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THE MINIMUM PRINCIPLE

FROM A HAMILTONIAN POINT OF VIEW

PETER HEINZNER*

Received: February 24, 1998

Communicated by Thomas Peternell

ABSTRACT. Let G be a complex Lie group and Gg a real form of G. For a
GRr-stable domain of holomorphy X in a complex GG-manifold we consider the
question under which conditions the extended domain G - X is a domain of
holomorphy. We give an answer in term of Gr-invariant strictly plurisubhar-
monic functions on X and the associate Marsden-Weinstein reduced space
which is given by the Kaehler form and the moment map associated with the
given strictly plurisubharmonic function. Our main application is a proof of
the so called extended future tube conjecture which asserts that G - X is a
domain of holomorphy in the case where X is the N-fold product of the tube
domain in C* over the positive light cone and G is the connected complex
Lorentz group acting diagonally.

1991 Mathematics Subject Classification: Primary 32M05

Let Gr be a connected real form of a complex Lie group G and X a Ggr-stable domain
in a complex GG-manifold Z such that G-X = Z. In this paper we consider the following
question. Under which conditions on X is Z the natural domain of definition of the
Gr-invariant holomorphic functions on X? If Z is an open submanifold of a Stein
manifold, then there is an envelope of holomorphy for Z. Consequently, every Gg-
invariant holomorphic function on X which extends to Z also extends to the envelope
of holomorphy of Z. Thus one also has to ask under which additional requirements
is Z a Stein manifold.

In order that an invariant holomorphic function extends to Z = G - X it is
sufficient that X is orbit connected, i.e., for every z € Z the set {g € G; g-z € X}
is connected (see [H]). Thus under this condition the main question is whether Z
is a Stein manifold. Now if Z is a domain in a Stein manifold V', then Z itself is
a Stein manifold if one can find a plurisubharmonic function ¥ on Z which goes
to +00 at every boundary point of 0Z C V. There is a natural way to construct

* Supported by a Heisenberg Stipendium of the Deutsche Forschungsgemeinschaft
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2 PETER HEINZNER

G-invariant plurisubharmonic functions out of Gr-invariant functions on X which
was first proposed by Loeb in [L]. In this paper Loeb used an extended version of
Kiselman’s minimum principle ([K]) in order to construct invariant plurisubharmonic
functions. The main idea is the following. Assume that there is a nice quotient
m: Z — Z/G and let ¢ be a smooth Ggr-invariant plurisubharmonic function on
X which is a strictly plurisubharmonic exhaustion on each fibre of 7|X. Then the
fibre wise minimum of ¢ defines a function ¢ on Z/G which is a candidate for a
plurisubharmonic function on Z/G. This procedure can be described in terms of
Hamiltonian actions as follows.

Assume for simplicity that ¢ is strictly plurisubharmonic. Then w := 2i0d¢ de-
fines an invariant Kaher form on X and u(x)(§) = dé(J€x) is the associated moment
map p : X — gi. In this situation p~1(0) is the set of fibre wise critical points of ¢
which in good cases are exactly the points such that the restriction of ¢ to the fibre
attains its minimum. Again under some additional assumption, it then follows from
the principle of symplectic reduction that the reduced space p~'(0)/Gr has a sym-
plectic structure which in fact is K&hlerian and moreover is given by the function
which is induced on p~1(0)/Gr by ¢|p~(0). It turns out that in the situation under
consideration the procedures given by symplectic reduction and minimum principle
are compatible. This is well known in the case where G is a compact Lie group (see
e.g. [H-H-L], where a much more general result is proved) and we give here precise
conditions such that it also works for a non compact group Gr.

The application of Loeb’s Minimum Principle is limited mainly to the case of free
Gr-actions. For the more general case of proper actions it seems that the Hamiltonian
point of view is much more adequate. Moreover, for applications it is necessary to
consider also domains X of G-spaces Z which do not admit a geometrical quotient
Z/@G. A typical example is given by the so called extended future tube which we will
describe next.

Let <, > denote the Lorentz product on R* and also its C-bilinear extension to
C*. The future tube 7 is by definition the tube domain in C* = R* + iR?* over the
positive light cone C* = {y = (yo,y1,y2,y3) € R*; yo >0, < y,y >= (y0)> — (y1)? —
(y2)* — (y3)* > 0}, i.e,,
T={2€C" ImzeC}.

This domain is invariant under the action of the connected component Gr of the
identity of the homogeneous Lorentz group Og(1,3). Now consider the N-fold product
TN with the diagonal action of Gr. The extended future tube (7)€ is by definition
the orbit of 7™ under the action of the complexified group G of Gr. In other words

(TN =G - TN ={(g-21,...,9-28); g€ G, z; €T}.

Note that G is the group SO4(C) which is defined by the quadratic form < , >.
Although there is no geometric quotient of Z, we have a quotient 7 : (C*)V —
(C*)N /G which is given by the invariant holomorphic functions on (C*)¥ and it is a
fundamental fact that the extended tube (7V)C is saturated with respect to 7 ([H-W],
see §3 for additional remarks). In this case it turns out that this invariant theoretical
quotient has sufficiently many good properties in order to apply the main result of
this paper which we formulate now.

DOCUMENTA MATHEMATICA 3 (1998) 1-14



THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 3

Let V be a Stein G-manifold such that there exists almost a quotient 7w : V —
V//G. More precisely we will assume that V//G is a complex space, 7 : V — V//G
is a G-invariant surjective holomorphic map and for an analytically Zariski open -
saturated subset VO of V the restriction map 7 : V° — V9//G is a holomorphic fibre
bundle with typical fibre G/H. Thus V°//G = V°/G is a geometric quotient. Let
X be a Gpr-stable domain in V' such that Z := G - X is saturated with respect to
7:V > V/G.

THEOREM 1. Let ¢ : X — R be a smooth non-negative Gg-invariant plurisubharmonic
function and assume that

(i) The fibres of m restricted to X° := X NV are connected,

(i)  the restriction of ¢° = ¢|X° to the fibres of m restricted to X° is strictly
plurisubharmonic,

(iii)  ¢° is proper mod Gr along w|Z° where Z° :==V°N Z and
(iv) ¢ is a weak exhaustion of X over V|G,
Then Z = G - X is a Stein manifold.

In the case where G acts properly on X° condition (iii) means that the map ¢° x
7| X% : X0 - R x (Z°//G) induces a proper map X°/Gr — R x (Z°//G). By a weak
exhaustion of X over V//G we mean a function which goes to +00 on a sequence if
the corresponding sequence in V//G converges to a boundary point of Z//G in V//G.

In the case where the G-action on Z° is assumed to be free, the theorem can be
proved rather directly by applying Loeb’s minimum principle. For a compact group
it is a consequence of the methods presented in [H-H-K] (see also [H-H-L]).

In the last section we recall some previously known facts proved in [H-W] together
with a more recent result in [Z] about the orbit geometry of the extended future tube
in order to verify that the conditions of Theorem 1 are satisfied in the case of the
extended future tube. This leads to a conceptual proof of the so called extended
future tube conjecture in the last section.

THEOREM 2. The extended future tube is a domain of holomorphy.

This result has conjecturally been known in constructive quantum field theory for
more then thirty years. For its relevance and other publications concerning problems
related to it we refer the reader to the literature ([B-L-T], [H-S], [J], [S-W], [S-V]).

There is a proof of Theorem 2 in [Z] which due to several mistakes and gaps is
difficult to understand.

1. HAMILTONIAN ACTIONS ON KAHLER SPACES.

Let Gr be a real connected Lie group and X a complex Gr-space, i.e., Gr acts on X
by holomorphic transformations such that the action Ggr x X — X, (¢9,z) = ¢ -z,
is real analytic. If w is a smooth Ggr-invariant Kahler structure on X, then a Gg-
equivariant smooth map p from X into the dual g of the Lie algebra gg of G is said
to be an equivariant moment map if

dpeg = 155w
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4 PETER HEINZNER

holds on every Ggr-stable complex submanifold Y of X. Here w denotes the K&hler
form on Y induced by the K&hlerian structure on X (see [H-H-L]), pe :=< p, & > is
the component of i in the direction of £ € gg, {x is the vector field on X induced by
& and 1¢, w denotes the one form given by contraction, i.e., n = w(&,n).

Ezample. If w is given by a smooth strictly plurisubharmonic Gg-invariant function
¢, i.e., w = 2i00¢ on every smooth part of X, then

pe(z) = d(Jéx) = (i(0 — 0)¢)(€x) = d°p(Ex)

defines an equivariant moment map. This follows from invariance of ¢, since in this
case we have

d,u,g = dlgx dcgf) = gy ddc¢ =ty 2@65¢>

Here we use the formula

Lea = 1eda + digo

for all vector fields ¢ and differential forms a where £, denotes the Lie derivative in
the direction of &.

Later we will need the following fact about the zero level set of u.

LEMMA. Assume that X is smooth and that Gg acts properly on X. If the dimension
of the Gr-orbits in u='(0) is constant, then p='(0) is a submanifold of X.

Proof. Since the action is assumed to be proper, there is a local normal form for the
moment map (see e.g. [A] or [H-L]). The statement is an easy consequence of this
fact (see e.g. [A]. In [S-L] the argument is given for a compact group Gr). O

Remark 1. Tt can be shown that the converse of the Lemma also holds. We will not
use this fact here.

Remark 2. The properness assumption is very often satisfied. Since one may assume
that Gg acts effectively, G is a Lie subgroup of the group I of isometries of the Rie-
mannian manifold X. The group of isometries acts properly on X and consequently
the Gr-action on X is proper if and only if G is a closed subgroup of I. This is the
case if and only if there is a point x € X such that Gg - z is closed and the isotropy
group (Gr): := {g € Ggr; g - =z} is compact.

Remark 3. If Gg acts such that the isotropy groups are discrete, then p has max-
imal rank. Thus in this case p~!(0) is obviously a submanifold of X. Moreover
T, (n1(0)) = kerdu(x) for all z € u=1(0).

2. HAMILTONIAN ACTIONS ON INVARIANT DOMAINS
Let G be a connected complex Lie group and Z a holomorphic G-space, i.e., the action
G x Z — Z is assumed to be a holomorphic map. Let Gr be a connected real form

of G. By an invariant domain in Z we mean in the following a Gr-stable connected
open subspace X of Z. In the homogeneous case we have the following
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 5

LEMMA 1. Let X be an invariant domain in Z and assume that Z is G-homogeneous.
If the zero level set of : X — gr is not empty, then p=1(0) is a Lagrangian subman-
ifold of X and each connected component of n~1(0) is a Gr-orbit.

Proof. For zy € X let N be an open convex neighborhood of 0 € gr such that
U :=Gr-expilN - zyp C X. Since G - expilNV is a neighborhood of G in G, the set
U is a neighborhood of G - 2z in X. The proof of Lemma 1 is a consequence of the
following

Claim. U N p~1(0) = Gg - 2o for 29 € p~1(0).

In order to proof the claim, let z € U N u~1(0) be given. Then there are h € Gr and
¢ € N such that z = hexpif - 2zo € UNp 1(0). Thus expif -2 € u 1(0) NU and
2t = expité-zg € U for t € [0,1]. Note that JEx (z) = %|t:0 expité - x is the gradient
flow of pe with respect to the Riemannian metric induced by w. Thus, if z; is not
constant, then ¢ — pe(z;) is strictly increasing. This contradicts ue(z0) = 0 = pe(z1).
Therefore zg = expit - zg for all £ € R. This implies z=h-z; =h- 2y € Gr - 29.

It is a consequence of the claim that every Gr-orbit is closed in X. Therefore
every component of ;~1(0) is a Gg-orbit. It remains to show that these orbits are
Lagrangian. Since pu(Gr - 20) = 0 we have

0 = dpe(nx (20)) = w(€x (20), nx (20))

for all £&,m € gr. This means that G - 29 is an isotropic submanifold of X. In
particular, dimp Gg - 2o < dim¢ X. In general the tangent space T.,(Gr - 20) spans
T,,X over C. Thus dimp GR - 2p > dim¢ G - 29 = dim¢ X. This shows that dimp Gr -
zo = %dimR X. Hence Gg - 29 is Lagrangian. O

Every Lagrangian submanifold of a Kéhler manifold is totally real. Thus, if Z
is G-homogeneous, then p~1(0) is a totally real submanifold of X. Note that the
Gr-orbits in ~1(0) are closed since they are connected components of the zero fibre
of . Now if G is such that 0 € g} is the only Gr-fixed point, then = € p~1(0) if and
only if the orbit Gg - z is isotropic. This condition holds for example for a semisimple
Lie group.

It almost never happens that there is a Gg-invariant Kéahler form w which is
defined on Z. For example, if G is a simple non compact Lie group or more generally
a semisimple Lie group without compact factors, then there does not exist a Ggr-
invariant Kahler form on a non trivial holomorphic G-manifold Z. In order to see
this, recall that since Gg is semisimple there is a moment map u : Z — gi. Now
let gr = € ® p be a Cartan decomposition where € is the Lie algebra of the maximal
compact subgroup of Gg. Then u = €@ ip is the Lie algebra of the maximal compact
subgroup U of G. For £ € ip the image of the one-parameter group = : t — expité
lies in U and therefore there is a basis of p consisting of &’s such that the image of
is compact, i.e., isomorphic to S*. But v is the flow of the gradient vector field of
and therefore t — pe(y(¢) - z) is strictly increasing for every z € Z. This implies that
v acts trivially on Z. Since G is semisimple and contains no compact factor, G itself

is the smallest complex subgroup of G which contains exp p. Thus G acts trivially on
Z.
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6 PETER HEINZNER

A geometric interpretation of the zero fibre =1 (0) of an equivariant moment map
X — gj associated to a smooth Gr-invariant strictly plurisubharmonic function
¢ : X = R (see Section 1, Example) can be given in the case where X is an invariant
domain in Z as follows. For z € X let Q(z) := {g-2;9 € G and g-z € X} be the
local G-orbit of G through z in X where (g,2) — ¢ -z denotes the G-action on Z.
Then by Gr-invariance of ¢ we have

p~1(0) = {z € X; z is a critical point of ¢|Q(x)}.

We consider now invariant domains X in G-homogeneous spaces Z such that
there is a moment map associated to ¢ : X — R more closely. In order to do that we
first introduce the notion of an exhaustion mod Gg.

Let F' be a complex space with a proper Gr-action and let F//Gg be the space of
Gr-orbits endowed with the quotient topology. A Gg-invariant function f : FF — R
is said to be proper mod Gp if the induced map f : F/Gr — R is proper. The map
f is said to be an exhaustion mod Gp if f is an exhaustion, i.e., if for all r € R
the set {q¢ € F/Gr; f(q) < r} is relatively compact in F. Note that a Gg-invariant
continuous function which is bounded from below is proper mod Gg if and only if it
is an exhaustion mod Gp.

LEMMA 2. Let Z be G-homogeneous and assume that the Gr-action on X is proper.
Let ¢ : X = R be a smooth strictly plurisubharmonic Gr-invariant function which is
an exhaustion mod Gr. Then there is a zg € X such that

Gr 20 = p *(0) = {2 € X; ¢(2) is a minimal value of ¢} .

Proof. Since ¢ is plurisubharmonic and an exhaustion mod Gg there is a point zy € X
which is a minimum for ¢. In particular, z~'(0) is not empty where p denotes the
moment map associated with ¢. We have to prove that p~1(0) is connected. By
Lemma 1, every connected component of the set My = u~1(0) of critical points of ¢
is a Gr-orbit. We claim that the Gg-orbits are non degenerate in the sense that the
Hessian of ¢ in normal directions is positive definite. This is seen as follows.

The vector fields J¢x, £ € gr span the normal space at x € My and

(JEx)(TEx (B)) = 1y dpe = w(éx, JEx) .

Hence the Hessian at x € My is positive in the normal directions. Since ¢ is proper
mod Gr and the gradient vector field of ¢ with respect to the Gr-invariant Kéahler
metric given by 2i00¢ is Gg-invariant, Lemma 2 follows from standard arguments in
Morse Theory. a

In the situation of Lemma 2 every critical point of ¢ is a minimum and the set of
these points is a Gg-orbit and coincides with p=1(0).

We will now generalize the results in the homogeneous case to spaces Z which
possess a geometric G-quotient and X is a weakly orbit connected invariant domain
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 7

in Z. Here a Gr-stable subset X of Z is said to be weakly orbit connected if for every
x € X the local G-orbit Q(z) := {g-z € X; g € G} is connected.

Remark 1. A Ggr-invariant set X in Z is said to be orbit connected if for every z € X
the set Q, := {g € G; g-x € X} is connected. This is a stronger concept then weakly
orbit connectedness.

Let Z be a holomorphic G-space such that there is a geometric quotient 7 : Z —
Z|G. By this we mean that the orbit space Z/G is a complex space such that the
quotient map 7 : Z — Z/G is holomorphic. Moreover we assume that the structure
sheaf of Z/G is the sheaf of invariants, i.e., for an open subset @ of Z/G a function
f: Q — C is holomorphic if and only if for: 7 1(Q) — C is holomorphic.

Now let X C Z be an invariant domain which lies surjectively over Z/G or
equivalently such that Z = G - X. Assume that Gr acts properly on X and that
X is weakly orbit connected. Let ¢ : X — R be a smooth Ggr-invariant strictly
plurisubharmonic function which is an exhaustion mod G along 7, i.e., 7= (C)N{z €
X; ¢(z) <r}/Gr C X/Gr is compact for every compact subset C' in Z/G and r € R.
We set My, = p~1(0) where 1 : X — gg denotes the moment map associated with ¢.

PROPOSITION 1. The map 7 : My/Gr — Z/G induced by the inclusion 1 : My — Z
is a homeomorphism. If X is a manifold, then My is smooth and

T, My = ker du(z)
holds for all x € M.

Proof. The map 7 is continuous and by Lemma 2 it is also a bijection. We claim
that 7 is proper. Since the Gr-action on My is proper, My/Gr is a locally compact
topological space. Thus properness of 7 implies that 7 is a homeomorphism.

Let (gn) be a sequence in My/Gr and z, a point in M, which lies over gy.
Assume that (7(z,)) = (#(¢n)) has a limit in Z/G and let 2o € My be a point
which lies over lim 7(z,,). If some subsequence of ¢(x,) goes to infinity, then we may
assume ¢(z,) > ¢(xo) + 1 for all n. Since 7 : Z — Z/G is an open map, there are
gn € G such that lim g, - ©,, = o for some subsequence. This is a contradiction since
d(z,) < ¢(gn - ) for all n such that g, - ,, € X. Thus, since ¢ is assumed to be an
exhaustion mod Gg along 7, there are h,, € Gy such that a subsequence of (h, - z,)
converges to zp. This implies that a subsequence of (g,,) converges in M. So far we
proved that 7 is a homeomorphism.

Assume now that X is smooth. The existence of a geometric quotient implies
that the dimension of the G-orbits in Z is constant and therefore this is also true for
the Gr-orbits in M, (Lemma 1). Thus My is a submanifold of X (Section 1, Lemma).
Since T, M, is a subspace of ker du(x) and ker du(z) = T,(Gr - x) + Ty(G - 2)*, the
claim follows from the obvious dimension count as follows. Let d := dimg Gr - = for
x € My. Note that d is the complex dimension of the m-fibres. Thus dimp My =
dimg M, /Gr + d = dimg Z/G + d = dimg T, (G - z)* + dimg G - = implies that
T My = ker du(z) for all @ € M. O

Remark 2. Without a reference to an embedding into a holomorphic G-space one can
show that ~1(0)/Gr is a complex space in a natural way (see [A-H-H] and [A]).
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8 PETER HEINZNER

If Gr does not act properly on X, then let Gp be the closure of Gg in the group
I of isometries of the Kihler manifold X. Since the Gg-orbits in M, = p~1(0) are
closed (Lemma 1), it follows that they coincide with the Gg-orbits. Moreover ¢ is
Gr-invariant and My = i~ (0) =: M, where [i is the moment map associated with
¢. Now if one redefines an exhaustion mod G along 7 in terms of sequences in X,
then also in this case M, is smooth and T, My = T, (Gr - z) ® T, (G - 7)*+ = ker du(x)
holds for all z € M.

Proposition 1 can be generalized to the case where ¢ : X — R is only assumed
to be plurisubharmonic and strictly plurisubharmonic on the fibres. More precisely
we have the following consequence which can be thought of as a version of Loeb’s
minimum principle (see [L]).

COROLLARY 1. Let X C Z be a weakly orbit connected invariant domain with ©(X) =
Z and ¢ : X = R a smooth Gr-invariant plurisubharmonic function which is an
exhaustion mod Gr along ™ such that the restriction of ¢ to the local G-orbits in X
is a strictly plurisubharmonic exhaustion mod Gg. If 7 : Z — Z/G is a holomorphic
bundle, then

(i) Mg =p1(0) is smooth where p: X — gk, pe = dp(JEx),

(i) To(My) =kerdu(z) for all x € M,.

(ii) My/Gr is homeomorphic to Z|G and the function ¢ : Z/G — R which is
induced by ¢|My is a smooth plurisubharmonic function.

Proof. We may assume that Gr acts properly on X and, since the statements are
local over Z/G that Z/G is a Stein manifold. Let p : Z — R be the the pull back
of a strictly plurisubharmonic function on Z/G. Then ¢ + p is Gr-invariant, strictly
plurisubharmonic and an exhaustion mod Gg on the local G-orbits in X. Since
dp(J€x) = 0 for all £ € gr, the moment map associated with ¢ + p is the same as the
moment map associated with ¢. Thus Proposition 1 implies directly (i), (ii) and the
first part of (iii). It remains to show that ¢ : Z/G — R is a smooth plurisubharmonic
function.

For the plurisubharmonicity of ¢ we recall the calculation in [H-H-L], §2. For
z € My we have T,(My) = kerdu(z) = T.(Gr - 2) ® T-(G - 2)+. We may assume
that Z = G/H x A where A is an open neighborhood of 0 in C? = T,(G - z)*, and
7m(z) = 0 where 7 is given by the projection on the second factor. Furthermore there
is a section n : A — My, n(w) = (0(w), w) and therefore we have ¢(w) = d(n(w)). A
direct calculation shows that

091)(0) = 90 $(n(0)) -

Here one has to use that d¢(z) = 0 and that do(0) = 0. Thus ¢ is plurisubharmonic
and smooth. O

If ¢ is strictly plurisubharmonic, then the proof shows that ¢ is also strictly
plurisubharmonic. For a proper Gr-action the space Z/G is then given by symplectic
reduction My/Gr and the induced Kahlerian structure on Z/G is determined by

the function ¥(q) = iIll(f) N ¢(x) which is obtained by applying the minimum
zeT (g)N
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principle ([L]). Thus symplectic reduction and the minimum principle are compatible
procedures.

For the remainder of this section we assume now that Z is a holomorphic G-
manifold such that there is almost a quotient Z//G. More precisely we will assume
that Z//G is a complex space, 7 : Z — Z//G is a surjective G-invariant holomorphic
map and there is an analytically Zariski open m-saturated subset Z° of Z such that
7:7% = Z°%)/G is a geometric quotient, i.e., Z°//G = Z°/G. Moreover, for the sake
of simplicity we assume that 7 : Z° — Z9//G is a holomorphic fibre bundle.

Now let X be an invariant domain in Z with 7(X) = Z and assume that X° :=
X NZ° is weakly orbit connected. Let ¢ be a Gp-invariant plurisubharmonic function
such that ¢° := ¢|X° is smooth, strictly plurisubharmonic on the local G-orbits in
X and an exhaustion mod G along 7|Z°. Thus the restriction ¢° := ¢|MJ, Mg :=
My N Z° induces a plurisubharmonic function ¢° : Z° /G — R.

LEMMA 3. There is a unique G-invariant plurisubharmonic function ¥ : 7 —
[—00, +00) which extends 9 := ¢)° o 7| Z°.

Proof. The function ¥(z) = in£ @(g - z) is upper semi-continuous on Z where 2, :=
9€EQ.

{g€G;g-2€ X}. Now ¥ =¥’ on Z° (Lemma 2), and Z \ Z° is a proper analytic
subset of Z. Thus ¥ is plurisubharmonic and by definition G-invariant. O

Remark 3. If Z//G is smooth and 7 is an open map, then ¥° extends uniquely to a
plurisubharmonic function ¢ on ZJ/G. Of course in this case we have ¢ (q) = 1é11£ (),
Tl

where F, := 17 (q) N X. If ¢|F, is an exhaustion mod Gr, M, intersects every Gr-
stable closed analytic subset of F; non trivially. But it might happen that My N F,
is a union of several Gr-orbits. On the other hand for ¢ € Z°//G the intersection is
exactly one Gg-orbit.

Assume now in addition that Z is an open G-stable subspace of a holomorphic
Stein G-manifold V' which is saturated with respect to 7 : V' — V//G. We say that
¢ : X = R is a weak exhaustion of X over V//G if limsup ¢(z,) = +oo for any

sequence (z,,) in X such that (w(z,)) converges to some ¢ in the boundary 0(Z//G)
in V/J/@G.

THEOREM. Let Z be a G-stable w-saturated open subspace of V, X an invariant
domain in Z with G- X = Z and ¢ : X — R a Gr-invariant plurisubharmonic
function. Assume that

(i) X is weakly orbit connected,

(i)  the restriction of ¢° := ¢|X° to the local G-orbits is strictly plurisubharmonic,
(iii) ¢° is an exhaustion mod Gg along w|Z° and

(iv) ¢ is a weak exhaustion of X over V|G,

Then Z = G - X is a Stein manifold.

Proof. Let zg € 0Z and 2, € Z be such that zp = limz,. We have to show
limsup ¥(2,) = +o0o. Thus assume that ¥(z,) < r for all n and some r € R.
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10 PETER HEINZNER

There are w,, € G - Mg = 79 such that ¥(w,) < r and 2y = limw,. Let w, =
gn * T, where g, € G and x,, € Mg. Now ¥(w,) = ¥(z,) = ¢(z,) < r and, since
Z = G - X is saturated, 7(z,) = 7w(w,) = 7(20) € (ZJ/G). This contradicts the
assumption that ¢ is a weak exhaustion. Thus Z is a domain in a Stein manifold with
a plurisubharmonic weak exhaustion function and therefore Stein. O

Remark 4. Elementary examples show that for a Stein Gr-manifold some conditions
are necessary in order that G - X is a Stein manifold. For example there is an Sl»(R)-
invariant domain Q of holomorphy in C? such that Sl»(C) - Q = C? \ {0}.

Now let G be complex reductive group and assume that the semistable quotient
m:Z — Z||G exists (see [H-M-P]). Thus Z//G is a complex space whose structure
sheaf Ozc(U) = Oz (7~ (U)“ is the sheaf of invariants and every point in Z//G has
an open Stein neighborhood such that the inverse image in Z is Stein. For example,
if V is a holomorphic Stein G-manifold, then a semistable quotient V//G alway exists.
Moreover it is shown in [H-M-P] that Z is a Stein space if and only if Z//G is a Stein
space.

Assume that Z is connected and that some orbit of maximal dimension is closed.
Then there exists a proper analytic subset A in Z//G such that Z°//G = Z/|G \ A
is a geometric quotient of Z° := 7~1(Z//G \ A). In particular, every fibre of 7|Z°
is G-homogeneous or equivalently the dimension of the G-orbits in Z° is constant.
Every x € Z° has a G-stable neighborhood U which is G-equivariantly biholomorphic
to G x g S where H is the isotropy group of G at # and S is a Stein space such that the
connected component H° of the identity of H acts trivially on S. Here G x i S denotes
the bundle associated to the H-principal bundle G — G/H. Thus locally Z°//G is
given by S/T" where I := H/Hj is a finite group. Moreover, there is an analytically
Zariski open G-stable subset Z°° of Z which is contained in Z° such that the isotropy
type is constant. This implies that Z°° is a fibre bundle over Z?° /G C Z//G.

3. ORBIT GEOMETRY OF THE FUTURE TUBE.

In the following it will be convenient to introduce a linear coordinate change such
that < 2,2 >= (20)? — (21)% — (22)? — (23)? has the form zpz; — 2223. Thus we set

7 .- zy\ [ 20o+23 21 —i2
T \zw/) \zi4ize 20— 23
and obtain det Z =< z,z > and det Im Z =< Im z,Im z > where Im Z := - (Z — Z).

Let H := {Z € V; ImZ > 0} denote the generalized upper half plane where
V = C?*2. Note that H is just the tube over the positive light cone in the new
coordinates. Moreover H is stable with respect to the action of Gg := SL3(C) which
is given by Gg x H — H, (9,Z) — g * Z := gZg'. This action is not effective. The
ineffectivity consists of I' = {41, —I} and the quotient SL»(C)/T" is the connected
component of the identity of the homogeneous Lorentz group.

Let HN := Hx - xH C V x--- xV =: VN denote the N-fold product
of H and set G := (Gr)® = SLy(C) x SLy(C) where Gp is embedded in G via
g — (g,g). The diagonal Gg action on V¥ extends to a holomorphic G action
GxVN VN ((g,h),ZY,...,ZN) = (g,h) x (Z,...,ZN) := (¢Z'ht,...,gZNhl).
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 11

THEOREM. The extended future tube (HN)C := G « HN is a domain of holomorphy.

In the proof we will make an axiomatic use of the following statements

FACT 1 (see Streater Wightman [S-W], p. 66). The set H” is orbit connected in V1V,
ie., {g€G; g+ Z € HV} is connected for every Z € VN,

FAcT 2. The extended future tube G * HV is saturated with respect to 7 : VN —
VvNJG.

Fact 2 implies that the semistable quotient G'* H"™ J/G exists and is an open subset
of VN J/G. The quotient map is given by restricting 7 : VNV — VN /G to G « HV.
There does not seem to be a proof in the literature of Fact 2 but there is a detailed
proof for the whole complex orthogonal group in [H-W]. A slight modification of the
proof there can be used for a proof of Fact 2. In order to be complete let us recall
briefly the main steps. First we note that it is sufficient to show the following (see

e.g. [H]).

Claim. If Z € HV, then the unique closed orbit G * W in the closure of G * Z lies in
G« HN.

This can be seen as follows. Let < , > be the complex Lorenz product, i.e., the
symmetric bilinear form on V' which is associated to the quadratic form det : V' —
V. Thus V is just the standard representation of G := O4(C). Note that G has
two connected components and the connected component of the identity is G. The
functions (Z',...,ZN) =< Z!,ZJ >, form a set of generators for the algebra of
the G-invariant polynomials on V. Thus the image of V' in the set of symmetric
N x N-matrices of the map # which sends (Z!,...,Z"N) to the matrix (< Z¢,Z7 >)
is an affine variety which is isomorphic to V"V G.

The matrices of rank 3 or 4 correspond to fibres of 7 which are closed C?—orbitsN.
It follows that the G-orbit through every point Z € H such that the rank r of Z
is greater or equal to 3 is already closed. Now assume that r < 2. In this case the

following is shown in [H-W]: There exists an ¢ € G, a; € C and an w € V with
<w,w>=0=<w, W’ > such that

Zi=g«W/tau,j=1,...,N.

The proof actually shows that one can choose g € G, i.e., det g = 1. Now an argument
of Hall-Wightman ([H-W], p.21) implies that gxW7 € H for all j, i.e., GxW C GxH".

FACT 3 The funCtiOn ¢) : HN — R, ¢(Z1,,ZN) = m 4+ -+ m
is Gr-invariant and strictly plurisubharmonic. Moreover, ¢ is a weak exhaustion of
HN.

The simplest way to see that ¢ is strictly plurisubharmonic is to note that Z7 —
m it is given by the Bergmann kernel function on H. Since detIm Z = 0 for
7Z € 0H, ¢ is a weak exhaustion of HV, ie., ¢(Z;) — 400 if limZ, = Z, €
OHN) Cc VN,

Let Kg := {(a,a); a € SU(C)} be the maximal compact subgroup of Gr. We
set VO :={Z € V; det Z # 0}. Note that V//G = C and that after this identification
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12 PETER HEINZNER

the quotient map is given by det : V' — C. In particular, V° is saturated with respect
toV = V/G.

LEMMA 1. Let (W,,) be a sequence in H such that (m(W,,)) converges in VJ/G. Then
there ezist hy, € Gr such that a subsequence of (h,, x W) converges in V.

Proof. There exist u, € Kg such that

Tn Zn
X, =u,xW, =: .
Co g
Since (m(Wy,)) = (7w(X,)) converges, it follows that |det X,| = |zpyn| < R for some
R >0 and all n. Furthermore, X,, € H implies that {|z,|? < Imz,Imy, < |z,y,| =
|det X,,|. Therefore (2,,) is bounded. Now 0 < |z,y,| < R implies that |r2z,| =
|7, 2yy| for some r,, > 0. In particular the sequence (r2z,,7, 2y,) is bounded. Hence

n
hn, * W, has a convergent subsequence where h,, := r, - u, € Gr and r, is identified

it (5 20,5 2)). 0

Remark 1. Geometrically Lemma 1 asserts that H is relatively compact over V/J/G
mod Grg.

LEMMA 2. Let (Z,,,W,,) be a sequence of points in H x H and assume that
(i) 7w(Zn,W,) converges in (V x V) /|G and
(i) Wy =lm W, ewists in H.

Then a subsequence of (Z,) converges to a Zy € H.

Proof. Note that V x V° is an open G-stable subset of V x V which is saturated
with respect to V x V — (V x V)//G and contains H x H. The map V x V9 —
V, (Z,W) — ZW ™1, is G-equivariant, where G acts on the image V by conjugation
with the first component, i.e. by int(g,h) - X = gXg~'. Tt is sufficient to show the
following

Claim. A subsequence of (X,,) converges.

Since the image of X,, := Z,W, ! in V//int G converges, the trace and the determinant
of X,, and therefore the eigenvalues of X,, are bounded. Let u,, = (ay,d,) € Kgr be
such that inta, - Xp, = (up * Zp)(uy * W) ™" = (% ;" ). Since Kg is compact, we
)
Let W,, =: (%" Z") and W, =: (Zs S‘;) By assumption we have Wy € H. There-
fore Im dy # 0. From

may assume that X,, = (

Z, = X, W, = (xnan-l-zncn xnbn+zndn> cH

YnCn Yndn

it follows that

1
PAE (Im (znan + 2ncn)Im (yndn) — Z|1'nbn + Zndp — Jntn]’) >0
n
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THE MINIMUM PRINCIPLEFROM A HAMILTONIAN POINT OF VIEW 13

for z, # 0. Since the eigenvalues z,, y, and a,, by, ¢, d,, are bounded, dy # 0 implies
that |z,| is bounded. Thus (X,,) has a convergent subsequence. O

Remark 2. The proofs of Lemma 1 and Lemma 2 use arguments which can be found
at least implicitly in [Z] on p. 17.

In the above proof we used that H C V° which is implied by det Im Z < |det Z|.

COROLLARY 1. If Z, = (Z},...,ZN) € HN are such that (7(Z,)) converges in
VNG and (Z)) converges in H, then (Z,) has a convergent subsequence in 7. o

LEMMA 3. ¢ is a weak exhaustion of X over VJ|G.

Proof. Let (Z,) = ((Z,...,ZY)) be a sequence in H" such that ¢ := limn(Z,) €
O(GxHN J|G) c VN JJG exists. There are h,, € Gg such that a subsequence of (h*ZY)
converges to WV € H (Lemma 1). Now, if W~ € 0H, then limsup ¢(Z,) = +oc.
Thus assume that W € H. Tt follows that (h, * Z,) has a subsequence which

converges to W € i (Corollary 1). But W is not in HY, since ¢ = «(W) €
O(G x HN J|G). Thus W € OHY and therefore again lim sup ¢(Z,,) = +oo follows. O

LEMMA 4. The function ¢ is an exhaustion mod Gg along .

Proof. Forr > 0let Z, € HY, Z, =: (Z,...,ZY), be such that ¢(Z,) < r and
assume that lim7(Z,) exists in G * HY /G. Thus there are h, € Gg such that
(hn * ZY) has a subsequence which converges to some WY € H. If WV € 0H,
then ¢(Z,) goes to infinity. This contradicts ¢(hy, * Z,) < r. Thus WV € H and

therefore (hy * Z,) has a subsequence with limit W = (W',...,WN) € H". The
same argument as above implies that W7 € H for j =1,...,N. O

Proof of the Theorem. From the invariant theoretical point of view the G = SLy(C) x
SLs(C) action on V¥ is the N-fold product of the standard representation of SO4(C)
on C*. It is well known that for any N = 1,2,... the generic G-orbit in V¥ is closed.
Let (V)0 denote the set of points in V' which lie in a generic closed orbit, i.e.,
(VN)0 is a union of the fibres of the quotient V' — V//G which consist exactly of one
G-orbit. Since the Gg-action on H is proper, Gp acts properly on HV. It follows
from the results in §2 that there is a G-invariant plurisubharmonic function ¥ on
G * HN which is a weak exhaustion. Thus G * H” is a domain of holomorphy. g

COROLLARY 2. The image G x HY |G of HY in VN JJG is an open Stein subspace.
(]
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ABSTRACT. Let X be a projective complex 3-fold, quasihomogeneous with
respect to an action of a linear algebraic group. We show that X is a com-
pactification of SL»/T', I a finite subgroup, or that X can be equivariantly
transformed into P3, the quadric Qs, or into certain quasihomogeneous bun-
dles with very simple structure.
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1 INTRODUCTION

Call a variety X quasihomogeneous if there is a connected algebraic group G acting
algebraically on X with an open orbit. A rational map X --+ Y is said to be
equivariant if G acts on Y and if the graph is stable under the induced action on
X xY.

The class of varieties having an equivariant birational map to X is generally
much smaller then the full birational equivalence class. The minimal rational surfaces
are good examples: they are all quasihomogeneous with respect to an action of SLs,
but no two have an SLs-equivariant birational map between them. On the other
hand, if X is any rational SLs-surface, then the map to a minimal model is always
equivariant.

Generally, one may ask for a list of (minimal) varieties such that every quasiho-
mogeneous X has an equivariant birational map to a variety in this list.

We give an answer for dim X = 3 and G linear algebraic:

I The author was supported by scholarships of the Graduiertenkollegs “Geometrie und mathema-
tische Physik” and “Komplexe Mannigfaltigkeiten” of the Deutsche Forschungsgemeinschaft
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16 STEFAN KEBEKUS

THEOREM 1.1. Let X be a 3-dimensional projective complex variety. Let G be a
connected linear algebraic group acting algebraically and almost transitively on X.
Assume that the ineffectivity, i.e. the kernel of the map G — Aut(X), is finite. Then
either G = SLy, and X is a compactification of SLy/T, where T is finite and not
cyclic, or there exists an equivariant birational map X --+°? Z, where Z is one of the
following:

o P3 or Qg, the 3-dimensional quadric
o o Py-bundle over Py of the form P(O(e) ® O(e) & O).

e a linear Py-bundle over a smooth quasihomogeneous surface Y, i.e. Z = P(E),
where E is a rank-2 vector bundle over Y. If G is solvable, then E can be chosen
to be split.

If G is not solvable, then the map X --+9 Z factors into a sequence X « X — Z,
where the arrows denote sequences of equivariant blow ups with smooth center.

A fine classification of the (relatively) minimal varieties involving SL, will be
given in a forthcoming paper.

The result presented here is contained the author’s thesis. The author would like
to thank his advisor, Prof. Huckleberry, and Prof. Peternell for support and valuable
discussions.

2 EXISTENCE OF EXTREMAL CONTRACTIONS

The main tool we will use is MORI-theory. In order to utilize it, we show that in our
context extremal contractions always exist.

LEMMA 2.1. Let X and G be as in 1.1, but allow for Q-factorial terminal singulari-
ties. Then there exists a MORI-contraction.

Proof. Let m: X — X be an equivariant resolution of the singularities of X, let H < G
be a (linear) algebraic subgroup and let v; € Lie(G) be the associated element of the
Lie-algebra. Since X is quasihomogeneous, we can find elements vs,v3 € Lie(G) such
that the associated vector fields

vi(z) = — exp(tvi)z € H°(X,TX)

are linearly independent at generic points of X. In other words,
g = ’U~1 A ~2 A ~3

is a non-trivial holomorphic section of the anticanonical bundle —K . Because H is
linear algebraic, the closure of a generic H-orbit is a rational curve, and H has a fixed
point on this curve. Therefore ¥ has zeros, and the divisor given as the zero-set of o
is not trivial. In effect, we have shown that —K ; is effective and not trivial.

If r is the index of X, then the line bundle —rKx is effective. We are finished
if we exclude the possibility that —rK x is trivial. Assume that this is the case. The
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section ¢ not vanishing on the smooth points of X implies that X \ Sing(X) is G-
homogeneous. But the terminal singularities are isolated. Thus, by [HO80, thm. 1 on
p. 113], X is a cone over a rational homogeneous surface, a contradiction to —rKx
trivial.

Consequently —rKx is effective and not trivial. So there is always a curve C
intersecting an element of | — rK x| transversally. Hence C.Kx < 0 and there must
be an extremal contraction. O

COROLLARY 2.2. Let X and G be as in theorem 1.1 with the exception that X is
allowed to have Q-factorial terminal singularities. Let ¢ : X — Y be an equivariant
morphism with dimY < 3. Then there is a relative contraction over Y.

Proof. If Y is a point, this follows directly from lemma 2.1. Otherwise, if n € Y
generic, we know that the fiber X, is smooth, does not intersect the singular set
and is quasihomogeneous with respect to the isotropy group G,. So there exists a
curve C' C X, with C.Kx, < 0. Note that the adjunction formula holds, since X has
isolated singularities and X, does not intersect the singular set. Hence Kx, = Kx | X,

and there must be an extremal ray C C NE(X) such that ¢.(C) = 0. Thus, there
exists a relative contraction. O

Recall that all the steps of the MORI minimal model program (i.e. extremal
contractions and flips) can be performed in an equivariant way. For details, see
[Keb96, chap. 3].

3 EQUIVARIANT RATIONAL FIBRATIONS

In this section we employ group-theoretical considerations in order to find equivariant
rational maps from X to varieties of lower dimension. These will later be used to direct
the minimal model program.

We start with the case that G is solvable.

LEMMA 3.1. Let X and G be as in 1.1. Assume additionally that G is solvable. Then
there exists an equivariant rational map X --+°1Y to a projective surface Y.

Proof. Since G is solvable, there exists a one-dimensional algebraic normal subgroup
N. Let H be the isotropy group of a generic point, so that Q & G/H, and consider
the map

Q=2G/H - G/(N.H)

Recall that N.H is algebraic. Since N is not contained in H (or else G acted
with positive dimensional ineffectivity), the map has one-dimensional fibers. Now
dimG/(N.H) > 0 and G/(N.H) can always be equivariantly compactified to a pro-
jective variety Y. This yields an equivariant rational map X --+¢? Y. O

Now consider the cases where G is not solvable.

LEMMA 3.2. Let X and G be as above. Assume that G is neither reductive nor
solvable. Then there exists an equivariant rational map X --+1Y such that either

1. Y 2 P3, and X --+°1Y is birational, or dimY = 2, or
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2. dimY =1, and there exists a normal unipotent group A and a semisimple group
S < G, acting trivially on Y. The unipotent part A acts almost transitively on
generic fibers.

Proof. Let G = U x L be the LEVI decomposition of G, i.e. U is unipotent and L
reductive and define A to be the center of U. Note that A is non-trivial. Since A
is canonically defined, it is normalized by L, hence it is normal in G. Let H be the
isotropy group of a generic point, 2 the open G-orbit, so that Q 2 G/H, and consider
the map

N~2G/H - G/(A.H)

There are two things to note. The first is that A is not contained in H (or else G acted
with positive dimensional ineffectivity). So dimG/(A.H) < 3. If dimG/(A.H) >
0, it can always be equivariantly compactified G/(A.H) to a variety Y yielding an
equivariant rational map X --+ Y. If dimG/(A.H) = 2, we can stop here. If
dim G/(A.H) = 1, then note that A acts transitively on the fiber A H/H. If A H
does not contain a semi-simple group, we argue as in lemma 3.1 to find a subgroup
H', H < H' < A.H such that dim H'/H = 1. Then dim G/H' = 2, and again we are
finished.

If dimG/(A.H) = 0, then A acts transitively on . In this case A = C", and
hence (because the G-action is algebraic) Q & C®. The theorem on MosTOW fibration
(see e.g. [Hei9l, p. 641]) yields that L has to have a fixed point in €. Therefore,
without loss of generality, . < H. As a next step, consider the group B := (U N H)°.
Since both U and H are normalized by L, B is as well. Elements in A commute with
all elements of U, hence A.B normalizes B as well. Then B is a normal subgroup of
UxL = @G. Note that A.B = U, because A.B=A.(HNU) = (A.H)NU =GNU =U.
Consequently B acts trivially. Therefore B = {e}.

We are now in a position where we may write G = A %, L, where p is the
action of L on A (L acting by conjugation). Now H = L, hence 4 = Q =~ C?
and the L-action on A = (C?,+) is linear. So G is a subgroup of the affine group
and ) can be equivariantly compactified to P3, yielding an equivariant rational map
X —-+°1 Pg. O

We study case (1) of the preceding proposition in more detail.

LEMMA 3.3. Let X be as above and assume that G is reductive. Assume furthermore
that G is not semisimple. Then there is an equivariant rational map X --+¢1 Z,
where dim Z = 2.

Proof. As a first step, recall that G = T.S, where S is semisimple, T is a torus, and
S and T commute and have only finite intersection. If n is a point in the open orbit
and G, the associated isotropy group, then T' ¢ G, or otherwise T' would not act at
all. For that reason we will be able to find a 1-parameter group 71 < T, T\ ¢ G, and
consider the map

N:=G/G, = G/(T1.Gy).

Since T; has non-trivial orbits, dim G/(T1.G,,) = 2. If we compactify the latter in an
equivariant way to a variety Z, we automatically obtain an equivariant rational map
X --+°1 7 as claimed. O
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LEMMA 3.4. Suppose G is semisimple. Then one of the following holds:

1. G = SLy and the open orbit 2 is isomorphic to SLy /T, where T is finite and
not contained in a BOREL subgroup.

2. X =23
3. X is isomorphic to Fy 5(3), the full flag variety

4. X is homogeneous and either X =2 Qg, the 3-dimensional quadric or X is a
direct product involving only Py and Ps.

5. X admits an equivariant rational map X --+°71Y onto a surface.

Proof. If G 2 SLs, and T' is embeddable into a BOREL group B, then T is in fact
embeddable into a 1-dimensional torus T. Consider the map G/T' — G/T, and we
are finished.

Assume for the rest of this proof that G 2 SLs. Then the claim is already true
in the complex analytic category: see [Win95, p. 3]. One must exclude torus bundles
by the fact that they never allow an algebraic action of a linear algebraic group. O

We summarize a partial result:

COROLLARY 3.5. Let X and G be as above. If there exists an equivariant map
X -+ Py and no such map to P3 or to a surface, then G is not solvable and
there exist subgroups S and A as in lemma 3.2.

4 THE CASE THAT Y IS A CURVE

In this section we investigate relatively minimal models over P;. The main proposition
is:

PROPOSITION 4.1. Let X and G be as in 1.1 with the exception that X is allowed
to have Q-factorial terminal singularities. Assume that ¢ : X — Py is an extremal

contraction. Assume additionally that there does not exist an equivariant rational
map X —-+¢1Y, where dimY =2 or Y 2 P3. Then

X =P(Op, (e) ® Op, (e) ® Op, ),
with e > 0. In particular, X is smooth.

Proof. As a first step, we show that the generic fiber X, is isomorphic to Py. As ¢
is a MoRI-contraction, X, is a smooth FANO surface. By corollary 3.5, the stabilizer
G, < G of X, contains a unipotent group A acting almost transitively on X, and
a semisimple part S. This already rules out all FANO surfaces other than P,. Fur-
thermore, S = SLy. Note that G, stabilizes a unique line L C X, and that S acts
transitively on L.

Set D' := G.L and remark that D’ intersects the generic ¢-fiber in the unique
Gy-stable line: D' N X, = L. We claim that D’ is CARTIER. The desingularization
D' has a map to Py, the generic fiber is isomorphic to P; and S acts non-trivially on
all the fibers. Thus, D' is isomorphic to P; x Py, and S does not have a fixed point
on D'. Consequently, D' does not intersect the singular set of X and is CARTIER.
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Take D" to be an ample divisor on Y. As ¢ is a MORI-contraction, the line
bundle L associated to D := D' +n¢*(D"), n >> 0, is ample on X. In this setting, a
theorem of FUJITA (cf. [BS95, Prop. 3.2.1]) yields that X is of the form P(E), where
F is a vector bundle on P;.

The transition functions of E must commute with S, but the only matrices
commuting with SL, are Diag(\, A, p), hence E = O(e) @ O(e) ® O(f) and X =
P(Oe-f)®Oe— f)® O). O

For future use, we note

LEMMA 4.2. Let X and G be as in proposition 4.1. Then, by equivariantly blowing up
and down, X --+¢1 P(O(e') ® O(e') ® O) where the latter does not contain a G-fixed
point.

Proof. The semisimple group S fixes a unique point of each ¢-fiber, so that there
exists a curve C' of S-fixed points. Suppose that G has a fixed point f. Then f € C,
and we can perform an elementary transformation X --+¢¢ X' with center f, i.e. if
X, is the ¢-fiber containing f, then we blow up f and blow down the strict transform
of the X,, again obtaining a linear Py-bundle of type P(O(e) & O(e) & O). This
transformation exists, as has been shown in [Mar73]. Since all the centers of the
blow-up and -down are G-stable, the transformation is equivariant.

We will use this transformation in order to remove G-fixed points. Let g € G be
an element not stabilizing C'. The curves gC' and C meet in f. We know that after
finitely many blow-ups of the intersection points of C' and gC, the curves become
disjoint, so that there no longer exists a G-fixed point! This, however, is exactly what
we do when applying the elementary transformation. O

5 THE CASE THAT Y IS A SURFACE

The cases that G is solvable or not solvable are in many respects quite different. Here
we have to treat them separately.

5.1 THE CASE (G SOLVABLE

We will show that in this situation the open G-orbit can be compactified in a partic-
ularly simple way.

PROPOSITION 5.1. Let X and G be as in theorem 1.1. Assume additionally that G
is solvable and ¢ : X — Y is an equivariant map with connected fibers onto a smooth

surface. Then there exists a splitting rank-2 vector bundle E on'Y and an equivariant
birational map X --+¢7 P(E).

We remark that if y € Y is contained in the open G-orbit, then it’s preimage
is quasihomogeneous with respect to the isotropy group G, hence isomorphic to P;.
As a first step in the proof of proposition 5.1, we show the existence of very special
divisors in X.

Notation 5.2. We call a divisor D C X a “rational section” if it intersects the generic
¢-fiber with multiplicity one.

In our context, such divisors always exist:
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LEMMA 5.3. Let ¢ : X — Y be as in lemma 5.1 and assume additionally that there
exists a group H* = C* acting trivially on Y. Let D' be the fized point set of the
H*-action. Then D% contains two rational sections as irreducible components.

Proof. Let Dx be the union of those irreducible divisors in D% which are not preim-
ages of curves or points by ¢. The subvariety Dy intersects every generic ¢-fiber at
least once. Hence Dx # 0.

We claim that the set of branch points

M:={yeY :#(¢"'(y)nDx) =1}

is discrete. Linearization of the H*-action yields that for any point f € Dx \ Sing(X),
there is a unique H*-stable curve intersecting Dx at f. Furthermore, the intersec-
tion is transversal. Assume dim M > 1 and let y be a generic point in M. Then
dim ¢~ (y) =1 and ¢~'(y) = 1 contains a smooth curve C as an irreducible compo-
nent intersecting Dx. Now C.Dx = 1 and, because C N Dx was the only intersection
point by assumption, ¢~!(y).Dx = 1. This is contrary to Dy intersecting the generic
¢-fiber twice.
Set
N:={peY|dim(X,NDx) >0} U MU ¢(Sing(X)).

By definition N is finite and Dx is a 2-sheeted cover over Y\ N. Now Y is smooth and
quasihomogeneous with respect to an algebraic action of the linear algebraic group
G. Hence it is rational. This implies that Y\ N is simply connected. Hence Dx has
two connected components over Y \ N. Now the set Dx N ¢~1(N) is just a curve.
Therefore Dx cannot be irreducible. O

LEMMA 5.4. Under the assumptions of lemma 5.1, there exists a G-stable rational
section E; C X.

Proof. If G is a torus, then there exists a subgroup T; acting trivially on Y. In this
case we are finished by applying lemma 5.3. Thus we may assume that the unipotent
part U of G is non-trivial. Let n € Y be a generic point and z € X, \ 2, where Q
denotes the open G-orbit in X. If z is unique, then the divisor E; := G.z has the
required properties. Similarly, if U acts almost transitively on Y, then it’s isotropy
at 7 is connected and we may set E := U.x.

If neither holds, then necessarily dimU = 1, and we can assume that U acts
non-trivially on Y. Otherwise X, \ {2 consists of a single point and we are finished as
above. Let T} be a 1-dimensional subgroup of a maximal torus such that I := U.T}
acts almost transitively on Y. If n € Y is generic, the isotropy group I, is cyclic:
I, has two fixed points in X,,. Consequently, there exist at least two I-orbits whose
closures D; are rational sections.

Note that I is normal in G, i.e. all elements of G map I-orbits to I-orbits. If D;
are the only rational sections occurring as closures of I-orbits, they are automatically
G-stable. Otherwise, all I-orbits are mapped injectively to Y, and at least one of
these is G-stable. O

The existence of E; already yields a map to a P;-bundle.

LEMMA 5.5. Under the assumptions of lemma 5.1, there exists a rank-2 vector bundle
E onY (not necessarily split) and an equivariant birational map X --+¢? P(E).
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Proof. Set E := (¢.(Ox(E)))**. Since a reflexive sheaf on a smooth surface is locally
free, E is a vector bundle. If Qy C Y is the open orbit, ¢~ 1(Qy) = P(E|q,)
(cf. [BS95, Prop. 3.2.1]), inducing a birational map ¢ : X --+ P(E). Note that
¢«(Ox (E)) is torsion free. In particular, ¢.(Ox(E)) is locally free over a G-stable
cofinite set Yy C Y so that, by the universal property of Proj, ¢ is regular over Yj.
As 9|y, is proper, it is equivariant. The automorphisms over Y; extend to the whole
of P(E) by the RIEMANN extension theorem. Hence v is equivariant as claimed. O

In order to show that E can be chosen to be split we need to find another rational
section. We will frequently deal with the following situation, for which we fix some
notation.

Notation 5.6. Let ¢ : X — Y be as above and assume that there exists a map
m:Y = Z 2Py, eg. if Y is isomorphic to a (blown-up) HIRZEBRUCH surface ¥,,.
Then, if F € Z is a generic point, set Fy := 7~ '(F) and Fx := ¢~ '(Fy).

LEMMA 5.7. In the setting of proposition 5.1, there exists a second rational section
E5. If Ey is as constructed in lemma 5.4, then Ey N Es is G-stable.

Proof. If G is a torus, we are finished, as we have seen in the proof of lemma 5.4.
Hence we may assume that dim U > 0, where U is the unipotent part of G.

Suppose that U acts trivially on Y. Then we are able to choose a 2-dimensional
torus T < G such that T acts almost transitively on Y. If n € Y is generic, then
the isotropy group T, may not be cyclic, but since it has to fix the unique U-fixed
point in X, its image T,, - Aut(X,) is contained in a BOREL group, hence cyclic.
Consequently, T;, fixes another point z, and we may set Fy := T.x.

The other case is that U acts non-trivially on Y. We need to consider a mapping
m:Y > Z=2P,. Y 2 X,, or a blow-up, there is no problem. If Y = P5, we note
that, by G being solvable and BOREL’s fixed point theorem (see [HO80, p. 32]), there
exists a G-fixed point y € Y. We can always blow up y and X, in order to obtain a
new Pi-bundle over ¥;. If we are able to construct our rational sections here, then
we can simply take their images to be the desired rational sections in the variety we
started with. So let us assume that ¥ 2 Ps.

There exists a 1-dimensional normal unipotent subgroup U; < G. Assume first
that U; acts non-trivially on Z. Using notation 5.6, Fy is isomorphic to Py, F'x to a
HirzZEBRUCH surface ¥,,. Choose a section o C Fx with the property that ¢(o N Ey)
does not meet the open G-orbit in Y. As the stabilizer of Fx in G stabilizes E1, so
that Ey; N Fx is either the infinity- or zero-section in Fx = ¥, or the diagonal in
Fx 2%, and G stabilizes a section of Y — Py, this can always be accomplished. Set
E1 = U1.0'.

Secondly, we must consider the case that U; acts trivially on Z. We proceed
similarly to the above. Choose a 1-dimensional group G1 < G such that the G-orbit
in Z coincides with that of G. Now G stabilizes at least one section oy C Y over Z
which is not U;-stable! Set ox := gi)*l(ay) and consider a section o C ox over oy
such that ¢(o N E}) is disjoint from the open G-orbit in Y. Then E; := U;.o is the
divisor we were looking for.

We still have to show that the intersection E; N E» is G-stable. Note that by
construction, ¢(E; N E») does not meet the open G-orbit in Y. This, together with
E; being G-stable, yields the claim. O
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We shall use the second rational section in order to transform E into a splitting
bundle.

5.1.1 ELIMINATING VERTICAL CURVES

If S C ¢(F1 N E») is an irreducible curve which is a ¢-fiber, then we say that F;
and FE5 intersect vertically in S. We know that after blowing up S we obtain a P;-
bundle over the blow-up of Y. Furthermore, the process is equivariant. The proper
transforms of F; and FE, are again rational sections. If they still intersect vertically,
the blow-up procedure can be applied again. So we eventually obtain a sequence of
blow-ups. The strict transforms of the F; and FE, are again rational sections in Xj.
We denote them by E! or Ei, respectively. By the theorem on embedded resolution,
we have:

LEMMA 5.8. The sequence described above terminates, i.e. there exists a number
i € N such that the strict transforms Ei and E} do not intersect vertically.

5.1.2 ELIMINATING HORIZONTAL CURVES

We may now assume that E; and E> do not intersect vertically. Let S C ¢(E; N Es)
be an irreducible curve. Then S gives rise to an elementary transformation as ensured
by [Mar73]. Again, the transformation is equivariant and the strict transforms of F
and FE5 are rational sections. If they still intersect over S, we transform as before.
Again one may use the embedded resolution to show (cf. [Keb96, thm. 5.30] for
details):

LEMMA 5.9. The sequence described above terminates after finitely many transfor-
mations, i.e. there exists a j € N such that for all curves C C Efj) N Eéj) it follows
that ¢ (C) # S. Furthermore, if By and Ey do not intersect vertically, then Efi)
and Eéi) do not intersect vertically for all i.

5.1.3 THE CONSTRUCTION OF INDEPENDENT SECTIONS

By lemma 5.8 the variety X can be transformed into a Pj;-bundle such that the
strict transforms of E; and Es do not intersect in fibers. A second transformation
will rid us of curves in E; N Es which are not contained in fibers. Since the latter
transformation does not create new curves in the intersection, the strict transforms
of F; and Es eventually become disjoint. The resulting space is the compactification
of a line bundle.

LEMMA 5.10. If Ey and Es do not intersect, X is the compactification of a line
bundle.

Proof. Since E; and E» are disjoint, neither contains a fiber. Thus they are sections.
O

As a net result, we have shown proposition 5.1.
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5.2 THE cASE G NOT SOLVABLE

Asg first step, we show that X is again a linear Pi-bundle. We do this under an
additional hypothesis which will not impose problems in the course of the proof of
theorem 1.1.

LEMMA 5.11. Let X and G be as in theorem 1.1, with the exception that X is allowed
to have Q-factorial terminal singularities. Let ¢ : X — Y be a MORI-contraction to
a surface and assume additionally that G is not solvable and that there exists an
equivariant morphism ¢ : Y — Y’ where Y' is a smooth surface. Then X andY are
smooth and X is a linear P1-bundle over Y.

Proof. First, we show that all ¢-fibers are of dimension 1. If there exists a fiber X,
which is not 1-dimensional, then dim X, = 2. Take a curve C' C Y so that p € C.
Set D := ¢~ (C'\ p). The divisor D intersects an irreducible component of X,,. Now
take a curve R C X, intersecting D in finitely many points. We have R.D > 0.
However, all generic ¢-fibers X, are homologous to R (up to positive multiples). So
X,.D > 0, contradicting the definition of D.

Secondly, we claim that X is smooth. Assume to the contrary and let € X be a
singular point, u := ¢(z). Recall that terminal singularities in 3-dimensional varieties
are isolated. Thus, if S is the semisimple part of G, then the fiber X, through z is
pointwise S-fixed. Linearizing the S-action at a generic point y € X, the complete
reducibility of the S-representation yields an S-quasihomogeneous divisor D which
intersects X, transversally at y and is CARTIER in a neighborhood of y. The induced
map D — Y’ must be unbranched: Y’ contains an S-fixed point and is therefore
isomorphic to Py; but there is no equivariant cover of this other than the identity. So
D is a rational section which is CARTIER over a neighborhood of u. If H € Pic(Y)
is sufficiently ample, then D + ¢*(H) is ample, and [BS95, Prop. 3.2.1] applies,
contradicting the assumption that X is singular.

Since X is smooth, the same theorem shows that in order to prove the lemma
it is sufficient to show that there exists a rational section. If all the simple factors
of S have orbits of dimension < 2, then, after replacing the factors by their BOREL
groups, we obtain a solvable group G', acting almost transitively as well. In this case
lemma 5.4 applies.

If S’ < S is a simple factor acting with 3-dimensional orbit on X, its action on
Y is almost transitively. In particular, there exists a 2-dimensional group B < S,
isomorphic to a BOREL group in SLs, which also acts almost transitively on Y. Asg
in the proof of lemma 5.4, B has cyclic isotropy at a generic point of Y and so there
exist two rational sections which are compactifications of B-orbits. O

6 PROOF OF THEOREM 1.1

Prior to proving theorem 1.1, we still need to describe equivariant maps to P3 in more
detail:

LEMMA 6.1. Let X --+¢7 P3 be an equivariant birational map. Then either X has
an equivariant rational fibration with 2-dimensional base variety or X and Pg are
equivariantly linked by a sequence of blowing ups of X followed by a sequence of blow-
downs.
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Proof. If the G-action on P3 has a fixed point, we can blow up this point and obtain
a map from the blown-up P3 to Ps. If there is no such G-fixed point in P3, then after
replacing X by an equivariant blow-up, there is a regular equivariant map ¢ : X — P3.
Recall that such a map factors through an extremal contraction. Since the base does
not contain a fixed point, the classification of extremal contractions of smooth varieties
yields the claim. O

Now we compiled all the results needed to finish the

Proof of theorem 1.1. Given X, we apply lemmata 3.1-3.4. Unless X = Q3, F; 2(3) or
a compactification of SLy/T', ' not cyclic, there exists an equivariant map X --+°7Y,
where Y is smooth and Y = P3, dim(Y") = 2 or, if no other case applies, dim(Y") = 1.

If Y = P3, then, by lemma 6.1, we may replace P3 by a surface, or else we are
finished.

In the case of a map to ¥V with dimY < 3, we can blow up X equivariantly to
obtains a morphism X — Y. Recalling that all steps in the minimal model program
(i.e. contractions and flips) are equivariant, we may perform a relative minimal model
program over Y. In this situation corollary 2.2 shows that the program does not stop
unless we encounter a contraction of fiber type X’ — Y’ and dimY”’ < 3. Note that
dimY’ > dimY.

In case that Y’ is a surface, X' is the projectivization of a line bundle or can
be equivariantly transformed into one (cf. lemma 5.5 and 5.11). If G is solvable,
proposition 5.1 allows us to transform X into the projectivization of a splitting bundle
over a surface.

If dimY’ = 1 and there does not exist a map to one of the other cases, X =
P(O(e) ® O(e) & O) over P, as was shown in proposition 4.1.

We still have to show that if G is not solvable, the map to one of the models in
our list factors into equivariant monoidal transformations. Recall that it suffices to
show that, after equivariantly blowing up, if necessary, the minimal models do not
have a G-fixed point. We do a case-by-case checking:

P>-BUNDLES OVER P;: By lemma 4.2, these can be chosen not to contain a fixed
point.

P;-BUNDLES OVER A SURFACE Y: If the semisimple part S of G acts trivially on Y,
we can stop. Otherwise, if the S-action on Y has a fixed point f, we blow up
f and the fiber over f and obtain a Pi-bundle over ;. Recall that actions of
semisimple groups on ¥, never have fixed points.

P3: This case has already been handled in lemma 6.1.

SLo/T: After desingularizing and blowing up all fixed points, if any, the compacti-
fication of SL. /T is fixed point free. Otherwise, linearization at a fixed point
yields a contradiction to S acting almost transitively.

OTHER CASES: The remaining cases occur only when X is homogeneous
(cf. lemma 3.4).

O
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ABSTRACT. The main purpose of this paper is the construction in motivic
cohomology of the cyclotomic, or classical polylogarithm on the projective
line minus three points, and the identification of its image under the regula-
tor to absolute (Deligne or [-adic) cohomology. By specialization to roots of
unity, one obtains a compatibility statement on cyclotomic elements in mo-
tivic and absolute cohomology of abelian number fields. As shown in [BIK],
this compatibility completes the proof of the Tamagawa number conjecture
on special values of the Riemann zeta function.

The main constructions and ideas are contained in Beilinson’s and Deligne’s
unpublished preprint “Motivic Polylogarithm and Zagier Conjecture”
([BD1]). We work out the details of the proof, setting up the foundational
material which was missing from the original source: the paper contains
an appendix on absolute Hodge cohomology with coefficients, and its inter-
pretation in terms of Saito’s Hodge modules. The second appendix treats
K-theory and regulators for simplicial schemes.

1991 Mathematics Subject Classification: Primary 19F27; Secondary 11R18,
11R34, 11R42, 14D07, 14F99.

Keywords: Polylogarithm, motivic and absolute cohomology, regulators, cy-
clotomic elements.

INTRODUCTION

The aim of this work is to present the construction of the class of the cyclotomic, or
classical polylogarithm in motivic cohomology. It maps to the elements in Deligne and
[-adic cohomology defined and studied in Beilinson’s “Polylogarithm and cyclotomic
elements” ([B4]). The latter elements can be seen as being represented by a pro-
variation of Hodge structure, or a pro—/—adic sheaf on the projective line minus three
points.

1See correction on page 297 of this volume.
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Our main interest lies in the specialization of these sheaves to roots of unity:
they represent the “cyclotomic” one—extensions of Tate twists already studied by
Soulé ([Sou5]), Deligne ([D5]) and Beilinson ([B2]).

Let us be more precise: denote by Y the set of primitive d-th roots of unity in
Q(ua) = Q[T]/®4(T), d > 2. We get an alternative proof of the following theorem of
Beilinson’s:

COROLLARY 9.6. Assume n > 0, and denote by rp the regulator map

Hj,(SpecQ(pa),Qn + 1)) — P  C/@ri)""'R.
0:Q(pa)—C

There is a map of sets

€nt1 1 1y — H ) (Spec Q(pa), Q(n + 1))

such that
Ppo€nit g — 69 C/(2mi)" 'R
0:Q(pa)—C
maps a root of unity w to (—=Liy41(ow)), = (— e>1 %) .
- (o

Now fix a d-th primitive root of unity ¢ in Q. This choice allows to identify
continuous étale cohomology H}, ., (Spec Q(ita), Q (n + 1)) with a @ —subspace of

Gal(Q(ui=,6)/Q(¢))
tim Q) /(@ ))" @ uZ") 92, Q

r>1

Note that there is a distinguished root of unity 7' in Q(ug). As was observed already
in [B4], the study of the cyclotomic polylogarithm gives a proof of [BIK], Conjecture
2 (cf. [Sou5], Théoreme 1 for the case n = 1; [Gr], Théoreme IV.2.4 for the local
version if (I,d) = 1):
COROLLARY 9.7. Let €,41 be the map constructed in 9.6. Under the above
inclusion, the [-adic regulator

ry: H./l\/f (Spec Q(:U‘d)a Q(TL + 1)) — Hclont(spec @(Md)a(@l (TL + 1))

maps €,41(T?) to

| 2 -al@ @)

™ — b
al”=¢ ”

This result implies in particular that Soulé’s cyclotomic elements in the group
Kopnt1(F) ®z Z; (for an abelian number field F' and a prime [) are induced by el-
ements in K—theory itself (Corollary 9.8). Furthermore, the case d = 2 of 9.7 forms a
central ingredient of the proof of the Tamagawa number conjecture modulo powers of
2 for odd Tate twists Q(n), n > 2 ([BIK], §6). Finally, as shown in [KNF], Theorem
6.4, the general case of 9.7 implies the modified version of the Lichtenbaum conjecture
for abelian number fields.
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The main ideas necessary for both the construction of the motivic polylogarithm
and the identification of the realization classes, together with a sketch of proof, are
contained in the unpublished preprint “Motivic Polylogarithm and Zagier Conjecture”
([BD1]) and its predecessors [B4], [BD1p]. Our aim in this paper is to work out the
details of the proofs. To do this we have to set up a lot of foundational material, which
was missing from the original sources: K-theory of simplicial schemes, regulators to
absolute (Hodge and I-adic) cohomology of simplicial schemes, and an interpretation
of the latter as Ext groups of Hodge modules and [-adic sheaves respectively. This
material is contained in the two appendices which we regard as our main contribution
to the subject. We hope they prove to be useful in other contexts than that treated
in the main text.

Other parts of [BD1] deal with (the weak version of) the Zagier conjecture. We
do not treat this since a complete proof has been given by de Jeu ([Jeu]), although
by somewhat different means from those used in [BD1].

We see two main groups of papers related to polylogarithms:

The first deals with mixed sheaves, i.e., variations of Hodge structure or [—adic
mixed lisse sheaves. Maybe the nucleus of these papers is Deligne’s observation that
the analytic and topological properties of the dilogarithm Lis, viewed as a multivalued
holomorphic function on P'(C)\{0, 1,00}, can be coded by saying that Lis is an entry
of the period matrix of a certain rank three variation of Q-Tate—Hodge structure on
PL\{0,1,00}.

We refer to [Rm], section 7.6 for a nice survey of the construction of a pro—
variation on PL\ {0,1,00} containing all Li;. The étale analogue is constructed in
Beilinson’s “Polylogarithm and Cyclotomic elements” ([B4]), where he defined pro-
objects in the categories of [-adic sheaves on P*\{0, 1, 0}. In both settings, the fibres
at roots of unity different from 1 coincide with the cyclotomic extensions mentioned
above.

The hope and indeed, the motivation underlying these papers is that once a
satisfactory formalism of motivic sheaves is developed, the definition of polylogarithms
should basically carry over. We would thus obtain polylogarithmic classes in Ext
groups of motives, these groups being supposedly closely connected to K—theory, of
which everything already defined on the level of realizations would turn out to be the
respective regulator.

Nowhere is this hope documented more manifestly than in Beilinson’s and
Deligne’s “Interprétation motivique de la conjecture de Zagier reliant polylogarithmes
et régulateurs” ([BD2]): if there is such a motivic formalism, then the weak version of
Zagier’s conjecture necessarily holds: not only the values at roots of unity of higher
logarithms, but also appropriate linear combinations of arbitrary values must lie in
the image of the regulator.

For the time being, and in each case separately, honest work is needed to perform
the K—theoretic constructions, and calculate their images under the regulators.

The second class of papers is concerned with precisely that task. In analogy with
the above, one should first mention Bloch’s “Application of the dilogarithm function
in algebraic K—theory and algebraic geometry” ([Bl]).

Beilinson’s “Higher regulators and values of L—functions” ([B2]) provided the
K—theoretic construction of cyclotomic elements, together with the computation of
their images in Deligne cohomology (loc. cit., Theorem 7.1.5, [Neu], [E]).
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As for Zagier’s conjecture, we mention Goncharov’s “Polylogarithms and Motivic
Galois Groups” ([Go]), where Zagier’s conjecture, including the surjectivity statement
is proved for K5 of a number field, and de Jeu’s “Zagier’s Conjecture and Wedge
Complexes in Algebraic K—theory” ([Jeu]), which contains the proof of the weak
version of Zagier’s conjecture, independently of motivic considerations, for Ks,_1 of
a number field, and arbitrary n > 2.

Typically, the objects of interest in this class of papers are complexes, cocy-
cles, and symbols, i.e., objects which do not constantly afford a geometric, or sheaf-
theoretic interpretation. It is by no means easy to see, say, how a concrete element
in some Deligne cohomology group can be interpreted as an extension of variations
of R-Hodge structure. These and similar difficulties present, themselves to the reader
willing to translate from one class to the other.

The authors like to think of the present article as an attempt to bridge the gap
between the two disciplines.

In a sense, the coarse structure of the article follows the above scheme: sections
1-6 are entirely sheaf-theoretic. Anything we say there is therefore a priori restricted
to the level of realizations, i.e., non—motivic. In sections 7-9, K—theory enters. The
appendices provide the foundations necessary to connect the two points of view.

Given that quite a lot has been said about the [-adic and Hodge theoretic incar-
nations of the classical polylogarithm ([B4], [BD2], [WilV]), the reader may wonder
why sheaf theoretic considerations still take up one third of this work.

Indeed, the construction of the motivic polylog could be achieved much more eas-
ily if a satisfactory formalism of mixed motivic sheaves were available. The necessity
to replace a simple geometric situation by a rather complicated one, in order to replace
complicated coefficients like Log by Tate twists, should be seen as the main source of
difficulty in any attempt to the construction of motivic versions of polylogarithms.

We now turn to the description of the finer structure of the main text (sections
1-9):

In section 1, we normalize the sheaf theoretic notations used throughout the
whole article.

Section 2 gives a quick axiomatic description of the logarithmic sheaf Log, and
the (small) polylogarithmic extension pol. The universal property (2.1) is needed
only to connect the general definition of the logarithmic sheaf as a solution of a
representability problem to the somewhat ad hoc, but much more geometric definition
of section 4. A reader prepared to accept the results on the shape of the Hodge
theoretic and [-adic incarnation of the polylogarithm (2.5, 2.6) may therefore take
the constructions in sections 4 and 6 as a definition of both Log and pol, and view
section 2 as an extended introduction providing background material.

In section 3, we establish the geometric situation used thereafter. As section 1,
it is mainly intended for easier reference.

In section 4, we construct a pro-unipotent sheaf G on U = P!\ {0,1,00} as
projective limit of relative cohomology objects of powers of G, over U relative to
certain singular subschemes. The transition maps are given by the boundary maps in
the relative residue sequence (4.9). The universal property 2.1 then allows to identify
G with the restriction of Log to U (4.11).

Section 5 contains a geometric proof of the splitting principle (5.2): the fibres
of Log at roots of unity have split weight filtration. Since we need a proof which

DOCUMENTA MATHEMATICA 3 (1998) 27-133



CLASSICAL MOTIVIC POLYLOGARITHM 31

translates easily to the motivic situation, we return to Beilinson’s original approach
to the splitting principle ([B4], 4.2) which consists of an analysis of the action of the
multiplication by natural numbers on our absolute cohomology groups.

The main objective of section 6 is the description of pol in terms of geometric
data. The Leray spectral sequence suggests that one-extensions of Q(0) by Log
should be described as elements of the projective limit of cohomology groups with
Tate coefficients of powers of G, relative to certain subschemes. The main result 6.6
allows to identify pol under this correspondence.

In Section 7 our main tool, the residue sequence is constructed in the setting of
motivic cohomology (Proposition 7.2 and Lemma 7.3). The arguments are very much
parallel to those used for absolute cohomology of realizations in section 4. However,
we have to replace the singular schemes by explicit simplicial schemes with regular
components. This is where the material of Appendix B enters.

Section 8 is the K—theoretic analogue of section 6. We consider a certain pro-
jective system of motivic cohomology groups. In order to identify its projective limit
(Corollary 8.8) we use bijectivity or at least controlled injectivity of the regulator
to Deligne cohomology, and the results of section 6. We are then able to define the
universal motivic polylog (8.9).

In the final section 9 the motivic version of the splitting principle is shown (9.3).
Again we strongly use the known behaviour of the regulator to show that the action
of multiplication by natural numbers splits into eigenspaces. Applied to the universal
motivic polylogarithm this induces the cyclotomic elements in motivic cohomology. In
the light of section 5 it is clear from their very construction that they induce the right
elements not only in Deligne but also in continuous étale cohomology. We conclude
by drawing the corollaries which are the main results announced at the beginning
(9.6-9.9).

The Appendices can be read independently of the main text and of each other.
They are meant to be used as a reference, but a careful reader might actually want
to read them first. We refer to the respective introductions for an account of their
content.

The reader might find it useful to consult [HW] for an overview of the strategy
of the proof of the main results.
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1 MIXED SHEAVES

We start by defining the sheaf categories which will be relevant for us. For our
purposes, it will be necessary to work in the settings of mixed [—adic perverse sheaves
([H2]), and of algebraic mixed Hodge modules over R (A.2). Since the procedures are
entirely analogous, we introduce, for economical reasons, the following rules: whenever
an area of paper is divided by a vertical bar

the text on the left of it will concern the Hodge theoretic setting, while the text on
the right will deal with the [-adic setting. Of course, we hope that before long, there
will be a satisfactory formalism of mixed motivic sheaves providing a third setting to
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which our constructions can be applied. We let

| := a fixed prime number ,

A=R, 1
A::Z{—] ,

Fi=Q, l

F:=Q

and set B := Spec(A).
For any reduced, separated and flat scheme X of finite type over B, we let

Xiop := X(C) as a topol. space, Xiop =X ®4Q,

Sh(Xyop) 1= Perv(Xiop, Q) , ‘ Sh(Xiop) := Perv(Xiop, Q)

the latter categories denoting the respective categories of perverse sheaves on Xiop
([BBD], 2.2).

Next we define the category Sh(X): in the [-adic setting, we fix a pair (S, L) con-
sisting of a horizontal stratification S of X ([H2], §2) and a collection L = {L(S)| S €
S}, where each L(S) is a set of irreducible lisse I-adic sheaves on S. For all S € S
and F' € L(S), we require that for the inclusion j : S < X, all higher direct images
R"™j.F are (S, L)—constructible, i.e., have lisse restrictions to all S € S, which are
extensions of objects of L(S). We assume that all F' € L(S) are pure.

We can make this more explicit: in our computations X will always be a lo-
cally closed subscheme of some A™; the stratification is by the number of vanishing
coordinates in A”; L(S) is the set of all Tate sheaves on S.

Following [H2], § 3, we define D?S’L) (X, Q) as the full subcategory of D%(X, Q)
of complexes with (S, L)—constructible cohomology objects. Note that all objects will
be mixed. By [H2], §3, D?S’L) (X, Q) admits a perverse t-structure, whose heart we
denote by Perv(g 1)(X, Q).

Sh(X) := MHMg(X/R) Sh(X) := Pervs 1) (X, Q) .
(see A.2.4)

Because of the horizontality requirement in the [-adic situation we have the full
formalism of Grothendieck’s functors only on the direct limit D? (Ux, Q) of the
D?S’L)(XU,QZ), for U open in B, and (S, L) as above (see [H2], §2). However, for a
fixed morphism

m: X —Y,
we have a notion of e.g. m.—admissibility for a pair (S, L): this is the case if
Dis 1)(X,Q) = D, (Ux, Q) = D, (Uy, Q)

factors through some DE’TJ() (Y, Q). Our computations will show, at least a posteriori,

that for our choice of (S, L) all functors which appear are admissible. We will not
stress these technical problems and even suppress (S, L) from our notation.
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As in [BBD], we denote by ., 7*, Hom etc. the respective functors on the cate-
gories

D?Sh(X) := D’ MHMg(X/R), | D Sh(X) := D{g 1,(X,Q),

and H? for the (perverse) cohomology functors.
We refer to objects of Sh(X) as sheaves, and to objects of Sh(Xi,p) as topological
sheaves. Let us denote by
V- Vtop

the forgetful functor from Sh(X) to Sh(Xiop). If we use the symbol W., it will always
refer to the weight filtration.
If X is smooth, we let

Sh®(X) := Varg(X/R) C Sh(X) Sh*(X) := Etg™(X) C Sh(X) ,
(see A.2.1) , the category of lisse
Sh*®(Xiop) := the category of mixed (—sheaves on X,
Q-local systems on Xiop. Sh®(Xiop) := the category of
lisse —sheaves on Xygp.

We refer to objects of Sh®(X) as smooth sheaves, and to objects of Sh®(Xiop) as
smooth topological sheaves. Denote by USh®(X) the category of unipotent objects
of Sh®(X), i.e., those smooth sheaves admitting a filtration whose graded parts are
pullbacks of smooth sheaves of Sh®(B) via the structure morphism. Similarly, one
defines USh*(Xiop)-

REMARK: Note that in the [-adic situation, the existence of a weight filtration, i.e.,
an ascending filtration W. by subsheaves indexed by the integers, such that Grnw{ is
of weight m, is not incorporated in the definition of Sh® — compare the warnings in
[H2], §3. In the Hodge theoretic setting, the existence of a weight filtration is part of
the data.

REMARK: We have to deal with a shift of the index when viewing e.g. a variation as
a Hodge module, which occurs either in the normalization of the embedding

Varg(X/R) — D’ MHMg(X/R)

or in the numbering of cohomology objects of functors induced by morphisms between
schemes of different dimension. In order to conform with the conventions laid down
in appendix A and [Wil], chapter 4, we chose the second possibility: a variation is
a Hodge module, not just a shift of one such. Similarly, a lisse mixed (y—sheaf is a
perverse mixed sheaf. Therefore, if X is of pure relative dimension d over B, then the
embedding

Etg,"(X) — D}, (8hx, Q)

associates to V the complex concentrated in degree —d, whose only non—trivial coho-
mology object is V.

As a consequence, the numbering of cohomology objects of the direct image (say)
will differ from what the reader might be used to: e.g., the cohomology of a curve
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is concentrated in degrees —1, 0, and 1 instead of 0, 1, and 2. Similarly, one has to
distinguish between the “naive” pullback (7%)* of a smooth sheaf and the pullback
7* on the level of D? Sh(X): (7°)* lands in the category of smooth sheaves, while 7*
of a smooth sheaf yields only a smooth sheaf up to a shift.

In the special situation of pullbacks, we allow ourselves one notational inconsis-
tency: if there is no danger of confusion (e.g. in Theorem 2.1), we use the notation
m* also for the naive pullback of smooth sheaves. Similar remarks apply for smooth
topological sheaves.

For a scheme a : X — B, we define
F(n)x := a*F(n) € D’ Sh(X),

where F'(n) is the usual Tate twist on B.
If X is smooth, we also have the naive Tate twist

F(n) € Sh*(X) C Sh(X)
on X. If X is of pure dimension d, then we have the equality
F(n) = F(n)x[d]
In order to keep our notation transparent, we have the following

DEFINITION 1.1. For any morphism ©m : X — S of reduced, separated and flat
B-schemes we let

Rs(X, - ) :=m, :D"Sh(X) — D’ Sh(S) ,
HL(X, -) :=H'm, :D’Sh(X) — Sh(S) .

DEFINITION 1.2. For a closed reduced subscheme Z of a separated, reduced, flat B—
scheme X of finite type, with complement j : U < X, and an object M- of D® Sh(X),
define

a) RTabs(X, M) := RHom ps gy (x) (F(0)x, M),
(X, M) := H RDa,s (X, M),

the absolute complex and absolute cohomology groups of X with coefficients in M.

b) RTapns(X,n) := Rlaps(X, F(n)x) ,
H;bs(Xv n) = Hzibs(XaF(n)X) .
C) Rl“abs(X rel Z, n) = Rl“abs(X, ]lF(’n)U) y

Hibs(X rel Zan) = zibs(Xaj!F(n)U) )

a

the relative absolute complex and relative absolute cohomology with Tate coefficients.
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In the Hodge setting, absolute cohomology with Tate coefficients coincides with
Beilinson’s absolute Hodge cohomology over R (Theorem A.2.7). In the l-adic set-
ting, it yields continuous étale cohomology (see the remark following Definition B.4.2).

REMARK: If X is a scheme over S, then we have the formulae

RPabS(Xa : ) = Rrabs (S, RS(Xa : )) ;
;bs(Xa : ) = ;bs(‘SaRS(Xa ’ )) :

2 THE LOGARITHMIC SHEAF, AND THE POLYLOGARITHMIC EXTENSION

We aim at a sheaf theoretic description of the (small) classical polylogarithm on
P\ {0,1,00}. The first step is an axiomatic definition of the logarithmic pro—sheaf.
We need the following result:

THEOREM 2.1. Let X be the complement in a smooth, proper B—scheme of an NC—
divisor relative to B ([SGA1], Exp. XIII, 2.1), all of whose irreducible components
are smooth over B. Let x € X(B), and write a : X — B. The functor

x* : USh*(X) — Sh*(B)
is representable in the following sense:
a) There is a pro—object
Gen, € pro-USh*(X) ,

the generic pro—unipotent sheaf with basepoint x on X, which has a weight
filtration satisfying

Geng /W_,,Gen, € USh*(X) foralln .
Note that this implies that the direct system
(ROa*Hom(genm/W,ngenm,V))nEN

of smooth sheaves on B becomes constant for any V € USh®(X).

This constant value is denoted by
R%a,Hom(Gen,,V) .
b) There is a section
1 eI (B,z*Gen,) .

¢) The natural transformation of functors from USh®*(X) to Sh®(B)
",

ev;ROa*Hom(Qenx,_) —
© — (2%p)(1)
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is an isomorphism. Similarly for the transformation of functors from USh® (Xiop)
to Shs (Btop)

ev: R°a,Hom ((Geng)iop, -) — 2%,
o — (z"p)(1).

Consequently, the pairs (Geng,1) and ((Geng)iop, 1) are unique up to unique
isomorphism.

d) The natural transformations of functors
HomUShS(X) (Qenx, _) — HomShs(B) (F(O), :L”*_) and
HomUShs(me) ((genm)topa —) — F(Btopa x*—)
from USh®(X) and USh®(Xy,p) respectively are isomorphisms.

Proof. For a)—c), we refer to

[Wil], Remark d) after Theorem 3.6, | [Wil], Theorem 3.5.),

and loc. cit., Theorem 3.5.ii). Apply the functors Homgp: gy (F(0), -) and T'(Biop, -)
to the result in ¢) in order to obtain d). O

REMARK: In the Hodge setting and for the constant base B, Theorem 2.1 is
equivalent to the classification theorem for admissible unipotent variations of Hodge
structure ([HZ], Theorem 1.6). In this case, Gen, is the canonical variation with base
point x of loc. cit., section 1.

Now let
Gm = Um,B , U::]P%\{O,].,OO}B,
j: U= G, ,
p:G, — B, p:=poj:U— B.
We may form the generic pro—unipotent sheaf with basepoint 1 on Gy, .
DEFINITION 2.2. Log := Gen; € pro-USh®(G,,) is called the logarithmic pro—sheaf.
As we shall see below, there is an isomorphism
kGt Log = HF(k) .
k>0

Agsuming this for the moment, we now describe the higher direct images
Hiy(U, j*Log(1)):

THEOREM 2.3.  a) HE(U,j*Log(1)) =0 for g # 0.

b) H% (U, j*Log(1)) has a weight filtration, and W_; (H% (U, j* Log(1))) is split.
More precisely, any isomorphism k as above induces an isomorphism

W_y (H(U,j* Log(1))) = [ F(k) -
E>1
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REMARK: By these statements on the higher direct images of the pro—sheaf j* Log(1),
we mean the following:

a) For ¢ # 0, the projective system
H (U, 5" (Log/W_nLog)(1)) >,
is M L—zero.

b) & induces a morphism of projective systems

H (U, " (Log/W_2mL0og)(1)) 5, — (H F(k)>
k=0 m>1

of sheaves with a weight filtration, such that the weight < —1-parts of the
projective systems of kernels and co-kernels are M L—zero.

Proof. One uses the exact triangle

JxJ*
or rather, Hz(Gy,, -) of it, and the fact that Hz (G, , Log) is easily computable. For

the details, see [Willl], Theorem 1.3. Or use 4.11 and 6.2, whose proof is independent

A fixed choice of
k: G Log = HF(k)
k>0

induces in particular an isomorphism of Grr‘iV2 Log and F(1). The theorem then en-
ables one to define the small polylogarithmic extension as the extension

pol € ExtlUShs(U) (GrKV2 Log|u, Log(1) lv)

mapping to the natural inclusion F(1) < [],~, F(k) under the isomorphism

Extgyy (F(1), Log(1) [v) = Homps sy (F(1)u, Log(1) v)
Homps Sh(U) (p*F(1),5"Log(1))

—  Homgyp | F(1), H F(k)
k>1

induced by the projective limit of the edge homomorphisms in the Leray spectral
sequence for p, and the isomorphism of 2.3.b). Note that the definition of pol is
independent of the choice of k. For the details, we refer to [Willl], Theorem 1.5 — as
there, we define

Extgy o) (F(1), Log(1) |y) == (li_mEXtéh(U) (F(1),(Log/W_nLog)(1) 1) -

n
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A description of Log and pol, in both incarnations, was given by Beilinson and Deligne;
see [B4], 2.1, 3.1 and [BD1], §1 for the Hodge version and [B4], 3.3 for the I-adic
setting. The reader may find it useful to also consult [WilV], chapters 3 and 4,
setting N = 1 in the notation of loc. cit.
We recall the “values” of pol at spectra of cyclotomic fields: let d > 2, and
C := Spec(R), where R := A[%,T]/®4(T), where ®4(T) is the d-th cyclotomic
polynomial.
C' is canonically a closed, reduced subscheme of G,, ® 4 A[%]. For any integer b
prime to d, there is an embedding
1
i

Since d is invertible on C, the image of i, is actually contained in U, and hence we
may form the pullback of pol via iy,

ip: C = C—G,®sA

¢ — (.

poly € Extgys ey (F(1), Logy(1))

where Log, denotes the pullback of Log.
Now we have the following

THEOREM 2.4 (SPLITTING PRINCIPLE). Logy splits (uniquely) into a direct product

Logy = H ar'%, (Logy)
k>0

and Gr'%,, (Logy) is isomorphic to F (k) for any k > 0.

Proof. [B4], 4, or [BD1], 3.6, or [WiIV], Lemma 3.10. Or use 4.11 and 5.2, whose
proof is independent of 2.4. O

In order to identify pol, with an element of

[T Extlye o) (F(1). F ()

k>1

we need to fix an isomorphism

Ky Gr' Logy = H F(k) .
k>0

By definition, x; is the pullback via ¢ of the isomorphism

k: G Log = HF(k)
k>0

of pro—sheaves on G, of [WilV], chapters 3 and 4, which we briefly describe now:
By 2.1.d), there is a canonical projection

e: Log — F(0) .
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Furthermore, there is a canonical isomorphism
v : Gr", Log =5 p*HY (G, F(0))Y

given by the fact that both sides are equal to p* of the mixed structure on the
(abelianized) fundamental group 71 (Gm top, 1) (see [Wil], chapter 2).
Observe that there is an isomorphism

res : H% (G, F(0)) — F(1)
given by the map “residue at 0”.

Finally, both Gr"¥' Log and [0 F'(k) carry a canonical multiplicative structure:
for Gr"V Log, this is a formal consequence of

[Wil], Corollary 3.4.ii) | [Wil], Corollary 3.2.ii)

(see Remark b) at the end of chapter 3 of loc. cit.).
Our isomorphism
K Gr" Log = HF(k)
k>0
is the unique isomorphism compatible with &, (res)¥oy, and the multiplicative struc-
ture of both sides.
Using the framing of Log, given by kp, we may identify pol, with an element of

H Extéhs(o) (F(1), F(k)) ,

k>1

or, after twisting and forgetting the component “k = 0”, as an element of

1 Extéue (e (F(0), F(k)) .
E>1

Note that in the Hodge setting we do not lose any information by forgetting the
component “k = 0” as there are no non—trivial extensions in Sh*(C) of F(0) by itself.
This latter statement fails to hold in the [-adic context. It is however true that the
zero—component of poly is trivial. One way to see this is via [WIiIIl], Corollary 2.2,
where it is proved that there is in fact a mixed realization pol, of which the above
extensions are merely the Hodge and l-adic components. In the category of mixed
realizations, there is a good concept of polarization, which ensures that there are
no non—trivial extensions of pure realizations of the same weight. Alternatively, one
uses Theorem 9.5, where it is proved that our pol, lie in the image of the respective
regulators. The claim then follows from the vanishing of H},(C,0).

THEOREM 2.5 (BEILINSON). Under the isomorphism of A.2.12, we have in the Hodge
setting:

+

poly = (-D*Lix (") € [[ | D C/em)*Q|

E>1 \weC(0)

where Lig(z) := 32,5, fl—: for |z2| <1 and z #1.
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Proof. [B4], 4.1, or [BD1], 3.6.3.i), or [WilV], Theorem 3.11. O

Note that one may identify C(C) with {0 : Q(uq) — C} by associating to w the
unique embedding mapping T € Q(uq) = Q[T]/®4(T) to w.
In the [-adic situation, choose a geometric point ¢ € C(Q). It allows to identify

C and
Spec (Z {{, %]) ,

and, furthermore, the category of continuous (y —-modules under the Galois group of
Q(¢) that are mixed and unramified outside Id, and the category Sh®(C) = Eté@'l”(C’)

Given this, we think of Extéhs(o) (Q(0),Q (k)) as sitting inside

Hclont (Q(C)a @l (k)) .

Together with the natural map of Lemma B.4.9 we thus have an inclusion of
Extgpe ) (Q (0), Q (k)) into
Gal(Q(ure0,¢)/Q(¢))
tim (QUu= O/ Q=) © i) @2, Q

r>1

THEOREM 2.6 (BEILINSON). Under the above inclusion, we have in the
l-adic setting:

1 1
— _1\k—1 | . . _ d\®(k—1)
poly = | (-0 iy gy 3 (1) (@)
al"=¢b rk>1
Proof. [B4], 4.1, or [BD1], 3.6.3.ii), or [WilV], Theorem 4.5. O

REMARKS: a) Using the defining property of pol, one can show (see [B4], 2.12 or
[BD1], proof of 3.1.1) that it coincides with a specific subquotient of the generic
pro-unipotent sheaf on U. The specializations to spectra of cyclotomic fields of this
subquotient were already studied in [D5], section 16. In particular, Theorems 2.5 and
2.6 are equivalent to the Hodge and [-adic versions of [D5], Théoreme 16.24.

b) One of the main results of this work will be (Theorem 9.5) that the elements in 2.5
and 2.6, for fixed b and d, are the respective regulators of one and the same element
in motivic cohomology. This implies that Soulé’s construction of cyclotomic elements
in the K—theory with Z;—coefficients of an abelian number field ([Sou2], Lemma 1,
[Sou5]) actually factors over the image of K—theory proper (Corollary 9.8). As shown
in [BIK], § 6, Theorem 9.5 also implies that the Tamagawa number conjecture modulo
powers of 2 is also true for odd Tate twists (see our Corollary 9.9). Finally, 9.5 is used
in [KNF], Theorem 6.4 to prove the modified version of the Lichtenbaum conjecture
for abelian number fields.

c) There are relative versions of 2.1 and 2.3 for schemes over a base scheme S smooth
over B. They allow to directly define the small polylogarithmic extension polg on
U xp S, which however turns out to be the base change to S of pol.

DOCUMENTA MATHEMATICA 3 (1998) 27-133



42 ANNETTE HUBER, JORG WILDESHAUS

REMARK: In our definition of pol, we chose not to follow [BD1], 3.1. The approach via
the universal property of Log and the computation of its cohomology rather imitates
that of Beilinson and Levin in the elliptic case ([BL], 1.2, 1.3). In fact, one of the
predecessors of loc. cit. contains a unified definition of Log and pol for relative curves
of arbitrary genus ([BLp], 1).

