Comment.Math.Univ.Carolin. 46,1 (2005)137–143 137

A note on the centralizer of topological isometric extensions

Artur Siemaszko

Abstract. The centralizer of a semisimple isometric extension of a minimal flow is described.

Keywords: topological dynamics, isometric extensions, centralizer

Classification: Primary 37B05; Secondary 54H20

If S : X −→ X is a homeomorphism of a compact metric space X then a pair (X, S) is called a compact metric flow. Such a homeomorphism “generates” a continuous action of the group Z on X:

X × Z ∋ (x, n) −→ S^n(x) ∈ X.

A flow (X, S) is called minimal if for every closed subset F ⊂ X with S(F ) = F either F = ∅ or F = X. Equivalently, (X, S) is minimal iff every orbit is dense in X: cl{S^n(x) : n ∈ Z} = X for each x ∈ X.

Let us consider the following commutative diagram

(1) X ψ � φ � � � � �

Y_π � Z

where X = (X, S), Y = (Y, T ), Z = (Z, U) are compact metric flows and φ is a group (say G-) extension. In a case of Z being minimal, Y is called an isometric extension of Z. As a straightforward corollary of Theorem 3.1 of [3] we have the following.

Proposition 1. Assume that in (1) Z is minimal. Then every minimal subflow of Y is an isometric extension of Z.

Proof: Let N ⊂ Y be a minimal subset. Take a minimal subset M ⊂ ψ^{−1}(N). By Theorem 3.1 of [3], there exists a closed subgroup H < G and a homomorphism

Research partly supported by KBN Grant 5 PO3A 027 21.

ϕ : (M, S) −→ Z such that ϕ is an H-extension. Since for every x ∈ M, ϕ(x) = φ(x) and obviously ψ(M) = N, we have the following commutative diagram

(M, S)

ψ|_M � ϕ � � � � (N, T )_{π|N} � Z

thus (N, T ) is an isometric extension of Z. □

Remark 1. In Theorem 3.1 of [3] Z is assumed to be a minimal rotation. Nevertheless, the arguments are valid for an arbitrary minimal flow.

Remark 2. If we assume that in (1) Y is semisimple, the above proposition “allows” us to consider only isometric extensions of Z.

It is well-known that if in (1) Y is a minimal isometric extension of Z, then X can be assumed to be minimal and one may easily verify that X is a K-extension of Y, where K = {g ∈ G : ∀_{x∈X} ψ(gx) = ψ(x)} and that π^{−1}(z) is homeomorphic to a homogeneous space G/K for every z ∈ Z.

We will be interested in special kinds of isometric extensions, which are factors of “cocycle” extensions of minimal flows. Let Z = (Z, U) be a minimal flow and α : Z −→ G be a continuous function (called a topological cocycle) with values in a compact topological group. We define a homeomorphism U_α : Z × G −→ Z × G by U_α(z, g) = (Uz, α(z)g). Of course (Z × G, U_α) is a G-extension of Z. Now let K < G be a closed subgroup. We define a homeomorphism U_{G,K,α} : Z ×G/K −→ Z ×G/K by U_{G,K,α}(z, gK) = (Uz, α(z)gK). Then, obviously, (Z ×G/K, U_{G,K,α}) is an isometric extension of Z.

Remark 3. We can realize a group extension φ : X −→ Z as a topological cocycle if and only if there is a continuous selector of the homomorphism φ (i.e. there exists a continuous map j : Z −→ X such that φ ∘ j = Id_Z ).

Let us now consider the situation described by the following commutative diagram:

(Z × G^′, U_α′ )

ψ^′ � φ^′ � � � � (Z × G, U_α) φ � � � � ψ � (Z × G^′/K^′, U_G′_{,K}′_{,α}′ )_{π′} � (Z, U) (Z × G/K, U_{G,K,α}) π �

where φ, φ^′, π and π^′ are projections onto the first coordinate, while ψ and ψ^′ are natural projections along the second coordinate.

Our first aim is to describe those homomorphisms

t : (Z × G^′/K^′, U_G′_{,K}′_{,α}′ ) −→ (Z × G/K, U_{G,K,α}),

which are lifting of some element of

Aut(Z) = {S : Z −→ Z| S is a homeomorphism and S ∘ U = U ∘ S}.

The methods used in the proof of the next proposition, as well as in the rest of the paper, are adapted from the proof of Theorem 1.4 and other parts of [2]. The main difficulty is that, in contrary to the measure theoretical case, we do not have at our disposal continuous selectors for a continuous map, in general. So for instance not every group extension is a cocycle extension and we are not able to use transform functions (which are constructed with use of measurable selectors) to define some maps. Moreover, on various groups we have different topological structures (in this paper, on the centralizer we consider the uniform topology, while in the measure theoretical case the centralizer is furnished with the weak topology).

Proposition 2. Assume that

t : (Z × G^′/K^′, U_G′_{,K}′_{,α}′ ) −→ (Z × G/K, U_{G,K,α})

is a homomorphism between two minimal isometric extensions of Z for which there exists s ∈ Aut(Z) such that s ∘ π^′ = π ∘ t. Let K < G be irreducible (i.e. K does not contain nontrivial normal subgroups of G). Then

(i) there exist a continuous group epimorphism l : G^′ −→ G and a continuous function f : Z −→ G such that

(2) t(z, g^′K^′) = (s(z), f(z)l(g^′)K),

l(K^′) ⊂ K and

(3) l(α^′(z)) = f(Uz)^{−1}α(sz)f(z);

(ii) l^{−1}(K) = K^′ if and only if t is an isomorphism; (iii) if l|_K′ is one-to-one then K^′ < G^′ is irreducible;

(iv) if K^′ < G^′ is irreducible and t is an isomorphism then l is one-to-one and l(K^′) = K.

