of an immersion of homology manifolds f : M^m → N^n is the N-controlled version of the homology class of Ranicki [27, pp.279-282] μ_N (f) = − ψ_{F,N} [N] ∈ ~H_n(EΣ_2 n_{Σ2} T (ν_f ×_N ν_f )) = H_{2m−n}(EΣ_2 ×_{Σ2} (M ×_N M); Z^{(−)n} �m ) = H_{2m−n}(W Z^{(−)n} �m ⊗Z_{[Σ2]} (Δ(M) ⊗_(Z_{,N)} Δ(M))) with ψ_{F,N} (9.2) the N-controlled version of the quadratic construction ψ_F of [27, Chapter 1] applied to a geometric Umkehr map F : Σ^kN_+ → Σ^kT (ν_f ) (k large) inducing f^! on the chain level. Here, Z^{(−)n} �m refers to Z twisted by the orientation character of the extended power homology cobordism bundle

e_2(ν_f ) : EΣ_2 ×_{Σ2} (M ×_N M) → BH(2(n − m))

with

E(e_2(ν_f )) = EΣ_2 ×_{Σ2} (E(ν_f ) ×_N E(ν_f )) , S(e_2(ν_f )) = EΣ_2 ×_{Σ2} (E(ν_f ) ×_N S(ν_f ) ∪ S(ν_f ) ×_N E(ν_f )) , T (e_2(ν_f )) = E(e_2(ν_f ))/S(e_2(ν_f )) = EΣ_2 n_{Σ2} T (ν_f ×_N ν_f ) ,

and W Z^{(−)n} �m is a free Z[Σ_2]-resolution of Z^{(−)n} �m . Proposition 11.10 (i) The N-controlled self-intersection class has symmetrization

(1 + T )μ_N (f) = [M ×_N M] − i_∗(e(ν_f ) ∩ [M]) ∈ ~H_n(T (ν_f ×_N ν_f )) = H_{2m−n}(M ×_N M) ,

with [M ×_N M] = (f^! ⊗ f^!)Δ_N [N] ∈ H_{2m−n}(M ×_N M) .

(ii) The image of μ_N (f) in

H_{2m−n}(EΣ_2 ×_{Σ2} (M ×_N M), EΣ_2 ×_{Σ2} Δ_M ; Z^{(−)n} �m ) = H^{lf}_{2m−n}(EΣ_2 ×_{Σ2} (M ×_N M\Δ_M ); Z^{(−)n} �m ) = H^{lf}_{2m−n}((M ×_N M\Δ_M )/Σ_2; Z^{(−)n} �m ) is a Z^{(−)n} �m -twisted fundamental class for the stratified set of unordered double points^1 (M ×_N M\Δ_M )/Σ_2 = {(x, y) ∈ M ×M | x ≠ y, f(x) = f(y)}/{(x, y) ∼ (y, x)} . (iii) If f : M → N is an embedding then it is possible to chose k = 0, F : N_+ → T (ν_f ) and μ_N (f) = 0.

(iv) The image of μ_N (f) in H^{lf}_{2m−n}((M × M\Δ_M )/Σ_2; Z^{(−)n} �m ) is a regular homotopy invariant of f, which is 0 if f is regular homotopic to an embedding. Proof These are the N-controlled versions of standard properties of the selfintersection form μ of Chapter 5 of Wall [43]. 2 Let f : M^m → N^n be a map of connected homology manifolds with n = 2m, such that f_∗ : π_1(M) → π_1(N) is trivial. Write π_1(N) = π, and let g : N → Bπ

1The unordered double point set of an immersion of manifolds f : Mm ! Nn is an open

(2m � n)-dimensional manifold in the metastable range 3m < 2n, when there are no triple

points.

be the classifying map for the universal cover ~N = g^∗Eπ of N. A choice of null-homotopy gf ≃ {∗} : M → Bπ determines a homotopy equivalence P (gf) ≃ π × M × M, with P (gf) the homotopy double point set (11.6), as well as a lift ~f : M → ~N of f : M → N. The N-controlled intersection class (11.1) is an element [M ×_N M] ∈ H_0(M ×_N M) with image the intersection class of Wall [43, 5.2] λ(f, f) ∈ H_0(P (gf)) = Z[π] , which is a homotopy invariant of f. The following result was first obtained in the differentiable category. Proposition 11.11 (Haefliger [10]) The reduced intersection class of a map f : M^m → N^{2m} ~λ(f, f) = [λ(f, f)] ∈ H_0(P (gf), Δ_M ) = Z[π]/Z

is such that ~λ(f, f) = 0 if (and for m ≥ 3 only if) f is homotopic to an embedding.