3 THE GEOMETRIC SET-UP

For easier reference, we assemble the notation used in the next sections.
As before, we let

| := a fixed prime number,

A:=R, A:=Z|:1:|
l )

B :=Spec(A) ,
Gm =Um,B , U:= ]PlB\{O,].,OO}B .

Furthermore, we let S denote a smooth separated scheme over B of pure relative
dimension d(S5),

Q,ge Gm(ﬁ)a

S C S the open subscheme of S where o and 3 are disjoint. We assume S to be dense
in S.

j:S—=S,
i:S\S—=S,

where S\ S is equipped with the reduced scheme structure.
Z:=a(S)UpB(S)

with the reduced scheme structure,
V:i=Gns\Z.

For n > 0, define

P :GhLs =S,
vV G s,

2.z~ Grs\V" =Gy, s,

where Z(™ carries the reduced scheme structure. (So QO =" =idg, and JARES 0.)
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The base change of the above objects and morphisms to S is denoted by the same
letters not underlined:

a,B:5 = Gys ,
Z:=a(S)IB(S) ,
V::Gm’S\Z,

p":Gp s — S,

V"V = Gy e,

RN AEE S ¢
Also, we define partial compactifications of p™:

9" : G5 = Ay,

A H™ = AT\ G, ¢ — AL,
where again H(™ has the reduced structure,

pt AL = S,

Vi=A5\Z,

TV A%,

=0 . 7™ AZ\T" = AT,
where Z™ is equipped with the reduced structure. (So 7 = 70 = Z.)

REMARKS: a) The underlined objects should remind the reader that the partial com-
pactification comes from the compactification j of the base S. The Gverlined objects
refer to compactification upstairs, induced from g".
b) For fixed n, we have a natural action of the symmetric group &,, on our geometric
situation.

For the purposes of K-theory in section 7 we will have to replace the singular
scheme Z(") by some smooth simplicial scheme. Put

2" =7 x5 Gl i UGmys x Z xs G 21 TG & x5 Z
Note that Zén) is a proper covering of Z(™). This is the easiest case of a morphism
of schemes with cohomological descent, meaning that for any reasonable cohomology

theory the cohomology of Z(™) will agree with the cohomology of the smooth simplicial
scheme

ZM = coske (25 /G, )
ie.,

Z,g") = Zé") XGp ottt XEn, Zé") (k + 1-fold product).
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Put Z_(O) = % (corresponding to the empty scheme). We will also use the simplicial

(n)

scheme Z  which is attached to 7(n) sitting in A% in the same way. Finally let

Gy = Cone(Z™ — G, §)
AY" = Cone(Z" — AZ)
where the cone is taken in the category of pointed simplicial sheaves on the big Zariski

site (cf. the discussion in appendix B.1).

4  GEOMETRIC ORIGIN OF THE LOGARITHMIC SHEAF
In section 2, we defined a pro—sheaf

Log € pro —U Sh*(G,,)
and an element

pol € Extly(F(1), Log(1) |o)
= Jim Extdy ) (F(1), (Log /W Log) (1) |o) .

n

The aim of this section is to identify Log |y, or rather, its Noetherian quotients,
as relative cohomology objects with coefficients in Tate twists of certain schemes over
U (Theorem 4.11).

Recall that according to our conventions, we have

F(0) = FO)ul1] ,
and hence we may view pol as an element of
Hom p» Sh(U)(F(O)Ua Log |v) = Hgbs(Ua Log |v)

where we have used the notation introduced in Definition 1.2.
For the schemes of section 3, we have the following

DEFINITION 4.1. Forn > 0,

G .= 1Y ( Z’S,v,nF(n))Sgn - Hg+d(§) (G g, vl F(n)y=)*" |

m,S >

where the superscript sgn refers to the sign—eigenspace under the natural action of
the symmetric group &,, on Gy, ¢ and V™.
Observe in particular that G(©) = F(0).

The following is an immediate consequence of the Kiinneth formula:

LEMMA 4.2. There is a canonical isomorphism

G = Sym” g
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We want to compute G(™, and simultaneously construct, for each n > 1, a
projection

g(n) s g(nfl)

via the “residue at 0”, whose projective limit over n we shall then identify, for special
a and (3, and S = U, with the restriction Log |y of the logarithmic pro—sheaf to U.

Let H(n) be the singular part of H™ and Hr(gl) = H() \Hs(ffl)g the smooth part.

sing
For any subscheme of A%, the subscript reg will mean the complement of Hg:l)g. We
work with the following geometric arrangement:

—=n n —=n
Vieg NHY —— Vi —— V"
(n) grneg N

(n) reg s n ¢
Hreg A&S,reg m,S
Both squares are cartesian. All maps are either open or closed immersions, and each
line gives in fact a smooth pair of S—schemes.

LEMMA 4.3. For any complex M € D° Sh(AS ,ey) such that (vj,)*M is a shift of a

smooth sheaf on Vrzg,

there is an exact triangle

(B @ reg) (Phrreg o W) M(=1)[=2] — (Wi ()™M
(*) LN
(atg)e o7 (07 gthg) "M

Proof. This is (Dyq,)1 applied to the exact triangle obtained from purity for the closed
immersion
Vieg VHT) — Vi,

of smooth schemes. O

We apply this lemma to M = F(n) AL and evaluate the cohomological functors

Hi (A% 1og> )" on the triangle (x). Following 1.2.c), we write everything as relative

cohomology with Tate coefficients:

e Hip (A oy el Zo0) )" —s Hiy (GF, s rel Z() p)sen

— HEVHD vel (Z™ 0 HD), 0 - 1)

abs reg reg

i = (n)

—)Hgsl( g,reg rel Z o, ,n)%8 — .

We refer to this as the absolute residue sequence.
Application of the cohomological functors Hg(A&reg, - )%™ to the same exact

triangle yields a long exact sequence of sheaves on S that we call the relative residue
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sequence:
. sgn . n
LM (A e ) Fn) ) — HE (Gl 5, o F(m)yn) ™
. sgn
— HlS ! (Hr(eg)7 (UH reg)'F( 1) Vregmnggg))

i sgn
_>7{S+1( 2 rog» (Do F (10 )Vreg) — ...

Note that G(®) = n+d(s) ( m, S Ul F(n)vn)sgn occurs in this sequence.
We are now going to further analyse, and reshape these sequences. The final
form will be achieved in Proposition 4.8 and Theorem 4.9.
First, we need to identify the terms
Hz 1(H—(n) rel( (n)

abs reg

sgn
/Hl ! ( re?g)a (UHreg)'F(n - )VregﬂHr(en)) » n>1.

g

NHM)n—1)%" n>1

reg )

The complement of Z™ n H{Z) in HY) is given by

T vt Vieg N HI — H

reg reg reg

Since V. N Hr(:g) = II;—, V" ! under the identification

reg

n

(n) n—1

Hreg - Gm S
k=1

and these components are permuted transitively by &,,, we conclude

LEMMA 4.4.

n
a) (E}-LLreg)!F(n - ]‘) VregﬂHr(:g = (H > n - 1)]_[;;:1 yn—1.

b)  HIZNEH® rel (Z™ AH®)), 0 - 1) @H”G”Slrdz(“)n—n

abs reg reg abs

(n)

and hence the sign—eigenspace H'; ! (Hr(gg) rel (Z''N Hr(glg)), n —1)%" is isomorphic to

abs

HTH(GY é rel Z("=Y p —1)%n

abs

where the last sgn refers to the action of &,,_1. The isomorphism is given by projection
onto the components unequal to k, for some choice k € {1,... ,n}. It is independent
of the choice of k.

0 R (HE, @ ro): F(n = Dpn i) = @RS(G:;;, TR = D).
k=1
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J25S0)

sgn
As in b), the sign-eigenspace H ! ( veg s (Vf] peg )1 F'(n — 1) ) is canoni-

Vi NHZ)

cally isomorphic to
sgn

H! (Gnmsla “HE(n = 1)yn- 1)

For i = n+ d(S), the latter equals G("~1).

Proof. The only point that remains to be shown is the independence of the isomor-
phisms in b) and c) of the choice of k. Recall the identity

sgn

R (G”

m,

516l 20,0} = RTas (8,Rs (G, 5,0/ F(n)v+))

We are going to prove in 4.6.d) that H§(G}}, 5, v/"F(n)y=)*" = 0 for ¢ # n + d(S).
So the associated spectral sequence degenerates, and shows that the independence of
the map in b) follows from that of the map in c).

For c), we only need to consider G") = 'Hn+d(s)( .5 U F(n)ya)®t. There, our
claim follows from Lemma 4.2, and the graded— compatlblhty of the cup product with
boundary morphisms ([GH], Proposition 2.2 and Corollary 2.3). O

REMARK: The arguments of this section would become simpler if we could use an
object RE" in ¢). However, we do not know whether it is possible to make a decom-
position into eigenspaces in our triangulated categories.
By the identification of the lemma, the residue sequences define canonical residue
maps
res : H, (G, s rel ZM nysen s Hi- (G s rel Z(n= p —1)%E"

abs
sgn

res : His (GI g, v F(n)yn)*" — M (G; L P F(n = 1) yas )

fitting into the relative and absolute residue sequences. In particular, observe that

we have a residue map
res : g(") — g(”*l) .

Now we concern ourselves with the identification of the remaining terms

(n) )sgn,n>0,

i n
abs( S,reg rel Zreg7 =

. sgn
HlS( Sregv( reg)'F( )Vreg) 2> 0

of the residue sequences.
We use the following filtration of A% by open subschemes:

FrpA% = {(x1,... ,2,) € A% |at most k coordinates vanish} .

So we have F,A§ = A and FoA§ = G, 5.
The “graded pieces” of this filtration are

GkAg = FkAg \Fk_lﬁg
= {(x1,...,zn) € AG | precisely k coordinates vanish} .
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G A% is equipped with the reduced scheme structure. Note that it splits into several
disjoint, pieces. For k > 2 and any such piece, there is a transposition of &,, acting
trivially. By using triangles similar to (x) for the inclusions

GkAg — FkAg A Fk_lAg y

(n)

we conclude inductively that the sign—eigenpart of the cohomology of Hg\y is trivial:

LEMMA 4.5. The adjunction morphism induces isomorphisms

H;bs(Ag‘ rel 7(”),n)sgn L) Hlbs(Ag ,reg rel Zr(eT;)a )sgn,
. sgn
His (62,5 F(n)72)*" 5 1 (A o (Bt Fm) 7 )

By 4.4.b) and 4.5, the absolute residue sequence takes the form

s HL (A% rel ZU ) s HE(GR o rel Z(W), p)ysen
H;b;(G” & el 207N i — 1)
SHFLNAL vl Z™ ) o
Similarly, the relative residue sequence looks as follows:
= HG (AR, F(n) o)™ — M (G, g, 0" F(n)ya)™"
r _ sgn
S HE (G o T (= 1)y
—HE (AL, 9" F(n)5n)™" — ...
For the computation of the term
M (AL, 0" F(n) )",
we use the Kiinneth formula:

LEMMA 4.6. a) Rg (AZ,0"F(n)) = H% (A%,5"F(n))[0], and the Kiinneth formula
gives an isomorphism

Hs (A, 0" F(n)) = Hg (A%, 5" F(n))*" — Sym"Hg (Ag, 7] F(1)) .
b) The choice of an ordering of the sections o and 8 gives an isomorphism
Rs (AL, 9 F(1)) = HE (AL F(1)) [0] = F(1)[0] -

Up to sign, it is canonical.
c) The isomorphisms of a) and b) induce an isomorphism

,Hn+d(S) (A%, T F (n)gn) = H%( %L T F(n)) — F(n) .

It depends on the choice made in b) only up to the sign (—1)". The group &,, acts
on these objects via the sign character.
d) Fori # 0, we have

HG S (G5 ol F(n)vn) ™ = HE (G500 F(n) ™" = 0.
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Proof. For b), consider the long exact cohomology sequence associated to the triangle

v F(1) — F(1)

We have
1 (44, F0) = {

and

Pra, i=o

w5 (45,20 F () = - »
, ]

The long exact cohomology sequence thus reads

0— Hg' (As, 01 F(1)) —>@F — HE (A, F(1)) - 0.

If we let {a, 8} = {s1, 52}, then we identify the cokernel of

2

) —@Fra)=FQ
o3

i=1

with F(l) by mapping (f317f32) € @?:1 F(l) to fo, — fs1-

a) follows from b) since @" F (1) = Sym" F(1).

c) is a consequence of a) and b).

d) follows from a) and the relative residue sequence by induction on n. O

On the level of absolute cohomology, the isomorphism of 4.6.c) induces an iso-
morphism

abs abs

sgn .
H””( 2yl 7™ ) H”“( 2 pel Z™ ) y HE, (S,n) .
This gives the final shape of the absolute residue sequence:

s Hip(S,n) =2 HEP (G, g el 2, pysen
res H;—é-sn 1(Gm_, rel Z(nfl),n _ 1)sgn
—HITY(S,n) s -

abs

By 4.6.d), the relative residue sequence collapses into the short exact sequence
of sheaves on S:

0 — F(n) — ¢ X5 g 0.

In order to identify the long exact absolute cohomology sequence associated to
this sequence with the absolute residue sequence, we need the following;:
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LEMMA 4.7. Let K € D®Sh(X) be a complex of sheaves on a separated, reduced and
flat B—scheme X. Suppose there is an action of a finite group G on K. Let x be
the character of an absolutely irreducible representation of G over F'. For any object
V with a G-action of an F-linear abelian category, denote by V(x) the x—isotypical
component of V, i.e., the image under the projector

1
ex == xlg7)g.
X #G gezG
Suppose that (H'K)(x) vanishes for all i # 0. Then
Hom pe (F, K [i])(x) = Homps (F, (H"K) (x)[i])

Proof. By applying e, and 1 — e,, one checks the statement for a complex of the
special form K = H°K. For the general case, consider the spectral sequence for
Hom pe (F, - [i]) induced by the truncation functors 7<,,. It degenerates after applying

ey- O

Now that we know that formation of absolute cohomology commutes with for-
mation of sign eigenspaces, we have:

ProprosiTIiON 4.8. The absolute residue sequence is the long exact sequence in abso-
Iute cohomology attached to the short exact sequence

0— F(n) — ¢ B g 0,
We conclude the computational part of this section by collecting our results:
THEOREM 4.9. a) For n > 0, we have

M ( Zz,savgnF(n))sgn =g

and HY (G, ¢, v F(n))™" =0 for i #0.
b) The residue at 0, i.e., the boundary map of (), gives an epimorphism

res: G — g(n=Y

forn > 1.
c) The Kiinneth formula gives an isomorphism

Hs (A5, 0" F(n)) = Hg (A%, 5" F(n))™®" — ker(res)
forn > 1. A choice of an ordering of the sections « and (3 induces an isomorphism
F(n) = ker(res) ,

which depends on this choice only up to the sign (—1)™.
d) Let G =5 Sym"G(") be the canonical isomorphism of 4.2, and
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the isomorphisms given by multiplication. Then the diagrams

¢gm  —  F(0)
1 T
Sym"G()  —  Sym"F(0)

and

F(n) — G
K 2
Sym"F(1) —s Sym"G(")

commute. Here, the horizontal maps are given by the successive residue maps, and
by c) respectively.
e) Let W_o,,1 g .=,

W_ok G = W_opr1 G i=ker(¢"™ — ¢+ V) for 1<k<n,

and Wo G := G(") . The choice in ¢) induces isomorphisms

G g = P FG)

i=0

which by their construction fit into commutative diagrams
Gr¥¥res | J can
G gD S @ F(i)

The filtration W. is therefore the weight filtration of G(").

Proof. a), b) and ¢) follow from the previous results. The commutativity of the first
diagram in d) follows from the definition of the residue map. For the second diagram,
we use the fact that the Kiinneth formula of 4.2 is compatible with the Kiinneth
formula of the proof of 4.6.a). For e), apply induction on n. O

Recall that S is the open subscheme of S where the sections a and 8 of Gy, s
are disjoint. For special S, o and 3, the following is the main step towards the
identification of the projective limit of the G with the restriction Log |u of the
logarithmic sheaf:

LEMMA 4.10. a) There is a unique smooth sheafg(”) on S extending G™. Tt has a
weight filtration.
b) There is a canonical isomorphism

G = Sym"gM |

and a unique isomorphism

n™ G g = (P FG),

=0
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which is compatible with the isomorphism of 4.9.e).
c) The weight filtration of i*G™ is split: there is a canonical isomorphism

n

i*g™ = G g™ b—”)> F(i).
=0

Here, i denotes the inclusion of S\ S into S.
d) There is an exact sequence

0 — i F(1) — HE (G5, 0t F(1)) — G — 0
of sheaves on S.

Proof. If there is any smooth sheaf as in a), then it will automatically be unique, and
hence b) follows from a), and 4.9.d), €). Also, it will suffice, because of 4.9.d), to show
the lemma for the case n = 1.

There we have the following diagram

0
i F(1)
H — 5 F(1) —2 K s HO s F(0) —— 0
D, F1)
0

where

K =H"" Cone(s : (D F()s[d(S)] = i F(1)s\s[d(S)))
o,

with §(v1,v2) := v1 —v2 (in terms of constructible sheaves this is just Ker § shifted in
the appropriate degree to define a perverse sheaf). The horizontal sequence is, as in
the proof of 4.6.b), the long exact cohomology sequence on S associated to the short
exact sequence on Gy, s

() 0—2zMF1) 5ol F(1) » F(1) -0,

where we have set » »
H = H’i (Gm,g,y!lF(l)) .

We thus get the equality
Rs (Gm,s,v F(1)) = Hg (Gm,s, 01 F(1)) 0],
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and an exact sequence of sheaves on S
0— K/A(F(1)) = HS (Gm,s,v/ F(1)) = F(0) = 0,
whose restriction to S is isomorphic, via the choice of an ordering of a and g, to
0= F(1) = ¢W 5 F0)—0.

Push out of the above via the morphism
K/A(F(L) = [ D F(1) | /AF)),
a,B

whose kernel is i, F'(1) (recall again that we use perverse indices), gives the desired
extension G, By construction b) and d) hold. Applying i* to the pushout diagram
and taking cohomology, we see that the sheaf i*G™[—1] is the pushout of F(0) via

0— F(1),
and we get c). O

We now specialize our geometric situation: we let

9

= Um,B ,
=1:Gnp »B—=Gn,p,
= id:G,mB _>Gm7B-

' IR

So we have S = U and S\ S = 1g, the closed subscheme of G, g given by the
immersion 1 of B into G, B.

After having made precise which choice of normalization we have and in how far
it affects our identifications, we now fix it: we let

s;:=a=1and s2 :=  =id in 4.9.c).

We thus get a projective system (G (n))nZO of smooth Tate sheaves on G, g with
g(n) lis = @F(Z) :
i=0

By the universal property of Log (Theorem 2.1.d)), there is a unique morphism

@:ﬁogﬁg::(h_mg(”)

n

such that ¢ |1y sends 1 € T'(B, Log |1,) to

oo

1:F(0) = [[F() = G lus) -

=0
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THEOREM 4.11. ¢ is an isomorphism.

Proof. The claim can be shown on the level of the underlying topological sheaves. The
[-adic statement follows from the statement for the topological spaces of C-valued
points by comparison — recall that we are dealing with locally constant sheaves.
Over C, the fibre at 1 of the pro-local system Logiop equals the completion of the
group ring Q[m | of 71 := 71 (G, (C), 1) =2 Z with respect to the augmentation ideal a.
The representation of my is given by multiplication; compare the general construction
in [Wil], 2.5-2.7. In particular, we have

Logiop = lim Sym"™ (Logiop,>—2) ,
S

where Logiop,>—2 := Logiop/a? is of dimension two. Now in the category of unipotent
local systems on Gy, (C), the pro—sheaf Logiop has the universal property of Theorem
2.1.d).

We apply this universal property to Qt0p72—2 = QE});
Prop- Since pr ~_, is two-dimensional, the representation of Q[r] is necessarily

. The resulting map factors over

trivial on a2, and we get a morphism of local systems

Ptop,>—2 : LOGtop,>—2 — gtop,272

giving rise to a morphism

(li_m Symn((ptop72—2) : ‘Cogtop — Qtop .

n

Again because of the universal property of Logyop, this morphism is identical to pgop.
It therefore suffices to show that ¢gop >—2 is bijective, which amounts to saying that

the coinvariants of G, ., under the action of m; are one-dimensional. But taking

coinvariants under m; of a unipotent variation V amounts to computing singular

cohomology
H' (G (C),V) = Heeom)(Gmr, V) -

Firstly, we claim that

Hepeo(i) (Gmz % Gyl F(1)) = { 07( ), i o
e.g., identify the left hand side with

H™2 (G (C) x G (0), A(Gm (C) U ({1} x G (D)), F(1))
&~ fit2 (Gm ((C) X G, ((C), (Gm ((C) X {1}) U ({1} X Gy, ((C)),F(l)) ,

and apply the Kiinneth formula. From the proof of 4.10, we recall — remember that
we have § = G,,:

RGM‘: (Gm,R X Gm,RaﬂglF(]-)) = %?;m’j (Gm,R X Gm,RaQ!lF(]-)) [O] )
from which we conclude:

7=

i F(-1 )
HSpec(R) (Gm’R,HOm‘E (Gm,R X Gm,R)QIlF(]-))) = { 07( ) 7 7é 0
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The long exact sequence obtained by applying Rgpec(r) (Gm,r, -) to the exact se-
quence of 4.10.d)

0— LF1) — HL . (Gmr X Gmr,0l F(1)) — ¢ — 0
then shows that
ngec(R)(Gm,Rag(l)) = F(_]-) :
O

REMARK: The geometric situation used in this section is identical to the one of
[BD1], 4.1-4.3 (see in particular loc. cit., 4.1.9). The comparison statement of our
Proposition 4.8 is implicit in loc. cit., 4.3.3. We mention that basically the same
geometric arrangement was used in [Jeu]. More precisely, writing down the iterated
cone construction of loc. cit., one arrives at a simplicial object which is homotopy
equivalent to Beilinson’s and Deligne’s construction used here.

5 THE SPLITTING PRINCIPLE REVISITED

In order to be able to translate easily to the motivic context, we recall Beilinson’s
original proof ([B4], 4) of the splitting of the logarithmic pro-sheaf over spectra of
cyclotomic fields (Theorem 2.4).

First, we return to the general situation considered at the beginning of section
4. For N > 1, we have the morphism of S-schemes

¢ : Gm,S — Gm,S )

z — N,

and for each n > 0, the induced morphism
"Gy — G 5.
We work under the additional assumption
(A) poa=a, gof=4.
If this is the case, we have (¢™) (V™) C V™, and hence get a morphism
(@")" o' F(n) — v'F(n),
and hence a morphism
(@™ : o' F(n) — ¢luF(n),
which after application of p? and projection onto the sign-eigenpart induces
(¢™)F : ¢ — g |

We need to understand the action of (¢™)* on G, and on absolute cohomology.
First, we establish in how far (¢™)* is compatible with the residue at 0:
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LeEMMA 5.1. a) Under any isomorphism
n
G ¢ = P FG) ,
i=0
the map Gr" (¢™)! is multiplication by N"~¢ on F ().
b) For any n > 1, the diagram

g W )

res, l lresn

gin—1) NV o)

commutes.

Proof. Since the morphisms in b) are strict with respect to the weight filtration, it
suffices to check that

Gr% (res,)o Gr! (¢")f = N - Gr! (4" )% Gr' (res,,) .

But if we choose the isomorphism of 4.9.e), then Gr_W(resn) is simply the canonical
projection

D i)~ D FG) .
=0 =0

and therefore b) follows from a). For a), we note first that it suffices to show the
statement for one choice of isomorphism

G g = @B FG) .
=0

This time, we use the isomorphism on graded objects induced by 4.2, thereby reducing
ourselves to the case n = 1. There, we consider the long exact cohomology sequence
associated to the exact sequence

0 2"F(1) 5 vl F(1) > F(1) >0,
and the cohomological functors H%(Gy,,s, + ). We know the cohomology of Gy, :

' F(l) , 1=-—1
/HTS‘ (Gm,SaF(]-)) = F(O) , =0

0, i¢{-1,0}
Of course, we know the cohomology of two points:
. F(1) , i=0
Hi (G5, 2 F(1)) = 62
0 , 1#£0
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We get an exact sequence

0= F(1) 3P F) = GY =1 (Gs, v F(1)) = F(0) > 0.
B

and because of assumption (A), it carries an action of (¢™)f. But this action can be
identified on HY (G, s, F (1)) and Hi (Gm’s,z,gl)F(l)): it is trivial on the F(1), and
multiplication by N on F(0). O
Certainly (A) is only satisfied in very special situations, namely if o and § are
supported in the schemes of (N — 1)-torsion of Gy, 5.
Let again d > 2, C' := Spec(R), where R := A[%,T]/®4(T) as in section 2. For
b prime to d, consider
ib : C L) C — Gm )
¢ — .

The pullback Logy of the pro-sheaf Log |y on U via iy is identical to the projective
limit of the sheaves Q,E") obtained by setting

ﬁ::Ca
a:=1:C »>B<=G,,,
g:zib.

Since (A) is satisfied with N = d + 1, we may apply 5.1, and conclude:

COROLLARY 5.2. g,E”) splits into a direct sum
n
6" = B et of
i=0
Therefore, there is a unique isomorphism
n
0" g = P FG),
=0

which is compatible with the isomorphism n(”) of 4.10.b).
Proof. F(i) C Qén) is the eigenspace of (d 4+ 1)"~% under the morphism (¢")%. O

We conclude with the implications of 5.1 and 5.2 for absolute cohomology with
coefficients. For this, recall the absolute residue sequence for n > 1

o Hia(Com) = B (G, m)™ ™S HAT NG 0 — 1) — .

introduced after 4.6, where we have set
MG n)®™ = H G o rel 200 )

abs abs

thus saving enough space to get the above sequence into a single line.
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COROLLARY 5.3. a) For n > 1, the absolute residue sequence splits into short exact
sequences

0 — H, (C,n) — H MGyl n)®™ — H ' 1(@%”01, —1)%" 0.

abs abs

b) For N = d + 1, the map (¢™)* acts on the short exact sequences of a): there is a
commutative diagram

(Con) = HEMGY o n) HAP (G n—1)%

abs abs abs
id | (67)" j (@+1)- (¢ )|
Hyo(Con) = HEN (Gl )" = Hy b= (Glgh n — 1)

Proof. By 4.8, the absolute residue sequence is the absolute cohomology sequence for
the exact sequence of sheaves on C

0 F(n) —» g™ <% gin=")

Therefore, a) follows from 5.2, while b) follows from 5.1.b) and the fact that under
the identification of 4.9.a)

Habs(Cag(n)) —) H+n(Gm [eXL )sgn ;

abs

the map induced by
(6" : 6" = 6"
is the map (¢™)* of the absolute cohomology groups. O

It follows that the eigenvalues of (¢™)* on H. :Jsl((GV” n)%e" are

1,d+1,...,(d+ 1)". The eigenspace decomposition yields

(n) H—n+1 (GmC’7 )sgn H—n+1 (Gn c rel Z sgn ;) abs ,

abs abs

which in sheaf theoretic terms corresponds to the decomposition
my") : Extdy e (F(0),6,") = @) Extdy o) (F(0), F(0))
i=0

given by Corollary 5.2.
The pullback poly, of the small polylogarithmic extension pol on U is an element

of
lim Extd o (F(0), G\") = lim lim HEH (G, o vel 20, n)en
n>1 nZl
= lim H:,;:l(((}v” n)sen .
nZl
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We have shown that, using the eigenspace decomposition for the action of the (¢™)%,
these groups are isomorphic to

[T Exténe) (F = [[ i (C. 1)

k>0 k>0

2.5 and 2.6 describe pol;, as an element in this group.
Actually, in order to relate the above decomposition to the one used for 2.5 and
2.6, we shall need to compare the isomorphism

n —hmn : GV Q—)HF
nZl k>0

of 4.10.b) to the isomorphism

kG G =GrW Log = HF(k)
k>0

of section 2.
A priori, we know that the isomorphisms

N2k , K2k : GrKV%Q = F(k)
satisfy an identity of the type
N—2k = q—2k - K-2k

for a constant q_op € F™.

We remark that in order to prove the main results announced in the introduction,
all one needs to know is that g_s; is a rational number, which is independent of
whether we work in the Hodge or the [-adic setting.

In order to exhibit the precise relation of the motivic analogue of pol (see section
8) to the cyclotomic elements in K—theory (see Corollary 9.6.b)), we need to identify
q—2k-

ProproSITION 5.4. We have the equality
N—or = k! K_op .
Proof. Because of the compatibility of kg with the canonical projection
€:G— F(0),
we have 19 = k9. In order to show n_s = k_5 we compare the classes of Q(l) in
Extdy g, ) (F(0), F(1))
induced by n_» and k_» respectively. Let

K :=C, | K:=Q
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and choose any K—valued point ¢ of U. Of course, the value of ¢_» can still be detected
from the extensions of

mixed Q-Hodge structures | Galois modules

given by the pullback t*g(l) of Q(l) via t. In both settings, there is a natural morphism
of K* ®z F into the respective Ext® (F(0), F(1)) (see e.g.

[WilV], Theorem 3.7). | [WilV], Theorem 4.6).
By
[WilV], Proposition 3.13.a), | [WilV], Proposition 4.7.a),

the class of t*G (1), calculated in the framing given by k_», equals the image of ¢t € K*
under this morphism. By [Sch], 2.7, the same holds for the framing given by 7_o —
note that here it is vital to choose the ordering of the sections a and g in the way we
did before 4.11. For k > 2, let B

<,0(()k) : Q(k) 5 Sym* Q(l)
be the isomorphism of 4.10.b). By 4.9.d), the diagram

g®  —  F(0)

o) L R
Sym*gY  —  SymFF(0)

commutes. By [WilV], Theorem 3.12.a), the commutativity of this diagram char-
(k)

acterizes @y
diagram

uniquely. From loc. cit., Theorem 3.12.b) and c¢), we know that the

e

R 1
F(k) RN g
t 14 of”
k-1
Sym* F(1) Sy g Sym*g™)
commutes. So our identity
N-ok = k! K 2

follows from 4.9.d). O

6 PorLyLoGS IN ABSOLUTE COHOMOLOGY THEORIES

In section 4, we showed that the logarithmic pro—sheaf is the projective limit of
relative cohomology objects with coefficients in Tate twists of certain schemes over
U. The Leray spectral sequence suggests that is should be possible to recover pol as
a projective limit, of elements in absolute cohomology with Tate coefficients of these
schemes, and indeed this is what we do in Theorem 6.6. That the coefficients are Tate
is of course the central point: it allows us, in section 7, to imitate the construction
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of this section, and thus to define a motivic version of pol. This detour is necessary
because we know, up to date, of no satisfactory formalism of mixed motivic sheaves,
whose absolute cohomology with Tate coefficients would give back motivic cohomology
defined via K-theory.

We return to the geometric situation set up before 4.11, and start by computing
the higher direct images of the restriction of Log to U:

LEMMA 6.1. a) The inclusion F(1) < G and the projection
G — F(0) induce natural isomorphisms

F)p = Mg (Gn,gY)

Hy (€n 60) = HY (Cn, FO)
and the latter group is isomorphic to F(—1)p via the map “residue at 0”.
b) The inclusion F(n) < G and the projection G™ — F(0) induce natural identi-
fications

. F(n)B ’ i =—1
Hi, (Gm,g<”>) —{ F(-1)p, i=0
0, i¢ {-1,0}

Proof. The statements need only be checked on the level of local systems. Part a)
is shown in the proof of 4.11. From there, we also recall that we have to compute
the invariants and coinvariants under the action of the group m = 71 (G, (C), 1), or
equivalently, of a generator of 7. Using 4.10.b), we may deduce b) from a). O

COROLLARY 6.2.

(o) {1

For i = 0, the sheaf HY (U,G™) is the direct sum of @ F(k — 1) and an object
k=1
which is an extension of F(—1)p by itself.

Proof. By [Wil], Theorem 4.3, there is a weight filtration on H% (U, Q(")). Now use
the exact triangle

L1 — idg, .
(1 v
JxJ*
purity, and 4.10.c). O

REMARK: In the setting of Hodge modules, where a concept of polarization is avail-
able, any extension of pure objects of the same weight is necessarily split.

The map HY% (U, Q(")) — F(0) of the corollary yields in particular a map “residue
at 1g7, forn > 1,

res : HO,.(U,G) = o (B, Ri(U,G™)) = HY,(B,0)
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DEFINITION 6.3. Let n > 1. The map

res : HOp (U, GM™) = HIEN(GE,  rel 2™, n)%" — HY, (B, 0)

abs m
is called the total residue map.

For later reference, we note

COROLLARY 6.4. H} (G, ; rel ZW,1) = 0.

abs

Proof. We have

H1, (G, rel ZW 1) = H7 (U,gW)
which because of 6.2 equals HY, (B, F(1)) = 0. -
Next we have

LEMMA 6.5. i) The transition morphism
res : G — g(»=D)
satisfies

Hg' (Uyres) = 0: F(n)p = F(n =g ,
HY (U ves) : HY (U, GM) — Wy (U, gD

is surjective with kernel F(n — 1)p.
In particular, the total residue for n > 2 factors over the total residue for n — 1:
there is a commutative diagram

res
H? —

abs (37 0) Hs?bs (U7 g(n))

res~\_ J res
Hp, (U,GY)

ii) The Leray spectral sequences, for n > 0, give exact sequences
0 — Hjpo(Byn) = H, (U,G™) I HY, (B,0) — 0.
The map
d: H;bs(Ban) - H&?bs([Ua g(n))

1s(U,n) = HY, (U, F(n)) and the map induced
by the inclusion of F(n) into G, in other words, the same noted map of the residue
sequence.

The projective limit of the above sequences identifies

is the composition of H)\ .(B,n) — H}

Hz?bs(Ua Eog |U) = (h_m Hgbs(Uv g(n))

n

and HY, (B,0).
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iii) There are unique splittings
Sn : Habs(B 0) abs(U g(n))

of the sequences in ii), for any n > 0, such that for any n > 1 we have a commutative
diagram

(B,0) % HY (U,GM)
Sn-1 N\ b es
abs(U g e 1))

HO

abs

Proof. i) The first statement is clear. For the second, either go through the construc-
tion or observe that the direct image of the morphism Uyop, — Biop has cohomological
dimension one, hence H%(U, - ) is right exact on smooth sheaves.

ii) We have the Leray spectral sequence

EPY = H?

abs

(BAHEW,GM)) = HE(U,GM),
whose low-term sequence reads

0— H;bs(Bﬂl) - Hg ( g(n)) - Habs(B 0) H bs(Ban) .

a

By i), the Mittag-Leffler condition is satisfied for the projective system
(HL<(B,n))n>0, and therefore,

abs

Hibs (U Logly) = Jim ker(d5”) = Hyj, (B 0)
since the projective system (im(dg")))nzo C (H2,,(B,n))n>0 is M L-zero.
But then any of the
abs (U g(n)) - Habs (B7 0)

must be surjective as well.
iii) Apply ii). O

Denote by pol™ the image of the small polylogarithmic extension pol under
abs([U ﬁog |U) - Habs(U g )
THEOREM 6.6. a) Under the isomorphism
H3,,(U, Log ) — Has(B,0)

of 6.5 ii), the small polylogarithmic extension pol is mapped to 1.
b) For each n > 0, the map

Sp t Hz?bs(B70) abs(U g )

maps 1 to pol™.
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Proof. This is the definition of pol and the s,,. O
Recall (4.9.a)) that we may identify

Hz?bs(U7g(n)) = Hgbs( :sz’,U!nF(n))sgn
= HE G g, ol F(n)ye )"

abs m,U>

= H:btl( m.u el Z(”),n)Sgn .

In section 8, we are going to prove a motivic analogue of 6.5.ii), and then define
pol as the element in

lim H (G vel 2, p)sen

n

mapping to 1 under the isomorphism to HY,(B,0).
In order to prove a motivic version of 6.5.ii), we shall frequently use injectivity
of the Beilinson regulator on certain motivic cohomology groups, and two technical

results on H_; , that will occupy the rest of this section.

While this may appear artificial at first sight, we remind the reader that in the motivic
setting, we cannot make use of any sheaf theoretic means like Leray spectral sequences.

An important means will be the localization sequence associated to the geometric
situation

{0,1}p = Ay < U.
It is the result of the degeneration of the Leray spectral sequence and reads
U _)Hz;bs(AlBap) - He.ibs(Uap) — Hz;gsl({oa ]-}Bap - ]-)
—H {1 (A, p)— ...

LEMMA 6.7. a) The structure morphism is an isomorphism
Hz;bs(va) l> Hs.xbs(A}?ap) .
b) The boundary map is trivial, i.e., we have short exact sequences

1
0= Hypo(B,p) = Hypo(U,p) > P H 5 (B,p—1) > 0.

abs
=0

Proof. For a), note that Rp (AlB,F(p)A}B) = F(p)gl[0].
b) follows from the fact that there are B-valued points of U. (|

In particular, for p = 1, we have the exact sequence

1
0 — Hyo(B,1) — HY, (U, 1) 5 @ HY, (B,0) — 0.
i=0
The last map equals the map of Ext groups
8 : Bxtgy, ) (F(0), F(1)) — Homgp(g) (F(0), Hy (U, F(1)))
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obtained from the Leray spectral sequence; observe that the residues at Op and 1p
provide an isomorphism

HY (U, F(1)) = ’ F(0) .

We have a natural map
O(U)* - H;bs(Ua 1) .

Its composition with

a:Hal @ abs

associates to a function on U its orders at 0 and 1 respectively.
We need to understand the composition

resod : Hyo(U, 1) = Extgy, g (F(0), F(1))

— HomSh(B) (F(O), HOB (U, Q(l))) .
Observe that due to 6.2, the last group is equal to Hgbs (B,0). Furthermore, we recall

from the proof of 6.2 and the definition of res that the composition
@F =Y (U, F(1) — H (U,6D) = F(0)
is given by projection onto the “1”—component of 69;:0 F(0). We have thus proved:

LEMMA 6.8. Consider the non—vanishing functions t and 1 —t on U. We have
resod(t) =0, resod(1—t)=1.
In particular, the map

62 Hipe(U,1) — H3(U,6M) = H2,q (Gl rel 29,1)

does not map 1 —t € O(U)* to zero.
Proof. Observe that reso 0 factorizes through 4. O

REMARK: The main technical result of this section, 6.5.ii) corresponds to [BD1],
3.1.6.ii). Observe that pol and the polylogarithmic class I of loc. cit. do not quite
agree: in our notation,

H¢ € Hgbs (U7 £09(1)|U) 5

while pol € HY (U, Log|y). The connection is as follows: there is a canonical
monomorphism

t: Log(l) — Log
(identifying Log(1) with W_»Log), and pol is the push out of II; via ¢. The present
definition of the polylog seems more natural since it is an element of an HY, (B, 0)-
module of rank one, which is canonically trivialized. By contrast, HY (U, Log(1)|v)

is of rank two.
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7 CALCULATIONS IN K-THEORY

The next step is to do the constructions of section 4 with K-groups, or more precisely,
with relative K-cohomology as introduced in appendix B.2. For technical reasons we
will have to use simplicial schemes to replace the singular schemes that appeared be-
fore. All constructions will be compatible with the regulator maps to absolute Hodge
cohomology (appendix A and B.5.8) and to continuous étale cohomology (appendix
B.4.6).

A priori these regulators have values in absolute cohomology groups for the same
simplicial object (cf. B.4.2 and B.5.2). Using B.4.5 and B.5.7 these absolute cohomol-
ogy groups are then identified with (relative) cohomology of singular schemes. This
identification is made tacitly.

Let B = Spec(Z) and S a smooth affine B-scheme. We will work in the category
of smooth S-schemes. K-cohomology is taken on the Zariski site over B.

Before returning to the geometric situation introduced in section 3, we have to
check a technical lemma. Let us consider the following general construction: Let X
be a smooth quasi-projective S-scheme and Y a closed subscheme of X which is itself
also smooth over S. Put

Vi =V xg XM ITX xgV x X201 ITX" xgY .
Note that Yo(n) is a proper covering of the singular scheme
Yy = X (X NY)".

This is the easiest case of a morphism of schemes with cohomological descent, meaning
that for any reasonable cohomology theory the cohomology of V(") will agree with
the cohomology of the smooth simplicial scheme

Y_(”) = cosko(YO(")/X”) ,
ie.,

Yk(”) = YO(”) X xn cer X xn YO(”) (k + 1-fold product).

For étale cohomology and absolute Hodge cohomology, the corresponding results are
B.4.5 and B.5.6 respectively.

We will work in the setting of spaces, i.e., pointed simplicial sheaves of sets
on the Zariski site of smooth B-schemes. We refer to appendix B.1 for details and
terminology. We use the notation

XY™ = Cone(Y™) — X7

for the space that computes relative cohomology for the closed embedding (cf. B.1.5).
The space Y_(”) does not become degenerate above any simplicial degree. How-
ever, we have:

LEMMA 7.1. a) Y"") is isomorphic in HosT to a simplicial scheme which is degen-
erate above degree n — 1.
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b) In particular,. Y ") and XV" are K-coherent.

c) X V™ is a space constructed from schemes in a finite diagram over X™ in the sense
of B.2.13.

d) If T is another closed subscheme of X which is smooth over S and disjoint of Y,
then the inclusions

Tixg X"t — X"
are tor-independent of all morphisms in the diagram in c).

Proof. By definition
YW =vi1-.-11Y,

where Y; is the reduced closed subscheme of X of those points, whose i-th coordinate
lies in Y. This induces a decomposition of Yk(n) into disjoint subschemes of the form
Yi, Xxn -+ Xxn Y;, . Actually this subscheme is canonically isomorphic to

Yiin--nYy, ={(x1,...,20p) € X" |xy; €Y for 1 <j <k}.

We get the following more familiar form of the simplicial scheme

Yk(n) = H ﬂ Y.

Te{1,...,n}k i€l
Let A(n) be the simplicial set with

An)g = {(ig, .. ix) |1 <ip <+ <.

We define the simplicial scheme Y_A(”) by

vt = I Nv

IeA(n) i€l

It is degenerate above the simplicial degree n— 1 and from our previous considerations
we see that it is a natural subspace of Y_("). We consider these simplicial schemes as
spaces in the sense of appendix B.1 by adding a disjoint base point *.

For a scheme U in the big Zariski site over B we consider the morphism of simplicial
sets

YAM @) — vM(U) .

By the combinatorial Lemma B.6.2 it induces an isomorphism of homotopy sets.
Hence the inclusion is a weak homotopy equivalence of spaces.

b) is an immediate consequence of a) and B.2.3.b). Recall that Y and X were assumed
smooth over B. We already have seen that all components of X V" are disjoint unions
of X"-schemes of the form Y;, N---NY;, and a disjoint base point. All morphisms
between the scheme components are given by the natural closed immersions between
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them. The condition on the tor-dimension required in B.2.13 follows because are
schemes are regular. T, Y and X are all flat over S, hence the maps in the diagram

XXSY

l

TxsgX —— X xgX

are easily seen to be tor-independent. The inclusions of T' and Y into X are trivially
tor-independent because this is a local condition. O

Basically this lemma tells us that all conditions hold that are needed to apply
the machinery of appendix B.2. We have a well-behaved relative motivic cohomology
theory (cf. B.2.11).

Now we return to the geometric situation set up in section 3. We consider

zm G s

| !

Z" ——

where Z = Z = «(S) 11 B(S) with disjoint S-rational points a and 3 of G, s. There
is a simplicial operation of &™ on the situation which induces an operation on relative
K-cohomology and on motivic cohomology.

ProproSITION 7.2. There is a natural residue map

Hiy (G, s rel ZU™, j)%" 220 HIG N (Ghd rel Z1,j — 1)%"

where sgn means the sign eigen-space under the operation of the respective symmetric

group.
Moreover, there is a long exact sequence

c o H (G el 20070 = 1) s H (AG rel 2 )
— Hiy(G}, 5 rel Z™, j)*"

— Hio (G rel 2071 j—1)%" —

Under the regulators, the long exact sequences are compatible with the ones in abso-
lute cohomology (after 4.5).

REMARK: Recall that Z(® = x and hence H},(G), g rel Z(©),j) = H%,(S,j) by
definition.

Proof. We filter A% by the open subschemes Fj, A% defined just before Lemma 4.5.
In particular, FoAS = G}, 5. Again GLAS = F A \ Fp_1A%. We use the notation
F,AV™ and G AY" for the induced open respectively locally closed subspaces of AY"™.
Note that the situation is still symmetric under permutation of coordinates. Hence
there is a compatible operation of the symmetric group on the space constructed from

schemes Fj,AV"™.
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The closed immersion G AY™ — F,AY™ satisfies the first condition in (TC) in B.2.13.
The maps we have to consider for the rest of (TC) are locally of the form considered
in 7.1.d). Hence B.2.19 applies, i.e., we can use the localization sequences for motivic
cohomology induced by the triples Fj,_1 AY"™ — FLAY" <« G AY". We get

o —Hi(GRAY™ ) — HYP(FLAY™ j + 1) — HP (F 1A j + 1)
— HH(GrAY™ ) — ...

The sequence remains exact when we take sign—eigenspaces. Now let us compute one
of the groups involved.

H}VI(GICAVTL’]) = @ H}Vt(Avn X An Gm75(a’17' - '7a'k)aj)
{1<a1<az<-<ap<n}
where
Gm,s(a1,...,a;) = {(z1,...,2n) | 2; = 0 if i = a; for some j; 2; # 0 else } .

The decomposition corresponds to the decomposition of G A™ into its connected
components. The notation AY™ x g» Gy, s (a1, ..., ar) means the open subspace lying
over the locally closed scheme. Now consider the operation of the symmetric group.
If £ > 1, then there is for each component some transposition which acts trivially,
namely one that interchanges two vanishing coordinates. Hence the sign—eigenspace
vanishes altogether. For k£ = 1, the decomposition has the form

Hi (GiA™, )= @B Hi (A" xan (G 5 x {0} x G2 2),4) -

a=1,--,n

The operation of the symmetric group permutes the factors transitively. The stabilizer
of one summand is the symmetric group &~ '. We get

Hj((GLAY™ )" = Hiy (G5, )"

where the sign eigenspace on the right hand side is taken with respect to the smaller
symmetric group &"~!. We have a choice of isomorphism here and use the one that
identifies G”m_sl with ”m_sl x {0}. Putting these results in the long exact sequences
we get iteratively

oy

Hiy (A" xel 7\ )58 = Hiy(F A" )5 S5 Hig (A, )"

So the above sequence, for k = 1, gives the desired residue sequence. We can do the
same construction for absolute cohomology (Hodge or l-adic) considered as general-
ized cohomology theories. By B.4.6, B.5.8 and B.3.7, the long exact sequences for
motivic cohomology will be compatible via the regulator with the ones in generalized
cohomology. The next step is to pass from generalized cohomology to cohomology of
abelian sheaves. By B.4.5 and B.5.7 this can be done. In fact we get precisely the
residue sequence for absolute cohomology constructed in section 4. O
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REMARK: a) By B.2.19, we have the same maps and long exact sequences for the
K-cohomology groups themselves. However, note that there is a Riemann-Roch hid-
den in the compatibility of the localization sequence in K-cohomology and absolute
cohomology.

b) We shall show injectivity of the Beilinson regulator on

HX,,H(G”m,S rel Z_(”),n)Sgn
in Proposition 8.7. Together with Lemma 4.4.b), it shows that the residue map on

Hi,(GE, g rel Z(™ j)sen

m,S

does not depend on the choice of embedding of GZ’Sl in

U G.ix{opxaye

a=1,,n

of the above proof, if (¢,7) = (n + 1,n). Since we are only interested in these special
indices, we chose to exclude from the statement of 7.2 the dependence of res,, in the
general case from the above choice.

LEMMA 7.3. Let 2j > k. Then
(n)

HY (A% rel Z.7, ) = HY ™ (S, )
where the isomorphism is induced by a choice of ordering of the sections o and (3. It
is compatible with the identification in 4.6 under the regulator map. &,, operates by

sign on the left hand side.

REMARK: Here and in the sequel we put H{,(S,7) = 0 if j < 2i. This makes sense
as S is regular and the corresponding K—group vanishes (see B.2.3).

Proof. Fix j. We consider the skeletal spectral sequence B.2.12. We have
EP? = Hi((As")p, ) -
We will show that the only non-trivial FEs-terms are concentrated in one vertical line
E3"=H{,(S,j) .

This means that the spectral sequence converges in the strongest possible way. This
yields isomorphisms as stated. Before we can check this we need some preparation.
If X is a space constructed from schemes, we denote by Cp(X.) the simplicial set of

its connected components. C’p(??n)) has the same singular cohomology as Cp(Z_A(n))
(cf. proof of 7.1) which is the simplicial set attached to a CW-complex dual to the
boundary of the n-dimensional hypercube (note that Z has two disjoint components).

This means that C’p(ZA(n)) has a 1-vertex for every (n — 1)-cell of the cube etc. In
particular we see that it has the homotopy type of an (n — 1)-sphere. Cp(A%) is of
course contractible. It follows that Cp(AY™) has singular cohomology concentrated
in degree n where it is one-dimensional.
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Let us make this more explicit:
In order to compute the cohomology of a cosimplicial group it suffices to consider

. . . —A .
the sub-complex corresponding to nondegenerate simplices. Cp(Z (n)) is completely
degenerate from cosimplicial degree n on. In degree n — 1, there is one nondegenerate
simplex for each vertex of the hypercube. They are indexed by {«, 3}". Hence any

element of H"Cp(AY") = H”_l(C’p(ZA(n))) is represented by an element of

K1 = @ @

{a,ﬁ}n

Let g be a generator of the cohomology group. C’p(??n)) does not become degenerate.
The nondegenerate part in degree n—1 is given by one copy of {a, }™ for each possible
permutation of the numbers 0,...,n — 1. Tt is easy to see that ((—1)*%2(?)g), is in

the kernel of the differential. It represents the generator of cohomology of C’p(?Fn)).
We see that &,, operates by the sign of the permutation.
We choose the generator g of cohomology given by the tuple

(_1)s(i1)+---+s(in) € Qi1 X+ X,

where i, € {«,} and s(a) = 1, s(8) = 0. This choice of generator amounts to
picking the ordering a < 8 and extending it by the Kiinneth-formula. Now let us
analyze our E;-term: For fixed ¢ we have the complex attached to the cosimplicial
abelian group HY,((A4")p, j)pen,- All connected components of AY™ are isomorphic
to a copy of some power of Al. By the homotopy property of K-theory we have

H}(((As)y)™, i)pene = Hi, (S, 5) @0 CV"

where CV™ is the cosimplicial vector space computing singular cohomology of
Cp(AY™). By the previous considerations we already know its cohomology. It also
follows that the operation of &, on our motivic cohomology is by the sign.

Now compare our isomorphism to the one constructed in the realization. We have the
same spectral sequence there (attached to the weight filtration). The identification of
the Fs-term also uses Kiinneth-formula and choice of an ordering of the sections. O

Using this identification we obtain the motivic residue sequence:
co = H(S, ) — HYy (G, )" — Hy (Gl g = 1)
— Hi (S, ) — ..
for 2j > k. By construction, we have the following:

THEOREM 7.4. Under the regulator, the motivic residue sequence maps to the abso-
Iute residue sequence of section 4.

Note that the residue sequences for all indices k and n organize into a spectral
sequence connecting the relative motivic cohomology of A¥? and the relative motivic
cohomology of GY’. In particular for each n there is the converging cohomological
spectral sequence

EPT = HY{T (S, p) = HYU(Gyls,n) = HY{U(GR,  rel 2, n) .
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This is the motivic version of the weight spectral sequence in absolute cohomology.
We refer to it as the motivic residue spectral sequence.
REMARK: As in section 6, the residue sequence, or equivalently, the residue spectral
sequence turns out to be the central technical tool in the construction of the motivic
polylog (see Definition 8.9). The spectral sequence is identical to the one constructed
in [BD1], 4.2.6. The definition and basic properties of motivic cohomology of simplicial
schemes (B.1, B.2) allow to justify the construction.

At this point, we should stress that the proof of the innocent looking Theorem
7.4 requires the whole of the theory covered in the appendices.

8 TUNIVERSAL MoOTIVIC POLYLOGARITHM

We now return to the special situation used in section 6. Let B = Spec(Z). We
consider now the case S = U. Let a = 1, and 3 the diagonal section of U xg Gy, 5.

First we compute the motivic cohomology of U. We use the embedding of U into
Al to do so. The long exact localization sequence B.2.18 reads

e HY 2 (0(B) LL(B), j — 1) — H}y(Ag,j) — H(U,j)
—HyN(0B)II1(B),j —1) — ...
By the homotopy property of K-theory we get

. —HY(B,j) — HY(U,j) — Hy '(B,j —1) @ Hy ' (B,j — 1)
—HY (B, j) — ...
The Gysin map for the inclusion of a point in the affine line vanishes by [Q2] Thm
8 ii. Hence we are actually dealing with a system of short exact sequences. As all
motivic cohomology groups of B vanish for n > 1 this sequence only gives non-trivial
cohomology of U for n =0, 1, 2.

LeEMMA 8.1. For B = Spec(Z) we have

. Q ifi=0,
Hﬁ)\/t(U’l) - {0 else
0 for j <1,

Hjy(U,j) ={QeQ  forj=1,
H},(B,j) forj>1,
Hy(U,5) =0ifn > 2.

Proof. Clear from the above using B.2.20 O
By Borel’s Theorem (B.5.9) the Beilinson regulator
H)((X,j) @9 R — Hy, (Xz/R, j)

is injective for X = Spec(Z), even an isomorphism but in the one case H},(B,1)
where the codimension is one. (We call Beilinson regulator what strictly speaking is
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its tensor product with R.) This implies that it is also an isomorphism for Hi (U, k)
with the exception of the indices (1,1) and (2,2) where the codimension is 1 resp. 2.

This means that many of the residue maps are actually isomorphisms. The
following computations are carried out in the case B = Spec(Z). With a little more
effort they generalize to the case of the ring of integers of a number field.

Consider the residue sequence for n = j =1 and S = U.

0=H3(U,1) — H,(Gyly, 1) — HR,(U,0)
— Hi(U,1) 2 H3,(GYly,1) — H},(U,0) = 0.

The Beilinson regulator induces a map between the above sequence and the residue
sequence in section 4. On HY,(U,0) ® R, the regulator is an isomorphism, and on
H},(U,1) ® R it is injective of codimension one. By 6.4, the absolute Hodge coho-
mology group Hg, (G /R, 1) vanishes. Hence the map from the first to the second
line is injective and the regulator is injective of codimension one on H3,(Gy 'y, 1).
Furthermore, this last group is one dimensional.

The image of § under the Beilinson regulator is the map occurring in 6.8 for
n=1.

DEFINITION 8.2. Let s; be the composition of the maps
Q = HWBO 5 @PHWBO = HLUD 5 HuGly1)
i=0,1
where i1 is the inclusion of the 1-summand and § is the map of the residue sequence.
LEMMA 8.3. s; is an isomorphism.

Proof. Because of dimension reasons we only have to check that § does not vanish on
the image of 7;. This follows from 6.8. (]

DEFINITION 8.4. Let res; be the inverse of s;. We define the total residue map
res : Hyf ' (Gl ,n)®" — Q .
by composition of the residue maps in our long exact sequence 7.2 with res; .

We now have to check that the total residue map deserves its name. By definition
and 6.5.1) it suffices to consider res;.

LEMMA 8.5. The regulators map the motivic res; to res; in absolute cohomology.
Proof. Let us consider the situation of 6.8. The morphism
o — H}jp (Ur/R, 1)
factors through H},(U,1) = K;(U)g. There is a commutative diagram
Hg,(Ur/R 1) —— 691 Hyy ,(Br/R,0)

=0,

I d ,

oW ——  Hy(U,1) —— @ H(B,0)
i=0,1
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hence the functions ¢ and 1 —¢ on U correspond to the canonical generators of the two
summands. We consider the commutative diagram for absolute Hodge cohomology

op resp
H}, (Uz/R,1) —— HZ,(Gyly /R1) —— HJ,(B=/R,0)

I &

5
}_6091 H.;.\A(Bvo) — H./Q\A(Gynl,[[hl)

By 6.8 the composition from the bottom left to the top right corner is given by the
projection to the 1-component tensored by R. It follows that (resgor) ® R is an
isomorphism. In turn § vanishes on the O-component and is an isomorphism on the
1-component. But then by definition res; od is also the projection to the 1-summand.
As ¢ is surjective, this suffices. The same argument works in the étale situation. O

LEMMA 8.6. There is a short exact sequence
0 — Hj(B,2) — H3,(G)7y,2)%" =5 Q — 0
and the Beilinson regulator is an isomorphism on the middle term.

Proof. This is nothing but the residue sequence using our computation of
H3, (GL{U, 1). The zeroes on both sides come from vanishing cohomology groups.
Comparison with the short exact sequence 6.5.ii) shows that the regulator is an
isomorphism. O

PROPOSITION 8.7. There are short exact sequences

0 — H),(B,n) 2 HEH G, n)*®" 25 Q — 0.
The Beilinson regulator is injective on all H7f! (G, )" It is even an isomorphism
forn > 1.

Proof. The n =1 and n = 2 cases are the previous lemmas. By induction, one checks
that all H},(G,";,n)%" vanish for n > 1. Hence the residue sequence reads

0 — H),(B,n) LN HX,,H(GX[}U,n)sg“—) HY, (ze’fujl,n —1)¢"— H3,(U,n).

By the five lemma and inductive hypothesis we see that the regulator is an isomor-
phism on the middle term for n. We need the previous lemma to get started.

Now consider the sequences of the proposition. All maps are well-defined. It follows
from 6.5.ii) that the sequence is exact. O

COROLLARY 8.8. There are canonical splittings s, : Q — Hﬁ,,*l(([}mw,n)sg" such
that the diagram

HQ(B,0) % HUFY(GYM,n)="
Sn—1"\ | res

H (Gt n — 1%

commutes. They are compatible with the ones in 6.5.iii). Furthermore, the group
@Hﬁjl((}yﬁj, n)®8" is canonically isomorphic to Q.
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Proof. Im(resy) is isomorphic to Q by the total residue on H}a‘l(Gny, n)%&8, This
induces the same splitting as in 6.5. (]

DEFINITION 8.9. For n € N the system pol, = s,(1) defines the universal motivic
polylogarithm.

By construction pol,, is mapped to the polylogarithmic system in absolute Hodge
cohomology and continuous étale cohomology.
REMARK: The main result of this section, 8.7 is identical to [BD1], 4.3.4. Although
part of the argument involves only constructions within K-theory, the proof of 8.7
relies heavily on a detailed analysis of the behaviour of the regulator between the
motivic and absolute residue sequences.

9 THE CycrLoToMIic CASE

Let d > 2. As before let R = A[1/d,T]/®4(T) the ring of d-integers of the cyclotomic
field of d-th roots of unity. Put C' = Spec R. Let ¢ be a primitive d-th root of unity
in Q, and b an integer prime to d. We work in the situation S = C, a =1 € G,,, (C),
and 3 =i, € Gy, (C) as in section 5.
LEMMA 9.1. a) For n >0 we have

Hy(Gylo,n)™ = Hy(Gy, ¢ rel Z™,n)®" =Q .

m

The Beilinson and the l-adic regulators are isomorphisms.

b) Forn > 1, the residue sequence induces short exact sequences
0 — H)(C,n) — HyH(GYo,m)*" — HRy(Gys' n —1)%" — 0 .
The l-adic regulator is injective on the group Hﬁl(Grvn’?C ,n)%" forn > 1.

Proof. For n = 0 we have H}((G/’,0) = H},(C,0), which is canonically isomorphic
to Q by B.2.20. In particular both regulator are isomorphisms.

H} (G2, 0) and its counterpart in absolute cohomology vanish.

Consider the following bit of the residue sequence for n > 1:

HyH (Godhn + 1% — HYY(Gyl'o,n)*8" — Hjy(Cyn + 1)

m

The first map is injective since HY,(C,n + 1) = 0. The l-adic regulator is always
injective on the last term by B.4.8. By inductive hypothesis it is an isomorphism on
the middle term. By Cor. 5.3, the last map vanishes in absolute cohomology. This
implies a) for n + 1. In the next bit of the long exact sequence

Hy(Con) — HIT'(Gple,n)®™ — HU(Gchn — 18" — ()

m

the first map is injective by a). For n > 2 we have (x) = H3,(C,n) = 0, while for
n =1 the term

HR(Gyret n—1) = Hj, (C,0)

vanishes. Hence in any case we end up with the short exact sequence in b). The
regulator maps it to the short exact sequence 5.3. By induction and B.4.8 we can
control the injectivity of the I—adic regulator. O
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REMARK: The Beilinson regulator is not injective on H},(C, 1) because d is inverted
in C.

Consider the morphism ¢ : Gp,,c = Gy, that raises points to the d+1-th power.
As in section 5 it induces a morphism of spaces ¢™ : AY" — AZ™. By contravariance
it induces an operation on motivic cohomology.

LeMMA 9.2 ([BD1], REMARK (II) ON PAGE T78).
(¢™)* operates on the short exact sequence of the previous lemma as follows:

Hj(Con) —— H ' (Gylo,n)™ —— Hy(Glct n—1)%"

idl (w)*l l(dﬂ)(w—l)*.

Hj(Con) —— H (Gl )™ —— Hy (Gt n—1)%"

Proof. This description follows immediately from the injectivity of the l-adic regulator
and Cor. 5.3.b). O

REMARK: The operation (¢")* on H),(C,n) is given by the operation on
Hﬁ'l(AXﬂ,n) It is easy to check that it is trivial by considering the operation
on the starting terms of the degenerating skeletal spectral sequence. To understand
the compatibility with the residue map in terms of K-theory is a lot harder. The
factor d+ 1 is induced by a push-forward from a non-reduced scheme to its reduction.
The theory in Appendix B is not even set up to handle such schemes.

As in the case of absolute cohomology it follows that the eigenvalues of (¢™)* on
H Gy vel Z0) n)%™ are 1,d +1,...,(d+ 1)"".

LEMMA 9.3. The eigenspace decomposition yields a splitting

W H G ™ =5 @) HL(C),
1<i<n

which is compatible with the splitting nlgn) after Cor. 5.3. There is a canonical
isomorphism

mp < lim H (G, n) " = [ HA(CLi) -
i>1

Proof. The first assertion is clear by construction. The second follows because the
eigenspace decomposition is compatible with the residue map. O

DEFINITION 9.4. Let iy, : C — U be as before. Let pol, be the pullback of the univer-
sal polylogarithm system pol defined in 8.9 to the inverse limit lim H ot (G, )" =

@HXJI(G”WC rel Z(™) n)%", Via the isomorphism n, of 9.3, we have constructed
an element in [[,~, H,(C,i).

THEOREM 9.5. Under the regulators, the element

poly € lim Hy P (G )™ = [ ] Hi(C, 1)

i>1
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is mapped to the elements

poly € lim HIEH (G, n)*8” = [ | Hape(C4)
i>1

constructed at the end of section 5.

Proof. This follows from the construction. O

We list the consequences of this result: denote by u the set of primitive d-th roots

of unity in Q(ugq).-
Firstly, the description of the regulator to absolute Hodge cohomology yields an
alternative proof of the following:

COROLLARY 9.6. Assume n > 0.

a) ([B2], 7.1.5, [Neu], IL.1.1, [E], 3.9.)
There is a map of sets

€nt1 ¢ Hg g H./l\/l(can +1)
(= Hi(SpecQlua)on + 1) forn > 1)

such that

Ppo€nit & Uy — H%;,(Spec Q(pa)r/Ryn +1)
+

= P @R

A.2.12
7:Q(pq)—=C
maps a root of unity w to (—Lin41(ow)),. For n > 1, this property characterizes the
map €41 uniquely.
b) For a root of unity T® € Q(uq) = Q[T]/®4(T), the element
ens1(T") € Hog(Cyn + 1)

is given by

€ns1(T?) == (=1)" - - ( (n + 1)—component of poly) .

(n +1)!

Proof. Note that a) really is Beilinson’s formulation of the result: his normalization
of the isomorphism

+
H{, (Spec Q(ug)r/Ron + 1) (@ C/(2mi) "“R)

differs from ours by the factor —1. The unicity assertion is a direct consequence of
the injectivity of the regulator. So our claim follows from 2.5, and from 5.4. O
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In [B2], the above compatibility statement is used to prove Gross’s conjecture
about special values of Dirichlet L-functions. An alternative proof of this conjecture,
using an entirely different geometric construction, is given in section 3 of [Den].

Recall that the [-adic regulator r; factorizes as follows:

K3n1(C) ®2Q = Hj(Con + 1) <= Hy (Cppy,n + 1)
— Heone (Ciiysm + 1)
< H, oy (Spec Q(pua),n +1)
where we let C(y) := C ®z Z[7].

For the rest of this section, we fix ( € C(Q). As was observed already in [B4],
the study of the cyclotomic polylog yields a proof of the following result:

COROLLARY 9.7. Assume n > 0.

a) ([Soud], Théoreme 1 for the case n = 1; [Gr], Théoreme IV.2.4 for the local version
if (I,d) =1.)

Let d and €,41 be asin 9.6. Let | be a prime. Under the embedding of 2.6, the [-adic
regulator

ri: Hy(Con +1) — H},\pi(Spec Q(pa ), n + 1)

maps e,41(T%) to

| 2 -al@ @)

al”=¢b

b) Conjecture 6.2 of [BIK] holds.

r

Proof. a) is 2.6 and 5.4. As for b), it remains to check the comparison statement of
[BIK], Conjecture 6.2 for the root of unity 1. For this, observe the relations

2n
ent1(1) = ﬁcnﬂ(—l) ;
2n
Cnt1,2(1) = mcn+1,2(_1)
in the notation of loc. cit., if n > 1 ([D5], Proposition 3.13.1.i)). O

Soulé has constructed maps
o1 : g = Kong1 (Coy) @224

for any prime [ (see end of Appendix B.4 for more details).
The [—adic regulator

71 Kony1(Clpy) ®2 Q@ = H,, i (Spec Q(pa),n + 1) (Prop. B.4.10)

takes ¢;(T?) to the cyclotomic element in continuous Galois cohomology

Z [1—a]® (a®)®

I _ b
al”=¢ r

defined by Soulé and Deligne (cf. [Sou2], page 384, [D5], 3.1, 3.3).
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COROLLARY 9.8. For each d and n, there is a unique map

@ pug = Kony1(Spec Q(ua))

such that for each prime number [, the map

o1 : g = Kon1(Coy) ©2 24
> Kant1(Spec Q(pa)) ®z Zy

equals the composition of ¢ and the natural map

K2n+1 (SpeC @(lld)) — K2n+1(SpeC @(Hd)) ®z Zl .

Furthermore, the map ¢ ®z Q agrees with

€nt1 : Ha = Hy(Spec Qpa),n +1)
given by d" -n!-€,11.

Proof. The uniqueness assertion is a formal consequence of the finite generation of
Ko, 11(SpecQ(iq)): to give an element in a finitely generated abelian group M is the
same as giving elements in M ®z Q and all M ®z Z;, which coincide in M ®z Q. By
9.7, the maps 770, and ry0€;,,; agree for all I. From Theorem B.4.8, we conclude
that ¢; and €], agree as maps to Kopi1 ®z Q. O

As shown by Bloch and Kato, Corollary 9.7 implies the validity of the following
also for even n:

COROLLARY 9.9. Let n > 1.
Then the Tamagawa number conjecture ([BIK], Conjecture 5.15) is true modulo a
power of 2 for the motif Q(n + 1).

Proof. [BIK], Theorem 6.1.1) gives the complete proof for odd n, which is independent
of anything said in the present article. In loc.cit., Theorem 6.1.ii), it is shown that
the conjecture holds for even n if [BIK], 6.2 holds. But the latter is the content of
9.7. O

Finally, the compatibility statement of 9.7 forms a central ingredient in the
proof of the modified version of the Lichtenbaum conjecture for abelian number fields
([KNF], Theorem 6.4).

A ABSOLUTE HoDGE COHOMOLOGY WITH COEFFICIENTS

The aim of this appendix is to provide a natural interpretation of absolute Hodge
cohomology as extension groups in the category of algebraic Hodge modules over R
(A.2.7). That such a sheaf-theoretic interpretation should be possible was already
anticipated by Beilinson ([B1], 0.3), long before Hodge modules were defined.

The appendix is divided into two subsections. The first (A.1) starts with a

summary of those parts of Saito’s theory relevant to us. The central result is A.1.8,
where we prove that for a smooth scheme a : U — Spec(C), the polarizable Hodge
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complex RI'(U, F') of [D3], (8.1.12) and [B1], §4 is a representative for a.F(0)y, the
object in the derived category of polarizable F-Hodge structures defined via Saito’s
formalism ([S2], 4.3). As a consequence, we are able (A.1.10) to identify absolute
Hodge cohomology of a smooth scheme U over C, as defined in [B1], §5: it equals
the Ext groups of Tate twists in the category of algebraic Hodge modules on U. The
compatibility between the approaches of Deligne—Beilinson and of Saito will come as
no surprise to the experts (see e.g. [S3], (2.8)). However, we were unable to find a
quotable reference.

In A.2, we turn to the variant of the theory we really need: algebraic Hodge
modules over R. These live on the complexification of separated, reduced schemes of
finite type over R, and are basically the objects fixed by the natural involution on
the category of mixed Hodge modules given by complex conjugation. The compari-
son statement for absolute Hodge cohomology over R (Theorem A.2.7) then follows
formally from A.1.10.

A.1 AvLGEBRAIC MIXED HODGE MODULES

In [S2], §4, the category MHM 4 (X)) of algebraic mixed A—Hodge modules is defined,
where A is a field contained in R, and X a separated reduced scheme of finite type
over C.

Saito’s construction admits the full formalism of Grothendieck’s functors m, 7',
7, 7., Hom, ®, D on the level of bounded derived categories D* MHM 4 ([S2], 4.3,
4.4) and a forgetful functor

rat : MHM 4 (X) — Pervy(X)

to the category of perverse sheaves on the topological space X underlying X (C), which
have algebraic stratifications such that the restrictions of their cohomology sheaves
to the strata are local systems. By the definition of MHM 4, which we shall partly
sketch in a moment, rat is faithful and exact. The functor rat on the level of derived
categories is compatible with Grothendieck’s functors ([S2], 4.3, 4.4).

For smooth X, one constructs MHM 4 (X') as an abelian subcategory ([S1], Propo-
sition 5.1.14) of the category MF,W(Dx, A), whose objects are

((M7 FI) W)7 (K) W)7a) )

where (M, F") is an object of the category MF,(Dx), i.e., a regular holonomic alge-

braic Dx-module M together with a good filtration F', and K € Perv4(X). W. is a
locally finite ascending filtration, and « is an isomorphism

DR(M) =5 K ®4 C

respecting W.. Here, DR denotes the de Rham functor from the category of Dx—
modules to the category of perverse sheaves.

We note that by definition, the weight graded objects of all algebraic Hodge
modules satisfy a certain polarizability condition (see [S1], 5.2.10).

Call an algebraic Hodge module on a smooth variety smooth if the underlying
perverse sheaf is a local system up to a shift.
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THEOREM A.l1.1 (SAITO). Let X be smooth and separated. Then there is an equiv-
alence

Var 4 (X) = MHM 4(X)?

between the category of admissible variations of mixed A-Hodge structure ([Ks]) and
the category of smooth algebraic A—Hodge modules on X .

Proof. This is the remark following [S2], Theorem 3.27. O

In particular, we see that MHM 4 (Spec(C)) is the category MHS,4 of polarizable
mixed A-Hodge structures.

If V is a variation on X with underlying local system For(V), then the perverse
sheaf underlying the Hodge module V under the correspondence of A.1.1 is

For(V)[d]

if X is of pure dimension d.
It turns out that the definition of Tate twists in MHM 4 (X) is compatible with
the above equivalence only up to shift:

DEFINITION A.1.2 ([S2], (4.5.5)). Let n € Z, and A(n) € MHS, the usual Tate
twist. For a separated reduced scheme a : X — Spec(C), define

A(n)x :=a*A(n) € D" MHM 4(X) .

If X is smooth and of pure dimension d, then A(n)x|[d] is the variation of Hodge
structure, which one denotes A(n).

For arbitrary X, the complex A(n)x will not even be the shift of a Hodge module,
but a proper element of D® MHM 4(X), whose cohomology objects H? A(n)x are a
priori trivial only for p > dim X ([S2], (4.5.6)).

We note again that we follow Saito’s convention and write e.g. 7, for the functor
on derived categories

DY MHM 4(X) — D® MHM4(Y)

induced by a morphism 7 : X —» Y.
In order to compare the Hodge structures on Betti cohomology given by Saito’s
and Deligne’s constructions, we need to go into the details of [S2]:

THEOREM A.1.3 (SAITO). Let j : U — X be an open immersion of smooth sepa-
rated schemes over C, with Y := X \ U a divisor with normal crossings. If X is of
pure dimension d, then

7+ A0)[d] = H?j. A(0)y € MHM4(X) C MF,W(Dx, A)
equals the object
('LUX(*Y), (jtop)*AU[d]7 O[) )

where wx (*Y') denotes the Dx-module Q% (logY'), and (jiop)« the direct image for
the derived category of perverse sheaves.

DOCUMENTA MATHEMATICA 3 (1998) 27-133



82 ANNETTE HUBER, JORG WILDESHAUS

The de Rham complex with logarithmic singularities is quasi-isomorphic to
wx (xY) (}L@DX Ox[—d] = DR(wx (*Y))[—d], hence
DR(wx (+Y)) = Qx (log Y)[d]
(compare [Bo3], VIII, 13.1), and
a : Ux (log V)[d] = (jtop)«Cld]
is the usual quasi-isomorphism
Qx (10gY) = (jrop)«Qiy ¢— (frop)+C

(compare [D2], 3.1), shifted by d.

The Hodge filtration F" on wx (xY") is induced from the stupid filtration, while
the weight filtrations W. on wx (*Y) and (jiop)«C[d] are those induced from the
canonical filtration on (jiop)«Qu, shifted by d.

Proof. The equation j,A(0)y[d] = H?j.A(0)y follows from the faithfulness of rat
and the fact that the corresponding statement for (jiop)« is true since j is affine. In
our geometric situation, the explicit construction of j, of any admissible variation of
A-Hodge structure is carried out in the proof of [S2], Theorem 3.27. For A(0)y, it
specializes to our claim. O

In [B1], 3.9, Beilinson extends Deligne’s notion of Hodge complexes ([D3], 8.1)
to the polarizable situation:

DEFINITION A.1.4 (BEILINSON). A mixed A-Hodge complex
K = ((KC7F.7W-)7 (K7 W.),Oé)

is called polarizable if the cohomology objects of the weight n Hodge complexes
GrY (K) are polarizable A~Hodge structures.

REMARK: The weight filtration W. of a mixed Hodge complex K induces mixed
Hodge structures on its cohomology. Observe however that Gr,I;V (H'K) is of weight
n+ 1.

As in the non—polarizable situation, Beilinson proves:

THEOREM A.1.5 ([B1l], LEMMA 3.11). There is an equivalence of categories be-
tween D’ MHS, and the derived category of polarizable A-Hodge complexes.

Let X be smooth and separated over C. Forgetting part of the structure of a
Hodge module yields a functor

For : C* MHM4(X) — T(X) .
Here, T(X) is the category of triples

M = (M, F", W), (K", W.),a’) ,
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where (M, F~, W) is a class in the filtered derived category D*W (MF(Dx)) of
MF,(Dx), and (K',W:) a class in the filtered derived category of sheaves of A-
vector spaces on X (C), denoted by D*W (X (C), A). Furthermore, the map ' is an
isomorphism

DR(M) =5 K ®4C
respecting W .

Recall that in order to obtain a class in D*W (X (C), A) from a complex of perverse
sheaves, one applies the realization functor of [BBD], 3.1.9.

The global section functor T' can be derived on D*W (X (C), A). By [S1], 2.3, we
have a functor RT' on D*W (MF,(Dx)) if X is proper, and the two constructions are
compatible with the comparison isomorphism «' of any object in T'(X) ([S1], 2.3.7).
We end up with an object

RTM = (RU(M',F", W), RU(K", W), RTa)
of T'(Spec(C)). The functor
RT := RTsFor : C* MHM 4(X) — T(Spec(C))

factorizes through D® MHM 4 (X).
Our second comparison result is the following:

THEOREM A.1.6. Let a : X — Spec(C) be smooth and proper, and M’ an object of
DY MHM 4 (X). Write

For M = (M, F",W’),(K',W),a’) € T(X) .

RTM = (RU(M ,F,W ), RT'(K ,W.),RlTa’)
is a mixed polarizable A—Hodge complex.

b) The class of RT'M" in the derived category of polarizable Hodge complexes is
canonically isomorphic, under the identification of A.1.5, to

a.M € D" MHS, .

c) Let f:Y — X be a (proper) morphism of smooth and proper schemes over C,
and let b denote the structure morphism of Y, such that

bzaof.

For any N° € D*MHM4(Y) together with a morphism 1 : M" — f.N" in
DY MHM 4 (X), the morphism

axn :a M = RCM" — RIUN = b, N = a,fu N’
equals, under the isomorphism of a), the morphism
(RT'n, RT'n, RT'n)

of A-Hodge complexes.
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Proof. a) We may assume that M is pure of some weight. Using [S2], (4.5.4), we are
reduced to the case where M = M is a Hodge module of weight n, and we have to
show that RT'M is a polarizable Hodge complex of the same weight. Axiom (CH 1)
of [D3], (8.1.1) follows from [S2], Proposition 2.16, in particular (2.16.5), applied to
pr* M, where

pr:chA(%j — X .

Furthermore, by the remark following [S2], (4.2.9), and by loc. cit., 2.15, we have
isomorphisms in MF,W (Dgpec(c), 4)

RTM = (R'T(M,F ,W.[i]), RT(K,W.[i]), R"Ta) — H'a.M .

Since the right hand side is a polarizable Hodge structure of weight i+n ([S2], (4.5.2)),
we have (CH 2), and in addition, polarizability.
b) In the proof of a), we constructed a functor

al = RT : D* MHM4(X) — D’ MHS, ,
such that
HiaT = Hla, : MHM 4(X) < D* MHM 4(X) — MHS,

for all i. Composition with j, : D* MHM 4(U) — D* MHM 4(X) for open immersions
j:U <= X defines

(acj)y := aloj. : D" MHM 4 (U) — D" MHS, .
But for affine U, (aoj). is the left derived functor of
HO(aoj)s : MHM 4 (U) — MHS,

([S2], proof of Theorem 4.3.). If U is affine, then so is j : U — X, and hence j, is
exact. Therefore,

. 0
HO(ao0j)s = H awoj, : MHM 4 (U) 2= MHM 4 (X) "% MHS,

coincides with H%(aoj)7’, and we get a natural transformation
(@oj)x — (aoj)y

which is an isomorphism, since this is true on the level of cohomology objects, as
one checks on the level of vector spaces. Observe that this natural transformation is
compatible with restriction to smaller affine subschemes of X. Now recall ([S2], proof
of 4.3) that the functor a, is constructed using the Cech complex associated to an
affine covering of X (for details, see [B3], 3.4). In the same way, the functor a} is
recoverable from the (aoj);. We end up with an isomorphism of a, and a}’, which is
independent of the covering.

c¢) In the proof of b), we constructed a natural isomorphism

K@, — ay,
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of functors from D® MHM 4(X) to D® MHS4. For f = id, our claim is therefore
proved. For the general situation, we use the same techniques as in the proof of b) to
first construct a natural isomorphism

b* L) a:of*
of functors from D®* MHM 4(Y') to D® MHS,, and then to see that the triangle
b* — a*of*
Nk
a:of*
commutes. O

COROLLARY A.1.7 (cF. [S3], (2.8)). Let j : U — X be a smooth compactification
of a smooth and separated scheme a : U — Spec(C), such thatY := X \U is a divisor
with normal crossings.

a) a,A(0)y € D*MHS, is isomorphic, under the identification of A.1.5, to the
class of the mixed polarizable A—Hodge complex

RL(U, A) := RL(DR™'Qx (logY), (jiop)« v, @)
of [D3], (8.1.12) and [B1], § 4 (with the same notation).

b) If f : X — X' is a morphism of compactifications j : U < X and j' : U < X'
of U as in a), then f induces an isomorphism

RL(DR™'Qx: (logY"), (jiop)+ Av) — RL(DR™'Qx (10g '), (jeop)« Av)
([D3], remark preceding (8.1.17)), so RT'(U, A) depends only on U.
The isomorphism in a) also depends only on U.
¢) In particular, the Hodge structures on
rat(H"a.A(n)v) = Hg(U(C), (2mi)" A)
given by Deligne’s and Saito’s constructions coincide.

Proof. a) Combine A.1.3 and A.1.6.b).
b) Use A.1.6.c).
c) follows from a) and b). O

Actually, the statement A.1.6.c) implies the functoriality property we were after:
we have two functors

(Sm/C)° — D" MHS, ,
where (Sm/C) denotes the category of smooth separated schemes over C:

RI(.,A): U~ RL(U, A),
«(A) : (a: U — Spec(C)) > a. (A(0)y) .
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COROLLARY A.1.8. The isomorphism of A.1.7.a) is functorial in U € Sm/C. In
other words, there is a natural isomorphism

«(4) = RL(-, A)

of functors from (Sm/C)° to D’ MHS,.

Proof. Let
v L x
Y
v odox

be a commutative diagram of smooth and separated schemes over C, where X' and
X are proper, and Y/ := X'\ U’ and Y := X \ U are divisors with normal crossings.
We have a morphism

(%) 7+ A0)r — fe(7.AO0) ) -
Application of (ax)« gives the morphism
(av)«A(0)u — (av)«A(0)v

belonging to the functoriality requirement for ,(A). Our claim follows from A.1.6.c),
applied to a shift of the morphism (x). O

DEFINITION A.1.9. Let X/C be separated, reduced and of finite type, and M an
object of D®* MHM 4(X).

a) The absolute Hodge complex of X with coefficients in M is

Rrﬁp (X, M) = RHome MHM 4 (X) (A(O)X, M) .

b) Its cohomology groups
Hi,(X,M'):=H'RT¢(X,M)
are called absolute Hodge cohomology groups of X with coefficients in M.
c) We denote absolute Hodge cohomology with coefficients in Tate twists by

Hi,(X,n) = H:,p (X, A(n)x) .

d) For a closed reduced subscheme Z of X with complement j : U < X, we define
relative absolute Hodge cohomology with coefficients in Tate twists as

Hj;)p (X rel Z, TL) = H;)p(X,ng(n)U) .

DOCUMENTA MATHEMATICA 3 (1998) 27-133



CrassicaL MoTIvic POLYLOGARITHM 87

Note that if X is smooth and of pure dimension d, and if
M =M € MHM4(X) ,
then the right hand side of A.1.9.b), being equal to
Hom pe v, (x) (A(0) x [d], M[d +d])

admits an interpretation as the group of (d+ ¢)—extensions of Hodge modules modulo
Yoneda equivalence.

COROLLARY A.1.10. If X is smooth and separated over C, and n € Z, then

Rl (X,n) = RUgp (X, A(n)x) and Hg,(X,n) = Hg,p (X, A(n)x)
coincide functorially with the same noted objects of [B1], § 5.
Proof. This follows from A.1.8 and the adjunction formula

RHom pe i, (x) (A(0)x, M) = RHomps s, (A(0),a.M) .
O
REMARK: The Leray spectral sequence for a : X — Spec(C) yields exact sequences
0 — Extyps, (A(0),H™') — HE, (X, A(n)x) — Homwmmus, (A(0), H) -0

(with H* := HE (X (C), (2mi)" A)) since MHS4 has cohomological dimension one ([B1],
Corollary 1.10). Comparing them with the analogous sequences for H jij, we see that

Hy (X, A(n)x) = Hy, (X, A(n)x)

(in the notation of [B1], §5) if H5 '(X(C), (2mi)™ A) has weights smaller than zero,
which is the case if i <n (i <2n if X is proper).

Observe that this is the same range of indices where Deligne cohomology coincides
with H{ (X, R(n)x ) ([N], (7.1)): we have natural morphisms

Hi, (X, R(n)x) — HE(X,R(n)x) — HpH(X,R(n)x),

both of which are isomorphisms if i < n (i < 2n if X is proper).

A.2 ALGEBRAIC MIXED HODGE MODULES OVER R

Algebraic Hodge modules over R are defined as the category of Hodge modules fixed
under a certain involution given by complex conjugation. We start by constructing
this involution:

Let X/C be smooth, and let “X denote the complex conjugate scheme. We have
an equivalence

1* 2 Vars (X)) — Vars(X)
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of the categories of admissible variations, induced by complex conjugation
t: X(C) — 'X(C),

and defined as follows:

The local system and the weight filtration on X (C) are the pullbacks via ¢ of the
local system and the weight filtration on *X(C), and the Hodge filtration on X (C) is
the pullback of the conjugate of the Hodge filtration on ‘X (C).

t* preserves admissibility, and behaves, in an obvious sense, involutively.

In particular, if X is defined over R, we get an involution ¢* on Vars (X ®g C).

DEFINITION A.2.1. Let X/R be smooth and separated.

a) The category Vary(X/R) consists of pairs (V,Fy), where V is an object of
Var 4 (X ®r C), and Fy, is an isomorphism

V= v

of variations such that 1*F,, = F_'.

In the category Var}(X/R), we may define Tate twists A(n): Fy acts via

multiplication by (—1)™.

b) Vara(X/R), the category of admissible variations of mixed A—Hodge structure
over R, is the full subcategory of Varj (X /R) of pairs (V, Fw,) which are graded—
polarizable: for n € 7, there is a morphism

GrWV(V, Fo) @4 GtV (V, Fop) — A(—n)
in Var{ (X/R), such that the induced morphism
GrV Vo, GtV V — A(-n)
is a polarization in the usual sense.

REMARK: We note that implicit in our definition is a descent datum over R of the
bifiltered flat vector bundle on X ®r C underlying any admissible variation (V, F)
of mixed A-Hodge structure over R:

For this claim to make sense, recall first ([D1], IT, Théoreme 5.9) that any flat
analytic vector bundle on X (C) carries a canonical algebraic structure. If the vector
bundle underlies an admissible variation, then the Hodge filtration is a filtration by
algebraic subbundles ([Ks], Proposition 1.11.3).

Now the descent datum is given by the anti-linear isomorphism

cpR = Fait (Foo)oCoo = CoooFuif (Fo) @ Fair (V) — Faig (L*V)

of the C*°—bundles underlying V and +*V. Here, ¢y, denotes the anti-linear involutions
given by complex conjugation of coefficients, and Fy;g is the forgetful functor to C'>°—
bundles.

LEMMA A.2.2. The category Vara(Spec(R)/R) equals the category MHS] of mixed
polarizable A-Hodge structures over R ([B1], § 7).
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Proof. Straightforward. O

Our aim is to generalize our definition of sheaves over R to algebraic Hodge
modules.

For smooth and separated X/C, recall that MHM 4 (X)) is an abelian subcategory
of MF,W(Dx, A). Objects of the latter are

(M, F,W.),(K,W.),

)

a)
where (M, F") is an object of the category MFj(Dx) of regular holonomic algebraic
Dx-modules with a good filtration, and K € Perv4(X). W. is a locally finite ascend-
ing filtration, and « is an isomorphism

DR(M) =5 K ®4 C

respecting W.
The equivalence

A MFhW(DLx, A) ;> MFhW(Dx,A)

is constructed componentwise:

The perverse sheaf and the weight filtration on X (C) are the pullbacks via ¢ :
X(C) = 'X(C) of the perverse sheaf and the weight filtration on X (C).

The equivalence

L* : MOdDLX L) MOdDX N

which by construction will respect holonomicity, comes about as follows:

Given a D.x—module N, we may form the inverse image (in the sense of sheaves
of abelian groups) ¢:=!N, which is a 1~'D.x-module. All we therefore need is an
isomorphism ¢y, : ¢~ 'D.x — Dx of sheaves of rings extending the isomorphism
Coo : 1T1O0x —5 Ox given by complex conjugation of coefficients — we then define

VN :=1"'"N®,-1p,, Dx .

Of course, the map ¢, is itself given by conjugation of coefficients: in local coordinates
T1,...,%n, we have

Coo (Z fa8;’> =) (oo faor) .

«

Altogether, we get
A MFhW(DLx,A) ;> MFhW(Dx, A) )

which again behaves involutively.
Going through the definition, one checks that +* induces

VF  MHM 4 (X)) =5 MHM 4(X) .

Using local embeddings as in [S2], 2.1, we can define * for any scheme X, which is
separated, reduced and of finite type over C. Furthermore, if X is defined over R, we
get an involution +* on MHM4 (X ®g C).
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THEOREM A.2.3. Let X andY be separated and reduced schemes of finite type over
C.

a) (* is compatible with Hom, ®, and I: e.g., for M",N* € D* MHM 4(‘X), we
have

Hom y (¢* M ,0*N') = *Hom. (M ,N°) .

b) If 7 : X — Y is a morphism, then 1* is compatible with m, @', ©*, 7,: e.g., for
M- € D" MHM 4(*X), we have

()M =7, (M) € DP MHM 4(Y) .

Proof. This follows from the definitions. O

DEFINITION A.2.4. a) Let a : X — Spec(R) be smooth and separated. The
category MHM7{ (X/R) consists of pairs (M, Fy), where M is an object of
MHM 4 (X ®gr C), and F is an isomorphism

M = M

such that 1*Fo, = F L.
By A.2.3.b), we have a' A(n) € MHM, (X/R).

b) Let a : X — Spec(R) be smooth and separated. MHM 4(X/R), the category
of algebraic mixed A—Hodge modules over R on X, is the full subcategory of

MHM7 (X/R) of pairs (M, Fy,) which are graded—polarizable: for any n € 7,
there is a morphism

GrYV (M, Fy) ®4 Grl (M, Fy,) — a'A(—n)
in MHM7 (X/R), such that the induced morphism
Gr M @4 Grl' M —s a'A(—n)

is a polarization in the sense of [S1], 5.2.10.

As in A.1.1, we identify the category of smooth objects in MHM 4 (X /R) with
Var4 (X/R).

c) For an arbitrary separated and reduced scheme X of finite type over R, one
defines the category MHM 4 (X/R) using local embeddings as in [S2], 2.1.

REMARK: a) As in the case of variations over R, we get a descent datum over R for
the bifiltered Dy g.c—module underlying any Hodge module over R on a smooth and
separated scheme X over R.

b) As in [S2], (4.2.7), the category MHM4(Z/R), for any closed reduced subscheme
Z of X, is equivalent to the category of Hodge modules over R on X with support in
Z.
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THEOREM A.2.5. There is a formalism of Grothendieck’s functors m, =*, ©*, =,
Hom, ®, D on D®* MHM 4(-/R). It is compatible with the forgetful functor

D* MHM 4(-/R) — D* MHM 4 (- ®g C) .
Proof. By A.2.3, we may e.g. define
m(M,F) = (mM ,mF,) .
O

DEFINITION A.2.6. Let X/R be separated, reduced and of finite type, and M an
object of D® MHM 4(X/R).

a) The absolute Hodge complex of X /R with coefficients in M is

RTUg» (X/R, M") := RHomps pum 4 (x/m) (A(0)x, M)

b) Its cohomology groups
Hip(X/R,M") := H'RT s (X /R, M")
are called absolute Hodge cohomology groups of X /R with coefficients in M".
c) We denote absolute Hodge cohomology with coefficients in Tate twists by

Hip(X/R,n) == Hip (X/R, A(n)x) -

d) For a closed reduced subscheme Z of X with complement j : U — X, we define
relative absolute Hodge cohomology with coefficients in Tate twists as

Hiy (X rel Z/R,n) := Hep (X/R, 1 A(n)y) -

Again, if X is smooth and of pure dimension d, and M = M € MHM4(X), we have
H, (X/R M) = Extifiy ) (A) x[d], M) .

We have statements analogous to A.1.1-A.1.10 for the situation over R. For
reference, we note explicitly:

THEOREM A.2.7. If X is smooth and separated over R, and n € 7Z, then
RT4»(X/R,n) and Hg,(X/R,n)

coincide functorially with the absolute Hodge complex and cohomology groups of [B1],
§ 7.

Next, we have
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LeEmMA A.2.8. Let X/R be separated, reduced and of finite type, and M an object
of D MHM 4(X/R). Then the forgetful functor

D® MHM 4(X/R) — D® MHM 4(X @ C)
induces functorial isomorphisms

RTgp(X/R, M) <5 RTgw(X @ C, M),

Hy (X/R,M') — Hep (X @ C,M )T .
Here, the superscript + denotes the fixed part of the action of the involution +* on
RHomps mam, (x@.0) (A(0) xe.c, M) .

In particular, the category MHS;,|r has cohomological dimension one since this is
true for MHS,4. Furthermore, observe that the above action of Z/2Z on RI'gr (X ®r
C, A(n)xg.c) is precisely that of [B1], §7.

COROLLARY A.2.9. Let X/R be separated, reduced and of finite type. The forgetful
functor

rat : MHM 4 (X/R) — Perv4 (X ®gr C)
is faithful and exact.

REMARK: Again we have
HL, (X/R,A(n)x) = H(X/R, A(n)x)
if i <n (i <2nif X is proper). We have natural morphisms
Hgy (X/R,R(n)x ) — Hg(X/R,R(n)x) — Hp(X/R,R(n)x),

which are isomorphisms in the same range of indices.

We conclude with an explicit formula for Ext' in MHM 4(X/R) of a finite scheme
X/R.

THEOREM A.2.10. For any H € MHS], there is a canonical isomorphism

(WoHe/(WoHy + WoF°He)) ™ = Extyps s (4(0), H)

= HY, (Spec(R)/R, H),
where the superscript + on the left hand side denotes the fixed part of the de Rham—
conjugation
= WoHc/(WoHa + WoF' Hc)
Wo t*He | (Wo 1*Ha + WoF°1"He)
Wo

He/(WoHa + WoF°He) .

WoHc /(WoHa + Wy F°He)

LEN
F
Foo
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The isomorphism is given by sending the class of h € Wy H¢ to the extension described

by the matrix
1 0
—h idyg /) °

This means that we equip C® H¢ with the diagonal weight and Hodge filtrations, and
the A-rational structure extending the A-rational structure Hy of Hg by the vector

1-heCo®He,

thereby obtaining an extension E of A(0) by H in the category MHSy.
The conjugate extension 1*E € Extyyg, (A(0),.*H) is given, with the same

notation, by the matrix
1 0
—F(h) idyg )

and the extension of Fy, to an isomorphism
Fyw:E = *E
sends 1 — h to 1 — F,(h). Thus
(Feo)c =id®(Fso)c : CH He — C® " He .

Proof. Using [B1], §1 or [Jn3], Lemma 9.2 and Remark 9.3.a), we see that there is
an isomorphism

WoHc/(WoHa + WoF°He) — Extyys, (A(0), H).

Note that our normalization follows that of Jannsen, and therefore differs from that
of Beilinson by the factor —1.