Now assume that f : M^m → N^{2m} is an immersion, so that the double point set M ×_N M is the disjoint union of Δ_M and a finite set M ×_N M\Δ_M . The N-controlled self-intersection class (11.9) μ_N (f) ∈ H_0(EΣ_2 ×_{Σ2} (M ×_N M); Z^{(−)m}) has image the self-intersection form of [43, 5.2] μ(f) = ∑ (x,y)∈(M×_N M\Δ_M )/Σ2 w(x, y)g(x, y) ∈ H_0(EΣ_2 ×_{Σ2} P (gf); Z^{(−)m}) = Z[π]/{a − (−)^ma} where

• a → a is the involution on the fundamental group ring Z[π] defined (as in §9) by Z[π] → Z[π] ; a =^∑_{g∈π} ng g → a =^∑_{g∈π} ng g^{−1} , • g(x, y) ∈ π is the fundamental group element determined for each nontrivial ordered double point (x, y) ∈ M ×_N M\Δ_N by ~f(x) = g(x, y) ~f(y) ∈ ~N , • w(x, y) = ±1 according to the matching up of the orientations of M and N at f(x) = f(y) ∈ N.

The symmetrization of μ(f) is such that μ(f) + (−)^mμ(f) = λ(f, f) − χ(ν_f ) ∈ Z[π] , a special case of 11.10 (i), with χ(ν_f ) ∈ Z ⊆ Z[π]. Proposition 11.12 (Wall [43, 5.2]) The self-intersection form of an immersion f : M^m → N^{2m} μ(f) ∈ Z[π]/{a − (−)^ma} is a regular homotopy invariant such that μ(f) = 0 if (and for m ≥ 3) if f is regular homotopic to an embedding. In fact, the reduced self-intersection form ~μ(f) ∈ Z[π]/(Z+ {a − (−)^ma}) is a homotopy invariant of f. The condition m ≥ 3 in 11.12 is necessary for the application of the Whitney trick to remove pairs of double points, with μ(f) = 0 being just the algebraic condition for the double points to appear in potentially cancelling pairs. The result of 11.12 for an immersion f : S^m → N^{2m} is of course essential for even-dimensional surgery obstruction theory.

12. Whitehead torsion It is a commonplace of controlled topology that the Whitehead torsion of an Xcontrolled homotopy equivalence of X-controlled complexes has zero image in W h(π_1(X)). See for example the controlled K-theory proof in Ranicki and Yamasaki [36] of Chapman’s theorem on the topological invariance of Whitehead torsion.

Proposition 12.1 If f : M → N is a homotopy equivalence of simplicial complexes which is also an X-controlled homology equivalence then the Whitehead torsion of f is such that τ(f) ∈ ker((p_N )_∗ : W h(π_1(N)) → W h(π_1(X))) .

Proof Work as in 9.10 (i) : the algebraic mapping cone of the (Z, X)-module chain equivalence f : Δ(M) → Δ(N) C = C(f : Δ(M) → Δ(N)) is a based contractible finite chain complex in A (Z, X), with assembly the based contractible finite chain complex in A (Z[π_1(X)]) C( ~X) = C( ~f : Δ( ~M) → Δ( ~N)) with 0 torsion in W h(π_1(X)). The image of τ(f) ∈ W h(π_1(N)) in W h(π_1(X)) is thus (p_N )_∗τ(f) = τ(C( ~X)) = 0 ∈ W h(π_1(X)) . 2 Definition 12.2 An X-controlled h-cobordism (W ; M, N) of homology manifolds is an h-cobordism together with a simplicial map p_W : W → X^′ such that the inclusions M → W , N → W are X-controlled homology equivalences.