In general, if h € Wy H¢ corresponds to an extension E in MHS,, then cooh € Woi* He
corresponds to ¢*F, and its pullback via

Fy:W"H — H

is described by Figcooh. The action of the involution on Extyyg, (A(0), H) therefore
corresponds to Fics on the left hand side of the above isomorphism. O

COROLLARY A.2.11. Let X/R be finite and reduced, and M € MHM 4 (X/R). Then
there is a canonical isomorphism
+

P WoM..c/(WoMya + WoF° M, c)
zeX (0

Hiy (X/R,M) .
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Proof. The last isomorphism is given by the observation that we have

MHMA(X) = € MHS, .
zeX(C)

COROLLARY A.2.12. For X/R finite and reduced, and n > 1, we have

+

@ C/(2mi)"A — Ethl\/IHMA(X/R)(A(O)XaA(n)X)
zeX(C)

= H{,(X/R,n) .

Here, the superscript + denotes the fixed part with respect to the conjugation on both
X (C) and C/(2mi)"A, and the isomorphism associates to (z:),ex(c) the extension,
whose stalk at © € X (C) is given by the matrix

(s 1)
_(2771i)n‘2z 1

if eg and e, are the base vectors 1 € F C C and (2mi)™ € (2mi)"A C C, then the
Hodge structure is specified by

F°:=(eg)c, W_2n®4aC=(en)c,

and the A-rational structure is generated by e, and

€O—W'2m€n.

Proof. This is A.2.11 and A.2.10, using the basis (ey) of A(n). O

B K-THEORY OF SIMPLICIAL SCHEMES AND REGULATORS

We start with a presentation of K-theory (B.2.1) for simplicial schemes in terms
of generalized cohomology. Applied to a regular scheme, we get back its K-groups
(cf. B.2.3.a)). Next we define A-operations on K-cohomology (cf. B.2.10). Motivic
cohomology of simplicial schemes, in particular relative motivic cohomology (B.2.11)
is introduced as graded pieces of the ~y-filtration with respect to these A-operations.
This discussion is based on the extremely useful (unfortunately unpublished) paper
[GSo1] by Gillet and Soulé. More often than not the results in B.1 and B.2 will be due
to them. The wish for a complete published reference made us go over the material
again. Meanwhile an alternative approach to K-theory of simplicial schemes and A-
operations was also worked out by Levine [Le]. De Jeu was the first to use the setting
of [GSol] to define motivic cohomology of simplicial objects. In his article [Jeu] he
proves Riemann-Roch in this setting. We give a more general version in B.2.18.

We then construct regulators (i.e., Chern classes) from K-cohomology to con-
tinuous étale cohomology (B.4) and to absolute Hodge cohomology (B.5) in this sit-
uation. Our main interest is the construction of a long exact sequence for relative
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K-cohomology of simplicial schemes as well as for their motivic cohomology which is
mapped to the corresponding long exact sequences in sheaf cohomology (B.3.8).

We would like to thank the referee for her or his competent and detailed comments
and corrections.

B.1 GENERALIZED COHOMOLOGY THEORIES

We need a framework which is general enough to treat K-theory and the usual coho-
mology theories in parallel. It turns out such a framework is given by homotopical
algebra as axiomatized by Quillen in [Q1].

We define cohomology of spaces (=simplicial sheaves of sets) with coefficients in
another space (B.1.4). We then construct a long exact sequence for relative cohomol-
ogy in this context (B.1.6). Finally we deduce the spectral sequence relating general-
ized cohomology of a space to generalized cohomology of its components (B.1.7).

A systematic investigation of generalized cohomology for Grothendieck topologies
was carried out by Jardine, in particular [Jr2]. We recapitulate the definitions for the
convenience of the reader. A first introduction to the necessary simplicial methods is

We fix a regular affine irreducible base scheme B of finite Krull dimension. In
our applications B is either a field or an open subscheme of the ring of integers of
a number field. We fix a small category of noetherian finite dimensional B—schemes
which is closed under finite disjoint unions and contains all open subschemes of all
its objects. We turn it into a site using the Zariski topology. Typically this will be a
subcategory of all smooth schemes over the base B.

Let T be the topos of sheaves of sets on our Zariski site over B. Let sT be

the category of pointed simplicial T-objects. Its objects will be called spaces in the
sequel. We denote the final and initial object of sT by x.
REMARK: A space is given by a simplicial sheaf of sets X, and a simplicial map ¢ from
* (the constant simplicial sheaf all of whose components are given by the constant
sheaf * attached to the set with one element) to X .. Equivalently we can consider it
as a simplicial object in the category of sheaves pointed by *.

Let X be a scheme. We can also see it as an object of T. The corresponding
constant simplicial object pointed by a disjoint base point,

U — Morg(U, X) U {x} for connected U € T,

will also be denoted X.

DEFINITION B.1.1. A space is said to be constructed from schemes if all components
are representable by a scheme in the site plus a disjoint base point.

Note that any simplicial scheme (whose components are schemes in the site)
gives rise to a space constructed from schemes but there are many spaces constructed
from schemes which do not come from simplicial schemes. The main example is the
mapping cone of a map of schemes taken in sT (cf. B.1.5 below).

If P is a property of schemes and if the space X is constructed from schemes, we
say X has P if the scheme parts of the components have P.

The easiest way to define the homotopy sets m, (X, z) of a simplicial set X with
basepoint z € X is to take the homotopy sets of its geometric realization. 7, (X, x)
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is a group for n > 1, even abelian for n > 2. If X is a space and K a finite simplicial
set (i.e., all K, are finite), then we define the space X ® K componentwise as the sum
of pointed sheaves

n— \/ Xn .
ceK,

DEFINITION B.1.2 (BROWN, GERSTEN, GILLET, SOULE). Let X be a space and f :
X =Y be a map of spaces.

a) f is called a weak equivalence if all stalks fp : Xp — Yp are weak equivalences of
simplicial sets, i.e., if fp induces an isomorphism on all homotopy sets for all
choices of base point.

b) f is called a cofibration if for all schemes U in T the induced map f(U) : X(U) —
Y (U) is injective.

c) f is called a fibration if it has the following lifting property: given a commutative
diagram

A— X

l lf

B ——Y

where i is a cofibration and a weak equivalence, there exists a map B — X that
makes the diagram commute.

d) For two spaces X and Y, let Hom (X,Y) be the pointed simplicial set
n — Homgr (X ® A(n),Y)
where A(n) is the standard simplicial n-simplex (e.g. [M] 5.4) pointed by zero.

This is the pointed version of the global theory discussed in [Jr2] §2.

Quillen’s notion of a closed model category axiomatizes the properties which
are needed in order to pass to a homotopy category which behaves similar to the
homotopy category of CW-spaces.

ProposITION B.1.3 (BROWN, GERSTEN, JOYAL). sT is a pointed closed simplicial
model category in the sense of Quillen [Q1].

Proof. For a model category we need fibrations, cofibrations and weak equivalences
satisfying a set of axioms ([Q1] I Def. 1). This is [GSol] Theorem 1. Gillet and
Soulé attribute this theorem to Joyal (letter to Grothendieck). For simplicial sheaves
a published proof of all properties can be found in [Jr2] Cor. 2.7. It is an abstract
non-sense fact that with the category of simplicial sheaves the category of pointed
simplicial sheaves is also a model category. It is pointed by x. The simplicial structure
([Q1] II Def. 1) is given by B.1.2.d). O
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TECHNICAL REMARK: Note that the unique map x — X is always a cofibration,
i.e., all spaces are cofibrant. A space will be called fibrant if the unique map X — *
is a fibration. If a space is fibrant, than its sections X (U) over a scheme U form
a simplicial set satisfying Kan’s extension condition (cf. [M] 1.3). However, this
property does not suffice to make X fibrant. Part of the proof of the proposition is
the existence of fibrant resolutions. In fact, the construction in [Jr2] Lemma 2.5 is
even functorial.

Let Ho(sT) be the homotopy category associated to the model category sT by
localizing at the class of weak equivalences. As usual we will write [X,Y] for the
morphisms from X to Y in the homotopy category. If Y is fibrant, then this set is
given by the set of morphisms from X to Y in sT up to simplicial homotopy. For
general Y, we compute [X,Y] by [X,Y] where Y is a fibrant resolution of Y.
REMARK: The category of pointed presheaves with the same notions as in B.1.2 is
also a pointed model category. By [Jr2], Lemma 2.6 the map from a presheaf to its
sheafification is a weak equivalence and we get the same homotopy category from
presheaves or sheaves.

If X is a space, then its suspension SX is given by X ® A(1)/ ~ where ~ is
the usual equivalence relation generated by (z,0) ~ (z,1). By [Q1] Ch. I 2, the loop
space functor Q is right adjoint to S on the homotopy category.

There are two natural ways of thinking about Ho(sT). From the point of view of
algebraic topology it corresponds to the category of CW-complexes with morphisms
up to homotopy. From the point of view of homology theory it corresponds to the
category of homological complexes which are concentrated in positive degrees with
morphisms up to homotopy. S and (2 shift the complexes. This second point of view
is not quite precise - note that in general morphisms in Ho(sT) form pointed sets
rather than groups.

DEFINITION B.1.4. For any space A we define cohomology of spaces with coefficients
in A by setting

HL'(X,A)=[S"X,A] form >0 .
This is a pointed set for m = 0, a group for m > 0 and even an abelian group for
m > 1. If A belongs to an infinite loop spectrum, i.e., if there are spaces A; fori >0

with Ag = A and weak equivalences A; — QA;,1, then we also define cohomology
groups with positive indices by setting

HIZ™(X,A)=[S"X,A,] form,n>0 .

Note that the set only depends on n —m because the suspension S and the loop
functor Q are adjoint.

DEeFINITION B.1.5. Let f : X — Y be a map of spaces. Then the mapping cone of f
is the space

C(f) =X @A) ITY/ ~

where ~ is the usual equivalence relation of the mapping cone (i.e., (z,1) ~ f(z),
(z,0) ~ x). For any map of spaces f : X — Y, we define relative cohomology by

H_"(Y rel X,A) = H1"(C(f),A)
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C(f) is the standard construction of the homotopy cofibre of a map.

ProPOSITION B.1.6. For any morphism f : X — Y of spaces there is a long exact
cohomology sequence:

- H MY, A) — H (X, A) — H (Y rel X, A) — H M (Y, A) .

Proof. By [Q1] Ch. I 3 we have the above long exact sequence attached to the triple
of spaces

X5y V' vy

if i is a cofibration. The mapping cylinder of f is defined as X ® A(1)Vx Y. It is weakly
equivalent to Y, and the induced mapping X — X ® A(1) Vx Y is a cofibration. The
mapping cone of f is nothing but the cofibre of this inclusion. Hence the long exact
sequence of the lemma is a special case of Quillen’s with Y/ = X @ A(1)vx Y. O

If A is only a space, then the sequence will end at the index zero. There is no
reason for the last arrow to be right exact. The H2p. are only pointed sets. The
HSTI} are groups, all others are even abelian groups. However, if A is an infinite loop
spectrum, then all cohomology groups will be abelian groups and the sequence is
unbounded in both directions.

We will consider a couple of spectral sequences which are constructed by means
of homotopical algebra. Their differentials are

N 5/ 2] p+r,qg+r—1
d,: EPY — EF

We refer to this behaviour as homological spectral sequence as opposed to a cohomo-
logical spectral sequences with differentials

. P,q p—r,g—r+1
d, : EPY —s EP

In the same way as with the long exact sequences which involve pointed sets we
also have to be careful about our spectral sequences. They will be constructed by the
method of Bousfield-Kan (cf. [BouK] Ch. IX §§4-5). We refer to them as spectral
sequences of Bousfield-Kan type. We give an overview over their properties. They
look like this:

EXt=L"? q¢>p>0,r>1
with homological differentials.

are abelian groups if g —p > 2;
LTP EP% = ¢ are groups ifg—p=1,
are pointed sets ifg—p=0.

We have EV, = KerdP?/imdP "% "+ (Treat non-existing E?' as zero for this
formation.) By [BouK] IX 4.2.iv) this makes also sense for p = q. Let

Pd — 15 Pyq — P.q
ER¢ =lim, EP = (| EP7.
r>p
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There is a descending cofiltration @, on the limit term L” (i.e., @;L™ is a quotient of
L™). Let

eld = Ker (QpL777 — Q,—1L*7P) .

In general, there will be an injection e?:9 — EP:7. Convergence is a more complicated
question. The spectral sequence stabilizes if all projective systems (EP'?),, become
eventually stable. Then we have complete convergence ([BouK] IX 5.3). Hence the
cofiltration on the limit term is exhaustive (imQ,L" = L"), and we have isomor-
phisms

et S ERY forp—q > 0.

Note that even then the case p = ¢ has to be discussed separately. We refer to this
problem and more generally the fact that pointed sets rather then groups appear as
the fringe effect.

ProPOSITION B.1.7. a) Let X and A be spaces. The filtration of X by its skeletons
sq, X induces a spectral sequence of Bousfield-Kan type for its A-cohomology

EPY = H (X, A) = H "7 (X, A) forg>p>0.

It converges completely if X is degenerate above some degree (i.e., if there is N
such that for n > N, X,, is covered by the image of the degeneracy maps.).

b) If A is an infinite loop spectrum and X as in a), then we have a converging
homological spectral sequence

EP = H (X, A) = H "7 (X, A) forp>0.

Proof. This is the hypercohomology spectral sequence of [GSol] 1.2.3. We sketch
their proof: We can assume A to be fibrant. We can construct a weak equivalence
X" — X such that sk, X'/skp—1X' =2 SPX,. The Hom (sk,X', A) form a tower of
fibrations of simplicial sets converging to Hom_ (X, A). The attached Bousfield-Kan
spectral sequence ([BouK] §4 -§5) has starting terms

Efyq — 7Tq—n Hom_ (Sk’pX’/Sk/'p—lea A)
= my—p Hom, (SP X, A) = H 7 (X, A)

This finishes the construction of the spectral sequence. In order to discuss convergence
we consider the same spectral sequence attached to X itself. It stabilizes by the
assumption on degeneracy (see [BouK] §5). Both spectral sequences agree from r = 2
on.

For b) we consider the spectral sequence in a) for each space in the spectrum. By
shifting ¢ accordingly we get a direct system of spectral sequences whose limit is the
one we are interested in. O

REMARK: It would be much nicer to work with spectra and their homotopy category
throughout. It would be a triangulated category. It would help to get rid of the fringe
effects. However, the question of convergence of the spectral sequences does not get
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easier, the reason behind this being that all these spectral sequences are constructed
for some kind of homotopy limit, and projective limits are not exact. However, the
literature we want to use is in the setting of spaces. The reason is that we want to
use the A-ring structure in order to define motivic cohomology and the A-operators
do not deloop.

B.2 K-THEORY

We now introduce higher algebraic K—theory of spaces as a generalized cohomology
theory. It gives back usual K-theory in the case of regular schemes (B.2.3). We then
define A-operators on these K-cohomology groups (B.2.10). This allows definition of
motivic cohomology of spaces as graded parts of the y-filtration (B.2.11). We then
prove a Grothendieck-Riemann-Roch type theorem (B.2.18). As a consequence we
get a long exact localization sequence for motivic cohomology (B.2.19).

Recall that all schemes in the site underlying T are assumed to be noetherian
and finite dimensional.

Let K be the space Z X Z..BGI where Z ,,BGI is the simplicial sheaf associated
to the simplicial presheaf U — ZBGI(U) = lim ZoBGl,(U). K is pointed by
0 x ligBGln(En). It is in fact part of an infinite loop spectrum. We also need the
“unstable” spaces KN = Z x Z-,BGly. There are natural transition maps KV —
KN+ — K. As K-groups commute with direct limits, the stalk of K in a point P
on U € T is weakly equivalent to

Kp = 7 x ZooBGI(Op) .

where Op is the stalk of the structural sheaf.

REMARK: Even though it is well-known that K-theory is defined by a spectrum, it
is not completely trivial to define it as a functor from schemes to spectra (rather
than just a functor up to homotopy). We refer to [GSo02], 5.1.2 for the details of this
construction. For a different account of K-theory as a presheaf and its properties
(including the product structure) we also refer to Jardine’s book [Jr4].

DEFINITION B.2.1 (GILLET, SOULE). For any space X in sT we define its K-
cohomology

HI'(X,K)=[S"X,K] form¢€Z

and the unstable K-groups H ;"*(X,K") form > 0. Following [GSo1] we call a space
K-coherent if lim H 7" (X, K") —» H_"(X,K) for m >0 is an isomorphism.

PROPOSITION B.2.2 (BROWN). Let K, be the sheafification of the presheaf ¥ +»
H_(YV,K). Let X be a scheme in T. There is a homological spectral sequence

BN = H A" (X,K)
with
E3T = Hy,q(X,Kq)

It converges completely.
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Proof. For ¢ — p > 0 this is the spectral sequence [GSol] Prop. 2. The basic version
for the small Zariski site was constructed in [BrG] Theorem 3. Our generalization
follows from the proof of [Jr2] 3.4 and 3.5, which deals with the étale topology. The
key is to construct a Postnikov-tower for K. This is done as in in the proof of [BrG]
Thm 3. We then have to check that the homotopy sheaves of K are isomorphic to
the homotopy sheaves of the limit of its Postnikov-tower. It suffices to check this
for the small Zariski site Zar /Y for all schemes Y in T. Hence we are reduced to
the situation considered in loc. cit. Note that Y was assumed to be noetherian and
finite dimensional. We extend to arbitrary p,q using the full K-theory spectrum.
Convergence follows because X has finite cohomological dimension. O

REMARK: We could generalize the spectral sequence to arbitrary spaces X.
HY?, x(X,K,) would have to be understood as in B.3. Convergence would not be
guaranteed anymore.

The most important application of this proposition is that it allows to transport
properties which are well-known for cohomology with coefficients in an abelian sheaf
to cohomology with coefficients in a space. One such property is the comparison
between different Zariski sites.

PROPOSITION B.2.3 (GILLET, SOULE, DE JEU). a) Let X be a noetherian regular
finite dimensional scheme in the site. Then one has the equality H 1"(X,K) =
K, (X), where the right hand side means Quillen K-theory of the scheme X.
In particular, H ;" (X,K) =0 for m < 0.

b) Let X be a space constructed from schemes. Assume that all components are
regular Noetherian finite dimensional schemes and that X is degenerate above
some simplicial degree. Then X is K -coherent.

Proof. The constant case is proved in [GSol] 2.2.2 Prop. 5. We sketch a slightly
different argument: We use the converging Brown spectral sequence and comparison
theorems for sheaf cohomology to show that it suffices to prove the proposition in
the case of T = Zar/X. (Note that the existence of the whole spectrum means we
do not have to worry about fringe effects.) In this case we have a Mayer-Vietoris se-
quence for K-theory ([Q2] Rem. 3.5) and hence the presheaf defining K-cohomology
is pseudo-flasque in the sense of Brown and Gersten ([BrG] p. 285). By loc. cit.
Thm. 4 this implies a) for the site Zar /X.

The vanishing follows because the K-theory spectrum is connective. The general-
ization to spaces constructed from schemes using the skeletal spectral sequence was
carried out in [Jeu] 2.1 (1) and Lemma 2.1. O

COROLLARY B.2.4. If X is a space meeting the conditions of part b) of the proposi-
tion, then its K-cohomology does not depend on the category of schemes underlying
the topos.

Proof. If X is constant, then we always get its K-theory. For more general X we

have to use the converging skeletal spectral sequence. There are no fringe problems
because K is an infinite loop spectrum. O
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The direct sum of matrices (cf. [Lo] 1.2.4) together with addition on Z induces
a compatible system of maps

KVxKY 5K.

Our aim is to show that its direct limit defines an H-group structure on K. It will
be used to define addition on K-cohomology.

LEMMA B.2.5. Let G,G' be algebraic groups over 7, E a subgroup of G with E =
[E,E]. Let f1,f» : G = G be homomorphisms which differ by conjugation by a
global section of E. Then the induced maps

f1,f
Z.oBG' 22 7., .BG
agree in the homotopy category of spaces.

Proof. The construction in [Lo] A.3. is functorial. Hence it yields a free homotopy 7
between Bf; and Bfs. By construction we get a commutative diagram

77|A(1)><*
e

A1) x * ZBE

| gl
A(1) x ZoBG' —'— 7Z..BG .

The composition of n with d : ZBG — C(i) is a homotopy between df; and dfs.
Now it suffices to show that d is a weak equivalence, i.e., that Z,BFE is contractible.
This can be checked on stalks. As homotopy groups commute with direct limits it is
enough to show that Z.,BE(U) is contractible for all affine schemes U. We consider
the diagram

BEU) —%— BE®U)*

! !

7 .BEU) 2= 7. BEWU)* .

By definition of Quillen’s +-construction (see [Lo] ch. 1.1) ¢ induces an isomorphism
on homology. Hence Z..(¢) is a weak equivalence ([BIK] Ch. I, 5.5). BE(U)™ is con-
tractible because [E(U), E(U)] = E(U) ([Lo] Proposition 1.1.7). Hence Z,BE(U)"
is also contractible. (]

The standard application of this lemma is with G' = Gl,, G = Gl and E the
subgroup generated by elementary matrices (which contains all even permutation
matrices), see [Lo] 1.1.10.

PROPOSITION B.2.6. The direct sum of matrices induces an H-group structure on
K.

Proof. The same proof as in [Lo] Theorem 1.2.6 allows to check the identities of an
H-space. On finite level, they hold up to conjugation with a permutation matrix.
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By the previous lemma this implies that they hold in the homotopy category. We
use that the transition maps KV — KN+ are cofibrations in order to show that the
maps on finite level define one on K. For the existence of a homotopy inverse we
argue differently. An H-space is an H-group if and only if the shear map

KxK—->KxK ,(k‘l,k'g) '—)(k‘l,k1+k2)

is a weak equivalence. This can be checked on stalks. But the stalks of K are the
simplicial sets computing K-theory of local rings. They are H-groups with the same
addition by the affine case [Lo] 1.2.6. O

REMARK: We now have two H-group structures on K: the explicit one we just have
constructed and one because K is a loop space as part of a spectrum. We expect
them to be equal but have not been able to prove it. They certainly induce the same
addition on higher K-cohomology groups. On H25.(X,K) they agree at least if X is
represented by a scheme because they do for K-theory of schemes. This is enough for
our needs. In the sequel the addition on K-cohomology is the one of the proposition.

The next aim is the definition of a multiplicative structure on K. We start with
the operation of Z on K. The H-group structure on K allows to define a map of
spaces

gz ZxK 5K .

It vanishes on Z x *V « x K and hence factors over Z A K.

The construction of the Loday product [Lo] 2.1.5
ZooBGINn(U) A ZooBGIN(U) — ZooBGI(U)

is functorial in U. Together with the product pz on the factor Z it defines a system
of maps

pi c KYN AKY 5 K
(compatible up to homotopy), which defines a product
v, K] x [V, K] - [V,K]

for all K—coherent spaces Y. It turns all H_{'(Y,K) for n > 0 into a ring, possibly
without unity.

REMARK: Note that this product on [V, K] is zero on H_{'(V,K) for n > 0 (cf. [Kr]
Ex. 1 p. 243). The same map ux of spaces also induces a non-trivial product

[S"Y, K] x [S™Y, K] — [S"*™Y,K] .

This is the one which is usually called Loday product. We do not need it in the sequel.

Let S° be the simplicial version of the O-sphere, i.e., the constant simplicial sheaf
associated to {0,1} pointed by 0. We will use the notation Ko(sT) for Hop(S°, K).
It is a ring with unity where the ring structure is induced by the ring structure on Z.
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LEMMA B.2.7. If the site underlying T has a final object X, then
Ko(X) =2 Ko(sT) .
Proof. If X is the final object of the site, then the space we denote by X is equal to
SO, O
The following lemma generalizes an operation of Ko(X) which was explained to
us by de Jeu in the case where Y is constructed from X—schemes.

LEMMA B.2.8. LetY be aspacein sT. Then the ring Ko(sT) operates on H_;'(Y,K)
for n > 0 and makes it into an Ko(sT)-algebra.

Proof. If Y is a space in sT, then there is canonical isomorphism ¥ =2 S° AY. The
product a € Ko(sT) with 8 € H_1'(Y,K) is defined by the composition

Y 5 SOAY M KAK M5 K

O
LEMMA B.2.9 (GILLET, SOULE). Let G be a group over Z. Let Rz(G) be the
Grothendieck group of representations of G on free Z—modaules of finite type.

a) Let A be an N-dimensional representation of G. There is a canonical class in
[Z x Z~BG,K] which depends only on the equivalence class of A. The direct
sum of representations is mapped to the sum of classes.

b) The map in a) induces an algebra homomorphism
r: Rz(G) = [Z x Z-oBG,K] .

Proof. We follow [GSol] 3.2 or the affine case [Kr] 3. By choice of a basis of an
N-dimensional representation A induces a map of sheaves

A:G - Gly
and hence by functoriality a map
r'(A) : ZooBG — {N} x ZooBGly — KV .
For different choices of basis the maps differ by conjugation with an element of o €
Gly. The matrix <g a91> is in the perfect subgroup E = [GI, GI] hence by Lemma

B.2.5 the image of 7/(A) in [Z+BG,K?*N] does not depend on the choice of matrix.
Viewed as map to K, this r'(A4) extends to the factor Z using the above product puz.
The last statement of a) follows by definition of the H-group structure on K.

For b) we have to check that the relations of the Grothendieck-group are mapped to
zero and that the multiplicative structure is well-behaved. We first prove the analogue
of [Kr] Theorem 3.1: The canonical maps

7 0\ +—— 707
all ) Sall )
induce weak equivalences of simplicial sheaves after applying Z..B. This can be

checked on stalks and is hence reduced to the affine case. From now, the proof works
precisely as in the affine case, see [Kr] Cor. 3.2. O
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Ky(sT) is a A-ring, i.e., the axioms in [Kr] Def. 4.1 are satisfied. If R is a
K (sT)-algebra, then it is called a Ky(sT)-\—algebra if it is equipped with operators
Aé for i > 1 such that Ko(sT) @ R is a A-ring (cf. [Kr] 5.). Note that \° has to have
the constant value 1. If R itself does not have a unity, then it cannot be a A-ring.

THEOREM B.2.10 (GILLET, SOULE). Let Y be a K—coherent space. For k > 1 and
m > 0 there are maps

AN HIMY,K) — H(Y,K) .
They turn H 1" (Y,K) into a Ko(sT)-A-algebra.

Proof. This is essentially [GSol] Prop. 8. Put G = Gl,, in the previous lemma. Let
7" = [2}) — [n- 1] € Rz(Gl,) where Z7, is the canonical representation of Gl,, on
7" and 1 is the trivial representation. We define \¥ = r(\¥(Z")). By composition it
induces a map Ak : H_"*(Y,K") — H_""(Y,K). These form a projective system and
hence define an operation on K—cohomology of a K—coherent space. Well-definedness
and all properties of a A-ring are checked on the universal level (i.e., on K" for varying
n) and hence as in the affine case [Kr] Thm 5.1. For example, we want to show

k
Ne(@ +y) = Zki(fv)kj (y) -

Assume that x,y are represented by elements in [Y,K"]. On Rz(Gl,, x Gl,) we have
the A-ring identity

k
Mo => NaX.
=0

We evaluate this identity in Z" and get an equality of elements in Rz(Gl, x Gl,,).
By the previous lemma it induces the same equality of elements in [K™ x K" K].
Composed with (z,y) this is the required equality. O

REMARK: A more conceptual proof was suggested to us by Soulé and the referee.
One should use the integral completion functor constructed by Goerss and Jardine
[Goelr]. Tt has a universal property similar to the one of the +-construction and
hence allows to copy directly Kratzer’s arguments.

TECHNICAL REMARK: When we try to define A° in the same way, then we still get a
map

A\ ZowBGlny — 7 x ZoBGI .

It does not extend to the factor Z because \° : Z — Z does not respect the base
point - in fact it maps 0 to 1. This reflects the fact that the ring Ky(Y) does not
have a unity for a general space Y. The most striking example is Y = C(i) where
i+ Z — X is a morphism between regular schemes (cf. [Soud] 4.3). Then Ky (Y) =
Ker (Ko(X) = Ko(Z)) does not contain 1.

Gillet and Soulé ([GSol] Prop. 8) consider the structure as a Hop (Y, K)-A-algebra.
This only makes sense if HET (Y, K) happens to have a unity. However, we can check
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in general that the operation of Hopn(Y,K) on H_"(Y,K) is compatible with the
Ky (sT)-A-algebra structure of both groups.

Note that the A-structure is compatible with the contravariant functoriality of
K-cohomology. This means that the long exact sequences for relative K-theory are
compatible with the A-operation where it is defined.

Once we have A-operations we get as usual a y-filtration and Adams-operators
on the A-module H¢.(Y,K) for n < 0. If the y-filtration is locally finite, then we
have in particular the Chern character

ch: Hix(YV,K)g — @ Gr) Hip (Y, K)g for n <0,
J€No
which is an isomorphism. For a quick survey cf. [T] pp. 117-123.

DEFINITION B.2.11. Let Y be a K-coherent space. Suppose that the vy-filtration is
locally finite and hence that rationally K-cohomology splits into Adams-eigenspaces.
Then we put for j > n/2

Hy(Y,j) = Gl HIZ Y (V,K)q ,

the motivic cohomology of the space Y. Ifi : X — Y is a morphism of spaces then
we define relative motivic cohomology by

HYy (Y rel X,j) = Hy(Cone(s), j) .

REMARK: We restrict to this range of indices because we did not define Adams-
eigenspaces for K-cohomology with positive indices (=K-theory with negative in-
dices). However, if these K-groups vanish we can simply define the corresponding
motivic cohomology groups to be zero. This is the case if X is a regular scheme.
The long exact sequence for relative cohomology (B.1.6) together with the above
remarks on the A-operation give a long exact sequence for relative motivic cohomology

— Hy"(Y,A) — Hy" (X, A) — Hy" (Y rel X, A) — Hy " MY, A) .

LEMMA B.2.12. Let X be a space degenerate above some simplicial degree. We
assume the conditions of the previous definition. Fix an integer j. There is a coho-
mological spectral sequence with starting terms

Es7t — H;\/l(XSm]) for s Z 07 2.] Z t;
! 0 else.

It converges to Hi{' (X, j) for 2j > s + .

Proof. Consider the skeletal spectral sequence B.1.7.a) with coefficients in the space
K. It reads

EP' = HA(X,,K) = Hi" " (X,K)

for p > 0. By carefully checking the construction of the spectral sequence, we see that
all differentials dP? are induced by functoriality in the first argument. Hence they
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are morphisms of A-modules. For ¢ — p > 0 the limit terms are also A-modules and
by construction the morphisms e£:? — EP>? are compatible with this structure. They
are isomorphisms for ¢ > p. Note, however, that we do not get enough information
on the limit terms on the p = g¢-line. Convergence only implies that eZ? injects into
EP:P. We want to show that it is even a bijection. In order to see this we consider the
skeletal spectral sequence with coefficients in the spectrum K. The spectral sequences
agree where the first is defined, in particular convergence of the second spectral se-
quence implies our isomorphism. (There is an issue here with the H-group structure.
A priori the two spectral sequences use different group laws. But on all initial terms
they give the same addition and hence also on all higher terms.)

Now we take Adams-eigenspaces. By re-indexing s = p,t = —¢ + 2j we get a coho-
mological spectral sequence as stated. Note that we use the terms below the p = ¢-
diagonal to compute the terms on it but we do not consider their limit terms. O

The same spectral sequence also shows that the conditions in the definition of
motivic cohomology hold if X is a space constructed from schemes and degenerate
above some degree.

The next thing we need is pushout at least for certain closed immersions and a
Riemann-Roch theorem. Over a field push-forward was defined by de Jeu in [Jeu] 2.2.
We adapt his method to more general bases and formalize the geometric situation.

DEFINITION B.2.13. Let S be a regular irreducible Noetherian affine scheme. Let X
be smooth and quasi-projective over S. A finite diagram Dx over X is a category
of finitely many smooth quasi-projective S-schemes with final object X such that all
Morp, (Y,Y") are finite sets and such that all morphisms in Dx are of finite Tor-
dimension.

By the small Zariski site Zarp, we mean the category of all finite disjoint unions of
open subschemes of objects in Dx with the induced morphisms between them. It is
equipped with the Zariski-topology. The corresponding topos will be denoted T x .

An easy case of such a diagram is a single morphism Y — X that meets the
conditions.

We consider the following situation: Let i : Z — X be a closed immersion of
smooth quasi-projective S-schemes and Dx a finite diagram over X. We assume the
following conditions, corresponding to the ones formulated by de Jeu in [Jeu] 2.2:

(TC) For all X' in Dx, the pullback X' xx Z is S—smooth. If f : X; — X, is a
morphism in Dy, then in the cartesian diagram

Z1:X1XXZ—)X1

st I

Zo=Xo Xx Z ——3 X,

the maps f and ¢ are tor-independent, i.e.,
Tory,, (Oz,,0x,) =0

for £ > 0. (mk denotes the sheaf of tor-groups.)
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LEMMA B.2.14. The pullback Dy of Dx by Z satisfies the conditions for a finite
diagram over Z.

Proof. Finite Tor-dimension in Dy follows from Tor-independence and the same prop-
erty in Dx. O

Let Y. be a space in sTx. Let j : U — X be the open complement of Z in X.
Let Y, x x U be the pointed version of j1j*Y, i.e., the sheaf associated to the presheaf

Vs Y(V) ifV->UCcCX,
0 else.

It is a space in sTx. Let Y. xx Z =i~'Y, a space in sTz. If Y. is constructed from
schemes, then so are Y, xx U and Y, xx Z. The scheme components are given by
the base change with U or Z respectively. Note that i (Y, x x U) is empty, i.e., only
consists of the base point.

ProOPOSITION B.2.15 (DE JEU). Let i : Z — X be a closed immersion with open
complement U. Let Dx be a finite diagram over X such that (TC) holds with respect
toi. Then for Y € sT:

a) There is a natural pushout map

HEp (V.o xx Z,K) — Hip (V. K).

b) Let Y. be a space in sTx which is constructed from schemes. We assume that it
is degenerate above some simplicial degree. Then

Y xx Z=C{Y. xxUCY)xxZ
and the pushout
HE (Y. xx Z,K) — Hbip (Y. rel Y. xx U, K)
is an isomorphism.

Proof. For an object V of the site Zarp, let M (V) be the category of all coherent
sheaves on V. In it let P(V,Dx) be the subcategory of those sheaves F satisfying

Torl, (Oy+,F) =0

for all j > 0 and all V! — V in Dx. Note that there are only finitely many conditions
as our diagram is finite. The nice thing about P(V,Dx) is that it is contravariantly
functorial. Hence Quillen’s QBQP( - ,Dx) (loop space of the classifying space of the
Q-construction) defines a presheaf of simplicial sets on the site by [Q2] §7 2.5. It is
here where we use the fact that all schemes are quasi-projective. Let QBQP% be the
space in sTx defined by its sheafification. By Quillen’s Resolution Theorem ([Q2]
Thm 3, Cor 3, p. 27) there is a weak equivalence of spaces QBQ Py — Kx. (Basically
this is the fact that K'-theory and K-theory agree for regular schemes.)

We also have the space QBQP}, in sT z. For the closed immersioni: VxxZ — V
the pushout i, is exact on the category of coherent sheaves. Because of (T'C'), it maps
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the the subcategory P(V x Z,Dyz) to P(V,Dx). In fact we get a morphism of spaces
in sTx

i.(QBQPY) % QBQPY .
Using the weak equivalences to K- this defines a map in the homotopy category
i(Kz) 25 Ky .
If Y, is a space in sTx, then we get the map in a) as

Hhip ('Y, Kz) — Hip (i 'Y, i.Kz) — Hip (V. Kx) .

sTx

In the special case of a scheme Y part b) is nothing but Quillen’s pushout isomorphism
K.(i™'Y) — K,(Y rel Y xx U)

for regular schemes [Q2] §7 Prop. 3.2 (recall that all schemes in the site are regular).
This generalizes to the case of spaces constructed from schemes by the skeletal spectral
sequence. 0

LemMA B.2.16. Consider a cartesian diagram of smooth quasi-projective S-schemes

1
3

7 —t . x
le fxl
Z — 4 X

where i is a closed immersion. Let Dx be a finite diagram on X. Assume that the
pullback Dx: defines a finite diagram over X' and that both i and i’ satisfy (TC).
We also assume that for all V in Dx the maps

VXXXI—)V
and
Vxx 22—V

are tor-independent.
Then for all spaces Y. in sTx there is a commutative diagram

HfTZ, (f}Z*Y,K) — HfTX, (f;(Ya K)

i) [
Hby, (*Y,K) —2—  HYy (V,K)

sTx

Proof. We have to refine the categories P(V, D) used in the proof of B.2.15 further.
Let P"(V,Dz) be the subcategory of P'(V, D) of those coherent sheaves F satisfying

Torl,, (07, F) =0.
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The induced space QBQ P} is again weakly equivalent to Kz. By [Q2] §7 2.11 there
is a commutative diagram of spaces in sTx

i, fx «QBQP, —— fx .QP%
QBQP; —— QBQPy
This proves the lemma. |

We also need the following lemma from algebraic geometry.
LEMMA B.2.17. Suppose we are given a cartesian diagram

-
(2

7z —— X'

L

of smooth S-schemes where i is a closed embedding, then the blow-up of X' in Z' is
the base change by f of the blow-up of X in Z provided i and f are tor-independent.

Proof. In order to see this, note that by [EGAII] 3.5.3 we have to check that f*(Z") =
I™ ®py Ox is isomorphic to J" where 7 is the sheaf of ideals of Z in X and J the
one of Z' in X'. This follows from tor-independence in the case n = 1. Note that in
general we have a surjection f*7"™ — J™. Let K, be the kernel. Pull-back by f* is
right exact, i.e., we have an exact sequence

7 = J — f(Z)T*) = 0.

Together with the above surjectivity this implies f*(Z/Z°%) = J/J?%. As X respec-
tively X’ are regular and 7 respectively Z' are locally given by regular sequences, the
structural theorem [Ha] IT Theorem 8.21A e) implies

f*(In/Zn+1) =~ jn/jn—i-l .

By the snake lemma K, 1 — K, is surjective and hence f*(Z"/I"tk) =~ gn/gntk
for all k. But then

jn o~ mjn/jrwrk o~ LLnf*Z”/lm f*In+k o~ LLnf*I”/jkf*I” o~ f*In .
O

Push-forward is not a A-ring morphism but it does respect the y-filtration up to a
shift, at least under good conditions. This is made precise in the following Riemann-
Roch Theorem, which is a slight generalization of de Jeu’s in [Jeu] 2.3. He considers
a special type of diagram and restricts to a base field. De Jeu imitates the proof in
[T] Theorem 1.1, which is over a field. However, his arguments work for our base as
well. Indeed, the original article [Soud] Thm 3 treated the more general case.
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THEOREM B.2.18 (GROTHENDIECK-RIEMANN-ROCH). Let S be a regular irre-
ducible Noetherian affine scheme S. Let i : Z — X be a closed immersion of
constant codimension d of quasi-projective smooth S-schemes. For 7 = X, Z let
td(?) € Gr}, Ko(?)g be the usual Todd classes (e.g. [T] p. 135). Let a finite diagram
Dx be given that satisfies the conditions (TC) with respect to i. Finally let Y. be a
space constructed from schemes in sT x.

a) The homomorphism i, : K,(i7'Y)g — K,(Y.)o has degree —d with respect to
the ~v-filtration, i.e.,

FIK,(i7'Y)g =5 FIT1K,(Y)g

b) The following diagram commutes:

Ko (im'V)g 2% Grt K, (71Y)q

.| B

td(X)ch "
Ka(V)o 2% arr K, (V)

REMARK: td(?) is a unit with augmentation 1. Hence the horizontal maps in b) are
isomorphisms.

Proof. We essentially have to prove classical Riemann-Roch for the inclusion Z — X.
The conditions on our situation are chosen in a way that the diagrams we drag along do
not make any difficulties. Note also that we can replace Y. by the cone of Y. xU — Y,
i.e., we can assume that all pushout maps are isomorphisms. Having observed this
we can follow de Jeu’s arguments in [Jeu] 2.3.

The first step is to prove the analogue of [T] Theorem 1.2 or [Jeu] Proposition
2.5 (“Riemann-Roch without denominators”). We only sketch the idea: Because
of functoriality B.2.16 and the homotopy property of K'-theory we can make the
transformation to the normal cone. Hence we can assume without loss of generality
that i is a section of a projective bundle over Z. The existence of the projection
p which is a left-inverse of i allows to make explicit calculations. All details of the
argument can be found in [Jeu] 2.5 when replacing Ko(Yp) (= Ko(Xo) there) by
Ko(X) = Ko(sTx). The necessary compatibility of blow-up and base change is
guaranteed by the previous lemma.

We then show that up to multiplication with the appropriate Todd class i, has
the required behaviour with respect to Adams eigenspaces. The argument is the same
as in [Jeu] Proposition 2.3 or [T] Lemma 2.2. Now the theorem follows by the same
formal manipulations as in the proof of [T] Lemma 2.3. (|

COROLLARY B.2.19. Let i : Z — X (closed immersion of constant codimension d)
and Y. be as in the theorem. Let U = X \ Z. Then there is a natural localization
sequence

i — K (Zxx YY) — Kn(Y)o — Kn(U xx Y))o
— Kn1(ZxxY)g— ...
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or in terms of motivic cohomology

— Hi? (Z xx Y., j—d) — Hi(Y.,j) — Hiy (U x Y., j)
— Hi 2" Z xx Y., j—d) — ...

Proof. Part b) of Theorem B.2.18 implies that

i @ Gr] K (Y. el Y. x U) — P GrJ K (V. x 2)
J€ENo JENo

is an isomorphism, i.e., Hi, (Y, rel Y, x U, j) = Hj\ZQd(Z xx Y.,j—d).

We consider the long exact sequence of relative K-cohomology or relative motivic
cohomology for the open embedding U x Y, C Y.. We can use i, to identify the
relative cohomology with cohomology of the closed complement. O

Only a few K-groups are known. However, the ranks of the K-groups of number
fields are understood.

THEOREM B.2.20 (BOREL). Let K be a number field with ring of S-integers og
where S is a finite set of primes of K. Let B = Specog. As usual ry is the number of
real places of K and ry the number of complex places. Then the motivic cohomology
has the following ranks:

HY,(B,0) 1

H_/l\/t(B,l) #S+T’1—|—’I"2—1

H3,(B,n) Ty n > 1, even ;

H},(B,n) T4 Ty n > 1, odd;
H',(B,j) 0 else .

Proof. The computation of Ko(B) and K (B) is classical ([Ba] Ch. IX, Prop. 3.2 and
Ch. X, Cor. 3.6). The higher K-groups for the ring of integers o were calculated by
Borel ([Bol], Prop 12.2). It follows from Quillen’s computation of the K-groups of
finite fields that the ranks are not changed by localizing at finite primes. O

B.3 COHOMOLOGY OF ABELIAN SHEAVES

We now show how the usual cohomology theories fit in the set-up of generalized
cohomology. This is well documented in the literature [BrG], [G], [Jeu]. In the
case of a cohomology theory defined by a pseudo-flasque complex of presheaves F,
we compare the different possible points of view. These are Zariski-cohomology of
the associated complex of sheaves, generalized cohomology of the associated space or
simply cohomology of the sections. We always get the same cohomology groups (B.3.2
and B.3.4). If the complex of presheaves F is part of a twisted duality theory (B.3.7),
we define Chern classes from K—cohomology of spaces to cohomology with coefficients
in F. Finally we check compatibility of the localization sequence in K—cohomology
with the one for cohomology of spaces with coefficients in F (B.3.8).

By a complex we always mean a cohomological complex. Of course it can also
be considered as a homological complex by inverting the signs of the indices.

The Dold-Puppe functor [M] Thm 22.4 attaches to a complex of abelian groups G
which is concentrated in non-positive degrees a simplicial abelian group K (G) pointed
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by 0 whose homotopy groups m;(K (G),0) agree with the cohomology groups b~ (G).
It induces an equivalence between the homotopy category of simplicial abelian groups
and the homotopy category of complexes of abelian groups concentrated in non-
positive degrees. By construction of the functor K there is a natural weak equivalence
of spaces

Cone(K(G) — x) — K(Cone(G — 0)) = K(G[1])

and hence a natural map QK(G[1]) - K(G) in the homotopy category of pointed
simplicial sets, which is a homotopy equivalence. If G is an arbitrary complex of
abelian groups, let 7< G be the canonical sub-complex in degrees less or equal to IV.
We put

K(G)n = K(r<nGIN]) -
The natural map 7<ny—1G[N] = 1< xG[N] induces
K(G)Nfl = QK(TSNflG[N]) — QK(G)N s

which is a weak equivalence. This means the K (G)y form an infinite loop spectrum
whose homotopy groups reflect all cohomology groups of the complex.

DEFINITION B.3.1. Let G be a cohomological complex of sheaves of abelian groups
on the big Zariski site. The sheafified version of the above construction yields an
infinite loop spectrum of spaces K (G) with

h™H(G) = m;(K(G),0)
where the right hand side is the sheafification of the presheaf
U m(K(G)(U),0) .

As a spectrum K (G) defines generalized cohomology groups with indices in Z for
any space X.

PRrROPOSITION B.3.2. Let G be a bounded below complex of sheaves on the big Zariski
site. Let X be a scheme. Then

;T(XaK(g)) = H%AR(Xag) '

Proof. As G is bounded below it has a bounded below resolution by flasque sheaves.
Now the proof proceeds as in [BrG] Prop. 2. The main ingredient is that K(Z) is a
fibrant space if Z is a flasque sheaf. O

DEFINITION B.3.3.  a) Following [BrG], Sect. 2 a complex F of abelian presheaves
on the big Zariski site is called pseudo-flasque if it has the Mayer-Vietoris prop-
erty, i.e., for open subschemes U and V' of some scheme X, we have a long exact
sequence of abelian groups

.= W (FUUV)) — b (FU) & F(V)) — K (F(UNV))
— BT FUUY)) — ...
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More precisely, the square

FUNV) —  F{)

! !

FV) —— FUUV)
is homotopically cartesian.

b) Let F be a complex of abelian presheaves. For the object x 11U in T where U
is a scheme, we put

FOU)=F{U).
Let X be a space constructed from schemes. Then we put
F(X) = Tot; F(X;) .
the total complex of the cosimplicial complex F(X;)ien, -

Taking the total complex of a bicomplex as in b) of course involves a choice of
signs which we fix once and for all. Different choices of signs differ by a canonical
isomorphism of the total complex.

LEMMA B.3.4. Let F be a bounded below pseudo-flasque complex of abelian
presheaves. Let F be its sheafification. Then

Hip (X, K(F)) = h'(F(X))
for all spaces X constructed from schemes.

Proof. Let T be a (bounded below) flasque resolution of F. This is in particular a
pseudo-flasque complex of presheaves that is quasi-isomorphic to F as a complex of
presheaves because both compute Zariski-cohomology of F. As in the proof of [BrG]
Theorem 4, the simplicial sheaf K (Z) is a fibrant resolution of K (F). Hence we can
assume without loss of generality that F itself is a complex of flasque sheaves.

For the case of a scheme X the lemma is the reformulation of [BrG] Theorem 4 in the
easier case of simplicial presheaves that come from a complex of abelian presheaves.

In the general case

Hip(X,K(F)) = 7_; Hom (X, K (F))
= m_; Hom_(hocolim X, K (F))
= 7_; holim Hom, (X;, K (F)) [BouK] XII Prop. 4.1
= h'(Tot F(X;)) = h'(F(X)) .

O

This means if we define a cohomology theory by a pseudo-flasque complex of
presheaves on the big Zariski site we can freely change from the point of view of
generalized cohomology to ordinary Zariski-cohomology or cohomology of the sections
of the presheaf.
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If X — Y is a morphism of schemes, we consider as usual its Cech-nerve
cosko(X/Y), i.e., the simplicial Y-scheme given by

cosko(X/Y)p = (X Xy -+ xy X) n + 1-fold product
with the natural boundary and degeneracy morphisms.

DEFINITION B.3.5. We say that a morphism X — Y of schemes has cohomological
descent for the cohomology theory given by the complex of abelian Zariski-sheaves G
if the natural morphisms

Hip (Y, K(G)) — Hp(cosko(X/Y), K(G))
are isomorphisms for all i € 7..
This is of course a very special case of the general notion of cohomological descent.

LEMMA B.3.6. Let j : U = X be an open immersion with closed complement Y.
Let F be a pseudo-flasque complex of presheaves on ZAR x with sheafification F.

a) There are natural isomorphisms
Hip(X rel Y, K (F)) — Hyap(X, 1" F)) .

b) If Y — Y is a morphism with cohomological descent for F , then we get a natural
isomorphism

Hin(X rel cosko(¥/Y), K(F)) = Hiun (X, 5" F)

Proof. By B.3.4 the left-hand side of a) is canonically isomorphic to the cohomology
of

F(O 25 X)) = Cone (]-'(X) EAUN ]-'(Y)) (1]

where the right hand side is the cone in the category of cohomological complexes. We
assume without loss of generality that F is a flasque complex. The key point is the
short exact sequence of complexes of sheaves on X

0— jij*F — F — i,i*F — 0 .
It induces a canonical quasi-isomorphism of complexes
jij*F —s Cone (ﬁ = ’L’L.7:) =i

We now take RT'z, (X, -) of the right-hand side. Because F was assumed to be
pseudo-flasque the morphism

Cone (F(X) — F(Y)) —> Cone (ﬁ(X) - f-(Y)) .

is a quasi-isomorphism. This last fact follows from B.3.4 and B.3.2. (Of course it can
also be proved, even more easily, in terms of complexes of abelian groups rather than
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simplicial abelian groups.) In the case of a morphism YV — Y with cohomological
descent the left hand side of the statement is by B.3.4 given by the cohomology of

Cone (]-'(X) - f(cosko(ff/y)) —1] .

The natural morphism F (V') —s F(cosko (Y /Y)) is a quasi-isomorphism by definition
and Lemma B.3.4. O

THEOREM B.3.7 (GILLET, DE JEU). Let F = @,., F(i) be a pseudo-flasque com-
plex of abelian presheaves on the big Zariski site. Assume that F defines a twisted
duality theory, i.e., the extra data of [G] Def. 1.1 exist and all conditions of loc. cit.
Def. 1.2 are fulfilled. Then:

e There are Chern class maps of spaces

¢j: K— K(F(j)[2]) -
They induce morphisms
¢j : Hip(Y,K) — Hp" (Y, K(F(j)))
for all spaces Y in sT.

e If'Y is a K-coherent space, then the total Chern class cr is a morphism of
A-algebras on K—cohomology of Y.

e Leti:Z — X a closed immersion of smooth S—schemes with open complement
U. The map iy : i.F(r) |z— F(r + d) |x [2d] required in [G] Def. 1.2. induces
push-forward on generalized cohomology. If Y, is a space over X as in B.2.18,
then the diagram

G KoY. xx Z)g ~ —2— Gl K, (V)

C;l lcj+d

HAT(Y. xx Z,K(F(j)))o —— HA (Y, K(F(j +d))o
is commutative.

Proof. The construction of the Chern classes is [G] Thm 2.2. Gillet’s formulation is
for schemes but he constructs in fact a morphism of spaces (loc. cit. p. 225) so the
results hold for more general spaces (see also [GSo1] 4.1). The assertion on the A-ring
structure is [GSol] Thm. 7. We sketch the idea: Everything is defined on the level
of coefficients, so it does not depend on Y. Compatibility with multiplication is [G]
2.3.2. Compatibility with y-operators can be checked on the level of universal Chern
classes, i.e., for elements C; y € H2:(BGl,, F(i)). Now use the splitting principle
([G] 2.4).

The last part of the proposition is a generalization of Gillet’s Riemann-Roch Theorem
[G] 4.1 to spaces of our special type. The proof carries over by the same method as in
the proof of Riemann-Roch for K-cohomology B.2.18. Mutis mutanda the statement
can be found in [Jeu] Lemma 2.13. O
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REMARK: This will allow to define regulator maps from K-cohomology to the coho-
mology theories we are interested in.

COROLLARY B.3.8. Let X, Z,d, Y. and F be as in the theorem. In addition assume
that F is pseudo-flasque. Let U be the complement of Y in X. We abbreviate

Yo=Y xxU,Yz =Y. xx Z and F; = K(F(j)). Then there is a natural morphism
of long exact sequences

HiZ (Yu,j) —— Hi? (Vz,j —d) —— Hiy(Y.,j) —— Hi, (Yo, j)
HiZ Yy, Fj) —— HZ*Y(Yz, Fj_y) —— Hip (Y., F;)—— Hig (Yo, Fj)
W F(§) (Vo) ——— W2 4F (= d)(Yz) —— WF(j)(Y.) —— h'F(5)(Yv)

Proof. We start with the long exact sequences for relative cohomology (B.1.7) with

coefficients in the spectrum K and in the spectrum K (.7:') Their compatibility is
nothing but functoriality. Relative cohomology is replaced by cohomology of Y. X x Z
using B.3.7. Finally we pass to graded pieces of the v-filtration. Note that the indices
in the definition of motivic cohomology are chosen in a way that they agree with the
indices of other cohomology theories under Chern class maps. Equality of the last
two lines is B.3.4 O

Note that the last line has nothing to do with generalized cohomology or spaces.

B.4 ConTINUOUS ETALE COHOMOLOGY

There are different ways of defining continuous étale cohomology. We will see that
they all give the same thing.

Fix a number field K and a prime [. Let B be an open subscheme of Spec ox[1/]]
where ok is the ring of integers of K.

PropoSITION B.4.1 (DELIGNE, EKEDAHL). Let f : Y — X be a morphism of B-
schemes of finite type. Then there are triangulated categories D®(X —7Z;) and D.(Y —
Z,) admitting the following: there is a t-structure whose heart are the constructible
l-adic systems. There are functors

fis fo: DUY = Z) — DUX —Zy)
and

F* ' DUX = Zy) — DY = Z4)
having all the usual properties of Grothendieck functors.

Proof. This is [Ek] Thm 6.3. In the case B = Specog[1/1] the category was already
constructed in [D4], 1.1.2. O
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REMARK: D%(X — Z;) should be thought of as the bounded derived categories of
constructible l-adic sheaves on X.;. By Ekedahl’s construction D%(X — Z;) is a sub-
category of a localization of a subcategory of the derived category of the abelian
category (Xe;)N — Z;. By this notation Ekedahl means the category of projective sys-
tems of étale sheaves on X ringed by the projective system Z/I™. The four functors
are defined on the level of this last derived category. Ekedahl then shows that they
induce well-defined functors on D%(X — Z;). In the case B open in Specox[1/1], we
get away with Deligne’s more straightforward construction.

DEFINITION B.4.2 (1. VERSION). a) For k € Z let Z (k) be the constructible l-adic
sheaf on B given by the projective system ,uf?lk .

b) We define continuous étale cohomology of s : X — B by

Hgont(Xa k) = HomDE(X—Zl) (S*Zl(0)7 S*Zl(k)[l]) :
c) If j: U —» X is an open immersion with complement Y we define relative contin-
uous étale cohomology by

H,(X rel Y k) = Hom pe(x _7,)(s*Z1(0), i (s 0 §)*Zu(Kk)[i]) .

d) More generally, let M be an object of D%(X — 7Z;). We define continuous étale
cohomology of X with coefficients in M as
Hcl:ont(Xa M) = HomD’C’(X—Zl) (S*Zl(o)a M[Z]) :

This definition allows to derive all the usual spectral sequences from the calculus
of the Grothendieck functors.
REMARK: As checked in [H2] §4 this definition coincides with Jannsen’s original one
in [Jnl] sect. 3. In our case continuous étale cohomology with coefficients in a
constructible l-adic sheaf (), is nothing but the naive lim HJ, (X, 7,,) because all
HT(X,F,) are finite.

Let us now define continuous étale cohomology in a way that fits in with the
setting of the previous section.

DEFINITION B.4.3 (2. VERSION). Consider the projective system of sheaves
(u%k)neN on the big étale site over B. Let I be an injective resolution in the
category of projective systems. It is given by a projective system Z,, of injective res-
olutions of ,ufik on the big étale site with split surjective transition morphisms ([Jnl]
1.1). By taking sections we get a projective system of complexes of Zariski-presheaves
RT (k) - The functor Rlim turns it into a complex Fi(k) of Zariski-presheaves.
For any space X put

Hi

cont

(X, k) = Hip(X, K(Fi(k)))
In particular if + : Y — X is a morphism of spaces, then we put

Hcl:ont(X rel Y7 k) = H;T(C(L)aK(}M—l(k))) -
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LEMMA B.4.4. If X is a B-scheme, then both versions of the definition of continuous
étale cohomology agree canonically. If Z — X is a closed immersion, then the same
is true for both definitions of relative continuous étale cohomology.

Proof. F;(X) is nothing but an explicit version of the derived functor Rlim RT'(X,, -)
from the derived category of projective systems of étale sheaves to the derived category
of abelian groups. Hence the complex F;(X) computes the first version of continuous
étale cohomology. In particular it has the Mayer-Vietoris property. Hence we can
apply the lemmas of the previous section (B.3.4) and get

Hp(X,K(F)) = h'(F(X))

To extend the result to relative étale cohomology we use essentially the same
argument as in B.3.6.b). O

REMARK: When we say that the isomorphism is canonical, we think in particular of
the following situation: The cartesian diagram of schemes

.1 ./

U —L 5 X' Yy’

Lo
I

17 11
13

U J s X ¢ Yy

(f, j open, g, i closed complements) induces a map

(X rel Y,n) ANy 53

cont

Hi

cont

(X'rel Y')n)

which is compatible with the identification. If all schemes are smooth and X" inter-
sects Y transversally, then we also get the same long exact sequence

s HZ2UX " rel Y n —d) — Hiy(X vel Yin) — HE (X rel YV n)
— HFL2A(X el Y \n—d) — ---

using either definition of relative cohomology.

LEMMA B.4.5. If Y — Y is a proper covering (i.e., a proper and surjective map),
then it has cohomological descent for continuous étale cohomology. In particular if
Y — X is a closed embedding and Y a proper covering of Y, then there is a natural
isomorphism

Hi

cont

(X rel Y,j) — H!

i (X rel cosko (YY), )
where the right hand side is taken in the sense of spaces.

Proof. Cohomological descent is a consequence of the same descent for étale coho-
mology with torsion coefficients prime to the characteristic of the schemes ([SGA4,IT],
Exp. Vbis, 4.1.6). By B.3.6.b) the second part follows. O
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PROPOSITION B.4.6. On the Zariski site of smooth schemes over B, the presheaf
Fi has the properties of a twisted duality theory. There are regulator maps from
K -cohomology to continuous étale cohomology

Hj\/l(ij) — Hcl:ont(Yaj)

for all K—coherent spaces Y. They are compatible with pullback, i.e., if f : Y — Y’
is a map of K—coherent spaces, we get commutative diagrams

i . f i .
HM(Y,)J) — HM(Yaj)

l l

Hcl:ont(Ylvj) f—> Hcl:ont(ij)

Ifi: Z — X is a closed immersion of smooth schemes (constant codimension d) with
open complement U and Y. a space constructed form schemes over X as in B.2.18,
then the regulator is compatible with pushout, i.e., the diagram

HE WY, xx Z,j — d) =5 Hy, (Y., )
o -
H?o?z%d(y Xx Za.] - d) i) Hg)nt(yaj)
is commutative.

Proof. We restrict to smooth schemes for simplicity. We have to define the extra-
structure from [G] 1.1 and 1.2. We put

Hi(X,j) = H25H(X,d - j)

cont

for a d-dimensional smooth connected scheme. Pull-back on cohomology and pushout
on homology are induced from the functors on sheaves on the étale site. We do not
work out the details. For a single étale sheaf u;» this is actually one of Gillet’s
examples 1.4 (iii). O

There is really only one case when this regulator is understood.

LEMMA B.4.7. Let K be a number field, ox be its ring of integers and | a prime.
Assume 2i — k > 2, then Soulé’s I-adic regulator

Kai_r(og[1/1)) ® Z;y — HE . (Specog[1/1],4)

agrees with the one obtained from Prop. B.4.6.

Proof. Put A = og[1/1]. Soulé’s definition in [Sou2] is the composition

Ko (A) — lim Kai 5 (A, Z/1") ~— lim HE (4, 2/17(7))
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where ©;r is as in [Soul] IL.2.3. There is a natural map of presheaves F;(i) —
RI'(-,Z/1*(i)). Hence in Gillet’s definition of Chern classes, we get a commutative
diagram

KQi—k(A) i) Hfont(spec Aal)

N\
HY, (Spec A, 2/17(3))

Hence we only have to consider finite coefficients. Furthermore in this simple case of
a regular commutative ring, we do not really need to consider the sheafified versions
and generalized cohomology. Gillet’s construction boils down to a composition of the
Hurewicz-map with universal Chern classes.

For 2i — k > 2, the map ¢;, is defined by the same type of composition ([Sou2] II
2.3.) with the same universal Chern classes.

By the definition of K-theory with coefficients, we have a commutative diagram (loc.
cit. I11.2.2) with X = Z BGI(A):

— s mX) 2 (X)) —— (X, 21—

| | I
—— Hy(X,2) == Hu(X,2) —— Ha(X,Z/q) ——
For the prime 2 compare also [We]. O

THEOREM B.4.8 (SOULE). Let K be a number field, o be its ring of integers and [
any prime. Let S’ be a finite set of prime ideals of o and S = S" U {l}. Let og be
the localization of o at S. The regulator map

cj: Hi(Specogr,j) ®o Q — H,,,(Specos,j)o

is always injective and an isomorphism for i = 1 and j > 1. We have the following
behaviour for pairs of indices (i,7):

JEL isomorphism

j<1 mot. coh. vanishes, I-adic does not in general
injective of finite codimension

j>1 isomorphism

j < 1| conjectured to be isom., i.e., etale coh. to vanish
injective of finite codimension

j>1 isomorphism, i.e., both vanish

else both vanish

~

A~ TN TN N AN N N

NN N O
A T O R R S o N N
N e e e e e e

Proof. We have

H!,..(Specos, j)o = H (Gs,Q(j))

where Gg is the Galois group of the maximal extension of K that is unramified
outside of S. We first check that these groups vanish for ¢ > 2: By [Mi] I Cor. 4.15
all H (G, uf?ﬂ) are finite. This means that the projective systems for varying n are
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Artin-Rees. We do not get a m L_contribution to continuous cohomology. Moreover,

by loc. cit. I. 4.10.c) the H(Gs, ufij) for 4 > 3 are 2-torsion. This implies that their
projective limit is 2-torsion. In total we have vanishing cohomology H'(G's,Q (5))
for ¢ > 3.

The case i = 0 is trivial. H'(Gs,Q (1)) = Es ® Q@ where Eg are the S-units, while
H},(Specog,1) = 0%, ®Q . For H*(Gg,Q (1)) (the S-Brauer-group) the codimension
is the same as in the (1,1)-case by Euler-Poincaré duality (cf. the discussion in
[Jn2] Lemma 2 and Cor. 1.). In the remaining cases, neither motivic (B.2.20) nor
continuous étale cohomology ([Jn3] Lemma 4) is changed by the inversion of S’, at
least up to torsion. We assume S’ = (). For odd I, the cases (1,7) and (2,5) for
j > 1 are Soulé’s result in [Sou2] Theorem 1. Note that we are in the range where
the previous lemma applies.

For [ = 2, we have to refine the argument. On the level of Q,-coefficients we may, by
Galois descent, assume that K contains /—1 — note that the only prime which could
possibly ramify in this quadratic extension has been inverted, and hence we get an
étale extension of rings. By [DwF], Theorem 8.7 and the succeeding remark, we have
surjectivity even for [ = 2.

To conclude, we need to show that the Qy-vector spaces have the right dimension.
Let 7 > 1. By [Jn2], proof of Lemma 1, the dimension of

Héont(spec OK[l/Q]aj)Q

equals the corank of
H_oni(Spec ok [1/2], Qz /Z2(j)) -

By [Sou3], 1.2 and Proposition 2, this corank, for ¢ = 1, equals the rank of the
K—group if and only if

Hgont(spec OK[1/2]5 Q2 /Z2(.7))

is torsion. This in turn follows from [We], Theorem 7.3. O

Finally we want to discuss Soulé’s elements in K-theory with coefficients. Every-
thing is in the setting of simplicial sets and spectra in the usual sense. Generalized
cohomology does not enter. Let ¥ be the sphere spectrum and [” a prime power. By
definition of the Moore spectrum there is a cofibration sequence

IS NG, AL
Recall that for the ring of integers in a number field A
Kn(A,Zi) =im Ky (A, Z /1) = lim (K A My )
The Moore spectrum has a unique product for [ > 2. For [ = 2,7 > 2 there are two
projective systems of regular product structures on M;- ([O], Theorem 2 (a), (b)

and Lemma 5). Together with the product structure on K this defines a product on
K,(A,Z)) for 1 > 2.
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For d > 2, we define R = Z(uq,1/dl). Recall ([Sou2], Lemma 1, [Sou5|, 4.1-4.3)
Soulé’s construction of maps

@ : primitive elements of g — Kopy1(R,Z;) = Kopy1(R) @7 72 .

The original statement is for odd primes [, but using the above 2-adic product the
construction works without any changes for [ = 2. For a primitive d-th root of unity
w, choose some (a,);>1 € lim pgr satisfying af = w. Let (8,)r>1 € lim K5(R, Z/1")
be the projective system of Bott elements with jor(83,) = a, € K;(R). Using the
formalism of norm compatible units developed in [Sou2], one lets ¢;(w) denote the
projective system

(N (1= ) U (BHM), € lim Konan (R, Z/U'Z)

REMARK: It is not clear to the authors whether the 2-adic Soulé elements depend on
the choice of product on the Moore spectrum. By [O] pp. 263-264, the difference
between the two regular products p and p' on Ms- is given by

. . 2 .
Mor A Myr 222089275 g3 A S50 5 53 275 0y,

LEMMA B.4.9. Let ¢ be a root of unity and n > 0. The restriction map from

Hclont (Q(C)a Ql (T’L + 1)) into

H gy (Qru ,€), Qi (1 + 1)) S QL 0/01)
Gal(Q(ui,6)/Q(¢))

= | i (Hlone (QUue .0y pur) © p2") 92, Q
r>1
Gal(Q(p1e=,¢)/Q(¢))

= m (@0 /(@ ) @ 0E") 02,0

r>1
is injective.

Proof. Note that the argument given in the discussion preceding [WilV], Theorem
4.5 is incorrect since the transition maps

H g (Quam, Q12" ) — Hl (Quimss ), 2™
are in general not injective. The kernel of the restriction map is given by
H oy (Qpu=, Q)/QC), Qu(n +1))
Since [Q(u1,¢) : Q(¢)] is prime to [, we have to show that

Hgont (Q(:U‘loc' ) C)/Q(:U‘l ) C)a Zl(n + 1))

is torsion. But the Galois group G of Q(u=,()/Q(u,¢) is isomorphic to Z;, and
hence its first cohomology equals the functor of coinvariants. Our claim follows since
n > 0. O
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ProOPOSITION B.4.10. Let ¢ be a fixed d-th root of unity. The l-adic regulator

Ty K2n+1(R) ®zQ — Hiont(@(“d):@l (TL + 1))

takes ¢;(¢®) to the cyclotomic element in continuous Galois cohomology

> [l—a]l®(@@h)®"

I b
al”=¢ r

(in the description of the last lemma) defined by Soulé and Deligne (cf. [Sou2], page
384, [D5], 3.1, 3.3).

Proof. If | is odd, then this is [Soul], Théorémes 1 and 2. For [ = 2 the same is true
using the properties of the 2-adic regulator (see [We]). O

B.5 ABSOLUTE HODGE COHOMOLOGY

Let B = Spec C or B = SpecR in this section.

In A.1.9 a definition of absolute Hodge cohomology and relative cohomology for
general varieties over C was given. The variant over R was A.2.6.

By A.1.10 resp. A.2.7 absolute Hodge cohomology of smooth varieties is given
functorially by Beilinson’s complexes RT¢» (- /B, n).

LeMMA B.5.1. These form a pseudo-flasque complex of presheaves on the Zariski site
of smooth B-schemes.

Proof. By construction [B1] they form a presheaf on pairs (U,U) where U is a com-
pactification with complement an NC-divisor. (For more details cf. [H1] Prop. 8.3.3.)
Taking the limit over all choices of U we get the desired presheaf. To say it is pseudo-
flasque means that absolute Hodge cohomology has the Mayer-Vietoris property. In
the context of A.1.9 and A.2.6 it is a formal consequence of the existence of triangles
(i.i',id, j.«j*) for open immersions j with closed complement 4. In the context of [B1]
it follows from the Mayer-Vietoris property of De Rham-cohomology and singular
cohomology. O

We now consider the corresponding generalized cohomology.

DEFINITION B.5.2 (2. VERSION). If X is a space over B, then we define absolute
Hodge cohomology by

Hi,(X/B,n)=H.p(X,K(RTgs( - /B,n)) .
If f: Z — X is a morphism of spaces, then we define relative cohomology
Hi, (X rel Z/B,n) = Hix(Cone(f), K(RTqs( - /B,n)) .

LEMMA B.5.3. There is a functorial isomorphism between both definitions of absolute
Hodge cohomology for a smooth variety X. If Y — X is a closed immersion of smooth
schemes, then the same is true for relative cohomology.
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Proof. Lemma B.3.4 and Lemma B.3.6.a). (|

In order to get the same equalities at least for some singular varieties we have
to check a descent property for Hodge modules. For this we need functoriality of
ix1* with values in complexes of Hodge modules rather than objects in the derived
category.

LeMMA B.5.4. Let X/C be smooth and i : Y — X a closed reduced subscheme of
pure codimension 1. Let Y = J;_,Y;. For I C {0,...,n} and M € MHMp(X) let

iV =Y —X
iel
jreUr=X~Jvi —X
=
My Zj]!]‘}‘M € MHMF(X) .
All' Y7 are equipped with the reduced structure. Then i.ijM defines a functor
{subsets of {0,...,n}} — C*(MHMp (X)) .

Proof. As jr is affine both j; and jn map Hodge modules to such. Note that locally
each Y; is given by a function f; on X. The functor i7.i} has an explicit description
for closed subschemes of the type Y; given in the proof of [S2] Prop. 2.19. In fact

Z[*Z;M:—) @ MII—) @ MI/—)M
I'crh|I'|=2 I'crh|r|=1
where the complex sits in degrees less or equal to zero. O

PROPOSITION B.5.5. Let X/C be smooth and i : Y — X a closed subscheme as in
the lemma. Let Y =Yy II---11Y,, and

Y. = cosko(V/Y) SV,
ie.,

V=YV Xy - -xy Y (k + 1 factors) .

Then the functor s.s* defined by the total complex of the cosimplicial complex
(Sn«8k)neN, is isomorphic to i.i*.
Proof. Note that
= JI W
1¢{0,... n}k+1

where Y7 = Y;; .} in the notation of the previous lemma. Let M be in MHMp (X).
By the previous lemma we get indeed a cosimplicial complex hence s,s*M is a well-
defined complex of Hodge modules. Let Y= be the simplicial subscheme given by

<
VS = 11 Y 5y
I=(io<i1 <---<iy)
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By the Hodge module version of the combinatorial Lemma B.6.2, the morphism
$.8*M — s5s<*M is a quasi-isomorphism. By definition ([S2] 2.19)

i*’i*M = M{O,...,n} - M s

and this complex is canonically quasi-isomorphic to the total complex of the constant
cosimplicial complex ¢,i* M. It is easy to see that the natural morphism

Tot i i* M — s=sS*M
is a quasi-isomorphism. O

COROLLARY B.5.6. Let X/B be smooth. Suppose Y — X is an NC-divisor over B
all of whose irreducible components are smooth over B. Then the group H., (Y /B, j)
as defined in A.1.9 resp. A.2.6 is isomorphic to the generalized cohomology group
H{,(Y./B,j) and to the same noted group in [BI].

Proof. The condition on Y ensures that Y, is indeed a smooth simplicial scheme. It
gives rise to a space over B. Cohomological descent for the coefficients as in B.5.5
implies cohomological descent for their global sections in the sense of B.3.5. We can
use Y. as the smooth proper hyper-covering needed in Beilinson’s definition. Equality
to the generalized cohomology version is again B.3.4. O

This is of course cohomological descent for a closed Cech-covering. We have
restricted to this case which is built into the very definition of Hodge modules for
simplicity. There is no reason why there should not be cohomological descent in the
same generality as for constructible sheaves.

LEMMA B.5.7. Let X/B be smooth, and Z C X a closed immersion of an NC-
divisor all of whose irreducible components are smooth over B. Let Z_ be the smooth
simplicial scheme of B.5.5, then there is a canonical isomorphism

Hi,(X rel Z/B,n) = Hi,(X rel Z./B,n)
where we use the original definition on the left and the second on the right.
Proof. This follows by the general method of B.3.6.b) from the descent property that
we have just established. O
REMARK: If we had checked cohomological descent in general, then we would get
B.5.6 for arbitrary varieties and B.5.7 for arbitrary closed immersions.

THEOREM B.5.8. On the site of smooth schemes over B, the presheaves
RT¢»( - /B,n) have the properties of a twisted duality theory. There are regu-
lator maps from K-cohomology to absolute Hodge cohomology

H}\/{(Ya.y) — H%;,(Y/B,_])

for all K—coherent spaces Y. They are compatible with pullback, i.e., if f: Y — Y’
is a map of K—coherent spaces, we get commutative diagrams

. . f* . i

l l

Hi,(Y'/B,j) —— Hi,(V/B,j)
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Ifi: Z — X is a closed immersion of smooth schemes (constant codimension d) with
open complement U and Y, a space constructed form schemes over X as in B.2.18,
then the regulator is compatible with pushout, i.e., the diagram

HYP(Y. xx Z,j—d)  —2—  HY(Y.,))

C]‘_dl lcj'
HIPUY. xx Z/B,j —d) —— HZ,(Y./B,j)

is commutative.

Proof. We use Gillet’s method B.3.7. All axioms of a twisted duality theory hold e.g.
[H1] Ch. 15. Granted this the proof proceeds as in the l-adic case (B.4.6). O

REMARK: Recall ([N], (7.1)) that there is a natural transformation from absolute
Hodge to Deligne cohomology. The composition of the above regulator with this
transformation was already constructed in [Jeu], 2.5.

THEOREM B.5.9 (BOREL). Let K be a number field with ry real and ry pairs of
complex embeddings into C. We consider the ring of integers o as a scheme over 7.
Then the Beilinson regulator

H}Vt (Specog,j) ®o R — H%p ((Specok)r/R, j)

is an isomorphism for all pairs (i,j) # (0,0),(1,1). It is injective of codimension
r1+re—1for (i,7) = (0,0), and injective of codimension one in the case (i,j) = (1,1).

Proof. Note that the cohomological dimension of the category of Hodge structures is
1. The case i = 0 is trivial, and the case (1,1) is Dirichlet’s classical result. In [Bo2],
the claim (and much more) is proved for the Borel regulator instead of the Beilinson
regulator. By [Rp], Corollary 4.2, the two regulators coincide up to a non—vanishing
rational factor. O

B.6 A COMBINATORIAL LEMMA

This section gives a purely combinatorial proof why two conceivable definitions of the
Cech-nerve of a covering are homotopically equivalent. This is well-known at least
for open coverings and Cech-cohomology (and probably in general). But for lack of
finding an appropriate reference we work out the combinatorics here.

Let C'(n) be the following simplicial set:

C(n)k = {17 . '7n}k+1

with the obvious face and degeneracy maps. Let C'(n)< be the simplicial subset of
simplices whose entries are ordered by <. In fact this is the simplicial version of the
n-simplex.

Suppose we are given a covariant functor from the category of subsets of
{1,...,n} to the category of sets. We get simplicial sets by setting

A(n)k = U AI

IeC(n)g

.
Ay = UIeC(n)gAI
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where Ay is the value of our functor on the set I = {io,...,ir}. Note that the elements
of C'(n)y are ordered tuples but the value of Ay does not depend on the ordering.

LEMMA B.6.1. If the functor has constant value A, then both simplicial sets have
the homotopy

A ifi=0,

T (A(n)‘?,*) = {0

else.

Proof. Obviously it is enough to consider the case A = «, i.e., of the simplicial sets
C(n)S — C(n) themselves. Both simplicial sets satisfy the extension condition [M]
1.3 rather trivially. Hence we can use the combinatorial computation of the homotopy
groups given in [M] Def. 3.6. We immediately get the result. O

PROPOSITION B.6.2. For a general functor A the injection A(n)S — A(n) of simpli-
cial sets is a weak homotopy equivalence.

Proof. We filter the simplicial sets C'(n)” by the simplicial subsets F'C(n)’ of sim-
plices in which at most ¢ different integers occur. This induces a filtration of the simpli-
cial sets A(n)”. Let G*A(n)” be the cofibre of the cofibration F~' A(n)? c FiA(n)’.
It consists of simplices in which precisely ¢ different integers occur. We argue by
induction on i for all functors A at the same time. There is a long exact homotopy
sequence attached to the cofibration sequence

Fi=lA(n)" — F'A(n)" — G*A(n)" .

By induction it suffices to show that all cofibres G' A(n)/(G*A(n)<) are weakly equiv-
alent to the final object x. The cofibre decomposes into a union of simplicial sets
corresponding to a different choice of 7 elements in {1,...,n} each. If suffices to
prove acyclicity for one choice e.g for the subset {1,...,i}. Hence we only have to
consider G*A(i)/G*A(i)S. But this last cofibre is isomorphic to G¢B(i)/G*B(i)<
where B is the functor with constant value Ay ;3. For i > 1 it is easy to see that
oG B(i)/G'B(i)S = . By B.6.1 the quotients B(n)/B(n)< are acyclic for all n. Us-
ing the same cofibration sequence as for A and the inductive hypothesis this implies
that all G*B(i)/G'B(i)< are acyclic. O

Note that A could also be a functor to the category of abelian groups or to the
dual of the category of abelian groups.
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1. INTRODUCTION

Let Y be a smooth irreducible projective curve defined over the real number field
R and k£ = R(Y") be the field of R-rational functions on Y. For a point P € Y(R) we
denote the completion of k£ at the point P by kp. The present paper is devoted to the
Hasse principle for the existence of a rational point on principal homogeneous spaces
of a connected linear algebraic group G defined over k. It was Colliot-Thélene who
conjectured ([CT], Conjecture 2.9) that for any such space X the Hasse principle
holds relative to all local fields kp, P € Y (R), i.e. X (k) # 0 iff X(kp) # 0 for
each P € Y(R). Since principal homogeneous spaces of G are in natural one-to-one
correspondence with elements of the set H'(k,G) the latter statement is equivalent
to the following: the natural map of pointed sets

(1) H'(k,G)— ][] H'(kr,G)
PeY (R)
has trivial kernel ([S]).
In [CT] Colliot-Théléne proved the Hasse principle for algebraic k-tori and re-
duced the general case to that of a simple simply connected algebraic group G. The
case of an arbitrary connected k-group G has been studied by Scheiderer ([Schl]).

I The author gratefully acknowledges the support of the Alexander von Humboldt-Stiftung and
SFB 343 “Diskrete Strukturen in der Mathematik” and the hospitality of the University of Bielefeld.
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To prove the Hasse principle he first made an important observation ( which eventu-
ally turned out to be crucial) that local objects kp can be replaced by real closures
ke of k, & € Q, where €, denotes the set of all orderings of k. Indeed, using the
description of orderings of k and the so-called Artin-Lang homomorphism theorem
([Srl], Theorem 3.1) it is easy to show that the condition X (kp) # (0 for each real
point P on Y implies X (k¢) # 0 for each ordering & of k and hence the triviality of
the kernel of (1) follows immediately from the triviality of the kernel of

(2) 0: H'(k,G) — [[ H' (k. G)
§EQ
The question whether 6 is injective makes sense not only for the function fields
of curves but also for an arbitrary field £ and it turned out that 6 is indeed injective
if k has virtual cohomological dimension (ved) at most 1 (recall that function fields
in one variable over R are such). We have even more.

THEOREM 1. (Scheiderer, [Schl]) Let K be any field of virtual cohomological dimen-
sion < 1. Then the Hasse principle holds for any homogeneous K-space X of a
connected linear algebraic K-group G.

Scheiderer’s proof can be divided into two parts. In the first one it is proved
that for X as in the theorem (here G may even be not connected) there exists a
principal homogeneous space Z which is everywhere locally trivial and dominates X.
The strategy of the proof in this part going back to Springer ([S],[Sp]) consists of
replacing X by a homogeneous space which dominates X and has a smaller stabilizer.
It is worth mentioning that in this part most arguments do not use specific properties
of K and so most of them are valid over an arbitrary perfect field.

The second part of Scheiderer’s proof is devoted to the case of a principal ho-
mogeneous space. To treat such a space Scheiderer first constructs a locally constant
sheaf of sets H'(G) on Qx whose stalks are just the sets H' (K¢, G). Then he shows
that there exists a natural bijection between the set of global sections of H!(G) and
HY(K,G). As a whole the proof in this part is quite complicated. It is based on using
étale machinery and, in particular, strongly relies on results of the book [Sch2].

The aim of this paper is to provide a simpler and shorter self-contained proof
which is based only on the Bruhat decomposition in semisimple algebraic groups and
the so-called strong approximation property (SAP) of fields (see §3). We show that
in fact the Hasse principle follows immediately modulo two facts. Informally speaking
one of them says that the kernel of the natural map H*(K,T) — H'(K,G), where
G is an (absolutely) simple simply connected linear K-group and T is a K-torus
splitting over K (y/—1), can be parametrized by “good” rational functions (see §2)
and the other says that any field of virtual cohomological dimension < 1 is an SAP
field.

Acknowledgment. The author is grateful to J.-P. Serre and the referee for
remarks that helped to improve the initial exposition.

2. ALGEBRAIC GROUPS SPLITTING OVER QUADRATIC EXTENSIONS

Throughout the section K denotes an arbitrary field of characteristic 0. Let G
be an (absolutely) simple simply connected algebraic group of rank n defined over K
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HASSE PRINCIPLE FOR PRINCIPAL HOMOGENEOUS SPACES 137

and splitting over quadratic extension L = K (v/d). Let

©=Gal(L/K)= (t|m*=1).
Consider a Borel L-subgroup B such that 7= B N 7(B) is a maximal torus which
will be assumed for simplicity to be K-anisotropic. Since T is splitting over L, one

has
T~ Ry (Gp) x . X RY) e (Gr).

To prove the Hasse principle we need to describe Ker[H'(©,T(L)) —
H'(0,G(L))]. This description can be easily extracted from [Ch]. However this
paper is written in Russian and the translation made by the AMS is unreadable and
contains a lot of misprints. So for the sake of expository completeness and the reader’s
convenience we include here details.

First recall some basic facts about the structure of the group G(L) (for details
see [Stl]). Let ¥ = R(T,G) be the root system of G relative to T. The Borel
subgroup B determines an ordering on the set ¥ and hence a system of simple roots
O={ai,...,apn}. If a => n;a; € £7, then the number ht(a) = > n; is called the
height of . If {X,, a0 € £;H,,,...,H,, }is a Chevalley basis of the Lie algebra of G,
then G(L) is generated by the corresponding root subgroups G, = (z1.(t) | t € L),
where

[ee]
zo(t) =D _t"X7 /n!
n=0

and the torus T is generated by T, = T NG, = (ha(t)), where ho(t) =
Wa (Hwa (1)L and wy (t) = o ()T _o(—t 1) 2o (t).

Furthermore, since G is simply connected the following relations hold in G (cf.
[St1], Lemma 28 b), Lemma 20 ¢), Lemma 15):

A) T = (ha,(t1)) X -+ X (hq, (t,)) and for & € ¥ we have

(3) ha(t) = [[ ha; ()™,  where Hy =Y niH,,;

=1 =1
B) For a, € X let (B,a) =2(8,a)/(a,a). Then we have
(4) ha ()25 (Wha (t) " = 25(t )

C) For all u,v € L such that 1+ uv # 0 we have

(5) T_o()a(v) = 20 (W1 +uv) " ho (1 + uv) oo (u(l + uv)™h)

D) Forall a,8 € X, B8 # —a, we have

(6) Ta ()2 za®) 2p) !t = [ Biarjs(cijvud)

i,j>0
where the product on the right hand side is taken over all roots of the form ia + j3
and the ¢; ; are integers which depend on «, 8 and on the chosen ordering of the roots
but do not depend on v and u.
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Since T is K-defined, 7 acts on the root system ¥. More exactly, for any a €
Y the character a + 7(«) is K-defined and hence is zero, i.e. 7(a) = —a, since,
by assumption, T is K-anisotropic. It follows that there exists ¢, € L* such that
7(X4) = ca X _4; in particular, the subgroup G is K-defined.

The constants ¢, actually lie in K and c_, = ¢;'. Indeed, for rank one groups,
i.e. of the form SL (1, D), where D is a quaternion K-algebra, this fact can be verified
directly. The general case easily reduces to the rank one case since G, is a simple
simply connected K-group of rank 1. Thus, we have

LEMMA 1. There ezists constant co, € K* such that for any u € L one has (x4 (u)) =

T_o(cat(u)). Moreover, G, ~ SL(1,D), where D is a quaternion algebra over K of
the form D = (d, c,).

PRrROOF: Straightforward computations. O

LEMMA 2. The positive roots X = {B1,...,Bm} can be ordered in such a way that
the following two properties hold:

1) for any pair of roots B3;, B;, for which i < j and 8; + B; = Br € T, the root By, is
between f3; and fB;, i.e. i <k < j;

2) if ¥ is a root system of type either As,_1 or D, or Eg and o is the outer au-
tomorphism of ¥ induced by the non-trivial automorphism of order 2 (resp. 3) of
the corresponding Dynkin diagram, then for any root 8; € ©F the roots 3; and o(3;)
(resp. Bi, 0(Bi), 0%(B;)) are neighbours.

PROOF. a) Let ¥ = {¢; —¢; | 1 <14 # j < 2n} be a root system of type As,_1. Let
Q) = E1—£€9,. .. ,Qap—1 = Eap—1—E2, be a basis of ¥ and Xy be the subsystem generated
by the roots as, . .. ,aa,_». By induction, we can pick an ordering ¥ = {f1,... , B}
with the required properties. Let v = a1+ - -+a2,—1. We number the remaining roots
ST\ {ST U~} = {Brs1,--- ,Bm_1} in the order of decreasing height. If 8; denotes
the last root among {fBy+1,...,08m—1} such that ht (3;) > n, then the ordering

EJF = {ﬂla"' 7ﬂk7 ﬂkJrla-" 7ﬂia v, ﬂiJrla-" 7ﬂm71}

is as required.

b) ¥ is a root system of type Aap, Bn, Cn, Dy, E7. It follows from the description
of root systems of these types that there exists a subsystem ¥; generated by n — 1
simple roots, say ai,... ,a,_1, such that any root 3 € £+ \ I can be written as a
sum B =miaqg + - +mp_1ap_1 +a,. If ¥ is of type D,, and |o| = 2, we may assume
in addition that the set {ay,...,a,_1} is stable under o. The root system ¥; has
rank n — 1 and so by induction, there exists an ordering of the required type on the
set 7 = {B1,...,Br}. We number the remaining roots ¥\ &7 = {Bry1,...,Om}
in the order of decreasing height. Then the ordering {81, ..., } is as required.

c) X is a root system of type Eg, Es, Fy,G>. Here one can argue as in case a).
Namely, there exists a subsystem ¥; generated by simple roots a;, . .. , a,—1 such that
any root 8 € ¥7\ ET is of the form 8 = mia; +---+my,_ 10,1 + o, except for the
maximal root & and & is of the form & = mya;+- - -+mp_10,—1 +2a,. Let b = ht (&).
Again, applying induction we can find an ordering £} = {3, ..., B} with the desired
properties and then we number the roots ¥+ \ {£} Ua} = {Brs1,... ,Bm_1} in the
order of decreasing height. If ¥ has type Eg, we may assume in addition that 8 and
a(B) are neighbours for all 3 € £*. Let 3; be the last root among {Bk+1,-. ,Bm_1}

DOCUMENTA MATHEMATICA 3 (1998) 135-148



HASSE PRINCIPLE FOR PRINCIPAL HOMOGENEOUS SPACES 139

such that ht (8;) > b/2. We claim that the ordering

E+ = {ﬂla"' 7/6](2) ﬂk+17-" aﬂia da ﬂi+17-" 7ﬂm71}

has the desired properties. Indeed, if 3; = B+, where s < tand j € {k+1,... ,m—
1}, then clearly 3, belongs to X7. It follows that B; lies between (3, and B, since
ht (B;) > ht (8s),ht (B;). Now let @ = 85 + B¢, s <t,. Thens,t € {k+1,...,m—1}
and ht (85) > b/2, ht (8;) < b/2 (we use the fact that ht(&) is odd ), implying & is
also between (3, and ;.

d) ¥ has type Dy and |o| = 3. Let ay,...,a4 be simple roots such that o
permutes ag, asz, as. Then the required ordering is as follows: first we place as, then
all roots of the height 2, then the maximal root and then the roots of heights 3, 4, 1
respectively. O

COROLLARY 1. Let 3;, B;, j < ¢, be any two positive roots. Then for any positive root
Bk of the form By, =rB; —1B;, r,1 > 0, one has k < j. Analogously, for any negative
root of the form —pB, =rB; —15;, r,1 > 0, one has k > i.

PRrROOF. We distinguish three cases.

a) (Bi,Bj)o N L has type A>. Then r = =1 and hence if 8, = 3; — §; is a
positive root then 8, + 8; = B;, implying k < j < 4. Analogously, if 5; — 8; = — 0k
then we have 7 < i < k.

b) (Bi,Bj)o N T has type By. Then either r =l =1orr=1andl=2orr =2
and [ = 1. The case r =1 = 1 was already handled in part a). Now let 8, = 3; —24;.
Then B; — 8; = (s is also a positive root implying s < j. Futhermore, 8 = 8s — 3;
and s < j < i. So again we have k < s < j. The remaining cases can be handled in a
similar way.

c) (B, Bi)oN T has type G». Here the proof is similar to that of case b) and we
omit it. O

PROPOSITION 1. Fiz an order in ©1 as in Lemma 2. Then the regular map

w: Gl x MM — @, (t1, - by Uy ooy Uy, Uty e e e, Upy) —
n
T ha: () 2, (wi)zs, (v1) - 2, (um) 3, (vm)
i=1
is birational over L.
REMARK 1. This statement is also true in positive characteristic. There is the only

place which require additional work: one need additionally to check that w is a sepa-
rable map.

PROOF. Both sides have the same dimension and hence it suffices to prove the injec-
tivity of w on some Zariski open subset, since char K = 0.

First we show that for any integer 7 and any parameters uy, ... ,u; and vy,... ,v;
from some Zariski open subset the element

Ai =z, (u)zp, (1) -2 p; (ui) g, (v:)
of the group G can be written in the form

m

Ai = H hay (i) H z—g,(r;) 1:[ g, (s5) x5, (vi),

k=1 j=
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where fi, r;, s; are rational functions depending on wy,... ,u;, vi,... ,Vi—1.
If i = 1 there is nothing to prove. By induction, we may write A;_; in the form
n m i—2
I oo (Fe) TT 25, r) TT 5 (5) e, (i ).
k=1 j=1 j=1

To write A; = A;_1 x_p,(u;) zg; (v;) in the same form we have to transpose z_g, (u;)
with each factor in the product H;jl xp,(sj) x,_, (vi—1). By (6) and by Corollary 1,
every time doing so we obtain additional factors zg, () or z_g, (), where s < i—1in the
first case and s > 7 in the second case. Collecting together all these factors correspond-
. . . i-2 .

ing to negative roots we can write the element [[;_) @g, (s;) zg,_, (vi—1) 2—p, (u;) in

the form
m i—1

n
1T Po: (7)) T 25, ) 11 265 G9)
k=1 j=1 j=1
and so our claim follows.
Now we are ready to prove the injectivity of w. Suppose that

(7) w(tla"' atna ULy o yUm, U1y - 7Um) :w(ila"' 7tn7ﬂ17"' ﬂjm)

From the above argument and the Bruhat decomposition we get immediately v, =
Om- To show that w,;, = Uy, we use (4), (5). Namely, it follows from (4), (5) that the
left hand side of (7) may be written in the form

[T ha:(fi) [z, (s1) 26, (r1)] -+ (23,1 (Sm1) 23,y (Pra1)]

i=1

6y [Vm (1 + umvm)] g, [ (1 + umvm) 7',
where fi1,..., fn, S1,-+- ,Sm—1, T'1,--- ,"m—1 are rational functions. Rewriting the
right hand side of (7) in the same form we conclude that

U (1 4 U 0) ™" = G (1 + G Opm) ™",
hence umm = Gp,. After cancelling the factor z_g,, (um)x3,, (vm) in (7) the same
argument shows that v,,_1 = Up,—1, Um—1 = Uy,—1 and so on. O
Now we are in position to formulate the main result of the section.

THEOREM 2. Let g € G(L) be such that g~ € T(L). Then there exist quaternion
algebras D1, ... ,Dy, over K and elements wy,... ,wy, € K which are reduced norm
of Dy, ... ,D,, respectively and elements t1,... ,t, € L such that

n m
9" 7 = [ hes (tir(t0)) [ ] Ps: (wi)
i=1 i=1
Proor. If g7 € T(L), then for any z € G(K) one has ¢!~ ™ = (gz)!~". Since
G(K) is Zariski dense in G, we may always assume that our element g is in “generic”

position by which we mean point in some Zariski open subset U C G which can be
easily specified from the argument. So let

9= H ha,; (ti) T—p, (w1)zp, (V1) - 2, (Um)Ts,, (Vm)
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n

where t;, u;, v; € L. Denote t = [[,_, hq,(t;) and g; = z_g, (u;)zs, (vi), i =1,... ,m.
Let also ¢ = ¢'~7, so that

(8) t'gl"'gm:tl'T(t)'T(gl)"'T(gm)

By Lemma 1, we have 7(g;) € Gg,. Then applying Proposition 1 we conclude that
gm and 7(gm) coincide modulo Tp,, (L) = T(L) N Gp,, and so the element g7~ ' is
of the form hg,, (wy,) for some parameter w,,. We claim that w,, € K and it is a
reduced norm of the quaternion K-algebra D, = (d,dg,,), where dg,, = cg,,. Indeed,
by construction the cocycle (g7, t) € Z1(0,Tp,, (L)) is trivial in Z1(©,Gg,, (L)) and
by Lemma 1, Gg,, ~ SL(1, Dy,), hence our claim follows.

Substituting 7(gm) = hg,, (W) - g in (8) and cancelling g, we have then

togigmo1 =t 7(t) g, (W) - [, (Wm) " T(91) N, (Win)] -+
-+ [hg,, (wm)_lT(gm—l)hﬁm (wm)]
Applying again Proposition 1 and arguing analogously we have
[h3,,, (wm)ilT(gmfl)hﬁm (wm)] = hg,  (Wm-1) - gm—1

for some parameter w,,—_1, which is again a reduced norm of the quaternion K-algebra
D1 =(d,ds,, _,), where

dﬁm—1 = cﬁm—leS’L ot

To see it, let Gm—1 = hg,, (W) 17(gm-1)hgs,, (Wm). Using (4) we have
Gm—1 = 2, (g, w10 (um)) - 25, (€5, w77 (0m)).

It follows that (hs,, ,(Wm_1)) = (Gm_1- 9.~ ) can be viewed as a trivial cocycle in
an K-group of rank 1 whose K-structure, i.e. action of 7, is given by the constant
dg,,_,. This fact combined with Lemma 1 implies w,,—1 is a reduced norm of Dy,_,
as claimed, and so on. Theorem 2 is proved. O

In § 4 we will also deal with a simple simply connected algebraic K-group G which
is quasi-split over a quadratic extension L/K and for such a group we also need to
describe elements of the form ¢!~ € T'(L), where g € G(L).

Clearly, K-groups of type 2As, split over a quadratic extension of K. Since this
case has been already handled, we may assume that G is an outer form of type not
Asp. As above, let B be an L-Borel subgroup B of G such that T = BN 7(B) is a
maximal K-anisotropic torus.

Let F// K be the minimal extension over which G is an inner form and let E = F-L.
Let 7 and o be non-trivial automorphisms of E/K such that 7|r = 1 and 0|, = 1
respectively. In the case 5D, by ¢ we denote any automorphism of order 3.

Clearly, o induces an outer automorphism of the root system ¥ = R (T, G) which
will be denoted by the same letter. Let A = {71,...,7vs} C ¥ (resp. A’) be a set
of representatives of all orbits of o in ©T (resp. in I1). We divide A into two parts:
A ={vieA|o(y) =v}and As = A\ Ay, Let also A} = A'NA;, i =1,2. For
vi € A1 (resp. As) we denote by H; the subgroup in G generated by G, (resp.
G%., Gg(%) and ng(,yi), if |U| = 3)

LEMMA 3. H; is a simple simply connected K -group of type Ay (resp. Ay X Ay or
Ay x Ay X Ay ) if vi € Ay (resp. v € Ay and o] =2 or |o] =3 ).
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Proor. It suffices to note that 7 acts on ¥ as either —1, if ¥ has type Dy, or —o
otherwise, since it permutes positive and negative roots. Moreover, the combination

Bi £ 0(B;) is not a root, hence G, and G,(,,) commute. O
THEOREM 3. Let g € G(L) be such that g~ € T(L). Then there exist quaternion
algebras D+, ... ,D, and elements wy, ... ,ws which are reduced norm of Dq,... ,D;
respectively and elements ty,... ,t, such that:

1) If ¥ is not of type >°Dy, then
977 =TI Paitr(t) TI Ba:(tir(ti)ho(an [o(t:) (m 0 0)(:)]:

OziEAll aiGA’Z
IT Aviwi) T s (i) o (o (wi))
vi€AL vi€A2

2) If ¥ is of type >°Dy, then

9" =TI ha:tir(ti)hotanlot) (T 0 0)(t)]ho2 (a0 (1) (7 0 02) (13)]
o; EAL

IT heuter) T Aoswd TT o 0oty (@) hos o (0 (w0)
o EAY vi €A1 Vi €Az
Here D; is over K (resp. over F') and w; € K (resp. F), if v € Ay (resp. vi € Ay ),
and t; € L (resp. E), if a; € A} (resp. a; € A}y).

PROOF. As in the L-split case first we may assume that g is in “generic” position
and so by property 2 in Lemma 2 and by Proposition 1, it can be written in the
form g = tg;---gs, wheret € T, g; € H;, i = 1,...,s. Then the rest of the proof
works exactly as in the L-split case, since by Lemma 3 all subgroups H; are of the
form Rk (SL(1, D)), where D is a quaternion algebra over K’ and K' is either F
or K. O

3. SOME COHOMOLOGICAL COMPUTATIONS

From now on we assume that ved (K) < 1 and we let L = K(v/—1). We also
assume that the set Qg of all orderings on K is non-empty; this means, in particular,
that char K’ = 0. Recall ([Srl]) that there is a canonical topology on Qg under which
Q is compact and totally disconnected.

REMARK 2. If Qg = 0, then —1 is a sum of squares in K and so cd(K) =
cd (K (v/—1)) <1 ([S], Ch. 2, Prop. 10"). Therefore, if Qx = @, then by Steinberg’s
theorem ([St2]) one has H'(K,G) = 1 for any connected linear algebraic K-group
G.

To reduce the proof of the Hasse principle to the case of simply connected
semisimple groups we need two auxiliary cohomological statements (Propositions 2
and 4 below) which are very particular cases of the general Theorem 12.13 in [Sch2].
Since we do not need to consider such a generality as in [Sch2] we include here the

straightforward proofs of these statements. o
Let A be a discrete I'-module, where I' = Gal (K /K), and let

i H(K,A) = [ H (K, A)
£eQk
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be the canonical map induced by resg,. We want to describe Kerp;, i > 2, and
Im ;. To do so first remind that there is not a canonical way of choosing a real
closure of K at ¢ € Q. If K¢ and K é are two real closures of K at &, then by the
theorem of Artin-Schreier ([Srl] Ch. 3, Theorem 2.1) there is a unique K-isomorphism
K¢ ~ Ké, hence there is an element g € T' such that greg™! = Té, where 7¢ (resp.
7¢) is the involution (= element of order 2) in I' corresponding to K¢ (resp. K{) (in
other words, there is a natural one-to-one correspondence between points of the set
Qk and conjugacy classes of involutions in T').

The element g induces a natural map \; , : H' (K¢, A) — Hi(Ké,A) and obvi-
ously we have resg; = Aigy oresg,. It follows that the question on whether ¢; is
injective does not depend on a choice of real closures K¢, £ € Q.

Clearly, any cocycle from Z'(K¢, A) is determined by the single element a € A
such that ar¢(a) = 1. We will say that an element {a¢}ccar € [lecq, H' (K¢, A) is
locally constant if there are a decomposition Qg = Uy U ... U U; into disjoint clopen
(= open and closed) sets and elements {a,...,a;} of A for which the following
condition holds: for any £ € U; there are a cocycle c¢ representing ag and g¢ € I' such
that the cocycle A; g, (c¢) is determined by a;. Analogously, for any 7 > 1 one defines
the subset of elements in [].q, H(K¢, A) which are locally constant. We denote

) le .
this subset by (HEGQK H’(Kg,A)) . Since for any ¢ € H*(K, A) the element ;()
is locally constant we denote by the same letter the canonical map

le

pi: H(K,A) — | [[ H(Ke, )| c [[ H(Ke, A)
£EQK £eQk

PROPOSITION 2. If A is a finite discrete T'-module, then the maps p; are injective for
all integers © > 2.

PROOF. Since H!(L,A) = 1,4 > 2, the “res-cores” argument shows that H!(K, A)
has exponent 2. So replacing A, if necessary, by its 2-Sylow subgroup we may assume
that A is a 2-group. First examine the case A = Z /2Z.

LEMMA 4. Let A =17/27. Then p; is surjective if i > 1 and injective if i > 2.

PRrOOF. Recall ([L], §17) that a field F is said to be an SAP field (strong approxima-
tion property) if for any two disjoint closed subsets A, B C Qp there exists an element
f € F such that f is positive at all orderings in A, but negative at all orderings in B.
We need

ProPOSITION 3. ([L], Theorem 17.9) If ved (K) < 1, then K is a SAP field.

Surjectivity of @i, i > 1. In view of the periodicity of H'(K¢,Z/27) it suffices to
consider the cases i = 1,2. If i = 1 then H*(K,Z/27Z) = K*/K*?, hence the sur-
jectivity of ¢ follows immediately from Proposition 3. Furthermore, any element
from H?(K,Z/27) splits over L and so can be represented by a quaternion algebra
having L as a maximal subfield. Then clearly, the surjectivity of o again follows
from Proposition 3.

Ingectivity of ¢;, i > 2. The proof is similar to that of [B-P], Lemma 2.3. Namely,
by Arason’s theorem ([A1], Satz 3), local triviality of ( € H'(K,Z /27) implies that
CU(=1)" = 0 for some integer r, where U denotes the cup product. On the other
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hand from the exact sequence

Hi(L,7./22) <% Hi(K,7./27) "2 BV (K,7./22) ' HIV (L, 7./27)

([A2], Corollary 4.6 ) and from the equalities
HY(L,7/27) = HTY(L,Z/27) =1, i>2

we conclude that the product U(—1) is an isomorphism. Therefore, {( = 1, as required.
Lemma 4 is proved. O

We come back to an arbitrary finite 2-primary module A. Let I'y be a Sylow
2-subgroup of I'. Since the restriction map H!(K, A) — H!(T's, A) is injective, after
replacing ' by I's; we may assume that I' is a pro-2-group. But for such a group any
irreducible module is isomorphic to Z/2Z ([S], §4, Proposition 20). Therefore there
exists a submodule A’ C A such that A/A" = Z/2Z. It induces the commutative
diagram

Hi(K,7./27) — Hi+ (K, A" —
2 2

£EQK §EQK

le lc
( IT Hi(KE,Z/QZ)> — ( IT Hi+1(K£,A’)> —

Hi+L(K, A) — H+Y(K,7./27)
2 2

le le
II I{HJ(B%aA) — II }{HJ(B%’Z/QZ)
£eQx £EQK

By what has been proved above, 61 (resp. 64) is surjective (resp. injective) and by
induction, 65 is injective. It follows that €3 is injective as well. Proposition 2 is
proved. O

PROPOSITION 4. If A is a finite discrete I'-module, then 1 is surjective.

PROOF. Since ¢;, ¢ > 2, are injective, one can easily verify that if the statement
holds both for a submodule A" C A and the quotient A/A’, then it also holds for A.
So we may assume, if necessary, that A is irreducible. It suffices to prove that for a
given £ € Qk and an element a € A for which ar¢(a) = 1 there exist a small clopen
neighbourhood U C Qx of ¢ and a cocycle ¢ € Z!(K, A) such that for a proper real
closure K¢ of K at £’ the cocycle resk,, (¢) is determined by the element a if ¢’ € U,
and is trivial otherwise.
We need the following simple property of orderings of K (see [Srl]):

if F/K is an extension of odd degree then for any ordering £ € Qx there is an exten-
sion of & to F'; moreover, the restriction map ¢ : Qp — Qi is a local homeomorphism.

Let E be a finite Galois extension of K over which A is a trivial module and let
F C E be the subfield corresponding to a Sylow 2-subgroup of Gal (E/K). Denote
A = Gal(K/F). Let ¢~ (&) = {&,...,&} C Qp, where, as above, ¢ : Qp — Qg is
the restriction map.
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By construction, ¢(&;) = £. So we can pick a small clopen neighbourhood U C Qg
of £ and disjoint small clopen neighbourhoods U; C Qp of &,i =1,...,t, such that
the restriction map ¢|y, : U; — U is a homeomorphism and ¢~} (U) = U; U... U U;.
Taking smaller neighbourhoods, if necessary, one can additionally assume that for
any &' € Uy there is an involution 7¢ € A corresponding to £ for which the following
property holds:

if g € T\ A be such that 7r = g7 g7' € A then the point of Qp
9) corresponding to the involution 7¢ does not lie in Uy.

Indeed, let In C A be a subset of involutions and 7 € Ia be an involution
which corresponds to &;. Assume the contrary. Since Ia, I' are compact and totally
disconnected there exist then in A a sequence of involutions (7,72, .. .) converging to
7 and a converging sequence of elements (gi, ga,...) in T\ A such that g; 7; g; * € A.
Letting ¢ = limg;, one has ¢ € T'\A and 7 = g7¢g~' € A. But by assumption,
the point & of Qp corresponding to 7' lies in U; and ¢(¢') = . This means that
& = &, hence there is § € A such that 7/ = 7!, implying ¢! 6 lies in the
centralizer Cr (7). But every involution in I' is self-centralizing, i.e. Cr(7) = (1), a
contradiction.

The map ¢ is clearly surjective for the field F, since A can be viewed
as Gal(E/F)-module and Gal(E/F) is a 2-group, implying that any irreducible
Gal (E/F)-module is of the form Z/2Z. Therefore, we can pick ¢' € Z'(F, A) such
that for proper real closures the cocycle resg,, (') is determined by the element a if
¢ € Uy and is trivial otherwise. We claim that the cocycle ¢ = cor £ (¢') has the
same property. To verify it we need

PrOPOSITION 5. ([Br], Ch. III, Proposition 9.5) Let A be a I'-module and © C A C
T be subgroups. If [T : A] < oo and z € H*(A, A) then we have

-1
res ocory (2) = Z corgmgAg_l o l“engAﬁggAg_1 (9(2)),
geEA

where A is a set of representatives of double cosets © g A and
G:H*(AA) —» H*(gAg™ ', A)
is the natural map induced by pair (int(g~1), g).
To prove our claim first take n € U. Let & = ¢~'(n) NU; and let 7 € A be

an involution corresponding to ¢’ and satisfying (9). Then applying Proposition 5 we
have

resic,, (C) = Dres (o (9(C)) = Yo reshig, aal¢) = res,(()

where ©¢ = (7¢/), hence resk,, (() is defined by a. Analogously, one shows that
resg, (¢) is trivial if n ¢ U. Proposition 4 is proved. O

COROLLARY 2. Let A be a commutative connected linear algebraic K-group. Then
(P2 18 injective.

PRrROOF. One has HY(L,A) = 1,i > 1. So H (K, A) has exponent 2 and hence the
map HY (K, 2A) — H'(K,A) is surjective, where »A consists of all elements of A
killed by 2. By Proposition 4, it gives the surjectivity of ¢; for A. Then the result
follows from the injectivity of o for o A. O
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COROLLARY 3. The Hasse principle holds for algebraic K -tori.

ProOF. Let T be a K-torus. There exists K-quasi-split torus S and its connected
K-subtorus H such that 7= S/H. Then the commutative diagram

HY(K,S) =1 —  HY(K,T) —  H*K,H)

o P B
H Hl(K&S):l — H HI(K&T) — H H2(K§7H)
£EQK £EQK EEQK

shows that the injectivity of 85 follows from that of 5. O

4. THE HASSE PRINCIPLE FOR PRINCIPAL HOMOGENEOUS SPACES

Let us keep the notations of §3. In particular, we assume that K is a field with
ved(K) < 1, L = K(v/—1) and Qg # 0. Let also 7 be the non-trivial element of
Gal (L/K). Using the results of the previous sections we may produce a simple proof
of the triviality of the kernel of (2).

a) Let G' be a connected linear algebraic K-group, Z < G’ be a finite central
K-subgroup and let G = G'/Z.

LEMMA 5. If the Hasse principle holds for G’ then it also holds for G.

ProOF. Consider the commutative diagram

HYK,Z) —  HYK,G') —  HYK,G) 2%

I 2 |6
[1 H(Ke,2) — T[] H'(K,G) — ] H(K.,G) 22
£eQk £eQk £eQx
RaI H*(K,Z)

|
H H? (K§7 Z)
§EQK
By assumption and by Proposition 2, the maps 65, 64 are injective. Then from the
above diagram and from Proposition 4 we have Kerf3 = 1. O

b) Reduction to semisimple groups. Since unipotent K-groups have trivial co-
homology we may assume without loss of generality that G is reductive. Then
G = T - H is an almost direct product of the central torus 7" and the semisimple
group H = [G,G]. Let G' = T x H. Clearly, the kernel of the natural morphism
G' — @ is finite and by induction and by Corollary 3, the Hasse principle holds for
H and T'. So by Lemma 5, it holds for G as well.

c¢) Reduction to simple simply connected groups. One can again apply Lemma 5
to a simply connected covering G’ of G.

d) Let G be an (absolutely) simple simply connected K-group. By Stein-
berg’s theorem ([St2]), G has a Borel subgroup B over L. We may assume
that T = B N 7(B) is a maximal K-torus of G. Since H!(L,G) = 1, the
map H'(L/K,G(L)) - H'(K,QG) is surjective. By Lemma 6.28 [PI-R], the map
H'(L/K,T(L)) - H'(L/K,G(L)) is surjective as well, hence any class [(] €
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H'(K,G) can be represented by a cocycle ¢! € Z'(L/K,T(L)). Let S be a max-
imal K-split subtorus of T'.

First let S # 1. Then Cg(S) is a proper connected subgroup of G. Since Cg(S)
is a reductive part of some parabolic K-subgroup, one has Ker (H'(E,Cg(S)) —
H'(E,@)) = 1 for any extension E/K ([Pr-R], Lemma 5.1). So if in addition
¢ € Ker#, then for each £ € Qg the element resg, (¢') is trivial as an element of
H'(K¢,C(S)), hence the claim follows by induction.

e)S=1,i.e T isaK-anisotropic torus. By Steinberg’s theorem, G is either split
or quasi-split over L. We examine the L-splitting case only, since the L-quasi-splitting
case can be handled analogously. Identify Z!(©,T (L)) with (K*)™. Arguing as in d)
we get that any element from Ker 6 can be represented by a cocycle ¢ € Z1(©,T(L)).
We claim that there exist a maximal K-torus 7" C G isomorphic to T' over K and a
cocycle ' € Z1(0©,T'(L)) equivalent to ¢ in Z!'(0©,G(L)) such that (' is everywhere
locally positive. By Corollary 3, the last would mean that ¢’ is trivial as an element
of H(©,T'(L)), hence ( is trivial in H'(©,G (L)) as well.

To show it, we proceed as in Theorem 2. Namely, we construct inductively
quaternion algebras Dy,...,D,, over K and elements g; € Gpg,(L) such that for
g = g1+ gm the element ¢g'~" € T(L) and the components of the cocycles (g'~7)
and ¢ everywhere locally have the same signs.

As in Theorem 2, we begin with D,, = (—1,dpg,,), where dg,, = cg,,. For £ € Qg
let g¢ € G(K¢) be such that ¢ = (gé_T) (note that T is still anisotropic over K¢ ).
We may assume that g¢ is in “generic” position and so we may write g¢ as a product
e =te e - geom, where te €T, ge s € Ggi=1,...,m.

We have already known that 7(ge.m) = hg,, (We,m) ge,m for some parameter
wem € K¢ By virtue of the facts that our field K has the property SAP and
the Hasse principle holds for groups of type 4; ([B-P], [Sch1]) we can pick w,, € K,
which has everywhere locally the same sign as wg o, and gm € Gg,, (L) such that
hg,, (Wm) = gy 7

Next consider the quaternion K-algebra D,,_1 = (—1,dg,, ,), where

dg,,_, = cﬁmflwrgﬁm_lﬁm)'

Let we,m—1 € K¢ be such that hg, _, (wem—1) hg,, (We,m) = (9e,m—1 ge,m)' " Again
we can pick wy,—1 € K such that for all { € Qg the elements w,,—1 and wg n,—1 have
the same sign. By construction, the equation hg,, ,(wWm—1)hg,, (W) = (T gm)' ™7,
where x € G, , (L), has solution everywhere locally, so it has solution ¢,,_1 globally,
and so on.

Thus, there exists g € G(L) such that the components of both cocycles (g7(g7!))

and (¢ have the same signs in K¢ for each £ € Qg. To complete the proof of the

theorem it remains to notice that the cocycle (' = 7(g) (g is equivalent to ( in
ZY(©,G(L)), takes values in the K-defined and L-splitting torus T = 7(g) *T'1(g)
and (' is everywhere locally positive. O

REMARK 3. The same argument shows that 6 is still injective if we replace Qg by a
dense set of orderings.
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INTRODUCTION

In 1930 Ramsey published his paper On a problem in formal logic [12]. He established
a result, nowadays known as Ramsey’s Theorem:

Let k and r be positive integers. Then for every r-coloring of the k-element
subsets of w there exists an infinite subset S C w such that all k-element
subsets of S are colored the same.

Already in 1927 van der Waerden published his theorem on arithmetic progressions
[15]. He proved that for every coloring of the natural numbers with finitely many
colors there exists a monochromatic arithmetic progression of given length. Van der
Waerden’s result can be seen in the context of Schur’s investigations [14] on the
distribution of quadratic residues and nonresidues. Schur knew about the existence
of monochromatic solutions of  + y = z. He worked on such problems in order to
resolve Fermat’s conjecture, which was proved by Wiles in 1994.

The above mentioned work of Ramsey [12] and van der Waerden [15] gave rise to
the part of discrete mathematics, known as Ramsey Theory or Partition Theory. An
important contribution was made by Rado [10] in 1933. Working on his dissertation,
supervised by Schur, he was able to prove a common generalization of Schur’s and
van der Waerden’s results by introducing the concept of reqularity: A system of linear
equations A% = 0 is called regular over a ring R if it has monochromatic solutions
for every coloring of R with finitely many colors. In his Studien zur Kombinatorik
(1933) [10] Rado gave a complete characterization of all regular systems of linear
equations over the rational numbers. The property Rado used in order to describe
regular systems of linear equations is an syntactical property of the matrix. It is

LFor this work, the author has been awarded with the Richard-Rado-Preis 1998, which is granted
every two years for outstanding dissertations in discrete mathematics by the Fachgruppe Diskrete
Mathematik of the Deutsche Mathematiker-Vereinigung.
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characterized by certain linear dependences of the columns of the matrix A and is
called column property.

It is possible to generalize the concept of regularity to systems of linear inequalities.
We call a system of linear inequalities AZ < 0 partition regular if for every coloring of
the natural numbers with finitely many colors there exists a monochromatic solution
of AZ < 0. Rado considered systems of linear inequalities only incidentally. He stated
the following proposition which is easy to prove:

Let the system 2?21 a;jzj = 0, 1 < i < m be partition regular and
assume that the following system of inequalities has a solution in the
natural numbers:

n
=0 for 1<i<my,
(*) ,Zla”x]{ >0 for my <i<m.
J:
Then also (x) is partition regular.

Of course this observation is far away from being a characterization of partition regular
systems of inequalities but it can be taken as a starting point for our investigations.

The characterization of all partition regular systems of linear inequalities is a central
goal of this paper. In the first chapter we define a generalized column property called
cpi, which can be used to characterize partition regular systems of linear inequalities.
It is an interesting feature of Rado’s proof that the linear system AF = 0 is already
regular if there exists a monochromatic solution with respect to one (number theoretic)
type of coloring. Systems of inequalities let things tend to be more difficult.

Several years after finishing his Studien zur Kombinatorik, Rado [11] considered
systems of linear equations with coefficients in R and he also extended the set of
partitioned numbers to the field of real numbers. It turned out that it is possible
to carry over the previous results from the natural numbers to the reals. We will
show in chapter 1 that our arguments can also be used if we consider real systems of
inequalities partitioning the set of reals.

As well as for homogeneous systems the column property can be used to describe
partition regularity of inhomogeneous systems of inequalities. We will give a com-
plete characterization of those systems which are partition regular, over the natural
numbers, over the set of integers and over the rationals.

The column property for systems of inequalities as well as the column property in the
sense of Rado is a syntactical property of the matrix and does not explicitly refer to the
set, of solutions of the system. In 1973 Deuber [1] gave a semantical characterization
of partition regular systems of equations. The approach is by a description of the
arithmetic structure of the sets of solutions of regular linear systems AZ = 0. The
central notion is the one of (m,p, c)—sets. He proved the following theorem:

A system A# = 0 is partition regular if and only if there exist positive
integers m, p, ¢ such that every (m, p, ¢)—set contains a solution of AZ = 0.
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In chapter two we will show that (m,p,c)—sets can also be used to characterize
solution spaces of partition regular systems of linear inequalities.

Starting with results of Erdés and Rado [4] another part of partition theory was
developed, which is nowadays known as Canonical Ramsey Theory. In Canonical
Ramsey Theory one considers colorings with no restriction on the number of colors.
The first result is a canonical version of Ramsey’s theorem. Later Erdés and Graham
[3] proved a generalization of van der Waerden’s theorem:

For every coloring A of the natural numbers with arbitrary many colors
there exists an arithmetic progression, which is colored monochromatic or
injective with respect to A.

A canonical analogue of the Rado-Deuber-Theorem on regular systems of equations
and (m, p, ¢)-sets was proved by Lefman [7]. His result states:

Let A% = 0 be a partition regular system of linear equations. For every
coloring A of the natural numbers with arbitrary many colors there exists
a solution of the system AZ = 0 such that A restricted to this solution is
either monochromatic, injective or a block-coloring.

The third case is related to the partitioning of the columns of A into blocks, corre-
sponding to the column property and to the rows of the (m,p, c)-sets. In chapter 3.
we prove a canonical partition theorem for systems of inequalities.

ACKNOWLEDGMENT: I would like to thank Prof. Dr. Walter Deuber for his encour-
agement and guidance and Dr. Wolfgang Thumser for helpful discussions.

1. SYsTEMS OF HOMOGENEOUS, LINEAR INEQUALITIES

NotaTions By N = {1,2,3,...} we denote the set of positive integers; [n] =
{1,2,...,n} is the set of the natural numbers less or equal than n. A matrix A
with m rows and n columns is denoted by A = (ai;)1<i<m,1<j<n, Where a;; is the en-
try of A which belongs to the ith row and jth column. For i,j < n the jth column of
a matrix A is denoted by al/) the ith row by a(;. For a matrix A = (a;j)1<i<m,1<j<n
the system

n
Zaijilﬁjfo, 1§z§m
j=1

is abbreviated as A7 < 0. For a given matrix A = (@ij)1<i<m,1<j<n, kK <n and € >0

by A*(e) = (af;(€))1<i<m1<j<n We denote the following matrix:

a1 ... Q@1g-1 Q1 —€ Q141 ... Qlpn
m1 -+ Omk—1 Omk — € Qmk+1 -.- Omn

obtained from A by subtracting € in column .
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For k,l € [n], k <1 and € > 0 the matrix

a1 .- Glk—1 a1 —€  Aig+1 .- G111 aiy4+1 ... Qin

am1 -+ Omk—-1 Omk —€ Qmk+1 .- Oml—1 Ami+1 - Omn
obtained by deleting column [ in A (¢), is denoted by AF(e) and the matrix

a1 ... OG1k—1 a1 + a1 —€ A1k+1  --- A1y—1 Q141 ... Q1n

Aml  --- Omk—1 Qmk+ Gy —€ Omk4+1 -+ Ami—1 Gmi41 .-+ Omn

obtained from A*(e) by adding the kth and the Ith column, is denoted by A*)+(1)(¢),

Rado considered systems of linear equations over Q. In his paper, published in 1933
[10], Rado gives a characterization of all systems of linear homogeneous equations
which have for every coloring of the natural numbers with finitely many colors a
solution in one color class. Rado called those systems regular. The central definition
in this context is the following;:

DEFINITION 1.1. Let A = (aij)i<i<m,1<j<n be a matriz with m rows an n columns
and with entries a;; € Z. A has the column property if there exvists | € N and a
partition [n] = IpU I, U...I; of the column indices such that

1. for all 1 <i < m we have Zjefo a;; =0 and

2. for all k < 1,j € Us<pI, there exist ci,crj € N such that for all 1 < i < m we

have
Z CikGi; + Ck Z ajj = 0.

JEUs<k s JEI 41

Rado proved the following theorem:

THEOREM 1.1. (RADO 1933) A system of homogeneous linear equations AT = 0 is
reqular if and only if A has the column property.

In the following we will consider systems of linear inequalities rather than systems of
linear equations. First we define partition regularity for systems of inequalities.

DEFINITION 1.2. Let A = (aij)i<i<mi<j<n be a rational matriz and let b =
(b1,...,bm) € Q™. The system

n
(*) Zaija:j S bi, 1 S 7, S m
j=1
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is called partition reqular over N if for every ¢ € N and every c-coloring of the natural
numbers A : N = [c] there exists a solution T = (z1,...2,) € N* of (x) such that
A |{z1,...,mn} = const.

In the following section we will give a characterization of all systems of homogeneous
linear inequalities which are partition regular over N. It turns out that a natural
generalization of Rado’s column property can be used to describe these systems.

DEFINITION 1.3. Let A = (aij)1<i<m,1<j<n be a rational matriz. A has the column
property for systems of inequalities (abbreviated as cpi ) over N if there exists | € N
and a partition [n] = Io U I, ...UI; such that

1. for all 1 <i < m we have Zjefo a;; <0 and
2. for all k < 1,j € Us<pI, there exist ci,cj, € N such that for all 1 < i < m we

have
Z Crjaij + Ck Z a;; < 0.

JE€Us<n s JET41

If a matrix A has the column property (in the sense of Rado) [10] the system AZ < 0
obviously is partition regular. But there are many other systems of inequalities which
are partition regular without A having Rado’s column property. For example the

matrix
-1 0 0
-1 0 0
has ¢pi but not the column property.

THEOREM 1.2. Let A = (aij)i<i<m,i<j<n be a rational matriz. The system of
inequalities (x) AT < 0 is partition reqular over N if and only if A has cpi over N.

Both implications stated in theorem 1.5. are not completely trivial to prove. We
start by showing that ¢pi implies partition regularity. This part of the proof proceeds
along the general lines of the corresponding proof for systems of equations [10]. The
following lemma combines arithmetic progressions and partition regular systems of
linear inequalities:

LEMMA 1.1. Let A = (aij)i<i<m,1<j<n be @ rational matriz, AT < 0a partition
reqular system of inequalities and let p € N. Then for every ¢ € N and every c-
coloring A : N — [c] there exists T = (x1,...,2,) € N" and d € N such that

1. A# <0 and

2. for alli,j <n, for all k,l < p we have A(x; + 1d) = A(z; + kd).
PROOF OF LEMMA 1.1.: AZ < 0 is partition regular. Thus by compactness [6] for
every ¢ € N there exists N* = N*(c¢) € N such that for every c-coloring A : [N*] = [¢]

there exists a monochromatic solution & = (z; ...x,) of A# < 0 such that for all
1<i<n we have z; < N*.
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Let A : N — [c] be an arbitrary c-coloring. Define the following coloring
A*:N = [rV7] by

By van der Waerden’s theorem [15] there exists a “long” arithmetic progression which
is monochromatic with respect to A*, i. e. there exist a’,d’ € N such that for all
I <pN*""" we have A*(a’ + Id') =const.
Define A** : N — [¢] by

A**(z) = A(a'z).

By the choice of N* there exists a solution 2’ = (2, ...,2!,) € [N*]" of AZ < 0 which
is monochromatic for A*. For all i < n let z; = z}a’. By homogeneity & = (x1,...2y)
is a solution of AZ < 0 and because of the definition of A** for all i,j < n we have
A(z;a’) = Azja’).

Let d =d'z} ...z},. Then for i < n and [ < p we have:

11 N ! =) ! ! !
ria' +ld =xi(a" +1ld'zy ... 2j_ 2, ...2)).

Hence by the definition of a’,d" and A* for all I < p we have A(z}a’ + ld) =const.
Uiemma 1.6

PROOF OF THEOREM 1.2. (FIRST PART): First we show that if A has epi over N
then (%) is partition regular. We know by assumption that there is some I € N and a
partition [n] = Io U I; U...U I; such that

1. for all 1 < i < m we have Zjelg a;; <0 and

2. forall k < I, for all j € Ug<I, there exist cg;,cr, € N, such that foralll <i<m

we have
Z Crjaij + Cg Z a;; <0.

JE€Us<n s JETk41

To prove that (x) is partition regular we will use a double induction. We proceed
by main induction on the number of colors ¢ and by subsidiary induction on 1, the
number of column classes.

Let A = (aij)lgigm’jGUSSk[S be the submatrix of A which only consists of the
columns belonging to block 1 up to k. We will show by induction that for all k¥ <
Ay, is partition regular.

For k£ = 0 there is nothing to show because every singleton forms a solution of the
system AoZ < 0. Assume that A < 0 is partition regular for some k > 0 (which will
be kept fix by now), i. e. (by compactness) for every ¢ € N there exists R(c, Ay) € N
such that for every c-coloring A : [R(c, Ag)] — [c] there exists a monochromatic
solution (x;)jeu,,1,, such that A% < 0 and for all J € Us<ils we have z; <
R(c, Ay). We will show that Ay, is partition regular, i. e. for all ¢ € N there exists
R(c,Apy1) €N
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First we observe that z; = cj;, for j € Us<iIs and x; = ¢, for j € I4q form a solution
of the system Aj,1Z < 0. So we are done if only one color is used for the coloring, i.
e. there exists R(1, Ajy1). Now assume that R(c, Ag41) exists for some (fixed) ¢ > 1.
We will show that R(c+ 1, Ag41) exists.

Let A : N — [c + 1] be an arbitrary (c+1)-coloring. Use lemma 1.6. for the (by
assumption) partition regular system A;# < 0 with
p = R(c, Apt1) - (mazjeu, 1, {ck;}). Hence there exists (y;)jeu, <. 1., such that for
all 1 < i < m we have - R

> aiy; <0

JEUs<kIs
and there exists d € N such that for all j € Us<pI; and ¢ < p we have
A(y; + td) = const.

for all 1 <i < m and t € [R(c, Ax+1)] it follows

Z (yj+ckjtd)aij-|- Z crtdaj

JE€EUs<rTs J€Tk 41
= E Yiti; + td( E CrjQij + Ck E aij) <0.
JEUs<kls JEUs< s J€Tk41

Further for all j € Us<xI; and ¢ < p we have
A(y; + cgjtd) = const.
Say A(yj + ijtd) =c+1.

We distinguish the following cases:

1. There exist t € [R(c, Ag+1)] such that A(extd) = ¢+ 1. Then we are done.

2. For all t € [R(c, Ajy1)] the relation A(citd) € [c] holds. Then consider the
c-coloring: A’ : [R(e, Ag+1)] = [¢] which is defined by

A'(z) = A(egzd).

By definition of R(c, Ag4+1) there exists a solution (t;);ecu,, 1, of the system
A1 ® < 0 which is monochromatic for A’. Hence (detj)jeUSSkJrl[S forms a
solution of Ap 17 < 0 which is monochromatic with respect to A.

Uiheorem 1.2.(first part)

In order to demonstrate the structure of the proof of the second part of theorem 1.5.
we will give a short overview. For his characterization of regular systems of linear
equations Rado [10] had to prove that for each systems A% = 0, which is regular, A
has the column property. It is an interesting feature of Rado’s proof that a system
AZ =0is regular if there exists a monochromatic solution with respect to one type of
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coloring. For systems of linear inequalities AZ¥ < 0 with A having only two columns
there also exists a certain type of coloring such that A% < 0 is partition regular if it
has a monochromatic solution with respect to this type of coloring. In lemma 1.12.
we will show, that a system (x) a < 2L <b, where a,b € Q and 1 < a < b, is not

partition regular. It is easy to see that essentially each system AZ < § with A having
only two columns can be transformed into a system (*) for suitable a and b. If such
a system is partition regular this means that one of the following cases holds:

1.a<0Oand b>0or
2. a<landb>1.

It is not difficult to see that these conditions exactly lead to cpi. If we visualize a
partition regular system
a1171 + ajpxz <0
(x%) { a2171 + azewy <0
geometrically then obviously the solutions are bounded by two straight lines. Three
typical cases occur, i.e. one of the axes is a limiting line or the diagonal is contained
in the solution space:

X2 X2

N

X1

X1
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We will prove theorem 1.5. by induction on the number of columns of A. In order to
start the induction we described the situation for n = 2. Let us consider a rational
matrix A with n columns. Assume that the system

AF <O (x%%)

is partition regular. Under certain assumptions we can transform the system AZ <0
for each choice of k,1 with 1 < k <[ < n into the following system:

n n
_ Qs Gy T Tk a;
Qsk sk T| ~— Iy Qg

Gtk ]

J=1j#lk J=1j#lk

for all s with as, < 0 and for all ¢ with a;, > 0. Thus we have a similar situation
as in () except that the fraction Z* is not bounded by constant terms a and b but
by terms which depend on z; ...z _1,Zg_2,...2,. Thus we cannot directly apply
lemma 1.12. Consider this situation for fixed £ and . Assume that there are colorings
of the natural numbers with finitely many colors such that for each monochromatic
solution @1, ... 2, of the system (x * x) either

1. there exists € > 0 and r € N such that 1+ ¢ < 2—’; <ror
2. there exists es > 0 and e3 > 0 such that e; < fc—’; <1-—es.

Then again by lemma 1.12. (***) cannot be partition regular. To avoid such situations
the terms —2sL — 3% | . 2= 71 and _a_t;i - 1AL T2 24 have to fulfill certain
conditions for every colorlng This is what is shown in lemma 1.13. With this kind of
arguments it is possible to show that for every choice of k and [ with 1 <k <l <n
either for all € > 0 the system AF(e) is partition regular or for all € > 0 the system
Afc (¢) is partition regular, if the system AZ < 0 is partition regular. By induction we
can conclude that either for all € > 0 the matrix AF(e) has cpi or for all € > 0 the
matrix Al (€) has cpi. Therefore we define:

DEFINITION 1.4. Let A = (aij)1<i<m,1<j<n be a rational matriz. A has the e-property
if the following conditions are satisfied:

1. The system A% < 0 has a solution in the natural numbers and
2. Forall 1 <k <1l<mn one of the following conditions is satisfied:

(a) For all € > 0 the matriz A*(€) has cpi over N,
(b) for all € > 0 the matriz Al(e) has cpi over N,

i.e. for at most one r with 1 < r < n there is an €9 > 0 such that A" (&) has
not cpi.

Note that if the matrix A (ey) has cpi for some €y > 0 then for all € > ey A*(€) has
cpi.

REMARK 1.1. Let A = (aij)1<i<m,<j<n be a rational matriz, such that AT < 0 has
a solution in N. Let 1 < k <l <n.
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1. If the matriz Af(e) has cpi then A*(e) has cpi.

A{“ has cpi. Let Iy, ..., I, be the corresponding partition of the column indices.
Define I,11 = {l}. Then Iy,...,I.+1 is a partition of [n] which proves cpi for
Ak (e).

2. If the matriz A®)*TD (¢) has cpi then the matrices A*(e) and Al(e) have cpi.
Let the blocks for A+ (e) be I}, . .. , I, and assume that the column

a1 +ay; —€

) a2 + a2 — €
a¥)(e) =

Amk + AQmp — €

belongs to the block I, Then A*(e) and A'(e) have cpi with the corresponding
blocks being I = I, for r # p and I, = I}, — {k'} U {k,}.

Up to now we did not succeed in proving that A has epi, but we know that if we
transform A only a little then the transformed matrix has ¢pi and it is possible to do
this transformations in nearly each column. What we will show in lemma 1.9. is that
the property cpi is continuous in a certain manner.

LEMMA 1.2. If A = (a;j)1<i<m,i<j<n 5 a rational matriz, which satisfies the e-
property, then A has cpi.

In order to prove lemma 1.9. we need the following lemma:

LEMMA 1.3. Let A = (aij)1<i<m,1<j<n be a rational matriz such that for all 1 <i <
m the entries of row i sum up to zero, i.e. 2?21 a;; =0. Let s1,...,8, € Q. For all
€ >0 let A'(e) = (ajj(€))1<i<m,1<j<nt1, be the matriz with entries aj;(e) = a;; for
1<i<m,1<j<n and ainy1 = s; — € for 1 <i < m. Further let A’ = A’(0).

If for all € > 0 the system A'(e)@ < 0 has a solution in N, then the system A'Z < (
has a solution in N.

PRrROOF OF LEMMA 1.3.: Let A, A'(¢e) and A’ be as in the assumptions of lemma
1.10. Assume that for all 1 <4 <m we have 37, a;; = 0. Thus the system AZ <0
can be transformed into the following system

n—1
(%) Zaij(xj—xn)go, 1<i<m,
j=1

which will be abbreviated in the following as A*y < 0, where A* =
(aij)1§i§m71§j§n_1, and Yj =Tj — Tnp for1<j<n-1.

The system AZ < 0 (resp. AZ < 0) has a solution in N if and only if (x) (resp.
A*§ < 0) has a solution in Z.

In the following we will consider A* instead of A. (The entries of A* will be denoted
without *.) Assume that the set of rows of A* is linear independent over Q. Then
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there exists 7 = (y1,...9n_1) € Q" ' such that A*§ < 0. Multiplication with the least
common multiple of the denominators of y; yields a solution § = (y} ...y,_,) € Z"~'

of the system A*§ < 0. Thus the system A# <  has a solution in N and therefore
A'Z <0 has a solution in N. Hence we are done in this case.

Next we consider the case where the set of rows of A* is not linear independent.
Assume that A* conmsists of the rows a(y),...a),bk41)s---,04m) for some k > 0,
where a(y), ..., a) are linear independent and for all k¥ + 1 <4 < m we have b;) =

¥, clags) for suitable ¢ € Q.

We will prove the lemma by induction on k. If & = 0 then A* is the zero-matrix.
Hence A is the zero-matrix and therefore the system A’(¢)Z < (0 has a solution in N
if and only if for all 1 < i < m we have s; — e < 0. This is true for all ¢ > 0 by
assumption and therefore for all 1 < i < m we have s; <0.
If k=1 for all 2 < i < m we have b;) = cia(; for suitable ¢} € Q. We distinguish
the following cases:

1. for all 2 < i < m we have ¢} > 0.

If a(yy < 0 holds then for all 2 < i < m we have b(; ¥ < 0. Because a(q) is not

the zero-vector there exists a solution § € Z™ such that A*§ < 0 and hence we
are done in this case.

2. There exists i such that ¢i = 0.

In this case we have by = 0 and the system A’(¢)# < 0 has a solution only
if s; —e < 0. Because this is true for every ¢ > 0, we have s; < 0. Hence
(beiys:)T < 0 is true for every choice of & where 11 > 0. Therefore the matrix
keeps its properties if we omit the row b;).

3. There exists i such that ¢i < 0.

Let i be arbitrary with ¢i < 0. By assumption we know that for every ¢ > 0
the system A’(e)Z < 0 has a solution. Let #(e) = (x1(€),...,2n(€)), z(€) be one
specific solution of the system A'(e)Z <0, i. e.

a)Z(€) + (s1 — €)z(e) <0,

which is equivalent to
n
Y azie) < —(s1 — )z (e)
Jj=1

and correspondingly we have
biiyZ(€) + (s — €)z(e) <0,

which is equivalent to

n

(Y arjmi(e)) < —(si — e)ae)

=1
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Dividing by ¢i > 0 we obtain

S; — €

n
> ayzi(e) > — ——(e).
j=1 1

Hence a solution xq (€),. .., x,(€) exists if and only if
S; — €
- i S 51— 6,
€1

which means
s; < —cisi+ (¢f — 1e.

This is true for all € > 0 and hence
5; < —cisy
holds.
Thus the statement is true for & = 1.
Assume that our statement is true for some (fixed) k¥ > 1. Let A* consist of the rows

A(1)s -5 A(kt1)> O(ks2)» - - - » D(m), Where a;) are linear independent and for k+1 <i <

m let
k+1

by = ) ciag)
s=1
for suitable ¢! € Q. Further assume that for every e > 0 the system A’(¢)# < 0 has a

solution in N. We distinguish the following cases:

1. There exists 1 < s < k + 1 such that for all k£ 4+ 2 < i < m we have ¢! > 0.

Let ¢ = maxk+1<i<m,1§l§k,l¢s|cf|. agy,---,a(p+1) are linearly independent by
assumption. Hence there exists § = (y1,...,yn) such that for all 1 <1i < k we
have a(; < 0 and

mingi1<i<mlci(agd)| > ¢+ (mazi<i<pizslagy i) (k — 1).

Then y,...yn_1 form a solution for the whole system A*j < 0 and hence
A'Z <0 has a solution.

2. There exists s such that for all k+ 1 <i < m we have ¢{ > 0 and ¢! = 0 for at

least one i.

Without loss of generality let s = 1 and ¢} > 0 for k+1 < i < [ and
¢t = 0 forl < i < m. Then the matrix which consists of the rows
A(1)s - -5 A(kt1), D(kt2), - - -, by 18 dealt within case 1. But the rows b,y up
to b,y,) only depend on the k — 1 generators a() up to a(;1). Hence by induc-
tion we obtain a solution yi, ..., y, for the rows a(z), ..., a(k41), b(k+2)s - - - O(m)
which are independent of a(;). Thus we also obtain a solution for the whole
system.
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3. For a <i < k+ 1 we define

i_
¢ =

1 for j=i
0 for j#i.

Then it remains to consider the case where there exist 1 < iq,i5 < m and there
exists 1 < s <k + 1 such that ¢! > 0 and ¢ < 0.

Without loss of generality let s = 1. Further we can divide the entries of each
row i by |ci|, if |¢t| # 0, such that we may assume that |¢}| = 1 for each i,
where |¢}] # 0.

For every € > 0 the system A*(e)’Z < 0 has a solution. Let §* =
(y$,...,y5_ 1),z be such a solution, i. e.
k+1

Zci(a(s)gf) +(si—e)xc<0 fork+2<i<m
s=1

and
apy < —(si—e)xt for1<i<k+1.

Thus we have
k+1

> cilaw i) + (si — €)2° < —cla) i

s=2

Dividing by —c} leads to

k+1 k41
> cila@ i) + (sr — )x° <amyi < =Y dilaw i) — (s; — e)af
s=2 s=2
for all r with ¢ = —1 and j with c{ = 1. Further we know that a()y <
—(s1 — €)z¢. Hence we additionally obtain:
k41
Y chlag i) < —(s1 - e)af
5=2
for all i satisfying ¢i = —1 and
k+1

> ci(aw i) < —(si — €)af
s=2

for all i satisfying c¢i = 0. Transforming these inequalities we get the following
system of inequalities:

(a7 + (s; —€)z <0 2<i<k+1
( I:;l cias 7)) + (si —e)ac <0 for all ¢ with
ci =0
(xx%) ¢ ( ’::21 cias7F)) + (si +s1 —2€)z <0 for all i with
ci =-1
(Zf;l (¢t + cg)(a(s)g’f)) +(si+s;j—2€)zc <0 foralli,j with
\ cd=-1,cd=1
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By assumption we know that for all € > 0 the system A*(e)'% < 0 has a solution.
Hence the system (x % %) has a solution for every e > 0. In system (x % %) only
k row vectors are linear independent, namely a(s), . .., a(;41). Thus we can use
induction to show that the system (x x %) has a solution for ¢ = 0. Thus the
system A'Z < 0 has a solution in N.

|:Ilemma 1.2.

CramM 1.1. Let A = (a;j)1<i<m,i<j<n be a rational matriz which has cpi with the
first block being I = {1,...k} and 2521 a;; =0. Let

bar bax ... Doy
B =
biu b2 ... bin
A

such that for all 1 < i <1 the relation Z?Zl bi; < 0 holds. Then B has cpi.

PROOF OF cLAIM 1.1.: Obviously IZ = {1,...,k} satisfies the first condition of
epi. Let Ig',...,I2 be the partition of columns of A and for 1 < r < v,j €
Us<rls let c;f‘.,cf € N be the corresponding coefficients . Let the parameters

b(r),8,B(r),c(r) 1<r <wbe “big enough”, in particular we define:

b(r) = mari<i<if Z bij, }

jEIf+1
k

1) = maxlgig{ZbU} (< 0),
i=1

B(r) = mazi<ic{ Y, |byl},
JEUw< I

c(r) = maa:jEUwSrIu/}{c,’f‘j,cf}.

and let a(r) € N be minimal such that

a(r)d < —(c(r)B(r) + cpb(r)).

Such an a=a(r) exists because 4 is negative. Let ¢ = ¢, + a if j <k and & = ¢,
otherwise. For 1 <r < v let ¢ = ¢ and I” = IX. Then for all 1 < i < we have:

(a + er)bij + Z erbij +cr Z bij

k
=1 JEUw< I >k JeI,,

J

k k
= az bij + Zcrjbij + Z crjbij + cr Z bij
=1 =1

JEUw< I8 ,i>k Jjerd,
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< ad + c(r)B(r) + ¢.b(r) <0.
Further for all 1 <4 <[ we have:

k k k
(a+ciai; = erja) +a(d ay)
= j=1 j=1
= Z CrjQij-
i=1
Hence B has cpi. Oetaim  1.1.

PROOF OF LEMMA 1.2.: Let A = (a;j)1<i<m,1<j<n be a rational matrix which has
the e-property, i. e. for all 1 < k < [ < n either A*(¢) or Al(e) has cpi for every
€ > 0. We will prove that A has cpi. If the matrix A*(e) has cpi for some k < n, let
I§, ..., If be apartition of columns of A*(e), which certifies cpi. We can assume that
the partition of [n] into blocks does not depend on e because there are only finitely
many possibilities of partitioning [n] into blocks. By the pigeonhole principle at least
one partition has to occur for arbitrary small ¢ > 0. But if a matrix A*(e) has cpi
with blocks I (€o), ... If (€o) then for all € > € the matrix A¥(e) has cpi with the
same blocks.

We will prove lemma 1.3. by a downward induction on the size of the block I} which
is maximal for & < n, for which the matrix A*(¢) has cpi for all € > 0. To illustrate
the main idea of the proof we first show the theorem for matrices with one and two
columns.

n=1:

am1

The system AZ < 0 has a solution z € N. Therefore we have a;; < 0 and thus A4 has
cpi with Iy = {1}.

n=2:
11 a12
@21 a22
A=
Am1 Am2

There are only three (finitely many) possibilities to arrange the columns of A into
blocks. Hence we can assume that there is an €y > 0 such that for all € < ¢y the
partition of the columns of A*(e) into blocks is the same.
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1. I3 = {1} or I3 = {2} resp.

For all 1 <i <m and all ¢ > 0 we have a;; —e < 0. Hence for all 1 <1i < m the
relation a;; < 0 holds. So the first condition of epi is satisfied with Iy = {1}.

Further by the definition of the e-property the system AZ < 0 has a solution
in N, Let z7, 23 be such a solution. Then the second condition is fulfilled with
c11 =27 and ¢; = 23, 1. e. for all 1 <i < m we have ¢11ai1 + c1a:2 < 0. Hence
A has cpi.

2. I ={1,2}

In this case for all 1 < ¢ < m and for all € > 0 we have a;; + a;» — € < 0. Hence
for all 1 <7 < m we have a;; + a2 < 0. Therefore A has cpi with Iy = {1,2}.

Now we will prove the lemma for matrices of arbitrary size.

ai @12 A1n

a1 @22 a2n
A= .

am1 am2 N Amn

Let 1 < k <1 <n. We know by assumption that for all € > 0 either A*(¢) or Al(e)
has cpi. As mentioned above we can assume that the partition of [n] into blocks does
not depend on €. In order to start the induction we consider the case where we can
find some 1 < k < n such that A*(e) has cpi for every € > 0 and |I¥|=n, i. e. the
sum over all columns of A*(e) is less of equal to zero. In this case for all 1 <i < m
and every € > 0 we have

a1 +ap+ ...+ a;m; —e<0.
Hence for all 1 < i < m we have
aj1 + a2+ ...+ ai;p <0

and therefore A has epi with Iy = [n].
Next we consider the case where we can find some k, 1 < k < n such that A*(e) has
cpi for every € > 0 and |I¥| = n — 1. First assume that k € I}. Then for all 1 <i <m

and all € > 0 we have:
(Z aij) — € S 0.
jerk
In this case for all 1 < ¢ < m we obtain
Z [£2%] S 0.
jerk
If k ¢ I} for all 1 <i < m we also have

Z Ajj SO

jerk
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Thus in both cases the first condition of cpi is satisfied choosing Iy = If.

Let Iy = [n] — Iy. Note that |I;| = 1 and assume p € I;. We know that the system
A7 < 0 has a solution in N. Let xy,...z) be such a solution. Then for all 1 <i <m
we have

E C15Q45 + C1Qip S 0,
Jj€lo
if we choose ¢;; = ac; for j € Iy and ¢; = ).

Assume inductively that the following is true for some (fixed) k < n — 1: Let A be a
rational matrix with m rows and n columns which has the e- property. If there exists
a column s, such that for all € > 0 A®(¢) has cpi and |I§| > k, then A has cpi.

In the following we will show that if A is a rational matrix which has the e-property
and there exists a column s, such that for all € > 0 A°(¢) has epi and |I§| =k — 1,
then A has cpi. Without loss of generality we can assume that I§ = {1,...k — 1}
for some (fixed) s. For k —1 < n — 2, we have |[n] — I§]| > 2. A has the e- property,
therefore either A*(e) or A¥+1(e) has cpi for all € > 0. Without loss of generality we
can assume that A*(e) has cpi. We will consider several cases:

1. Ik ¢ IS

In this case for all € > 0 and all 1 < i < m we have

k-1
(Z aij) — € S 0
Jj=1
and therefore
k—1
Z [£2%] S 0.
j=1
Further for all 1 < i < m we have
Z Qi S 0.
JelL§
We distinguish the following cases:

(@) IEnIs=0

Then we have

Z Qij S 0.

Jjerkurs

Let Iy = I} U I§ and I; = I} — I§. Because of the definition of I} for all € > 0
and for all j € U</ I} there exists cf;(e) and ¢f (¢) such that for all 1 <i <m

we have
> dile)alie) +cf(e) Y ali(e) <0

jeUSSllf jEIlk+1
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and therefore

Yo di@ai9+ Y a9+ Y (1+cf(e)afi(o+

JEUs<i IE JEUI§—TIF, 1) jergnik,,

JEIf L, —1§)

Hence we conclude that we can choose Iy = I¥ U I§ to prove cpi and |Ip| >
|I§] = k — 1. So we are done by induction.

(b) TENT; #0

Without loss of generality we can assume that I¥ N I3 = {1,...,l}. Consider
the matrix
2a11 2(112 N 2(11[ a1j+1 N QA1n
B = : : S : S = (bij)i<i<mi<j<n-
204m1 2Gm2 ... 2Gmi Qmit1l --- Gmn

We claim that B has the e-property. This is true because

(i) the system A'Z < 0 has a solution in N for if zy,...,z, is a solution of
AZ <0, then x1,...,2,2%141, ..., 2z, forms a solution of B¥ < 0.

(ii) Let 1 < p < n such that AP(e) has cpi for every e > 0 with blocks IJ, 17 . . ..
Let I,;? = I¥ U I§. Then for all 1 < i < m the following is true:

0> Z afj(e) + Z afj(e) = Z bfj(e)
JeIk JeIg§ JEIY

Let I'P = I? | — (IF UI5). AP(e) has cpi for every e > 0. Hence there exist

1y =cr y(e),¢,_y = c,_y(e) such that for all 1 <4 <m we have

g Cr—15G zg +Cr 1 E ,J

JEUg<r—1 1§ JEIR

Hence we have

SN+ > 2+ > cr—1;2b%;(€) +

j=1 JEIP —{1,..,I} JEUg<rn_1 IZN(IFUIS)

E Cr_lebfj(E)-F E Cp— 12b E Cp— 12b
JE€Ug<r—117)~(IFUIE) JEIRN(IFUIE) JELF
<0.

Hence BP(e) has cpi if AP(e) has epi. Therefore B has the e-property and
|I;7| > k. Hence B has cpi by induction.

We claim that if B has ¢pi then A has ¢pi.
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Let the partition into blocks for B be IZ IB ... IB. Let Iy = {1,...,k —1}.

v
We know that
k—1
Z [£2%] S 0.
j=1

Let [1 = ([écU[g)—{l,,k'—l}, let Cor = ... =Col = 27COZ+1 = ... =Cok—-1 = 1
and ¢y = 1. Then for all 1 <7 < m we have

Z Cjoli; + Co Z a;; < 0.

Jj€lo JjEN

Let I, = I7 5 — (If U I§). We know that there exist ¢ ,;,¢f , such that we
have

Yo labitel, Y by <0

JEUw<r_3IlB jery.,

and thus

l
Z 2a;5 + Z aij + Z cf_Qjaij-l-
j=1

JEIFUIE) —{1,....1} J€(Uuen—alB)—(IFUIS)

B B B
E Cro2jQij + Cp_s E aij + g E Qij
FE(Uw<r—sLZ)N(IFUIS) JETZ ,N(IGUIS) JET,
<0.

Hence A has cpi.

LI ={aM,. . .ak=DY
(If I C I¥, we would have |I¥| > k and we were done by induction.)

Without loss of generality we can assume that I} = I§, because otherwise it is
possible to choose I¥ as the first block for the matrix A4%(e). We distinguish the
following cases:

(a) k¢ It
In this case there exist ¢;; € N, ¢; € N such that for all 1 <i < m we have

E C1jai5 + €1 E a;; < 0.
jerg jerf

Consider the following matrix B = (bij)i<i<m,i<j<n, Where for all
1 < i < m by is defined by

C1j Q45 for 1 S] < k-1
bij = C1Q;; for j € [{c
aij otherwise.

We claim that B has the e-property.
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(i) The system BZ < 0 has a solution, for if zy,...z, is a solution of
the system AZ¥ < 0, then define a solution of the system By < 0, § =

(y1,---,yn) by
ﬁjmj if 1<j<k-1

Yj = él‘j if je€ I{c
Zj otherwise.
If we multiply ¢ by the least common multiple of ¢, ¢1 we obtain a solution
of the system B# < 0 in N.

(ii) Let 1 < p < n be given such that for every € > 0 AP(¢) has cpi and
let If, ..., I} be the blocks and ¢} ;(e), ck(€) the corresponding coefficients,
such that for all 1 < i <m we have

Z aj;(e) <0
jerr

and
Y dieali(e) +ke) Y ali(e) <0.

JEUw<r Tl JEIT,,

Now we will show that BP(e) has epi for all € > 0. Let I} = I} UTF and
I'" =17 | —IP. Then for all 1 <i < m we have

> by <0
JEIP

and

JEUw< 118 JEIT

It follows that

ACES > _j(eaki(e)+ > cPe)al(e)+

jery FE(Uwer—1 IB)NIF) JETR_ NIF
Z cy_y;(€)aj;(e) + Z cf(e)ai;(e) < 0.
JEUwno1IL)—IF jEL?

Hence B has the e-property. Thus B has c¢pi by induction. Let the cor-
responding partition of blocks be I, ..., IF and let ¢, cP be the corre-
sponding coefficients. We claim that A has epi.

Let In = IF, I, = I, I, = IB , — (I¥ U IF). Obviously for all 1 <i < m we

have
Z Qij S 0.
j€lo

For 2 <r <l-—1,foralll <i<m we have

S ePabi el (D] by) <0

JEUw<r_2IB Jerr
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Thus for all 1 < i < m the following is true

Y oaii+ Y ai+ > Cra;bij

jerk jerk JE(Uw<r_oIBN(IFUIL))
B B B
+ > Cr_obij + > cfoibij + el (Y bij)
JETZ  N(IFUIY) FE€UwnoalB—(IFUIF) j€L41

<0.
Hence A has cpi.
kelf.
Without loss of generality we can assume that If = {k,...,r}. For all

1 < i <m we know that Zf;ll a;; < 0. It is no restriction to assume that
k )
Za” =0 for 1<i<m
_1” <0 for my<i<m
=

for some m; < m. In claim 1.11. we have shown that it is enough to
consider the first m; rows of A. Let

B = (a(l), e a(k_l))
be the matrix which consists of the first £ — 1 columns of A. Let
ain ... apr (Xjoparj—€)
B'(e) = : : :
Amqel  --- Amyk—1 (z;:k Amyj — 6)

Obviously adding up the columns of B we get the zero vector. Further for
all € > 0 the system B’(¢)# < 0 has a solution. Hence we can apply lemma
1.10. to show that the system B'(0)Z < 0 has a solution in N. Assume
that ¢11,...,¢18-1,¢1 is such a solution, hence for all 1 <47 < m we have

k—1 r
E a;jC1j + C1 E Qij <0.
j=1 k

Then we consider the matrix B = (bij)i1<i<m,1<j<n

C1j Q45 for 1 S] < k-1
bij = C104; for kE<j<r
ajj otherwise.

As in case a) it is now possible to show that B has the e-property. Then
by induction B has cpi which again implies as in case a) that A has cpi.

|:Ilemma 1.3.

LEMMA 1.4. Let a,b € Q and let the following system of inequalities be given:

Let

T
< — <.
(%) a_x2_b
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1. 1<a<bor
2.0<a<b<l.

Then (x) is not partition reqular over N.

PROOF OF LEMMA 1.4.:

1. Assume that 1 < a < b.

Let n € N be minimal such that ™ > b. Consider the following coloring:
A% : N — [n + 1] which is defined by

(x%)  A%*(z) = (|loga(x)|mod(n + 1)) + 1.

In the following we will show that (%) has no monochromatic solution for A%,

Assume on the contrary that zy,zs form a solution of (%) which is monochro-
matic with respect to A%?. Let log,(21) = pz, and log,(z2) = fiz,. Then we
have

fzy = pe,mod(n + 1).
Say piz, = kg, (n+1) 47 and py, = kyy(n+1) +7 for some 0 < r < n. Because
x1,x2 forms a solution of (x) we have

xr
a< =<
T2

and thus o
Mo
a < ﬂ < L — a(kw1_sz)(n+1)+1_
- Ty aﬂ'mg
Therefore we have

(kgy — ko) +1) +1> 1

and hence
ky, — kzy > 0.

On the other hand we have:

fa
a" > b> > L ke —hay)(n1) -1
Tz aM=ot1 ’

which implies
(kI1 - kzz)(n + 1) —-1<n
and hence
ky, — kzy < 1.
which is in contradiction to (xx).
2. Assume that 0 < a < b < 1. Consider the following system of inequalities which
is equivalent to (x):

xr
>2>
T

ISEE
S| =

Then we have 1 < 3 < 1 and we can follow the arguments of case 1.

Ijlemma 1.4.
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LEMMA 1.5. Let z € N be given. Let n > 2 and let fi(zs,...,2,) : R 1 —= R,
gi(za, ..., zp) : R = R for 1 < i < z be given. Consider the following system of
inequalities:

T
fl(w277mn)§x_2§gl(m27amn) (*)

Let (%) satisfy the following conditions:

1. Fiy,1 <y < 2,3€1,0 < €1 < 1,3¢; € N and IA : N — [c1] such that (x) has
no solution x1,..., T, which is monochromatic with respect to A' and

fil(:ng,...,a:n) S €1.

2. Fiz, 1 <ip < z,3e€2,€3,0 < €2,€3 < 1,3ez € N and A% : N = [cy] such that (%)
has no solution x1,...,x, which is monochromatic with respect to A% and

fis(®2, .. ) <14 e

or there is no solution x1,...,T, which is monochromatic with respect to A>
and
Gin(T1, ..., Tpn) > €3.

8. Ak € N,3cz3 € N and IA? : N — [e3] such that (x) has no solution xy,...,T,
which is monochromatic with respect to A3 and

Then there exists ¢* € N and a coloring A* : N — [¢*], such that (x) has no solution
which is monochromatic for A*.

PROOF OF LEMMA 1.5.: Let €1, €, €3, k,c1,ca,cs and A, A2, A3 be defined as in the
assumptions of lemma, 1.13. Consider colorings of the form A®? which are defined as
in the proof of lemma 1.11. (%) with appropriate a and b, namely:

4 _ ATTE
A" =AT=% 1N = [aa],

where ¢4 € N is minimal such that 1_1—63(64_1) > & and

AP = Atk N S (o),

where ¢5 € N is minimal such that (14 €)= > k.
Then define A* as follows:

5
A" N = []les1.
j=1

A*(z) = (Al (2), A%(z), A% (2), A% (2), A° (2)).
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We claim that (x) has no solution which is monochromatic for A*.
Assume on the contrary that zi,...,z, is a solution of (%) which is monochromatic
with respect to A*. Because 1, ..., Z, is monochromatic for A* it is monochromatic
for A'. Hence we have

fi1 (:EQ,. .. ,:Un) Z €1,
which implies

T
— > €. 1
7 2 (1)

Besides z1, ..., 2, is monochromatic for A2. Hence we have
fiz(x%---axn) >1+e

or
Gin (T2, ..oy 2n) < 1 —e3,
which implies
Dstlte (2

T2
or .
1
— <1— €. 3
o = 3 (3)
Finally z1, ..., z, is monochromatic for Az and therefore we have:
Ty
— <k. 4
Lok @

If we put together (1) and (3) and (2) and (4) respectively, we obtain:

a<L<i—eg (5

T2
or .
l+e<—<k  (6)
T2
By lemma 1.12. (5) has no monochromatic solution for A* and
(6) has no monochromatic solution for A®. Hence =z1,...,z, is not
monochromatic for A*. That is in contradiction to our assumption.

Ijlemma 1.13.

Now we are able to prove the second part of theorem 1.5.,i.e. A has ¢pi if the system
A# < 0 is partition regular.

PROOF OF THEOREM 1.3. (SECOND PART): We will prove the theorem by induction
on the number of columns of A. Note that a system, which is partition regular,

necessarily has a solution.
n=1:

am1
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The system (anz1 < 0)i<i<m is partition regular. Hence it has a solution in N,
therefore for all 1 < i < m we have a;; < 0 and thus A has cpi with Iy = {1}.

In order to demonstrate the idea of the proof we additionally consider the case
n=2:

a11 a12

@21 a22
A=

am1  Am2

We distinguish the following cases:

1. For each row I 1 <i < m the first entry is less or equal zero, i.e. a;; < 0.

Let I = {1} and I} = {2}. Assume that y1,y2 € N form a solution of the
system AZ < 0. Then for all 1 <i < m we have

E 1055 + €1 E aij = C110451 + C1a; < 0
j€Iy je€h
if we choose ¢;1 = y; and ¢; = ys.

2. For each row i 1 < i < m the first entry is greater or equal zero, i.e. a;; > 0.
In this case for all 1 <4 < 0 we have a;x <0
Then A has cpi with blocks Iy = {2} and I, = {1}.

3. There exist s,t € [m] such that as; < 0 and ay > 0.

Then the system AZ < § can be transformed as follows:

for all ¢ with a;1 < 0 and for all s with ag; > 0 and
appxe < 0 for all ¢t with az; = 0.
By lemma 1.12. we know that one of the following cases holds:

(a) =22 < 0 for all ¢+ with a;; < 0 and — ‘“f > 0 for all s with az; > 0 and
(obv10usly) agz < 0 for all ¢t with a;; = 0. In this case for all 1 < i < m we

obtain
apz < 0.

Thus A has epi with blocks Iy = {2} and I; = {1}.

(b) =22 <1 for all £ with a;; < 0 and —222 > 1 for all s with a5 > 0 and
hence for all 1 <t < m with a; #0 we have

ag + ap <0
and obviously for all 1 <t < m with a;; =0 we have

a2 <0
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and hence
a1 + Q2 S 0.

Thus A has epi with Iy = {1,2} in this case.
Hence we are done in the case n = 2.

Let us assume that the theorem is true for all matrices A with less than n columns
for some (fixed) n > 2. Let

air a2 Q1n

a1 a2 Q2p
A=

an1 an2 - Anm

To prove the theorem we distinguish the following cases:

1. There exists 1 < j* < n such that for all 1 < i < m the j*th entry satisfies
jj+ < 0.
In this case let Iy = {j*} and I} = [n] — {j*} and choose

Eipanltely ¢ =1,

cij > mazi<icm{ ==

2. There exists 1 < j* < n such that for all 1 < ¢ < m the j*th entry satisfies
Qg S 0.

Without loss of generality assume j* = 1 and a;; < 0 for 1 < i < my and
a;1 = 0 for m; < i <m for some m; < m. Then we have:

ai; <0
: *
N A1m, < 0
4= 0
: A’
0

Hence A is partition regular if and only if A’ is partition regular. By induction
A" has cpi. Let the corresponding blocks be I, ... I for a suitable r € N and
for 1 <k <r and for j € Us<i s let the coefficients be ¢} ;,cj. Then A has cpi
with blocks Iy = {1},I; = I._, for 1 < s < r and coefficients

! !
maw1§igm1{ZjEU5SkI; Chj@ij + ZJ'ETLH ai;j}

Cp1 = n
MiN1<i<m, a1

for 2 <k <rand
MaT1<i<my D jer; Gij

C11 = .
MiN1<i<m, |a15

cpo=land cpj =cj_y; forall j#1andall 1<k <r
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3. There exists j* such that for all 1 <4 < m we have a;;- > 0.

In this case obviously A’ = A — {aU")}, the matrix which we obtain from A by
omitting the column j*, is partition regular and has ¢pi by induction. Let the
blocks of A’ be Ij),... I and define for all 1 < s < r I, = I and I, = {j*}.
Further let y1,...,yn € N be a solution of the system A# < 0. Then A has cpi
with coeflicients ¢,; = y; for j # j*, and ¢, = y;-.

4. Each column has both positive and negative entries.

Let 1 <k <1 < n be given. Then the system AZ < 0 can be transformed as
follows:

n n

_Gsk Z %ﬁgﬂg_%_ Z Qsj Tj
a Gy T x a Qg T
o gmggeny TR TR T () B

()< for all s,t with ag < 0 and ayg > 0,

n 2 <0

Zj:l,j;éz AijTj =

for all ¢ with a;; = 0.

By lemma 1.13. we know that one of the following cases holds:

(a)

For all € > 0 the following system of inequalities is partition regular:

n

a Agi Tj
_dsk Z —212J < e forall s with ag <0
Al . - Qs] Tk
j=1,j¢{k,l}
a n at; T
_ Gtk E: B2 >0 forall t with ay > 0
Qi = gl Tk
j=1,j¢{k,l}
and
n
Z aj;r; <0 for all i with ay =0.
J=Lj#l

That means that for every € > 0 the system
A0 <0

is partition regular and has cpi by induction. Hence by remark 1.8. A*(¢)
has ¢pi for all € > 0.

For all » > 0 and each coloring of the natural numbers with finitely many
colors the system (x) has a monochromatic solution z1, ..., z, such that

which is equivalent to

DOCUMENTA MATHEMATICA 3 (1998) 149-187



176 MEIKE SCHAFFLER

We transform the system A# < 0 as in (%) exchanging k and 1. Then we

obtain:
n n
_Gst Z Asj Lj Tk At _ Gtj Zj
Agf j=1.7¢{k,0} gk T| T Atf j=1.7¢ (k1) Al Ty

for all s,t with ag;, < 0 and az, > 0 and

n
Z Qi T4 S 0

i=1,i#k

for all ¢ with a;, = 0. Therefore the following system is partition regular
for each r > 0:
B n asj T; 1
T T Xj=gght) an s S 7
for all 1 < s < m with ag, <0
a n asj Tj
T T 2=tk a a2 0
for all 1 <t < m with a;, > 0 and
D ie jots 0ijTj <0
for all 1 <i < m with a;; = 0.

Hence the system Aﬁc(%) is partition regular for every r > 0 and has cpi

by induction. Therefore by remark 1.8. the system Al(%) has epi for every
r > 0.

(¢) For all € > 0 the following system is partition regular:

n

( a asj T;
_Zsk Z ) Rk RS R,
Qg . ) Qg] Tk
Jj=1.j¢{k,1}
forall 1 <s <m with ag <0
n
a a; T
_ Gtk Z L R T
O T e B

forall 1 <t <m with ay >0

n
Z Qi T4 S 0
J=1,j#l
\ forall 1 <i<m with a; =0.

Then for every e > 0 the system A®)+(0 7 < § is partition regular and has
cpi by induction, therefore by remark 1.8. Al(e) and A*(e) have cpi.

The system AF < 0 has a solution in N because otherwise it could not be
partition regular and hence A has the e-property. Therefore by lemma 1.9. A
has cpi.

Utheorem 1.5
In the following we will generalize the set of partitioned numbers. We will first state

results over Z and Q and finally we will consider real matrices and generalize the set
of partitioned numbers to the reals.
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DEFINITION 1.5. Let K C R — {0} be a set. Let A = (aij)i<i<m,1<j<n be a matric
with entries in R. A has the column property for systems of inequalities (cpi) over
K if there exists | € N and a partition [n] = Iy U I, U...UI; of the column indices
such that

1. There exists c € K such that for all 1 <i <m we have CZjEIO a;; <0 and

2. for all k <1,j € Us<i 1, there exist cy,crj € K such that for all 1 <i <m we

have
Z CjQij + Ck Z a;; <0.

JEUs<k s JEI 41

And correspondingly we define:

DEFINITION 1.6. Let K C R — {0} be a set. Let A = (aij)i<i<m,1<j<n be a real
matriz. Let b = (b1,...,bn) € R". The system AT < b is called partition reqular over
K, if for every c € N and every c-coloring of K A : K — [c] there exists a solution
x1,...2n € K of AZ < b such that A |{m1._.xn} = const.

LEMMA 1.6. Let K C R — {0} and K = Ky U Ky such that K; N Ky = (). Let
A = (aij)1<i<m,1<j<n be a real matriz. Then the following statements are equivalent:

1. The system AZ < 0 is partition reqular over K.

2. The system AZ < 0 is partition regular over Ky or the system is partition reqular
over Ks.

PROOF OF LEMMA 1.6.: If the system AZ < ( is partition regular over K; or over
K, then it is clearly partition regular over K. For the opposite direction assume
that the system AZ < 0 is neither partition regular over K; nor over K», i. e. there
exists ¢; € N and a coloring A; : K; — [c¢1] and there exists ¢ € N and a coloring
Ay : Ko = [eo], such that A% < 0 has no monochromatic solution in K; for A; and

no monochromatic solution in Ky with respect to A,. Define the following coloring:
A K = [maz{ci,c2}] x [2] by

(Al(m),l) if xr € Kl
A(‘””):{ (Ao(2).2) i z€ K>

Obviously the system AZ < 0 has no monochromatic solution with re-
spect to the coloring A which is a contradiction to the partition regularity.

|:Ilemma 1.6.

If we use lemma 1.16. together with theorem 1.5. we obtain the following theorem:

THEOREM 1.4. Let A = (aij)1<i<m,1<j<n e a rational matriz. The system AZ < 0
is partition reqular over Z — {0} if and only if A has cpi either over ZT — {0} or over

Z~ — {0}.
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PROOF OF THEOREM 1.4.: By lemma 1.16. we know that the system AZ < 0 is
partition regular over Z — {0} iff it is either partition regular over Z* — {0} or over
Z~ — {0}. The first case is equivalent to A having cpi over N by theorem 1.5. In
the second case consider (x) —A# < 0 where —A = (—aij)i<icmi<j<n. AZ <0
is partition regular over Z~ — {0} iff —A# < ( is partition regular over N. This is
equivalent to — A having cpi over N, which is equivalent to A having cpi over Z~ —{0}.

Utheorem 1.4.

THEOREM 1.5. Let A = (aij)i1<i<m,i<j<n be a rational matriz. Then the following
statements are equivalent:

1. The system A% < 0 is partition reqular over Q — {0}.
2. A has cpi over Q7 — {0} or over Q7 — {0}.

3. A has cpi over ZT — {0} or over Z~ — {0}.

PROOF OF THEOREM 1.5.

1. implies 2.:

It is enough to show that if AZ < 0 is partition regular over Q* — {0} then it has cpi
over QT — {0}. This can be shown following the arguments of the second part, of the
proof of theorem 1.5. using @ — {0} instead of N.

2. implies 3.:

Assume that A has cpi over QT — {0}, i. e. there exists a partition of the columns of
A into blocks [n] = Ip U ... U I; such that

1. There exists ¢ € Q" — {0} such that for all 1 <i < m we have a>jer, @ij <0,
i. e. ZjEIo Qi S 0.

2. For k <1,j € Ug<p 1, there exist cxj,cr € Q' — {0} such that for all 1 <i < m

we have
Z Crjaij + Ck Z a;; < 0.

JEUs<k s JEI 41

By multiplying the above inequality with the common divisor of ¢, ¢, we obtain
positive integer coefficients.

3. implies 1.:

If A has cpi over Z* — {0} or over Z~ — {0} then by theorem 1.17. the system

AZ < 0 is partition regular over Z — {0}. Hence it is partition regular over Q — {0}.
Dtheorem 1.5.

THEOREM 1.6. Let A = (aij)i<i<m,1<j<n be a real matriz. Then the following
statements are equivalent:

1. The system AZ < 0 is partition reqular over R — {0}.

2. A has cpi over R — {0} or over R™ — {0}.
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PROOF OF THEOREM 1.6.

1. implies 2.:

It is enough to show that if the system AZ < 0 is partition regular over Rt — {0} then
A has cpi over RT — {0}. This can be shown following the arguments of the second
part of the proof of theorem 1.5. using R* — {0} instead of N.

2. implies 1. :

Again it is enough to show that if A has cpi over RT — {0} then the system AZ < 0 is
partition regular over RT — {0}. To prove this we employ a generalized environment
lemma using the multidimensional version of van der Waerden’s Theorem which is
due independently to Gallai (see [10]) and Witt [16] instead of van der Waerden’s
Theorem [15]:

LEMMA 1.7. Let A = (aij)1<i<m,1<j<n be a real matriz such that the system AZ < 0
is partition reqular over R™ — {0}. Lett € N and W C R, W = {wy,...w} be
given. Let ¢ € N. Then for every c-coloring A : Rt — {0} — [c] there exists & =
(z0,---,2n) € (RT — {0})" and there exists r € Rt — {0} such that

1. AZ<0 and

2. For all j,k with1 <j<n,1<k<t wehave A(z; + rwy) = const.

PROOF OF LEMMA 1.7.: Assume that A is partition regular. Hence by compactness
[6] there exists a finite set V = V(4,¢) C RT — {0} such that for every c-coloring
of V there exists a monochromatic solution of the system AZ < 0 in V. Let V =

{Ula e 'avt}'
Let A : RT—{0} — [¢] be an arbitrary coloring. Define a coloring A* : RT —{0} — [¢!]
by

A*(z) = (A(Cﬁvi))lgigt-
Define a finite set W = {w|w = [[,_, vj,,Js € [t]}. By Gallai-Witt’s Theorem there
exists a homothetic copy of the set W which is monochromatic with respect to A*, say
W'=a +r'W = {a' + r'w|w € W}. Consider another coloring A** :V— [¢] which is
defined by A**(z) = A(a’z). By definition of V' there exists a monochromatic solution
of the system AZ < 0 in V with respect to A**, say xy,...,2. Then (zjad',... 2" ad")
is a solution and for all 1 < j < n we have A(z’a’) = const.
Let r = 7'z ...2,. Then we have:

zia' +rv; = zi(a +rlvEl - ooxp_gxl L a)
and by the definition of W

') eW.

! ! !
(Vja] T Ty T,

Hence for all 1 <i <n,1 < j <t we finally have
A(z}a') = A(zha’ + rvj).
Ijlemma 1.7.

Now we are able to prove the second part of theorem 1.19.:
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Let A be a real matrix which has cpi over Rt — {0}. Let [n] = Ip U...U I, be the
corresponding partition. We prove theorem 1.19. by main induction over the number
of colors and by subsidiary induction over the number of blocks. In both cases the
start of the induction is easy to obtain: The system AZ < 0 has a solution (just take
the coefficients cj;—1,¢). If only one color is used every solution is monochromatic.
If [ = 0 every singleton provides a solution.

Let Ay = (aV)]j € Uj<k 1)) be the submatrix of A which only consists of the columns
belonging to the first k blocks. Assume that Ay is partition regular over R™ — {0}
for some k£ > 0 and assume that for every coloring with ¢ — 1 colors the system (x)
A1 7 < 0 has a monochromatic solution, i. e. by compactness there exists a finite
set V._1 C RT — {0} such that for every (¢ — 1)-coloring (%) has a monochromatic
solution in V._y.

Let A : Rt — {0} = [¢] be an arbitrary coloring. We define W, a finite subset of R,
by W = {w =wvulv € V,u € {¢jp,cx|]l <j<n,1<k<li}}. We apply lemma 1.20.
to A and W. Thus there exists a solution (yi)iEUSSkIS of the system A,y < 0 and

r € RT — {0} such that for all i € Us<; s and all w € W we have A(y; +rw) = const.
Combining ¢pi and the fact that the y; form a solution for every v € V' we obtain:

Y aijly;Ferro) + Y agerrv <0,

JEUs<r s JEI 41

Without loss of generality we may assume that A(y; + reg;v) = ¢ for all i € Ug<y I
andv e V.

If now one of the numbers ¢;rv is also colored in ¢ we have found a monochromatic
solution of the system Ay < 0. Otherwise the coloring

A"V = [c—1]
defined by

A*(z) = A(zreg)
is  well defined. Therefore by induction on the number of col-
ors and the definition of V  there exists a monochromatic solu-
tion of Ag1 ¥ < 0 with respect to A*, say (l'f)ieusgkﬂls- Then

(zirck)icu,<pyr1. forms a solution which is monochromatic with respect to A.

Utheorem 1.6
In his dissertation [10] Rado also considered systems of inhomogeneous equations.
As well as for homogeneous systems the columns property plays an important role
for the characterization of partition regular systems of inhomogeneous inequalities.
We are able to give a complete characterization of those systems which are par-
tition regular over the natural numbers, over the set of integers and over the rationals.

THEOREM 1.7. Let A = (aij)1<i<m,1<j<n be arational matrix, let b= (b1y...,bm) €

Q™. The system of inequalities A% C 0 is partition regular over N if and only if one
of the following conditions is satisfied:
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1. There exists a € N such that A | : < v

a

2. A has cpi and there exists @ = (z1,...,7,) € N” and there exists I C [m],

w <0 for el
such that J; AT { S 0 for ic [m] _I

n
and there exists @ € Z such that for all i € [m] — I we have ) a;ja <b;

j=1

The proof of theorem 1.21 is a little bit tricky and in its main parts very technical.
The interested reader can find the complete proof in [17].

THEOREM 1.8. Set A = (a;)1<i<m,1<j<n be arational matrix and b= (b1y...,bm) €
Q™. The system AT < b is partition regular over Q — {0} if and only if AZ € b is
partition regular over N or the system — Az < b with —A = (—aij)i<i<m,i<j<n 18
partition regular over N.

If we partition the set Q — {0} the situation is different:

THEOREM 1.9. Let A = (a;j)1<i<m,1<j<n be a rational matrix, let b= (b1,...,bn) €

Q". The system (z)AZ < b is partition regular over Q if and only if one of the
following cases is valid:

n
1. There exists a* € Q such that for all 1 <i <m we have ) a;;a* <b;

j=1

2. There exists I C [m] such that b; > 0 for i € I,b; > 0 for i € [m]J — I and the
matrix Ar = (aij)ier,1<j<n has cpi over Qt - {0}.

3. A has cpi over Q" — {0} and there exists I C [m] and there exists
#(x1 — x,) € (QT — {0}" such that
<0 for el
for ie[m]-1I.

and there exists a® € Q* —{0} such that for all i € [m]—1I we have 3" a;ja* < b;.
j=1

4. —A = (—aij)1<i<m,1<j<n fulfills condition 1, 2, or 3.

2. (m,p,c)-SETS

In 1973 Deuber [1] gave a semantical characterization of partition regular system
of linear equations. The nature of this characterization is somewhat different form
Rado’s approach. Deuber described the arithmetic structure of the sets of solutions
of partition regular linear systems AZ = 0. The central definition is that of (m,p,c,)-
sets, which are m-fold arithmetic progressions together with c-fold differences:
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DEFINITION 2.1. Let m,p,c € N. A set D C N is an (m,p,c)-set if there exist
do,...,dm € N such that D = Dy, (dy ...dy,) consists of all numbers of the following
list:

cdo + hLidy + ldy + +  lmdm,
cdi + ldy + ... 4+ Ilpdpy,

Cdg + + lmdm,

cdp,

where l; € [—p,pl, i. e.

DiD’C(doa - '7dm) = {Cdl + Z leJ|7’ < malj € [_pap]}'
j=i+1

In particular a (1, k, ¢)-set is a (2k + 1)-term arithmetic progressions together with its
differences. Deuber proved the following theorem [1]:

THEOREM 2.1. (DEUBER 1973) A linear system AF = 0 is partition regular if and
only if there exist positive integers m, p,c such that every (m,p,c)—set D contains a
solution of AZ = 0.

(m, p, ¢)-sets not only describe the arithmetic structure of sets of solutions of partition
regular systems of linear equations but they can also be used to characterize sets of
solutions of systems of linear inequalities.

THEOREM 2.2. Let A = (a;5)1<i<ii<j<n be a rational matriz. Let AZ < 0 be a
partition regular system of linear inequalities. Then there exist m,p,c € N such that
every (m, p,c)-set contains a solution of the system AZ < 0.

PROOF OF THEOREM 2.2.: By theorem 1.5. we know that A has cpi, i. e. there
exists m € N and a partition Ip U...U I,;, = [n] such that
L forall 1 <i <[ wehave } ;. ; a; <0 and

2. for k <m and j € Us< I, there exist cgj, cp € N such that for every k¥ < m and
for all 1 < i <[ we have

Z Crjaij + Cg Z a;; <0.

JEUs<k s JEI 41

Let ¢ be the least common multiple of {¢x|1 < k < m}. Multiply each inequality by
i such that for all 1 <4 <[ we have

Z c}cjaij +c Z a;; <0.

JEUs<k s JEI 41
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Further let p = maxlgigl,1§k<m|c§6j|. We claim that these m, p, c have the desired
properties. Let Ar = (@ij)1<i<m,jeu,<,1, be the submatrix of A which only consists
of the columns of A belonging to the blocks one up to k. We will prove the claim by
induction on m.

Let m = 0. Hence A = Ao, i. e. forall 1 <i <1 we have 3.7, a;; < 0. Thus

every singleton forms a solution of the system AZ < 0 and D,.(dy) = {cdy} #
(. Assume that the statement is true for some k > 0. Consider a (k + 1,p,¢)-set
D =D, (dy,...,dr+1). By induction we know that the (k,p,c)-set Dy .(do,...,dx)
contains a solution of the system A,Z < 0. Let (y;)icu,-, 1, be such a solution, i. e.
Yi € Dy o(do,...,dg) and for all 1 <4 <[ we have N

> iy <0,
JEUs<rIs
which implies

Z aijyj+dk+1( Z CkjQij + € Z aij) <0.

JEUs<kls JEUs<kIs JE€Ik41
N

J ~ J/

~~ ~~

<0 <0

Hence for all 1 <4 <[ we have

Z a;j(y; + diti1crj) + Z cdpy1a;; < 0.

JEUs<k s JEI 41
For y; € Dp.c(do,...,di) and |cg;| < p we have
Y + Ck]'dk_;,_l S Dp7c(d0, ceey dk-l,-l) and

cdis1 € Dy o(do, ... dis1).

Hence we found a solution of the system Ay, Z < 0 in the arbitrary chosen (k+1,p,c)-
set Dp,c(do, ey dk+1). DTheorem 2.2.

THEOREM 2.3. Let A = (aij)1<i<m,1<j<n be a rational matriz. If there exist m,p,c €

N such that every (m,p,c)—set contains a solution of the system AT < 0 then the
system AZ < 0 is partition regular.

PrROOF OF THEOREM 2.3.: Let m,p,c € N be given such that every (m,p,c)—set
contains a solution of the system A# < (0. By Deuber’s theorem [1] we
know that for every coloring A of the natural numbers with finitely many col-
ors there exist dop...d, such that the (m,p,c)-set D = D,.(do,...,dm) is
monochromatic with respect to A. For every (m,p,c)-set contains a solution
of the system AZ < 0, so does D and hence A# < 0 is partition regular.

Dtheorem 3.4.

Deuber [1] also proved a partition theorem for (m,p, c)—sets in order to resolve the
following conjecture Rado stated 1933 [10].
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Call a subset S C N partition reqular if every partition regular system of linear
equations can be solved in S. Rado conjectured that coloring a partition regular set
S there is one color class which is again partition regular.

THEOREM 2.4. (DEUBER 1973) Let m,p,c and r be positive integers. Then there
exist positive integers n,q,d such that for every (n,q,d)-set D C N and every r-
coloring A — [r] there exists a monochromatic (m,p,c)—set D' C D.

We can enlarge the definition of a partition regular set [1] to systems of linear in-
equalities:

DEFINITION 2.2. Call a subset S C N partition reqular for systems of inequalities
(pri) if every partition regular system of inequalities AZ < 0 can be solved in S.

Note that for matrices A and B having ¢pi over N also the direct sum
A 0
0 B

THEOREM 2.5. For every coloring of a pri set with finitely many colors at least one
of the color classes again is partition reqular for inequalities.

has epi over N.

PROOF OF THEOREM 2.5.: Assume that the statement is false, i. e. there exists a
set S C N which is pri and there exists r € N and a coloring A : S — [r] such that no
color class of A is pri. Thus for each color class ¢ there exists a matrix A; such that
the system A;# < 0 is partition regular but has no solution in A~'(i). Consider the
system

A0 0 ... 0
0 A, 0 ... 0
(%) #<0
0 ... 0
0 ... 0 A,

(x) is partition regular therefore there exist m,p, ¢ € N such that every (m,p, c)—set
contains a solution of (¥). By Deuber’s theorem [1] there exist n,q,d € N such
that each coloring of an arbitrary (n,q,d)—set with finitely many colors contains a
monochromatic (m,p,c)—set. For S is pri, it contains a (n,q,d)—set. Hence there
is some (m,p,c)—set in S which is monochromatic with respect to A and thus there
exists a monochromatic solution of (%) in S which contradicts the definition of (k).

Uiheorem  2.5.

3. CANONICAL RESULTS

In this chapter we want to extend our considerations to colorings with an unlimited
number of colors. Call a coloring A of a set S canonical if A is either
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1. monochromatic, i. e. for all s,¢ € S it holds A(s) = A(t) or
2. distinct, i.e. for all s,¢ € S with s # ¢ it holds A(s) # A(t).

In 1950 Erdds and Rado [4] proved a canonical version of Ramsey’s theorem:

THEOREM 3.1. (ERDOS, RADO 1950) If an infinite set S is colored then some infinite
subset T is canonically colored. For all k € N if |S| > (k—1)?>+1 and S colored there
exists a subset T C S, |T'| = k which is canonically colored.

Later Erdos and Graham [3] proved a canonical version of van der Waerden’s theorem,
i. e. for every k € N and every coloring of the positive integers there exists a
canonically colored k-term arithmetic progression. In 1986 Lefmann [7] extended the
Erdos-Graham canonical theorem for arithmetic progressions to a canonical partition
theorem for (m,p, c)—sets and partition regular systems of linear equations.

Let D = Dy(do,-..,dm) = {cd; + 3721 ljdjli < m,l; € [—p,p]}. Say that the
elements of the form ed; +1;11d;+1+. . .4+l Tm belong to the ith row of the (m, p, c)—set
D, c(dp,..,dm). Let us further say that A : D, .(dp,...,dm) — w is a row-coloring
provided that any two numbers a,b € D, .(do, .. .,dy) are colored the same if and
only if they belong to the same row of Dy, .(do, ..., dn).

Lefmann proved the following theorem [7]:

THEOREM 3.2. (LEFMANN 1986) Let m,p,c € N. Then there exists a least positive
integer L(m, p, c) with the following property: For every coloring A : [L(m,p,c)] = w
there exists a (m,p,c)-set Dy (do,...,dn) C [L(m,p,c)] such that A |Dp,c(do,...,dm)
either is a canonical coloring or a row-coloring.

As a corollary Lefmann [7] proved a canonical version of Rado’s theorem:

COROLLARY 3.1. (LEFMANN) Let A = (aij)1<i<i,1<j<n be an integer valued matriz
having the column property, i. e. the system of linear equations A¥ = 0 is partition
regular. Let Iy U ...U I, = [n] be the corresponding partition of the columns of A
into blocks. Then there exists a positive integer N € N such that for every coloring
A : [N] = w there exists a solution T = (x1...z,) such that one of the following
cases holds:

1. A |{x17___7mn} s a canonical coloring.

2. Each two elements xz;,x; of {x1,...,x,} are colored the same if and only if
{i,j} C I} for some k < m.

In the following we will prove a canonical theorem for systems of linear inequalities,
which is similar to the above canonical version of Rado’s theorem.

THEOREM 3.3. Let A = (aij)i<i<ii<j<n be a rational matriz and let the system
AZ < 0 be partition reqular, i. e. A has cpi. Let IyU. . .UI,, = [n] be the corresponding
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partition of the columns of A into blocks. Then for every coloring A : N — w of the
natural numbers there exists a solution T = (x1...,2,) € N such that one of the
following cases is valid:

1. A |{x17___7mn} s a canonical coloring

2. A(x;) = A(z;j) for some i,j € [n] if and only if there exists some k < m such
that i,j € Ij.

PROOF OF THEOREM 3.3.: The system A# < ( is partition regular. Thus by the-
orem 3.3. there exist positive integers m,p, ¢ such that every (m,p,c)—set contains
a solution of the system AZ < 0. In the proof of lemma 3.3. in chapter 3 we saw
that a solution of AZ < 0 in an arbitrary (m,p,c)—set D can be constructed in such
a way that for i € I} x; comes from the Ith row of D. Let A : N — w be given.
Theorem 4.2. gives us a (m,p,c)—set Dy (do,...,dy) such that A |Dp,c(do7...,dm) ei-
ther is a canonical or a row-coloring. Let § = (y1 ...yn) be a solution of the system
A# < 0 such that for all 1 < i < n we have Yi € Dpc(do,...,dy) and for i € I y;
belongs to the kth row of D, .(do,...,dn). If Dy .(do, ... ,dy) is canonically colored
then A |{y17...,yn} is a canonical coloring and if A |Dp,c(do,...7dm) is a row coloring then
A(y;) = A(yy) if and only if y; and y; belong to the same row of D, .(do,...,dn),

i. e. if and only if ¢ and j belong to the same block I for some k < m.
Utheorem 3.3
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ABSTRACT. Let F be a field of characteristic # 2. We define certain prop-
erties D(n), n € {2,4,8,14}, of F' as follows: F has property D(14) if each
quadratic form ¢ € I*F of dimension 14 is similar to the difference of the
pure parts of two 3-fold Pfister forms; F' has property D(8) if each form
@ € I’F of dimension 8 whose Clifford invariant can be represented by a
biquaternion algebra is isometric to the orthogonal sum of two forms similar
to 2-fold Pfister forms; F' has property D(4) if any two 4-dimensional forms
over F' of the same determinant which become isometric over some quadratic
extension always have (up to similarity) a common binary subform; F' has
property D(2) if for any two binary forms over F' and for any quadratic
extension E/F we have that if the two binary forms represent over E a
common nonzero element, then they represent over £ a common nonzero
element in F. Property D(2) has been studied earlier by Leep, Shapiro,
Wadsworth and the second author. In particular, fields where D(2) does not
hold have been known to exist.

In this article, we investigate how these properties D(n) relate to each other
and we show how one can construct fields which fail to have property D(n),
n > 2, by starting with a field which fails to have property D(2) and then
passing to transcendental field extensions. Particular emphasis is devoted to
the situation where K is a field with a discrete valuation with residue field k&
of characteristic # 2. Here, we study how the properties D(n) behave when
one passes from K to k or vice versa. We conclude with some applications
and an explicit and detailed example involving rational function fields of
transcendence degree at most four over the rationals.
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1 INTRODUCTION

After Pfister [P] proved his structure results on quadratic forms of even dimension
< 12 and of trivial signed discriminant and Clifford invariant (cf. Theorem 2.1(i)—(iv)
in this paper) over a field F' of characteristic # 2, there have been various attempts
to extend and generalize his results. Merkurjev’s theorem [Me 1] implies that even-
dimensional forms of trivial signed discriminant and Clifford invariant are exactly the
forms whose Witt classes lie in I°®F, the third power of the fundamental ideal TF of
even-dimensional forms in the Witt ring W F of F. But there have been no further
results concerning the explicit characterization of such forms of a given dimension
> 14 until Rost [R] gave a description of 14-dimensional forms with trivial invariants
as being transfers of scalar multiples of pure parts of 3-fold Pfister forms defined over
a quadratic extension of the base field (cf. Theorem 2.1(v) in this paper). It remained
open whether such 14-dimensional forms can always be written up to similarity as
the difference of the pure parts of two 3-fold Pfister forms over F. It turns out that
this question is related to the question whether 8-dimensional forms in I2F whose
Clifford invariant is given by the class of a biquaternion algebra are always isometric
to a sum of scalar multiples of two 2-fold Pfister forms.

Izhboldin suggested a method to construct counterexamples to the second ques-
tion which then leads to counterexamples to the first one (after a ground field exten-
sion). One crucial step to make his approach work depended on the construction of
examples of two quaternion algebras over a suitable field F' such that there exists a
quadratic extension E/F over which these two quaternion algebras have a common
slot, but no such common slot over F can be chosen to be an element in F'. In this
paper, we reduce this existence problem to the existence of quadratic field extensions
which do not have a certain property CV(2,2) defined by Leep [Le] (see also [SL]).
This property has been studied in [STW], where it is shown that generally quadratic
extensions do not have this property CV(2,2). As a consequence, both questions
above concerning 14-dimensional forms in I*F and 8-dimensional forms in I?F have
negative answers in general.