Proposition 12.3 The Whitehead torsion of an X-controlled h-cobordism (W ; M, N) of homology manifolds is such that

τ(W ; M, N) ∈ ker((p_W )_∗ : W h(π_1(W )) → W h(π_1(X))) .

Proof By definition τ(W ; M, N) = τ(M → W ) ∈ W h(π_1(W )) . Apply 12.2 to the X-controlled homotopy equivalence M → W . 2

Corollary 12.4 If π_1(W ) ∼= π_1(X) an N-controlled h-cobordism (W ; M, N) of homology manifolds is an s-cobordism, with

τ(W ; M, N) = 0 ∈ W h(π_1(W )) .

Proof Immediate from 12.3, since in this case p_W : W → X = N is a homotopy equivalence. 2

In principle, it would be possible to investigate X-controlled versions of the classical h- and s-cobordism theorems of high-dimensional manifold theory, taking the controlled h-cobordism theorem of Quinn [23] as a model.

13. Homology fibrations

It is a theme of controlled topology that if F → E → B is a fibre bundle of manifolds and f : M → E is a homotopy equivalence of manifolds then M is the total space of a fibre bundle F → M → B if and only if f is a B-controlled homotopy equivalence. For example, see Chapman [4]. (All niceties to do with fibre bundles, block bundles, approximate fibrations etc. are being ignored here!). An analogous result will now be obtained in the combinatorial context of this paper.

Definition 13.1 A B-controlled R-homology fibration E is a B-controlled simplicial complex E such that the inclusions p^{−1}_E D(τ, B) → p^{−1}_E D(σ, B) (σ ≤ τ ∈ B) are R-homology equivalences, i.e. induce isomorphisms H_∗(p^{−1}_E D(τ, B); R) ∼= H_∗(p^{−1}_E D(σ, B); R) .

The R-module chain homotopy type of Δ(p^{−1}_E D(σ, B); R) is the chain fibre of E. (It is assumed here that B is connected, so that the chain fibre is welldefined.)

Remark 13.2 An (R, B)-module chain complex C is homogeneous if the inclusions define R-module chain equivalences [C][σ]^≃−→ [C][τ] (τ ≤ σ ∈ B) (Ranicki and Weiss [34, 4.5], Ranicki [29, p.110]). A B-controlled simplicial complex E is a B-controlled R-homology fibration if and only if the (R, B)- module chain complex Δ(E; R) is homogeneous.

Example 13.3 Let E be a B-controlled simplicial complex.

(i) The control map p_E : E → B^′ has R-acyclic point inverses if and only if E is a B-controlled R-homology fibration with R-acyclic chain fibre. (ii) The control map p_E : E → B^′ is a quasifibration in the sense of Dold and Thom [6] with fibre F = p^{−1}_E (∗) if and only if the inclusions p^{−1}_E D(τ, B) → p^{−1}_E D(σ, B) (σ ≤ τ ∈ B) are homotopy equivalences, in which case E is a B-controlled R-homology fibration with chain fibre Δ(F ; R).

Definition 13.4 A d-dimensional B-controlled R-homology Poincaré fibration E is a B-controlled R-homology fibration such that each p^{−1}_E D(σ, B) (σ ∈ B) is a d-dimensional R-homology Poincaré complex, with each inclusion p^{−1}_E D(τ, B) → p^{−1}_E D(σ, B) (σ ≤ τ ∈ B) an R-homology equivalence such that the induced isomorphism H_d(p^{−1}_E D(τ, B); R) ∼= H_d(p^{−1}_E D(σ, B); R) sends [p^{−1}_E D(τ, B)] to [p^{−1}_E D(σ, B)].

The chain fibre C of a d-dimensional B-controlled R-homology Poincaré fibration E is a d-dimensional symmetric Poincaré complex over R. (See Ranicki [26] for the theory of symmetric Poincaré complexes.)

Proposition 13.5 Let B be an n-dimensional R-homology manifold B, and let E be a d-dimensional B-controlled R-homology Poincaré fibration, with chain fibre C.