It should be noted that the examples in [STW] of quadratic extensions not having
CV(2,2) are all in characteristic 0. Independently, Izhboldin and Karpenko [IK 2]
found a method to construct counterexamples to the common slot problem above
which is of a very general nature and works in all characteristics, thus also leading
to counterexamples to the above questions on quadratic forms and incidentally also
providing counterexamples to C'V (2, 2) for quadratic extensions. Needless to say that
they employ machinery quite different from what is used in [STW].

In the next section, we will recall the known results on forms in I*F and prove
certain others which are crucial in the understanding of 14-dimensional forms in I*F.
In section 3 we will then investigate the relations between the questions raised above.
We will state these results in terms of certain properties D(n) of the ground field F'
which describe the behaviour of certain forms of dimension n € {2,4,8,14} over F.
In section 4, we consider the situation of a discrete valuation ring R with residue field
k of characteristic not 2 and quotient field K. The purpose is to determine how the
properties D(n) for k and K relate to each other. These results can then be used
to show that starting with a field F' which does not have property D(2), one obtains
fields which do not have property D(n), n € {4,8,14}, by passing to rational field
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extensions. In section 5, we exhibit the properties D(n) for fields with finite Hasse
number and for their power series extensions. Finally, in section 6, we derive some
further consequences and exhibit in all detail an example, starting over Q(z), which
will then lead (after going up to rational field extensions over Q(z)) to the explicit
construction of counterexamples to all the problems touched upon in this article.

The standard references for those results in the theory of quadratic forms and
division algebras which we will need in this paper are Lam’s book [L 1] and Scharlau’s
book [S]. Most of the notations we will use are also borrowed from these two sources.

Fields are always assumed to be of characteristic # 2, and we only consider
nondegenerate finite dimensional quadratic forms. Let ¢ and ¥ be two quadratic
forms over a field F. We write p ~ 1 (resp. ¢ ~ 1) to denote that the two forms
are isometric (resp. equivalent in the Witt ring W F'). The forms ¢ and ¢ are said to
be similar if there exists some a € F'* such that ¢ ~ aip. We call ¢ a subform of ¢,
and write ¢ C ¢, if ¢ is isometric to an orthogonal summand of ¢. The hyperbolic
plane (1, —1) is denoted by H. We write d+ () for the signed discriminant of a form
v, and ¢(¢p) for its Clifford invariant. For a field extension E/F, we write Dg(p) to
denote the set of elements in E* represented by ¢g, the form obtained from ¢ by
scalar extension to E.

We use the convention (a1, -,ay)) to denote the n-fold Pfister form (1, —a1) ®

-®(1,—ay,) over F. By P,F (resp. GP,F) we denote the set of all forms over F’

which are isometric (resp. similar) to n-fold Pfister forms.

Forms of dimension 6 with trivial signed discriminant are called Albert forms, in
reference to the following theorem of Albert:

The biquaternion algebra (a;,as)r ® (as,aq)F is a division algebra if and
only if the quadratic form (—ay, —as, aja2,as, as, —azas) is anisotropic.

For a proof, see [A, Th. 3] or [P, p. 123].

2 PFISTER'S AND ROST’S RESULTS AND SOME CONSEQUENCES

We begin by stating the results of Pfister and Rost on even-dimensional forms with
trivial signed discriminant and Clifford invariant. Pfister proved the results on forms
of dimension < 12 in [P, Satz 14, Zusatz] (our statement of the 12-dimensional case
is a little different but can easily be deduced from Pfister’s original proof). The
14-dimensional case is due to Rost [R].

THEOREM 2.1 Let ¢ be an even-dimensional form over F with dip = 1 and
c(p) =1.
(i) If dim ¢ < 8 then ¢ is hyperbolic.
(ii) Ifdime =8 then ¢ € GP3F.
(iii) Ifdim = 10 then p ~ 7 L H with m € GP3F.
(iv) Ifdimy =12 then ¢ ~ a® B for some Albert form « and some binary form
B or, equivalently, there exist r,s,t,u,v,w € F* such that p ~ r({s,t,u)) —
{(s,v,w))) in WF.
(v) If dimp = 14 and ¢ is anisotropic, then there exists a quadratic extension
L = F(V/d) and some © € PsL such that o is the trace of \/dr', where «'
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denotes the pure part of w. (Here, “trace” means the transfer defined via the
trace map.)

Part (i) of the following corollary can also easily be deduced from the classifica-
tions given in [H2, Th.4.1, Th.5.1]. We will give a self-contained proof. Part (ii) is
an observation due to Karpenko [K, Cor.1.3].

COROLLARY 2.2 Let ¢ be a form over F.

(i) If dim ¢y = 10 and there exists o € PyF such that p = o (mod I*F), then
there exist r € F* and m € GP3F such that o ~ 7+ ro.

(ii) If dimyp = 14 and ¢ € I3F then there exists an Albert form a such that
aCp.

Proof. (i) Let s € F'* such that ¢ ~ (s) L ¢', and let ¢’ be the pure part of o. Let
Y= (¢ L —s0")an. Note that dime < 12. We have

v=¢pl-so=01l —-soc=0 (modI’F).

If dim ¢ < 10 then by Th. 2.1 there exists @ € GPsF (possibly hyperbolic) such that
Y ~min WF. Thus, p ~ ¢ + so ~ 7+ so in WF and we put r = s.

So suppose that dim¢ = 12. Then, by Th. 2.1(iv), there exists a quadratic
extension E = F(v/d) such that ¢ is hyperbolic, i.e. Yy ~ so, and comparing
dimensions yields that iw (¢') > 3. In particular, there exist z,y,z € F* such that
¢~ (1,=d) ® (x,y,2) L ¢" with dim¢" = 3 (cf. [S, Ch.2, Lemma 5.1]). Consider
7= (1,-d) ® (z,y,2,7yz) € GP3F and a := —zyz(l,—d) L ¢" L (s). Then
@ —7m~ain WF and thus « = ¢ (mod I*F). Note that « is an Albert form with
(a) = ¢(o). It follows from Jacobson’s theorem (see, e.g., [MaS]) that there exists
€ F* such that a ~ ro and therefore ¢ ~ 7+ ro in WF.

(ii) Any isotropic form of dimension > 7 contains some Albert form as a subform
as can readily be verified. Thus, if ¢ is isotropic, it contains some Albert form (which
also follows from Th. 2.1(iv)). So assume that ¢ is anisotropic. By Th. 2.1(v), there
exists a quadratic extension F = F(v/d) and some form {(u, v, w) € P3F such that ¢ ~
tr(vVd{u,v,w)"). Let a := tr(vd(—u, —v,uv)). Clearly, (—u,—v,uv) C (u,v,w)’
and thus a C ¢. Furthermore, dima = 6, and we have by [S, Ch.2, Th.5.12] that,
in F*/F*2, deta = d*Np/p(det(Vd(—u, —v,u))) = d*Ng,p(Vd) = —d* = —1.
Therefore a € I?F. Hence, « is an Albert subform of ¢. O

Cc
r

PROPOSITION 2.3 Let ¢ be a form over F with dim ¢ = 14 and ¢ € I3F. Then there
exist forms m; € GPsF, i = 1,2,3, such that ¢ ~ m + m + w3 in WF. Furthermore,
the following statements are equivalent :
(i) There exist 71,72 € P3sF and s1,s2 € F* such that p ~ s171 + sa10 in WF.
(i) There exist 71,70 € PsF and s € F* such that ¢ ~ s(r{ L —74), where T
and T are the pure parts of 71 Tesp. .
(iii) There exists 0 € GPoF such that o C .

Proof. Let ¢ be a 14-dimensional form if I F. By Cor. 2.2(ii), we can write o ~ a L 1)
with an Albert form a and some 1) € I>F, dim¢ = 8. After scaling, we may assume
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that a ~ 01 — 02 in WF with 01,00 € P,F. Let x € F* such that ¢ ~ (—z) L ¢’
and consider the 10-dimensional form ¢’ L xzo]. We then have

V' Lxoy = +axor = p—a+xo) =03 — 01 + 201 = 09 (modI3F).

By Cor. 2.2(i), there exists y € F'* and w3 € GP;F such that ¢' 1 zo] ~ ¢ + xoy ~
73 + Yoo in WF. Let now m := (x)) ® 01 € PsF and m := (y)) ® 05 € PsF. One
checks readily that we have ¢ ~ m — w2 + 73 in WF.

As for the equivalences, (ii) trivially implies (i), and the converse follows readily
after comparing dimensions of ¢ and sy71 L sa7», implying that the latter form is
isotropic, and then using the multiplicativity of the Pfister forms 7, 5.

(ii) implies (iii) since 7{ as well as 73 clearly contain subforms in GPF.

Finally, let ¢ € I*F with dim ¢ = 14 and suppose there exists 0 € GP,F with
@ ~ o L 9. Then dimey = 10 and ¢y = —o (mod I?F). By Cor. 2.2, there exist
m € GP3F and x € F* such that ¢ ~ m —xo in WF. Let m2 := (z)) ® 0 € GP3F.
We then have ¢ ~ ¢ + 0 = m + m2 in WF, which implies (i). o

The fact that each 14-dimensional form in I®F is Witt equivalent to the sum
of three forms in GP3F has been noticed independently by Izhboldin. A somewhat
different proof of the equivalence of the three statements above is given in [IK 2,
Prop. 17.2].

Let us now turn our attention to 8-dimensional I2-forms over a field F. Tt is well-
known that if ¢ is such a form, then the Clifford invariant ¢(p) can be represented
as the class of Q1 ® Q2 ® @3 for suitable quaternion algebras ;. In particular, its
index is 1, 2, 4, or 8. Which of these cases occurs can be determined in terms of the
splitting behaviour of ¢ over (multi)quadratic extensions of F. To this end, we will
need results on the Scharlau transfer of certain quadratic forms.

LEMMA 2.4 (i) (See also [S, Ch.2, Lemma 14.8].) Let E = F(\/d) and 7 € GP,E.
Then there exist ay,as € F*, by,ba,c € E*, such that in WE, one has ct ~ {ay,b1))—
((az, b2)).

(ii) Let ¢ € I*F be anisotropic, dimy = 8, and suppose that indc(p) = 4.
Then there exists a quadratic extension E = F(v/d) and some 7 € GPE such that
p ~ tr(1), where “tr” denotes the transfer defined via the trace map (cf. also Theo-
rem 2.1(iv) ).

Proof. (i) After scaling, we may assume that 7 ~ (z1,22) with 1, zo € E*. If
x1 or xo lies in F, then obviously we are done. So let us assume that z1,zo ¢ F.
Since F is 2-dimensional over F', the elements 1, x1, z2 are not linearly independent
over F', hence we may find aq, as € F* such that a;zq + aszs = 0 or 1. The form
{(a1z1,a2x2)) is then hyperbolic. Multiplying by (a1, —ajasz2) both sides of

(1, —arz1) ~ (a1, —arz1) + (1, —aq)

we get
(1, a2z2)) =~ (a1, azz2)).

Substituting (1, —asx2) ~ (a2, —asx2) + (1, —as) in the left side, we obtain

az((w1,z2)) ~ (a1, a2z2)) — (az, 1))
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We may thus choose b; = a2 and by = 7.
Part (ii) is due to Izhboldin and Karpenko [IK 2, Th. 16.10], and its proof (which
we will omit) is based on Rost’s result on 14-dimensional I*-forms. O

PROPOSITION 2.5 Let ¢ be an 8-dimensional form in I?F. Then indc(p) €
{1,2,4,8} and there exists a multiquadratic extension L/F of degree 1, 2, 4 or 8
such that @; ~ 0. Moreover, for i = 0, 1, 2, 3, we have indc(p) < 2% if and only
if there erxists a multiquadratic extension L/F of degree < 2¢ such that ¢; € GP;L.
Fori =1, 2, 3, this condition is also equivalent to the existence of a multiquadratic
extension L' |F of degree < 2 such that o, ~ 0.

Proof. Write ¢ ~ 81 L B L B3 L B4, where the §; are binary forms with di3; =
d; € FX/FXQ. Then dy = didad3 as ¢ € IQF, and for L = F(\/d_l,\/£,\/£), we
obviously have (8;)r ~ 0 and thus ¢; ~ 0. Hence, we also have that ¢(p;) = 0 in
BrL. Thus, ¢(y)y, is split and it follows readily that ind e(p) € {1, 2,4, 8}. (Of course,
this also follows from the fact mentioned above that ¢(p) can be represented as the
class of some triquaternion algebra.)

As for the remaining statements, the case i = 0 follows from Theorem 2.1(ii).

If ¢; € GPsL for some quadratic extension L/F, then ¢(p;) = 0 in BrL. We
then have ind ¢(¢) < 2, hence ¢(p) = [Q] for some quaternion algebra @ over F. It
is well-known that in this case ¢ is divisible by some binary form 3 (see for example
[H2, Th.4.1)). With d = d+ and L' = F(\/d), we get ¢, ~ 0. Finally, if ¢, ~ 0 for
some quadratic extension L'/ F, then ¢, € GP3L', as it is isometric to the hyperbolic
3-fold Pfister form over L'.

Similarly as above, the existence of a biquadratic extension L'/ F such that ¢, ~
0 trivially implies the existence of a biquadratic extension L/F with ¢, € GPL,
which in turn implies that inde(¢p) < 4. It remains to show that indc(p) < 4
implies the existence of L' as above. We may assume by (ii) that ind¢(p) = 4. By
Lemma 2.4(ii), there exists a quadratic extension E = F(v/d) and a form 1 € GP,E
such that ¢ ~ tr(r). By Lemma 2.4(i), there exist a;,as € F* and binary forms g,
B2 over E such that 7 ~ {a1)) ® B1 + {az2)) ® B2 in WE. By [S, Ch.2, Th. 5.6], we get

o~ tr(r) ~ (a1)) @ tr(B1) + (a2)) @ tr(Ba) -

Let L' = F(\/a1,+/az). Then {(a;));, ~ 0 and hence ¢, ~ 0. m

REMARK 2.6 Using Rost’s description of 14-dimensional I?-forms as certain transfers,
one can prove, similarly as in part (iii) of the previous proposition, that every 14-
dimensional I3-form becomes hyperbolic over some multiquadratic extension of degree
< 4. Another way of proving this is as follows. Let ¢ € I?F, dim ¢ = 14. By Cor. 2.2,
we can write ¢ ~ 1 1 « for some Albert form «. Let a € F* such that ¢ | aa« is
isotropic. Note that the anisotropic part of ¢ 1 aa has dimension < 12, and it is
again in I°F. By Theorem 2.1, there exists b € F'* such that this anisotropic part is
divisible by (b)). Thus, for E = F(y/a,Vb) we get

vp~Wla)p~ (@ La)g~0.
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3 FORMS OF DIMENSION 14 IN I?, OF DIMENSION 8 IN I?, AND THE PROPERTY
CV(2,2)

Let E/F be a field extension. Then E/F is said to have the common value property
for pairs of forms of dimension n and m, property CV (n,m) for short, if for any pair
of forms ¢ and ¢ over F with dim ¢ = n and dim = m we have that if o and ¢¥g
represent a common element over E, then they already represent a common element
of F* over E, i.e., if Dg(p) N Dg(¢) # 0, then Dg(p) N Dg(y) N F* # (. This
definition is originally due to Leep [Le]. Trivially, the property CV(1,n) holds for all
n and all extensions E/F. We are interested in the case where E/F is a quadratic
extension. The following was shown in [STW, Lemma 2.7].

LEMMA 3.1 Let E/F be a quadratic extension. Then E/F has property CV (2,2) iff
E/F has property CV (n,m) for all pairs of positive integers n,m.

We now define certain properties of a field F' pertaining to quadratic forms and
quaternion algebras and we will investigate the relationships among them.

Property D(14): Every 14-dimensional form in I*F is similar to the difference of
two forms in P3 F' or, equivalently by Prop. 2.3, contains a subform in GP; F.

Property D(8):  Every 8dimensional form ¢ € I?F whose Clifford invariant ¢(¢)
can be represented by a biquaternion algebra contains a subform in GP>F'.

Property D(4):  Suppose ¢, and @, are 4-dimensional forms over F' with dyp; =
dip,. If there is a quadratic extension E/F such that (p;)g ~ (¢s)g, then
there is a binary form 3 over F' which is similar to a subform of both ¢, and ¢,.

Property CS: Suppose @1 and (s are quaternion algebras over F' and E/F is a
quadratic extension. If (Q1)g and (Q2)g have a common slot over E, then such
a slot can be chosen in F, i.e., if there exist u,v,w € E* such that (Q1)r ~
(u,v)p and (Q2)p ~ (u,w)g, then there exists v’ € F*, v',w' € E* such that
(@Q)e = (u',v")p and (Q2)p = (v, w')p.

Property D(2):  Every quadratic extension E/F has property CV(2,2).

(The notation D(n) alludes to the fact that the thus-labelled property describes a
certain behaviour of certain forms of dimension n over the field in question.)

REMARK 3.2 (i) As for property D(8), if there exist a biquaternion algebra B over
F and an 8-dimensional form ¢ € I*>F such that c(¢) = [B] in BrF and such that ¢
does not contain a subform in GP», then B is necessarily a division algebra and ¢ is
anisotropic.

For if ¢ were isotropic, one could readily find 4-dimensional subforms of deter-
minant 1 as ¢ would contain the universal form H as a subform. Furthermore, if
B were not a division algebra, then there would exist a quaternion algebra @) such
that ¢(p) = [B] = [@]. By Prop. 2.5, ¢ would become hyperbolic over some quadratic
extension F(v/d) and would therefore be divisible by (d)). The existence of a subform
in GP, F would follow immediately.

(ii) As for property D(4), if there exist forms ¢; and ¢, over F' with dim¢, =
dim ¢, = 4 and d+p, = d+p, = d and a quadratic extension E/F such that (p,)g ~
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(p2)E, but there does not exist a binary form 3 over F such that (3 is similar to a
subform of both ¢, and ¢,, then the quadratic extension cannot be given by F(v/d).

In fact, Wadsworth [W] showed that if two 4-dimensional forms over F' of the
same determinant d become similar over the extension F(v/d), then they are already
similar over F. In view of this result, it is even more remarkable that there are fields
where property D(4) fails.

Furthermore, if the two forms ¢, and ¢, are as above, then necessarily d ¢ F*2,
ie. ¢,p, ¢ GPF. In fact, suppose that ¢, ~ r{a,b) and @, ~ s(u,v)), and
let @ ~ (—a, —b,ab,u,v, —uv). If there exists a quadratic extension E = F(y/e)/F,
e € F*\F*2, such that (p,)r =~ (p,)E, then it follows readily that (a, b)) p ~ (u,v) 5
and hence that ag is hyperbolic. Suppose that « is anisotropic over F. Then there
exists a 3-dimensional form v over F' such that a ~ ((e)) ® v and therefore dra = e,
a contradiction. Hence, « is isotropic and there exists z € F* such that —zx is
represented by (—a,—b,ab) and (—u, —v,uv). In particular, there exist y,z € F*
such that ((a,b) ~ (z,y)) and (u,v) ~ (z,z)). It follows that 3 := {(z)) is similar to
a subform of both ¢, and ¢,.

The following observation provides a useful criterion as for when an 8-dimen-
sional I?-form whose Clifford invariant can be represented by a biquaternion algebra
contains a subform in GP, F. We will use it in various proofs involving property D(8)
(see also [IK 2, Prop.16.4]).

LEMMA 3.3 Let ¢ be an 8-dimensional form in I?F such that c(p) = [A] for some
biquaternion algebra A over F with associated Albert form «. The following are
equivalent :

(i) ¢ contains a subform in GP,F.

(ii)  There exists a quadratic extension L = F(\/d) such that @; is isotropic and
Ay, is not a division algebra.

(iii) There exists a quadratic extension L = F(\/d) such that ¢; and oy are both
1sotropic.

(iv) There exists a binary form over F which is similar to a subform of both ¢
and «.

Proof. The equivalence of (ii) and (iii) is clear by Albert’s theorem, and the equiva-
lence of (iii) and (iv) is also rather obvious. In view of Remark 3.2(i), we may assume
that ¢ is anisotropic and that A is a division algebra, i.e. « is anisotropic. It remains
to show (i) <= (ii).

Suppose that (i) holds. Then ¢ ~ 1) L 15 with ¢); € GPF. Let L = F(v/d) be
any quadratic extension such that > becomes isotropic and hence hyperbolic over L.
Then we have c(p;) = ¢((¢1)r.) = [AL]. Since 1 € GP2F, there exists a quaternion
algebra @ over F' such that c¢(¢1) = [Q]. Hence, [Q1] = [AL], which implies that Ay,
cannot be a division algebra.

Conversely, suppose that there exists a quadratic extension L = F(v/d) with
@y, isotropic and Aj, not division. Since ¢; is isotropic and in I?L, there exists a
6-dimensional form ¢ € I’L with ¢, ~ 1, in particular, c¢(¢)) = c(p;) = [AL]. By
Albert’s theorem, ¥ must be isotropic, hence the Witt index of ¢ over L is > 2. Thus,
there exists a binary form 8 over F such that (d)) ® 8 C ¢ (cf. [S, Ch.2, Lemma
5.1]). (i) now follows as ((d)) ® 8 € GP,F. o
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THEOREM 3.4
D(2)=CS < D(4) and D(8) = D(14).

Proof. D(2) = CS: It is well-known that (a,b)r ~ (a',0")r iff (—a,—b,ab) ~
(—a',—b',a'b’). Suppose that F does not have property CS, and let (a,b)r and
(u,v)F be quaternion algebras over F' and let E/F be a quadratic extension such
that the quaternion algebras have a common slot over E but such that no common
slot over E can be given by an element in F'. By the remark above, the fact that they
have a common slot over E translates into Dg((—a, —b,ab)) N Dg({(—u, —v,uv)) # 0,
and the fact that such a common slot cannot be chosen in F' translates into
Dg({—a,—b,ab)) N Dg({—u,—v,uv)) N F* = (). We conclude that E/F does not
have property C'V(3,3), which, by Lemma 3.1, yields that F' does not have property
D(2).
CS <= D(4): Suppose F does not have property C'S and let (a,b)r and (u,v)p
be quaternion algebras over F' such that they have a common slot over L = F(v/d),
but no such common slot can be chosen in F. Let

1/11 = <d7_a7_b7ab> and ¢2 = <d7 —’u,,—’U,’U/U) :

We first show that there does not exist a binary form 3 such that § is similar to
a subform of ¢ and ¢». Then we show that there exists a quadratic extension
E = F(y/e) and some x € F* such that (¢1)g ~ (z32)g. This then implies that
property D(4) fails.

Suppose there exists a binary form g with, say, d+ 3 = s such that 3 is similar to
a subform of ¢; and ¢». Then the forms (¢1)r ~ ((a,b)); and (¢Y2)r ~ (u,v)), are,
over L(4/s), isotropic and hence hyperbolic, or, equivalently, the quaternion algebras
(a,b)r, and (u,v)r are split over L(y/s). Hence, there exist t,w € L* such that
(a,b)r, = (s,t)r, and (u,v)r, ~ (s,w)r, which yields the common slot s € F*, a
contradiction.

Let now r € F* and consider ¢, L —riy» € I?F. We then have in WF

1 L —ripy ~ (d,—rd) + (—a,—b,ab) — r{—u, —v,uv)
(—1,r,d,—rd) + (1, —a, —b,ab) — r{1 — u, —v,uv)
~ (a,b) —r{u,v) — (d, ),

which yields ¢(¢1 L —rip2) = [(a,b)r(u,v)p(d,7)r]. Now (a,b)r and (u,v)p have
a common slot over L = F(v/d), i.e. (a,b)r(u,v)r is not a division algebra over L
and thus there exist z,y,z € F* such that (a,b)r(u,v)r ~ (d,2)r(y,2)r, by [LLT,
Prop. 5.2]. The above computation then shows that c(¢y L —x1s) = [(y, 2) r]. Hence,
Y1 L —x1)y is an 8-dimensional form in I?F whose Clifford invariant is given by the
class of a quaternion algebra, thus there exists a quadratic extension E = F(y/e)/F
such that (¢1 L —x1p2)E is hyperbolic (cf. also Rem. 3.2(1)), i.e. (¢1)p ~ (212)E.

As for the converse, suppose that F' does not have property D(4) and let ¢, and
5 be two 4-dimensional forms such that dyy; = dip, = d and that there exists a
quadratic extension E/F such that (p,)r ~ (¢5) g, but there does not exist 3 € P, F
similar to a subform of both ¢, and ¢,. After scaling, we may assume that there
exist a,b,u,v,x € F* such that

~

o1 ~(d,—a,—b,ab) and ¢, ~ x(d, —u,—v,uv) .
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Similar to above, we have that ¢; L —p, € I?’F and that c(p; L —¢,) =
[(a,b)p(u,v)r(d,z)F]. On the other hand, ¢; L —¢, is hyperbolic over the quadratic
extension I of F'. Hence, the index of the Clifford algebra of ¢, L —¢, can be at most
2, which implies that the Clifford invariant can be represented by a quaternion algebra,
say, c(p; L —py) =[(y,2)F], v,z € F*. In particular, (a,b)r(u,v)r =~ (d,2)r(y, 2)F,
and it follows that (a, b)(u,v)r is not a division algebra over L = F(v/d), i.e. (a,b)r
and (u,v)r have a common slot. To show that property C'S fails, it suffices to show
that this common slot cannot be in F'.

Suppose there exist r € F* and s,t € L* such that (a,b)r, =~ (r,s)r, and (u,v)r, =~
(r,t)r. Let K = F(y/r). Since (r,s)r, and (r,t)r, split over L(y/r) = K(v/d), one sees
easily that (1) (7 and (p3)g (7 are hyperbolic. On the other hand, dip; =
diy, = d, and it is well-known and easy to show that an anisotropic 4-dimensional
form stays anisotropic over the field obtained by adjoining the square root of the
determinant of the form. Hence, (¢;)k and (p5)k are both isotropic, which yields
that both ¢, and ¢, contain subforms similar to (1, —r), a contradiction.

D(8) = D(14): If F does not have property D(14), there exists a form p € I*F
with dim ¢ = 14 such that ¢ does not contain a subform in GP,F. By Cor. 2.2, we
can write ¢ ~ a L v with an Albert form o and some 8-dimensional form ) € I?F.
Clearly ¥y = a (mod I*F) and therefore c(¢)) = c¢(a). Since a is an Albert form,
there exists a biquaternion algebra B over F such that c¢(a) = ¢(y) = [B] in BrF.
Furthermore, ¢ does not contain a subform in GP>F as ¢ does not contain such a
subform, hence F' does not have property D(8). m

We do not know whether D(4) implies D(8) or not.

4 THE PROPERTIES D(n) OVER FIELDS WITH A DISCRETE VALUATION

Let R be a discrete valuation ring with residue class field & and quotient field K.
Suppose that chark # 2, and let © be a uniformizing element of R. For each form
o over K, there exist forms ¢; and ¢, which have diagonalizations containing only
units in R* such that ¢ ~ ¢, L mp,. The residue forms @; and @, are called the
first and second residue forms respectively; they are uniquely determined by ¢ (see
[S, Ch.6, Def.2.5]). If p; and @, are both anisotropic, then ¢ is anisotropic. The
converse holds if R is 2-henselian, by Springer’s theorem [S, Ch. 6, Cor. 2.6]. A typical
example of such a discrete valuation ring in the equal characteristic case is R = k[[t]],
the power series ring in one variable ¢.

Our aim is to investigate how the properties D(n), n € {2,4,8,14}, behave after
going down from K to k or going up from k to K (under the extra hypothesis that
R is 2-henselian).

We first go down from K to k, assuming that the residue map R — k has a
section, hence that k can be viewed as a subfield of K. (For instance, K may be an
intermediate field between the field of rational fractions k(t) and the power series field
k((t)), and R the t-adic valuation ring.)

THEOREM 4.1 Suppose the residue map R — k has a section, and view k as a subfield
of R.

(i) If K has property D(4), then k has property D(2) (hence also D(4)).
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(ii) If K has property D(8), then k has properties D(4) and D(8).
(iii) If K has property D(14), then k has property D(8) (hence also D(14)).

Proof. (i) Suppose that k does not have property D(2). It will suffice to show that K
does not have property C'S, since Theorem 3.4 shows that C'S and D(4) are equivalent.
Let a,b,c € k* and let E = k(y/e)/k be a quadratic extension such that Dg ({1, —a))N
Dg({(b,=bc)) # 0 but Dg((1,—a)) N Dg({b,—bc)) Nk* = 0. Let L = K(\/e). Then
Dr({(—a,—m,am)) N Dr,({(—c, —bm,ber)) # 0 as these 3-dimensional subforms contain
—n(l,—a); and —m(b, —bc);, respectively. We will show that D ({—a,—m,ar)) N
Dr({(—ec,—br,ber)) N K* = ), which, by the remark at the beginning of the proof of
D(2) = CS in Theorem 3.4, implies that (a,7)x and (¢, br)x have a common slot
over L, but no such common slot can be chosen in K, which then shows that property
C'S fails for K.

In order to do this, we may replace K by its 2-henselization (or by its comple-
tion) for the discrete valuation. Then L is 2-henselian with residue field E, and it
follows from Springer’s theorem (cf. [S, Ch.6, Cor.2.6]) that if Dr({(—a,—m,am)) N
Dr({(—c, =br,ber)) N K> # 0, then Dgr({(—a)) N Dg({—c)) N k> # 0, which actu-
ally implies that ac € E*2, or Dg({1,—a)) N Dg({b,—bc)) N k* # (. The latter
can be ruled out by our choice of a,b,c € kX. Suppose that ac € E*2. Then
(1,—a)p ~ (1, —c)g. Since Dg((1,—a)) N Dg((b, —bc)) # 0, there exists r € E* such
that (1, —a)p ~ r(1,—a)y and (b, —bc) ~ r(1l, —c) . These facts together yield

(b, =bc)p ~r(l,—c)p ~r(l,—a)yp =~ (1,—a) 5 .

In particular, 1 € Dg({1, —a)) N Dg({(b, —bc)) N k>, a contradiction.

(ii) Suppose k does not have property D(4). Let ¢, and ¢, be 4-dimensional
forms over k such that there exists a quadratic extension E = k(y/e)/k with (¢,)p ~
(p5) E but such that there does not exist a binary form § over k which is similar to a
subform of both ¢, and p,. Let ¢ := ¢, L —7mp, € I’K. Then ¢ becomes hyperbolic
over the biquadratic extension K (y/e, /7). This shows that the index of the Clifford
algebra of ¢ can be at most 4 and hence there exists a biquaternion algebra B such
that c(p) = [B].

In order to prove that K does not have property D(8), it remains to show that ¢
does not contain a subform in GP» K. For this, we may replace K by its 2-henselization
for the discrete valuation. Suppose 0 € GP> K is such that o C . We may decompose
o ~ oy L —moy, where g1 and oy are even-dimensional forms which have a diago-
nalization containing only units in R*. By Springer’s theorem, the residue forms &7
and 73 satisfy a1 C ¢; and o3 C ¢,. If dimo; = 0 or dimoy = 0, then ¢, or ¢
lies in GP,F, which is not possible (cf. Rem. 3.2). Therefore, dimo; = dimoy = 2.
Since d1o = 1, there exists s € k* such that o3 ~ sy, in which case 77 C ¢, and
501 C 5, a contradiction to the choice of p; and ¢,. We conclude that ¢ does not
contain a subform in G K.

If k£ does not have property D(8), there exists an 8-dimensional form ) € Ik such
that ind ¢(1)) < 4 which does not contain any subform in GPyk. As in the preceding
argument, we may use residues and Springer’s theorem to show that, viewed over
K, the form ¢ does not contain any subform in GP>, K. Therefore, K does not have
property D(8).

(iii) Suppose k does not have property D(8), i.e. there exist an 8-dimensional form
¢ € I’k and a biquaternion algebra B over k such that c(y)) = [B], and such that
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¢ does not, contain a subform in GPyk. Let a be an Albert form with ¢(a) = [B].
By Remark 3.2, ¥ and « are both anisotropic (in the case of « this follows after
invoking Albert’s theorem because B is a division algebra). In particular, a also does
not contain a subform in GPk. Consider the form ¢ := a L m) over K. Obviously,
c(p) = ¢(a)e(vh) = 1in BrK and thus ¢ € I?K and dim ¢ = 14. We will show that
 does not contain a subform in GP, K which then implies that property D(14) fails
for K. For this, we may replace K by its 2-henselization for the discrete valuation.
Suppose there exists 0 € GP,K such that 0 C . As in the proof of (ii) above,
we decompose 0 ~ o1 L moo and obtain by Springer’s theorem o7 C a and 75 C .
If dimoy = 0 or dimoy = 0, it follows that ¢ or a contains a subform in GPk,
a contradiction. Therefore, dimo; = dimos = 2 and, since dyo = 1, we have
d4+01 = d4+73. Let d € k* be a representative of d+o7 and E = k(\/a) Then ag and
g are isotropic and it follows from Lemma 3.3 that ¢ contains a subform in GPk,
a contradiction. o

COROLLARY 4.2 Let k be a field and let K;, 1 < i < 3, be any field with k(t1,---,t;) C
K; C k((t1))--- (t;), where t1,ta,t3 are independent variables over k. If k does not
have property D(2), then K1 does not have property D(4), K> does not have property
D(8), and K3 does not have property D(14).

A more precise statement is in Corollary 6.2 below.

REMARK 4.3 The hypothesis that the residue map has a section is used in the
proof of Theorem 4.1 to find suitable lifts for quadratic forms over k. If the
valuation is 2-henselian, this hypothesis is not needed. Indeed, in the proof
of part (i) we may choose any lifts o', b', ¢/, ¢ € R of a, b, ¢, e, and set
L = K(Ve'). Since Dg({(1,—a)) N Dg((b,—bc)) # B, the 2-henselian hypoth-
esis ensures that Dp((1,—a')) N DL({(b',=b'¢')) # 0, hence Dp({—a’,—m,a'7)) N
Dr((=c,=b'm ' c'w)) # 0. The rest of the proof holds without change.

Similarly, in the proof of part (ii), we may choose for ¢ the quadratic form over
K whose first and second residues are ¢, and ¢, respectively, and use the henselian
hypothesis to see that ¢ becomes hyperbolic over the biquadratic extension L(y/7),
where L is the quadratic extension of K with residue field E.

For the proof of (iii), choose for ¢ the quadratic form over K whose first and
second residues are a and 1 respectively, and use Witt’s theorem on the structure of
BrK (which is a Brauer-group analogue of Springer’s theorem) (see [Se, Ch. XII, §3])
to see that c(p) = 1.

Our next goal is to lift properties D(n) from k to K, assuming that the valuation
is 2-henselian.

THEOREM 4.4 Suppose the valuation ring R is 2-henselian.
(i) If k has property D(2), then K has property D(2) (hence also D(4)).
(ii) If k has properties D(4) and D(8), then K has property D(8).
(iii) If k has property D(8), then K has property D(14).

Proof. (i) If k has property D(2), then property D(2) for K follows from [STW,
Th. 3.10].
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(ii) Assume that k has properties D(4) and D(8). Let ¢ € I’K, dimyp = 8,
such that c(p) can be represented by a biquaternion algebra. We want to show
that ¢ contains a subform in GP,K. By Remark 3.2(i), we may assume that ¢ is
anisotropic. There exists an Albert form a over K such that ¢ = a (mod I*K).
(Note that scaling ¢ resp. a does not affect this congruence.) With decompositions
@~ L mp,and a ~ a; L Tas as above, and using the fact that o, a € I’K, we
obtain for the first and second residue forms, respectively, that @;,@; € Ik, i = 1,2,
and that d.®; = d+ P, and diay = diam in kX /k*2. Furthermore, (p;, L —ay) L
m(py L —az) € I’K, hence p; L —a; € I’k, i = 1,2, and thus in fact d+pp; =
d+py = diar = dios.

If dim ¢, = 0 then @5 is an 8-dimensional form in I?k whose Clifford invariant can
obviously be represented by some biquaternion algebra over k. Since k has property
D(8), 5 contains some form in GPyk as a subform. This subform can be lifted to a
form in GP>, K which will be a subform of ¢, and thus similar to a subform of ¢. The
case dim ¢, = 0 is treated in an analogous way. Thus, we may assume after scaling
© that (dim¢,,dimp,) € {(2,6), (4,4)}.

If dima; = 0 or dimay = 0, then @; € I?k which, by the above discriminant
comparison, yields that @7, @, € I°k. In the case dimy, = 2, this forces p; ~ H
which in turn implies that ¢ is isotropic, contrary to our assumption. If dim ¢, = 4,
we have p; € GP3k, and thus we even have ¢, € GP>» K. Hence, we may assume after
scaling a that dima; = 2, dimas = 4, and that ay L —¢, is isotropic.

If dim ¢, = 2, then the isotropy of a; L —¢, together with dipp; = diay = d
for some d € R* implies that p; ~ a7 which in turn is similar to (1, —d). Thus, over
¢ = k(Vd), we get (@z); = (73)¢ (mod I3¢) and (a3)e, (73)e € I2C. In particular,
(®3)¢ is an Albert form, (az), € GP2f, and ¢((®3)¢) = c¢((@2)¢)- Since ¢((@z)¢) can be
represented by a single quaternion algebra, this implies that the Albert form (%5)¢ is
isotropic, and 5, contains therefore a subform similar to (1, —d) over k. After lifting,
we see that there exist x,y € R* such that ¢; ~ z(1,—d) and y(1, —d) C p,. Hence,
© contains (z,ym) ® (1, —d) € GP K as a subform.

Finally, suppose that dim ¢, = 4. The fact that ¢, is anisotropic of dimension 4,
dima; = 2and a; L —¢, is isotropic imply that ¢, = (@7 L —%7)an is not hyperbolic
and of dimension < 4. Since d+@; = d.a7, we also have ¢; € I?k. All this together
yields ¥ € GPsk. Lifting 1)1 to a form 1; € GP,K, we get by Springer’s theorem

1 +7(py L —a) ~ (o L —aq) + 7y L —as) € IPK

thus
Y1 =7(py L —an) =y L —as  (mod ISK) ,

which obviously implies ¢y = @, L —az (mod I°k). Since 7, L —ap is an 8-
dimensional I?k-form whose Clifford invariant is the same as that of ), € GPsk, i.e.,
it can be represented by a single quaternion algebra, there exists e € R* such that
P L —az becomes hyperbolic over k(v/€) (see also Remark 3.2(i)), i.e., §5 and g
are 4-dimensional forms which become isometric over the quadratic extension k(v/&).
Since k has property D(4), there exists b € R* such that (1, —b) is similar to a subform
of both 75 and 3. After lifting, this shows that (1, —b) is similar to a subform of
both ¢ and a. It follows from Lemma 3.3 that ¢ contains a subform in GP K.

(iii) Suppose that k has property D(8) and let ¢ be a 14-dimensional I3-form
over K, which we write as ¢ ~ ¢; L mp, with first resp. second residue form @y
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resp. P, over k. To establish property D(14), it suffices by Prop. 2.3 to show that ¢
contains a subform in GP, K. This is obvious if ¢ is isotropic, so that we may assume
that ¢ and hence p; and @, are anisotropic. We have that Py, 7, € I’k as ¢ € I°K,
and after scaling we may assume that dim @, € {0,2,4,6}.

If dimp, = 0, then ¢ ~ ¢, and we have in fact p; € I*k. Since k has property
D(8), it has property D(14) by Theorem 3.4, and by Prop. 2.3, %; contains a subform
in GPyk which can be lifted to a subform of ¢ in GP,K.

If dimp, = 2, then P, € I*k implies that P, is isotropic, contrary to our as-
sumption.

If dimp, = 4, then p, € I’k implies that p, € GP2k, and after lifting we find
again a subform of ¢ which is in GP, K.

Finally, if dim @, = 6, then @, is an Albert form over k with associated biquater-
nion algebra A over k. Furthermore, p; is an 8-dimensional I?-form over k and one
has that ;7 = @, (mod I3k), so that c(@;) = [A]. Since k has property D(8), it
follows from Lemma 3.3 that there is a binary form  over k which is similar to both
a subform of @, and of @;. Lifting 3 to a binary form 3 over K, we see that ¢, and
5 each contain a subform similar to 3, say, u8 C ¢, and vB C mp,, u,v € K*.
Hence, ¢ contains (u,v) ® 8 € GP,K as a subform. |

Combining Remark 4.3 and Theorem 4.4, we obtain:

COROLLARY 4.5 (i) k has property D(2) iff K has property D(2) iff K has property
D(4).

(ii) k has properties D(4) and D(8) iff K has property D(8).

(iii) k has property D(8) iff K has property D(14).

Note that for n € {4,8,14} it is generally not true that if D(n) holds over k then
D(n) also holds over K, cf. Ex. 5.4 below.

Recall that a field F' is called linked if the quaternion algebras over F' form a
subgroup in BrF, in particular, any two quaternion algebras over F' have a common
slot and there are therefore no biquaternion division algebras. This readily implies
that a linked field F' always has properties D(n), n € {4,8,14}. We will encounter
typical examples, like finite, local or global fields, etc., also in Cor. 5.1 below. But
first, let us state the following immediate consequences of Theorem 4.4.

COROLLARY 4.6 Let Koy, K1, K>,--- be fields of characteristic # 2 such that K;11 is
the quotient field of a 2-henselian discrete valuation ring R;11 with residue field K;,
i > 0. If Ko has property D(2), then K; has property D(2) for all i > 0.

(i) If Ko has property D(2) and D(8), then K; has property D(n) for all i > 0
and all n € {2,4,8,14}.

(i) If Ky is linked, then Ko has property D(n) for n € {4,8,14}, K, has proper-
ties D(8) and D(14), and Ko has property D(14).

Proof. (i) follows by induction from Theorems 3.4 and 4.4, and (ii) is a consequence
of the preceding remarks together with Theorem 4.4. m]
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5 FIELDS WITH FINITE HASSE NUMBER

For a field F, the Hasse number @(F') is defined to be the supremum of the dimensions
of anisotropic totally indefinite quadratic forms over F', where totally indefinite means
indefinite with respect to each ordering on F'. If F' is not formally real, i.e., if F’ does
not possess any orderings, then @(F) is nothing but the supremum of the dimensions
of anisotropic forms over F' and coincides with the w-invariant «(F'), the supremum
of the dimensions of anisotropic torsion forms. In the sequel, we investigate the
properties D(n), n € {2,4,8,14}, over fields with finite Hasse number and of power
series extensions of such fields.

For basic properties of fields with finite Hasse number, we refer the reader to
[ELP]. Let us just mention that one always has a(F) # 3,5,7, and that F is a
so-called SAP field if @4(F) < oco. Furthermore, using Merkurjev’s index reduction
formulas [Me 2], one can construct fields F' with @(F') = 2n for any integer n > 0, see
for example [L 2], [Ho]. It is also well-known that fields of transcendence degree < 1
over a real closed field have @ < 2 (cf. [ELP, Th.T]), finite fields have @ = 2, and local
and global fields have @ = 4 (for global fields, this is Meyer’s theorem). Furthermore,
if w(F) <4, then F is linked. Conversely, if F' is linked, then @(F') € {0,1,2,4,8} (cf.
[EL], [E, Th.4.7]).

COROLLARY 5.1 Let Fy be a field with w(Fy) < 2, or let Fy be a local or global field.
Let F; = F((t1)) - (t;)) be the iterated power series field in i variables over Fy. Then
F; has property D(n) for all i > 0 and all n € {2,4,8,14}.

Proof. By Cor. 4.6, it suffices to verify that Fy has properties D(2) and D(8). For
property D(2), this follows from [STW, Ths. 3.6, 3.7]. Property D(8) is a consequence
of the fact that in each case, Fp is a linked field (cf. [EL, §1]). m

In the sequel, X denotes the space of orderings on F', and sgnp(p) denotes the
signature of the form ¢ at the ordering P € Xp.

LEMMA 5.2 (i) Let ¢ be an anisotropic form over F. Then
dim ¢ < sup{a(F), [sgnp(¢)|; P € Xr} .

(ii) Let u(F) < r and let @,, vy be forms over F of dimension > 3 such that
dim ¢, + dimp, > r + 3. Then there exists a binary form (B which is similar to a
subform of both ¢, and ¢..

Proof. (i) If dimy > sup{|sgnp(p)|; P € Xr}, then ¢ is totally indefinite, hence
dim ¢ < a(F).

(ii) Since F' is SAP, there exist a1, a; € F* such that sgnp(ai ¢, ),sgnp(azp,) > 0
for all P € Xp. Hence, [sgnp(a1p; L —a2p,)| < dim ¢, +dim ¢, —3 for all P € Xp,
and since dim ¢, +dim ¢, —3 > 4(F), it follows from (i) that dim(a;1¢; L —a25)an
dim ¢, +dim ¢, — 3, which in turn yields for the Witt index that iw (a1, L —a20,)
2. This shows that a1¢; and aap, have a common binary subform.

o IVIA

We have seen above that iterated power series fields over fields with @ < 2 always
have the properties D(n), n € {2,4,8,14}. We now ask what happens if the base
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field has @ > 4. Note that if @ < 4, then F is linked as already mentioned above.
(One can see this also by applying Lemma 5.2(ii), which shows that two 4-dimensional
forms over F' have always up to similarity a common binary subform, which, applied
to 2-fold Pfister forms, implies linkage.) Of particular interest is the case @ = 4 as
will be illustrated by Ex. 5.4 below. For this reason, we state explicitly the following
special case of Cor. 4.6(ii).

COROLLARY 5.3 Let F; = F((t1))--- ((t;)) be the iterated power series field in i vari-
ables over a field Fy with u(Fy) = 4.

(i) Fo has property D(n) forn € {4,8,14};
(ii) Fi has property D(n) for n € {8,14};
(iii) F» has property D(14).

ExAMPLE 5.4 Let F = C(z,y), the rational function field in two variables z,y over
the complex numbers C. It is well-known that u(F) = 4(F) = 4. F does not
have property D(2) (cf. [STW, Remarks 4.18, 5.10]). But it has property D(n),
n € {4,8,14} by Cor. 5.3. It also shows that linked fields generally do not have
property D(2).

By Theorem 4.1, F; = F((t1)) does not have property D(4), but it has property
D(n) for n € {8,14} by Cor. 5.3. Similarly, we see that F» = F((¢1))((t2)) does not
have property D(8), but that it does have property D(14).

All this shows that generally, the statements regarding the properties D(n) in
Cor. 5.3 cannot be strengthened. It shows furthermore for n,m € {2,4,8,14}, m > n,
that generally D(m) # D(n), so that the implications in Theorem 3.4 cannot be
reversed without any further assumptions on the field in question.

For values of @ possibly bigger than 4, let us note the following.

COROLLARY 5.5 (i) Ifa(F') < 12, then F has properties D(8), D(14), and F((t)) has
property D(14).
(ii) If u(F) < 14, then F has property D(14).

Proof. (i) Let ¢ be an 8-dimensional I2-form over F such that c(¢) can be represented
by a biquaternion algebra A with associated Albert form «. To establish property
D(8), it suffices by Lemma 3.3 to show that ¢ and « have a common binary subform.
Since @(F) < 12, this is an easy consequence of Lemma 5.2(ii). Property D(14) for
F((t)) follows from Theorem 4.4.

(ii) Let p € I*F, dim p = 14. If F is not formally real, then @(F) < 14 implies
that ¢ is isotropic and D(14) follows easily. If F' is formally real, then we first note
that for each P € X we have sgnp(p) = 0 (mod 8) because ¢ € I°F. Hence,
sgnp(p) € {0,4£8} as dim p = 14. By Lemma 5.2(i), dim¢,, < 14. Thus, again we
have that ¢ is isotropic and we are done. m]

EXAMPLE 5.6 It is again interesting in this context to consider the example from
above based on C(xz,y). As was shown there, the field Fi = C(z,y)((¢1)) has property
D(8), but not D(4), and F» = Fi((t2)) has property D(14), but not D(8). F3 = F»((t3))
does not even have property D(14). One has 4(F;) = u(F;) = 8, which shows that in
part (i) of the above corollary, one cannot always expect that property D(8) carries
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over to a power series extension. Also, F5 is a field for which D(8) fails, and we have
W(F2) = u(Fy) = 16, which is still a little higher than the bound given in part (i)
above which assures that D(8) holds. This naturally raises the question whether the
bound given there is the best possible.

We note furthermore that a(F3) = u(F3) = 32. For F3, we know that D(14)
fails, but its Hasse number is considerably higher than the bound in part (ii) of the
above corollary, and therefore this example does not give an indication on how good
this bound really is.

Knowing that D(4) always holds if @4(F) < 4 (see Corollaries 5.1 and 5.3) and
that it can fail if #(F") > 8 (see Examples 5.4 and 5.6), it would be interesting to know
if there exist fields F' with 4(F') = 6 for which D(4) fails. We do know by Corollary
5.5 that D(8) holds whenever 4(F) < 12, so it holds in particular for all fields with
@(F) < 6. In the following proposition, we establish property D(8) for another class
of fields which also contains all fields F' with 4(F) < 6.

In the sequel, I}'F = I" NW,F, where W F' denotes the torsion part of the Witt
ring. If F' is not formally real, then W F = W} F, otherwise W} F' consists of the classes
of forms which have total signature zero (Pfister’s local-global principle).

PROPOSITION 5.7 Suppose that IDF = 0 and that F is SAP. Then F has property
D(8) (and hence also D(14)), and F((t)) has property D(14).

Proof. In view of Theorems 3.4 and 4.4, it suffices to establish property D(8) for F.

Let ¢ € I’F, dimp = 8 and c(¢) = c¢(a) with a an Albert form. We have to
show that ¢ contains a subform in GPF.

Suppose first that F' is not formally real. By Merkurjev’s theorem, we have
@p—a € I’F = I}F = 0, hence ¢ ~ a, and comparing dimensions yields that ¢ is
isotropic and therefore contains a subform in GP,F' (see Remark 3.2(i)).

Hence, we may assume that F is formally real. Since ¢, a € I?’F, we have
for all orderings P € Xp that sgnp(p), sgnp(a) = 0 (mod 4). Since dima = 6
and dimp = 8, and since F' is SAP, we may assume after scaling that sgnp(p) €
{0,4,8} and sgnp(a) € {0,4}. On the other hand, we have ¢ — a € I?F and thus
sgnp(p L —a) =0 (mod 8). Thus, we always have sgnp(p L —a) € {0,8}. Now
if m € PsF, then sgnp(m) € {0,8}, and since F is SAP, there exists 7 € P3F such
that sgnp(m) = sgnp(e L —a) for all P € Xp. Hence, sgnp(p L —a L —m) =0 for
all Pe Xp,ie. p L —al —r€ BFFNW,F =I}F = 0. Thus, ¢ L —7 ~ a, and
comparing dimensions yields that the Witt index of ¢ 1 —x is > 5. In particular, ¢
contains a 5-dimensional Pfister neighbor of 7 as a subform. It is well-known that 5-
dimensional Pfister neighbors always contain a subform in GP>F'. Hence, ¢ contains
a subform in G F. O

REMARK 5.8 (i) Note that the two classes of fields for which we established property
D(8), fields with @ < 12 and SAP-fields with I} F = 0, respectively, are such that one
class is not contained in the other. Indeed, using constructions similar to those in
[L2], [Ho], it is not difficult to construct fields F' with @(F) = 8 or 10 and I} F # 0.
On the other hand, to any positive integer n, there exist fields with @(F) = 2n and
I}F = 0 (cf. [Ho]). Since their Hasse number is finite, they are SAP-fields. Thus,
there are SAP-fields with I} F = 0 for which @ > 12.
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(ii) We do not know whether I} F' = 0 alone already suffices for property D(8) (or
maybe even D(4)) to hold, or whether we can replace SAP by some weaker property
which together with I}F = 0 would imply property D(8). Consider, for example,
the field F = R((t1)) -+ ((#;) with i > 2. We have I} F = 0 (in fact, we even have
WiF = 0), and it is well-known that F is not SAP. However, F' does have property
D(n), n € {2,4,8,14} by Corollary 5.1. Note also that I} F = 0 alone does not imply
property D(2) in general, as exemplified by the field C(z,y) (see Example 5.4).

(iii) It is well-known that a field F satisfies I7F = 0 and SAP if and only if
w(F) < 2 (cf. [ELP, Theorems E, F]). In this case, F' and its iterated power series
extensions have property D(n), n € {2,4,8,14} by Corollary 5.1.

6 SOME FURTHER CONSEQUENCES AND EXAMPLES

A field extension K/F is said to be excellent if for every quadratic form ¢ over F
there exists a form 1 over F' such that (¢g)an =~ ¥k, i.e. the anisotropic part of
@ over K is defined over F. Izhboldin and Karpenko [IK 1, Part II] considered the
question of excellence of extensions K/F where K is the function field of a Severi-
Brauer variety SB(A) of a central simple algebra A over F. One of the crucial cases
in their investigations was the case where A was an algebra of exponent 2. In this
situation, if the algebra is of index < 2, then K/ F is excellent as was shown by Arason
in [ELW, App.II]. If the index is 8, then K/F' is never excellent as was shown in [IK 1,
Part II, Th. 3.10]. If the index is equal to 4, i.e. A is a biquaternion division algebra,
examples are given in [IK 1] which show that both excellence and nonexcellence are
possible for such an extension. Izhboldin himself noticed that if a field F' does not
have property D(8), then one can readily find examples of biquaternion algebras A
over F such that F(SB(A))/F is nonexcellent.

In [Ma], Mammone gave counterexamples to a question raised by Knus concerning
the product of a biquaternion algebra B and a quaternion algebra ) over F', both
assumed to be division algebras: If B ®r @ is not a division algebra, does it follow
that there exists a quadratic extension L/F over which both @ and B are not division
(i.e. @ and B have a quadratic extension of F' as a common subfield) ? Again, if F’
does not have property D(8) then a pair B, @ can be readily found which provides a
counterexample.

The previous two implications for a field where property D(8) fails are summa-
rized in the following proposition.

PROPOSITION 6.1 Let F' be a field where property D(8) fails. Then the following
holds:

(i) (Izhboldin) There exists a biquaternion division algebra A over F' such that
F(SB(A))/F is nonexcellent.

(ii) There exist a biquaternion division algebra B over F and a quaternion di-
vision algebra ) over F' which have the following properties:

(a) B®p Q is not a division algebra, and yet

(b) there does not exist a quadratic extension L/F which is a common
subfield of B and Q.
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Proof. Since F' does not have property D(8), there exist a biquaternion division
algebra A over F and a form ¢ € I’F, dim ¢ = 8 such that ¢(p) = [A] and such that
 does not contain a subform in GP,F. After scaling, we may assume that 1 € D(¢p).

(i) Let K = F(SB(A)). By Rem. 3.2(i), o is anisotropic and thus pg is also
anisotropic (cf. [La, Th.4]). In particular, g is an anisotropic form in I? K represent-
ing 1. Hence, @y € PsK. Let ¢ ~ (1,—a,—b,---), a,b € F*. It follows readily that
there exists ¢ € K™ such that ¢ ~ (a,b, c)) . Suppose that K/F is excellent. Then,
by [ELW, Prop. 2.11], we may assume that ¢ € F'’* and we put 7 := {{a,b,c)) € P;F.

Let ¢ := (@ L —m)an. We have ¢ € I’F, c(¢p) = c(p) = [A], and dim < 10.
If dimvy < 6 then ¢ and 7 have at least a 5-dimensional subform in common, i.e., ¢
contains a Pfister neighbor of 7. Now each 5-dimensional Pfister neighbor contains a
subform in GP,F', thus ¢ contains a subform in GP; F', a contradiction.

If dim¢y = 8, then it follows again from [La, Th.4] that ¢k is anisotropic, a
contradiction because we have by construction that ¢k is hyperbolic.

Finally, suppose that dim¢ = 10. Let E = F(¢). Then dim(¢g)an = 8 or 6 (cf.
[H1, Cor.1]). If dim(¢)g)an = 8, then, since ¢(¢g) = [Ag] in BrE, we have again that
(¥E)an stays anisotropic over E(SB(Ag)), obviously a contradiction to ¢ becoming
hyperbolic over K = F(SB(A)). Hence, dim(¥)g)an = 6, and by [H2, Lemma 3.3] it
follows that there exist a 6-dimensional form § and an anisotropic 7 € GP,F such
that ¢» L 8 ~ 7. On the other hand, 1) and thus 7 contain a 5-dimensional subform
of —m € GP3F. Hence, 7 becomes hyperbolic over F(r). Using the multiplicativity
of Pfister forms and the fact that 7 € W(F(7)/F) is anisotropic, we conclude readily
that there exists © € F* such that 7 ~ —7 L zw. In the Witt ring, we thus get

Y+B8~p—m+pP~—T+am

and hence zm — ¢ ~ (. Comparing dimensions yields that ¢ and zm have a 5-
dimensional subform in common, i.e., ¢ contains a Pfister neighbor of = and we get
a contradiction as before.

(ii) After scaling, we may assume that ¢ ~ (—x, —y,zy) L ¢’ for suitable z,y €
F* and some form ¢’ over F' with dim¢’ = 5 and detp’ = 1. Now ¢’ does not
represent 1 = det ¢’ as ¢’ does not contain a subform in GP,F. In particular, the
Albert form 8 := ¢’ L (—1) is anisotropic, and therefore the biquaternion algebra
B with ¢(8) = [B] is a division algebra by Albert’s theorem. Since (—z, —y,zy) is
anisotropic, we also have that the quaternion algebra Q = (z,y)r is a division algebra.
Furthermore, ¢ ~ {(z,y) + 8 in WF and therefore

[A] = clp) = c((z,y) L B) = c({x, y))e(B) = [QI[B]

and it follows that (Q ® g B is not a division algebra.

Suppose there exists a quadratic extension L = F(v/d)/F such that Q and By,
are both not division. Then ((z,y)), is hyperbolic and Sy, is isotropic. It follows that
@y, is isotropic and Ay, is not division. By Lemma 3.3, this implies that ¢ contains a
subform in GP,F', a contradiction. m|

For an element a € F*, let Nr(a) denote the norm group Dp((1, —a)). Let now
a,b,c € F* and let E = F(y/c). Consider the following factor group:

F* ﬁNE(a)NE(b)
(F* N Ng(a))(F* N Ng(b))

Nl(aabac) =
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COROLLARY 6.2 Let F' be a field such that there ezist a,b,c € F* with N1(a,b,c) # 1.
Let E = F(\/c) andletd € F*NNg(a)Ng(b)\(F*NNg(a))(F*NNg(b)). Letty, ta,t3
be independent variables over F and F; = F(t1,--+,t;) (or F; = F((t1))--- (%)),
i=1,2,3, and let E; = F;(\/c).

(i) (1,—a) and d(1,—b) represent a common element over E = F(y/c), but there
does not exist an element in F'* which is represented by (1,—a) and d(1, —b)
over E = F(y/c).

(ii)  The two quaternion algebras (a,t1)r, and (b,t1d)r, have a common slot over
Ey, but such a common slot cannot be chosen in F}.

(iii) Let ¢y := (e, —a, —t1,t1a) and s := (c,—b, —t1d,t1db). Then there exist
u,v € F\* such that for L = Fy(\/u) one has (1)1 ~ v(12)L, but there does
not exist a binary form over Fy which is similar to a subform of both ¢ and
Y.

(iv) The Clifford invariant of the form ¢ = ¢ L —tothy € I*Fy can be rep-
resented by a biquaternion algebra A over Fy, but b does not contain any
subform in GPyF5.

(v) Let a be the Albert form over Fy associated to A, and let ¢ == o L t31).
Then ¢ € IP’F3, dimy = 14, but ¢ is not similar to the difference of the
pure parts of two forms in P3Fj.

Proof. Let d =rs, where r € Ng(a) and s € Ng(b). By multiplicativity of the norm
form, we have s~ € Ng(b), and the equality r = ds! shows that r € Dg((1,—a))
is represented by d(1,—b). Suppose Dg((1, —a)) N Dg(d(1, —b)) contains an element
r € F*;then z € F*NNg(a) and x = dy for some y € Ng(b). Sincey =d 'z € F*,
we have y € F* N Ng(b). It follows that d € (F* N Ng(a))(F* N Ng(b)) since
d = zy~'. This proves (i) (see also [STW, p. 69]). The remaining statements follow
from Theorem 4.1 and its proof. ]

Part (i) shows that property D(2) fails for F' if there exist a,b,c € F* with
Ni(a,b,c) # 1. Actually, tracing back through the proof, it is easily seen that property
D(2) is equivalent to the vanishing of the group Ni(a,b,c) for all a,b,c € F* (see
[STW, Cor. 2.14]).

The group N (a, b, ¢) occurs in [STW] as the homology group of a certain complex
associated with the multiquadratic extension M = F(y/a,vb,+/c). A more symmetric
description of this group is given in [G, Prop. 3]:

_ Np(a) N Ne(b) N Nr(e)
M0 = e (1)

As mentioned in the introduction, there exist fields F' such that D(2) fails, i.e.,
there exist a,b,c € F* with Ny(a,b,c) # 1. In [STW, Cor. 5.6 and 5.7], it is for ex-
ample shown that D(2) fails for finitely generated extensions of transcendence degree
> 2 (resp. > 1) over any field of characteristic 0 (resp. over Q).

Examples where Ny (a,b, c) # 1 arise in various contexts: in [LW], they are related
to transfer ideals: for an arbitrary finite extension K/F, let T, p denote the image
of the Witt ring WK in W F under the Scharlau transfer map associated with any
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nonzero linear form s: K — F. Leep and Wadsworth show in [LW, Prop. 2.4] that if
Ni(a,b,c) # 1, then for M = F(y/a, /b, /c) we have

Tyvye # Triyay e N Teemy e O Trove) F

The group Ni(a,b,c) is also related to problems in Galois cohomology and to the
rationality problem for group varieties: over the field L = F((t1))(t2))((#3)), consider
the division algebra D = (a,t1)r, ® (b,t2)1, ® (¢, t3)r, and the 8-dimensional quadratic
form ¢ € I?L such that

q~ {a,t1)) = (b 2)) — af{c, t3)).-

Using the alternative description of Nj(a,b,c) above, it is shown in [KLST, p. 283]
and [Me 3, p. 329] that if Ny(a,b,c) # 1, then

L**Nrd(D*) # {z € L™ | () U (D) =0 in H*(L, u2)},

where Nrd is the reduced norm, (D) € HZ?(L,pus) is the Galois cohomology class
corresponding to D under the canonical isomorphism mapping H?(L, u2) to the 2-
torsion part of the Brauer group of L, and (z) € H*(L, ps) corresponds to z € L*
under the canonical isomorphism H'(L, u2) ~ L*/L*2. On the other hand, under
the same hypothesis, Gille shows in [G] that the adjoint group PSO(q) over L is not
R-trivial, hence not stably L-rational.

To conclude, we illustrate Corollary 6.2 by an explicit example over Q(z) which
is derived from the example given in [STW, Remark 5.4].

EXAMPLE 6.3 Let F' = Q(z) be the rational function field in one variable over the
rationals. Then it follows from [STW, Remark 5.4] that Ni(z + 4,2 + 1,2) # 1
and that the two binary forms (1, —(z + 4)) and 2(1, —(x + 1)) represent a common
element over F = F'(/x), but no element in F* is represented by both these forms
over F.

In fact, we have

<17 _(x + 4)> 1 _2<17 _(x + 1)) = <27 _]-a _(x + 4)7 2(1‘ + 1))
~ (=1,z,2(x+2)(z +4), 2z(zx+ 1)(z +2)),

which shows that the difference of these two binary forms becomes isotropic over
E = F(y/x), i.e., the two forms represent a common element over E. Indeed, we can
compute such an element directly. We have that

(Ve +2? - (z+4) = 4y/z€Dp((l,~(z+
2(Vr+1)2=2(z +1) 4,/x € Dp(2(1,—(z +

and therefore /z € Dg({1,—(z + 4))) N Dg(2(1, —(z + 1)}).

|—l\/
~—
gt
~—

Over Fy = F(t1) = Q(z,t1), we now define the two 4-dimensional forms
o1 = (z,—(z+4) L —t1 (1, —(z +4))
Yo = (z,—(x+1)) L =2t:(1,—(z + 1))
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and the two quaternion algebras

1
@2

(:E + 4,751)}:‘1
(ac +1, 2t1)F1

over F. By our construction, we know that ()1 and Q> have a common slot over
E; = Fi(y/z), but that no such common slot can be chosen in F;. A common slot
over E is given by /zt;.

Consider now the biquaternion algebra B = (01 ® Q> with associated Albert form

B(z+1,—(z+4) Lty (1,—z,-2(x+2)(x +4),2z(x + 1)(z + 2)) ~ 1 L —y .
We then get

z(x+4)8 = (—z,—ti(z+4),t1z(z+4))
1 (z(z+1)(z+4), 2t1z(x + 2),2t1 (z + 1)(z + 2)(z + 4))

from which we conclude that
B=(z,t1(x+4))p @ (z(xz+ 1)(z+4), 2t1z2(x + 2))F, -

As in the proof of C'S <= D(4) in Theorem 3.4, we get for u € F}* that ¢(¢; L
—utpy) = [B ® (u,)F, ], and by putting u = 1 (z + 4), we obtain

e L —ti(z +4)¢2) = [(z(z + 1)(2 + 4), =2t12(z + 2)) 1] -
Now with (z, —(z + 1)) ~ (—1,z(z + 1)), we obtain

P L —ti(z+ 4 = (z,—(z+4),2(x+4),-2(x+1)(z+4))
Lta(~1, @+ 4), (2 + 4), —(z + D) (z +4))

Also, (—1,z + 4,7 +4) ~ (z, —x(x + 4),z + 4) represents zz>+(v+4)r? = 22%(2+2).
Hence,
(m,2t12%(x +2)) ~ x(1,2t12(x + 2))
C '(,bl 1 —tl(:E +4)’¢}2 .

Let L = Fi(\/—2t1z(z + 2)). The above shows that ¢; L —ti(z + 4)¢» becomes
isotropic over L. On the other hand, [(z(z + 1)(z + 4), —2t1z(xz + 2))1] = 0, and it
follows that (101 L —t1(x+4)12)L is an isotropic 8-dimensional form in I* L and hence
hyperbolic. Thus, (¢1)r ~ (t1(z + 4)¢2) . However, by construction there does not
exist a binary form over F; which is similar to a subform of both ; and 5.

Let us now consider ¢ := 1)y L —ta1py over Fy = Q(z,t1,t5). Then o) € I’Fy is
of dimension 8, by construction it does not contain a subform in GPF5, and for its
Clifford invariant we get

c(¥) = [B® (b2, 7)) = (2, fat2(x +4))p, @ (2(z + 1) (2 +4), 20 2(z + 2)),] -
Consider the biquaternion algebra

A= (z,hitz(z +4)p, @ (2(z + 1) (2 +4), 2h2(z + 2) R, ,
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which by our construction is necessarily a division algebra, and an associated Albert
form

a =~ (—z,—tit2(x +4),t1toz(x + 4))
1L (z(x+1)(z+4),2t1(z + 1)(z + 2)(xz + 4), —2t12(z + 2)) .

Then, over F3 = Q(z,t1,t2,t3), the form ¢ := « L t31) is a 14-dimensional form in
I3 F3 which is not similar to the difference of the pure parts of two forms in P3F;.
We summarize the above results.

e The two forms (1,—(z +4)) and 2(1,—(z + 1)) over Q(z) both represent \/z
over Q(z)(1/7), but there is no element in Q(x)* which is represented by both
forms over Q(z)(v/x). In particular, Q(z) does not have property D(2).

e The two quaternion algebras (z + 4,t1)r, and (x + 1,2t1)F, over F} = Q(x,t1)
have a common slot over Q(z, t1)(y/T), for example ¢;1/z, but no such common
slot can be chosen in Q(z,t1). In particular, Q(z,t;) does not have property

CS.

e The two forms ¢y = (z,—(x +4)) L —t4(1,—(z + 4)) and ¢)2 = (z,—(x + 1)) L
—2t1 (1, —(x + 1)) over Q(z,t;) do not simultaneously become isotropic over any
quadratic extension of Q(z,t1), i.e., there is no binary form over Q(z, ¢;) which
is similar to a subform of both ¢, and ¥». However, the forms ¢; and ¢, (z+4)15
become isometric over Q(z,t1)(v/—2t1z(x +2)). In particular, Q(z,¢1) does
not have property D(4).

e The Clifford invariant of the 8-dimensional form ) = 11 L —ty1)o € I?F,, where
F> = Q(xz,t1,t2), is represented by the biquaternion algebra
A= (z,tita(z +4))p, ® (x(z + 1)(x +4), —2t12(z + 2))F, -

However, ¢ does not contain a subform in GP,F». In particular, Q(z,t1,t2)
does not have property D(8).

e The extension F»(SB(A))/F; is not excellent (cf. Prop. 6.1(i) ).

e With
Y o~ (—(x+4),—t, ti(x+4),x, —tox, 1)
— tg(]., —(1‘ + ].), —2t1, 2t1(1‘ + 1))

as above, and with

c((—(ac + 4)7 —t1,t (x + 4)7x7 _t2x7t2>) = [(m + 47t1)F2 & (xat2)F2]
c({(l, —=(x + 1), =2t1,2t1 (x + 1)) = [(z+1,2t1)m],

we have that (z +4,t1)r, ® (z,t2)r, ® (x + 1,2t1) 5, is not a division algebra,
but (z+4,t1)p, ® (x,t2)r, and (z+1,2¢t1)r, have no proper common quadratic
subextension of Fy» = Q(z,t1,t2) (cf. Prop. 6.1(ii) ).

e With a an Albert form associated to A, the form a L t31) of dimension 14 over
F3 = Q(z,t1,t2,t3) is in I?F3, but it is not similar to the difference of the pure
parts of two forms in P3F3. In particular, Q(z, t1,%2,t3) does not have property
D(14).
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ABSTRACT. Let a compact Lie group act ergodically on a unital C*-algebra A.
We consider several ways of using this structure to define metrics on the state
space of A. These ways involve length functions, norms on the Lie algebra, and
Dirac operators. The main thrust is to verify that the corresponding metric
topologies on the state space agree with the weak-*x topology.
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Connes [C1, C2, C3] has shown us that Riemannian metrics on non-commutative
spaces (C*-algebras) can be specified by generalized Dirac operators. Although in
this setting there is no underlying manifold on which one then obtains an ordinary
metric, Connes has shown that one does obtain in a simple way an ordinary metric
on the state space of the C*-algebra, generalizing the Monge-Kantorovich metric on
probability measures [Ra] (called the “Hutchinson metric” in the theory of fractals
[Ba]).

But an aspect of this matter which has not received much attention so far [P] is the
question of when the metric topology (that is, the topology from the metric coming
from a Dirac operator) agrees with the underlying weak-* topology on the state space.
Note that for locally compact spaces their topology agrees with the weak-* topology
coming from viewing points as linear functionals (by evaluation) on the algebra of
continuous functions vanishing at infinity.

In this paper we will consider metrics arising from actions of compact groups on
C*-algebras. For simplicity of exposition we will only deal with “compact” non-
commutative spaces, that is, we will always assume that our C*-algebras have an
identity element. We will explain later what we mean by Dirac operators in this
setting (section 4). In terms of this, a brief version of our main theorem is:

1The research reported here was supported in part by National Science Foundation Grant DMS—
96-13833.
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THEOREM 4.2. Let a be an ergodic action of a compact Lie group G on a unital
C*-algebra A, and let D be a corresponding Dirac operator. Then the metric topology
on the state space of A defined by the metric from D agrees with the weak-x topology.

An important case to which this theorem applies consists of the non-commutative
tori [Rf], since they carry ergodic actions of ordinary tori [OPT]. The metric geometry
of non-commutative tori has recently become of interest in connection with string
theory [CDS, RS, S].

We begin by showing in the first section of this paper that the mechanism for
defining a metric on states can be formulated in a very rudimentary Banach space
setting (with no algebras, groups, or Dirac operators). In this setting the discussion of
agreement between the metric topology and the weak-* topology takes a particularly
simple form.

Then in the second section we will see how length functions on a compact group
directly give (without Dirac operators) metrics on the state spaces of C*-algebras on
which the group acts ergodically. We then prove the analogue in this setting of the
main theorem stated above.

In the third section we consider compact Lie groups, and show how norms on the
Lie algebra directly give metrics on the state space. We again prove the corresponding
analogue of our main theorem.

Finally, in section 4 we use the results of the previous sections to prove our main
theorem, stated above, for the metrics which come from Dirac operators.

It is natural to ask about actions of non-compact groups. Examination of [Wv4]
suggests that there may be very interesting phenomena, there. The considerations of
the present paper also make one wonder whether there is an appropriate analogue of
length functions for compact quantum groups which might determine a metric on the
state spaces of C*- algebras on which a quantum group acts ergodically [Bo, Wn].
This would be especially interesting since for non-commutative compact groups there
is only a sparse collection of known examples of ergodic actions [Ws], whereas in [Wn]
a rich collection of ergodic actions of compact quantum groups is constructed. Closely
related is the setting of ergodic coactions of discrete groups [N, Q]. But I have not
explored any of these possibilities.

I developed a substantial part of the material discussed in the present paper during
a visit of several weeks in the Spring of 1995 at the Fields Institute. I am appreciative
of the hospitality of the Fields Institute, and of George Elliott’s leadership there. But
it took trying to present this material in a course which I was teaching this Spring, as
well as benefit from [P, Wv1, Wv2, Wv3, Wv4], for me to find the simple development
given here.

1. METRICS ON STATES

Let A be a unital C*-algebra. Connes has shown [C1, C2, C3] that an appropriate
way to specify a Riemannian metric in this non-commutative situation is by means of
a spectral triple. This consists of a representation of A on a Hilbert space H, together
with an unbounded self-adjoint operator D on H (the generalized Dirac operator),
satisfying certain conditions. The set £(A) of Lipschitz elements of A consists of
those a € A such that the commutator [D,a] is a bounded operator. It is required
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that £(A) be dense in A. The Lipschitz semi-norm, L, is defined on £(A) just by the
operator norm L(a) = ||[D, d]]|.
Given states p and v of A, Connes defines the distance between them, p(u,v), by

(L1) p(u,v) = sup{|u(a) = v(a)] : a € £(A), L(a) < 1} .

(In the absence of further hypotheses it can easily happen that p(u,v) = +oo. For
one interesting situation where this sometimes happens see the end of the discussion
of the second example following axiom 4’ of [C3].)

The semi-norm L is an example of a general Lipschitz semi-norm, that is [BC, Cu,
P, Wv1, Wv2], a semi-norm L on a dense subalgebra £ of A satisfying the Leibniz
property:

(1.2) L(ab) < L(a)[[b]| + [lal|L(b) -

Lipschitz norms carry some information about differentiable structure [BC, Cu], but
not nearly as much as do spectral triples. But it is clear that just in terms of a given
Lipschitz norm one can still define a metric on states by formula (1.1).

However, for the purpose of understanding the relationship between the metric
topology and the weak-* topology, we do not need the Leibniz property (1.2), nor
even that A be an algebra. The natural setting for these considerations seems to be
the following very rudimentary one. The data is:

(1.3a) A normed space A, with norm || ||, over either C or R.
(1.3b) A subspace L of A, not necessarily closed.
(1.3¢) A semi-norm L on L.

A continuous (for || ||) linear functional, n, on K = {a € £ : L(a) = 0}

1.3d
(1.3d) with ||n|| = 1. (Thus, in particular, we require K # {0} .)

Let A’ denote the Banach-space dual of A, and set
S={ueA :p=nonk, and ||ul| =1} .

Thus S is a norm-closed, bounded, convex subset of A’, and so is weak-x compact.
In general S can be quite small; when A is a Hilbert space S will contain only one
element. But in the applications we have in mind A will be a unital C*-algebra, K
will be the one-dimensional subspace spanned by the identity element, and n will be
the functional on K taking value 1 on the identity element. Thus S will be the full
state-space of A. (That K will consist only of the scalar multiples of the identity
element in our examples will follow from our ergodicity hypothesis. We treat the case
of general K here because this clarifies slightly some issues, and it might possibly be
of eventual use, for example in non-ergodic situations.)
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We do not assume that £ is dense in A. But to avoid trivialities we do make one
more assumption about our set-up, namely:

(1.3e) L separates the points of S.

This means that given p,v € S there is an a € £ such that p(a) # v(a). (Note that
for p € S there exists a € £ with u(a) # 0, since we can just take an a € K such that
n(a) #0.)

With notation as above, let £ = L/K. Then L drops to an actual norm on L,
which we denote by L. But on £ we also have the quotient norm from || || on £,
which we denote by || ||”. The image in £ of a € £ will be denoted by a.

We remark that when £ is a unital algebra (perhaps dense in a C*-algebra), and
when K is the span of the identity element, then the space of universal 1-forms Q' over
L is commonly identified [BC, Br, C2, Cu] with £® £, and the differential d : £ — Q!
is given by da = 1 ® @. Thus in this setting our L is a norm on the space of universal
1-coboundaries of £. The definition of L which we will use in the examples of section
3 is also closely related to this view.

On S we can still define a metric, p, by formula (1.1), with £(A) replaced by L.
The symmetry of p is evident, and the triangle inequality is easily verified. Since we
assume that £ separates the points of S, so will p. But p can still take the value +o0.
We will refer to the topology on S defined by p as the “p-topology”, or the “metric
topology” when p is understood.

It will often be convenient to consider elements of A as (weak-* continuous) func-
tions on S. At times this will be done tacitly, but when it is useful to do this explicitly
we will write & for the corresponding function, so that a(u) = u(a) for p € S.

Without further hypotheses we have the following fact. It is closely related to
proposition 3.1a of [P], where metrics are defined in terms of linear operators from
an algebra into a Banach space.

1.4 PROPOSITION. The p-topology on S is finer than the weak-x topology.

Proof. Let {u} be a sequence in S which converges to p € S for the metric p. Then
it is clear from the definition of p that {ur(a)} converges to u(a) for any a € £ with
L(a) <1, and hence for all a € L.

This says that a(ug) converges to a(u) for all @ € £. But £ is a linear space of
weak-* continuous functions on S which separates the points of S by assumption (and
which contains the constant functions, since they come from any a € K on which n
is not 0). A simple compactness argument shows then that £ determines the weak-%
topology of S. Thus {u} converges to p in the weak-* topology, as desired. O

There will be some situations in which we want to obtain information about (£, L)
from information about S. It is clear that to do this S must “see” all of £. The
convenient formulation of this for our purposes is as follows. Let || ||~ denote the
supremum norm on functions on S. Let it also denote the corresponding semi-norm
on L defined by ||al|cc = ||d||oo- Clearly ||d]|oo < ||al| for a € L.
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1.5 CoONDITION. The semi-norm || ||oc on £ is a norm, and it is equivalent to the
norm || ||, so that there is a constant k with

lall <Kllalloc  for a€ L.

This condition clearly holds when A is a C*-algebra, £ is dense in A, and S
is the state space of A, so that we are dealing with the usual Kadison functional
representation [KR]. But we remark that even in this case the constant k above
cannot, always be taken to be 1 (bottom of page 263 of [KR]). This suggests that in
using formula (1.1) one might want to restrict to using just the self-adjoint elements
of L, since there the function representation is isometric. But more experience with
examples is needed.

We return to the general case. If we are to have the p-topology on S agree with
the weak-x topology, then S must at least have finite p-diameter, that is, p must be
bounded. The following proposition is closely related to theorem 6.2 of [P].

1.6 PROPOSITION. Suppose there is a constant, r, such that
(1.7) I <rL.

Then p is bounded (by 2r).
Conversely, suppose that Condition 1.5 holds. If p is bounded, (say by d), then
there is a constant r such that (1.7) holds (namely r = kd where k is as in 1.5).

Proof. Suppose that (1.7) holds. If @ € £ and L(a) < 1, then L(a) < 1 and so
lla]|” < 7. This means that, given & > 0, there is a b € K such that ||a —b|| < r +e.
Then for any u,v € S, we have, because p and v agree on I,

lu(a) —v(a)| = |p(a = b) —v(a=b)| < flp—vil [la—bl <2(r +2) .

Since ¢ is arbitrarily small, it follows that |u(a) — v(a)| < 2r. Consequently p(u,v) <
2r.

Agsume conversely that p is bounded by d. Fix v € S, and choose b € K such that
n(b) = 1. Then for any p € S and any a € £ with L(a) <1 we have

d> p(p,v) > n(a) = v(a)| = |u(a - v(a)b)] .

Suppose now that Condition 1.5 holds. We apply it to a — v(a)b. Thus, since S is
compact, we can find g such that

lla —v(a)bl| < klu(a —v(a)b)| .

Consequently |ja—v(a)b|| < kd, so that ||a@||” < kd. All this was under the assumption
that L(a) < 1. Tt follows that for general a € £ we have ||d||” < kdL(a), as desired.
a

We now turn to the question of when the p-topology and the weak-x topology on
S agree. The following theorem is closely related to theorem 6.3 of [P].
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1.8 THEOREM. Let the data be as in (1.3a—e), and let £ = {a € L : L(a) < 1}. If
the image of L1 in L is totally bounded for || ||”, then the p-topology on S agrees
with the weak-+ topology.

Conversely, if Condition 1.5 holds and if the p-topology on S agrees with the weak-*
topology, then the image of L1 in L is totally bounded for || ||”.

Proof. We begin with the converse, so that we see why the total-boundedness as-
sumption is natural. If the p-topology gives the weak-* t opology on S, then p must
be bounded since S is compact. Thus by Proposition 1.6 there is a constant, r,, such
that || ||” < r,L", since we assume here that Condition 1.5 holds. Choose 7 > r,.
Then |ja||” < r if a € £;. Consequently, if we let

B,={a€L:L(a) <1and]|a|l <r},

then the image of B, in £~ is the same as the image of £;. Thus it suffices to show
that B, is totally bounded.
Let a € B, and let p,v € S. Then

|a(p) = a(v)| = |p(a) = v(a)| < p(u,v) .

Thus (B,) " can be viewed as a bounded family of functions on S which is equi-
continuous for the weak-* topology, since p gives the weak-x topology of S. It follows
from Ascoli’s theorem [Ru] that (B,) “is totally bounded for || ||s. By Condition 1.5

this means that B, is totally bounded for || || as a subset of A, as desired.
For the other direction we do not need Condition 1.5. We suppose now that the
image of £, in L is totally bounded for || ||”. Let 4 € S and £ > 0 be given, and

let B(u,e) be the p-ball of radius ¢ about g in S. In view of Proposition 1.4 it
suffices to show that B(u,e) contains a weak-x neighborhood of . Now by the total
boundedness of the image of £; we can find a4,...,a, € £; such that the || || -balls
of radius /3 about the a;’s cover the image of £;. We now show that the weak-*
neighborhood

O = O {a;},2/3) = {v € S : |(u—v)(a))| < /3, 1 < j < n}

is contained in B(u,¢). Consider any a € £;. There is a j and a b € K, depending
on a, such that
lla —a; —b|]| <e/3.

Hence for any v € O we have
lu(a) —v(a)| < |ula) — pla; +b)| + |u(a; +b) —v(a; +b)[ + |v(a; +b) — v(a)|
< /34 |u(aj) —v(aj)| +¢/3 < €.
Thus p(u,v) < e. Consequently O C B(u,€) as desired. O
Examination of the proof of the above theorem suggests a reformulation which
provides a convenient subdivision of the problem of showing for specific examples

that the p-topology agrees with the weak-* topology. We will use this reformulation
in the next sections.

DOCUMENTA MATHEMATICA 3 (1998) 215-229



METRICS ON STATES FROM ACTIONS OF CoMPACT GROUPS 221

1.9 THEOREM. Let the data be as in (1.3a—e). Then the p-topology on S will agree
with the weak-x topology if the following three hypotheses are satisfied:
i) Condition 1.5 holds.
i) p is bounded.
ili) The set By ={a € L:L(a) <1 and ||a|| <1} is totally bounded in A for || ||.
Conversely, if Condition 1.5 holds and if the p-topology agrees with the weak-x topol-
oqy, then the above three conditions are satisfied.

Proof. Tf conditions i) and ii) are satisfied, then, just as in the first part of the proof
of Theorem 1.8, there is a constant r such that the image of B, in £ contains the
image of £;. But B, C rB;. Thus if B; is totally bounded then so is B,., as is then
the image of £;. Then we can apply Theorem 1.8 to conclude that the p-topology
agrees with the weak-* topology.

Conversely, if the p-topology and the weak-* topology agree, then condition ii)
holds by Proposition 1.6. But by the first part of the proof of Theorem 1.8 there
is then a constant r such that B, is totally bounded. By scaling we see that By is
also. a

We remark that if we take any 1-dimensional subspace K of an infinite-dimensional
normed space A, set L = A, and let L be the pull-back to 4 of || ||"on A/K, we obtain
an example where p is bounded but the image of £; in L™ is not totally bounded,
nor is B; totally bounded in A.

In the next sections we will find very useful the following:

1.10 COMPARISON LEMMA. Let the data be as in (1.3a—e). Suppose we have a
subspace M of L which contains K and separates the points of S, and a semi-norm
M on M which takes value O exactly on K. Let pr, and pyr denote the corresponding
metrics on S (possibly taking value +00). Assume that

M > L on M,
in the sense that M (a) > L(a) for all a € M. Then

pM < prL,
in the sense that par(u,v) < pr,(u,v) for all p,v € S. Thus
i) If pr, is finite then so is par.
i) If py, is bounded then so is pps.
iii) If the pr-topology on S agrees with the weak-x topology then so does the py;-
topology.

Proof. If a € M and M(a) <1 then L(a) < 1. Thus the supremum defining pys is
taken over a smaller set than that for py,, and so p)s < pr. Conclusions i) and ii) are
then obvious. Conclusion iii) follows from the fact that a continuous bijection from a
compact space to a Hausdorff space is a homeomorphism. O

For later use we record the following easily verified fact.

1.11 PROPOSITION. Let data be as above. Lett be a strictly positive real number. Set
M =tL on L. Then pyr =t 'pr. Thus properties for pr, of finiteness, boundedness,
and agreement of the pr-topology with the weak-x topology carry over to pyy.
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2. METRICS FROM ACTIONS AND LENGTH FUNCTIONS

Let G be a compact group (with identity element denoted by e). We normalize
Haar measure to give G mass 1. We recall that a length function on a group G is a
continuous non-negative real-valued function, £, on G such that

(2.1a) lxy) < Ll(zx)+L(y) for z,y €,
(2.1b) (™1 = ((2),
(2.1c) l(x) =0 exactlyif z=e.

Length functions arise in a number of ways. For example, if 7 is a faithful unitary
representation of G on a finite-dimensional Hilbert space, then we can set {(z) =
||me — me||. We will see another way in the next section. We will assume for the rest
of this section that a length function has been chosen for G.

Let A be a unital C*-algebra, and let @ be an action (strongly continuous) of G by
automorphisms of A. We let £ denote the set of Lipschitz elements of A for o (and
?), with corresponding Lipschitz semi-norm L. That is [Rol, Ro2], for a € A we set

L(a) = sup{los () — all/(z) - @ # €} ,
which may have value +o00, and we set
L={a€e A:L(a) <} .

Tt is easily verified that £ is a x-subalgebra of A, and that L satisfies the Leibniz
property 1.2. (More generally, for 0 < r < 1 we could define L" by

L"(a) = sup{|laz(a) — all/(¢(())" : = # e}

along the lines considered in [Rol, Ro2]. For actions on the non-commutative torus
this has been studied in [Wv2], but we will not pursue this here.)

It is not so clear whether L is carried into itself by «, but we do not need this fact
here. (For Lie groups see theorem 4.1 of [Rol] or the comments after theorem 6.1 of
[Ro2].) Let us consider, however, the a-invariance of L. We find that

L(a:(a)) = sup{||a.(a.-1,.(a) — a)[|/l(z) : x # e}
= sup{ |l (a) — al|/€(zzz7") : x # €}.

Thus if £(zx271) = {(z) for all z,z € G, then L is a-invariant, and £ is carried into
itself by a. The metric p on S defined by L will then be a-invariant for the evident
action on S. But we will not discuss this matter further here.
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2.2 PROPOSITION. The x-algebra L is dense in A.

Proof. For f € L'(G) we define ay as usual by ay(a) = [ f(z)a,(a) dz. It is standard
[BR] that as f runs through an “approximate delta-function”, ay(a) converges to a.
Thus the set of elements of form ay(a) is dense in A. Let A denote the action of
G by left translation of functions on G. A quick standard calculation shows that
az(af(a)) = ay, (s (a). Thus

low (g (@) = ap(a)ll = lla, s (@I < 1[Azf = fllullall;

where || |1 denotes the usual L'-norm. Thus we see that ay(a) € L if f € Lip}, the
space of Lipschitz functions in L!(G) for A (and ¢).

Consequently it suffices to show that Lip} is dense in L'(G). We first note that it
contains a non-trivial element, namely £ itself. For if z,y € G, then

|(Ae0)(y) = £y)| = [U(z"y) = Ly)| < L),

where the inequality follows from 2.1a and 2.1b above. We momentarily switch at-
tention to C'(G) with || ||, and the action A of G on it. Of course £ € C(G). The
above inequality then says that ¢ € Lip$®, the space of Lipschitz functions in C'(G)
for A. But as mentioned earlier, Lip$° is easily seen to be a x-subalgebra of C(G) for
the pointwise product, and it contains the constant functions. Furthermore, a simple
calculation shows that Lip$® is carried into itself by right translation. Since Lip®
contains ¢, which separates e from any other point, it follows that Lip$® separates
the points of G. Thus Lip$® is dense in C(G) by the Stone-Weierstrass theorem.
Since || ||~ dominates || ||; for compact G, it follows that Lip} is dense in L'(G) as
needed. O

For simplicity of exposition we will deal only with the case in which we obtain
metrics on the entire state space of the C*-algebra A. For this purpose we want the
subspace where L takes the value 0 to be one-dimensional. It is evident that L takes
value 0 on exactly those elements of A which are a-invariant, and in particular on the
scalar multiples of the identity element of A. Thus we need to assume that the action
a is ergodic, in the sense that the only a-invariant elements are the scalar multiples
of the identity.

The main theorem of this section is:

2.3 THEOREM. Let a be an ergodic action of a compact group G on a unital C*-
algebra A. Let ¢ be a length function on G, and define L and L as above. Let p be
the corresponding metric on the state space S of A. Then the p-topology on S agrees
with the weak-+ topology.

Proof. Because L is dense by Proposition 2.2, it separates the points of S. Conse-
quently the conditions 1.3a—e are fulfilled (for the evident n). Thus L indeed defines
a metric, p, on S (perhaps taking value +00).

Since G is compact, we can average a over GG to obtain a conditional expectation
from A onto its fixed-point subalgebra. Because we assume that « is ergodic, this
conditional expectation can be viewed as a state on A. By abuse of notation we will
denote it again by n, since it extends the evident state n on the fixed-point algebra.
Thus

o) = [ avfa) dr
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for a € A, interpreted as a complex number when convenient.

We will follow the approach suggested by Theorem 1.9. Now hypothesis (i) of
that theorem is satisfied in the present setting, as discussed right after Condition 1.5
above. We now check hypothesis (ii), that is:

2.4 LEMMA. p is bounded.
Proof. Let y € S. Then for any a € £ we have

nte)=n(@)| = | [ w(ado—p( [ a(@yio)] = | [ nla=o(@)is] < L(a) [ tlats

It follows that p(u,n) < [4(x)dz. Thus for any p,v € S we have

p(u,v) < 2/G€(w)dw :

which is finite since ¢ is bounded. O

We now begin the verification of hypothesis (iii) of Theorem 1.9. For this we
need the unobvious fact [HLS, Bo] that because G is compact and « is ergodic, each
irreducible representation of G occurs with at most finite multiplicity in A. (In [HLS]
it is also shown that 7 is a trace, but we do not need this fact here.) The following
lemma is undoubtedly well-known, but I do not know a reference for it.

2.5 LEMMA. Let a be a (strongly continuous) action of a compact group G on a
Banach space A. Suppose that each irreducible representation of G occurs in A with
at most finite multiplicity. Then for any f € L*(G) the operator ay defined by

ap(a) = /G f(@)ap (a)dz

1§ compact.

Proof. If f is a coordinate function for an irreducible representation = of G, then it is
not hard to see (ch. IX of [FD]) that o will have range in the m-isotypic component
of A, which we are assuming is finite-dimensional. Thus oy is of finite rank in this
case. But by the Peter-Weyl theorem [FD] the linear span of the coordinate functions
for all irreducible representations is dense in L' (G). So any o can be approximated
by finite rank operators. O

Proof of Theorem 2.3. We show now that By, as in (iii) of Theorem 1.9, is totally
bounded. Let € > 0 be given. Since £(e) = 0 and / is continuous at e, we can find
f € LY(G) such that f > 0, [, f(zx)de =1, and [, f(z)l(z)dz < €/2. By the
previous lemma a; is compact. Since B; is bounded, it follows that ar(B1) is totally
bounded. Thus it can be covered by a finite number of balls of radius €/2. But for
any a € By we have

la — oy (@)l = lla / f(z)dz — / F(@)as (a)dal| < / f(@)lla - ax(@)]de
< L(a) / F@)l(a)dz < /2 .

Thus B; itself can be covered by a finite number of balls of radius €. d
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3. METRICS FROM ACTIONS OF LIE GROUPS

We suppose now that G is a connected Lie group (compact). We let g denote the Lie
algebra of G. Fix a norm || || on g. For any action a of G on a Banach space A we
let A! denote the space of a-differentiable elements of A. Thus [BR] if a € A' then
for each X € g there is a dxa € A such that

tlij}%(aexp(tX) (a') - a’)/t =dxa y

and X — dxa is a linear map from g into A, which we denote by da. Since g and A
both have norms, the operator norm, ||da||, of da is defined (and finite). A standard
smoothing argument [BR] shows that A! is dense in A.

Suppose now that A is a C*-algebra and that « is an action by automorphisms of
A. We can set £L = A and L(a) = ||dal|. Tt is easily verified that £ is a *-subalgebra
of A and that L satisfies the Leibniz property 1.2, though we do not need these facts
here. Because G is connected, L(a) = 0 exactly if a is a-invariant.

3.1 THEOREM. Let G be a compact connected Lie group, and fix a norm on g. Let
a be an ergodic action of G on a unital C*-algebra A. Let L = A' and L(a) = ||dal|,
and let p denote the corresponding metric on the state space S. Then the p-topology
on S agrees with the weak-x topology.

Proof. Choose an inner-product on g. Its corresponding norm is equivalent to the
given norm, and so by the Comparison Lemma 1.10 it suffices to deal with the norm
from the inner-p roduct. We can left-translate this inner-product over G to obtain
a left-invariant Riemannian metric on G, and then a corresponding left-invariant
ordinary metric on G. We let £(z) denote the corresponding distance from z to e.
Then ¢ is a continuous length function on G satisfying conditions 2.1 [G, Ro2].

Then the elements of £ = A' are Lipschitz for £. This essentially just involves the
following standard argument [G, Ro2], which we include for the reader’s convenience.
Let a € A! and let ¢ be a smooth path in G from e to a point € G. Then ¢, defined
by ¢(t) = a.()(a), is differentiable, and so we have

[l (@) —all = ||/¢’(t)dt|| < /Ilac(t)(dcf(t)a)lldtﬁ IIdall/IIC'(t)lldt-

But the last integral is just the length of ¢. Thus from the definition of the ordinary
metric on G, with its length function ¢, we obtain

low (@) — al| < ||dallé(z) -

(Actually, the above argument works for any norm on g.) Then if we let Lo and Lg be
defined just in terms of £ as in the previous section, we see that £ C Ly and Lo < L.
Thus we are exactly in position to apply the Comparison Lemma 1.10 to obtain the
desired conclusion. O

We remark that Weaver (theorem 24 of [Wv1]) in effect proved for this setting the
total boundedness of B; for the particular case of non-commutative 2-tori, by different
methods.
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4. METRICS FROM DIRAC OPERATORS

Suppose again that G is a compact connected Lie group, and that « is an ergodic
action of G on a unital C*-algebra A. Let g denote the Lie algebra of G, and let ¢’
denote its vector-space dual. Fix any inner-product on g’. We will denote it by g, or
by (), to distinguish it from the Hilbert space inner-products which will arise.

With this data we can define a spectral triple [C1, C2, C3] for A. For simplicity of
exposition we will not include gradings and real structure, and we will oversimplify
our treatment of spinors, since the details are not essential for our purposes. But
with more care they can be included. (See, e.g. [V, VB].) We proceed as follows. Let
C = Clif(g', —g) be the complex Clifford C*-algebra over g’ for —g. Thus each w € ¢’
determines a skew-adjoint element of C' such that

w? = —(w,w), 1o .

Depending on whether g is even or odd dimensional, C' will be a full matrix algebra,
or the direct sum of two such. We let S be the Hilbert space of a finite-dimensional
faithful representation of C' (the “spinors”).

Let A* denote the space of smooth elements of A. (We could just as well use the
A" of the previous section. We use A here for variety. It is still a dense *-subalgebra
[BR].) Let W = A*® ® S, viewed as a free right A*°-module. From the Hilbert-space
inner-product on § we obtain an A®°-valued inner-product on W. Let n be as in the
previous section, viewed as a faithful state on A. Combined with the A-valued inner
product on W, it gives an ordinary inner-product on W. We will denote the Hilbert
space completion by L2(W,n).

Now A% and C have evident commuting left actions on W. These are easily
seen to give x-representations of A and C' on L?(W,n), which we denote by X and ¢
respectively.

We define the Dirac operator, D, on L?(W,n) in the usual way. Its domain will be
W, and it is defined as the composition of operators

W-LgdoW-Scaw -Sw.

Here d is the operator which takes b € A* to db € g'® A, defined by db(X) = dx (b),
which we then extend to W so that it takes b® s to db® s. The operator ¢ just comes
from the canonical inclusion of g’ into C'. The operator ¢ just comes from applying
the representation of C' on S, and so on W.

It is easily seen that D is a symmetric operator on L?(W,n). It will not be impor-
tant for us to verify that D is essentially self-adjoint, and that its closure has compact
resolvant.

Let {e;} denote an orthonormal basis for ¢', and let {E;} denote the dual basis
for g. Then in terms of these bases we have

Db®s) = Z ag; (b) ®clej)s .
When we use this to compute [D, A,] for a € A, a straightforward calculation shows

that we obtain
D, Xa](b@s) = (ap,(a) @ cle;) (b s) .
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That is,
(41) [D, )\a] = Z QE; (a’) ® €5 »

acting on L2(W,n) through the representations A and c. It is clear from (4.1) that
[D, \,] is bounded for the operator norm from L?(W,n).
We can now set £ = A*°, and

L(a) = [I[D, Aa]l| -

It is clear that L(14) = 0. To proceed further we compare L with the semi-norm of
the last section. If we view g’ as contained in the C*-algebra C, we have e? = —1and

e; = —e; for each j. In particular, ||e;|] = 1. From (4.1) it is then easy to see that

there is a constant, K, such that
L(a) < K||dal|

for all a € £, where ||da|| is as in the previous section, for the inner-product dual to
that on g’. However, what we need is an inequality in the reverse direction so that
we will be able to apply the Comparison Lemma 1.10.

For this purpose, consider any element ¢t = ) b; ® e; in A ® C, with the e; as
above. Let f; = iej, so that f; = fj, f]2 =1, and fjfe = —fuf; for j # k. Let
p;j = (1 4+ f;)/2 and ¢; = 1 —p; = (1 — f;)/2, both being self-adjoint projections.
Then p; fr = frq; for j # k. Consequently p; frp; = 0 = g; frq; for j # k. Thus

(1@ p)H1®p;) = b; @ pje;p; = bj @ ip;
and
(1®g)t(1®q;) = —b; ®ig; .

Since at least one of p; and ¢; must be non-zero, it becomes clear that ||t]| > ||b;]| for
each j. When we apply this to (4.1) we see that

L(a) > |lag;(a)]
for each j. Consequently, for a suitable constant k we have
L(a) > kl|dal| ,
where again ||dal| is as in the previous section. On applying Proposition 1.11, Theorem

3.1, and the Comparison Lemma 1.10, we obtain the proof of:

4.2 THEOREM. Let a be an ergodic action of the compact connected Lie group G
with Lie algebra g on the unital C*-algebra A. Pick any inner-product on the dual, g¢',
of g. Let D denote the corresponding Dirac operator, as defined above. Let L = A,
and let L be defined by

L(a) = [|[D, o]l

for a € A. Let p be the corresponding metric on S. Then the p-topology on S agrees
with the weak-x topology.
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1. INTRODUCTION

1.1. THE MAIN THEOREM. Let k be a field and X a scheme over k which admits an
ample line bundle (e.g. a quasi-projective variety). Let vec(X) denote the category
of algebraic vector bundles on X. We view vec(X) as an exact category in the sense
of Quillen [27]: By definition, a short sequence of vector bundles is admissible exact
iff it is exact in the category of sheaves on X. Moreover, the category vec(X) is
k-linear, i.e. it is additive and its morphism sets are k-vector spaces such that the
composition is bilinear. In [18], we have defined, for each k-linear exact category A, a
cyclic homology theory HC9"(A). The superscript der indicates that the definition
is modeled on that of the derived category of A. In [loc. cit.] it was denoted by
HC.(A). As announced in [loc. cit.], in this article, we will show that the cyclic
homology of the scheme X coincides with the cyclic homology of the k-linear exact
category vec(X): There is a canonical isomorphism (cf. Corollary 5.2)

(1.1.1) HC.(X) % HC (vec(X)).

The definition of the cyclic homology of a scheme is an important technical point
which will be discussed below in 1.4. Note that by definition [27, Par. 7], there is an
analogous isomorphism in K-theory.
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1.2. MOTIVATION. Our motivation for proving the isomorphism 1.1.1 is twofold:
Firstly, it allows the computation of HC'.(X) for some non-trivial examples. Indeed,
suppose that k is algebraically closed and that X is a smooth projective algebraic va-
riety. Suppose moreover that X admits a tilting bundle, i.e. a vector bundle without
higher selfextensions whose direct summands generate the bounded derived category
of the category of coherent sheaves on X. Examples of varieties satisfying these hy-
potheses are projective spaces, Grassmannians, and smooth quadrics [3], [12], [13],
[14]. In 5.3, we deduce from 1.1.1 that for such a variety, the Chern character induces
an isomorphism

KoX ®z HC.k = HC . X.

Here the left hand side is explicitly known since the group KpX is free and admits
a basis consisting of the classes of the pairwise non-isomorphic indecomposable di-
rect summands of the tilting bundle. Cyclic homology of projective spaces was first
computed by Beckmann [2] using a different method.

Our second motivation for proving the isomorphism 1.1.1 is that it provides fur-
ther justification for the definition of HCI". Indeed, there is a ‘competing’ (and
previous) definition of cyclic homology for k-linear exact categories due to R. Mc-
Carthy [22]. Let us denote by HCM“(A) the graded k-module which he associates
with A. McCarthy proved in [loc. cit.] a number of good properties for HCMC. The
most fundamental of these is the existence of an agreement isomorphism

HC.(A) = HCYC (proj(A)),

where A is a k-algebra and proj(A), the category of finitely generated projective A-
modules endowed with the split exact sequences. In particular, if we take A to be
commutative, we obtain the isomorphism

HC,(X) = HCMC (vec(X))

for all affine schemes X = Spec(A) (to identify the left hand side, we use Weibel’s
isomorphism [32] between the cyclic homology of an affine scheme and the cyclic
homology of its coordinate algebra). Whereas for H C%°T | this ismorphism extends
to more general schemes, this cannot be the case for H CE/ICC. Indeed, for n > 0,
the group H™(X,Ox) occurs as a direct factor of HC_,, (X). However, the group
HCM<C vanishes for n > 0 by its very definition.

1.3. GENERALIZATION, CHERN CHARACTER. Our proof of the isomorphism 1.1.1
actually yields a more general statement: Let X be a quasi-compact separated scheme
over k. Denote by per X the pair formed by the category of perfect sheaves (4.1) on
X and its full subcategory of acyclic perfect sheaves. The pair per X is a localization
pair in the sense of [18, 2.4] and its cyclic homology HC(per X) has been defined in
[loc. cit.]. We will show (5.2) that there is a canonical isomorphism

(1.3.1) HC.(X) > HC.(per X).
If X admits an ample line bundle, we have an isomorphism
HCO¥ (vec(X)) = HC . (per X)

so that the isomorphism 1.1.1 results as a special case.
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The first step in the proof of 1.3.1 will be to construct a map
HC.(per X) —» HC.(X).

This construction will be carried out in 4.2 for an arbitrary topological space X
endowed with a sheaf of (possibly non-commutative) k-algebras. As a byproduct, we
therefore obtain a new construction of the Chern character of a perfect complex P.
Indeed, the complex P yields a functor between localization pairs

?®r P :perpt = per X
and hence a map
HC.(perpt) - HC.(per X) - HC.(X).
The image of the class
ch([k]) € HC(perpt) = HC.(k)

under this map is the value of the Chern character at the class of P. An analogous
construction works for the other variants of cyclic homology, in particular for negative
cyclic homology. The first construction of a Chern character for perfect complexes is
due to Bressler—Nest—Tsygan, who needed it in their proof [5] of Schapira-Schneiders’
conjecture [28]. They even construct a generalized Chern character defined on all
higher K-groups. Several other constructions of a classical Chern character are due
to B. Tsygan (unpublished).

1.4. CYCLIC HOMOLOGY OF SCHEMES. Let k£ be a commutative ring and X a scheme
over k. The cyclic homology of X was first defined by Loday [20]: He sheafified the
classical bicomplex to obtain a complex of sheaves CC(Ox). He then defined the
cyclic homology of X to be the hypercohomology of the (total complex of) CC(Ox).
Similarly for the different variants of cyclic homology. There arise three problems:

(1) The complex C'C(Ox) is unbounded to the left. So there are (at least) two non-
equivalent possibilities to define its hypercohomology: should one take Cartan-
Eilenberg hypercohomology (cf. [32]) or derived functor cohomology in the sense
of Spaltenstein [29] ?

(2) Is the cyclic homology of an affine scheme isomorphic to the cyclic homology of
its coordinate ring ?

(3) If a morphism of schemes induces an isomorphism in Hochschild homology, does
it always induce an isomorphism in cyclic homology ?

Problem (1) is related to the fact that in a category of sheaves, products are not exact
in general. We refer to [32] for a discussion of this issue.

In the case of a noetherian scheme of finite dimension, Beckmann [2] and Weibel-
Geller [34] gave a positive answer to (2) using Cartan-Eilenberg hypercohomology.
By proving the existence of an SBI-sequence linking cyclic homology and Hochschild
homology they also settled (3) for this class of schemes, whose Hochschild homology
vanishes in all sufficiently negative degrees. Again using Cartan-Eilenberg hypercoho-
mology, Weibel gave a positive answer to (2) in the general case in [32]. There, he also
showed that cyclic homology is a homology theory on the category of quasi-compact
quasi-separated schemes. Problem (3) remained open.
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We will show in A.2 that Cartan-Eilenberg hypercohomology agrees with Spal-
tenstein’s derived functor hypercohomology on all complexes with quasi-coherent ho-
mology if X is quasi-compact and separated. Since CC(Ox) has quasi-coherent ho-
mology [34], this shows that problem (1) does not matter for such schemes. As a
byproduct of A.2, we deduce in B.1 a (partially) new proof of Boekstedt-Neeman’s
theorem [4] which states that for a quasi-compact separated scheme X, the unbounded
derived category of quasi-coherent sheaves on X is equivalent to the full subcategory
of the unbounded derived category of all Ox-modules whose objects are the com-
plexes with quasi-coherent homology. A different proof of this was given by Alonso—
Jeremias—Lipman in [30, Prop. 1.3].

In order to get rid of problem (3), we will slightly modify Loday’s definition:
Using sheaves of mixed complexes as introduced by Weibel [33] we will show that the
image of the Hochschild complex C(Ox) under the derived global section functor is
canonically a mixed complex M (X). The mized cyclic homology of X will then be
defined as the cyclic homology of M (X). For the mixed cyclic homology groups, the
answer to (2) is positive thanks to the corresponding theorem in Hochschild homology
due to Weibel-Geller [34]; the answer to (3) is positive thanks to the definition. The
mixed cyclic homology groups coincide with Loday’s groups if the derived global
section functor commutes with infinite sums. This is the case for quasi-compact
separated schemes as we show in 5.10.

1.5. ORGANIZATION OF THE ARTICLE. In section 2, we recall the mixed complex
of an algebra and define the mixed complex M (X, A) of a ringed space (X,.A4). In
section 3, we recall the definition of the mixed complex associated with a localization
pair and give a ‘sheafifiable’ description of the Chern character of a perfect complex
over an algebra. In section 4, we construct a morphism from the mixed complex
associated with the category of perfect complexes on (X,.4) to the mixed complex
M(X,A). We use it to construct the Chern character of a perfect complex on (X, A).
In section 5, we state and prove the main theorem and apply it to the computation
of the cyclic homology of smooth projective varieties admitting a tilting bundle. In
appendix A, we prove that Cartan-Eilenberg hypercohomology coincides with derived
functor cohomology for (unbounded) complexes with quasi-coherent homology on
quasi-compact separated schemes. In appendix B, we apply this to give a (partially)
new proof of a theorem of Boekstedt-Neeman [4].

1.6. ACKNOWLEDGMENT. The author thanks the referee for his suggestions, which
helped to make this article more readable.

2. HOMOLOGY THEORIES FOR RINGED SPACES

Let k be a field, X a topological space, and A a sheaf of k-algebras on X. In
this section, we consider the possible definitions of the cyclic homology of (X, A). In
2.1 we recall the definition suggested by Loday [20]. In 2.2, we point out that with
this definition, it is not clear that a morphism inducing isomorphisms in Hochschild
homology also does so in cyclic homology and its variants. This is our main reason
for introducing the ‘mixed homologies’. These also have the advantage of allowing
a unified and simultaneous treatment of all the different homology theories. For the
sequel, the two fundamental invariants are the mixed complex of sheaves M (A) and
its image M (X, A) = RI'(X, M(A)) under the derived global section functor. Both

DOCUMENTA MATHEMATICA 3 (1998) 231-259



CYCLIC HOMOLOGY 235

are canonical up to quasi-isomorphism and are therefore viewed as objects of the
corresponding mixed derived categories. In the case of a point and a sheaf given
by an algebra A, these complexes specialize to the mixed complex M (A) associated
with the algebra. The mixed cyclic homology HC iz «(A) is defined to be the cyclic
homology of the mixed complex M (X, A).

2.1. HOCHSCHILD AND CYCLIC HOMOLOGIES. Following a suggestion by Loday [20],
the Hochschild complex C(A), and the bicomplexes CC(A), CC~(A), and CCP¢"(A)
are defined in [5, 4.1] by composing the classical constructions (cf. [21], for example)
with sheafification. The Hochschild homology, cyclic homology ... of A are then
obtained as the homologies of the complexes

RI(X,C(A)), RT(X,CC(A), ...

where RI'(X,?) is the total right derived functor in the sense of Spaltenstein [29] of
the global section functor.

2.2. MIXED CYCLIC HOMOLOGIES. Suppose that f : (X, .4) — (Y, B) is a morphism
of spaces with sheaves of k-algebras inducing isomorphisms in Hochschild homology.
With the above definitions, it does not seem to follow that f also induces isomorphisms
in cyclic homology, negative cyclic homology, and periodic cyclic homology. This is
one of the reasons why we need to replace the above definitions by slightly different
variants defined in terms of the mixed complex associated with A. This complex was
introduced by C. Weibel in [33]. However, the ‘mixed homologies’ we consider do not
always coincide with the ones of [33] (cf. the end of this section).

Let us first recall the case of ordinary algebras: For an algebra A, we denote by
M(A) the mapping cone over the differential 1 — ¢ linking the first two columns of
the bicomplex CC(A). We endow M (A) with the operator B : M (A) — M(A)[-1]
induced by the norm map N from the first to the second column of the bicomplex.
Then endowed with its differential d and with the operator B the complex M (A)
becomes a mixed complex in the sense of Kassel [15], i.e. we have

d>=0,B>=0,dB+ Bd=0.
The mixed complex M (A) completely determines the homology theories of A. Indeed,
we have a canonical quasi-isomorphism
C(A) = M(A),
which shows that Hochschild homology is determined by M (A). We also have canon-
ical quasi-isomorphisms
CO(A) 3 MA) %k , CC (A) = RHomy(k, M(A))
where the right hand sides are defined by viewing mixed complexes as objects of the
mixed derived category, i.e. differential graded (=dg) modules over the dg algebra A
generated by an indeterminate e of chain degree 1 with 2 = 0 and de = 0 (cf. [15],
[16]). Finally, we have a quasi-isomorphism
CCPT(A) — (Rl'Ln)Pk[—Qn] ®Ar M(A)

where Py is a cofibrant resolution (= ‘closed’ resolution in the sense of [17, 7.4]
=‘semi-free’ resolution in the sense of [1]) of the dg A-module k¥ and the transition
map Py[—2(n + 1)] = Pi[—2n] comes from a chosen morphism of mixed complexes
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P, — P;[2] which represents the canonical morphism k& — k[2] in the mixed derived
category. For example, one can take

Py = P Al2i]
ieN
as a A-module endowed with the differential mapping the generator 1; of A[2i] to
€l;_1. The periodicity morphism then takes 1; to 1,1 and 1y to 0. Note that the
functor lim P [—2n]®? is actually exact so that R1im may be replaced by lim in the
above formula.

Following Weibel [33, Section 2] we sheafify this construction to obtain a mixed
complex of sheaves M(A). We view it as an object of the mized derived category
DMizx (X) of sheaves on X, i.e. the derived category of dg sheaves over the constant
sheaf of dg algebras with value A. The global section functor induces a functor from
mixed complexes of sheaves to mixed complexes of k-modules. By abuse of notation,
the total right derived functor of the induced functor will still be denoted by RI'(X, 7).
The mized complex of the ringed space (X, .A) is defined as

M(X,A) = RD(X, M(A)).

The fact that the functor RI'(X,?) (and the mixed derived category of sheaves) is
well defined is proved by adapting Spaltenstein’s argument of section 4 of [29]. Since
the underlying complex of k-modules of M (A) is quasi-isomorphic to C'(A), we have
a canonical isomorphism

HH,.(A) = H.RT'(X, M(A)).
We define the ‘mixed variants’

HC iz« (A), HC, .. (A, HCY  (A)

miz,* mix,*
of the homologies associated with A4 by applying the functors
?® k, RHomy(k,?) resp. Rlim P[—2n]®,?

to M (X, A) and taking homology.

These homology theories are slightly different from those of Bressler—Nest—
Tsygan [5], Weibel [32], [33], and Beckmann [2]. We prove in 5.10 that mixed cyclic
homology coincides with the cyclic homology defined by Weibel if the global section
functor RI'(X,?) commutes with countable coproducts and that this is the case if
(X, A) is a quasi-compact separated scheme.

For a closed subset Z C X, we obtain versions with support in Z by applying
the corresponding functors to RI'z (X, M (A)).

Now suppose that a morphism (X, .4) — (Y, B) induces an isomorphism in H H,.
Then by definition, it induces an isomorphism in the mixed derived category

RI(X, M(A)) « RI(Y, M(B))
and thus in HC iz ., HC,, and HC?T

miz,*’ miz,* "
3. HOMOLOGY THEORIES FOR CATEGORIES

In this section, we recall the definition of the cyclic homology (or rather: the
mixed complex) of a localization pair from [18]. We apply this to give a description
of the Chern character of a perfect complex over an algebra A (=sheaf of algebras
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over a point). This description will later be generalized to sheaves of algebras over a
general topological space.

A localization pair is a pair consisting of a (small) differential graded k-category
and a full subcategory satisfying certain additional assumptions. To define its mixed
complex, we proceed in three steps: In 3.1, the classical definition for algebras is
generalized to small k-categories following an idea of Mitchell’s [24]; then, in 3.2, we
enrich our small k-categories over the category of differential complexes, i.e. we define
the mixed complex of a differential graded small k-category; by making this definition
relative we arrive, in 3.3, at the definition of the mixed complex of a localization pair.
For simplicity, we work only with the Hochschild complex at first.

We illustrate each of the three stages by considering the respective categories
associated with a k-algebra A : the k-category proj(A) of finitely generated projec-
tive A-modules, the differential graded k-category C®(proj(A)) of bounded complexes
over proj(A), and finally the localization pair formed by the category of all perfect
complexes over A together with its full subcategory of all acyclic perfect complexes.
The three respective mixed complexes are canonically quasi-isomorphic. Thanks to
this fact the mixed complex of an algebra is seen to be functorial with respect to exact
functors between categories of perfect complexes. This is the basis for our description
of the Chern character in 4.2.

3.1. k-CATEGORIES. Let C be a small k-category, i.e. a small category whose mor-
phism spaces carry structures of k-modules such that the composition maps are bi-
linear. Following Mitchell [24] one defines the Hochschild complex C(C) to be the
complex whose nth component is

(3.1.1) JTC(Xn, X0) ® C(Xn1, X0) @ C(Xp—2,Xn 1) @ ... C(Xo, X1)

where the sum runs over all sequences X, ..., X, of objects of C. The differential is
given by the alternating sum of the face maps

(fny--- > fifim1,---Jo) ifi>0
d; nyeer s JiyJimlyern = n op .
(f f f 1 fO) { (_1) (fOfna---,fl) ifi=0
For example, suppose that A is a k-algebra. If we view A as a category C with
one object, the Hochschild complex C(C) coincides with C(A). We have a canonical
functor
A — projA,

where proj A denotes the category of finitely generated projective A-modules. By a
theorem of McCarthy [22, 2.4.3], this functor induces a quasi-isomorphism

C(A) = C(proj A).
3.2. DIFFERENTIAL GRADED CATEGORIES. Now suppose that the category C is a
differential graded k-category. This means that C is enriched over the category of

differential Z-graded k-modules (=dg k-modules), i.e. each space C (X,Y) is a dg
k-module and the composition maps

C(Y,Z)®,C(X,Y) > C(X,2)

are morphisms of dg k-modules. Then we obtain a double complex whose columns
are the direct sums of (3.1.1) and whose horizontal differential is the alternating sum

DOCUMENTA MATHEMATICA 3 (1998) 231-259



238 BERNHARD KELLER

of the face maps

_f fay--o s fificas - fo) ifi>0
di(f”""’f”’f"‘l""’fO)‘{ D0 (fofr o f1) =0

where o = (deg fo)(deg f1 + - - - + deg fn—1). The Hochschild complex C(C) of the dg
category C is by definition the (sum) total complex of this double complex. The dg
categories we will encounter are all obtained as subcategories of a category C(X) of
differential complexes over a k-linear category X' (a k-linear category is a k-category
which admits all finite direct sums). In this case, the dg structure is given by the
complex Hom®, (X,Y") associated with two differential complexes X and Y.

Hence if A is a k-algebra, the category CP(projA) of bounded complexes of
finitely generated projective A-modules is a dg category and the functor

proj A — Cb(proj A)

mapping a module P to the complex concentrated in degree 0 whose zero component is
P becomes a dg functor if we consider proj A as a dg category whose morphism spaces
are concentrated in degree 0. By [17, lemma 1.2], the functor proj A — CP(proj A)
induces a quasi-isomorphism

C(proj A) — C(C’(proj A)).

3.3. PAIRS OF DG CATEGORIES. Now suppose that Cy C C; are full subcategories
of a category of complexes C(X') over a small k-linear category X. We define the
Hochschild complex C(C) of the pair C : Cop C C; to be the cone over the morphism

induced by the inclusion (here both Co and C; are viewed as dg categories). For
example, let A be a k-algebra. Recall that a perfect complex over A is a complex
of A-modules which is quasi-isomorphic to a bounded complex of finitely generated
projective A-modules. Let per A denote the pair of subcategories of the category of
complexes of A-modules formed by the category per; A of perfect A-modules and
its full subcategory pery, A of acyclic perfect A-modules. Clearly we have a functor
proj A — per A, i.e. a commutative diagram of dg categories

0 — pery A

projA — per; A

This functor induces a quasi-isomorphism
C(projA) — C(per A)

by theorem 2.4 b) of [18].
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3.4. MIXED COMPLEXES AND CHARACTERISTIC CLASSES. In the preceding para-
graph, we have worked with the Hochschild complex, but it is easy to check that
everything we said carries over to the mixed complex (2.2). The conclusion is then
that if A is a k-algebra, we have the following isomorphisms in the mixed derived
category

M(A) = M(proj A) = M (per A).

This shows that M (A) is functorial with respect to morphisms of pairs per A — per B,
i.e. functors from perfect complexes over A to perfect complexes over B which respect
the dg structure and preserve acyclicity. For example, if P is a perfect complex over
A, we have the functor

?7®y P:perk — per A
which induces a morphism
M(?® P): M(perk) — M (per A)
and hence a morphism
M(P) : M(k) — M(A).

If we apply the functors Hy resp. H*R Hompa(k,?) to this morphism we obtain
morphisms

HHo(k) - HHo(A) and HC\,;, (k) = HC,.. (A)

which map the canonical classes in HHy(k) resp. HC . (k) = HC, (k) to the Euler

miz,*
class resp. the Chern character of the perfect complex P.

4. CHARACTERISTIC CLASSES FOR RINGED SPACES

Let k be a field, X a topological space, and A a sheaf of k-algebras on X. In
this section, we consider, for each open subset U of X, the localization pair of perfect
complexes on U denoted by per A|;;. The mixed complexes M (per A|y) associated
with these localization pairs are assembled into a sheaf of mixed complexes M (per A).
In 4.1, we show that this sheaf is quasi-isomorphic to the sheaf M (A) of mixed
complexes associated with A. In 4.2, this isomorphism is used to construct the trace
morphism

T: M(per A) — RI'(X, M (A)).

The construction of the characteristic classes of a perfect complex is then achieved
using the functoriality of the mixed complex M (per A) with respect to exact functors
between localization pairs.

The main theorem (5.2) will state that 7 is invertible if (X, A) is a quasi-compact
separated scheme.

4.1. THE PRESHEAF OF CATEGORIES OF PERFECT COMPLEXES. Recall that a strictly
perfect complex is a complex P of A-modules such that each point z € X admits an
open neighbourhood U such that P|y is isomorphic to a bounded complex of direct
summands of finitely generated free A|y-modules (note that such modules have no
reason to be projective objects in the category of A|y-modules). A perfect complex is
a complex P of A-modules such that each point x € X admits an open neighbourhood
U such that P|y is quasi-isomorphic to a strictly perfect complex.
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We denote by per A the pair formed by the category of perfect complexes and
its full subcategory of acyclic perfect complexes. For each open U C X, we de-
note by per A|y the corresponding pair of categories of perfect A|y-modules. Via
the restriction functors, the assignment U — M (per(A|y)) becomes a presheaf of
mixed complexes on X. We denote by M (per A) the corresponding sheaf of mixed
complexes.

For each open U C X, we have a canonical functor

proj A(U) — per Aly ,
whence morphisms
M(A(U)) = M(proj A(U)) — M (per Alr)
and a morphism of sheaves
M(A) —» M(per A).
KeEY LEMMA. The above morphism is a quasi-isomorphism

Remark 4.1. This is the analog in cyclic homology of lemma 4.7.1 of [5] (with the
same proof, as P. Bressler has kindly informed me).

Proof. We will show that the morphism induces quasi-isomorphisms in the stalks. Let
x € X. Clearly we have an isomorphism

M(per A), = M (lim per Ay ),
where U runs through the system of open neighbourhoods of z. We will show that
the canonical functor
lim per Al — per A,

induces a quasi-isomorphism in the mixed complexes. For this, it is enough to show
that it induces equivalences in the associated triangulated categories, by [18, 2.4 b)].
Now we have a commutative square

lim per Alu per A,

lim strper Al —— strper A,

Here, we denote by strper the pair formed by the category of strictly perfect
complexes and its subcategory of acyclic complexes. For an algebra A, we have
strper A = CP(proj A) by definition. It is easy to see that the two vertical arrows
induce equivalences in the triangulated categories, and the bottom arrow is actually
itself an equivalence of categories. Indeed, we have the commutative square

lim strper Al ——— strper A,

ling strper A(U) — strper A,
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Here the right vertical arrow is the identity and the left vertical arrow and the bottom
arrow are clearly equivalences.
The claim follows since the composition of the morphism

M(A,) — M(hﬂ per Aly)

with the quasi-isomorphism M (limper A|y) — M (per A;) is the canonical quasi-
isomorphism M (A,) — M (per A,).
Vv

4.2. CHARACTERISTIC CLASSES. By definition of M (per A) we have a morphism of
mixed complexes M (per A) — I'(X, M (per A)). By the key lemma (4.1), the canon-
ical morphism M (A) — M (per A) is invertible in the mixed derived category. Thus
we can define the trace morphism

7: M(per A) - RI(X, M(A))
by the following commutative diagram

M (per A) (X, M(per A))

| |

RI'(X,M(A)) —— RI(X, M(per A))

Now let P be a perfect complex. It yields a functor
?®y P:perk — per A

and hence a morphism in the mixed derived category

M(E) > M(perk) X% M(per A) 5 RU(X, M(A)) = M(X, A).

If we apply the functor Hy resp. R Hompy (k, 7) to this morphism, we obtain morphisms

HHy(k) — HHo(A) resp. HO. (k)= HC. (A)

miz,*

(k) > HC

miz,*
mapping the canonical classes to the Euler class respectively to the Chern character
of the perfect complex P.

Remark 4.2. The trace morphism 7 : M (per A) - M (X, A) is a quasi-isomorphism if
X is a point (by 3.3) or if (X, A) is a quasi-compact separated scheme (by 5.2 below).

Remark 4.3. (B. Tsygan) Let P be a perfect complex and A = Hom®* (P, P) the dg
algebra of endomorphisms of P. So if P is fibrant (cf. A.1), then the ith homology
of A identifies with Hompx (P, P[i]). The dg category with one object whose endo-
morphism algebra is A naturally embeds into per; A and we thus obtain a morphism

M(A) — M(per; A) — M(per A) 5 RI(X, M(A))

whose composition with the canonical map M (k) — M(A) coincides with the mor-
phism constructed above.

DOCUMENTA MATHEMATICA 3 (1998) 231-259



242 BERNHARD KELLER

4.3. VARIANT WITH SUPPORTS. Let Z C X be a closed subset. Let per(A on X)
be the pair formed by the category of perfect complexes acyclic off Z and its full
subcategory of acyclic complexes. For each open U C X denote by per(A|y on Z) the
corresponding pair of categories of perfect A|y-modules. Via the restriction functors,
the assignment U — M (per(A|y on Z)) becomes a presheaf of mixed complexes on
X. We denote by M (per (A on Z)) the corresponding sheaf of mixed complexes. We
claim that M (per (A on Z)), is acyclic for ¢ Z. Indeed, if U C X \ Z is an open
neighbourhood of z, then by definition, the inclusion

pery(Aly on Z) — per; (Aly on Z)

is the identity so that M (per(A|y on Z)) is nullhomotopic. It follows that the canon-
ical morphism M (ger (A on Z)) — M (per A) uniquely factors through

RI'z M (per A) — M (per A)

in DMiz (X). Using the quasi-isomorphism M (A) — M (per A) we thus obtain a
canonical morphism M (per (A on Z)) — RT'zM(A) making the following diagram
commutative

M(per (Aon Z)) —— RI'z M (per A) M (per A)

| |

RI; M(A) M(A)

We now define the trace morphism 77 : M(per(A on Z)) — RIz(X, M(A)) as the
composition

M (per(A on Z)) - I'(X, M(per (A on Z))) = RI'z(X, M(A)).

We then have a commutative diagram

M (per(A on Z))

M (per A)

RTz(X, M(A)) —— RI(X, M(A))

This yields a canonical lift of the classes constructed in section 4.2 to the theories
supported in Z. The trace morphism 77 is invertible if X and U = X \ Z are quasi-
compact separated schemes (by 5.2 below).

5. THE MAIN THEOREM, EXAMPLES, PROOF

This section is devoted to the main theorem 5.2. Let k be a field and X a
quasi-compact separated scheme over k. The mixed complex associated with X is
defined as M(X) = RI'(X, M(Ox)). The main theorem states that the trace map
T: M(per X) — M(X) of 4.2 is invertible in the mixed derived category.

In 5.1, we define M (per X) and examine its functoriality with respect to mor-
phisms of schemes following [31]. In 5.2, we state the theorem and, as a corollary, the
case of quasi-projective varieties. As an application, we compute, in 5.3, the cyclic
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homology of smooth projective varieties admitting a tilting bundle as described in the
introduction.

The proof of the main theorem occupies subsections 5.4 to 5.9. It proceeds by
induction on the number of open affines needed to cover X. The case of affine X is
treated in section 5.4. The induction step uses a Mayer-Vietoris theorem (5.8) which
is based on the description of the fiber of the morphism of mixed complexes induced
by the localization at a quasi-compact open subscheme. This description is achieved
in 5.7. It is based on Thomason-Trobaugh’s localization theorem, which we recall in
section 5.5 in a suitable form, and on the localization theorem for cyclic homology of
localization pairs [18, 2.4 c)], which we adapt to our needs in 5.6.

5.1. DEFINITION AND FUNCTORIALITY. We adapt ideas of Thomason-Trobaugh [31]:
Let X be a quasi-compact separated scheme over a field k. We put per X = per Ox
(cf. 4.1). We claim that the assignment X +— M (per X) is a functor of X. Indeed,
let flatper X be the pair formed by the category of right bounded perfect complexes
with flat components and its subcategory of acyclic complexes. Then the inclusion

flatper X — per X

induces an equivalence in the associated triangulated categories (by [31, 3.5]) and
hence an isomorphism
M (flatper X) — M (per X)

by [18, 2.4 b)]. Now if f : X — Y is a morphism of schemes, then f* clearly induces a a
functor flatper Y — flatper X and hence a morphism M (perY) — M (per X ). Notice
that this morphism is compatible with the map M (per X) — RI'(X, M (per X)) of
section 4.2.

Now suppose that X admits an ample family of line bundles. Then the inclusion

strper X — per X

induces an equivalence in the associated triangulated categories [31, 3.8.3] and hence
an isomorphism M (strper X) — M (per X). Note that strper X is simply the category
of bounded complexes over the category vec X of algebraic vector bundles on X
(together with its subcategory of acyclic complexes). Hence we have the equality
M (strper X) = M (vec X) where M (vec X) denotes the mixed complex associated
with the ezact category vec X as defined in [18]. In particular, if X = Spec A is affine,
we have canonical isomorphisms

M(A) = M(proj A) = M(vec X) = M (per X).
5.2. THE MAIN THEOREM. Let X be a quasi-compact separated scheme over a field

k. The mixed complex associated with X is defined as M(X) = RI'(X, M (Ox)).
Note that by definition, we have
HCpiz«(X)=HC.M(X), HC,,;, . (X)=HC,, MX),....
THEOREM. The trace morphism (4.2)
T: M(per X) —» M(X)

is invertible. More generally, if Z is a closed subset of X such that U = X \ Z is
quasi-compact, then the trace morphism

77 : M(per(X on Z)) = RI'z(X, M(Ox))
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18 invertible.

COROLLARY. Let X be a quasi-compact separated scheme over a field k. Then there
is a canonical isomorphism

HC . (per X) = HC.(X).

In particular, if X admits an ample line bundle (e.g. if X is a quasi-projective vari-
ety), there is a canonical isomorphism

HC% (vec X) & HC(X).

The corollary was announced in [18, 1.10], where we wrote HC . (vec X) instead
of HC (vec X). Tt is immediate from the theorem once we prove that for quasi-
compact separated schemes, there is an isomorphism

HOL(X) = HC iz (X).

This will be done in 5.10.
The theorem will be proved in 5.9. The plan of the proof is described in the
introduction to this section.

5.3. THE EXAMPLE OF VARIETIES WITH TILTING BUNDLES. Suppose that k is an
algebraically closed field and that X is a smooth projective algebraic variety. Sup-
pose moreover that X admits a tilting bundle, i.e. a vector bundle T without higher
selfextensions whose direct summands generate the bounded derived category of the
category of coherent sheaves on X as a triangulated category. Examples of vari-
eties satisfying these hypotheses are projective spaces, Grassmannians, and smooth
quadrics [3], [12], [13], [14].

PRrROPOSITION. The Chern character induces an isomorphism
Ky(X)®z HC (k) - HC.(X).

Here the left hand side is explicitly known since the group Ko(X) is free and
admits a basis consisting of the classes of the pairwise non-isomorphic indecomposable
direct summands of the tilting bundle. For example, if X is the Grassmannian of k-
dimensional subspaces of an n-dimensional space, the indecomposables are indexed by
all Young diagrams with at most k£ rows and at most n — k columns. Cyclic homology
of projective spaces was first computed by Beckmann [2] using a different method.

The proposition shows that if X is a smooth projective variety such that
H"(X,0x) # 0 for some n > 0, then X cannot admit a tilting bundle. Indeed,
the group H"(X,Ox) occurs as a direct factor of HC_, (X) and therefore has to
vanish if the assumptions of the proposition are satisfied.

Proof. Let A be the endomorphism algebra of the tilting bundle T" and r the Jacobson
radical of A. We assume without restriction of generality that T is a direct sum of
pairwise non-isomorphic indecomposable bundles. Then A/r is a product of copies
of k (since k is algebraically closed). We will show that the mixed complex M (X) is
canonically isomorphic to M (A/r). For this, consider the exact functor
?®4 : proj(A) — vec(X).
It induces an equivalence in the bounded derived categories
D (proj(A)) — Db (vec(X)).
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Indeed, we have a commutative square

2

DY (proj(A)) — Db (vec(X))

L(?7®@AT
D (mod(4)) 24D

D(coh(X))

where mod(A) denotes the abelian category of all finitely generated right A-modules
and coh(X) the abelian category of all coherent sheaves on X. Since T is a tilting
bundle, the bottom arrow is an equivalence. Since X is smooth projective, it follows
that A is of finite global dimension. Hence the left vertical arrow is an equivalence.
Again because X is smooth projective, the right vertical arrow is an equivalence.
Hence the top arrow is an equivalence. So the functor

?®4 T :per(A) — per(X)

induces an equivalence in the associated triangulated categories and hence an isomor-
phism

M (per(A4)) = M (per(X))

by [18, 2.4 b)]. Of course, it also induces an isomorphism Ko (proj(4)) = Ko(vec(X))
and the Chern character is compatible with these isomorphisms by its description in
4.2. So we are reduced to proving that the Chern character induces an isomorphism

Ko(A) @7 HC (k) = HC.(A).

For this, let £ C A be a semi-simple subalgebra such that E identifies with the quo-
tient A/r. The algebra F is a product of copies of k and of course, the inclusion E C A
induces an isomorphism in Kp. It also induces an isomorphism in HC, by [17, 2.5]
since A is finite-dimensional and of finite global dimension. These isomorphisms are
clearly compatible with the Chern character and we are reduced to the corresponding
assertion for HC(E). This is clear since E is a product of copies of k. V4

5.4. PROOF OF THE MAIN THEOREM IN THE AFFINE CASE. Suppose that X =
Spec A. Then we know by section 5.2 that the canonical morphism M(A) —
M (per X) is invertible. Now Weibel-Geller have shown in [34, 4.1] that the canonical
morphism

M(A4) = R..T'(X, M(0Ox))

is invertible where M (Ox) is viewed as a complex of sheaves on X and R .I'(X,?)
denotes Cartan-Eilenberg hypercohomology (cf. section A.2). Moreover, Weibel-
Geller have shown in [34, 0.4] that the complex M (Ox) has quasi-coherent homology.
By section A.2, it follows that the canonical morphism

RI(X, M (Ox)) = Re.T'(X, M(Ox))

DOCUMENTA MATHEMATICA 3 (1998) 231-259



246 BERNHARD KELLER

is invertible. Using the commutative diagram

M(A)

R..I'(X,M(Ox))

M (per X) —— RI'(X, M(Ox))
we conclude that M (per X) — RI'(X, M (Ox)) is invertible for affine X.

5.5. THOMASON-TROBAUGH’S LOCALIZATION THEOREM. Let X be a quasi-compact
quasi-separated scheme. We denote by 7 per X the full subcategory of the (un-
bounded) derived category of the category of Ox-modules whose objects are the
perfect complexes. This category identifies with the triangulated category associated
with the localization pair per X as defined in [18, 2.4]. Recall that a triangle functor
S — T is an equivalence up to factors if it is an equivalence onto a full subcategory
whose closure under forming direct summands is all of 7. A sequence of triangulated
categories

0-R—=-S—=-T—=0

is exact up to factors if the first functor is an equivalence up to factors onto the kernel
of the second functor and the induced functor S/R — T is an equivalence up to
factors.

THEOREM. [31]

a) Let U C X be a quasi-compact open subscheme and let Z = X \ U. Then the
sequence

0— Tper(X onZ) —» TperX — TperU — 0

is exact up to factors.
b) Suppose that X =V UW , where V and W are quasi-compact open subschemes
and put Z = X \ W. Then the lines of the diagram

0— Tper(X onZ) — TperX — TperW — 0
| | |
0 — Tper(VonZ) — TperV— Tper(VNW) — 0
are exact up to factors and the functor j* is an equivalence up to factors.

The theorem was proved in section 5 of [31]. Note that the first assertion of part
b) follows from a). The second assertion of b) is a special case of the main assertion
in [31, 5.2] (take U =V, Z = X \ W in [loc.cit.]). A new proof of the theorem is due
to A. Neeman [25], [26].

5.6. LOCALIZATION IN CYCLIC HOMOLOGY OF DG CATEGORIES. In this section, we
adapt the localization theorem [18, 4.9] to our needs. Let

OaAiBgC%O

DOCUMENTA MATHEMATICA 3 (1998) 231-259



CYCLIC HOMOLOGY 247

be a sequence of small flat exact DG categories such that F' is fully faithful, GF = 0,
and the induced sequence of stable categories

0 A—-B—-C—0
is exact up to factors (5.5).

THEOREM. The morphism

Cone(M (A) 21,

induced by M(QG) is a quasi-isomorphism.

M(B)) = M(C)

Proof. The proof consists in extracting the relevant information from [18] : Indeed,

since F' is fully faithful, we may consider A L B as a localization pair and since

GF =0, the square
A B
.
0 C

as a morphism of localization pairs, i.e. a morphism of the category £%,,. of [18, 4.3].

By applying the completion functor ?* of [loc. cit.] we obtain a morphism

F
B ——

_—

A5 B)*
(5.6.1) l
0—=0)f
of the category L. Applying the functor Cm to this morphism yields the morphism
(M(A) = M(B))
1(071\4 (@)
(0= M(C))

of DMorMiz by the remarks following proposition 4.3 of [18]. On the other hand,
applying the functor I of [18, 4.8] to the morphism (5.6.1) yields the identity of CT
in M and applying M (denoted by C in [18]) yields the identity of M (C) in DMiz .
By the naturality of the isomorphism of functors in [18, 4.9 a)], call it ¥, we obtain a
commutative square in DMix

Cone(M(A) — M(B)) —2—~ M(C)

(0,M(G)) 1

Cone(0 = M(C)) —2—~ M(C)

So the left vertical arrow of the square is invertible in DMiz , which is what we had
to prove. \/

DOCUMENTA MATHEMATICA 3 (1998) 231-259



248 BERNHARD KELLER

5.7. PERFECT COMPLEXES WITH SUPPORT AND LOCAL COHOMOLOGY. Let X be a

quasi-compact quasi-separated scheme, U C X a quasi-compact open subscheme, and
Z=X\U. Let j: U — X be the inclusion.

PROPOSITION. The sequence
M (per (X on Z)) = M(per X) — j*M(perU)

embeds into a triangle of DMix (X). This triangle is canonically isomorphic to the Z -
local cohomology triangle associated with M (per X). In particular, there is a canonical
isomorphism

M(per (X on Z)) = RIz(X, M(per X)).

Moreover, the canonical morphisms fit into a morphism of triangles

M (per(X on Z)) — M (per X)

M (perU) — M (per(X on 2Z))[1]

I'zM(per X)) — T'M(per X)) —— I'M(perU)) — T'z M (per X))[1]

in the mized derived category, where T and 'z are short for RT'(X,?) and RT' 2 (X, 7).
Proof. Let V C X be open. Consider the sequence
(5.7.1) M (per(V on Z)) — M(per V) — M(per(V NU)).

If we let V' vary, it becomes a sequence of presheaves on X. We will show that there
is a sequence of mixed complexes of presheaves

(5.7.2) VEN NG

such that

e we have gf = 0 in the category of mixed complexes of presheaves

e in the derived category of mixed complexes of presheaves, the sequence 5.7.2
becomes isomorphic to the sequence 5.7.1.

e for each quasi-compact open subscheme V' C X, the canonical morphism from
the cone over the morphism A(V) — B(V) to C(V) induced by g is a quasi-
isomorphism.

This implies that firstly, the sequence of sheaves associated with the sequence 5.7.2
embeds canonically into a triangle
A—B—C— A[],

where the tilde denotes sheafification and the connecting morphism is constructed as
the composition

C & Cone(A - B) — A[1],
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and secondly we have a morphism of triangles

A(V)

B(V)

cv)

AWV

RI(V, A) RI(V,B) RI(V,0) —— RI(V, A[1])

for each quasi-compact open subscheme V' C X (to prove this last assertion, we use
that RI(V, ?) lifts to a derived functor defined on the category of all sequences

aLp g

with ¢’ f' = 0).

To construct the sequence 5.7.2, we have to (pre-) sheafify a part of the proof of
[18, 2.4]. For this, let iper X denote the category of all fibrant (A.1) perfect complexes.
Then the inclusion iper X — per X induces an equivalence in the associated triangu-
lated categories and thus we have an isomorphism M (iper X') = M (per X) in DMz .
Note that this even holds if X is an arbitrary ringed space. In particular, it holds
for each open subscheme V' C X instead of X. Hence the presheaf V — M (perV)
is isomorphic in the derived category of presheaves to V +— M (iper V'). Similarly for
the other terms of the sequence, so that we are reduced to proving the assertion for
the sequence of presheaves whose value at V' is

M (iper(V on Z)) — M(iper V) — M (iper(U N V)).

For this, let Z(V') be the exact dg category [18, 2.1] of fibrant (A.1) complexes on V/
and let Z(V') be the category whose objects are the exact sequences

0sKSLBAMS0

of Z(V') such that 4 has split monomorphic components, K is acyclic off Z and i,
is a quasi-isomorphism for each z € Z. Then Z(V) is equivalent to a full exact dg
subcategory of the category of filtered objects of Z(V') (cf. example 2.2 d) of [18]).
Let Z(V on Z) be the full subcategory of Z(X) whose objects are the sequences

0-K>L—-0->0

and Z(U N'V) the full subcategory whose objects are the sequences
0=-0—-+M>L—0.

Let G : Z(V) — Z(V N U) be the functor

(0—>K—>L—>M—>0)»—>(0—>0—>M1>M—>0)
and F : Z(V on Z) — Z(V) the inclusion. Then the sequence
(5.7.3) 0=ZVon2)57v) S Z(vnU) =0

is an exact sequence of the category Mg, of [18, 4.4] and in particular we have
GF = 0. We take the subsequence of perfect objects : Let ilg)Ae/r(V on Z) be the full
subcategory of Z(V on Z) whose objects are the K = L — 0 with K € iper(V on Z),
let i;)\eJr(V) be the full subcategory of the K — L — M with M € perV, and let
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iper(V N U) be the full subcategory of the 0 — L — M with M|y € per(V N U).
Consider the diagram

iper(V on Z) —— iper(V) —— iper(V N U)

|

iper(V on Z) — iper(V) — iper(V NU),

where the three vertical functors are given by

KS3L—-0 — K
K—-L—-M —~» M
0O-L—->M — M|y

Its left hand square is commutative up to isomorphism and its right hand square is
commutative up to the homotopy [18, 3.3]

Ly 2% M|y

The vertical arrows clearly induce equivalences in the associated triangulated cate-
gories. By applying the functor M to the diagram and letting V' vary we obtain a
commutative diagram in the derived category of presheaves of mixed complexes on
X. The vertical arrows become invertible and the top row becomes

M (iper(V on Z)) — M(iper(V)) — M (iper(V N U))

where V' runs through the open subsets of X. This is the sequence of presheaves
A — B — (C announced at the beginning of the proof. Using theorem 5.5 a) and
theorem 5.6 one sees that it has the required properties. 4

5.8. MAYER-VIETORIS SEQUENCES. Let X be a quasi-compact quasi-separated
scheme and V, W C X quasi-compact open subschemes such that X =V UW.

PROPOSITION. There is a canonical morphism of triangles in the mized derived cat-
egory

M (per X)

M (per V) & M (per W) —— M (per(V NW))

M (per X) ——TM(per V) @& T'M (per W)) — T M (per (V NW))

where T is short for R['(X, 7).

Proof. Put Z = X \ W. The first line of the diagram is deduced from theorem 5.5 b)
using [18, 2.7]. Clearly the two squares appearing in the diagram are commutative.
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We have to show that the square involving the arrows of degree 1

M (per(VNW)) ——— M (per X)[1]

M (per (VNW)) —— I'M(per X))[1]
is commutative as well. By [loc.cit.], the connecting morphism is the composition

M (per(X on Z)[1] —— M (per X)[1]

M (per(VNW)) — M (per(V on Z))[1]

Here the vertical morphism is invertible by theorem 5.5 b) and [18, 2.4 b)]. The
second line of the diagram is the Mayer-Vietoris triangle for hypercohomology. So
the connecting morphism of the second line is obtained as the composition

TM(per (VNW)) = Tz M(perV)[1] & TzM (per X)[1] = T'M (per X)[1],

where I' and 'z are short for RI'(X,?) and RI'z(X,?). Now it follows from proposi-
tion 5.7 that the rightmost square of the diagram of the assertion is commutative as

well. Vv

5.9. PROOF OF THEOREM 5.1. Let Vi,...,V, be open affines covering X. If n =1,
theorem 5.2 holds by section 5.4. If n > 1, we cover X by V =V, and W = {J,_, ,, Vi.
The intersection V N W is then covered by the n — 1 sets VNV, 2 < i < n. These
are affine, since X is separated. So theorem 5.2 holds for V., W, and V N W by the
induction hypothesis. Thus it holds for X = V UW by proposition 5.8. The assertion
for 7 now follows by proposition 5.7.

5.10. PROOF OF COROLLARY 5.1. In [32] (cf. also [33]), C. Weibel defined HC,(X)
as the homology of the complex of k-modules

Rl (X,CC(Ox))
where RTI'.. denotes Cartan-Eilenberg hypercohomology (cf. section A.2) and
CC(Ox) is the sheafification of the classical bicomplex. Now Weibel-Geller have
shown in [34] that the Hochschild complex C'(Ox) has quasi-coherent homology. Thus
each column of CC(Ox) has quasi-coherent homology and hence (the sum total com-

plex of) CC(Ox) has itself quasi-coherent homology. Hence by theorem A.2, the
above complex is isomorphic to

RI(X,CC(O0x)).

Now, as in the case of an algebra (cf. [21, 2.5.13]), CC(Ox) may also be viewed as
the (sum total complex of the) bicomplex BC(M(Ox)) associated with the mixed
complex of sheaves M (Ox) (cf. [33, Section 2]). What remains to be proved then is
that the canonical map

BC(RT(X, M (Ox)) — RI(X,BC(M(Ox))

DOCUMENTA MATHEMATICA 3 (1998) 231-259



252 BERNHARD KELLER

is invertible in the derived category of k-vector spaces. Now indeed, more generally,
we claim that we have

BC(RI(X, M)) = RT(X, BC(M))

for any mixed complex of sheaves M with quasi-coherent homology. As the reader
will easily check, this is immediate once we know that the functor RT'(X, ?) commutes
with countable direct sums when restricted to the category of complexes with quasi-
coherent homology. This follows from Corollary 3.9.3.2 in [19]. It may also be proved
by the argument of [26, 1.4]. For completeness, we include a proof : Let K;,i € I, be a
family of complexes with quasi-coherent homology. It is enough to prove that H°(X, ?)
takes K = @ K; to the sum of the H°(X, K;). Now I'(X, ?) is of finite cohomological
dimension on the category of quasi-coherent modules. Indeed, for an affine X, this
follows from Serre’s theorem [9, ITI, 1.3.1], and for arbitrary X it is proved by induction
on the size of an affine cover of X (here we use that X is quasi-compact and separated).
It therefore follows from by theorem A.2 b), lemma A.3, and Serre’s theorem [9, I1I,
1.3.1]. that we have an isomorphism H°(X, K;) = H°(X, 72" K;) and similarly for K
for some fixed n < 0 (cf. the proof of theorem A.2 for the definition of the truncation
functor 72"). So we may assume that the K; and K are uniformly bounded below.
But then, we may compute the H°(X, K;) using resolutions K; — F; by uniformly
bounded below complexes of flasque sheaves. The sum of the Fj is again bounded
below with flasque components and is clearly quasi-isomorphic to K. Now I'(X,?)
commutes with infinite sums since X is quasi-compact, so the claim follows.

APPENDIX A. ON CARTAN-EILENBERG RESOLUTIONS

We prove that Cartan-Eilenberg hypercohomology coincides with derived func-
tor hypercohomology on all (unbounded) complexes of sheaves with quasi-coherent
homology on a quasi-compact separated scheme. More precisely, we prove that in
this situation, Cartan-Eilenberg resolutions are actually K-injective resolutions in
the sense of [29].

A.1. TERMINOLOGY. Let A be a Grothendieck category. Spaltenstein [29] defined a
complex I over A to be K -injective if, in the homotopy category, there are no non zero
morphisms from an acyclic complex to I. This is the case iff each morphism M — T
in the derived category is represented by a unique homotopy class of morphisms of
complexes.

In [33, A.2], C. Weibel proposed the use of the term fibrant for K-injective.
Indeed, one can show that a complex is K-injective iff it is homotopy equivalent to
a complex which is fibrant for the ‘global’ closed model structure on the category
of complexes in which cofibrations are the componentwise monomorphisms. This
structure is an additive analogue of the global closed model structure on the category
of simplicial sheaves on a Grothendieck site. The existence of the global structure in
the case of simplicial sheaves was proved by Joyal [11] (cf. [10, 2.7]). We have not
been able to find a published proof of the fact that the category of complexes over
a Grothendieck category admits the global structure (an unpublished proof is due to
F. Morel). However, the key step may be found in [8, Prop. 1].

Whereas in the homotopy category, the notions of ‘fibrant for the global structure’
and ‘K-injective’ become essentially equivalent, there is a slight difference at the level
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of complexes: fibrant objects for the global structure are exactly the K-injective
complexes with injective components.

We will adopt the terminology proposed by Weibel: We call a complex fibrant iff
it is K-injective in the sense of Spaltenstein. This will not lead to ambiguities since
we will not use the global closed model structure.

A.2. SHEAVES WITH QUASI-COHERENT COHOMOLOGY. Let X be a scheme and K
a complex of Ox-modules (unbounded to the right and to the left). Let I be a
Cartan-Eilenberg resolution of K, i.e.

a) Iis a Z x Z-graded Ox-module endowed with differentials dy of bidegree (1,0)
and d;; of bidegree (0, 1) such that (d; + dr7)?> =0,

b) IP? vanishes for ¢ < 0 and

c) I is endowed with an augmentation ¢ : K — I, i.e. a morphism of differential
Z x Z-graded Ox-modules, where K is viewed as concentrated on the p-axis,
such that for each p, the induced morphisms K? — I?>* and HPK — H?I are
injective resolutions.

It follows that for each p, the induced morphisms BPK — BYK and ZPK — Z7T are
injective resolutions and that the rows of I are products of complexes of the form

05> M=0... or ..0-M3M-0...,

where M is injective.

Let J = Tot I denote the product total complex of I and 5 : K — J the mor-
phism of complexes induced by . The morphism 7 is called a total Cartan-FEilenberg
resolution of K. The Cartan-Eilenberg hypercohomology of K is the cohomology of
the complex

RI..(X,K) =T(X,J).
The morphism 7 is usually not a quasi-isomorphism.

THEOREM. a) The complex J is fibrant (A.1).
b) If K has quasi-coherent homology, the morphism n : K — J is a quasi-
isomorphism. Hence, Cartan-FEilenberg hypercohomology of K coincides with
derived functor hypercohomology of K in the sense of Spaltenstein [29].

Part a) holds more generally whenever K is a complex of objects over an abelian
category having enough injectives and admitting all countable products. This was
proved by C. Weibel in [32, A.3]. For completeness, we include a proof of a) below.
Part b) was proved by C. Weibel in [loc. cit.] for the case of complete abelian
categories with enough injectives and ezact products, for example module categories.
The case we consider here is implicit in [29, 3.13]. Nevertheless, we thought it useful
to include the explicit statement and a complete proof.

In preparation of the proof, let us recall the notion of a homotopy limit (cf. [4]
for example) : If T is a triangulated category admitting all countable products and

s X B X, 5. 5 Xy, peN,

is a sequence in T, its homotopy limit holim X, is defined by the Milnor triangle [23]

holim X, — [] X, & ] X, — (holim X,,)[1],

DOCUMENTA MATHEMATICA 3 (1998) 231-259



254 BERNHARD KELLER

where the morphism ® has the components

[—7a,1] X,.

H Xp = X, g+1 D Xy
P
Note that the homotopy limit is unique only up to non unique isomorphism. We will
encounter the following situation : Consider a sequence of complexes

...—>Kp§>Kp_1—>...—>K0

over an additive category admitting all countable products such that the f,, are com-
ponentwise split epi (or, more generally, for each n and p, the morphism X ok = Xy
is split epi for some k£ > 0). Then we have a componentwise split short exact sequence
of complexes

0 limkK, —» [[K, S [[ K, — 0
p q

and hence the inverse limit l'LnKp is then isomorphic to holim K, in the homotopy
category.

Proof of the theorem. a) Note that the bicomplex I is the inverse limit of its quotient
complexes I*% obtained by killing all rows of index greater than ¢. Let J, be the

product total complex of I*%. Then the sequence of the J, has inverse limit Tot T
and its structure maps are split epi in each component. Hence I is isomorphic to
the homotopy limit of the sequence of the J,. Since the class of fibrant complexes is
stable under extensions and products, it is stable under homotopy limits. Therefore
it is enough to show that the J, are fibrant. Clearly the .J, are iterated extensions of
rows of I (suitably shifted). So it is enough to show that the rows of I are fibrant.
But each row of I is homotopy equivalent to a complex with vanishing differential
and injective components. Such a complex is the product of its components placed
in their respective degrees and is thus fibrant.
b) For p € Z, define 7 2PK to be the quotient complex of K given by

...—=0—= KP/BPK — KP*' — KPP .
and 7 <PK to be the subcomplex of K given by
o= KP? s KPP 3 BPK 50— ... .

Define 72P.J and 7 <P.J by applying the respective functor to each row of .J. Then
the morphism 7 2P K — 7 2PJ is a Cartan-Eilenberg resolution for each p € Z. Since
72PK is left bounded, it follows that the induced morphism 7 2PK — Tot 727 is a
quasi-isomorphism for each p € Z. Now fix n € Z and consider the diagram

H"K H'r2PK

H"TotJ — H"Totr>"J.
For p < n, the top morphism is invertible. It now suffices to show that for p <« 0, the
bottom morphism is invertible. Equivalently, it is enough to show that H"Tot T <P.J
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vanishes for p < 0. For this let 2 € X. We have to show that (H”’f&r<p.])z
vanishes. Since taking the stalk is an exact functor, this reduces to showing that
the complex (To\tTQ’J)m is acyclic in degree n. For this, it is enough to show that
(To\t T <P.J)(U) is acyclic in degree n for each affine neighbourhood of 2. Now 7<P.J is
a Cartan-Eilenberg resolution of 7 <PK. Therefore, if we apply proposition A.3 below
to the functor F = T'(U,?), we see that (ﬂr <P J)(U) is acyclic in all degrees n > p.
Indeed, we have (R'F)(HPK) = 0 for all p and all i > 0 by Serre’s theorem [9, III,
1.3.1], since HPK is quasi-coherent.

v

A.3. UNBOUNDED COMPLEXES WITH UNIFORMLY BOUNDED COHOMOLOGY. Let A
be an abelian category with enough injectives which admits all countable products
and let F': A — Ab be an additive functor commuting with all countable products.

Let K be a complex over 4 and let K — J a Cartan-Eilenberg resolution.
Suppose that K? = 0 for all p > 0 and that there is an integer n with

(R'F)(HPK) =0
for alli > n and all p € Z.
LEMMA. We have HPFTot.J = 0 for all p > n.

Note that this assertion is clear if K is (homologically) left bounded. The point
is that it remains true without this hypothesis.

Proof. Define 7 2PK and 72P.J as in the proof of proposition A.2. The canonical
morphisms 72P.J — 72P+1 ] are split epi 1n each bldegree and J identifies with the
inverse limit of the 727.J. Hence we have Tot J = Jim m Tot 7 2P.J and the morphisms

Tot T 2P.J — Tot 7 2P+ ]

are componentwise spht epi. Since F' commutes with countable products, we therefore
have F'(Tot J) L m FTot 2P J. By lemma A.4 below, it is therefore enough to show

that the groups H’F(TotL ) vanish for all 4+ > n and all p where L, is the kernel
of the canonical morphism 72?.J — 72PT1J. Now L, is in fact a Cartan-Eilenberg
resolution of the kernel of the morphism 72PK — 2P K which is isomorphic to
the complex

0= KPY/BP 'K - ZPK -0 — ...

This complex is quasi-isomorphic to HPK placed in degree p. So To\tLp is homotopy
equivalent to an injective resolution of H? K shifted by p degrees. Hence

HiFTot L, = HRF(H"K[-p]) = (R""F)(H"K).
By assumption, this vanishes for i — p > n. V4
A.4. A MITTAG-LEFFLER LEMMA. Let n be an integer and let
o Ky 5K, 5Ky B K =0,peN,

be an inverse system of complexes of abelian groups such that the m, are surjective in
each component and H’Kl’) =0 for all 7 > n and all p, where K; is the kernel of .

LEMMA. We have Hi@Kp =0 for all i > n.
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Proof. By induction, we find that H!K, = 0 for all i > n. Now we have exact
sequences
0= Z'K, = K} = Z"'K, -0,

for all i > n — 1. Since B'K,, = Z'K,,, the maps Z'K,1 — Z'K, are surjective for
i > n. The fact that H"K,,, = 0 implies that the maps Z" 'K, = Z" 'K, are
surjective as well. By the Mittag-Leffler lemma [9, Orrr, 13.1], the sequence

0= lim Z'K, - lim K, - lim Z*' K, 0

is still exact for i > n—1. Since lim Z'K,, & Z'lim K, this means that H*lim K, = 0
for i > n. Vv

APPENDIX B. A COMPARISON OF DERIVED CATEGORIES

B.1. BOEKSTEDT-NEEMAN’S THEOREM. Let X be a quasi-compact separated sche-
me, D Qcoh X the derived category of the category Qcoh X of quasi-coherent sheaves
on X, DX the derived category of all sheaves of Ox-modules on X, and D, X its full
subcategory whose objects are the complexes with quasi-coherent homology.

As an application of theorem A.2, we give a partially new proof of the following
result of Boekstedt-Neeman. We refer to [30, Prop. 1.3] for yet another proof.

THEOREM. [4, 5.5] The canonical functor D Qcoh X — Dy X is an equivalence of
categories.

The proof proceeds by induction on the size of an affine cover of X. The crucial
step is the case where X is affine. Our proof for this case is new. For completeness,
we have included the full induction argument.

Proof. In a first step, suppose that X is affine : X = Spec A. We identify Qcoh X with
Mod A and then have to show that the sheafification functor ¥ : DMod A — DX
induces an equivalence DMod A — D,.X. Clearly, the image of A (viewed as a
complex of A-modules concentrated in degree 0) is Ox. By the lemma below, it
suffices therefore to show that

a) We have A =% Hompx (Ox,Ox) and Hompx(Ox,Ox[n]) = 0 for each n # 0,
b) The object Ox is compact in Dy X i.e. the associated functor

Hompqcx (Ox, ?)

commutes with infinite direct sums.
¢) An object K € D,.X vanishes if Hompx (Ox, K[n]) vanishes for all n € Z.

The three assertions a), b), and c¢) all follow easily from the fact that we have an
isomorphism

Homp,, x (Ox,?) = T(X,H°(?)),

which we will now prove : Indeed, let K € D, X. By definition, we have
Hompx (Ox, K) = H'RI'(X, K).

Now we have morphisms

HRI(X,K) & HRI(X, 7<oK) 3 HRI(X, H°K) = (X, HK).
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The morphism « is invertible because RI'(X,?) is a right derived functor. The mor-
phism 3 is invertible by theorem A.2 b), lemma A.3, and Serre’s theorem [9, III,
1.3.1].

Now suppose that X is the union of n open affine sets Uy, ... ,U,. By induction
on n and the affine case, we may assume that the claim is proved for U = U; and
V=U;_s ,Ui Let j; : U = X and j» : V= X be the inclusions. Let Y = X \ U
and let ¢ : Y — X be the inclusion. For any object K € D,.X, we have a triangle

RIyK — K — ji.j K — RTyK[1].

Here the second morphism is the adjunction morphism and RI'y K is defined (up to
unique isomorphism) by the triangle. The object j; K is a complex of sheaves on U
and H"j7 K = ji H"K is quasi-coherent. So j; K is in the faithful image of D Qcoh U.
Because X is separated, ji. preserves quasi-coherence (cf. [19, 3.9.2]). So the triangle
lies in Dy, X. The subset Y C X is a closed subset of V' and ¢ = j; i2, where iy is the
inclusion of YV into V. This implies that R['y K = jo. (RTy v K). The above triangle
thus shows that D, X is generated by the ji. K’ and the jo, K", where K’ belongs to
DQcohU and K" to D Qcoh V. It remains to be checked that morphisms between
Jj1+K' and j». K" in DMod Ox are in bijection with those in D Qcoh X. Indeed, we
have

HOmD)((jl*KI,jQ*K”) = Hompv(jgjl*Kl,K”).
By the induction hypothesis, the latter group identifies with
Homp qeon v (j5j1+K', K") = Homp qeon x (J1+K', j2. K").

The same argument applies to morphisms from j2, K" to j1.K'. This ends the proof.

v

B.2. DERIVED CATEGORIES OF MODULES. Let A be a ring and 7 a triangulated
category admitting all (infinite) direct sums. Suppose that F' : DMod A — T is a
triangle functor commuting with all direct sums. For the convenience of the reader,
we include a proof of the following more and more well-known

LEMMA. The functor F is an equivalence if and only if

a) We have A = Homy(FA,FA) and Hom7(FA, FA[n]) =0 for all n # 0.
b) The object F'A is compact in T, i.e. Homy(F A, ?) commutes with infinite direct
sums.

c) An object X of T wanishes iff Homr(F A, X[n]) =0 for all n € Z.

Proof. Let S C T be the smallest triangulated subcategory of 7 containing F'A and
stable under forming infinite direct sums. Then, since F'A is compact, the inclusion
S — T admits a right adjoint R by Brown’s representability theorem [6] (cf. also
[16, 5.2], [26], [8]). Now if X € T and RX — X — X' — RX][1] is a triangle over
the adjunction morphism, then Hom(F A, X'[n]) vanishes for all n € Z by the long
exact sequence associated with the triangle. So X’ vanishes by assumption ¢) and S
coincides with 7. So F'A is a compact generator for 7. Now the claim follows from

[16, 4.2). v
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ABSTRACT. In many special contexts quasiinvariance of a measure under a
one-parameter group of transformations has been established. A remarkable
classical general result of A.V. Skorokhod [6] states that a measure p on a
Hilbert space is quasiinvariant in a given direction if it has a logarithmic
derivative 3 in this direction such that e®/fl is p-integrable for some a > 0.
In this note we use the techniques of [7] to extend this result to general
one-parameter families of measures and moreover we give a complete char-
acterization of all functions ¢ : [0,00) — [0, 00) for which the integrability
of ¥(|B|) implies quasiinvariance of u. If ¢ is convex then a necessary and
sufficient, condition is that log(x)/z? is not integrable at oco.

1991 Mathematics Subject Classification: 26 A 12, 28 C 20, 60 G 30

1 OVERVIEW

The paper is divided into two parts. The first part does not mention quasiinvariance
at all. It treats only one-dimensional functions and, implicitly, one-dimensional
measures. The reason is as follows: A measure 4 on R has a logarithmic derivative p
if and only if p has an absolutely continuous Lebesgue density f, and p is given by
p(x) = fT’(x) p-a.e.. Then the p-integrability of ¥(|p|) is equivalent to the Lebesgue-

integrability of w(|f71|) f. The quasiinvariance of p is equivalent to the statement
that f(z) # 0 Lebesgue-a.e.. Therefore in the case of one-dimensional measures, a
function 1 allows a quasiinvariance criterion, as indicated in the abstract, iff for all
absolutely continuous functions f > 0, the integrability of ¢(|f71|) f implies that f is
strictly positive. The main result of the first part, Theorem 1, gives necessary and
sufficient reformulations of this property which are easier to check. The most simple
of these reformulations is the divergence of the integrals f:o log . (z)/z%dx where 1),
is the lower nondecreasing convex envelope of ¢. Moreover we give, for every v with
this property, explicit lower estimates for the values of f on an interval I, in terms
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of the length of this interval and of the integral [; w*(|le|)fdx. Finally we give an
example showing that the introduction of the lower convex hull in these results really
is necessary.

The second part of the paper then proves that the one-dimensional situation is typi-
cal. The quasiinvariance criterion works on the real axis if and only if it works for the
transport of a measure under an arbitrary measurable flow, or even more generally
for general one parameter families of measures which are differentiable in the sense
of [7]. If this criterion applies then one gets even the typical Cameron-Martin type
formula for the Radon-Nikodym-densities between the members of such a family
(cfe.g. [3], [1], [5], [7]). In the situation of Skorokhod’s result mentioned in the

summary, we see that the exponential functions 1(z) = e**,a > 0 can be replaced by

exp(@) but not by exp(m). This shows that Skorokhod’s exponential criterion

is not strictly optimal but it gives the optimal power of log .

2 A CLASS OF ONE-DIMENSIONAL FUNCTIONS

THEOREM 1: For a measurable function ¢ : [0,00) — [0,00) the following siz condi-
tions are equivalent:

(A) Let f:R — [0,00) be absolutely continuous such that

/mwgumﬂmn<m 1)

and f # 0.Then f(z) > 0 for Lebesque-all x € R.

(A") Let f : R — [0,00) be absolutely continuous such that x — ¢(|f7’(:v)|) f(z) is
locally Lebesgue integrable and f # 0.Then f(x) > 0 for all z € R.

(B) For some a > 0 the following implication holds

;zi <00, 2z >0= lez @ZJ(;)@_‘“ = 0. (2)
1= 1=

2

(B") The implication (2) holds for all a >0 .

(C) Let 1), be the largest nondecreasing convex function < ¢ und suppose .(c) > 0.

Then
[e%¢] 1 N
A %%@M:w 3)

(C") Similarly, lim,_, o0 ¥« () = 00, and for d in the range of log .,

e 1
L(mmww“‘” @
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In particular the conditions (A) — (B) hold for v if and only if they hold for .. If
Y is convex and nondecreasing and some power P with p > 0 satisfies one of the
conditions then the same is true for 1.

ProoF: Clearly (A") = (A).
(A) = (B) : Let z; >0 and b:= Y>>, z; < 0. Define f: R — [0, 00) by

s—(z14+...+2zi-1)
2

£(s) = exp(—

—-(@-1)

fors € [z +...+2zi_1,21 4 ...+ 2], i = 1,2,.... Note that e < f(s) < e~(i=1)
and fTI(:U) = (log f)'(z) = —Zii in this interval. Moreover, set f(s) = 0 for s > b and
f(=s) := f(s) for s > 0. Then f is absolutely continuous but not strictly positive.
Therefore by assumption (A) the integral in (1) diverges. Hence

z1+...+z;

S Va2 w) [ f(@)dz

i=1 i=1 Z1t..+zioa

b !
= [ wiZ@) 1o =

which proves (B) with a = 1.

(B) <= (B') : Denote by (B,) the statement that (B) holds with the constant a.
Clearly, (By) = (B.) if ¢ < b. We prove B, => B, : Suppose Y.~ z; < 00, z; >0
and let yaj = y2j—1 = z; for j € N. Then 372, y; < 0o and hence

o) ' 1 o) ' 1
9 Z Zie—Qaz,(p(z_i) > e~ Zyje—a]¢(y_j) = 00.
i=1 j=1
(B') = (C") : Let h(t) = (log.)~'(t). Define the number 2z} by 2} = ﬁz) From
(B) it follows easily that Y 5 50 as & — oo. Thus the same holds for t,. Since

T
), is convex and increasing the function 1/h is continuous and decreasing. Therefore

for the proof of (4) it is sufficient to prove that the sum .7, z; diverges.

Suppose, on the contrary, that Y -, 2; < co. Choose y; < 2z} such that ylzp(yi) <
¢; + 1 where
T
¢; = inf M
xZﬁ T
This is possible by definition of this infimum ¢;. The affine function I; :  +— ¢;z — 37

1 1

is < 1) since it is negative on [0 ), and on | o0) even the larger function z > ¢;z

’ ﬁ 225
is bounded by . Therefore, from the definition of ., we get
1 1 1¢;
NES PRSI 5
vul) 2 () = 57 5)

We apply (B') with @ = 1 and use the summability of the 2z} and hence of the y; to

get
Zcie_’ > Zyizﬁ(i)e_’ - Ze_’ = 0.
i=1 i=1 i=1
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Now t,(Z) = e’ by construction of the z} , thus (5) gives

o} 00 1 00

* * —1 —i _
E z; = E 211ﬁ*(;)€ > g Cie =00
i=1 i=1 i=1

i

DN | =

which is a contradiction.

(C) <= (C") : Both, (3) and (4), imply that ¢, is continuous, nondecreasing and
unbounded at infinity. Therefore there is some c such that 1, is even strictly increasing
on [¢,00), and the assertion follows from lemma 1 below, applied to ¢ = log ..

(C'") = (A"). Presumably, this is the most useful implication. We formulate the
main part of the proof as the separate Theorem 2 since it involves only integrals over
finite intervals and can be applied also to functions which do not satisfy the conditions
of the theorem. In order to deduce our implication from Theorem 2 assume (4) and
let ¥(x) = 1. (z) — 1« (0). Then lim,_, log ¥(z) —logy.(x) = 0 and hence using the
equivalence of (3) and (4) we get

o0 1
/o logv)-1(y) =

Now if f is absolutely continuous and z ¢(|f7’(:v)|) f(z) is locally integrable then

also the function z ‘I’(|fT’(a:)|) f(z) is locally integrable and hence (9) below gives
a lower bound for the values of f on any interval [s,#] such that f(s) > 0. The case
f(t) > 0 follows by reflection. In particular f is strictly positive which is the assertion
of (A").

Finally we prove the last statement. Let ¢ be convex and nondecreasing and suppose
that 1P satisfies one of the conditions. If p < 1 then ¢ > max(1,¢") and using
criterion (B) it follows that ) satisfies the same condition. If p > 1 then ¢?, by
Jensen’s inequality, is also convex nondecreasing and hence ¢ = 1. and P = (¢YP),.
Since log P = plog, the criterion (C) carries over from ¢ to 1. O

In the proof we have used the following elementary fact.

LEMMA 1: Let ¢ > 0 and let ¢ : [¢,00) — [d,00) be a homeomorphism. Then

i.e. both integrals converge at the same time and if they do (6) holds.

PRrROOF: The change of variables y = ¢(z) gives

»(T) 1 B Tl _@
/d sy = / —dp(a)(r) = 2

"4 /T ‘pagf) dz. (7)

c

Since % > 0 for large T the left-hand side of (6) dominates the right-hand side.
For the converse inequality assume that the integral on the right-hand side of (6) is
finite. The indefinite integral on the left-hand side of (7) is monotone in T', so it has
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a finite or infinite limit. Therefore by (7) the limit limp_, # exists and it must
be 0 because otherwise the integral on the right-hand side of (6) would be infinite.
This implies (6). i

The following result gives a quantitative version of the implication (C') = (A’)
in Theorem 1.

THEOREM 2: Let ¥ : R — [0,00) be a convex even function with ¥(0) = 0. Let
f:[s,t] — [0,00) be absolutely continuous such that f(s) > 0. Then

min log(f(x)/f(s))

s<z<

J;Lﬁwfwhﬂwwz /

0

mdx —(t—s). (8)

REMARK: Let [ = f: \Il(%)f(x) dz be finite. Define F(y) := [/ m dx

for y > 0. If the range of F' contains the number ﬁ + ¢ — s (which certainly is true
if F(y) — oo for y — o0o) then (8) can be rewritten as

F6) 2 fs)exp (= F (= +t—9)). ©)

T
f(s)

This gives a lower estimate of the fluctuation of the function f in terms of the integral
I and the length of the interval [s, ¢].

REMARK: In the special case ¢ (z) = e** there is an elegant more abstract proof
of property (A) of Theorem 1, see [4], prop. 2.18. That proof does not give a lower
bound for the values of f in terms of I but on the other hand it works also in higher
dimensions whereas our method is strictly one-dimensional.

ProoOF: Both sides of (8) remain unchanged if f is multiplied by some positive
constant. Therefore we may and shall, for notational convenience, assume f(s) = 1.
Fora >0, i € Ny let acl(a) =inf{y > s: f(y) = e~*}, We also introduce the numbers
zz(a) = acl(a) - acz(»a_)l, EEG) = m for i € N and finally N, :=sup{n € N: 2l <
t}. We apply Jensen’s inequality in the second step of the following estimates
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m\.,(*
=
iy
S
A
=
=
A
u
8]
(Y4
[
|
g
—
=
\
—~
B
A
u
8]

(Y2

4]

|

2.
KA
/N
e
o
Te
- |
—|
& —~
~— i
IS

=
N——

i=1 2
N, a
> z(a)\Il( )e_‘“.
= v (a)
i=1 2
2(a) ¢5(a)

Since ¥ is convex and ¥(0) = 0 the function y — % is increasing on [0, 00).

Moreover ¥(-%;) = e and hence the last sum can be further estimated from below
%i
by

S () gy @ (o)
_(a —ai _(a
Z zz \I’( (a) )6 - . 2
=1 7 =1
o o
(1) N () o N a
> Eza - zza > 100 (t - S)
=1 =1 =1 (lOg lII) (G/L)
Because of
S a / S S
2~ (log ¥)~1(ai) a0 Jo (log®)~1(y)
where -
=lim N,a = —lim1 ) = — min 1
b=lim Nea = —lim og f(zy’) g og f(x),
the proof is complete. m|

EXAMPLE 1 For every 0 < p < 1 there is a convex increasing function v : [0, 00) —
[0,00) which satisfies the conditions of Theorem 1, but P does not.

This function then satisfies

1 > 1 1 X
[T gy [ o [Tl

2

but (C) does not hold for . This shows that in (C) (and in (C")) the convex lower
envelope cannot be replaced by the function itself. Switching roles of ¢ and 9P, the
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example also shows that in the last statement of the theorem the convexity of
cannot be replaced by the convexity of P for p > 1. With some additional effort one
could modify the example in such a way that for no p < 1 the function ¥? satisfies
the conditions of Theorem 1.

CONSTRUCTION: We write ¢ instead of 1 We start by setting by = 0, v0 = 0,
Bo = 1. We shall choose recursively points a < by < as < by < ... and real numbers
L, BrsYr, k € N and set

aj for x=ay
P(z) =< ape? for ap <z <by (10)
Brx + v for by <z <apyr

So the function alternates between affine and exponential type. The constants

are chosen in such a way that at the points aj the graph of ¥ is bent upwards, while
at the points by the two one-sided derivatives agree.
Assume that all numbers a;, b;, o, B;,7; with i < k are already chosen such that (10)
gives a continuous convex increasing function on some interval [0,b;_1 + €] which is
differentiable with the possible exception of the points a; for i < k. In the case k = 1
let a; = 1. For k > 1 we then know that a;y_; > 1 and, comparing logarithmic deriva-
tives of ¢ and of z?, respectively, we see that ¢(z) > x? on the interval (aj_1,b—1],
in particular B;_1bg—1 +7yk—1 > bl _,. Since ¢ > 1 this implies that there is a solution
> by_1 of the equation

Br—12 + Yp—1 = a7 (11)
which we choose as ag. Then ¢ is defined on [by_1,ax] by the third part of (10).
Choose ay, such that ae?™ = aj, i.e. oy = aje 9. Let b, = %ak and define 9 on
[ak, bg] according to the second part of (10). The numbers g and ~y; are determined

by the equation of the (left) tangent of 1) at by.
VERIFICATION: By construction,

Pak—) = Br—1 = ' (br—1—) = q(bk—1) < q¥(ax) = P'(ax+).
i.e. this extension of ¢ continues to be convex and continuous. Moreover,
V(b)) = aped® = a,‘ie_qa’“eq%a’“ = ale? . (12)

The sequence (ay) is certainly unbounded by the choice of the by. By construction of
ay, at this point the slope of y = 27 is bigger than 8j_;. Thus,

qal™" > By = @' (by—1) > qp(ag_1) = qall_,

(ag— 1) . This implies

ag

Qp—1
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Because of (12) and (13)

Gk+1 ], k+1 1
/ g v(@) 4, > log¢(bk)/ — dz
Qp T bk T
q 1 1
= (@logox + 500 (3~ o)
2
> ]

for eventually all k. Together with the convexity this shows that ¢ satisfies condition
(©).
On the other hand, for z;, = 1, (13) implies > -, 2, < co. But

ar’
1 1
za)?(—) = —(a})s =1
2k

and, therefore, Y .7, zkz/ﬂ’(i)e*i < 00. So ¥P does not have property (B). This
concludes the discussion of the example.

3 LOGARITHMIC DERIVATIVES AND QUASIINVARIANCE

Let M(E) be the linear space of finite signed measures on a measurable space (E, B),
equipped with the total variation norm || -|| . Let C be a linear space of bounded test
functions on E which is normdefining for M(E), ||u|| = sup{[ ¢ du: ¢ € C,||¢|l <
1} for all p € M(E). Typical examples of spaces C' with this property are the space of
bounded continuous functions for a topology for which B is the class of Baire sets, i.e.
the o-field generated by C, or the space of smooth cylindrical functions on a Hilbert
space. Let I be a real interval and let (u;)ier be a family of elements of M(E). We
call this map 7¢-differentiable at ¢ € I with logarithmic derivative p; € L'(u;) if for
every ¢ € C the function s — [ ¢ du, is differentiable at ¢ with derivative

d
— dps = dus. 14
ds‘s:t/w " /wpt 4t (14)

The measure pgu; is the derivative of the M(E)-valued curve (u:) with respect to
the topology 7¢ = o(M(E),C) and is denoted by p};. An important special class of
examples are families (u;)ter which are induced by a measurable flow: If T = (T})ier
is a one-parameter group of bimeasurable bijections of E, and p € M(E) is a fixed
measure, one considers the family of measures ju; = poT, . If (1) satisfies the above
differentiability condition at one (and then at all) ¢ we call u differentiable along T
with logarithmic derivative p = po. In this case the logarithmic derivative for general
t is given by

pe(x) = p(T—s). (15)

This extends the concept of the differentiability of a measure on a linear space in
a certain direction which was the main subject of [2] and the relevant parts of [6].
The more general aspects have been studied, starting with [3], in [5] and [7], for a
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comparison with concepts of the Gross-Malliavin calculus see e.g. [8].
We need two results from [7]: (a) Suppose that p; exists for all £ € I, and that

/I el dt = / il df < oo. (16)

Then there are a probability measure v on B and B xB(I)-measurable functions g, ¢’ on
E x I such that u¢(dz) = g(t, z)v(dz), u;(dz) = ¢'(¢, z)v(dz) and thus pi(z) = gite)

— g(tz)
v-a.e. for Lebesgue almost all ¢ € I and finally
b
g(b,xz) — g(a,z) = / g'(s,z)ds forall z € E and a,b € I. (17)
(b) If, moreover, the pointwise integrability condition
b
[ @) ds < 00 Jual + ] - ae. (18)

holds then all measures u;,a < t < b are equivalent and we have the ’abstract
Cameron-Martin’ formula

b
Ay (z) = exp/ ps(z) ds. (19)

The condition (18) clearly is necessary for (19) to make sense. But how can one
verify it ? The interaction of the Radon-Nikodym derivatives p; for varying ¢t may
be complicated. Therefore, it seems desirable to have sufficient conditions for the
equivalence of the y; in terms of the onedimensional laws of the p; with respect to
the measures p;. The following continuation of the main result of the first section
provides an answer of this type.

THEOREM 3: A function 1 : [0,00) — [0,00) satisfies the conditions (A) — (C") of
Theorem 1 if and only if the following holds: For every tc-differentiable and || - ||-
bounded family (u¢)icr, I C R of signed measures on a measurable space and a,b € T
with

b
/ (oDl dt < o0 (20)

the measures us,a < t < b are equivalent to each other. Moreover, for such functions
Y the condition (20) implies the abstract Cameron-Martin formula formula (19).

PROOF: 1. Suppose that ¢ has the indicated property. We want to show that
condition (A’) of Theorem 1 is fulfilled. Let f be an absolutely continuous nonnegative
function on the real axis for which z ¢(|f71(:v)|) f(z) is locally integrable and such
that f does not vanish everywhere. We have to show that f is strictly positive.
Otherwise there are two points a,b with f(a) > 0 and f(b) = 0. Without loss of
generality a < b. Let ut(dz) = f(z + t)dz. In order to apply our condition, we have
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to make sure that these measures are finite. For this, redefine f on [b,00) by f(z) =0
and on [—o00,a) by f(z) = f(a)exp(z — a) Then

/;¢@%@mﬂ@dw:/;¢ﬂﬁ@bm@—wdw<w

and, similarly, [, 1/J(|f7’(ac)|)f(ac) dxr = 0 < co. The modified f still satisfies (1) and
it is certainly Lebesgue integrable. Thus, we have the flow situation mentioned above
with Tyx = 2 —t. The family u, is differentiable (even for the topology induced by the
total variation norm) with p;(z) = fT’(x +t). Then the local integrability assumption
and the two tail estimates imply [ (|p¢(2)]) pe(dz) = [ (lpo(z)]) p(dz) < oo for all
t. Therefore, the condition (20) is satisfied. By our assumption on ¢ this implies that
the measures yu; are all equivalent, i.e. the function f cannot vanish on a half-line as
our f does. This contradiction shows that f must be strictly positive. Hence % has
property (A").

2. Suppose, conversely, that v is a function of the type considered in Theorem 1. Let
ut be a 7o-differentiable and || - ||-bounded family (u:):er,I C R of signed measures
on a measurable space and let a,b € I with (20) be given. First we claim that (16)
holds. In fact from condition (C) in Theorem 1 we find positive constants u,v such
that vip(y) > y for all y > u. Then

nmum=/Wm@nwt
FE

IN

v/ ¢Wmdmﬁ+/Uﬂml
[pt|>u E
ol (loeD) 1 e + alle]

Since the measures are || - ||-bounded (20) implies (16). Therefore we can choose g, ¢’
and v with the properties listed after (16). Then (20) can be rewritten as

IN

’ g'(t,z)
[ [ oL att.a) vidn) d < .
By Fubini, there is a v-nullset N such that f; 1/1(|Z—i(x)|)gt(x) dt < oo for every
x € E\ N. Then extending t — ¢(t,x) outside of the interval [a,b] by exponential
tails (or zero) as in the first part of this proof we can apply condition (A) in Theorem
1 and conclude that for each z € E'\ N either g(¢t,2) > 0 for all t € [a,b] or g(t,2) =0
for all ¢ € [a,b]. This implies that the measures ., t € [a,b] are all equivalent.

3. Moreover the function g(-,z) is continuous by (17) and therefore it is bounded
away from 0 by some constant §(a, b, z) on the interval [a, b] for p,- (and pp-) almost

all z € E. Then (17) and the representation p;(x) = ggl((tt’;)) show that (18) and hence

also (19) hold. i

In particular, we get the following version of Skorokhod’s theorem for the function

given by ¥(y) = exp(m) for y > 0.

COROLLARY 4 Let p be a probability measure on a measurable space E and let T =
(Ti)ter be a measurable flow on E. Suppose u is 1o-differentiable along T with
logarithmic derivative p. If p satisfies the following integrability condition

lp(z)]
/Eexp (Ilogﬁlw)“(dw) < o0
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then p is quasiinvariant under the flow T and the corresponding Radon-Nikodym
derivatives are given by (19). But, even for translation families on the real axis, the
quasiinvariance is not implied by the weaker condition

/Eexp (%)p(dm) < oo0.

(
Proor: We consider the function ¢ (y) = eXp(UTy(y)\) for y > 0. Then it is easily
verified that 1 is convex and increasing for sufficiently large y and, thus, it satisfies

the criterion (C'). Because of (15) we have

1ot e = / bl o Tyt dpy = / (lol) dp

for all ¢, and hence our integrability assumption implies (20).

On the other hand ¥(y) = exp(W) for y > 0 defines a function which does
not satisfy the condition (C). The function f used in the proof of (4) = (B) in
Theorem 1 then satisfies (1) for this function  but f has compact support. Therefore
the logarithmic derivative p = L of the measure uw € M(R) whose density is f,
satisfies the weakened integrability condition of our Corollary, but this measure is not
quasiinvariant under the flow of translations. ]
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ABSTRACT. Let {p,}, be a compatible system of two dimansional p—adic Galois
representations attached to a cusp form of Neben type (£) (D > 0). We
shall give an exact criterion, in terms of the fundamental unit e of Q(v/D),
determining primes p for which the image of p, mod p is dihedral. Then we
shall state a conjecture which gives an explicit description of the universal p—
ordinary deformation ring of such mod p dihedral representations.

0. INTRODUCTION.

For a given 2-dimensional compatible system {p,}, of p—adic representations of
Gal(Q/Q) associated to an elliptic Hecke eigenform, if the image of one member
pp at a prime p is full containing the maximal compact subgroup of SL(2), then the
image is full for almost all primes p (cf. [R1]). Thus it is interesting to know for which
primes the image shrinks to a proper subgroup of the maximal compact subgroup.
This turns out to be quite an Arithmetic question; for example, if the system is asso-
ciated to an elliptic Hecke eigenform of weight k and of level 1, the image is reducible
modulo p only for irregular primes dividing the numerator of the Bernoulli number B,
([R]) if the prime p is large: p > k + 1 (p|p). This work of Ribet opened a possibility
of a modular approach to the Iwasawa main conjecture, which was culminated by the
proof of the conjecture by Mazur and Wiles 8 years later.

In this short note, we would like to determine when the image modulo p is dihedral
for non-dihedral systems. If it is the case for p|p, 5 = (p, mod p) is isomorphic to
an induced representation Ind% ¢ of a Galois character ¢ of a quadratic extension
F over Q. We assume that F' = Q(v/D) is real (i.e. D > 0) to guarantee the
non-dihedralness of the modular compatible systems. In the early 70’s, Shimura
discovered, under certain conditions, that the primes for which p is dihedral (for the
system associated to an elliptic cusp form of weight 2 and of “Neben” type xy = (2))
are given by prime factors of Np/g(e — 1) for a positive fundamental unit e of F
([S] and [S1]). Using this fact, he was able to show that the abelian extension of
F associated to ¢ is generated by the coordinate of a certain torsion point of the

IThe author is partially supported by the NSF grant: DMS-9701017.
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Jacobian of a modular curve (solving Hilbert’s twelfth problem in this special case).
The character ¢ as a Dirichlet character is just a — (a mod p) for algebraic integers
a € F, and hence ¢ =1 mod p. Later some other Japanese mathematicians studied
this phenomenon (cf. [O] and [K]), trying to eliminate some experimental nature of
the argument of Shimura, and the general expectation was that the criterion holds
for weight x x—Neben forms @ in terms of prime factors of N ("~ — 1) in place of
N(e—1) (see below Theorem 1). Although we have written 6 for the Hecke eigenform
with the required property for p, it is not a theta series. However the dihedralness
modulo p of the p—adic Galois representation of  is equivalent to have a congruence
modulo p between # and a theta series of weight 1 of a norm form of the quadratic

field Q(v/ D).

Recently I found with Maeda ([HM] Section 3) that a Hecke eigenform f of level
N|D has a base-change to GL(2) over totally real fields E if p > 2x — 1 and f has a
congruence f =6 mod [ for a prime [|D such that f is ordinary for [ and the mod [
Galois representation of f is irreducible. The field F is any totally real field in which
all prime factors of pD are unramified. Thus it becomes increasingly important for
us to know for what primes p the dihedral reduction 5 shows up. This is the reason
why we would like to record the exact criterion as stated below.

To make things precise, let us fix notation: Let F = Q(v/D) C R be a real
quadratic field with discriminant D > 0 and Galois group A = Gal(F/Q). Let
x = (£) be the Legendre symbol; thus, A = {id,x} for the Pontryagin dual A

of A. Let ¢ € 3, and consider the space of elliptic cusp forms S, (To(C),%) of
weight k and of level given by the conductor C = C(¢) of . Let A be a subring
of C. We write h,(C(v),1; A) for the A—subalgebra of the linear endomorphism
algebra of S, (I'0(C), ) generated over A by Hecke operators T'(n) for all n. Let
A=A : he(C(Y),9;Z) — C be an algebra homomorphism and A be a valuation ring
of Q(\) with residual characteristic p. Here Q()\) is the number field generated by
AT (n)) for all n. Let O be the m4—adic completion for the maximal ideal m4 of A.
We write p = py : G = Gal(Q/Q) — GLy(O) for the Galois representation attached
to A. We put p = (py mod mp) : G — GLy(F) for F = O/mp. Let € > 0 be a
fundamental unit of F'. Then it is easy to see that p|N(¢"~! — 1) (for even positive k)
implies x(p) = 1 provided that p > 2 and N(e) = —1. We would like to give a proof
of the following fact:

THEOREM 1. Let p be a prime of Q()\) associated to A. Suppose p > 3. Then
(1) If X(T(p)) € A* and the restriction pr of p to H = Gal(Q/F) is reducible
but p is absolutely irreducible, then ¢ = x, x(p) = 1 and p|N(e"~' — 1) for a
fundamental unit € of F' which is positive at some real place of F;
(2) If = x, x(p) = 1 and p|N(e"~! — 1) for even k and a prime p with Kk > 2
or p > 5, then there exist A = X\, : hy(D,¢¥;Z) — C and p such that (i)
MT(p)) € p, (ii) p is absolutely irreducible, but (iil) p|y is reducible.
Moreover if x(p) = 1, p|N ("~ — 1) and o) = x, then p as in (2) is p—ordinary. Here
we call a Galois representation p p—ordinary if its restriction to each decomposition

§ *

0 E) for an unramified character §.

group at p is isomorphic to (

This should be known to specialists and is a consequence of a theory developed by
the mathematicians quoted above ([S], [S1], [O] and [K]). However in these papers,
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some redundant assumptions are made, and it seems to me that the theorem is never
stated in the literature in the above form. Although there is nothing essentially new in
the proof, we shall give a proof based on my earlier works ([H86a,b]) and the theorems
of Fontaine, Deligne and Mazur ([E] 2.5-6, 2.8) on classification of mod p modular
Galois representations. Then we shall give a conjecture predicting the structure of the
local component of the universal p—ordinary Hecke algebra through which A, in the
theorem factors (Conjecture 2.2). This conjecture is a A—adic version of the theorem
and directly relates e with the universal p—ordinary Hecke algebra (and hence with
the universal p-ordinary deformation ring of p by [W]; see also [HM] Section 4).