(i) E is an (n + d)-dimensional B-controlled R-homology Poincaré complex. (ii) E ×_B E is an (n + 2d)-dimensional B-controlled R-homology Poincaré fibration with chain fibre the 2d-dimensional symmetric Poincaré complex C ⊗_R C over R. In particular, E ×_B E is an (n + 2d)-dimensional B-controlled Rhomology Poincaré complex.

Proof (i) Use the algebraic Poincaré cycle theory of Ranicki [29], involving the symmetric L-spectrum L^• (R) with homotopy groups the symmetric L-groups of R π_∗(L^• (R)) = L^∗(R) .

The L^• (R)-homology group Hm(B; L^• (R)) is the cobordism group of m-

dimensional symmetric Poincaré cycles in A (R, B), and the cap product

∩ : H_n(B; L^• (R)) ⊗ H^{−d}(B; L^• (R)) → H_{n+d}(B; L^• (R))

is defined using the ring spectrum structure of L^• (R). The R-coefficient homology class

[E] = [B] ⊗ [F ] ∈ H_{n+d}(E; R) = H_n(B; R) ⊗_R H_d(F ; R)

determines an (n + d)-dimensional symmetric cycle [E]L = (Δ(E; R), Δ[E]) in

A (R, B) which is Poincaré if and only if E is an (n+d)-dimensional B-controlled

R-homology Poincaré complex, in which case [E]L ∈ H_{n+d}(E; L^• (R)) is a fundamental L^• (R)-homology class. The cap product (on the algebraic Poincaré cycle level) of the fundamental L^• (R)-homology class of [29, 16.16]

[B]L ∈ H_n(B; L^• (R))

and the L^• (R)-cohomology class

[C, p_E ]L ∈ H^{−d}(B; L^• (R))

of Lück and Ranicki [14, Appendix] identifies

[E]L = [B]L ∩ [C, p_E ]L ∈ H_{n+d}(B; L^• (R)) ,

so that [E]L is a Poincaré cycle, as required.

(ii) For any B-controlled R-homology fibration E with chain fibre C the product E ×_B E is a B-controlled R-homology fibration with chain fibre C ⊗_R C. Thus if E is a d-dimensional B-controlled R-homology Poincaré fibration then E×_B E is a 2d-dimensional B-controlled R-homology Poincaré fibration, and (i) applies. 2 Remark 13.6 The result of 13.5 (i) is a combinatorial version of the result of Buoncristiano, Rourke and Sanderson [2, p.21] that the total space of a mock bundle is a manifold, and of the result of Gottlieb [9] (announced by Quinn [22]) that the total space of a fibration F → E → B with base B an n-dimensional Poincaré complex and fibre F a d-dimensional Poincaré complex is an (n + d)- dimensional Poincaré complex E.

Remark 13.7 Let E be a (d+1)-dimensional homology manifold with a simplicial map p_E : E → S^1 such that the induced infinite cyclic cover of E

E = (p_E )^∗R is finitely dominated. Let ζ : E → E be a generating covering translation, with mapping torus T (ζ) = E × [0, 1]/{(x, 0) = (ζ(x), 1) | x ∈ E} . The fibering obstruction of E

Φ(E) = τ(T (ζ) → E) ∈ W h(π_1(E))

is such that Φ(E) = 0 if (and for d ≥ 5 only if) p_E : E → S^1 is homotopic to the projection of a d-dimensional S^1-controlled homology Poincaré fibration. For an actual manifold E this is the original fibering obstruction of Farrell and Siebenmann, and the S^1-controlled homology Poincaré fibration can be taken to be an actual fibre bundle over S^1. See Ranicki [30],[33] and Hughes and Ranicki [12] for more recent accounts of the fibering obstruction over S^1.

Theorem 13.8 Let B be an n-dimensional R-homology manifold, and let E be a d-dimensional B-controlled R-homology Poincaré fibration with chain fibre C, so that E is an (n + d)-dimensional B-controlled R-homology Poincaré complex (13.5 (i)). If M is an (n + d)-dimensional B-controlled R-homology Poincaré complex and f : M → E is a degree 1 B-controlled map, the following conditions are equivalent :

(i) M is a B-controlled R-homology fibration with chain fibre C,

(ii) f is a B-controlled R-homology equivalence,

(iii) (f × f)_∗ : H_{n+d}(M ×_B M; R) ∼= H_{n+d}(E ×_B E; R).