1. DIVISIBILITY OF N(gf~! —1).

Let x be a quadratic character associated to a quadratic extension F'/Q. Here first
we study general properties of a p—adic Galois representation satisfying p ® x = p
(attached to an Hecke eigenform in S, (To(C(%)), ) for ¢ € {id, x}), and after that,
we shall prove the first statement of Theorem 1. We suppose that p®y = p throughout
this section.

We assume p > 3. For a while, we do not assume that F' is real. Let w, be
the Teichmiiller character of G (at p). If ¥ = x, suppose first that p is reducible:

p= (g ;), we have 0z = Xw’;_l and 0y = E, because dx = 0 never happens if p
is odd. This shows that 3~ = w;_l and hence & is odd if ¢y = x, F' is an imaginary
quadratic field, and § = w,(,n_l)/Q. If v» = id and p is reducible, then & is even,
X = w" 1672 and hence F is again imaginary.

We now suppose that p is absolutely irreducible. Let f =37 AX(T'(n))¢™ be the
Hecke eigenform with eigenvalues A. Then we look at the base change lift fof f to
GL(2)/r (see [DN], [N] and [J]). Since fis of level 1, pj is unramified outside p (cf
[C] and [T]). Then we have a character o : H — F* such that 7 = Ind% ¢ (see Lemma
3.2 in [DHI]). Then by comparing the determinant, we get

P Po = wz()n—l)e’

where e is the ramification index of p in F/Q, ¢,(g9) = p(ogo™?) for 0 € G which
induces a non-trivial automorphism on F' and w, is the Teichmiiller character of G
restricted to . If F is real, this shows that —1 = det(p)(c) = wy® V°(=1) for a
complex conjugation ¢. Thus e = 1 if F' is real. Let ¢ be the conductor of ¢, which
divides a high power of p. Since the conductor of w, is p, ¢ N ¢’ = p. The absolute

irreducibility of p implies that ¢ # @, .

Suppose that p is ramified in F'. Thus F' has to be imaginary. Then automatically,
we have ¢ = ¢, on the inertia group Z, at p|p because ¢ is a character modulo p
for a unique prime p of F over p. Thus p becomes reducible if the class number of F
is prime to |F| — 1, contradicting to the irreducibility assumption. This also implies
that ¢* = w?(*=1 on Z,. Thus ¢ = w*~' on Z,.

We hereafter assume that p{ D. Let A be a valuation ring of Q(\) with residual
characteristic p. Suppose that A\(T'(p)) = a(p, f) Z 0 mod m4. We fix an embedding
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ip : Q = Q, associated to a prime P of Q, and assume that Blm4. Then by [H86b]
Corollary 3.2 (see also [H88] when p = 3), we can find an algebra homomorphism
N2 h (C(), 9 Z) — Q, of weight 2 < k' < p+ 1 so that py 2Py, A=)\ mod P
and x = &' mod p—1. Then by Deligne’s theorem ([E] 2.5), p = pp? in F with p # p°,
o(z) = 2! mod p, and C = p. Write t for the integer ring of F. Regard ¢ as a
Dirichlet character of (r/p)* with values in F*. Thus supposing that F is real (and
hence that & is even), ai‘l mod p = ¢(e1) = 1 for the totally positive fundamental
unit 4 of F. Thus plef ' — 1. If & # €4, we may assume e; = ¢ and ee” = —1
for the generator o of A. Since e ' —1 = &2(:=1) — 1 = ("= — 1)(e""! + 1) =
(—e* )N ("' = 1), p|N (""" —1) <= p|N(e% ' —1). The determinant of Ind% ¢
is given by 7Y, where regarding ¢ as a Dirichlet character modulo p, ¢z is the Galois
character associated to the restriction of the Dirichlet character ¢ to Z. This shows
that 1w = det(p) = det(Ind% ¢) = yw* ', and hence 1) = x. Thus we get

PROPOSITION 1.1. Suppose p > 3 and that F = Q(v/D) is a real quadratic field

of discriminant D > 0. Let x = (2) be the Legendre symbol. If p =2 p ® x for

X ho(C(p), ;7)) — A with ¢ € A and N(T(p)) € AX, then ¢ = x, x(p) = 1 and
p|N(e"~t — 1) for a fundamental unit € of F which is positive at some real place of
F. Moreover p is p—ordinary and p{ D.

We remark that, by [DHI] Lemma 3.2, the following conditions are equivalent under
the absolute irreducibility of p:

(1) PROX =D
(2) P is reducible;
(3) P Ind% © for ¢ with @, # .

The first statement of Theorem 1 follows from this remark and the above proposition.

Since we have only dealt with the case where A(T'(p)) Z 0 mod my, we here add
two remarks on what happens if A(T'(p)) = 0 mod my4. Suppose that A(T'(p)) = 0 mod
my and 2 < k < p+ 1. Then by Fontaine’s theorem ([E] 2.6), the restriction of 7 to
the decomposition group at p is irreducible, p has to be inert in F, and op(z) = z~~!
mod p for x € ¢, . If F is real, we take complex conjugation ¢ € Gal(Q/F). Then
we have det(p)(c) = (—1)?%72 = —1. This shows that F has to be imaginary to have
AT (p)) =alp,f) =0mod my and 2 <k < p+ 1.

As is well known (cf. [E]), we can find an algebra homomorphism

N he (C(), 45 Z) — @p

of weight 2 < k' < p+ 1 such that 5, ® w® = p,, for a suitable a. If the restriction of
p to the decomposition group at p is irreducible (that is, super-singular), twisting by
w, does not change super-singularity. If the restriction to the decomposition group
is reducible, (p»r mod p) has to be p—ordinary by Fontaine’s theorem and Deligne’s
theorem combined.
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2. A—ADIC VERSION.

Let p > 3 be a prime and F be a finite field of characteristic p. We start from a
character
0:H = F* with ¢(c)p(oco™) = —1.

Thus p = Ind% ¢ : G — GLo(F) is absolutely irreducible. Note that p is p—ordinary if
and only if p = pp” for primes p # p? of t. In this case, we have that C(p) = p. We
take O to be the ring of Witt vectors of the finite field F which is generated over I,
by the values of ¢. Let K be the field of fractions of ©. We use the same symbol ¢
for the Teichmdiller lift of ¢ to @*. On the inertia at p|p, ¢ = w;“_l for some positive
even integer x, where wy is the Teichmiiller character modulo p. This implies that
p|5i_1 —1. Conversely, if p|e®*~! — 1 for an even positive integer x and x(p) = 1, w"}_l
gives rise to a class character modulo poo for an infinite place co of F' and hence to a
character ¢ of H with the above property by class field theory. We fix an embedding
ip: Qs @p and regard O as a subring of @p. Thus we can think of ¢ having values
in Q C C. Then we have a theta series 8() = >°, . p(n)g¥™ € Si(To(Dp), xw*™)
such that the associated f-adic representation py, is isomorphic to Ind% p for all ¢
[He].

We write A for the Iwasawa algebra O[[T]] for T' = 1+pZ,. Let h°"?(Dp>, ¢; O) be
the universal p-ordinary Hecke algebra of tame character ¢ = xw, with coefficients
in O as defined in [H86a]. Although it is assumed that p > 3 in [H86a], the result
quoted above remains valid for p = 3 (see [H88] or [H93] Section 7.3). Let Z[w,] be
the subalgebra of C generated by the values of i, 1wg, and put

hi(Dp, xwy; B) = hi(Dp, xwy; Z[wp]) @z(we B for B=0 or K.

The algebra h°™(Dp™, xwk; O) is a flat A-algebra. Let hZ"(Dp, xwg; O) be the
maximal algebra direct factor on which the image of T'(p) is invertible. We then
put h°"¢(Dp, xwg; K) = herd(Dp, xwg; 0) ®o K. The algebra homomorphism ¢y :
A — O induced by the character: T' 3 v > v* gives rise to a surjective O—algebra
homomorphism

T hord(Dpoo,sz; 0) @4, K — h"(Dp, Xwi’;*k; K)

sending T'(n) to T'(n) for all n and all £ > 1, and 7, is an isomorphism for all k& > 2.
In particular, for & = k, we have

R HDp™, xwh; 0) ®a 9, K =2 by (Dp,x; K) 2 hY(D, x; K),

where the last isomorphism is only valid for £ > 2. If p > 3 the above isomorphisms
are valid even for O in place of K. For k = 1, we have an algebra homomorphism
A1t hi(Dp, xwi=';0) = O given by 6(¢)|T(n) = M\ (T(n))6(y). Take a minimal
prime ideal P of hord(Dpoo,)(w;;(’)) such that P C Ker(A;). Thus writing I for
herd(Dp>, xwy; O)/P, we have a A-algebra homomorphism

Az BT (Dp™, xwh; 0) — 1
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lifting ;. For each prime divisor P € Spec(I) with P D Ker(¢), we have Ap :
hi(Dp, )(wg*k;(’)) — @p induced by A\f mod P. If £k = k > 2, Ap is induced by a
unique A : he(D,x;0) — @p. Anyway we have a p—adic family of ordinary forms
specializing to 8(yp) at weight 1.

Let P be the prime associated to the embedding i, : Q < Q,. Since a(q, f) =
x(q@)a(q, f) (¢ 1 D) for the weight x specialization f (associated to A, as above), f
has the property that

% > {alg, /) —ale, Nlat D},

where z — Z indicates complex conjugation. Thus writing Q(), ) for the field gener-
ated by A\ (T'(n)) for all n and Q()\, )™ for its subfield fixed by the complex conjuga-
tion, we see that [Q(\x) : Q(\x)™] = 2, and B should divide the relative different of
QA ) /QMA) T

Let h be the local ring of the Hecke algebra h°"?(Dp>, xwy; O) through which Ap
factors. We have a bijection ([H86a] Section 1) for k > 2:

Homo—aig(h @46, K, Q)
> {feSk (Fo(Dp),)(w;*kﬂf is a normalized eigenform with f = 6(¢) mod P} .

In particular, if & = & > 2, h ®),¢, K is isomorphic to an algebra direct fac-
tor of hy(D,x; K) (cf. [H86a] Proposition 4.7), and hence A, has to belong to
Homo_alg(h A, K, Qp)

We claim that if ¥ = k = 2 and p > 5, then for some hight 1 prime P containing
Ker(¢r), Ap is still induced by A2 : ho(D,x;0) — @p. To prove the claim, we
introduce a notion of flatness of 5. Let L be a number field, and write O for the
[~adic completion of the integer ring of L. A mod p representation 7 : Gal(Q/L) —
GL,(F) is called flat over L if its restriction to the decomposition group of each B|p
is isomorphic to a representation realized on the special fiber of a finite flat group
scheme (with a structure of F-vector space) defined over Og. Since wy is flat over
F,p= Ind% p is flat over Q. Then by a theorem of Mazur, see [E] 2.8, we can find
A2 as above. The theorem tells us that the g—expansion f =Y Ap(T(n))g™ mod p
is the g-expansion of a mod p-modular form g on X;(D)g,. Since the statement
of [E] 2.8 only concerns mod p modular forms, the condition p > 5 is not explicitely
stated. Here we mean by a mod p modular form of weight k a global section of w®*
over X1(D),r, (as in [E] 2.1). But for the given mod p modular form f = g as above
to be lifted to a classical modular form f € H°(X;(D)z,,w®?), one needs to have a
characteristic 0 lift of the Hasse invariant A. Such a lift exists under the assumption
p > 5. This shows the assertion (2) of Theorem 1, and we finish the proof of Theorem
1.

Here we record what we have actually shown in the above proof of Theorem 1:

PROPOSITION 2.1. Suppose p|N(e"~t — 1) for an odd prime p with x(p) =1 and an
even positive integer k. Then

(1) There exists a finite order character ¢ : H — Q" of conductor p such that (i)
 coincides with wg_l on the inertia group atp for the Teichmiiller character
wp and (ii) (c)p(oea™) = =1 for complex conjugation c;
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(2) Let A = A : hy(Dp,x;7Z) — Q be a specialization at weight k of the A\i. Then
Py = Ind% ©p.

We now study the structure of the local ring h defined above. We write CN Lo
for the category of complete noetherian local O-algebras with residue field F. Let
F®) /F be the maximal extension inside Q unramified outside {p, 0o} for the infinite
place oo of Q. By a theorem of Wiles [W] Theorem 3.3, if p # 2k — 1, the ring h
along with Galois representation py, : G) = Gal(F®) /F) — G Ly(h) of h represents
the deformation functor ]-'6” :CNLp — SETS given by

f&rd(B) = {p AL GLg(B)|p =p mod mp and p is Irordinary} / =,

where p = (Ind% ¢ mod mp) and “~” is the strict equivalence (cf. [M]). The associ-
ation: p — p ® x gives a natural transformation of ]-'6” onto itself, inducing a ring
automorphism 7 : h — h. To see this, we consider the involution W on S, (T's(p), x)

induced by (g _01). Since WT'(n)W = x(n)T(n) for n prime to D, conjugation
by W coincides with 7. Note that WT (n)W is the adjoint operator T*(n) of T'(n)
under the Petersson inner product, and T*(n) is an element in h, (D, x;Z). Since
this is true for all ¥ with ¥ = k mod p — 1, we have an involution 7 on h such that
WTW = 7(T) on h ®a,4, O for all such k. We write hy the subalgebra of h fixed
by 7. The automorphism 7 induces the complex conjugation on Q(), ), which is the
automorphism of Q(\,) fixing Q(\,)*.

We take p > 3 as in Theorem 1 such that p|e®~! —1 and x(p) = 1. We now identify
Zp with t, via inclusion: 7Z < v, and assume P Nt = p. In this way, we have I' =
14 pZy, — v, . We fix a generator u of T' and identify A = O[[T]] viau > 1+ T. Let
“log” be the p-adic logarithm function. Then we write (¢) for (u=!(1+T))l8(=)/ log(w)
which is the unique element in A such that ¢x((e)) = e¥~'w,(e)!~*. In particular,
bi(e) =" L

We write ho4(p>, ¢; O) p for the universal ordinary Hecke algebra for GL(2),r
defined in [H88] for Hilbert modular forms (analogously to h°"%(Dp>, ¢; O) for elliptic
modular forms), which is again a A-algebra. This algebra is reduced, because it
specializes to level 1 Hecke algebras (which is reduced) modulo Ker(¢y,) for all k& > 2
with & =k mod p — 1. Let h be the local ring of h"”d(poo,wg; O),r through which
X factors. We have a canonical Galois representation pptH — GLs(Frac(h)) such

that T'r(p,(Froby)) is given by the projection of T() to h for all primes [ prime to

p. Here Frac(ﬁ) is the total quotient ring of h. Then as in [DHI] Section 3.4, we can
define the base change map 3 : h — h so that 3(Tr(p;)) = Tr(pn)|u.-

CONJECTURE 2.2. Suppose that p > 3. Let hy be the subalgebra of h fized by . Then
if O is sufficiently large, under the above assumption and the notation, we have

(1) b [VE) 1,
2) h(r — D)h = /(&) — 1,

3) Im(p) = hs.
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Here hy [V/®] = hy [X]/(X? — ®) for ® € h.

The reason why we need to assume O to be large is as follows: What we actually
expect is that the ideal h(7—1)h is generated by an element 1 such that 7> = z({(e)—1)
with € h*. If hy is a Gorenstein ring, the relative different h(r — 1)h has to be
principal (because, the Gorenstein-ness of h is known by Taylor-Wiles [W]). Since
Hecke algebras tend to be Gorenstein (actually even a local complete intersection),
expecting hy would be Gorenstein may not be so outrageous. The unit  may not be
a square in h. Since p is odd, replacing O by its quadratic extension if necessary, we
may assume that z is a square in h and get the conclusion of the conjecture over O.

Related to the above reason, let us add one more remark. We have possibly 4
choices of e: €,671, —¢,—e~1. This yields two choices of {¢): (¢) and (¢)~!. Note
that (e)7! — 1 = () 71(1 — (g)). Since {¢)~! is a square in A, if we add v/—1 to O if
necessary, the statement of the conjecture does not depend on the choice of ¢.

Out of this conjecture, we can prove Conjecture 3.8 of [DHI], and some other
supporting evidences for this conjecture and the above are discussed in [DHI].

3. EXAMPLES.

We compute the odd primes p appearing in N ("~ ! — 1) for even positive & in some
special cases. We take a real quadratic field F' = Q(\/ 8) for a square-free d. We
assume that ee” = —1, which is equivalent to [N (e"' — 1)| = |Trp/g(e"*)|. Then
for each given odd prime p of F, ¢ generates a subgroup (g), of (t/p)*. Let e = |{g)y].
Then ple® — 1. If p does not split, then p|(7)¢ — 1. If e is odd, (¢7)?(e)® = —1. Thus
pl(e?)¢ —1 = (e7)¢(1 +¢°). This shows p|2 =1—¢£®+ 1+ ¢£°. This contradicts to the
fact that p is odd. Thus p must split in F. We consider the set S of all odd primes p
dividing ¢ — 1 for some odd integer e. For each p € S, we write e(p) for the minimum
positive e such that ple® — 1. We choose € so that |¢| < 1 and [¢7] > 1. Thus

INp/o(e® = 1)| = [Trp/g(e®)| — o0 as e — oo.

Since e(p) is the order of € in (v/p)*, the set of e such that € = 1 mod p is an ideal
of Z generated by e(p). Let S, = {ple(p) = e}. Then

S = |_| S. and S, is a finite set.
e:odd

PROPOSITION 3.1. The set S is an infinite set of split primes. The set Sy is empty if
and only if the integer d is the square-free part of 2°™ + 1 for a positive integer n (this
implies that d = 1 mod 8 or d = 5). Let q be an odd prime. If q is outside Ut|e S:,
then S,y # 0 for all j > 1 unless F2[e] = Fy and ¢ =3 and 3te. Any element in S,
18 prime to e.

PrROOF. Let & = E::f. Then |Np/g(&e)| = oo as e — oo. Suppose that S is a finite
set. We write S = {py,...,p,} in which S; = {ps41,...,pr}. We choose an even
number eg so that (i) eg is prime to e; = [[\_, e(p;), (ii) e = eg + €1 is prime to all
elements in S; and (iii) [Np/g(&e)| > 1. Since { = e mod p for every p € S, any
p € Sy does not divide &. Let Q be a factor of 2. If ¢ = 1 mod 9Q, & = e mod
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; thus, & is prime to Q. If £ = ¢ mod Q for a cubic root ¢ € Fy, then we take
e so that 31 e. Then & is prime to . By (iii), there is a prime p dividing &.. As
we have already seen, p is a split prime. Since e(p) is a factor of e, it is prime to
e(p;) for 1 < i < r. We have already seen that any element in S; does not divide
&. Thus p is not in S, which is a contradiction. We may assume |e| < 1 and £ < 0.
Thus |[Np/q(e® — 1)| = |Trrg(e®)| = f(g°) for f(z) =z — L. We see for z € [-1,0)
that f(z) =1 < =z = %g and that f(z) = 2" <= z =2""1 — /22241,
Thus d # 5 is the unique square-free factor of 22”2 4 1 if and only if S; = ). Since
f(z) is increasing on [—1,0), if e® < %g’ then 0 < f(e¢) < 1, which is impossible
since f(g°) is a positive integer. If d # 5, then % < e® <0and f(ef) > 1 for
any positive e. 'We now consider g,(z) = ff((m;) = S a2 Since f(x) is
increasing, g,(z) =1 <= n =1, and g,(z) > 1 if n > 1. Let ¢ be an odd prime.
Then for each p € Sy, Np/gb =1 mod g. Thus p € Sy, is prime to ¢. In particular,
any element of S, is prime to e. On the other hand, g,(¢*™) = ¢ mod p for all
p € S; with tle. Suppose that ¢ is outside (J, S¢. If plgg(e°”") and p € S,,; with
j >0, then ¢ = g,(c*") = 0 mod p, which contradicts to the fact that p € S, is
prime to eq’. This shows that any prime factor of g,(£°?") outside Ut|e S; is outside

U?:o S.qi. Therefore every odd factor of g,(°9") outside Ugje St gives an element of

Seqn+1. Thus to prove S.n+1 # 0, we need to show that g,(c°?") is odd. Let Q be a
factor of 2. If e = 1 mod £, ¢g,(¢°) = n mod Q. If e = { mod Q for a cubic root of
unity in Fy, ¢,,(¢3°) = n mod Q and g,(¢°) Z 0 mod 9 if 3{ en. Thus if Fy[¢] = Fy,
then S.,; # 0 for all j > 1 and all odd prime ¢ outside Ut|e S:. If Fy[e] = Fy, then
for ¢ outside Ut‘e St, Segi # 0 for all j > 1 and all odd prime ¢ provided that either
3le or ¢ # 3.

The following result is supplied by Y. Maeda, to whom the author is grateful.

PROPOSITION 3.2 (Y. MAEDA). Let e > 1 be a quadratic unit in R satisfying €2 —
2"¢ — 1 = 0 for a non-negative integer n. If n # 2, then € is a fundamental unit in
K = Q[e]. Thus, we have

(1) Ifn € {0,2}( <= K # Q(/5)), for odd e > 2, Usje St # 0 for K;
(2) If K = Q[V35], then Uie St #0 <= e >5 for odd e.

PrOOF. Let K = Q[¢] be a real quadratic field for a unit £ as above. For an odd
integer £, we have Tr(e) = —N(g* — 1), and hence
(%) Tr(e®)|Tr(k) if |k and ¢k is odd.

Let £ be a fundamental unit of K so that e = & for € as in the proposition. Then
g9 > 1. Since N(¢) = —1, £is odd, and N(go) = —1. By (%), we find Tr(go) = 2* with

k. /92K
0 < k < n, and hence g9 = w. We divide our argument into the following
three cases:

(i) k> 2, (i) k =1 and (iii) k = 0.

(i) We first suppose k& > 2 and write £ = 2s + 1. We have gy = 2* + /D for
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k=k—1and D = 22% 4+ 1. From the binomial theorem, we get

r =1 =2 ()2
From this, we conclude
(+#) 2 = Y0 (2D,
Since D =1 mod 2 (k > 2), we get from (xx)

on—k = <2€>D3 =1 mod 2.
S

This shows n = k, and the assertion follows.
(ii) Suppose k =1 (<= & =0). Then D = 2, and the formula (xx) is still valid.

Therefore,
R
on—k _ Z <2r> 2"=1 mod 2,
r=0

and the conclusion again holds.

(iii) Suppose k = 0. Then gy = 1+2_\/g Since we have Tr(ed) = 22 = Tr(2 + /5),
we need to show

Tr(ef) =2" < f=1or3.
We are going to show that
(> 5= Tr(ef) is not a 2-power.

By (%), we may assume that £ is either a prime or equal to 9. By computation, T'r(¢§)
is not a 2—power. So we may assume that £ > 5 is a prime. Then by Proposition 3.1,
S¢ # () because S; = (). This shows the result.

There are infinitely many d such that S; = (). We list some of them:

d=25, 17, 41, 257, 4097 = 17 - 241, 16385 =5-29 - 113, 65537,
where 41 - 52 = 2'0 + 1. We give a way of computing S.. Since
fEe) =1 = D= =D =Trr/eE)l,

writing a. = Trpg(e®) and e? —ae — 1 = 0 for the equation of ¢, a, satisfies ag = 2,
a; = a and a, = aa,—1 + an—2. Thus {a,} is a Fibonacci type sequence. Using the
above recurrence relation, it is easy to compute. We list here some:

Case d = 5: S; =83 =0, S5 = {11}, Sy = {29}, Sy = {19}, Si1 = {199},
Sl3 = {521}, 815 = {31}, Sl7 = {3571}, S19 — {9349},
So1 = {211}, Sy3 = {139,461};

Case d = 13: S, = {3}, S3 =0, S5 = {131}, S; = {1429}, S, = {433},
Si1 = {23,7393);

Case d = 17: S: =0, Sy = {67}, S5 = {4421}, S; = {127,2297);

Case d = 29: S, = {5}, S3 = {7}, S5 = {151}, Sy = {20357}

Case d = 37: S, = {3}, S5 = {7}, S5 = {11,1951};

Case d = 41: S: =0, S3 = {4099};

Case d = 61: S; = {3,13}, Sz = {127};

Case d = 257T: S1 =0, S3 = {13,79}.
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All the above primes show up in the relative discriminant Dy = D(Z(\,)/Z(A\:)™) by
Theorem 1, and we refer to the table in [DHI] Section 2.2 for examples of the numerical
value of D,. Here Z[\,] is the order of Q(),) generated over Z by A\, (T (n)) for all
n, and Z[Ag)T = Q)T NZ[A,).

In the above computation, we may change € by —e. Thus we may assume that
a=Trp/g(e) > 0. Then if d # 5, we see that a > 1 and a, = aa, 1 + an_2. Since
ap = 2 and a; = a, a, > 0 for all n, and thus a, > aa,_1. Thus by induction on n,
we see that a,, > a™ for n > 1. On the other hand, choosing £ > 1, we see that if n is
odd,

a" <ap=¢e"—e " <e" <

a+vVaZ+4d., . 1+/1+ (2/a)2 .
) < ()
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ABSTRACT. The theory of base change is used to give some new examples
of the Global Langlands Conjecture. The Galois representations involved
have solvable image and are not monomial, although some multiple of them
in the Grothendieck group is monomial. Thus, it gives nothing new about
Artin’s Conjecture itself. An application is given to a question which arises
in studying multiplicities of cuspidal representations of SL,,. We explain how
the (conjectural) adjoint lifting can prove GLC for a family of representations
containing the tetrahedral 2-dimensional ones.

1991 Mathematics Subject Classification: Primary 11R39; Secondary 11F70,
22E55.

1 INTRODUCTION

The Global Langlands Conjecture asserts that for any n-dimensional irreducible repre-
sentation o of the absolute Galois group (or more generally, the Weil group) of a num-
ber field F', there corresponds a cuspidal representation 7 of GL,,(Ar) with matching
Langlands parameters almost everywhere. Specifically, if w, = Ind%(|-]°1,...,||*")
then the condition is that

—51

4y
o(Fry) ~
0"
Such a cuspidal representation 7 is unique by virtue of strong multiplicity one. This
conjecture implies that the (partial) L-functions of ¢ and 7 are the same, and hence
Artin’s Conjecture for o is true. The case of n = 1 is essentially global class field
theory. In ([L]) Langlands observed that the theory of base change, initiated by
Saito and Shintani, can lead to the GLC for some irreducible 2-dimensional Galois
representations with solvable image. This was extended to all such representations in
[Tu]. Later, Arthur and Clozel ([AC]) proved cyclic base change for GL,,. Thus, the
GLC is preserved under induction from a cyclic extension. In particular, it holds for
representations of the type

Indy” 6, F Cy. E, 8 a Hecke character of E, (%)
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where F' Cs. E means that the extension is obtained by a series of cyclic extensions.
It is then a consequence of results of Jacquet and Shalika ([JS]) to deduce GLC for
irreducible representations which are linear combinations over Z in the Grothendieck
group of representations of the above type. Unfortunately, by a result of Dade ([Da]),
such representations are themselves of type (x). The purpose of this note is to in-
dicate other cases for which the GLC can be proved, using base change. In all our
cases the representation is a linear combination over Q of representations of type
(). Again, by modifying the result of Dade, some multiple of such a representation
is monomial, so that Artin’s Conjecture is automatically satisfied for it. However,
it is not necessarily monomial itself. The prototype of the new examples is an irre-
ducible n-dimensional representation o, factoring through a group G, whose image in
PGL,(C) has order n? (which is the least possible). Equivalently, no = Ind$ ¢ in the
Grothendieck group where Z is the center of G and ( is the central character of o.
We call such representations minimal. If G is solvable then we know that there exists
an automorphic representation II of GL,2(F) induced from cuspidals corresponding
to Indg (. If we can show that II is “isotypic”, i.e. it is induced from 7 ® - - - ® 7 for 7
on GL,(F), then 7 <+ o and GLC is valid for o. This is not immediate; if IT = Bm;m;
is the “decomposition” of II then a standard argument of L-functions gives us that
>-m;? = n?. However, this is not enough to conclude that there is only one sum-
mand. On the other hand, there are lucky situations where it is not difficult to prove
the “purity” of II, even though o may not be itself monomial. The main point is that
base change and automorphic induction can sometime be used to provide analogues
in the automorphic side of classical results from representation theory of finite groups,
such as Frobenius reciprocity and Clifford theory. Even if we limit ourselves to the
solvable case this does not always work, because we only have the constructions for
normal subgroups. The following is a typical case of our main result.

THEOREM 1. Let o be a minimal representation factoring through G. Suppose that
either

1. G/Z has a composition series whose quotients have pairwise coprime orders
(Theorem 4), or,

2. mo = Ind$ 7 in R(G) where T is minimal, N is normal in G, m?> = |G/N]|,
and both N and G/N are nilpotent (Theorem 5).

Then o is automorphic.

As an application, we address a question which was posed in [La]. The problem
is pertaining to calculating multiplicities of representations of SL(n) in the cuspi-
dal spectrum. There is a heuristic analogue of the multiplicity formula of Labesse-
Langlands for L-packets coming from representations of the Weil group. One would
like to compare the two formulas. Our result here is that the comparison is valid
for L-packets coming from irreducible representations of Wy induced from a Hecke
character on E where F' C FE is nilpotent.

In the last section, we focus on the simplest representations for which Artin’s
Conjecture is not known. These are higher dimensional analogues of the tetrahedral
2-dimensional representations. In more detail, for any prime power ¢ we consider
g-dimensional irreducible representations o whose image in PGL,(C) is isomorphic
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to Fy; @ F, x B where B < SLy(F,) is solvable and ¢ /|B|. The argument in [L]
that proves GLC in the case ¢ = 2 carries over to the general case, provided that we
know that the adjoint lifting from automorphic representations on GLg to GLg2_;
exists. While this is far from being proved, even for ¢ = 3, the example is given as an
illustration of a “simple” case to stare at, while working on Artin’s Conjecture.

1.1 NOTATIONS AND PRELIMINARIES

Throughout this paper A = Ar (resp. I ) will denote the ring of adeles (resp. group
of ideles) over a number field F, W is the Weil group of F. For a cyclic extension
F C E welet wg/r be a character of [  with kernel F™* lelf: Ig. An extension F' C E
is called subcyclic (written F' Cy. E) if there exists a sequence of cyclic extensions
F=F CF C- CF,=E. For any extension F' C £ we let I' = I'g/r be the
homogeneous space (or the group in the normal case) Gal(F'/F)/ Gal(F/E).

For any group G, let Irr,,(G) be the set of equivalence classes of n-dimensional
irreducible representations of G. Let also Irr(G) = UJ,, Irr,,(G). We write R(G) for
the Grothendieck group of the category of finite dimensional representations of G.
Let ¢ : R(G) x R(G) — Z be the canonical pairing. The determinant character of
o € Irr(G) will be denoted by x,. We will often encounter the follow situation.
Suppose that H is a normal subgroup of G of finite index and o € Irr(H). We
let (G/H)(0) = {g € G/H : 09 ~ o}. Suppose that G/H(0) = G/H. Choose
a transversal {g;},eq/m and let A, : V, — V, be intertwining operators between
(0,V,) and (092, V,). The cocycle given by

ag(z,y) = Ap Ay A7 0(92949,,) ' € C* (1)

defines an element in the Schur multipliers of G/H, whlch depends only on o. It is
the obstruction to extending o to G. We have Endg[Ind% o] ~ G[G /H,a,] where the
latter is the twisted group algebra of G/H. In particular, Ind% o is isotypic if and
only if C[G/H, a,] is simple. For the central character we have

ay, = ag' (2)
where m = dego.

We will deal with automorphic representations 7 of GL,, which are induced from
cuspidals, i.e. there exists a parabolic P of type (n1,...,n,) and a cuspidal represen-
tation ®m; of Mp = GL,,(F) X -++ x GLy,,.(F) such that 7 = Hr; = Indp(g ® ;.
By the results of Jacquet-Shalika ([JS]) the 7;’s are uniquely determined and we call
them the components of 7. We will denote by Cusp,,(F') the set of cuspidal represen-
tations of GL,,(F). Let also Cusp(F) = |J Cusp,,(F). Let Reusp(F) be the semigroup
of automorphic representations induced from cuspidal representations of G L, (F). If
7 = HBr;, 7 = Hr; are the decompositions of 7,7 € Reysp(F), we let

c(m,m) = #{(,5) : m = 75}

Then ¢(m,7) is the order of the pole at s = 1 of the partial Jacquet-Shalika L-
function L (r® 7V, s) where 7V is the contragredient of 7 ([JS]). We call 7, 7 disjoint
if e(m, ) = 0. Similarly to the notations above, if 7 € Reysp(E) and F' C E is normal
we let I'(m) = {y € Tgyr : 7 ~ m}. Also, the central character of an automorphic
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representation 7 will be denoted by x». If # € Cusp,,(F) and o € Irr,(Wr) have the
same Langlands parameters almost everywhere we write m <> . Then of course x, =
Xo, where we identify characters of W and I . Let us call a Weil group representation
automorphic if there exists an automorphic representation, necessarily unique, with
matching Langlands parameters almost everywhere. We say that the corresponding
automorphic representation is of Galois type. Finally we call an extension F' C E
p-subnormal if it can be embedded in a normal extension of F' of p-power order.

2 BASE CHANGE

In this section we recollect some facts about base change and automorphic induction.
Let F' C E be an extension of degree m and GL,(E) = RESg;pGLy,. Recall that
the L-group of GL,(FE) is isomorphic to GL,(C)T'#/F x Gal(F/F) where Gal(F/F)
acts through its action on I'. There are two “dual” homomorphisms

be: "GL,(F) — "GL,(F)

ai: Y"GL,(E) — YGL,m(F)
of L-groups in the theory of base change, corresponding to restriction and induction
of representations of the Weil groups. They are defined by

be(g,0) = ((9;---,9),0)
ai((g1;---,9m),0) = (diag(gs, - .., gm)Ro, 0)

where R, is the permutation matrix on the n x n blocks corresponding to o. Lang-
lands functoriality predicts the existence of liftings BCI]?: and AIg of automorphic
representations compatible with these homomorphisms.

TurOREM 2 ([AC]). Let F Cy. E. Then BCE and Alh exist and define additive
morphisms

BCE
AIL

: Reysp(F) — Reusp(E)
: Rcusp(E) — RCUSP(F)'
Furthermore, if F C E is cyclic and py,ps € Cusp(F), then BC(p1) ~ BC(p2)
if and only if po ~ p1 ® wg/p for some i. Similarly, if m,m € Cusp(E), then
Al(my) ~ Al(my) if and only if mo ~ w] for some v € T/p.

These maps enjoy the following properties which are analogous to those of re-
striction and induction. Let F' Cqc E, K, ™ € Reysp(E), and p € Reysp(F). Then:

ATE 7 = ATE ATE 7 for F C,. L Cy. E and similarly for BC. (3)
(BCE p)? = BCE, p? for g € Gal(Q/Q) and similarly for AI. (4)
BCE (AT () = Byewse\we e Al (BCE ). (5)

These properties are mentioned, at least implicitly, in [AC], and follow easily from an
unramified computation. Furthermore, the L-function identity

LS(ALg 7 ® p¥,s) = L(x © BCE ", 5)
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gives the following form of Frobenius reciprocity:
(AT 7, p) = c(m, BCE p).

Finally, the same argument as in the group case proves that if 7 € Cusp(E) then
AIL(n) is cuspidal if and only if BCE"" (z7) and BCE P’ () are disjoint for any
v € 'g/r —T'g/p, where E is the normal closure of F' C E.

Let F C E be Galois, 0 € Irr(Wg) and F C K C E be defined by I'(0).
Recall that by Clifford’s Theory, the induction gives a bijection between the subsets
of Irr(Wg ) and Irr(Wp) of those representations whose restriction to Wg contains o
in their decomposition. The same will be true in the automorphic setup, if we assume
that F' C E is solvable and F' C K is sub-normal.

We also need the following fact from group theory. Let H < G be a normal
subgroup with G/H nilpotent. Let A be a character of H. Then any irreducible
constituent of Ind% X is induced from a character on some subgroup H < K < G.

3 THE MAIN RESULTS

The heart of the matter is the following simple Lemma.

LEMMA 1. Let H be a normal subgroup of G with [G : H] = p*, p prime, and let
o € Irry, (H) where p fm. Suppose that 09 ~ o for any g € G. Then

1. There exists a subgroup H < K < G with [K : H> > [G : H] such that o
extends to K.

2. The following conditions are equivalent
(a) Tnd$ o is isotypic.
(b) Ind$ x, is isotypic.
(c) If H< K <G and o extends to K then [K : H? < [G : H].
(d) If H < K < G and x, extends to a character of K then [K : H|> < [G : H].

3. Under these conditions, if ¥ is an extension of o to K with [K : H]> = [G : H|
then Ind% Y and Ind?( Xz are irreducible and

md% o =[K : HInd% ¥, Ind$ x, = [K : H]Ind% xs.

Proof. Let a, be as in (1). The relation (2) together with the fact that p f/m implies
that 2a <= 2b and 2¢ <= 2d. Decompose Indg Xo as @ m;A\; with A; € Irr(G).
Then Y- m? = [G : H] and Y m;dim(\;) = [G : H]. We also know (see end of §2)
that for all 7, \; = Ind?}i 0; for some 1-dim character 6; on K; > H extending x,-
For some i, dim()\;) < m; < [G : H]'/?, and hence [K; : H]?> > [G : H]. Moreover, if
r > 1 then we get a strict inequality. This proves the first part and that 2d implies
2b. Suppose that 7 = 1. Then

my = dim(\,) = [K; : H] =[G : H]'/2.

If X were an extension of x, to K with [K : H] > [G : H]'/? then Ind$ A would be a
subrepresentation of Indg Xo of dimension < [G : H ]1/ 2 which is absurd. Finally, to
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prove the last statement, note that by the considerations above Ind% oc=[K:Hlp
with p irreducible. It remains to observe that Ind?( ¥ is a subrepresentation of Indf[ o
of dimension m[K : H]. O

The analogue of the following Lemma to the group case (valid for any Galois
extension) is proved easily using Schur’s lemma.

LEMMA 2. Let F C E be a solvable extension, and let p1,ps € Cusp(F). Assume
that BCE py is cuspidal and BCE py ~ BCE py. Then py ~ py @ w for some character
w of Wg/Wg.

Proof. We use induction on [E : F], the cyclic case being covered by Theorem 2. Let
F C K be a cyclic extension in E. Using

BCE BCE p, ~ BCEBCE p,

and the induction hypothesis we get BC? p1 BCﬁS p2 ® w for some character w of
Wk /Wg. Conjugating by v € '/ we also have BC? pL BC{;{ p2 ®@w?, from which

BC? 1 Qwlw™ ~ BC? p1-

If w” # w then BCE p; = BCE BCE p; is not cuspidal, contradicting our assumption.
Thus w is T'k/p-invariant. Hence, we can extend w to a character y of Wg/Wg. We

have BCE p; ~ BCK (ps ® p) and we can appeal to the cyclic case. (|

Let us now give a simple descent criterion for base change, whose analogue in
the group case is well-known.

PROPOSITION 1. Let F C E be a solvable extension and let m € Cusp,(F) with
([E : F],n) = 1. Suppose that 17 ~ 7w for any v € T'g/p and that there exists a
character x of Wg which extends xr. Then there ezists a unique p € Cusp,,(F) such
that BCE(p) ~ m and x, = X.

Proof. The uniqueness part follows immediately from the Lemma above. To prove the
existence we proceed by induction. Let F' C K be a cyclic extension contained in F.
Using the induction hypothesis for K C E we extend 7 to K as p’ with x, = Xon{,f.
Now, for any v € T'g/p

BCL p" ~ 7" ~ 1 ~BCL .

By uniqueness, p'” ~ p’ and we can use the descent criterion for cyclic extensions
(Theorem 2). After a possible twist by a character, we get the required central
character. O

THEOREM 3. Let E/F be a p-extension of number fields and suppose that GLC holds
for o € Irry,(Wg) with p fm. Assume that Ind%Z o=n-1 with T € Irr(Wg). Then
T 18 automorphic.

Proof. By Clifford, Ind%é o =n-7 and Ind%f 7" = 7, where L is the subfield
corresponding to I'g/p(0). Let ™ <+ 0. Suppose that we know that

AL (m) = np! (6)

DOCUMENTA MATHEMATICA 3 (1998) 285-296



GLOBAL LANGLANDS CONJECTURE 291

with p’ € Cusp(L). We can then conclude, by comparing the parameters, that p' < 7'
and AI¥ p' < 7. Let us prove (6). We can assume that L = F. By Lemma 1 we
know that 7 = Ind%f{ Y where F C K C E and ¥ € Irr,,,(Wk) extends o. By the

Proposition above, there exists II € Cusp,, (K) such that BCg I == and xg = x=-
We claim that p = AI;} IT is cuspidal. If not, then the condition for cuspidality (§2),
and the fact that BCZ II is cuspidal imply that we have BCE:K" 1" ~ BOE X 1T for
some v € 'g/r — ['g/k. In particular,

me,mwg = XH|WKmWI}‘ (7)

However, Ind%ﬁ Xx is irreducible. This contradicts (7), because xs = x-

Finally,
c(p, AL ) = o(BCEATR T, 1) = S e(BCE()",m) = [K : F]=n
Y€l e, r/TE/K
so that AIL 7 = np as required. (]

THEOREM 4. Let F C E be a normal extension of number fields with the property that
there exists a sequence of distinct primes p;,i = 1,2,...r and a sequence of extensions
F=F CF C---CF,=FE where F;_; C F; is a p;-extension. Let o € Irr,,(Wg)
with p; fm for any i, be such that Ind%Z o =n1 for somen and 7 € Ier(Wg). Then
T s automorphic.

Proof. Using induction and the previous Theorem we have to show that the conditions
of the Theorem hold for F = F;. Suppose on the contrary that ¥; = Ind%;1 o is not
isotypic. First, we claim that the irreducible constituents of ¥; lie in the same orbit
under I'r, /p. Indeed, if 7y is an irreducible component of ¥, then by our condition

Ind%ﬁl Ty is isotypic and the type does not depend on 7y. In particular, for any
irreducible component 7' of ¥; we have c(Ind%}ﬁ1 7! ,Ind%ﬁ1 71) > 0. This implies
that 7/ = 7] for some v € T, /p. Next, note that for v € T, /p, c(X7,%1) = 0 if
does not lie in the image T' of 'y (o) under T'g)p = g/, and X7 ~ 3 otherwise.
Thus ¥; = k(®7]) for some k where the sum is over the orbit of 7 under T'. Since
p1 fdim X1, this orbit is a singleton and we get ¥; = k7 as required. O

For the application we have in mind, we would also like to have the dual statement,
which is proved in a similar way.

THEOREM 4’. Let F C E be as before. Suppose that m < o and Algﬂ' = np with p
cuspidal. Then Ind%Z o = nt with T irreducible and p < 7.

Proof. The reduction to the case where F' C E is a p-extension is as in Theorem 4,
using only the formal properties of base change described in §2. Then again, by using
‘Clifford Theory’ in the automorphic side, we are reduced to the case where I'(g) =
[(r) = T. Assume on the contrary that Ind%; o is not isotypic. According to Lemma
1, we can extend o to a representation ¥ € Irrp,(Wx) where [K : F]? < [E : F]. By
Proposition 1 we have a cuspidal representation IT € Cusp,,(K) with BCEIT ~ .
But then,

c(p, ATL TI) = l(;(Alg 7, AL TT) = 1c(7r, BCE AL IT) > —¢(x, BCETI) > 0.
n n

S|
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This contradicts the fact dim AI% 1T = [K : F]m < dim p. O

LEMMA 3. Let F' C E be a nilpotent extension and let o € Irr(Wg). Then Ind%g o

W,
is isotypic if and only if for any p, Inszp o is isotypic, where E, is the field defined
by the p-Sylow subgroup T, of I' = T'gyp. The analogous statement for cuspidal
representations also holds.

Proof. If Indwzp 0 = n,7, with 7, irreducible then n? = |T(0)|. Thus Ind%; o=
Ind%; Indgzp o is divisible by n, in R(Wp). Hence, it is divisible by n where

n? = |['(o)|. Thus, Ind%; o is isotypic. The converse was proved in the proof of
Theorem 4. The cuspidal side is similar, with Rc,s,(F") playing the role of R(Wr). O

THEOREM 5. Let again o € Irry,(Wg) satisfy GLC and suppose that there exists
F C K C E such that Ind%i o =kp and Ind%}i p =1t forp € r(Wk), 7 € Irr(Wp).
Assume that F C E, F C K are normal and both U k and U'g/r are nilpotent. Also,
assume that (m,[E : F]) = 1. Then 7 is automorphic.

Proof. By Theorem 4, we know that p is automorphic. Let & be the corresponding
cuspidal representation, and = = AI;} &¢. We have to prove that = is isotypic. By
the previous Lemma, it is enough to consider the case where F' C K is a p-extension.
Let K C Ej C E be the subfield corresponding to the p-Hall subgroup of '/ . Let
P1,-..,pr be the other prime divisors of [E : K]. The sequence F C E; C Em C
-+ C E satisfies the conditions of Theorem 4.

Again, we also have the dual statement.

THEOREM 5’. Let F C K C E and m be as before, and let o € Irr,,(Wg). Suppose
that ™ < o and that both AT m and ATE « are isotypic. Then Indwg o is isotypic. If

u is the cuspidal type of AIgﬂ' and T is the irreducible constituent of Ind%Z o, then
WS T,

Example. Recall that for any Abelian group A, the Schur multipliers H?(A, Q/Z)
can be canonically identified with the alternating bilinear forms on A with values in
Z =Q/Z. Asin [La], let (-,-) be a non-degenerate form, and H be the corresponding
Heisenberg group. That is, H sits in an exact sequence

0—w7—H—A—0

and the commutator pairing induces (-,-) on A. Let o be the Stone-von-Neumann
representation with central character ¢)(z) = e2™*. Let a : B — Aut(4,(-,-)) be
an action of the Abelian group B on A by symplectic automorphisms. Assume that
(lA],|B|) = 1. Then, we can lift « to an action on H, and o extends to an irreducible
representation of H X B. Suppose now that [-,-] is a non-degenerate alternating form
on B. Let v € H?(B, Z) be the corresponding cocycle, and G be the extension of H
by B defined by 4. Then Ind$ o = mr with 7 irreducible and m? = |B|. Let 7' be the
restriction of 7 to a finite subgroup G’ of G with G = ZG'. According to Theorem
4 any Galois representation which factors through 7' satisfies GLC. However, 7’ is
not monomial, unless there exist maximal isotropic subgroups A;,B; of A and B
respectively so that A; is invariant under Bj.
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4 AN APPLICATION

As an application, we refer to a problem considered in [La]. Recall that the global
multiplicity M(L) of an L-packet £ of SL, was defined to be the sum of multiplici-
ties of L-packets which coincide with £ almost everywhere. For its computation we
considered two equivalence relations on cuspidal representations of G L,,:

1. #~4p if there exists a Hecke character w of Ip/F* such that p ~ 7 ® w,

2. 7~y p if for almost every place v there exists a character w, of F) such that
Do Ty @ Wy.

Let L£(7) be the L-packet defined by a cuspidal representation @ of GL,. By the
multiplicity formula of Labesse and Langlands ([LL])

M(L(F)) = {7 7'}~

There are also analogous equivalence relations for projective representations of a group
G. Let ¢; : G —» PGL,(C), i = 1,2. Define

1. ¢1~40s if there exists € PGL,(C) such that ¢, (g) = 27 ¢2(g)x for all g € G,

2. ¢p1~woo if for any g € G there exists z € PGL,(C) such that ¢1(g) =
~1
™ ¢2(g)z.

We can also define
M(¢) = {¢' : ¢'~wd}/~s]

for any ¢ : G — PGL,(C) (the latter is always finite, and in fact bounded in terms
of n only). We denote by & the projective representation obtained from an ordinary
representation o by the projection GL,(C) — PGL,(C). The problem is to show
that for automorphic representations o of Wr with @ <> ¢ we have M (L(7)) = M(a).
This was proved in the case where ¢ is induced from a character of an extension which
is either Abelian or a sub-p-extension for some p. We can now show

THEOREM 6. Let 0 = Ind%}i 0 where 0 is a Hecke character of K and F C K is
nilpotent. Let @ < 0. Then M(L(7)) = M(5).

Proof. The statement in the Theorem is equivalent to the following two statements:
1. If @'~ then 7' is of Galois type.
2. If 6'~,5 then ¢’ is automorphic.

Let us prove the second statement (the dual statement is proved similarly). As in the
proof of Theorem 2 in [La] we have the following properties for o’:

1. o’|WK = d(@ngK/F(p)\pK/Fpg) with p € Irrg(Wk ).
2. Indy” p =~ do’.

3. The kernel of p is Wg where E is an Abelian extension of order d? over K,
normal over F'.
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4. p|WE = d( for a Hecke character ¢ of E and Ind%g ¢ =dp.
We can now use Theorem 5 to conclude the proof. O

Unfortunately, the general case where F' C E is solvable lies beyond the limitations
of the method described in this paper.

5 A GENERALIZED TETRAHEDRAL REPRESENTATION

We conclude by analyzing the simplest case of a Galois representation no multiple of
which is monomial. Let I, be the finite field with ¢ elements and V' be a 2-dimensional
vector space over F, with a non-degenerate I, -bilinear alternating form. Let H be
the corresponding Heisenberg group. Let Aut.(H) be the automorphisms of H which
act trivially on the center. The exact sequence

0 — Inn(H) — Aut.(H) — Sp(V) — 0 (8)

splits if 2 fg. In any case, it splits over any subgroup B of Sp(V) ~ SL,(F,) with
g J|B|. The classification of these subgroups B is well known (e.g. [Di]) and runs
parallel to the case of SLy(C). Let B # 1 be a solvable group of this kind. Then,
the image of B in PSLy(F,) is either cyclic, dihedral, A4 or Ss. The Stone-von-
Neumann representation of H extends to a ¢g-dimensional irreducible representation
of G = H x B. In fact, if ¢ is odd, it extends to H x SL2(F,) and the restriction
to SLy(F,) is the Weil representation. Suppose that o € Irr,(Wp) factors through
G. (By abuse of notation we will also regard o € Irr,(G).) The image of & is
isomorphic to V x B. Let F' C E C K be the extensions corresponding to the inverse
image of V' and the kernel of & respectively. We know that GLC holds for 0’|WE; let
TE & 0'|E. Clearly WZJ ~ g for any v € I'g/r ~ B. By Proposition 1 there exists a
unique m € Cusp,(F) so that BCE 7 ~ 75 and xr = x,. What are the obstacles to
proving that m <> o7 If v is a place in F' which splits completely in E, then clearly
g(my) ~ o(Fry). However, if v has relative degree d then we only know that

g(ﬂ-v)d ~ U(Frv)d' (9)

At this point we must assume some functoriality hypothesis, which looks inaccessible
by today’s methods.

AssSuMPTION 1. There exists a lifting of automorphic representations corresponding
to the adjoint representation Ad : GL, — GLp_4.

Granting the assumption, GLC for o would follow from the following
PROPOSITION 2. Let II be the adjoint lift of w. Then
1. I + Ad(o)
Ad(a(Fry)) ~ Ad(g(m))
o (Fry) ~ g(my)

o(Fry) ~ g(my) and thus ™ < 0.

™
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Proof. 1. Note that

Ad(O')|WE ~ @1759€me0'

Since B acts freely on V' — 0, there is a unique representation of Wg, namely Ad(o),

whose restriction to Wg is Ad(o)|w,. Moreover, Ad(c) = ®o Indgg 0 where O is a

set of representatives of the B-orbits of non-trivial characters of Wg /Wi . Similarly,

II' = B AL 0 is the unique element of R, (F) satisfying BCE I = EIHl#eWWK 6.

Clearly II' <+ Ad(s). On the other hand, by functoriality, BCE I < Ad(c
~ !

zl;éoeWE/WK f and thus II ~ IT'.

2. This follows immediately from 1.

3. We can assume that v does not split completely in E. Then, since B acts freely

on V —0, 6(Fry) ~ d(g) for some g € B. If g is odd, the Weil representation ©

decomposes as the sum of the two irreducible representations (uniquely determined

up to conjugation by GL»(F,)) of SLy(F,) of dimensions %. From the character

table one sees that

~

Nwe =

O, 2 Ryey (T) + (—1)<My

where T is a torus of SL»(F;) (split or non-split), Ry, is the regular representation,
€(T) is 0 if T is split, and 1 otherwise, and finally 7 is the unique character of T' of
order 2. Since 0|B = ®|B we conclude that

1
G(Fry~| ¢ (10)
S

where ( is a root of unity of order |g|. If ¢ is even, (10) still holds (for a more general
setup, see [Is]). It is now easy to see that &(F'r,) is the unique element in PGL,(C),
up to conjugacy, which maps under the adjoint representation to the conjugacy class
of the diagonal element consisting of all roots of unity of order |g|, each appearing
(¢ — 1)/|g| times. Thus, 2 implies 3.

4. This follows from 3, (9), and the fact that x, = xx. O

Remark. 1. The case ¢ = 2 is the classical dihedral case, proved by Langlands in
[L], using the adjoint lifting for GL(2) ([GJ]). The only difference in the argument
above is that we use base change for GL,, with n > 2 in step 1. Langlands avoids this
(which was not known then) by using an L-function argument. This argument uses
the equality

L Mol s)=LT'Il',s) (11)

to conclude that IT ~ TI' since II,II" are cuspidal in that case. However, if ¢ > 2,
IT, I are not cuspidal, and the relation (11), which can be proved in the same way,
is not sufficient to conclude that IT ~ TI'.

2. In the case ¢ = 3 and |B| = 2, we get a three-dimensional monomial representation.
Thus, GLC follows from [JPS].

3. No other cases seem to be known.
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ABSTRACT. The Hodge theoretic appendix of our paper contains results
(A.2.10, A.2.11) about the explicit shape of the groups of one-extensions in
the category of Hodge structures. Regrettably, they are incorrect in general.
Here, we give the right formulae. Since they coincide with the old ones for
Hodge structures of strictly negative weights (e.g., Tate twists A(n), n > 1),
this correction has no effect on the main text of our paper.

In fact, the results from [B1] and [Jn3] quoted in the proof of A.2.10 refer to
extensions in the category MHS); of mixed A-Hodge structures, while the statement
of A.2.10 was about extensions in the category MHS, of graded-polarizable Hodge
structures. Using the notation of Appendix A, we have:

THEOREM 1. For any H € MHSy, there is a canonical isomorphism
W_iHe/W_1He N (WoHa + WoF°He) — Extyys, (A(0), H)

given by sending the class of h € W_1 Hg to the extension described by the matriz

1 0
—h idg ) -

This means that we equip C® Hc with the diagonal weight and Hodge filtrations, and
the A-rational structure extending the A-rational structure Hy of Hc by the vector

1-heChHe.

DOCUMENTA MATHEMATICA 3 (1998) 297-299



298 ANNETTE HUBER, JORG WILDESHAUS

Proof. We may assume that H does not have strictly positive weights: look at the
Extygs, (A(0), ) sequence associated to the short exact sequence

0—WoH — H— H/WoH — 0.

Our claim will be a consequence of a comparison of the Extyyg, (4(0), ) and the
Extyrms, (A(0), ) sequences associated to the short exact sequence

0— W H—H-—Gry H—0.

We use the formula from [B1], §1 or [Jn3], 9.2, 9.3 for Extyug (A(0), ), together
with the following observations: 1) The Ext groups coincide if H has only strictly
negative weights (since any extension in MHS) of A(0) by H will then automatically
be graded-polarizable). 2) Extll\,[HS;1 (A(0), H) is trivial if H is pure of weight 0 (any
extension in MHS4 of pure objects of the same weight splits). 3) The canonical map
from ExtllleSA to ExtllleSA is injective.

It follows that Extyyg, (A(0), H) equals the image of
Extyys, (A(0), Wo1H) = W_y He/(W_1Hy + W_, F°Hg)
in
Extyms, (A(0), H) = WoHe/(WoHa + WoF He) .
O

By replacing [B1], §1 and [Jn3], 9.2, 9.3 by Theorem 1 in the original proofs of
A.2.10 and A.2.11, one sees that the correct statements read as follows:

THEOREM A.2.10. For any H € MHSX, there is a canonical isomorphism

(W_yHe/W_y He 0 (WoHy + WoFOHE)) ™ = Extygpyg+ (4(0), H)

= Hg,(Spec(R)/R, H),

where the superscript + on the left hand side denotes the fixed part of the de Rham—
conjugation

W_\He/W_1 He N (WoHy + WoFOHe) <= W_y He /W He 0 (WoHa + WoF' He)

= W_y *He/W_y *He N (Wo 1*Hy + Wo FO1*He)

L W He/W_He N (WoHy + WoF°He) .

The isomorphism is given by sending the class of h € W_1H¢ to the extension de-

scribed by the matriz
1 0
—h idg )
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This means that we equip C® Hc with the diagonal weight and Hodge filtrations, and
the A-rational structure extending the A-rational structure Hy of Hc by the vector

1-heCo®He,
thereby obtaining an extension E of A(0) by H in the category MHS,.

The conjugate extension 1*E € Extyyg, (A(0),0*H) is given, with the same no-

tation, by the matriz
1 0
—Fy(h) idyg J°

and the extension of Fy to an isomorphism
Fo:E = 'E
sends 1 —h to 1 — Fo(h). Thus
(Fo)c =1d®(Fo)c : C® He — CP 1" He .

COROLLARY A.2.11. Let X/R be finite and reduced, and M € MHM 4 (X/R). Then
there is a canonical isomorphism

+
P WMo/ Wi My e 0 (WoMy 4 + WoFO M, )
zeX(0)
o Extyper | A0), D M.
zeX(0)
= H{,(X/R M)
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ABSTRACT. We express classical and p-adic local height pairings on an
abelian variety with split semistable reduction in terms of the corresponding
pairings on the abelian part of the Raynaud extension (which has good
reduction). Here we use an approach to height pairings via splittings of
biextensions which is due to Mazur and Tate. We conclude with a formula
comparing Schneider’s p-adic height pairing to the p-adic height pairing in
the semistable ordinary reduction case defined by Mazur and Tate.

1991 Mathematics Subject Classification: 11G10, 11G25, 14G20

1 INTRODUCTION

In this paper we express classical and p-adic local height pairings on an abelian variety
Ak with split semistable reduction in terms of the corresponding pairings on the
abelian part Bi of the Raynaud extension. Since B is an abelian variety with good
reduction, this result provides a rather explicit step from the class of local height
pairings on all abelian varieties with good reduction to the class of local height pairings
on arbitrary abelian varieties. As an application of this principle we show a formula
comparing two local p-adic height pairings on Ag, namely the canonical Mazur-Tate
pairing in the ordinary reduction case and Schneider’s norm-adapted pairing.

Besides these two p-adic height pairings, we study Néron’s classical real-valued
pairing. We use an approach to height pairings developped in [Ma-Ta]. Let K be
a non-archimedean local ground field. For any homomorphism p : K* — Y to
some abelian group Y, we can define a local height pairing on Ag with values in
Y whenever we can continue p to a “bihomomorphic” map, a so-called p-splitting
0 Pag s, (K) = Y on the K-rational points of the Poincaré biextension associated
to Ax and its dual abelian variety A%-. For our three types of height pairings the
corresponding p-splittings can be uniquely characterized by certain properties. (We
recall these facts in section 2.)
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We assume that Agx has semistable reduction with split torus part, which can
always be achieved after a finite base change. In section 3, we recall that Ax and
A% are rigid analytic quotients of semiabelian varieties Ex respectively Ej after
certain lattices My and M. Here the abelian quotients Bx respectively Bj of Ex
respectively E- have good reduction and are dual to each other. Let Pg, « B, be the
Poincaré biextension expressing the duality. We show that the biextension P3" Ar

is a quotient of the pullback of the biextension Pgt g, to Ef" X Egn.

Then, in section 4, we define (under a certain condition) for a given p-splitting o
on Py xB! (K) a p-splitting 7 on Py, X Al (K), and we describe the relation between
the corresponding height pairings on By respectively on Ag.

In section 5 we show that if we start with the p-splitting o corresponding to
Néron’s local height pairing, the height pairing on Ag defined by our p-splitting =
is also Néron’s local height pairing. From this we can deduce a formula relating the
Néron pairings on Ax and Bg. A similar formula was already proved in [Hi].

Then we investigate Schneider’s p-adic height pairing in section 6. First we show
that if Bx has good ordinary reduction, our existence condition for 7 is equivalent to
the existence condition for Schneider’s height pairing on A, namely that the group of
universal norms with respect to a certain Z,-extension associated to p has finite index
in Ag(K). Afterwards, we prove that if we use the p-splitting o defining Schneider’s
p-adic height pairing on B to construct 7, then the height pairing on A defined by
T is also Schneider’s p-adic pairing.

In the last section we compare the canonical Mazur-Tate p-splittings in the or-
dinary case on Bi and on Ag. Then we calculate the difference between Schneider’s
p-adic height pairing and the p-adic Mazur-Tate pairing on A, using the fact that
they coincide on abelian varieties with good ordinary reduction. Thereby we correct
an error in the comparison formula for Tate curves given in [MTT], p.34.

This paper generalizes [We], where we showed formulas for Néron’s and Schnei-
der’s height pairings on abelian varieties with split multiplicative reduction.

We adopt the following terminological conventions:

For a group scheme G over a base T' we denote the unit section by eg,r. When
we refer to extensions or biextensions of T-group schemes, we work in the fppf-site
over T. But note that we will often consider extensions and biextensions by G, , so
that many sequences will also be exact in the big Zariski site. For a biextension @) of
T-group schemes X and X' by G over T' we refer to the element eq/x (ex;r) € Q(T)
as the unit section of Q. By [SGA7, I], VII, 2.2, this is a symmetrical notion, i.e.
eq/x(ex/T) = eqg/x/(ex/T).

We will often work with rigid analytic varieties over a complete non-archimedean
field K, endowed with their rigid analytic Grothendieck topology. (See [BGR], 9.3,
Def. 4.) There is a rigid analytic GAGA functor, associating to a K-scheme X locally
of finite type a rigid analytic variety X", see [BGR], 9.3, Ex. 2. The analogies of
Serre’s complex analytic GAGA theorems hold, see [K6]. Extensions or biextensions
of rigid analytic group varieties are always to be understood in the ”big Zariski site”,
i.e. the category of rigid analytic varieties endowed with their Grothendieck topology.

Throughout this paper, K will be a non-archimedean field, locally compact with
respect to a non-trivial absolute value, R will be its ring of integers, and k the residue
class field. By vg : K* — Z we denote the valuation map, mapping a prime element,
to 1.
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2 HEIGHT PAIRINGS

We fix an abelian variety Ax over K and a dual abelian variety (A%, Pay xar ),
where P4, x4, is the Poincaré biextension expressing the duality. (See [SGAT, I],
VII, 2.9). We write P = Py, xar_, when confusion seems unlikely. Note that P(K)
is a biextension of A(K) x A'(K) by K* in the category of sets. Let p: K* —» Y
be a homomorphism to some abelian group Y. We call a map o : P(K) = Y a
p-splitting if it is compatible with the biextension structure on P(K), i.e. if the
following conditions hold:

i) o(ax) = p(a) + o(z) for all @ € K* and =z € P(K).

ii) For all a € Ag(K) (respectively a' € A% (K)) the restriction of o to
P(K) X(ag(r)x Ay (1)) {a} x Al (K) (respectively P(K) X (4, (r)x Ay (K)) A (K) x
{a’}) is a group homomorphism. (See [Ma-Ta], 1.4.)

Let Div® Ax denote the group of divisors on A g which are algebraically equivalent
to zero, and let Z°(Ax /K) denote the group of zero cycles on Ax with degree zero
and K-rational support. By (DivAg x Z°(Ax/K))" we denote the set of all pairs
(D, z) with disjoint supports.

Whenever we have a homomorphism p : K* — Y and a p-splitting o : P(K) —
Y, we can define a bilinear Mazur-Tate (height) pairing with values in Y

(, Yure: (DivPAg x Z°(Ax/K)) — Y
(D, ) — alsn(2)),

where sp is a rational section of P|4, x4y — Ax with divisor D, and where d is the
point in A% (K') corresponding to D. The rational section sp is defined only up to a
constant in K which vanishes when we continue sp linearly to Z°(Ax/K).

Let us denote by A respectively A’ the Néron models of A respectively A% over
R, and by A° respectively A0 their identity components.

In this paper, we will deal with three situations in which good p-splittings can
be singled out:

I) The Mazur-Tate splitting in the unramified case

Assume that p is unramified, i.e. that p vanishes on R*, and that Y is uniquely
divisible by m 4, the exponent of the group Ay (k)/A (k). There exists a biextension
Pjoya of A and A’ by Gy, g with generic fibre P, see [SGAT, I, exp. VIII], 7.1
b). The canonical p-splitting o, is defined as the unique p-splitting vanishing on
Pproy 4 (R) C P(K) ([Ma-Ta], 1.5.2). If p =log| |k : K* — R, then the Mazur-Tate
height pairing corresponding to the canonical p-splitting is just Néron’s local height
pairing, see [Ma-Ta], 2.3.1.

IT) Schneider’s p-adic height pairing

Here we take Y = Q,. Let K be a finite extension of Q, and let p : K* — Q) be
a non-trivial continuous homomorphism. Then p is continuous for the profinite topol-
ogy on K* and extends therefore uniquely to a homomorphism p” on the profinite
completion K" of K*. By local class field theory, K*” is topologically isomorphic
to Gal(K/K). Then p” determines a Z,-extension K,,/K with intermediate fields
K, which are the uniquely determined cyclic extensions of degree p¥ of K such that
p(Nk,/kKS) = p"p(K*) C Q, (see [Ma-Ta], 1.11.1). For any commutative group
scheme G over K we denote by NG(K) C G(K) the group of universal norms with
respect to Ko, /K. Furthermore, let P(K,,K) be the set of points in P(K,) which
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project to Ax(K,) x A% (K). We define NP(K) C P(K) as the intersection of all
Nk, /k P(K,, K), where we use the group structure of P over A% to define norms.

If p is not unramified, assume that NAg (K) has finite index in Ax(K). Then
there exists a unique p-splitting o, : P(K) — Q, vanishing on NP(K), see [Sch1], and
[Ma-Ta], 1.11.5. If p is unramified (which e.g. is the case if the residue characteristic
[ is not equal to p), let o, the canonical p-splitting in case I).

We call ( , )mT,s, Schneider’s local p-adic height pairing with respect to p. It
was originally defined in [Schl].

The following result characterizes the existence condition for Schneider’s height
in the good reduction case.

THEOREM 2.1 Assume that Ax has good reduction.

i)(Mazur) If Ak has good ordinary reduction, then for any non-trivial continuous
homomorphism p the universal norm group N Ak (K) has finite index in Ax(K), i.e.
Schneider’s local p-adic height pairing exists.

it) (Schneider) Conversely, if p is not unramified, and if N Ak (K) has finite index
in Ax(K), then Ak has good ordinary reduction.

PROOF: See [Sch2], Theorem 2, and [Ma], 4.39. i

In section 6, we will investigate the existence condition for Schneider’s local height
in the case of semistable ordinary reduction.

ITI) The canonical Mazur-Tate splitting in the ordinary case

Let p: K* — Y be a homomorphism. Assume that A has ordinary reduction,
i.e. that the formal completion of Aj, at the origin is isomorphic to a product of copies
of G/, over the algebraic closure of k. This is equivalent to the fact that A is an
extension of an ordinary abelian variety By, by a torus T, see [Ma-Tal, 1.1. Note that
in particular A has semistable reduction.

Now let Ty, respectively T} be the maximal tori in Ay respectively A}, and de-
note by n.4 respectively na: the exponents of A9 (k)/Ty (k) respectively A,2(k)/Ty (k).
Assume that Y is uniquely divisible by mama/nana:. Moreover, denote by A and
A't the formal completions of A and A’ along T} and T;, and let P, ,, be the
formal completion of P40y 4 along the inverse image of Ty x T}, in Pyoy 4. Then
P, is a formal biextension of A and A'* by GJ, (the formal completion of
G, r along its special fibre). By [Ma-Ta], 5.11.1, P}, ,, admits a unique splitting
00 : Plo, 4 = G), . Hence there exists a unique p-splitting 6 : P(K) — Y such that
for all z € P}, 4, (R) we have 5(z) = pooo(x). This defines a local p-adic height
pairing ( , )mT5-

If additionally p is unramified, then ¢ coincides with the canonical splitting in
case I).

On the other hand, if we take Y = @Q, and p is non-trivial and continuous but
not unramified, case IIT) gives us a p-adic height pairing ( , )m7.s : (DivCAg x
Z°(Ak/K)) — Q,, if A has ordinary reduction. If A has good ordinary reduction,
then ( , )mrs coincides with Schneider’s p-adic height pairing from case II), see
[Ma-Ta], 1.11.6. But in general both pairings may differ. We will compare these two
p-adic height pairings in section 7.

Let us conclude this section with a general remark. If we start with a local field
K and a homomorphism p : K* — Y, we can extend p to any finite field extension
L of K such that YV is uniquely divisible by [L : K] by the formula pp(z) = [L :
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K] 'p(Np k(). Note that in all three cases discussed above the restriction of the
canonical py,-splitting to P(K) coincides with the canonical p-splitting. Hence we can
investigate the corresponding local height pairings after finite base changes.

Finally, if we start with an abelian variety Ap over a global field F', we can define
global height pairings by summing over all local ones, see [Ma-Ta], section 3.

3 RIGID ANALYTIC UNIFORMIZATION

We still fix A, A% and Py, « Ar_- We say that an abelian variety over K has split
semistable reduction, if the special fibre of the identity component of its Néron model
over R is an extension of an abelian variety by a split torus.

From now on we assume that Ax (and hence A% ) has split semistable reduction.
Note that by Grothendieck’s semistable reduction theorem, we are always in this
situation after a finite base change. Even for an abelian variety Ap over a global
field F we can find a finite extension E of F such that the Néron model of Ap  FE
has split semistable reduction at all finite places. Since our local height pairings are
compatible with finite base changes, we can always place ourselves in the situation of
the assumption if we want to deal with the local height pairings on Ap at the finite
places of F.

Let us now recall some facts about the rigid analytic uniformization of Agx and
A'g. We can associate the following data to Ax, A% and Pa, xas :

i) Since Ax has split semistable reduction, there is an extension, the so-called
Raynaud extension,

0—)TK—)EKL)BK—)O,

such that Tk is a split torus of dimension ¢t over K, and By is an abelian variety over
K with good reduction. Let M' be the character group of Tx. Then M’ is a free
Z-module of rank ¢. We denote the corresponding constant K-group scheme by Mj..
Fix once and for all a dual abelian variety (B}(,PBKxB,}() of Bk, where Pg, xp;
is the Poincaré biextension expressing the duality. We will always identify B, with
Ext' (B, G ) via b — Pgy x B | Bx x {py for functorial points b of Bj. Then Ex
corresponds to a homomorphism ¢’ : M’ — B (see e.g. [SGA7, I], VIII, 3.7.)

Besides, there is a rigid analytic homomorphism = : E¢* — A% inducing a short
exact sequence

0 — Mg» 1y By T AW — 0,
where M is the constant group scheme corresponding to a free Z-module M of rank
t. (See [Bo-Liil], section 1, and [Ray].)
i) We can construct a “dual” uniformization of A%: The embedding i : Mg —

FEx induces a homomorphism ¢ : Mg N Fx LN By, which gives us an extension Ej-
(again by [SGAT, I], VIII, 3.7)

0 — Tj — Ef 25 Bl — 0,
where T} is the split torus of dimension ¢ over K with character group M. Be-

sides, 7 induces a trivialization of the pullback Pg, x Bl |MKxM;( of Pp, «p;. via the
homorphism ¢ x ¢' : Mg x My — Bk x B} in the following way: Fix m' € M'.
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Then, tautologically, ¢'(m') € Bl (K) = Ext} (Bk,Gm) corresponds to the extension
Pp, x{¢'(m")}, and by the definition of ¢', this is the extension we get by pushout:

0 —— Txg — 1% > B > 0
] |
0 —— G,k —— Py x{s'(m)} s Bi > 0

We define a bilinear map <,>: Ex x Mg — Pp,xp; by <e,m' >:= hy(e).
Then the restriction of <,> to Mk x M, X B x Mjp, induces a trivialization
of PBKxB}(|MKxM;(. On the other hand, this trivialization defines an embedding
i' : M. — E}% such that p’ oi’ = ¢/, see [Bo-Liil], 3.2. As above, by definition of ¢
we have a pushout diagram

0 —— Tf —— EY > Bl > 0
"] e | |
0 —— Gm7K e P{¢(m)}><B}( > B}( s 0.

We get a bilinear map <,>: Mg x Ef; — Pp, xp;. defined by <m,e'>:= hy,(€'),

: o : : . jdxi
which coincides with the previous pairing on Mg x My "= My x El.

iii) The extension EY is a rigid analytic uniformization of A%: There is a rigid
analytic homomorphism 7’ : E}?” — II%” such that the sequence

’ i’ ’ ’ ’
0— Mg" = Eg" =5 A" — 0

is exact, and such that we have the following description of Py, x a; :
The Gy’ -torsor PZ’;XA,K is the quotient of (p®™ x p’“”)* EZXB;( after the
M x M'-linearization given by

! ’
. an an an an an an
Uom,m') * Py Xpgrxpien Bk X Ex" — Pp,xp X pgnxpien B X EKT,

mapping a (functorial) point (w, e, €'), such that win Pg" 5, projects to p(e) x p'(e’)
K

in B x B2", to
([<e,m'> o <m,m'>] ® [<m,e'> o w]),me, m'e").

Here ® is the group law on PE" as a Bg-group, and e is the group law on

’
X By,

Bre x Bl S 2 Bl-group. (See [Bo-Liil], Theorem 6.8.)
Hence, in particular, we have a quotient morphism of analytic . ~torsors:

. pan an ‘an an
0: Pl xp, Xpanyplan K X ER" = Piioay -

Note that both sides also carry biextension structures. After multiplying 6 by an ele-
ment of Gy, x (K), we may assume that § maps the unit section in pg" xBl_ X Banx Blan

Eg x Egn(K) to the unit section in P§% . (K).
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PROPOSITION 3.1 @ is a morphism of biextensions.

ProoF: For better readability, we put P = P, xar and Q@ = (p X p')* Pgy x By -
We investigate the map
a: Q™ X g/ an Q" —s pon
K

defined by a(z,y) = 0(acy)0(ac)*10(y)”1, where we multiply and take inverses with
respect to the group structures over EZ" respectively A2". Since 6 is a torsor ho-
momorphism, the composition of o with the projection P** — A%" x A’I%” factorizes
through the unit section of the A2"-group A% x A')&" hence there is a A%"-morphism
o Qo X gan Q™ = Gy g X ’I‘(m which yields a when composed with the natural
embedding G g % Agn — pon Besides, a (and hence o) is equivariant with respect
to the operation by G X G} we get from the torsor structure of Q*". Hence o
is derived from a map
B: B x B x EZ™ — G

by composition with the natural projection Q%™ x Elen Q" = B x Ef* x E’K?” Now
let w; and wy be (functorial) points in g’;xB}( with the same projection to B'Ig",

. . . . !
and let eq, ez be points in B¢ and e’ a point in E2" such that z; = (w1, e1,€’) and
xo2 = (wa, €2,€') are in Q*". Besides, fix my, my in M and m' in M'. Then

U(my,m") (371) ® U(my,m!) (372) = U(myma,m’) (wl ® W2, €1€3, el)a

where on the left hand side we use the symbol e also for the group law on Q%" as
an E¢"-group. This implies A (U(my,m') (T1), U(my,m) (T2)) = a(z1,22). From that we
can deduce that 3 is invariant under the action of M x M x M’ on E§* x E3* x E2",
which implies that there is a morphism f; : A% x A4 x A@" — Gy i such that
B=pfro(mrxmxn).

But since Ax and A% are projective, #; must be constant. Since # respects
the unit sections, it follows that (i is equal to 1 € G}y (K), hence 8 = 1 and
a factorizes through ep.., JAlan- This means that 6 respects the group structures

over E’I‘(m respectively A}?”. A parallel argument now shows that 6 is also a group
homomorphism with respect to the group structures over E¥" respectively AY*. 0O

4 DEFINITION OF A LOCAL HEIGHT PAIRING VIA THE RAYNAUD EXTENSIONS

For the rest of this paper, we fix an abelian variety Ax with split semistable reduction

and its dual abelian variety (A%, Pa, x a7 ). Let p: K* =Y be a homomorphism to

some commutative ring Y, and let o : Pp,, x Bl (K) = Y be a p-splitting on Pg,. X Bl -

We will show how to construct in certain cases from o a p-splitting 7 on Py x Al (K).
We fix once and for all bases mq,...,m; for M and m{,...,m} for M'.

DEFINITION 4.1 We call o M -invertible, if the (t x t)-matriz (o(<m;, m};>); ;) with
entries in 'Y is invertible over Y.

(This definition differs slightly from Definition 4.4 in [We].) For M-invertible o we
will now define a p-splitting 7* on (Pp, xBj. XByxBj K X E%) (K), which descends
to a p-splitting 7 on P(K).
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PROPOSITION 4.2 Assume that o is M -invertible, and let ¥ be the inverse matriz of
(a(<mi, m;~>)i’j).
Define the p-splitting 7° : (Ppy x B, XBrxB) Ex X Eg)(K) =Y by

(w,e,e) — o(w) — (0 <e,m|>,...,0 <e,m,>) Lo <my,e'>,... 0 <my,e’>)

for w € Ppy«p, (K) and (e,e') € (Ex X Ef)(K) with the same projection to (B x
Bi)(K).
Then there is a uniquely determined p-splitting T : P(K) — Y such that 7* = 706.

PRrOOF: First of all, note that 7* is indeed a p-splitting. Besides, we claim that
forallm e M, m' € M', e € Ex(K) and €' € Ef(K) we have

i) 7*(<m,e’>,m,e') =0 and

ii) 7*(<e,m'>,e,m') = 0.

We will only show i), since the argument for ii) is completely parallel. Note that
it suffices to prove i) for our basis my, ..., my, since the left hand side is additive in
m. By definition of ¥, we find that for all ¢ = 1,...,¢ the vector (¢ <m;,mi>,...,
o <m;, m;>)¥ is the i-th unit vector, hence

™™ (<mg, e'>,m4,e)
= o <mye>—(oc <my,m\>, ... 0 <mi,m>) S o <mi,e’>, .. 0 <my,e’>)

! !
= o <my,e>—0<m;e>=0,
as desired. Now we can calculate

T*(u(m,m’)(waeael))
= 1*(<e,m'>e,m’) + 7 (<m,m'> m,m') + 7 (<m, e'> m,e') + 7% (w, e, €)

™(w, e, e€').

Hence there is a uniquely determined map 7 : Pa, xar (K) — Y such that
T = 7 06, and since # is a homomorphism of biextensions by 3.1, 7 is also a p-
splitting. a

Hence we can define a local height pairing on Ag

(, vy (DivlAg x Z°(Ax/K)) =Y

for any M-invertible p-splitting o on Pg, xp: (K).
In the next three sections, we will investigate the connection to the canonical
height pairings in our three cases.
But first we will describe our local height pairing ( , )ar,r a bit more explicitely.
Obviously, the description of P3" Al a8 a quotient via # implies that # induces

. . ! . .
an isomorphism PR 5/ X pgen, pran B x Eg" =~ (7 x 7')*Pg"  ,, . Restricting
K K K K

this isomorphism we find for any o’ € A% (K) and any preimage e’ € E} (K) of a’ an

isomorphism v : W*Pz’;x{a,} — pa”*Pg,’;X{p,(e,)} which makes the following diagram
commutative:
Pty T P PR e
| [o=me
Py tay — P xqary-
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Now consider a divisor D € Div’(Ag) with divisor class a’' € A% (K). We choose a
preimage €' € Ef(K) of o' and we denote by b' the point p'(e') € By (K). Let D™
be a divisor in Div®(Bg) whose class corresponds to b'. Then there is a meromorphic
function h on E¥* such that 7*D%" = p*™* D~ 4 div(h).

Let sp and sp~ be rational sections corresponding to D respectively D™~ (both
are uniquely defined up to a constant). sp induces a meromorphic section s%' of

e e which we can pull back to a meromorphic section 7*s%" of 7* sz{a,}

with divisor #*D®"*. Via the isomorphism v, this induces a meromorphic section
v(n*syr) of " P py With the same divisor. Besides, the rational section sp-~
gives a meromorphic section p*™*s¢L of p"" PR v with divisor p2™* D™~%",

Hence the meromorphic sections v(7*s%') and h-p*™*sEL of p*** Py, py differ
by a function g € T'(E®", 0*). We put h® = hg. Then we have 7* D = p*™*D~" +
div(h®) and v(7*sp") = h® - (p*™*sHL).

Now let a € Ak (K) be a point not lying in the support of D. For any preimage
e € Ex(K) of a we can calculate

3

7(sp(a)) = 7(sn(me))

(
(6(=, =€) ovorsp'(e))
(6(

Il
\]

0 ho(e) *SD~ (pe)a €, el))
(hO (6) *SD~ (pe)a €, el)
= p(h°(e)) + o(sp~(pe))
— (0 <e,m}>,...,0 <e,mi>) Yo <my,e>,...,0 <my,e'>).

Il
ﬁ

Il
ﬁ

This proves the following

THEOREM 4.3 For (D,Y";n;a;) € (Di Ag x Z°(Ag/K))' let a' € A (K) be the
point corresponding to D, and choose a preimage ' € E(K) of a’. Then there
exists a divisor D~ € Div’(Bk) and a meromorphic function h® on E% such that
7* D" = pa* D~an 4 din(h®) and such that for all rational sections sp and sp~ corre-
sponding to D respectively D™ the meromorphic sections v(m*s3') and h® - (p*™*s§%)
ofp“”*PgZX{p,(e,)} differ by a constant.

For any choice of preimages e; € Ex (K) of the a; we have the following formula
for the canonical Mazur-Tate pairing associated to T:

(D,> niai)ur- = (D™, nip(e))ur.s + Y _ nip(h°(e:))

—(c <Z niei,mi>, ..., 0 <Z nie;,my>) X o <my,e/>, ... 0 <my,e'>).

5 NERON’S LOCAL HEIGHT PAIRING

In this section we show that our p-splitting 7 coincides with the canonical Mazur-
Tate splitting in the unramified case if o is the canonical Mazur-Tate splitting on
Bp. Hence we can use 7 to “calculate” Néron’s local height pairing on Ag in terms
of Néron’s local height pairing on Bg.

We need some notation first. Put S = SpecR. We denote by A respectively
A’ the Néron models of Ag respectively A%, and by B and B’ the Néron models
of Bk and B. Note that the split torus Tk and the semiabelian variety Ex have
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Néron models T' and E over R by [BLR], 10.1, Proposition 7, and that the identity
component T° of T is isomorphic to (G}me by [BLR], 10.1, Example 5. Similarly, let
T'" and E' be the Néron models of T, and EJ.

By [SGA7, 1], VIII, 7.1, we can (up to canonical isomorphism) uniquely extend
Pp, «p;. toa biextension Pgyp: of B and B’ by Gy, g, and Py, xAr toa biextension
Pjoya of A% and A’ by Gy, g. Now the sequences of identity components

0—T"—E"—B-—0

and
0—T°—E°—B —0

are exact ([BLR], 10.1, proof of Proposition 7). Denote by D(T°) and D(T'°) the
Cartier duals of T° and T'°. Then these sequences induce homomorphims ¢ : Mg =~
D(T") — B and ¢ : M§ ~ D(T°) — B’, which extend our previous maps ¢ : Mg —
By respectively ¢' : My, — Bj. Here Mg and Mg of course denote the constant
S-group schemes corresponding to M and M.

Hence we have pushout homomorphisms h,, : E® = Pgy4/(m)} and by, : B —
Py(m)rxp for m in M and m' in M'. The pairings <,>g: E° x M§ — Ppyp and
<,>s5: Mg x B — Pgpyp defined by <e,m'>s= hp(e) and <m,e'>s= hp,(e')
extend the pairings from section 3, ii).

We will also use some results from formal and rigid geometry. Recall that there
is a canonical functor associating to a formal S-scheme X, flat and locally of topologi-
cally finite type over S, its rigid analytic generic fibre X"%, see [Bo-Lii2]. It is defined
locally by associating to a formal affine scheme SpfA the affinoid variety Sp(A®g K).
Note that X(R) = Morformal/R(Spr,X) = MOI‘rigid/K(SpK,Xrig) = Xm’g(K) by a
standard argument: It suffices to check this for formal affine X = SpfA. Then one
uses the fact that the supremum semi-norm is contractive ([BGR], Prop. 1, p. 238)
to show that every K-homomorphism A ®p K — K restricts to an R-homomorphism
A — R.

Moreover, we use the theory of formal Néron models of rigid analytic groups as
developped in [Bo-Sch]. A formal Néron model of a smooth rigid analytic K-variety
Y is a smooth formal R-scheme Z such that its generic fibre Z"% is an open rigid
subspace of Y and such that for any smooth formal R-scheme Z' all rigid K-morphisms
Z'"9 5 Y extend uniquely to formal R-morphisms Z’ — Z. For all S-schemes X, we
denote by X the completion along the special fibre. If X is separated and of finite
type over S, there is a canonical open immersion X\"% — X7 We will often use the
fact that for a commutative smooth K-group scheme Xk of finite type, the formal
completion X” of its ordinary Néron model X is a formal Néron model of X", see
[Bo-Sch], Theorem 6.2.

LEMMA 5.1 LetY be a commutative ring, and let v : K* — Y be the homomorphism
x — vg(z)ly given by the valuation map vk : K* — Z. We denote by o, the
canonical v-splitting in the unramified case on Pp, X Bl (K). Then o, is M -invertible
iff Y is uniquely divisible by m 4, the exponent of Ay (k)/A% (k).

Proor: First of all, note that o, exists since Bx has good reduction (which implies
mp = 1). Our claim could be proven along the same lines as Lemma 4.9 in [We], but
we prefer to give a different argument here.
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Now Mk is a split lattice in Ex by [Bo-Liil], Thm. 1.2, which means that the
map M — R given by m — (o, <m,m|>,...,0,, <m,m}>) is a bijection onto
a lattice in Rf. This implies that the pairing M x M' — 7, mapping (m,m’) to
Ove (<m,m'>), induces an injection j : M — Hom(M',Z). (Note that this pairing
coincides with the monodromy pairing. This is claimed in [SGA7, I], IX, 14.2.5 and
proven in [Co].) From the rigid analytic uniformization of Ax one can deduce that the
component group ¢4 = Ay /A) is constant, and that there exists an exact sequence

0= M % Hom(M',Z) — ¢a(k) — 0.

(See e.g. [Bo-Xa], 5.2.) Hence the number of elements in ¢4(k) is equal to |det
(0ux (<mi,m}>))|. Moreover, we have H (k¢;, AY) = 0 by [La]. Hence we find that
the natural inclusion Ay (k)/A9 (k) — ¢4 (k) is actually an isomorphism.
This implies that det(o,(<m;, m/>)) is a unit in Y iff m4 is a unit in Y. Hence
our claim follows. |
Now we can compare our splitting 7 to the canonical Mazur-Tate splitting:

THEOREM 5.2 Let p: K* =Y be an unramified homomorphism to the commutative
ring Y, and let o be the canonical p-splitting on Pp, « B (K) in the unramified case.
i) If o is M-invertible, then Y is uniquely divisible by ma. Conversely, if Y is
uniquely divisible by ma, and p(r) is a unit in 'Y for one (and hence for any) prime
element r in R, then o is M -invertible.
it) Assume that o is M -invertible. Then our p-splitting T from 4.2 is the canonical
p-splitting in the unramified case.

PROOF: i) Since p is unramified, we find p(x) = vk (z)p(r), where r is a prime
element in K*. Let o, denote as above the canonical v-splitting of Pp, »p; (K).
Then for all z € Pg, «p; (K) we have o(z) = 0,,(2)p(r). Hence det(o(<mi, m/;>); ;)
= p(r)" det(o, (<mi, m}>); ), which, together with 5.1, implies our claim.

ii) In order to show that 7 coincides with the canonical Mazur-Tate-splitting,
we have to show that 7 vanishes on Pjoy a1 (R) C Pay xa; (K). We fix a point o’ €
A% (K) = A'(R) and a preimage e’ of @’ in E(K) = E'(R). Let b' € Bi.(K) = B'(R)
be the projection of e’. Since Py, {4} is semiabelian, it has a Néron model @ over S,
which is an extension of A by Gg, the Néron model of Gy, x . Its formal completion
Q" is a formal Néron model of P oy

Let us write ¢ for the map 6(—, —,¢€') : pgr by XBgn E¢ — PX’;X{G,}. By
the universal property of formal Néron models, the homomorphism of rigid analytic
K-groups

OA\ri o
(Pqyy ¥Br B < Pp nyy XBgn ER — PRl oy
is induced from a unique formal morphism
f
Pé\x{b’} X Ba EN Ly Q/\,
which means that it coincides with

(PByry XBn E*N) @M = PR ctary-
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Moreover, f is a homomorphism of formal S-group schemes. Now ng{b,} x gr EON

is connected (use e.g. [EGA IV] 4.5.7), hence its image via f is contained in Q%" the
identity component of @”. Hence we get the following commutative diagram:

(Ppqyy X EON)™ —— PRl Xpgr PR
| g
(@) — P x{ar}

which induces on K-rational points the commutative diagram

(Pxqry xB EO)(R) —=— (PA" 1y XBa» ES)(K)
! 7
Q"(R) — Pi oy (K)

According to [SGA7, I], VIII, 7.1, taking the generic fibre induces a fully faithful
functor from the category of extensions of A° by G, r to the category of extensions
of Ak by G, k. Hence there is an isomorphism Q° — P40,y inducing the identity
on the generic fibre. This implies that § maps (Ppy gy} XB E°)(R) to Pjoy (o} (R).
Now take a point x in P4oy (43 (R) projecting to a € A°(R). The homomorphism
E% — A% induced by 7 : E¥* — A% is an isomorphism (see [Bo-Xa], Thm. 2.3),
hence we find a point y € (Ppy (3 x 8 E°)(R) projecting to a € A°(R). Since ¥(y) lies
in Pyoyqqy(R), it follows that 2 = ad(y) = J(ay) = O(ay,€’) for some a € Gy r(R).
So 7(z) = 7*(2) for some 2z € (Ppxp Xpxp (E° x E'))(R). Since o vanishes on
Ppyp(R), and since <e,m'>=<e,m'>g € Pgxp/ (R) for all e € E°(R) and m' € M',
it follows from the definition of 7*, that 7(x) = 7*(z) = 0. Hence 7 coincides with
the canonical Mazur-Tate splitting in the unramified case. a
From this theorem we immediately get the following

COROLLARY 5.3 Ifp =log| |k : K* = R, and o : Pg, «p; (K) = R is the canonical
p-splitting, then o is M-invertible. Define T as in 4.2. Then ( , )ur,r coincides
with Néron’s local height pairing on Ag.

According to this corollary, Theorem 4.3 expresses Néron’s local height pairing
on Ag with the one on Bg. There is a similar result by Hindry who even relates
the Néron functions for arbitrary divisors on A to certain Néron functions on Bp.
Let us denote by ( , )., the local Néron pairing on Ag. For D € Div’(Axk)
completely antisymmetric, i.e. of the shape D = (—1)*D’ — D' for some divisor D’ on
Ak, Hindry’s result is the following: There exists a completely antisymmetric divisor
D~ € Div’(Bg) and a meromorphic function h with h(e™') = h(e)~' on E#* such
that 7D = pa*D~a" 4 div(h) and such that for >, n;a; € Z°(Ax/K) disjoint
from the support of D and all preimages e; of a; in Ex(K) the following formula
holds

(D, niai)nax = Y _niloglhle)|x + (D™,)  nip(e:))npe + Y nid(es),
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where J : Ex(K) — R is a linear function determined by its values on M which are
given by

h(e)
h(me) |,

for arbitrary e. (See [Hi], Lemme 3.4 and Théoreme D, but note that our height
pairing differs from his by a sign, since we started with p = log| |x.)

Our result in 4.3 can be used to deduce an expression for Hindry’s linear term
J(e) for general e € Ex(K).

J(m) = log ‘ (D™, ple) - p(me))n.

6 SCHNEIDER’S LOCAL p-ADIC HEIGHT PAIRING

Let K be a finite extension of (Y, and let p : K* — @, be a non-trivial continuous
homomorphism with corresponding Z p-extension K /K. Since we already dealt with
the unramified case in section 5, we will in this section assume that p is not unramified.
Recall that this implies that [ = p. Since R* C K* is mapped to a non-trivial compact
subgroup of Q,, there is an integer s so that p(K*) = p*Z,. The goal of this section
is to prove the following two theorems:

THEOREM 6.1 Assume that p is not unramified, and that Bx has ordinary reduction.
Let o, be the canonical Schneider p-splitting on PBKxB,;( (K). Then the universal
norm group NAg(K) with respect to Ko /K has finite index in Ax(K) iff o, is
M -invertible, i.e. iff the matriz (o, <m;,m}>; ;) is invertible over Q.

With other words, this theorem says that in the semistable ordinary reduction case
Schneider’s local p-adic height exists iff our p-splitting 7 from 4.2 exists.

THEOREM 6.2 Assume that Bg has ordinary reduction, and let o be the canonical
Schneider p-splitting on Pp, «p;_ (K). If o is M -invertible, our p-splitting T from 4.2
is equal to Schneider’s p-splitting o, on Pa, xa, (K).

Hence ( , )ur,r coincides with Schneider’s p-adic height pairing on Ag.

Let us prove two lemmas first. We will use the notation from the beginning of section
5.

LEMMA 6.3 The map
ni BY = Posiomi)) XB -+ XB Poxio(mi)} = XBPBx{s(m)))
r = (<z,mi>s,...,<r,m;>g)
is an isomorphism.

PRrROOF: Look at the following commutative diagram in the category of abelian sheaves
on the big flat site over S:

0O —— 7° —— E° > B > 0
-y | |
0 —— an’s E— XBPBX{d)’(m’]-)} > B > 0.
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Both horizontal sequences are exact. This is clear for the upper one. For the lower
one, it follows from the exactness of the sequences

0— Gm75 — PBX{d)’(m’]-)} — B —0

- . ! ! . 0 t . . . .
for all j. Hence, since (m{,...m}) : T — Gm,S’ is an isomorphism, p is also an
isomorphism. O

LEMMA 6.4 Assume that Bg has ordinary reduction. Then taking universal norms
with respect to Ko /K in the short exact sequence 0 — Tx — Ex — By — 0 yields
a short exact sequence

0 — NTx(K) — NEg(K) — NBg(K) — 0.

ProoF: Recall Theorem 2.1,i) and imitate the proof of Lemma 3 in section 2 of
[Schl], substituting G, x by Tk. O

Now we are ready to prove Theorem 6.1:

PROOF OF THEOREM 6.1: We write N, for the norm map Nk, x where K, /K
is the intermediate layer of degree p” in the Z,-extension K., belonging to p.

(1) 7 induces an isomorphism

Ex(K)/ Ny (MN,Eg(K,)) — Ak (K)/NAg(K).

(2) Since Bgi has good ordinary reduction, the quotient By (K)/NBg(K) is
finite by 2.1. Let d be the number of elements of this group. Since Bl is isogeneous
to Bk, the quotient By (K)/N B} (K) is also finite, and we denote its cardinality by
d'.

By construction, Schneider’s canonical p-splitting ¢ maps a point = €
Pp, xp; (K) to o(z) = d”'p(a), where o is an element in K* such that z? €
aNP(K). Hence the image of o is contained in d *p(K*) = d 'p°Z,. Besides,
if we assume that € N, P, w3 (K,) for some b’ € By (K) and some index v, we
find that o(z) = d~'p(a) for some o € K* N N, Pg, g} (K,). The proof of Lemma
3 in section 2 of [Schl], applied to X = Pp, y (s}, shows that a? is contained in
N, (K}). Hence o(z) lies in d='d'~'p(N,K)}) =d~'d' "' p" 57,

Since o induces homomorphisms Pg, X{d)/(m;)}(K) — d='p*Z,, for each j, we can
define a homomorphism

t
w: EK(K) M_K) XBKPBKx{qﬁ’(m’].)}(K) — H PBKx{qﬁ’(m;.)}(K) I_Lf (d*lpSZp)t,

=1

where px is the generic fibre of the isomorphism p from Lemma 6.3. Let us first show
that the cokernel of w is annihilated by d. Namely, consider (aq,...,a:) € pSZ; with
aj = p(z;) for x; € K*. Then (z1,...,7) is an element of Gy, (K)" which embeds
naturally into XBPBx{qs'(m;.)}(K)- Hence there exists some z € Ex(K) such that
pr(2) = (x1,...2). Then w(z) = (p(x1),...,p(xt)) = (a1,-..,a). This proves our
claim.

Let us now show that w(N,(MN,Egk(K,))) is contained in the p-adic clo-
sure w(M) of w(M). Take an element z in N, (MN,Eg(K,)). Then w(z)
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lies in w(M) + w(N,Ek(K,)) for all v. Now w(N,Ek(K,)) is contained in
I1; o(NuPpx{s (m)} (Ky)), which is contained in [];(d™'d"~'p"**Z,), as we showed

above. This implies that w(z) lies indeed in w(M). Hence w induces a homomorphism
©: Ex(K)/ N, (MN,Ex(K,)) — (d 'p°Z,)! Jw(M).

Since the cokernel of w is annihilated by d, the same holds for the cokernel of @. Let
us now study the kernels of w and @. For all z € Ex(K), 2% projects to an element
bin NBg(K) C Bi(K). According to Lemma 6.4, b has a preimage 2’ in NEk (K).
Hence 2% = 2'a for some o € Tk (K). Since o vanishes on NP(K), we find w(z') = 0.
Hence if we assume that w(z) = 0, it follows that w(a) = (p(mia),...,p(mia)) = 0.
Therefore all ma lie in the kernel of p, which is equal to NG, (K), so that a €
NTg(K). Hence z? is contained in N Ex (K), which implies that Kerw/N Er (K) is
annihilated by d.

Let now z be an element in Ex (K) such that w(z) lies in w(M). Hence for all v we
find some m,, € M such that w(z) —w(m,) € p*((p°Z,)") = (p(N,K))t. So we find
(a1,...,a;) € (N, K)! such that w(z) — w(m,) = (p(az),...,p(ar)), which is equal
to w(t,) for the element ¢, € N, Tk (K,) satisfying m/(t,) = a; for all j. Therefore
zm;'t>! is contained in the kernel of w, which implies that 27 lies in M N, Ex(K,)
for all v. Hence we find that the kernel of @ is annihilated by d.

(3) We deduce from (1) and (2) that if Bx has ordinary reduction, then Ax (K)/
N Ak (K) is finite if and only if d 1 p(K*)! Jw(M) is finite. (Note that the torsion parts
of both groups are finite. For the first group, this follows from Mattuck’s Theorem,
and the second group is a finitely generated Z,-module.) So it remains to show that
d tp(K*)tJw(M) is finite iff M is o-invertible.

Note that w(M) is generated by (o <m;,m\>,...,0 <m;,m;>) for i =1,...,t.
If d=' p(K*)"/w(M) is finite, then w(M) contains a Q,-basis of Qf. Hence the same
holds for w(M), which implies that M is o-invertible. Conversely, assume that M
is o-invertible. Then w(M), and hence w(M) contains a Q,-basis of Qf. Thus

d7p(K*)!Jw(M) is a finitely generated torsion Z,-module, hence finite. ad

Actually, the proof of 6.1 shows a more general result. By Mattuck’s Theorem
(or the existence of a logarithm), Ax(K)/NAgk(K) contains a subgroup U of finite
index, which is isomorphic to a free Z,-module. We define rkz, Ax (K)/NAk(K) to
be the rank of this module. The properties of our map @ show that if Bx has ordinary
reduction, then

’I"kZPAK(K)/NAK(K) = Tk'zp(d_lpszp)t/w(M) =t—rk((o <mi,m;>)i7j).

QUESTION 6.5 Is there a formula for the Z,-rank of Ax(K)/NAk(K) in terms of
data given by the rigid analytic uniformization if Bx has arbitrary (good) reduction?

Certainly, in such a formula the Z,rank of Bx(K)/NBg(K) should appear. Note
that Schneider’s result [Sch2], Theorem 2 gives a formula for rkz, Br (K)/N Bk (K),
which does not depend on the choice of a ramified Z,-extension.

PrROOF OF THEOREM 6.2: Since Schneider’s p-splitting on P, xar (K) is
uniquely determined by the fact that it vanishes on NPy, « A (K), it suffices to
show that our p-splitting 7 vanishes on this universal norm group. Let a’ be a point
in A% (K), and let = be an element of NPy, x(o}(K). Fix a preimage e’ of a' in
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E(K), and put b = p'(e’). Note that for any intermediate extension K, /K the
map

Prr x5} (Ky) X B (k) x (v} (Ex(Ky) x {e'}) N Pay x1ay (Ky)

is surjective. We abbreviate again N, = Nk k. For any v, there exists some z, €
Ppy <oy (Ky) such that x = Nyz,. Let (wy,en,€') € Ppywipy(Kv) XBy(K,)x{b'}
(Ex(K,)x{e'}) be a preimage of z,,. Then N, (wy,ey,€") € Pp, x5} (K) X B (K)x {b'}
(Ex (K) x {€e'}) projects to = under 6. Hence

7(z) = 7(Ny(wy, e, €')) =

o(Nywy) — (0 <Nye,,mi>,...,0 <Nye,,m;>)¥ ‘(o <my,e/>,...,0 <mg,e'>).

We denote again by d respectively d’' the number of elements of Bg(K)/NBg(K)
respectively By (K)/NB%(K). Now recall from the proof of 6.1 that ¢ maps
Ny Pg, (5 (Ky) to d='d'~'p**t57, for all b € By (K). If we denote by u < 0 an
integer such that the vector ¥ (o <mq,e’>,...,0 <my,e’>) (which does not depend
on v) is contained in (p“Z,)!, we find that 7(z) is contained in d~1d'~1p***+tuZ, for
all v. Hence 7(z) = 0. m|

7 THE CANONICAL MAZUR-TATE HEIGHT IN THE ORDINARY REDUCTION CASE

Let us put S,, = SpecR/M"™*!, where M is the maximal ideal in R, and let us indicate
base changes over S = SpecR with S,, by subscripts n. We continue to assume that
Ak has split semistable reduction and that By has ordinary reduction, and we use
the notation of section 5. In particular, we write Z”" for the completion of a S-scheme
along the special fibre.

The rigid analytic uniformization map = : Ef* — A% induces a homomorphism
of formal Néron models E* — A", which is an isomorphism on the identity compo-
nents by [Bo-Xa], 2.3. This induces compatible isomorphisms ES — A% for all n.
In particular, the abelian part of A9 is isomorphic to Bj. Hence Ax has semistable
ordinary reduction and n4 = ng. The same reasoning applies to A%.

Let p: K* — Y be a homomorphism to an abelian group Y which is uniquely
divisible by m4m 4nan 4. Then the canonical Mazur-Tate splittings in the ordinary
case 64 1 Payxar (K) = Y respectively 65 : Ppy xB. (K) = Y exist.

Let v : Pgoy a0 — A® x A and p1 : Pgyxp' — B x B’ be the natural projections.
We will ususally write X# for the formal completion of a scheme X along a closed
subscheme Z, with some exceptions: We denote by A%, A% respectively Pio., 410
the completions along T}, T} respectively v~ (T}, x T}), and by B¢, B'®, respectively
Pg, g the completion along the unit sections of the special fibre respectively along
the preimage of the unit section of By x Bj under p. Similar conventions hold for
(Ba)?, (B,) and (Paxp)5.

The isomorphisms ES — A2 provide all A2 with the structure of an extension
of B,, by T? in a compatible way. T2 is (up to canonical isomorphism) the uniquely
determined torus lifting 7P and T} < A% is the unique lift of T < A%. Let
pn : A2 — B, be the projection map. We can deduce from [SGA7, 1], IX, 7.5 that
there exists a compatible system of isomorphisms

(Pn X Py) (PexB )n — (Paosar0)n.
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We have a natural commutative diagram of formal biextensions

! —1 /0 ‘o
(Pox )5, X e g, e (AT2 x5, AT 3 (Pyosc )i 3T

! !

(PBxB')n XB,xs, B, (A) x5, AY) —— (Paoxarn)n
Passing to the limit, we find a commutative diagram of formal biextensions

(Pexp)® XBexgnpre (A% xgn A'%)  —— (Pgoyan)t

! !

(PBXB’)A X BAx n BIN (AO/\ X g A’O/\) %} (PAOXAIO)/\

Hence the (uniquely determined) splitting (Pgxp/)¢ — GQL r induces the uniquely
determined splitting of the biextension (P4oy40)f. This implies that the relation
between 4 and &g is the following:

LEMMA 7.1 Forx € Pay xa;, (K) we denote by x(™4™4") the point we get by applying
to x the ma-th power map with respect to the group structure over A% and the ma:-
th power map with respect to the group structure over Ax. Let « € K* and y €
Poy ao(R) be such that z(™4™a) = ay. Let w be the projection to Ppxpi(R) of
¢ 1(y). Then
1

r)=—(pla)+ w)).
5a() = ———(pla) + 75(w)
PROOF: Both sides are p-splittings which are equal to po gy on (Pyoy 40)t(R), where
00 1 Ploy 40 = G%’R is the unique splitting. O

Note that ¢ induces a homomorphism of biextensions

grig : (PBXB,)/\rig X BArigy BiArig (EOAM‘q X EIOAMQ) — (PAO XA/O)AMQ — XZXA’I(-

Hence ¢ differs from the restriction of 6 to (Ppyxp: )\ X parigy piaris (BT x
EONi9) s PRY g X pany gren B X E" by a bilinear map B9 x B0 —
G i » which must be equal to one. We find that &7 is equal to the restriction of
6. Hence for y € P,o, 40 (R) the point 7' (y) is just the unique preimage of y under
6 which lies in Ppyxp/(R) Xpryxp'(r) (E°(R) x E°(R)) (after identifying E°(R)
respectively E'°(R) with A°(R) respectively A°(R)).

If 65 is M-invertible, and we use it to construct our p-splitting 7, then we can
calculate the difference between 64 and 7 using 7.1. We apply this to compare Schnei-
der’s p-adic height pairing to the one defined by Mazur and Tate in the semistable
ordinary reduction case.

THEOREM 7.2 Let p : K* — Q, be a non-trivial, continuous homomorphism, and
assume that Bx has ordinary reduction and that N Ax (K) has finite index in Ax (K).
Let 0, a respectively o, p denote the canonical Schneider p-splittings on Ax respec-
tively Bic. For © € Pay x i (K) projecting to (a,a’) € Ax(K) x A (K) let e and ¢’
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be the uniquely determined preimages of a™4 respectively a'™4" in E°(R) respectively
E'°(R). Then

Ga(z) =0p4(x)+
1
MAM A

! ! t, ! !
(op,B<€,mM1>,...,0,p<e,m;>) X (0, p<mi,e>,...,0, <My e>).

ProOF: Recall that 6p is equal to o, p since Bx has good ordinary reduction, and
that o, 4 is equal to 7 by 6.2. Then our claim follows from 7.1 and the definition of
T. a

Note that in [MTT], p.34, a comparison formula between these two p-adic height
pairings is stated for Tate curves. Let us apply 7.2 to a Tate curve Ax over K with
Tate parameter ¢ € K*, i.e. Ex = Gy x and M =< ¢ >C K*. We identify E},
with G,k via the character ¢. Then Theorem 7.2 boils down to

COROLLARY 7.3 Assume that p(q) # 0. For x € Py xa, (K) projecting to (a,a’)
in Ax(K) x A% (K) let (e,e’) be the uniquely defined preimage of (a™4,a'™4") in
R* x R* C Ex(K) x E\(K). Then

5a(0) = 0 (@) + — 1 (p(e)p(e’))_

mamar p(q)

Hence our formula differs from the one in [MTT] by the factors ord,(g,) appearing
in the denominators of their correction term. The author consulted the authors of
[MTT] about this discrepancy who agreed that the result in [MTT] needs a correction.
Note that a similar formula (without factors ord,(g,)) describes the relation
between Schneider’s height and Nekovar’s canonical height on Tate curves, see [Ne],
7.14. Tt seems very probable that Nekovar’s height coincides with the canonical Mazur-
Tate height for abelian varieties with semistable ordinary reduction, cf. [Ne], 8.2.
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ABSTRACT. In this paper we introduce a formula to compute Chern classes of
fibered products of algebraic surfaces. For f : X — CP2? a generic projection
of an algebraic surface, we define X, for k < n (n = deg f) to be the closure
of k products of X over f minus the big diagonal. For k = n (or n — 1), X}, is
called the full Galois cover of f w.r.t. full symmetric group. We give a formula
for ¢ and ¢y of Xj. For k = n the formulas were already known. We apply the
formula in two examples where we manage to obtain a surface with a high slope
of ¢?/ca. We pose conjectures concerning the spin structure of fibered products
of Veronese surfaces and their fundamental groups.

Keywords and Phrases: Surfaces, Chern classes, Galois covers, fibered product,
generic projection, algebraic surface.

1991 Mathematics Subject Classification: 20F36, 14J10

0. INTRODUCTION.
When regarding an algebraic surface X as a topological 4-manifold, it has the Chern
classes c2, ¢y as topological invariants. These Chern classes satisfy:

cl, x>0
5¢2 > ¢y — 36

1
Signature = 7 = g(cf — 2¢9)

The famous Bogomolov-Miyaoka-Yau inequality from 1978 (see [Re], [Mi], [Y])
states that the Chern classes of an algebraic surface also satisfy the inequality

c% < 3cs.

It is known that this inequality is the best possible since Hirzebruch showed in 1958
that the equality is achieved by complex compact quotients of the unit ball (see [H]).
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We want to understand the structure of the moduli space of all surfaces with given
2, cp; and, in particular, to populate it with interesting structures of surfaces. As a
first step it is necessary to develop techniques to compute Chern classes of different
surfaces.

In this paper we compute Chern classes of Galois covers of generic projections of
surfaces. This was already computed in [MoTe2] for the case of the full Galois cover,
where the product is taken n times (n is the degree of the projection). In this paper
we deal with products taken k times, k¥ < n, and we manage to give an example of
a surface where the slope (c?/cy) is very high (up to 2.73). In subsequent research,
using the results of this paper and of our ongoing research on this subject, we plan
to further study these constructions, to compute these fundamental groups and to
decide when the examples are spin, of positive index, etc. We conjecture that for X,
the Veronese surface of order b greater than 4, X}, is spin if & is even or b = 2,3(4).
We further conjecture that for the Hirzebruch surfaces in general the fundamental
groups of X, are finite.

In [RoTe], we used similar computations to produce a series of examples of surfaces
with the same Chern classes and different fundamental groups which are spin mani-
folds where one fundamental group is trivial and the other one has a finite order which
is increasing to infinity. The computations in this paper will lead to more examples
of pairs in the 7 > 0 area.

We consider in this paper fibered products and Galois covers of generic projections
of algebraic surfaces. If f : X — CP? is generic of degn, we define the k-th Galois

cover for £k < n to be X }< >}§ X — A where A is the big diagonal and the fibered

product is taken k times. There exists a natural projection gy : X — CP?, deg gy, =
nn—1)...(n—k+1).

The surface Xy, for k = n, is called the full Galois cover (i.e., the Galois cover w.r.t.
full symmetric group), and is also denoted Xqa; or X. Clearly, deg(Xga — CP?) = nl.
It can be shown that X,, ~ X,,_1. The full Galois covers were first treated by Miyaoka
in [Mi], who noticed that their signature should be positive. In our papers [MoTel],
[MoTe2]|, [MoTe3], [MoRoTe], [RoTe], [Te], [FRoTe], we discussed the full Galois
covers for X = f|a41+542|((C]P’1 x CP!), Veronese embeddings and Hirzebruch surfaces.
In the papers cited above we computed their fundamental groups (which are finite),
the Chern numbers and the divisibility of the canonical divisor (to prove that when
considered as 4-manifolds they are spin manifolds). X, are minimal smooth surfaces
of general type. Other examples of interest on surfaces in the 7 > 0 area can be found
in [Ch] and [PPX].
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§1. THE MAIN THEOREM.
We start with a precise definition.

DEFINITION. A Galois cover of a generic projection w.r.t. the symmetric group Sk
(FOR k < DEGREE OF THE GENERIC PROJECTION). Let X < CP¥ be an embedded
algebraic surface. Let f : X — CP? be a generic projection, n = deg f. For 1 < k < n,
let

X oo x X = {(on, o) | € X, f(a) = flay) Vi),

A={(z1,...,a1) € X x+- x X | x; =x; for some i # j}
o r
X=X x---xX —A.
oo

———r
k

X, is the closure of X x ---x X — A. X is the Galois cover w.r.t. the symmetric
f f

group on k elements. We denote X, = CP2.

For every k > 1 we have the canonical projections g : X — CP? and a natural
projection (on the first k factors) fi. : X — Xy _1, which satisfy

fi=g=Ff
gk—1fr = gr, (k>2).
Clearly,
deggr=n-(n—1)...(n—k+1)
deg fr =n—k+1,

Xn-1 = X, (fn is an isomorphism).

For k =n (or n—1), we call X}, the Galois cover w.r.t. the full symmetric group
or the full Galois cover and denote it also by Xgai-

REMARK. X}, is the interesting component in the fibered product X x --- x X

f
k
Notations.
For the rest of the paper we shall use the following notations:
n = deg f.

X, the Galois cover of f: X — CP? as above, k < n.
S = the branch curve of f in CP? (S is a cuspidal curve)
m = deg S
= deg S* (S* the dual to S)
= number of branch points in S w.r.t. a generic projection of C? to C'.
d = number of nodes in S
p = number of cusps in S
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THEOREM 1. The Chern classes of X are as follows:
(a) c%(X1)=9n+(%—6)m—p—d.
For2<k<n-1

A(Xg)=9n—k+1)...n

k). -0 - k- Dk (2 =6)m
—[(n—k-1)...(n—3)]kp
—%[(n—k—1)...(n—4)](2n—k—5)kd

c2(X1)=3n—-2m+p
c2(X2)=3n(n—-1)—-22n—-3)m+ 2n —3)u+p+2d

c2(X3) =3n(n—1)(n—2)—3(2n —4)(n — 2)m + ;(Qn —4)(n—2)u
+2(3n—9)d + (3n — 8)p
Fora<k<n-1

c2(Xg)=3n—k+1)...n
—n—k+1)...(n—=2)2n -k —1)km

—|—%(n—k+1)...(n—2)(2n—k—1)ku
n k+1
+( —k+1)...(n—3)(k—1)k<§—T>
k(k + 1)

+[n—k+1)...(n—4)] 1 {(k+6)(k—1)+4n(n —k—1)}d
+[(n—k+1)...(n—4){4nk — 2n’k}d

REMARKS.

(a) We consider an empty multiplication as 1.

(b) The case k = n — 1(X = Xgqal1), of this Theorem was treated in [MoTe2],
Proposition 0.2 (proof there is given by F. Catanese). (See also [MoRoTe]). One can
easily see that for £ = n the formulas here coincide with the formulas from [MoTe2].
For ¢? it is enough to use remark (a) about empty multiplication. We get:

n!
A (Xew) = A(Xn 1) = = (m — 6)”

Note that d and p do not appear in this formula. For ¢2 we get here (using (a1))

1
ca(Xagal) = c2(Xp—1) =n! (3 —-m+ Zd+ % + g)
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which coincide with [MoTe2], using the formula for the degree of the dual curve:
p=m?—m—2d— 3p.

Proof of the Theorem.

Let gi : X, — CP?, f, : X3 — Xj_; be the natural projections. Clearly, g; =
fi=Ff 9k =gr-1fr,for k>2 degfr =n—k+1, deggy = r'k)' Let Ej and
Kx, be the hyperplane and canonical divisors of X}, respectively (E = g*(¢) for a
line £ in CP?).

Let Sj be the branch curve of fi, (in X;_1), my its degree and pj, the number of
branch points that do not come from Si_1 (S1 = S). Let S}, be the ramification locus
of fi (in X}). Let T} be the ramification locus of g; (in X}).

We recall that the branch points in S (or Si,) come from two points coming together
in the fibre, the cusps from (isolated) occurrences of three points coming together and
nodes from 4 points coming together into 2 distinct points. Generically, cusps and
nodes are unbranched. We use this observation in the sequel.

To compute ¢ (X}) we shall use:

i (Xp) = K%,
Ky, = —3E, + T

and the following identities.
,_ S+ fi(Tiy) k22
Tk = '
Si k=1
1 1
T, = —=S —gi(S
k 2 k+1 + ng( )
To compute c2(X}) we shall assume that all cusps and nodes of S are vertices
of a triangulation. Using the standard stratification computations, this implies the
following recursive formula:

c2(X) = deg fi - ca(Xp—1) — 2my + puy,.

Thus we need to get a formula for Ey - T}, Sgy1-T}, mi and pj,. We shall use the
following 3 claims:

CrLam 1.
(i) Let my = degSk. Fork>2,my=n—k)...(n—2)m, my =m.
(ii) Let dy = # nodes in S. Fork>2, dy=mn—-k—2)...(n—4)d, dy =d.
(iii) Let pr, = # cusps in Sg. Fork>2, pr=(n—k—1)...(n—3)p, p1=0p.
(iv) Let pj, be the number of branch points of Sy that do not come from Si_i,
W = pk—(n—k+1)pr—1 (k> 2) and pj = p. Then fork =2, py = (n—2)p+p+2d
and for k >3 pi, = m—k)...n—=2)u+ (n—k)...n=3)(k—Lp+[(n—k)...
(n—4))(k—1)(2n — k —4)d. (For k =3 the coefficient of d is 2(2n —7).)
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CrLAM 2.
B T. = { " k=
PR U Imln—k+1) . n—2{@n— Dk -k} k>2
Cram 3.
, 2p+2d k=1
Sk41.1}, =
2(n—k-1)...(n=3)kp+ (n—k—-1)...(n—4)(2n—k—-5)kd k> 2

Proof of Claim 1.
Ttems (i), (ii) and (iii) are easy to verify from the definition of fibered product. For
(iv) we notice that {u}} satisfy the following recursive equations:

py = (n— k) + pe—1 +2dp—1 k>2
pHy = p.

The formula for ph, puh follows immediately from the recursive formula. For k > 4
we substitute the formulas for pr_1 and diy—; from (ii) and (iii) to get pj, = (n —
By, , +(n—-%k)...mn—=3)p+2(n—-—k—1)...(n — 4)d and we shall proceed by
induction. By the induction hypothesis pj,_; = (n —k+1)...(n = 2)pu+ (n — k +
Do..n=3)k—=2)p+[(n—k+1)...(n —4)])(k—2)(2n — k — 3)d.

We substituted the last expression in the previous one to get

m=k)n—-k+1)..n=2p+m—-FkKnh-k+1)...(n=3)(k—2)p
+n—k)n—-k+1)...(n—4)(k—2)(2n — k — 3)d
+m—k)...n=3)p+2n—k—-1)...(n—4)d
=m—-k)..n=2u+n—-k)...(n=3)(k—1)p
+n—k)..n—{(k-2)2n—k-3)+2(n—k —1)}d

Mk—

which coincide with the claim since (k — 2)(2n — k — 3) + 2(n — k — 1) =

(k—1)(2n—k—4). O for Claim 1
Proof of Claim 2.
For k > 2
! 1 *
Ep Ty = §Ek.(gk(5) — Sk+1)
1. 1
= 5Er95(S) = 5Bk Skt
1, . 1
= 9% (0)gr(S) — iEk Sk+1
1 1
= 595(0-5) = 5 Bk St
1 1
= 5 (deggr)m — Sy
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—m(n—k+1)...n—%(n—k—l)(n—k)...(n—Q)m
=%m[(n—k+1)...(n—2)]{(n—l)n—(n—k—1)(n—k)}
= %m[(n—k—l—1)...(n—2)]{2nk—k—k2}. O for Claim 2

Proof of Claim 3.
Since T{ = S7, the formula trivializes for k = 1. Sy - T{ = S2-S] = 2p +2d =
2p1 + 2d;. For k > 2
Sk+1 - Tj, = Sia1 (fe(Tg—1)' + Si)
= Skt1 - fr (Th— 1) (Sk+1 - Si)
degfk |S Sk Tk 1)+2pk+2dk
= (deg fi. — 2)(Sk Ty 1) + 2p + 2dx
= (TL — k- ].)(Sk 'Tk,:—l) + 2pk + 2dk.
Denote a; = Sk41 - T,
We shall prove the claim by induction wusing the recursive formula
ap = (n—k—1ag—1 +2px + 2d. For k =2:
= (n—3)a1 + 2p2 + 2d>
=n—-3)2p+2d)+2(n—-3)p+2(n—4)d
=4(n—3)p+2dn—-3+n-—4)
=4(n—3)p+2d(2n —T7).
Thus the statement is true for k = 2.
Let k > 3. Assume the formula is true for k — 1. We shall prove it for k.
ap = (n—k—l)ak,l + 2p1 + 2dy,
=(n—k-1){2(n—k)...(n=3)(k—=1)p+ (k—1)(n—k) ... (n—4)(2n—k—4)d}
+2(n—k-1)...(n=3)p+2(n—k-2)...(n—4)d
=2(n—k—1)...(n=3)kp+ (n—k—1)... (n—4){(2n—k—4)(k—1) + 2(n—k-2)}
=2(n—k=1)...(n=3)kp+ (n—k—1)...(n—4){2nk—k*—5k}d.
From the two formulae, we can see that the product (n — k — 1)...(n — 4) should be
1 for k < 2. O for Claim 3
We go back to the proof of the theorem. To prove (a) we write

¢t (Xy) = K%, = (-3E), + Ty
=9E} — 6E,. T}, + (T})*

Loi(s)

1
=9E; — 6E,. T} + T}, —5Skt1 + 5

1 1
=9E; —6Ey, - T}, — §TIQ Sk41 + §Tlé - g (5).
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Now: E? =deggy = (n—k+1)...n (: (nni'k)'> . Since S'is of degm T}.g;(S) =
mE;,.T],. We substitute the results from Claim 2 and Claim 3 to get (a).

We prove (b) by induction on k. For k = 1 we take the recursive formula c2(X},) =
(n —k+ 1)ca(Xp—1) — 2my, + p, and substitute £ = 1 to get c2(X1) = 3n —2m + p
which coincides with formula (b) for £ = 1. We do the same for £ = 2,3. To prove
k — 1 implies k we use Claim 1(iv) and (ii) to write

(X)) =m—k+1)ce2(Xp—1) —2n—k)...(n—2)m+(n—k)...(n—2)u
+k—-1Dn—-k)...(n—3)p
+(n—k)...(n—4)(k—1)2n -k —4)d

When substituting the inductive statement for c¢2(X;—_1) and shifting around terms,
we get (b).
O for the Theorem

§2. A DIFFERENT PRESENTATION OF THE CHERN CLASSES.

PRrROPOSITION 2. Let E and K denote the hyperplane and canonical divisors of X,
respectively. Then the Chern classes of Xy are functions of c2(X), c2(X), deg(X),
E, K, and k.

Proof. (Proof for X,, appeared in [RoTe]) Let S be the branch curve of the generic
projection f : X — CP? (S C CP?). By Theorem 1, the Chern classes of X}, depend
on k, deg(S), deg(X) and u,d, p, the number of branch points, nodes and cusps of S,
respectively.

We shall first show that p,d, p depends on c3(X), deg X, deg(S), e(E) and g(R)
where g denotes the genus of an algebraic curve, e denotes the topological Euler
characteristic of a space, and R (C X) is the ramification locus of f which is, in fact,
the non-singular model of S.

Recall that p also is equal to deg(S*), where S* is the dual curve to S. For short
we write n = deg(X), m = deg(S).

We show this by presenting three linearly independent formulae:

pw=m(m—1)—2d—3p

o(R) = (m —1)(m — 2)

ca(X)+n=2eE)+ p

—d—

The first two are well-known formulae for the degree of the dual curve and the genus
of a non singular model of a curve. For the third, we may find a Lefschetz pencil
of hyperplane sections of X whose union is X. The number of singular curves in
the pencil is equal to p. The topological Euler characteristic of the fibration equals
e(X) = e(CP!) - e(E) + . — n (n appears from blowing up n points in the hyperplane
sections). The formula follows from e(CP') = 2 and e(X) = c2(X).

We shall conclude by showing that deg(S), e(E) and g(R) depend on ¢?(X), deg X
and E.K.
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This follows from the Riemann-Hurwitz formula, R = K + 3F, the adjunction
formula 2 — 2¢(C') = —C.(C'+ K), and the fact that E? = deg X and K% = ¢?(X). In

fact, we have:

g(R) = %R(R K)=1+1 (K+3E)(2K+3E)
e(E) =2 — 2g(E) = —E(E-I-K)
deg(S) eg(R) = E.R= E(K + 3E). O

From the above proof we can, in fact, get the precise formulae of c¢}(X}) and
c2(Xy) in terms of ¢2(X), co(X), deg(X), E.K, and k. For certain (computer-
ized) computations, it is easier to work with these formulae rather than those of
Theorem 1.

COROLLARY 2.1. In the notations of the above proposition.:

A(X,) = "Z![(E.K)2 + 6n(E.K) + 9n* — 12(E.K) — 36n + 36]

C2 (Xn)
n!
24
Similar formulas can be obtained for X}, for k < n.

—[72 = 10c}(X) — 54(E.K) — 114n 4 27n® + 14cy(X) + 3(E.K)? 4 18n(E.K)]

§3. EXAMPLES.
To use Theorem 1, we need computations of n, m, u, p and d. We compute them for
two examples.

EXAMPLES 3.1. For X =V}, a Veronese embedding of order b, we have

n=b?

m=3b(b—1)

p=3(b~-1)>
©=30b-1)(4b—5)

d= g(b—l)(sb?’ 3b? — 14b + 16)

(see [MoTe3]).

Proof. For n,m,u and p, see [MoTe3] and [MoTe4]. Since p =m(m — 1) — 2d — 3p,
we get the following formula for d: 2d = m? —m — pu — 3¢ and thus

2d = 3b(b— 1)(3b(b — 1) — 1) — 3(b— 1) — 9(b — 1)(4b — 5)
=30b-1){(3> -3b—1)b— (b—1) —3(4b - 5)}
=3(b— 1){3b® — 3b*> — 14b + 16}.

2

When one substitutes b = 3 and & = 4, one gets Z—; = 2.73. By experimental
substitutions it seems that for large b, the signature 7(Xg) (= ¢ — 2¢2), changes
from negative to positive at about %n.
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EXAMPLE 3.2. For X = Xy(ap) = flaetsc,| (Hirzebruch surface of order t), where {
is a fiber, (C)%2 =t, and a > 1, we have

n = 2ab + tb?

m = 6ab — 2a — 2b + t(3b* — b)

p = 6ab — 4a — 4b+ 4 + t(3b* — 2b)

© = 24ab — 18a — 18b + 12 + #(12b* — 9b)

Proof. [MoRoTe], Lemma 7.1.3.

EXAMPLE 3.3. (in the T < 0 area)
For X a K3 surface:

=0
%(X) = K2 =0

(X)) =24

n=4

m =12

uw =36

p=24

d=12

i (Xp) =

02(X2) = ].

C%(Xg) =] (XGal) =216
CQ(Xg) = C2 (XGal) = 240

Proof. Tt is well known that for a K3 surfaces K = 0, ¢ = 0, co = 24, S’ = 3E,
n = E? = 4. Using this we can get m and pu:
m=S".E=3E.E=3E"=12
u=cy(X)—2e(E)+n (see proof of Proposition 2)
=c(X)—-2(2-29(E)) +n
=cX)+2E(E+K)+n=236
Now from
m(m—1)=p+3p+2d

and

m(m —3)=29(S") —2+2p+2d=(K+S5"),S" +2p+2d
=3E3E+2p+2d=9E>+2p+2d,
we get 2m = pu —9E? + p=24 and p = 2m + 9E? — = 24.

Moreover, we get d = £(m(m — 1) — u — 3p) = 12. We substitute these quantities
in the formula from Theorem 1 to get the values of the Chern classes.

REMARK. For t =0, Xy, ) are actually embeddings of CP' x CP'. In [FRoTe], we
computed the fundamental group of X,, = Xga for X = X, which is 712 for
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¢ = g.c.d.(a,b). Thus for (a,b) = 1 these surfaces are simply connected. All these
surfaces are smooth minimal surfaces of general type. For a > 6, b > 5, the signature
of these surfaces is positive. For five pairs of (a,b), these surfaces have signature 0
(see [MoRoTe]). Four of these surfaces are simply connected and the fifth one for
which a = b = 5, T (XGal) = ng.

In our ongoing research, we shall apply Theorem 1 and Proposition 2 in order to
obtain more examples of non diffeomorphic surfaces or surfaces in different deforma-
tion families with the same ¢? and ¢, as well as to compute the slope g and to search
for higher slopes.

We are also interested in the fundamental groups (in particular, in the finite ones)
and the divisibility of the canonical class (in particular, the case where the canonical
class is divided by 2, i.e., the spin case), which we will investigate in a subsequent
paper. The results in this paper are a basis for producing interesting examples of
surfaces with positive index, (c? — ¢»), finite fundamental groups and spin (K even)
structure. In particular, we plan to prove the following two conjectures.

CONJECTURE. For X = V,, Veronese of order b, b > 4, we have X} is a spin
manifold < k even or b = 2,3(4).

CONJECTURE. For X = Fy(,4) (the Hirzebruch surface), m(Xy) is finite.
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ABSTRACT.

A model for long range diffusion reaction on population dynamics has been
considered, and conditions for the existence and uniqueness of solutions to
the model in LP*? norms has been obtained.
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1 INTRODUCTION

The dynamics of population has been described using mathematical models which
have been very successful in giving good effect in the study of animal and human
populations. Fisher [4] introduced a model for the spatial distribution of an advanta-
geous gene as non-linear diffusion equations. Later, Hoppensteadt [6] p.50, derived an
equation of age-dependent population growth which involves first order partial deriva-
tives with respect to age and time, where Fife [3] considered reaction and diffusion
systems which are distributed in 3-dimensional space or on a surface rather than on
the line. In addition, Abual-rub studied diffusion in two dimensional spaces for which
diffusion is more realistic and applicable in life. Most of these diffusion models deal
with usual diffusion or short range diffusion. Such models have played a major role
in the study of population dynamics. However, long range diffusion could also have a
big influence on the dynamics of some populations with the form it takes depending
on the nature of the populations themselves. Abual-rub talked about long range dif-
fusion with population pressure in Plankton-Herbivore populations. He considered a
model of the following form:

P, —cA®P =P+ eP? — bPH + —~

AP 0
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P(z,0) = g(z),  x€R? (2)
and
H, — (A®H = kPH — dH? + ——A (H*+) (3)
a+1
H(,0) = h(x), =€ R, (4)

where P(z,t) and H (z, t) represent the Plankton and Herbivore densities, respectively.
Here A represents the Laplacian operator and

o _ w0
AT = Z 0x20x2" (5)
. 200

i,j=1

The existence and uniqueness of solutions to (1)-(4) have been proved by Abual-
rub in the LP-? spaces. Okubo [8] p. 194, discussed the effect of density-dependent
dispersal on population dynamics by considering the Gurtin and MacCamy [5] model
which combines the flux with the population reaction term, F(S), he considered
diffusion-reaction problems in one dimension of the form:

oS 92 8mtl
N T e + F(s), (6)
where
K=k(m+1)>0. (7)

Murray [7] p.245, which is one of the good books in mathematical biology, con-
sidered a long range diffusion model of population by taking the flux J to be:

J = —D,VS + VD, (AS) (8)

where D1 and D, are the constants which measure short range and long range effects,
respectively. He obtained a long range diffusion approximation of the form:

For this model, Murray mentioned that the effect of short range diffusion is,
usually, larger than that of long range diffusion, i.e. Dy > D,. In this paper we will
see what happens if the effect of long range diffusion is larger. This assumption might
not be realistic in general, but we think that it might be true in some rare cases of
population dynamics such as for certain epidemics and Plankton-Herbivore systems.
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2 MODEL

We will consider the two dimensional case in our model rather than the first dimen-
sional case i.e., x = (z1,x2), because it is more realistic that diffusion takes place in
spaces and not along lines. Therefore, we will use AS instead of ng§. As mentioned
in the introduction we will assume that the effect of long range diffusion is larger than
that of short range diffusion and investigate what will happen if at some stage D1
is negligible compared with Dy. We believe that this might happen at some stages
depending on the nature of the population and the nature of its dynamic. Its known
that in short rang diffusion the flux J takes the following form

J=—-DVS. (10)
Murray [7] p.245, derived the equation for flux .J in (8). In our model, according
to the above assumptions, we will consider the flux to be of the form
J =V (D2AS). (11)
The conservation equation for S is given by

S
5 =~V I+ E(S), (12)

where F(S) is the population reaction term. By substituting (11) into (12) we get
the following model for long range diffusion reaction, namely

% =-D,A®S + F(S) (13)

In this paper we will impose the initial condition on S , namely
S(x,0) = g(x) (14)

In addition, we will consider F'(S) to be directly proportional to S, i.e,

F(S) = aS" (15)

for some positive constant a and integer n which has to be determined later. The
reason for writing S™ here is that in usual diffusion we have always S or S? but in
long range diffusion things might differ and if it does we want to determine the right

exponent, n, for S. Let C' = — Dy, our model is thus
aS
22 _ AP g = 48" 1
5 C S =aS", (16)
$(2,0) = g(a). (17)

where the term C'A®) S represents long range diffusion.
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3 EXISTENCE AND UNIQUENESS OF SOLUTIONS:

We will look for solutions to model (16), (17) in the LP'? space, the function space
consisting of Lebesgue measurable functions S(z,t) such that [|S||, , < oo, where
l(-)Il, 4 is the norm in LP? defined by :

IS, = MT VR |s|de] ’ dtr (18)

We will now state and prove the main result in this paper.

3.1 LEMMA

The solution to model (16), (17), S(z,t), exists and is unique in the space
Li(=Dz(=) for p > 3, whenever the initial data g (z) is small enough in the
norm of its space.

Proof. We begin by transforming equation (16) and the initial condition (17)
into the following integral equation

t
S=a / K@ -yt - 18"y, Ddydr + | K@ —y.0g)dy  (19)
0 R2 R2

We will now rewrite (19) simply as

S=aKoS"+Kxg (20)

where ® denotes the convolution in space and time and x denotes the convolution
in space only. Here the kernel K is the Fundamental solution to the homogeneous
problem of (16), namely

K(z,t) = t2¢ (xt*%) , where K € C*°(R?) (21)

Using (21), K can be approximated by

IK(z,t)| < —S >0 (22)

2
(1o + %)

Now, if g € LY(R?) we have

K*gg/ cg(y) dy N
R (jz —y|+t'/4)

We first take the p norm in ¢, namely

1K *g]|, < / _col)dy
p 2
we (|l =yl + /)7,
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Applying Minkowski’s integral on the right hand side of the above inequality, we

obtain .
dt i
1K <gll, < [ lawl{ [ dy
P R2 R+ (|Jz —y| -|-t1/4)2p

1
<co [ law) ((|x_y| +t1/4)2,,4> dy

_ / l9(y)| dy
= ca o
R2 (|x—y|+t1/4) P
where « is a constant.

We now take the q norm in x of the above inequality to obtain

B =

IK *gll,, < ca / lg(y)| dy .
R (|lz —y|+t1/4)7"

The right hand side of the above inequality is less than or equal to constant- ||g|| , if

L =1 — S (using the Benedek-Panzone Potential Theorem [1], see Appendix). This

1mphes that p = 3¢ and hence

Kxge L (23)

This concludes the proof for the initial data.
Now, for the first term in (20), note that we can rewrite (22) as

K|< —5— = ‘ (24)

N\ 2 1\ 244
(|a:| +t1) (|a:| +t1)

By doing the calculations to the first term in (20), using (24), similar to what has
been done to the second term in (20) in the previous page 5, using (22), then applying
the Benedek-Panzone Potential Theorem [1], see appendix, we conclude that

n 2 p 3
. L T PR P 25
r p 244 p 3 ' <n<2 (25)
Now, by setting r = p in (25) we get
3
p=om-1) (26)
Using (25) and (26) we have :
3 3
Sth-1)<2 2
n<2(n )<2n (27)

Therefore, since £(n — 1) < 2n is true always, we must have n < 2(n — 1) which in

2
turns gives :

n>3 (28)
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To get a contraction mapping (see appendix) LP (R2 X R+) — LP (R2 X R+) in (20),
the exponents in (23) and (26) must be equal, that is

3
Sti-1)=3¢ (20)
and thus
n—1
q= 5 (30)
Hence
S(xz,t) € LEM—D:3(n—1) (31)

Now, its enough to show the uniqueness of the solution.
Lets apply the mapping T to (20) to obtain :

TS)=aKOS"+ K=xg (32)

Its easy to see that:

1T <O 1SNy + 1171, - (33)

2(n-1) 1)

where h is an auxiliary function which represents the term K x g in (32).
We are going now to compare equation (33) to the following mapping :

y=oaz"+p8 ; (z20) (34)

where both a and 3 are positive constants. Of course az™ is convex and increases
faster that a linear function.

Its obvious to see that if 3 = 0, there is only one non-zero root of (34) but if
0 < B < ¢ (where 0 is sufficiently small), we will have two roots, say 1 and z5.

Let z1 be the smallest root, then if z7 is small enough then the mapping T will
be a contraction mapping which maps the ball of radius z; into itself. This implies
that the solution to the equation S = T'(S) in (32) exists and its unique in the ball
of radius z1. This concludes the proof of Lemma 3.1.

REMARK 1: The extension of the results in Lemma 3.1 to three or n dimensions is
straight forward.

REMARK 2: See [2] for a general method for studying long-time asymptotics of non-
linear parabolic partial differential equations. In [2], p.898, Remark 1, the
existence and uniqueness of solutions have been shown. Comparing our results
with the results obtained in [2], we conclude that if we take 8 = 4, then equation
(8) in [2], p. 898, is analogous to our equation (16) here and u(z,t) used in [2]
is the same as K (z,t) used here in (21). This shows that our method coinsides
with the method used in [2] and thus therorem 1 in [2] is applicable to our case.
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4 CONCLUSION:

We conclude that solutions to our model (16), (17) can not exist in LP? spaces unless
n > 3. But this does not mean that there are no solutions for n < 3, because solution
might exist for n < 3 but in other spaces different from LP*7 spaces. Its very important
to notice that under the assumption we have made at the beginning, namely the long
range diffusion dominance, we have shown that n > 3. This means that we should
have terms like S* or S® or of larger degree of S in the right hand side of (16) and this
in turns says that we must have interaction between four Kinds of species or more in
the population.

5 APPENDIX:

¢ BENEDEK-PANZONE POTENTIAL THEOREM :Let X = E" (the nth dimensional
Euclidean space), and A = (A1, A2, ..., A,) be an n-tuple of real numbers,0 <

A; < 1. If P and @ are such that %—% =AN1<P< %,then Hf*|x|’\7n <
c||f]lp holds for every f € L¥, where A = >, \;, and ¢ = ¢(A, P).

e CONTRACTION MAPPINGS :Let T be a mapping of a metric space X into itself.
Then z is called a fixed point of T if T'(z) = x . Suppose there exists a number
¢ < 1 such that ||T'(z) — T(y)|| < c||z —y|| for every pair of points z,y € X.
Then T is called a contraction mapping.

e FixED PoOINT THEOREM:Every contraction mapping 7' defined on a complete
metric space (or Banach space) has a unique fixed point.

ACKNOLEDGEMENT : The author is grateful to the Referee of this paper for his
valuable suggestions especially what has been suggested to enable the author to
include Remark 2 in this paper.
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ABSTRACT. Let X4 and X, be projective quadrics corresponding to qua-
dratic forms ¢ and ® over a field F. If X, is isomorphic to X in the
category of Chow motives, we say that ¢ and ¢ are motivic isomorphic and
write ¢ ~ ¢». We show that in the case of odd-dimensional forms the condi-
tion ¢ ~ 1) is equivalent to the similarity of ¢ and . After this, we discuss
the case of even-dimensional forms. In particular, we construct examples of
generalized Albert forms ¢; and ¢ such that ¢; ~ g2 and ¢, # ¢o.
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Let F be a field of characteristic # 2 and ¢ be a quadratic form of dimension
> 3 over F. By X4 we denote the projective variety given by the equation ¢ = 0. It
is well known that the variety X, determines the form ¢ uniquely up to similarity.
More precisely, the condition X4 ~ X, holds if and only if ¢ ~ ki for a suitable
element k£ € F*. Now, let M : Vg — C be an arbitrary functor from the category Vg
of smooth projective F-varieties to a category C. Is it possible to say anything specific
about ¢ and ¢ if we know that M(Xg4) ~ M(Xy)? Clearly, the answer depends on
the category C and the functor M. In the present paper, we mainly consider the
example of the category C = MVp of Chow motives. In this particular case, we
set M(X) = M(X), where M (X) denotes the motive of X in the category of Chow
motives. If M (Xy4) ~ M(Xy), we say that ¢ is motivic equivalent to ¢ (and we write
¢~ ).

Recently, Alexander Vishik has proved that ¢ ~ 1 iff dim¢ = dime and
iw(¢r) = iw(¢r) for all extensions L/F (see [27]). His proof uses deep results
concerning the Voevodsky motivic category. In [10], Nikita Karpenko found a new,
more elementary, proof that, in contrast to Vishik’s proof, deals only with Chow
motives. In §2, we give an elementary proof of Vishik’s theorem in the case of odd-
dimensional forms. In fact, we prove a more precise result. Namely, we show that, in
the case of odd-dimensional forms, the condition ¢ ~ ¢ is equivalent to the similarity
of the forms ¢ and ¢ (here we do not use any results of the paper of Vishik). In other
words, we prove that the condition M (Xy) ~ M(Xy) is equivalent to the condition

I'Supported by TMR-Network Project ERB FMRX CT-97-0107
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X4 ~ Xy for the odd-dimensional quadrics X4 and Xy. In the proof we use some
results of §1 concerning low dimensional forms belonging to W (F(¢)/F).

In §3, we show that the condition ¢ ~ 1 is equivalent to the condition ¢ ~ v for
all forms of dimension < 7. Besides, we discuss the case of even-dimensional forms
of dimension > 8. This case is much more complicated. For instance, for all n > 3,
there exists an example of anisotropic 2"-dimensional forms ¢ and ¢ such that ¢ ~ 1
but ¢ £ 1. In §4, for any n and m such that 0 < m < n — 3, we construct generalized
Albert forms ¢; and ¢o such that dim(q1)an = dim(ge)an = 2(2™ — 2™), ¢ < g but
q1 #* q2. This example gives a negative answer to a question stated by T. Y. Lam
[18].

Some words about terminology and notation. Mainly we use the same termi-
nology and notation as in the book of T. Y. Lam [17], W. Scharlau [23], and the
fundamental papers of M. Knebusch [11, 12]. However, there exist several differences.
We use the notation (a1, ...,a,)) for the Pfister form (1,—a;) ® --- ® (1, —a,) (in
[17] and [23], (a1,...,an) = (1,a1)® - ®(1,a,)). We write ¢ ~ 1 if there exists an
element k € F such that k¢ ~ ¢ (i.e., if ¢ is similar to ). We say that ¢ and ¢ are
half-neighbors if dim ¢ = dim ¢ and there exist s,r € F such that 7 = s¢ L r¢ is a

Pfister form (see, e.g., [6]). In this case, we will write ¢ w ) and we say that ¢ and 1
are half-neighbors of 7. Our definition differs from the original definition of Knebusch
[12]. However, we prefer to use the new definition since we want to regard any pair ¢,
) of 2"-dimensional similar forms as half-neighbors. We denote by P, (F) the set of
all n-fold Pfister forms. The set of all forms similar to n-fold Pfister forms is denoted
by GP,(F). We also use the notation P, (F) = U, P,(F) and GP.(F) = U,GP,(F).

ACKNOWLEDGMENTS. This work was supported by TMR-Network Project ERB
FMRX CT-97-0107. Also, the author would like to thank the Universitdit Bielefeld,
and the Université de Franche-Comté for their hospitality and support. The author
wishes to thank Nikita Karpenko for useful discussions.

1. LOW DIMENSIONAL FORMS IN W (F(¢)/F)

In this section, we give slight generalizations of some results of M. Knebusch.
In fact, we modify some proofs of [12] by using Hoffmann’s theorem [5] 2. We recall
that Hoffmann’s theorem asserts that for a pair of anisotropic quadratic forms ¢ and
¥ satisfying the condition dim ¢ < 2™ < dim ¢, the form ¢ remains anisotropic over

F(y).

PROPOSITION 1.1. Let ¢ and v be anisotropic quadratic forms over F such that

dim ¢ > dim ). Suppose that the form w Def ¢ L o belongs to the group W(F(¢)/F).

Then

(1) if w is isotropic, then m is hyperbolic,
(2) if m is anisotropic, then w is similar to a Pfister form.

Proof. (1) Assume that 7 is isotropic but not hyperbolic. This means that 0 <
dim 74, < dim 7. In the Witt ring W (F'), we have m — ¢ = 1. Therefore,

dim(7apn L —@)an = dim ¢ < dim ¢ < dim 7,4, + dim ¢ = dim(7a, L —9).

2see also [6, Prop. 2.4] and [3, Th. 1.6]
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Consequently, the form w,, L —¢ is isotropic. Hence the set Dp(m.,) N Dp(¢) is
nonempty.

Since mp(g) is hyperbolic, it follows that ((7)an)F(e) is also hyperbolic. Since the
set D (man) N Dp(¢) is nonempty, the Cassels—Pfister subform theorem implies that
¢ C man- Therefore,

dim(mapn L —@)an = dim mgy, — dim ¢ < dim 7 — dim ¢ = dim ).
This contradicts to the relation dim(7,, L —¢@)a., = dim ¢ proved above.

(2) Assume that 7 is not isotropic. To prove that 7 is similar to a Pfister form,
it suffices to prove that mp(,) is hyperbolic (see [12]).

Let F = F(n), 7 = Ty ¢ = o5, and Y = Y. Since dim ) < %dim m, Hoffmann’s
theorem implies that the form ) = Yp(r) is anisotropic. If we assume that b is
anisotropic, then we can apply item (1) of Proposition 1.1 to the F-forms qz, @Z, and
7. Then we conclude that 7 is hyperbolic. Now, we assume that ¢~5 = ¢r(x) 18 isotropic.

Since 7p(g) is hyperbolic and ¢p(,) is isotropic, it follows that mp(,) is hyperbolic.
Thus, the form 7p (. is hyperbolic in any case and the proposition is proved. O

CorOLLARY 1.2. (Fitzgerald, [3, Th. 1.6]). Let ¢ be an F-form, and let m €
W(F(¢)/F) be an anisotropic nonzero form of dimension < 2dim¢. Then m €
GP,(F) and one of the following conditions holds:

e ¢ is a Pfister neighbor of ,

e ¢ is a half-neighbor of m,

Proof. Since m is anisotropic and 7p(4) is hyperbolic, the form ¢ is similar to a
subform of 7. Multiplying ¢ by a scalar, we may assume that ¢ C 7. Let ¢ be
the complement of ¢ in w. Then all hypotheses of Proposition 1.1 hold. Since 7
is anisotropic, Proposition 1.1 implies 7 € GP,(F). The rest of the proof is an
immediate consequence of the definitions of Pfister neighbors and half-neighbors, and
the Cassels-Pfister subform theorem. O

COROLLARY 1.3. (cf. [12, Th. 8.9]). Let ¢ and n be anisotropic forms such that
dim ¢ > dimn and (¢r(p))an =~ (MF(g))an- Then either ¢ ~n or ¢ L —n € GP.(F).

Proof. Let » = —pand w1 = ¢ L —n = ¢ L 9. All the hypotheses of Proposition 1.1
hold. In the case where 7 is isotropic, Proposition 1.1 implies that 7 is hyperbolic.
Then ¢ = n in the Witt ring. Since ¢ and 7 are anisotropic, we have ¢ ~ n. If 7 is
anisotropic, Proposition 1.1 implies that ¢ 1L —n = 7 € GP.(F). O

2. MOTIVIC EQUIVALENCE OF ODD-DIMENSIONAL FORMS

DEFINITION 2.1. To any field F, let be assigned an equivalence relation ~p on the
set of all quadratic forms over F such that the following conditions hold:
(i) If ¢ and t are forms over F such that ¢ ~ ), then ¢ ~p 1.
(ii) If ¢ and 1 are forms over F such that ¢ ~p 1, then, for any extension E/F,
we have ¢E LE wE
(iii) If ¢ and 1) are forms over a field F such that ¢ ~p ¢, then dim ¢ = dim ¢ and
iw (¢) = iw (¥).
A collection of equivalence relations ~p satisfying properties (i)—(iii) will be
called a good equivalence relation on quadratic forms (over all fields).
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Below we will drop the index F at ~p and write simply ~.

DEFINITION 2.2. Let ¢ and ¢ be F-forms. We say that the quadratic form ¢ is
equivalent to the quadratic form 1 in the sense of Vishik if dim ¢ = dim and for
any field extension E/F we have iy (¢r) = iw(1r). In this case, we write ¢ ~ ).

The following lemma is obvious.

LEMMA 2.3. The equivalence relation ~ is a minimal good equivalence relation. More
precisely,

o The equivalence relation ~ is a good relation.

e For any good relation ~, the condition ¢ ~ 1 implies ¢ ~ 1). O

EXAMPLE 2.4. Let X be a smooth variety over F. By M(X) we denote the motive
of X in the category of Chow motives. Let us define the equivalence ~ of quadratic
forms ¢ and i as follows:

pRY if  M(Xy) = M(Xy).
Then < is a good equivalence relation.

Proof. Clearly, conditions (i) and (ii) in Definition 2.1 are fulfilled. We need to verify
only condition (iii). Let X = X, and let F' denote the algebraic closure of F. By [9,
Item (2.2) and Prop. 2.6] 3

e dim ¢ coincides with the largest integer m such that CH,,_»(X) # 0,

e the integer iw (¢) coincides with the largest integer m satisfying the conditions

m < £ dim ¢ and coker(CHp,—1(X) = CHp,—1 (X)) = 0.

Thus, it suffices to show that the groups coker(CH?(X) — CHY(X 7)) and CHY(X)
depend only on the motive of X. This can easily be proved if we observe that the
functor CHY is representable in the category of Chow motives. Namely, CH’ (X) =
Hompmy, (M (ptr)(j), M (X)), where M (ptr) is the motive of ptr = Spec(F') and the
object M (ptr)(4) is defined, e.g., in [24]. Thus, CH?(X) depends only on the motive
of X. Now, we consider the base change functor ® : MVp — MVjz. Since the
homomorphism CHY(X) — CHY(X7) coincides with the homomorphism

@ : Hom(M (ptr) (7), M (X)) — Hom(®(M (pt) (), (M (X)),

it, follows that the group coker(CH? (X) — CH? (X)) also depends only on M (X). O

THEOREM 2.5. Let ~ be a good equivalence relation. Let ¢ and v be odd-dimensional
quadratic forms over a field. Then the condition ¢ ~ 1) is equivalent to the condition

¢~
Proof. We start, the proof with three lemmas

LEMMA 2.6. Let ¢ and ¢ be odd-dimensional anisotropic forms of dimension > 3
such that dim ¢ = dimv and (dr(g))an = (Vr(¢))an- Then ¢ ~1p.

Proof. If ¢ # 1, Corollary 1.3 shows that ¢ L —¢ € GP,(F). Since dim ¢ = dim ¢,
we conclude that dim ) is a power of 2. Since dim ) > 3, we see that dim is even.
We get a contradiction to the assumption of the lemma. O

3see also [22, Prop. 2] and [25].
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The following lemma is obvious.

LEMMA 2.7. Let ¢ and ¢ be odd-dimensional forms such that dim ¢ = dimv¢ and
det ¢ = det . Then the condition Y ~ ¢ is equivalent to the condition ¢ ~ ¢. O

LEMMA 2.8. Let ¢ and vy be odd-dimensional forms such that dim ¢, = dim 4, > 3.
Suppose that ¢p(,.) ~ VF(4.,)- Then ¢ ~ 1.

Proof. Replacing first ¢ and ¢ by ¢4, and v, respectively, we may assume that ¢
and 1 are anisotropic. Replacing then ¢ by Flwgb and ¢ by mw, we may assume
that det ¢ = 1 = det . Since ¢p(4) ~ Yp(g), Lemma 2.7 implies that ¢p(4) >~ Vr(y)-
By Lemma 2.6, we have ¢ ~ . O

Now, we return to the proof of Theorem 2.5. We use induction on n = dim ¢,, =
dim t,,. The case where n = 1 is obvious. So we may assume that n > 3. Since
é ~ 1), we have OF(pan) ~ YF(p.,)- By the induction assumption, we have ¢p(y,,.) ~
YF(4a,)- Now, Lemma 2.8 implies that ¢ ~ 1. O

COROLLARY 2.9. Let ¢ and 1) be odd-dimensional quadratic forms over a field. Then

prp A 9Ny iff ¢~
3. EVEN-DIMENSIONAL FORMS

In this section, we study the relation ~ in the case of even-dimensional forms. If
quadratic forms ¢ and v of dimension > 2 satisfy the condition ¢ ~ v, then Pr(y)
and ¢ (4) are isotropic (because ¢r () and Yy are isotropic).

PROPOSITION 3.1. Let ¢ and ¢ be quadratic forms of dimension < 8. Then
o~ iff d~Y iff p~ .

Proof. In view of Corollary 2.9, we may assume that d = dim¢ = dim is even.
Thus, it suffices to consider the cases d = 2, 4, and 6. The implications ¢ ~ ¢ =
¢ ~ 1p = ¢ ~ 1 are obvious. Therefore, we must verify only that ¢ ~ t implies
¢ ~ 1. Since ¢ ~ 1, the forms dr(y) and Yp(g) are isotropic. In the case d = 2, this
obviously means that ¢ ~ ¢. If d = 4, then ¢ ~ ¢ by Wadsworth’s theorem [28].
Thus, we may assume that d = 6. We need the following assertion concerning the
isotropy of 6-dimensional forms.

LEMMA 3.2. (see [4, 13, 16, 21]). Let ¢ and v be anisotropic 6-dimensional forms
such that ¢p(y) is isotropic. Then either ¢ ~ 1) or ¢ is a 3-fold Pfister neighbor. [

In view of this lemma, we may assume that ¢ is a Pfister neighbor of a 3-fold
Pfister form 7. Since ¢ p(4) is isotropic, it follows that mp(4) is isotropic. Hence ¢ is
a Pfister neighbor of 7. Therefore, ¢ ~ (7 — {(d+d))an and ¢ ~ (7 L — {d+ ) an-
Thus, it suffices to verify that di¢ = dr1p. This is a consequence of the following
chain of equivalent conditions

a=d+¢ < iw(dp(ya) =3 € iwWpm) =3 a=dyyp
The proof is complete. |

Now, we begin to study even-dimensional forms of dimension > 8.

LEMMA 3.3. (see, e.g., [27]). Let ¢ and ) be half-neighbors. Then ¢ ~ 1.
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For the reader’s convenience, we cite the proof (which, in fact, is trivial).

Proof. The condition ¢ o 1 means that dim ¢ = dim, and there exist s,r € F*
such that s¢ L r¢p = m € P.(F). Let L/F be a field extension. If both ¢7, and v,
are anisotropic, then iy (¢r,) = 0 = iw (¢r). If at least one of the forms ¢, or vy,
is isotropic, then 7y, is also isotropic. Taking into account the condition 7 € Py (F),
we conclude that 7y, is hyperbolic. Therefore, s¢y, = —riy in the Witt ring. Since
dim ¢ = dim ¢, we have s¢r, ~ —rir,. Hence iw (ér,) = iw (¢r1,)- O

The following lemma shows that there exist examples of nonsimilar half-
neighbors.

LEMMA 3.4. (see [6], [8]). For any n > 3, there exists a field F' and 2™-dimensional
half-neighbors ¢ and 1 such that ¢ + 1.

As a consequence of this result, we see that, for any n > 3, there exists a pair of
2" dimensional forms ¢ and ¢ such that ¢ ~ ¢» and ¢ 4 . In particular, Proposition
3.1 cannot always be generalized for 8-dimensional forms.

Nevertheless, for 8-dimensional forms with trivial determinant, we have the fol-
lowing

PROPOSITION 3.5. Let ¢ and ¢ be 8-dimensional forms with trivial determinant.
Then the following conditions are equivalent:

(1) ¢~ ;

(2) ¢r(y) and p(y) are isotropic;

(3) ¢ and ¢ are half-neighbors.

Proof. The implications (3)=-(1)=-(2) are obvious. The implication (2)=-(3) follows
immediately from the results of A. Laghribi [16], [15], [14]. O

4. GENERALIZED ALBERT FORMS

In this section, we construct examples of nonsimilar ~-equivalent forms based on
the so-called generalized Albert forms.

DEFINITION 4.1. A generalized Albert form (or n-Albert form) is a form of type
qg=m" L —7', where ' and 7' are pure parts of n-fold Pfister forms = and .

REMARK 4.2. e Any n-Albert form has dimension 2(2" — 1).

e Suppose that ¢ is an n-Albert form. By [2, Proof of Prop. 4.4], the anisotropic
part qq, looks like gon = {a1,-..,am)) q', where ¢’ is an anisotropic (n — m)-
Albert form. In particular, dim ¢,,, has dimension 2™-2(2"~"™—1) = 2(2" —2™),
where 0 < m < n. We say that m is the linkage number of the n-Albert from gq.

e Every 1-Albert form has the form ¢ = ((a))’ L — (b)) = (—a,b). Hence any
2-dimensional form is a 1-Albert form.

e Every 2-Albert form has the form

q = (a1,a2)’ L — (b1,b2)) = (—a1, —az,araz,bi, by, —bybs).

Thus, a 2-Albert form is the “classical” 6-dimensional Albert form.
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Our interest in n-Albert forms is motivated by the following observation of A.
Vishik (see [27]): if 1 and gz are n-Albert forms such that ¢ = ¢z (mod I"*1(F)),
then q1 ~ q2.-

The following question is due to Lam [18, Item (6.6), Page 28].

QUESTION 4.3. Let q; and go be n-Albert forms such that ¢ = q» (mod It (F)).
Is it always true that q1 ~ g2 ?

The answer to this question is obviously positive in the case n = 1. In the case
n = 2, the answer is also positive. This is a version of a Jacobson’s theorem (see, e.g.,
[19, Prop. 2.4]). In this section, we construct a counterexample to this question for
any n > 3.

THEOREM 4.4. There exists a field F' and anisotropic 3-Albert forms q1 and q> over
F such that ¢ = go (mod I'*(F)) and g1 # q>. In particular, the answer to Question
4.8 is negative in the case n = 3.

Proof. We need the following theorem of Hoffmann.

THEOREM 4.5. (see [6, Th. 4.3]). There exists a field k and anisotropic 8-dimensional
quadratic forms over k,

¢1 = s1{a1,b1)) L —k1 {1, d),

¢2 = 52 {(a2,02)) L —k2 (2, d2))
such that ¢y = ¢o (mod I*(k)), ind C'(¢1) = ind C(¢a) = 4 and ¢; # ¢o. O
REMARK 4.6. In fact, the formulation of Theorem 4.3 in [6] differs from the one
presented above. In his theorem, Hoffmann has constructed a pair ¢, € I*(k) of

8-dimension quadratic forms such that ¢ # ¢ and ¢ he 1. Clearly, changing 1 by
a scalar, we may always assume that ¢ = 1 (mod I'*(k)). To obtain Theorem 4.5,
it suffices to show that we may always take ¢ and 4 in the form of direct sums of
forms belonging to GP;(k). In the proof of [6, Theorem 4.3] it is so for the form ¢
(the explicit formula for ¢ in [6] shows that ¢ contains a subform a (1, z,y,zy)). The
required statement concerning v is obvious since iw (V=) = iw (¢p(y=z)) > 2-

Now we return to the proof of Theorem 4.4. Under the conditions of this theorem,
we obviously have (a1,b1) 4+ (c1,d1) = ¢(¢1) = c(d2) = (az,b2) + (2, d2). Hence there
exists an Albert form p (of dimension 6) such that ¢(¢1) = ¢(d2) = c(p). Hence
ind C(p) = ind C(#1) = 4. By an Albert’s theorem, p is anisotropic (see [1, Th. 3] or
[26, Th. 3]). Since (a;,b;) + (¢, d;) = c(p) for i = 1,2, there exist r; and r2 such that

(a1, 01)" L = {er,di)’ = rip,
(az,b2))" L = ez, do))’ = rap.
In the Witt ring W (k(t)), we have
tp — di = tri({ai, bi)) — (ei, di)) — (si (@i, bi)) — ki {ci, di))
=tri({a;, bi)) — tris; (a;, b)) — tri((ci, di)) — trik; {ci, i)
= tri((ai, bi, trisi) — (ci, di, trik:)).
We set ¢; = (a;, b;, trisi))' 1 —{ci, d;y triki»' and F' = k(t). Since tp—¢; = tr;q; in the
Witt ring W (F') and dim(tp L —¢;) = 6+ 8 = 14 = dim ¢;, we have tp L —¢; ~ tr;q;.
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Since p and ¢; are anisotropic, ¢; is also anisotropic by Springer’s theorem (see [17,
Ch. 6, Th. 1.4] or [23, Ch. 6, Cor. 2.6]).
Now, we need the following obvious assertion.

LEMMA 4.7. (see, e.g., [6, Lemma 3.1]). Let p1, 2, v1,v2 be anisotropic quadratic
forms over k. Suppose that the form pi L tvy is similar to us L tvs over the field of
rational functions k(t). Then

o cither puy ~ po and vy ~ v,
® or g ~ Vs and vy ~ 3. O

Since ¢ % ¢2 and dimp < dim¢; = dim ¢, Lemma 4.7 shows that (tp L
—¢1) £ (tp L —¢o). Hence q; # go. On the other hand, the conditions q;,qs € I?(F)
and ¢1 = ¢» (mod I*(F)) imply that

a=triqr=(p L —¢1) = (tp L —ps) =tragy = g2 (mod I*(F)).

Thus, we have proved that ¢; and ¢y are anisotropic 3-Albert forms such that g¢; = ¢
(mod I*(F)) and q; # ¢2. The theorem is proved. O

COROLLARY 4.8. For any n > 3, there ezists a field E and n-Albert forms v, and
over E such that v, = 72 (mod I (E)) and 1 # v2. In other words, the answer
to Question 4.3 is negative for any n > 3.

Proof. Let ¢1, g2 and F be as in Theorem 4.4. We write ¢; and ¢ in the form ¢; =
m L =7, ¢ =7 L —71 with my, 72, 71,72 € P3(F) and put E = F(x1,...,Zn—3)
and

= (m (@1, 2n3) L (11 (21, ..o, 2as)),
Y2 = (77'2 «1'1, e ,CEn_3>>)I 1 _(T2 «3171, e ,iL”n_g»)l.

Obviously, v; = ¢; {1, - . -, Zn—3)) in the Witt ring W (E). Since ¢; = ¢» (mod I'*(F)),
we have 71 = 72 (mod I""(E)). Since q1 # ¢2, we have q1 (%1,...,Zn_3) #
g2 (z1,-..,2n_3) (see, e.g., Lemma 4.7). Hence vy, # 7. O

We have constructed a pair of n-Albert forms 4, and 7, such that y; ~ 4 and
Y1 # 2. Obviously, in our example, we have dim(7;)a, = 2" 2 -14 =27"3(23 - 2) =
2(2" — 273). In other words, both n-Albert forms ; and + are (n — 3)-linked. We
can generalize this example as follows.

THEOREM 4.9. For any n > 3 and m such that 0 < m < n — 3, there exists a field F
and n-Albert forms q and qz over F such that ¢ = g (mod I"TY(F)), q1 # q2, and
dim(q1)an = dim(g2)an = 2(2™ — 2™).

Here we only outline the proof of the theorem.

Step 1. Tt suffices to prove this theorem only in the case m = 0 (this means that
q1 and ¢o are anisotropic). After this, the general case can be obtained in the same
way as Corollary 4.8.

Step 2. Consider a field E and n-Albert forms v; and 7, as in Corollary 4.8.
Since v; = ¥ (mod I"t!(E)), there exist my,...,mn € Pny1(E) for some integer N
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such that y3 — 72 = Zf\il ;. We consider the quadratic forms

ql = <<1'17---7xn>>, 1 - <<yla"'ayn»,7
Go= (21, zn) L —((t1,...,ta),
T :J_ﬁil «Ui,l, ey ui,n+1>> .

over the field of rational functions
E=E(@1,...,%n, Y1, 1 Yns 215> Znstis ooy bny Ur 1, o, UN 1)

Obviously there exists a place § : E — E such that §; Y1, G2 — 72, and
(uwiny. - sUimyr)) — m for all i = 1,...,N. Since 74 — 12 = Zi\il 7;, the form
5.(G1 L —¢> L —7) is hyperbolic.

Step 3. We define the field F' as a “generic” extension F/ E such that (G,)r —
(G2)F = Tr. More precisely, we set F = Ej,, where Ey, Ey,..., Ej is the generic
splitting tower for the E-form §; L —g, L —7. We claim that the F-forms ¢, Def (G1)F

and ¢ Dot (G1)F satisfy the hypotheses of Theorem 4.9. Since ¢; — ¢» = 75, we have
q1 = ¢2 (mod I"T(F)). Thus, it suffices to verify that ¢ and go are anisotropic and
q * Q.

Step 4. Using properties of generic splitting fields (see [23, Ch. 4, Cor. 6.10] or
[11, Th. 5.1]), we can extend § : E — Etoaplace s : F — E. Obviously, s.(q1) =1
and s.(g2) = 2. Therefore, the condition 7, # ~2 implies g1 # ¢o.

Step 5. To prove that ¢; and ¢o are anisotropic, it suffices to construct a field
extension K/E with the same key property as F (i.e., (§i)x — (G2)x = 7x) and
such that () and (¢2)x are anisotropic. Since F/E is a “generic” extension,
we necessarily get that ¢¢ = (¢1)r and ¢ = (¢2)F are anisotropic. The following
extension K/ F has the required properties:

KZE( ﬂ,..., w—n, 27..., yl,,/ul71,...,,/uN71).
zZ1 Zn t1 tn

The “sketch” of the proof is complete. In fact, Steps 4 and 5 are the most difficult
points. We refer the reader to the paper [7, Proof of Lemma 2.2], where similar
arguments (as in Step 5) are presented with complete proofs.

COROLLARY 4.10. For any m and n such that 0 < m < n — 3, there exists a field
F and anisotropic 2(2"™ — 2™)-dimensional forms q1 and q» over F such that ¢ ~ ¢»
and q1 # qo.

5. OPEN QUESTIONS

Obviously, Theorem 4.9 cannot be generalized to the cases m =n—1and m =n
because in these cases the anisotropic parts of n-Albert forms either belong to G P, (F')
or are zero. There is only one case, where we cannot say anything definite. Namely,
m = n — 2. For this reason, we propose the following modification of Lam’s Question
4.3.

CONJECTURE 5.1. Let 1 and g2 be Albert forms (i.e., 6-dimensional forms with triv-
ial discriminants). Let ¢1 = {(a1,...,ar) ¢1 and ¢o = ((b1,...,b;)) 2. Suppose that
¢1 = ¢2 (mod Ik+3(F)) Then ¢1 ~ ¢2.
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We note that, in this conjecture, we always may assume that a; = b; for i =
1,...,k. Indeed, putting m = ({a1,...,ax)), we obtain (¢2)r(r) = (¢1)r(x) = 0
(mod I**1(F(7))). By the Arason—Pfister theorem, we conclude that ¢, is hyperbolic
over the field F(r). Hence ¢5 has the form ¢» = wgh = (a1, ..., ar) ¢5. Comparing
dimensions, we get dimgq) = 6. Let us write ¢} in the form ¢5 = (c1,...,c6) and
set ¢ = (c1,...,¢5,¢5), where ¢ = —¢y ...c5. We have 7 (cg, —cf) = wgh — wqhy =
b2 — gy € IFT2(F) + I*(F)-I1*(F) = I*2(F). Since dim 7 (cg, —cj) = 2F -2 < 2k+2,
the Arason—Pfister theorem shows that 7 (cg, —c§) is hyperbolic. Hence mgh = wqh.
Therefore, ¢o = 7@y = {ai,...,ar)) ¢¥. Since ¢4 is an Albert form, we have proved,
that the conjecture reduces to the case where b; = a;. O

Another question concerning the ~-equivalence is motivated by the results of §3
and §4. First of all, in view of Lemma 3.4 and Corollary 4.10, we have the following
assertion.

PROPOSITION 5.2. Let d be an integer belonging to the set
{2"n > 3yu {22 —1}i>1,j > 3}

Then there exist anisotropic d-dimensional quadratic forms ¢ and ¢ over a suitable

field such that ¢ ~ 1) and ¢ £ 1. O
Here we state the following

PROBLEM 5.3. Describe the set VE of all integers d for which there exist anisotropic
d-dimensional quadratic forms ¢ and ¢ over a suitable field such that ¢ ~ ¢ and

¢ # 1.

We know almost the full answer to this problem. The results of the previous
sections imply that V& C {8,10,12,...,2i,...}. Besides, we can prove that any even
integer > 8 (except possibly 12) belongs to VE.
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ABSTRACT. We investigate stability of matter of the Hartree-Fock functional
of the relativistic electron-positron field — in suitable second quantization —
interacting via a second quantized Coulomb field and a classical magnetic
field. We are able to show that stability holds for a range of nuclear charges
Z1,.., 2 < Z and fine structure constants « that include the physical value
of a and elements up to holmium (Z = 67).

Keywords and Phrases: Dirac operator, stability of matter, QED, general-
ized Hartree-Fock states

1 INTRODUCTION

Electrons and positrons can be described just interacting with themselves and the
electromagnetic field. However, in many interesting applications these particles do not
exist separated from the rest of the world but interact with nuclei, in fact very often
with many nuclei. It is therefore of interest, to investigate the stability of quantum
electrodynamics, the basic theory describing relativistic electrons and positrons, when
coupled to many nuclei. A standard model to incorporate nuclei is to assume them as
external sources of the electric field and minimize the energy over all possible pairwise
distinct nuclear positions. This is known as the Born-Oppenheimer approximation.

Stability in the context of field theory means, that the energy is bounded from
below by a multiple of the number operator of the electron-positron field plus a
constant times the number of nuclei involved. In fact, we would like to show positivity
of the energy.

The purpose of this paper is to make a step towards this direction. Based on
paper of Chaix et al. [4] we showed [2] that the Hartree-Fock functional of the vacuum

! Financial support of the European Union through the TMR network FMRX-CT 96-0001 is
gratefully acknowledged.
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and of atoms with sufficiently small nuclear charge is nonnegative (with or without
self-generated magnetic field) provided the Sommerfeld fine structure constant o = e2
is also small where e is the elementary charge unit. These results included the physical
value a & 1/137 and atoms with atomic number up to 67 (holmium). Here we show
that positivity even holds when the number of nuclei is no longer restricted, in fact
without any essential loss: it holds again up to holmium for the physical value of a.

Our paper is organized as follows: For the readers convenience we fix some nota-
tions in Section 2 and Appendix B. Some inequalities used in the proof are collected
in Appendix A. Section 3 contains our positivity result for the Hartree-Fock func-
tional disregarding the magnetic field. Section 4 extends this to the case when the
self-generated magnetic field of the particle is taken into account on a classical level.

2 DEFINITION OF THE PROBLEM

Before stating our problem precisely, we fix our notations following [2]. (See also
Appendix B for additional notations.)

DirAC OPERATOR The operator for a particle of charge —e, in magnetic field V x A
and interacting with K nuclei of same charge is

1
DAY = q - (;V +eA) +mpB + €%V,

acting in the four components vector space $ = L?(R*)®C*. The 4 x 4 matrices
a and 3 are the Dirac matrices in the standard representation [14]. The vector
potential A is assumed to be such that the magnetic induction B = V x A is
square integrable. The multiplication operator —eV is the electric potential of

K nuclei with charge eZ located at Rq,... ,Rk, i.e.,
K
VA
k=1

Note that DAV is self-adjoint with form domain H'/?(R*) ® C* under the
assumption on e and Z stated in Theorems 1 and 2.

ENERGY OF A STATE We define © to be the set of all states p with finite kinetic en-
ergy, i.e., Z@jez(DO’O)i,j p(: ¥F¥;: ) converges absolutely where colons denote
normal ordering where we fixed an orthonormal basis such that all basis vectors
e; arein H'/2(R?)®C*. We denote by (DAV); ; = (e;, D*Ve;), and by Wi jix s,
the matrix elements of the two-body Coulomb potential W(x,y) = 1/|x — y|,
ie.,

Wi jia = (€5 @ e, Wep @ e)) = / dac/ dy ei(x)ej(y)er(z)er(y)
G G Ix -yl

where dx denotes the product measure (Lebesgue measure in the first factor and
counting measure in the second factor) of G := R® x {1,2,3,4}. The energy of
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a state p € ® is thus

Eavalp) = Z (DAY)ijp(: @352 ) +alU
i,jEZ
o' N 1
+3 > Wiwan(: \Iriqumlmpk:)+8—7r B2, (2)
1,5,k lEZ

with U := 37, . r<x Z° /IRy — Ry describing the energy of the nuclei.

ENERGY OF GENERALIZED HARTREE-FOCK STATES Following the proof of Theo-
rem 1 in [2], we can show that for all generalized Hartree-Fock states p € Dpp
(see Appendix B), the energy (2) can be rewritten as a functional of I',, the
1-pdm of p:

Envinlp) = X510 =@V ) 40U+ 5 [ sty U2IL 4 by, )

WE)P . 1 [
2/dd|—y|+ /B .

where D(f,g) := (1/2) [0 dxdy f(x)g(y)|x — y| ! is the Coulomb scalar prod-
uct, v(x,y) = 3, iezleivej)ei(@)e;(y), v(@,y) = 32, jeq(ei, vej)ei(w)e;(y)
(note the difference to v), and p,(x) := Zizl ~v(z,z). (We use the notation
r:=(x,0) € R® x {1,...,4}.) We also remind the reader that a = e?.

The main goal of this paper is to show positivity of Ea v,a(p) for quasi-free
states.

More notations can be found in Appendix B.

3 STABILITY OF RELATIVISTIC MATTER WITHOUT MAGNETIC FIELD

We prove here, in the case A = 0, that the energy functional £a v, defined in (2) is
positive on generalized Hartree-Fock states for suitable choice of the electron subspace
and a and Z small enough. More precisely, $4 = [X[0,00)(D%"*")](£) is the positive
spectral subspace associated to D®9 + aV,g, where

XTk
-7 Z < |x - Rk| @

Here Y, := {x € R* : |x—Ry| < |x—Ry|,Vk =1,..., K} denotes the x-th Voronoi
cell and y s is the characteristic function of the set M. Our first result is

THEOREM 1. Pick $1 = [X[0,c0) (D% Verr)]($)) as electron subspace. Let Ly/a,3 be the
constant in the Lieb-Thirring inequality? for moments of order 1/2. If € € (0,1),
a € [0,4/7] and Z € [0,00) are such that

1—e—72a?/16 —4(1/e — 1)a*Z* > 0,

2See Appendix A.
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Figure 1: The plain curve gives an estimate from below of the critical value of the
pair (o, aZ), for which the energy o v, is positive. For the physical value a =
1/137.0359895 we obtain aZ = 0.489576, i.e., Z ~ 67.089649. The dashed curve is
the one obtained in [2] in the case of a single nucleus of atomic number Z

and
2629671'.[/1/273(1/6 - ].)2

277 <1
105(1 — e — 202 /16 — 4(1/e — 1)a2zz)3/2a =4

then Eo v, s nonnegative on Dyr.

Remark that we do not assume that 0 is not in the spectrum of D% V=", This
means in particular that $); includes the null space of D%V, Note also that € is a
free parameter that we can use to optimize the value of a and Z. Instead of giving a
cumbersome analytic formula, Figure 1 gives the result when picking € suitably.

The proof of the theorem consists of five steps:

e Replace the Dirac operator D%V by DOVerr which is done by reducing the
Coulomb potential V' in each Voronoi cell to a one-nucleus/electron Coulomb
potential Vig.

e Dominate the exchange energy Wx by the kinetic energy.

e Control the difference of the kinetic energy and the energy of the modified Dirac
operator D%V=tt by applying the Birman-Koplienko-Solomyak inequality [3] to

obtain a Schrédinger like operator.

e Estimate the resulting expression by a localized Hardy inequality of Lieb and
Yau [12] going back to Dyson and Lenard [5].

e Apply the Lieb-Thirring inequality [10] for moment 1/2 to estimate the trace.

Proof. Set dy to be half the distance of the k-th nucleus to its nearest neighbor, then
the electrostatic inequality of Lieb and Yau [12], p. 196, Formula (4.4), implies with

DOCUMENTA MATHEMATICA 3 (1998) 353—-364



STABILITY OF MATTER 357

Sova > tr(D%Vv)+alU +aD(py,py) /d dy —y|
> tr(D%Ver) aZ2 Zd - /d d % (5)
Using Kato’s inequality (see Appendix A) and then Inequalities (22) and (23) we get
S [P0 g4y <)o 177 < wgpo2p)
T si=1

< tr(|DO0 (v —7-2))- (6)

So far we have not used the choice of the subspaces $; and $_ specified in the
hypothesis. In order to control the trace in (6) with the trace on the right hand
side of (5), we now use that $, is the positive spectral subspace of D%Vt ie.,
91 = [X[0,00) (DOY*)] (9). This implies tr(D%Vey) = tr(|DOVerr|(yy 4 — y-_)),
and thus

K
aZ?

T —
Eoa 2 tr[(IDV| = TEDO0) (ves —1-0) | + 2= (D)
k=1

If we bound below the trace on the right hand side of (7) by using the Birman-
Koplienko-Solomyak inequality [3] (see also Appendix A), and noting that 0 < v 4 —
v—_— < 1, we obtain

tr [(IDY] — an DO /4]) (g = 7-2)] 2 = r (IDV| — am| DO /4)_
Z _tr{[(DO,Veff) 7T a (DO 0) /16]1/2}
> —tr{[(1— e = 722 /16)(DO°)? — (1/e = )a?V] "} (®)

where the subscript minus denotes the negative part (|A] — A)/2 of the operator A.
To bound the trace on the right hand side of (8) from below, we use the localized
Hardy inequality of Lieb and Yau [12, Formula (5.2)] (see also Appendix A), K times
with k =1,..., K and By := By, (Ry), we have

IREIREE i:j ([ GGemp - 20+ 55 D) e . o

Inequality (9) together with (8) gives

Eov,a > —tr{ [ (1 —e—a’n?/16 — 4(1/e — 1)a*Z*) (D*°)?

1

2 K
XY \Bk 4 |X—R,k|2 : OéZ2 1
(1/e—1) 2Z2 5 -1+ —— — .
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Using the Lieb-Thirring inequality (see Appendix A) for the exponent 1/2 in (10)
implies

—L1/2 3(— - 1)2 1z Z/ 1 x
(1——6—7@0@/16—4“1/6—]_a2Z23/2 TABk|X“R%H

K 1 |x — Ry |? aZ?
— Ry .
k=1 k k=1

aZ? w3+ 64(1/3+1/10 + 1/112)L; ;5 5(1/e — 1)20*Z* | &
8 B 2,2 7 3 de '
(1-e— & —4(1/e—1)a222)? k=1

507V,oz Z

>

Note that the numerical value of the Lieb-Thirring constant L5 3 does not exceed
0.06003. In (11), we have estimated the first term in the parenthesis with Inequality
(4.6) in [8]. O

4 INCLUSION OF THE MAGNETIC FIELD

We now consider the whole energy functional £a v, given in (3), i.e., we include also
magnetic fields B := V x A of finite field energy.

THEOREM 2. Take §4 = [X[0,00)(D*V")]($). If e € (0,1), € € (0,00), a € [0,4/7]
and Z € [0, 00) verify

1—e—72a?/16 —4(1/e — 1)a®Z* > 0, (12)

262967 Ly /5,5(1/¢ — 1)>(1 + ¢')

372 <1 13
105(1 — e — w22 /16 — 4(1 /e — 1)a2z2)3/2a =5 (13)

and

87TL1/2,3(1 — 6)2(1 + 1/6’)
(1 —c—%a2/16 — 4(1jc — )a222)7

a<l1 (14)

then Ea v,a is nonnegative on Dpp.

Again, note that € and € are free parameters that can be picked arbitrarily
within the given ranges. However, we refrain to give cumbersome optimal expressions.
Instead we — once again — optimize numerically, insert, and show the result in Figure
2.

Proof. By the (relativistic) diamagnetic inequality (see, e.g., the appendix of [8], see
also Appendix A)

S [ e [t fix - v1 < T 7] = iV + VaAl) (15)
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Figure 2: The plain curve gives an estimate from below of the critical value of the
pair (o, aZ), for which the energy £a v, is positive. For the physical value a =
1/137.0359895 we obtain aZ ~ 0.48899985, i.e., Z ~ 67.0105779. The dashed curve
shows the critical curve obtained in [2] in the case of a single nucleus. The numerical
value where both curves cut the abscissa is ag ~ 0.5235.

Now, following the proof of Theorem 1 using (5) to (8) and (15), we obtain for
N4 1= [X[0,00) (DY=1)]($) and for any € € (0,1)

__ A0 _« ly(z, )
T :=tr((D™" + aVer)y) 5 / Ty dxdy

A,0\2 1 2 2 >’ . 2%
>—trq [(1—¢)(D*) — (= = Da*Vegr T —zV+\/5A|
€

1
2

> —tr{ (== ) iV + VAT ~ (; — DaVia® - (1 —e>\/a|B|]_}.

Combining first (9) with the nonrelativistic diamagnetic inequality for Schrodinger
operators (Simon [13], see also Appendix A) gives

/R (Y VEA)f ()

> i:j (f k (5w - Z1+ %)) faPdx) . (10

Using this inequality we are able to control the |x — Ry|™? singularities for V% in
balls of radius d; around Ry by a piece of (—iV + /aA)?2. This gives

ma’ 1 2 72 ; 2
T > —tr 1—e— 16 —4(=-1)a’Z% ) | —iV ++aA|]® — (1 —€)Va|B|
€

1 2 r72 K XTk\Bk(X) 4 |X—Rk|2 2
_(E - ]-)a Z Z (m - d_i(l + W)XB,C(X))] }

k=1
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The Lieb-Thirring inequality for the moment 1/2 implies

—Lyyas / o2 2[ XTk\Bk
T > ’ A
T (l—e— =2t gl _1)g272)" Js Z IX—RkI2
K1 xR :
+43 = 1+7’“ XBi(x)| + Va(l —€)|B
@ Ad?

—L
> 1/2,3

2,2

gt sy

X1\ By ( |X_Rk|
{Z/Rg |xk_]_2: |4d +16Z d4/ < XBk(X)dx

+(1+l,)(1—e)2a/ B?dx}.
€ R3

Collecting all terms and using the previous inequality gives with § := 3 + 64(1/3 +
1/10+ 1/112) — for any €' € (0, 00) and under assumptions (12)-(14) —

1
7 {(1 +)(Z ~1Pa'z!

Eavia > tr[(DA0+aVer)y /'7 dd +—Zd + [ B?
R3
2 [ 8moLyja(t — 121 '322_K
> aZ 1 mdL1 /2 3( (1 +¢€)a - Zdlzl
8 (-e-m2 4t -1a222)" | S
i 8L 1—e)?(1+ & ]
-I-i 1 G 1/3,32( ) (1+ 7)o - / B2.
87 I (I_G_ﬂlg _4( ) 2z2) R3

A INEQUALITIES

BKS INEQUALITY Let p > 1 and consider two non-negative self-adjoint linear oper-

ators C' and D such that [C? — D”]l_/ P is trace class. Then [C' — D]_ is trace
class

tr[C' — D]_ < tr[CP — DP]M/P
(Birman, Koplienko, and Solomyak [3], see also [9]).

DIAMAGNETIC INEQUALITIES Let A € L7 (R3,R?), then, for all u with |u| € H'(R?)

[ < [ 17 = Ay
(Simon [13]) and for all u € D(|p|)

(lul, Ipl [u]) < (u, Ip + Alw)
(see [8, Formula (5.7)]). (Note that we allow for the right side to be infinite.)
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ELECTROSTATIC INEQUALITY Let v be any bounded Borel measure on R?, then with
the notations of Theorem 1 we have [12, Lemma 1]

dv(x W7 % .
/IR3 /IR3 |X—y| _a/R3(V(X) _%H(X))dl/(x) + aU Z T;d_k

KATO’S INEQUALITY Let Hy be the closure of the essentially self-adjoint operator
—A on C§°(R?). Then for u € D(Hé/Q) and a € R?, ([7, chap. V, §5, Formula
(5.33)])

™
[ b=l uGx < 5 [ klladodk < 7 (Holu, w)
R3 R3

LocALIZED HARDY INEQUALITY Let R be any point in R? and d any positive real
number. If B;(R) denotes the ball in R® with center R and radius d, then, for
any f € L?(Bq(R)) such that Vf € L?(B4(R)) we have [12, Formula (5.2)]

x> R
/BAR)'W( Sl >d2/BdR)<4|x—R|2 (1+ =) ) [f(x)Pdx.

L1EB-THIRRING INEQUALITY (d = 3, v = 1/2) Given a positive constant p, a real
vector field A with square integrable gradients, and a real valued function V in
L?(R?), we have for Vi := (|V|+V)/2

. 1/2 1/2 3 2
tr{ [(—ipV — A)? -V < V.
{1 poviPyemas | v
(see Lieb and Thirring [11] for the case A = 0 and Avron, Herbst, and Simon
[1] for the general case).

B NOTATIONS

We collect some additional notation that was already used in [2]:

Fock SPACE AND FIELD OPERATORS For a given orthogonal decomposition
L2(]R3) @ Rt = H+ P H_ into the one-particle electron and positron sub-
space, one constructs, following [14] (see also [6] and [2]), the Fock space §. We
denote the orthogonal projections onto ) and §  are denoted by Pg, and
Pg_ respectively. For any f € §, we also denote the particle annihilation (re-
spectively creation) operator by a(f) (respectively a*(f)) and the antiparticle
annihilation (respectively creation) operator by b(f) (respectively b*(f)). (Note
that — according to the convention used in [6] and also here — a(f) = a(Ps, f)
and b(f) = b(Pgs_f).) They fulfill the canonical anticommutation relations for
all fand gin 9

{a(f), alg)} = {a”(f), a*(9)} = {b(F), b(9)} = {b"(f), b*(9)} =0,  (17)

{a(f)a a*(g)} = (fa PfJJrg)a {b*(f)ab(g)} = (fa Pfjfg) (18)
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where { , } denotes the anticommutator.

For any f € §), the field operator is the antilinear bounded operator

U(f) = a(f) +b*(f)

acting in §. Its adjoint is linear and equal to ¥*(f) = a*(f) + b(f). Given an

orthonormal basis {...,e_2,e_1,eq,€1,...

} of $), where vectors with negative

indices are in $_ and vectors with nonnegative indices are in $;, we denote
a; := a(e;), a¥ :=a*(e;), b; := b(e;), bF := b*(e;), U; := a;+bf and ¥F := af +b;.

K3

ONE-PARTICLE DENSITY MATRIX A trace class operator I" on §) x § is called a one-
particle density operator (1-pdm), if

I'=T*and -1<TI'<1.

with
v* =5 and v’ = —v (20)

where the superscript ¢ refers to transposition, i.e., given our basis fixed
initially, the matrix elements of B* are (B*); ; := Bj ;.

Since the Hilbert space § is the orthogonal sum of $; and $)_, we can write

T++ Y+— U++ V-

r=|7"+ 7 v+ v~

Vip VIp T+ -

(T Vo AT
with v = Po,vPs,, v4— = Py, YPs_, 7—4+ = Py _vPs, = 7} , and
Y—— = Pg_7Py_ appropriately restricted. Similarly vy = Py vPs_,
Uy— = Py, UPs_, v_y = Py_vPy, = —v'_, and v__ := Py_vPs_ also

appropriately restricted.

For each state p € D, we define the associated 1-pdm I', by its matrix elements

as

(h, Tog) = p (- [9(g1) + T (@) (1) + 9" (Ro)]: ) (21)

where h := (hy, h2) € $2, g := (g1, g2) € H? and given f = Y okez AkCr, We
define f = Y okez Arer. The colons denote normal ordering, i.e., anticommuting
all stared operators to the left ignoring the anticommutators. Note that for a
fixed basis, I', is uniquely defined. The matrix elements of I', are thus v; ; =

p(: Ui, ), (v4+)iy = plajai), (v4+-)iy = pbjai), (v—-)ij =

—p(b;b;) and

vig = p( ), (Vg )i = plajai), (Vi-)ij = p(bjai), (v—-)i; = p(b;b}).
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We also recall that

Y+ (22)
—y__. (23)

Vit + V-Vt
YoYr- +7

IN A

holds [2].

STATES — GENERALIZED HARTREE-FOCK STATES A state is a bounded positive lin-
ear form p on the space of bounded operators on § with p(1) = 1. The set of
generalized Hartree-Fock states (or quasi-free states with finite particle number)
is the set of states p that fulfill

i) For all finite sequences of operators di,ds,--- ,d2k, where d; stands for
a(f), a*(f), b(f), or b*(f), we have p(dids -+ - dax—1) = 0 and

pldids -+ dyg) = Z sgn(0)p(dy(1)ds(2)) - p(ds2k —1)do(2K))
gES

where S is the set of permutations ¢ such that o(1) < ¢(3) < -+ <
02K — 1) and 0(2i — 1) < 0(2i) for all 1 < ¢ < K. This implies in
particular

p(didadsds) = p(didz)p(dsds) — p(dids)p(dada) + p(dids)p(dads). (24)

ii) The state p has a finite particle number, i.e., if N := 37, (aja; + b}b;)
denotes the particle number operator, we have p(N) < 0o, or equivalently,
written in terms of the one-particle density matrix, tr(vyy —vy——) < oc.

We write D g for the set of all generalized Hartree-Fock states p with finite
kinetic energy, i.e., 3=, ;7 (D%%); jp(: ¥ ¥;: ) is absolutely convergent.
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