Proof (i) ⇐⇒ (ii) A map f : M → E of B-controlled simplicial complexes is a B-controlled R-homology equivalence if and only if the restrictions f| : p^{−1}_M D(σ, B) → p^{−1}_E D(σ, B) (σ ∈ B) are R-homology equivalences.

(ii) ⇐⇒ (iii) This is a special case of 7.3. 2

Remark 13.9 Corollary 7.5 is the special case of 13.8 with R = Z, B = E, C = R, d = 0 (cf. 13.3 (i)).

14. Knot theory

The results of §§7,13 are now illustrated by showing how they apply to highdimensional knot theory. No actual new results are obtained in knot theory, however; known results are restated in terms of the chain theory developed in this paper.

The algebraic theory of surgery was used in Ranicki [28, 7.8], [33] to obtain a chain complex treatment of the algebraic invariants of high-dimensional knot theory, using the following construction. Let k : S^n ⊂ S^{n+2} (n ≥ 1) be a locally flat n-knot, with closed regular neighbourhood (U, ∂U) = (S^n × D^2, S^n × S^1) ⊂ S^{n+2} .

The knot complement (T, ∂T ) = (cl.(S^{n+2}\U), ∂U) is an (n + 2)-dimensional manifold with boundary, such that the generator 1 ∈ H^1(T ) = H_n(U) = Z is realized by a normal map (f, b) : (T, ∂T ) → (D^{n+1} × S^1, S^n × S^1) with f : T → D^{n+1} ×S^1 a Z-homology equivalence, and f| = 1 : ∂T → S^n ×S^1. Define an (n + 3)-dimensional Z-homology Poincaré pair (X, ∂X) with X the mapping cylinder of f, and the boundary ∂X = T ∪_∂ D^{n+1} × S^1 an (n + 2)- dimensional manifold. The peripheral complex of (X, ∂X) is a Z-contractible (n + 2)-dimensional quadratic Poincaré complex (C, ψ_X ) in A (Z, X), with C = C([X] ∩ − : Δ(X, ∂X)^{n+3−∗} → Δ(X))_{∗+1} .

The cobordism class s_∂ (X; Z) = (C, ψ_X ) ∈ S_{n+3}(X; Z) is the rel ∂ total homology surgery obstruction (9.11), such that s_∂ (X; Z) = 0 if (and for n ≥ 5 only if) (X, ∂X) is homology equivalent rel ∂ to an (n + 2)- dimensional topological manifold with boundary. The projection X → S^1 is a homotopy equivalence, so that

Sn+3(X; Z) = Sn+3(S^1; Z)

= Γ_{n+3} ( Z[z, z^{−1}] −−−−→ Z[z, z^{−1}] Z[z, z^{−1}] −−−−→ Z )

The induced functor A (Z, X) → A (Z, S^1) sends the peripheral complex (C, ψ_X ) to the kernel Z-contractible (n + 2)-dimensional quadratic Poincaré complex of (f, b) in A (Z, S^1) σ^{S1}_∗ (f, b) = (Δ(f^! : Δ(D^{n+1} × S^1) → Δ(T )), ψ_b) .

The assembly functor A : A (Z, S^1) → A (Z[z, z^{−1}]) sends σ^{S1}_∗ (f, b) to the Zcontractible (n + 2)-dimensional quadratic Poincaré complex in A (Z[z, z^{−1}]) Aσ^{S1}_∗ (f, b) = (Δ(f^! : Δ(D^{n+1} × R) → Δ(T )), Aψ_b) , with T = f^∗(D^{n+1} × R) the canonical infinite cyclic cover of T . The total homology surgery obstruction s_∂ (X; Z) = Aσ^{S1}_∗ (f, b) ∈ S_{n+3}(S^1; Z) is a cobordism invariant of k. For n ≥ 3 it is in fact the cobordism class of k, with S_{n+3}(S^1; Z) = C_n the n-dimensional knot cobordism group (Ranicki [28, p.836]).

The chain homotopy type of σ^{S1}_∗ (f, b) in A (Z, S^1) is not an isotopy invariant of the n-knot k, since it depends on the choice of the map f : T → D^{n+1} × S^1 within its homotopy class. Working as in the proof of 7.3 (ii) it follows from the (Z, S^1)-module chain equivalences Δ(T ) ≃_(Z_{,S}1_) Δ(f^!) ⊕ Δ(S^1) , Δ(f^!)^{n+2−∗} ≃_(Z_{,S}1_) Δ(f^!)

that there is defined a Z-module chain equivalence

Δ(T ) ⊗_(Z_{,S}1_) Δ(T ) ≃Z (Δ(f^!) ⊗_(Z_{,S}1_) Δ(f^!)) ⊕ Δ(f^!) ⊕ Δ(f^!) ⊕ Δ(S^1) , and that H_{n+2}(T ×_S1 T ) = H_{n+2}(Δ(T ) ⊗_(Z_{,S}1_) Δ(T )) = H_{n+2}(Δ(f^!) ⊗_(Z_{,S}1_) Δ(f^!)) = H_0(Hom_(Z_{,S}1_)(Δ(f^!), Δ(f^!))) .

The following conditions are equivalent :

(a) H_{n+2}(T ×_S1 T ) = 0, (b) σ^{S1}_∗ (f, b) is chain equivalent to 0 in A (Z, S^1), (c) f : T → D^{n+1} × S^1 is an S^1-controlled homology equivalence.

In view of 13.8 it is possible to choose f to satisfy these conditions if and only if T is an S^1-controlled homology fibration – see further below for fibred knots.

The chain homotopy type of Aσ^{S1}_∗ (f, b) in A (Z[z, z^{−1}]) is an isotopy invariant of k, since it only depends on the homotopy class of f : T → D^{n+1} × S^1 . Let ζ : T → T be a generating covering translation of the infinite cyclic cover T of T . The quotient of T × T by the diagonal Z-action T ×ZT = (T × T )/{(x, y) ≃ (ζx, ζy)} is such that H_{n+2}(T ×ZT ) = H_{n+2}(Δ(T ) ⊗Z_{[z,z}�1_] Δ(T )) = H_{n+2}(AΔ(f^!) ⊗Z_{[z,z}�1_] AΔ(f^!))

The following conditions are equivalent :

(d) H_{n+2}(T ×ZT ) = 0, (e) Aσ^{S1}_∗ (f, b) is chain equivalent to 0 in A (Z[z, z^{−1}]), (f) f : T → D^{n+1} × S^1 is homotopic to an S^1-controlled homology equivalence.

See Ranicki [28, 7.8] for the relationship between Aσ^{S1}_∗ (f, b), the Seifert form, the Alexander polynomials and the Blanchfield pairing of k. If k is simple (i.e. H_r(T ) = 0 for 1 ≤ r ≤ (n − 1)/2) and n ≥ 3 the chain homotopy type of Aσ^{S1}_∗ (f, b) is the complete isotopy invariant, by the classification results of Trotter, Levine and Kearton, and the conditions (d),(e),(f) are equivalent to k being unknotted, i.e. isotopic to the trivial n-knot k_0 : S^n ⊂ S^{n+2}. Now suppose that k : S^n ⊂ S^{n+2} is a fibred n-knot, i.e. that the knot complement T fibres over S^1 (cf. Remark 13.7 above). For example, the link of an isolated singular point of a complex hypersurface f^{−1}(0) ⊂ C^m (f : C^m → C ) is a fibred (2m − 3)-knot S^{2m−3} = S^{2m−1} ∩ f^{−1}(0) ⊂ S^{2m−1} ⊂ C^m , by Milnor [20] (cf. Remark 6.17 above). Let F^{n+1} ⊂ S^{n+2} be a Seifert surface for k, with ∂F = k(S^n), and let h : F → F be the monodromy. The knot complement (T, ∂T ) = (T (h), S^n × S^1) is the total space of a fibre bundle (F^{n+1}, S^n) → (T, ∂T ) → S^1 , and f : T → D^{n+1} × S^1 may be chosen to be a map of fibre bundles over S^1. The infinite cyclic cover of T is such that ζ : T = F × R → T ; (x, t) → (h(x), t + 1) and T ×_S1 T = T (h × h : F × F → F × F ) is homotopy equivalent to T ×ZT = T (h × h) × R . Thus H_∗(T ×_S1 T ) = H_∗(T ×ZT ) and in the fibred case (a) ⇐⇒ (b) ⇐⇒ (c) ⇐⇒ (d) ⇐⇒ (e) ⇐⇒ (f) .

15. Other categories

Weiss [44] constructed a chain duality on the additive category of X-controlled

Z-modules, for any Δ-set X. Hutt [13] constructed a chain duality on the

additive category of sheaves of Z-modules over any space X. In principle, all the results in this paper can therefore be generalized to these categories.

References

[1] W. Browder, Poincaré spaces, their normal fibrations and surgery, Invent.

Math. 17 (1972), 191–202.

[2] S. Buoncristiano, C. P. Rourke, and B. J. Sanderson, A geometric approach to homology theory, London Math. Soc. Lecture Notes 18, Cambridge University Press, Cambridge, 1976.

[3] S. E. Cappell and J. L. Shaneson, The codimension two placement problem, and homology equivalent manifolds, Ann. of Math. 99 (1974), 277–348.

[4] T. A. Chapman, Approximation results in topological manifolds, Memoirs, 251, Amer. Math. Soc., Providence R. I., 1981.

[5] E. H. Connell and J. Hollingsworth, Geometric groups and Whitehead torsion, Trans. Amer. Math. Soc. 140 (1969), 161–181.

[6] A. Dold and R. Thom, Quasifaserungen und unendliche symmetrische Produkte, Ann. of Math. 67 (1958), 239–281.

[7] D. Galewski and R. Stern, The relationship between homology and topological manifolds via homology transversality, Invent. Math. 39 (1977), 277–292.

[8] , Classification of simplicial triangulations of topological manifolds, Ann. of Math. 111 (1980), 1–34.

[9] D. Gottlieb, Poincaré duality and fibrations, Proc. Amer. Math. Soc. 76 (1979), 148–150.

[10] A. Haefliger, Plongements différentiables dans le domaine stable, Comment. Math. Helv. 37 (1962), 155–176.

[11] A. Hatcher and F. Quinn, Bordism invariants of intersections of submanifolds, Trans. Amer. Math. Soc. 200 (1974), 327–344.

[12] C. B. Hughes and A. A. Ranicki, Ends of complexes, Cambridge Tracts in Math. 123, Cambridge University Press, Cambridge, 1996.

[13] S. Hutt, Poincaré sheaves on topological spaces, preprint. [14] W. Lück and A. A. Ranicki, Surgery obstructions of fibre bundles, J. Pure Appl. Algebra 81 (1992), 139–189.

[15] N. Martin and C. R. F. Maunder, Homology cobordism bundles, Topology 10 (1971), 93–110.

[16] C. R. F. Maunder, Surgery on homology manifolds. I. The absolute case, Proc. London Math. Soc. (3) 32 (1976), 480–520.

[17] C. McCrory, A characterization of homology manifolds, J. Lond. Math.

Soc. 16 (1977), 149–159.

[18] , Zeeman’s filtration of homology, Trans. Amer. Math. Soc. 250 (1979), 147–166.

[19] J. Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966), 358–426.

[20] , Singular points of complex hypersurfaces, Annals of Mathematics Studies 61, Princeton University Press, Princeton N. J., 1968.

[21] and J. Stasheff, Characteristic classes, Annals of Mathematics Studies 76, Princeton University Press, Princeton N. J., 1974.

[22] F. Quinn, Surgery on Poincaré and normal spaces, Bull. Amer. Math. Soc.

78 (1972), 262–267.

[23] , Ends of maps, II, Invent. Math. 68 (1982), 353–424.

[24] , Resolutions of homology manifolds, and the topological characterization of manifolds, Invent. Math. 72 (1987), 267–284.

[25] , Assembly maps in bordism-type theories, Novikov Conjectures, Index Theorems and Rigidity, Vol. 1, Proc. 1993 Oberwolfach Conference (S. Ferry, A. A. Ranicki and J. Rosenberg, eds.), London Math. Soc. Lecture Notes 226, Cambridge University Press, Cambridge, 1995, 201–271.

[26] A. A. Ranicki, The algebraic theory of surgery, I. Foundations, Proc. London Math. Soc. (3) 40 (1980), 87–192.

[27] , The algebraic theory of surgery II. Applications to topology, Proc.

London Math. Soc. (3) 40 (1980), 193–287.

[28] , Exact sequences in the algebraic theory of surgery, Math. Notes 26, Princeton University Press, Princeton N. J., 1981.

[29] , Algebraic L-theory and topological manifolds, Cambridge Tracts in Math. 102, Cambridge University Press, Cambridge, 1992.

[30] , Lower K- and L-theory, London Math. Soc. Lecture Notes, 178, Cambridge University Press, Cambridge, 1992.

[31] (ed.), The Hauptvermutung Book, K-Monographs in Mathematics 1, Kluwer, Dordrecht, 1996, Papers on the Topology of Manifolds by A. A. Ranicki, A. J. Casson, D. P. Sullivan, M. A. Armstrong, C. P. Rourke and G. E. Cooke.

[32] , 45 slides on chain duality, Surgery and Geometric Topology, Proceedings of Josai Conference, September, 1996 (A. A. Ranicki and M. Yamasaki, eds.), Science Bulletin 2 (Special Issue), Josai University, Japan, 1997, pp. 105–118. Available on WWW from http://math.josai.ac.jp/~yamasaki/conference.html and http://www.maths.ed.ac.uk/~aar/papers, and by anonymous FTP from math.uiuc.edu/pub/papers/K-theory/0154 [33] , High-dimensional knot theory, Springer Monographs in Mathematics, Springer, 1998.

[34] and M. Weiss, Chain complexes and assembly, Math. Z. 204 (1990), 157–186.

[35] and M. Yamasaki, Symmetric and quadratic complexes with geometric control, Proceedings of TGRC-KOSEF 3, 1993, pp. 139–152. Available on WWW from http://www.maths.ed.ac.uk/~aar/papers and http://math.josai.ac.jp/~yamasaki [36] , Controlled K-theory, Topology Appl. 61 (1995), 1–59. [37] , Controlled L-theory, Surgery and Geometric Topology, Proceedings of Josai Conference, September, 1996 (A. A. Ranicki and M. Yamasaki, eds.), Science Bulletin 2 (Special Issue), Josai University, Japan, 1997. Available on WWW from http://math.josai.ac.jp/~yamasaki/conference.html and http://www.maths.ed.ac.uk/~aar/papers, and by anonymous FTP from math.uiuc.edu/pub/papers/K-theory/0154, pp. 119–136.

[38] C. P. Rourke and B. J. Sanderson, Block bundles, Ann. of Maths. 87 (1968), I. 1–28, II. 255–277, III. 431–483.

[39] , On topological neighbourhoods, Compositio Math. 22 (1970), 387– 424.

[40] E. Spanier, Algebraic topology, McGraw-Hill Inc., New York, 1966. [41] M. Spivak, Spaces satisfying Poincaré duality, Topology 6 (1967), 77–102. [42] C. T. C. Wall, Poincaré complexes, Ann. of Math. 86 (1970), 213–245. [43] , Surgery on compact manifolds, Academic Press, New York, 1970.

2nd edition (ed. A. A. Ranicki), Mathematical Surveys and Monographs, Amer. Math. Soc., Providence R. I., 1999.

[44] M. Weiss, Visible L-theory, Forum Math. 4 (1992), 465–498. [45] E. C. Zeeman, Dihomology III. A generalization of the Poincaré duality for manifolds, Proc. London Math. Soc. (3) 13 (1963), 155–183.

Andrew Ranicki Department of Mathematics and Statistics University of Edinburgh Edinburgh EH9 3JZ Scotland, UK a.ranicki@edinburgh.ac.uk

Documenta Mathematica 4 (1999)