Proof: (i) First observe that (z, g^′, sz, g)^J−→ (z, g^′, g) establishes an isomorphism between ((φ^′ × φ)^{−1} Graph(s), U_α′ × U_α) and (Z × G^′ × G, U_α′_{×α∘s}), where (α^′ × α ∘ s)(z) = (α^′(z), α ∘ s(z)). Let us take a U_α′_{×α∘s}-minimal subset M ⊂ J((ψ^′ × ψ)^{−1} Graph(t)) ⊂ J((φ^′ × φ)^{−1} Graph(s)).

Let ρ : Z × G^′/K^′ −→ G/K be a continuous map determined by (4) t(z, g^′K^′) = (s(z), ρ(z, g^′K^′)). Since t is a homomorphism of flows, ρ satisfies (5) ρ(Uz, α^′(z)g^′K^′) = α ∘ s(z)ρ(z, g^′K^′). From (5) it follows that a continuous map

Z × G^′ × G ∋ (z, g^′, g)^F−→ g^{−1}ρ(z, g^′K^′) ∈ G/K is U_α′_{×α∘s}-invariant. Therefore F |_M is constant, hence there is k ∈ G such that

(6) ρ(z, g^′K^′) = gkK for every (z, g^′, g) ∈ M. Without loss of generality we may assume that k = 1_G, for if k ≠ 1_G, replace α, M and t by α_1(z) = kα(z)k^{−1}, M_1 = {(z, g^′, kgk^{−1}) : (z, g^′, g) ∈ M} and t_1(z, g^′K^′) = (s(z), kgk^{−1}K) if t(z, g^′K^′) = (z, gkK), respectively. Then all corresponding objects are isomorphic and ρ_1 : Z×G^′/K^′ −→ G/K (defined as above for t_1) satisfies ρ_1(z, g^′K^′) = gK for all (z, g^′, g) ∈ M_1.

Put H = {(g^′, g)| M(g^′, g) = M}. Then H is a closed subgroup of G^′ × G. □ Theorem 3 ([3, Theorem 3.1]). The flow (M, U_α′_{×α∘s}) is an H-extension of Z.

Now let N_G′ = {g^′ ∈ G^′ : (g^′, 1_G) ∈ H} and N_G = {g ∈ G : (1_G′ , g) ∈ H}. Both N_G′ and N_G are closed normal subgroups of H (by the assumption of minimality, H has full projections onto both coordinates).

Lemma 4 ([3, Lemma 3.4]). There exists a continuous group homomorphism ξ : G^′/N_G′ −→ G/N_G such that H = � g^′∈G^′

τ^{′−1}(g^′N_G′ ) × τ^{−1}(ξ(g^′N_G′ )),

where τ^′ : G^′ −→ G^′/N_G′ and τ : G −→ G/N_G are natural homomorphisms. Proof: Let us take k ∈ N_G. For each (z, g^′, g) ∈ M, (z, g^′, gk) ∈ M since (1_G′ , k) ∈ H. By the choice of M, we have t(z, g^′K^′) = (s(z), gK) = (s(z), gkK), hence k ∈ K. Thus N_G < K, hence by irreducibility of K < G, N_G = {1_G}. It follows that if l = ξ ∘ τ^′ then H = {(g^′, l(g^′)) : g^′ ∈ G^′}. Now put f : Z −→ G,

(7) f(z) = gl(g^′)^{−1}, if (z, g^′, g) ∈ M. Observe that if (z, g^′, g), (z, g^′_1, g_1) ∈ M then (g^{′−1}g^′_1, g^{−1}g_1) ∈ H and since l is a group homomorphism, f is well-defined. Obviously f is continuous. Therefore (4), (6) (with k = 1_G) and (7) give (2). Also, by (7) and the invariance of M, we have (3).

Now take k^′ ∈ K^′. Find z ∈ Z and k ∈ K such that (z, k^′, k) ∈ M. Then

(s(z), f(z)K) = t(z, K^′) = t(z, k^′K^′) = (s(z), f(z)l(k^′)K)

and thus l(k^′) ∈ K. Therefore l(K^′) ⊂ K.

(ii) If t is an isomorphism and g^′ ∈ l^{−1}(K) then we have

t(z, g^′K^′) = (s(z), f(z)l(g^′)K) = (s(z), f(z)K) = t(z, K^′),

hence g^′ ∈ K^′.

Now if l^{−1}(K) = K^′ and t(z, g^′K^′) = t(z_1, g^′_1K^′) then z = z_1 and l(g^{′−1}g^′_1) ∈ K, hence g^{′−1}g^′_1 ∈ K^′.

Now (iii) and (iv) are obvious. □

Given a flow (Z, U), by C(Z, U) (C(U) for short, if the phase space Z is established) let us denote the centralizer of (Z, U), i.e. the set of all continuous transformations from Z onto Z which commute with U. If we endow the subset Aut(Z) = Aut(U) ⊂ C(Z, U) of all invertible elements with the topology of uniform convergence (we denote the closure operation in this topology by “cl”), it becomes a Polish group.

As an immediate consequence of the above proposition we have the following.

Proposition 5. Let (Z × G/K, U_{G,K,α}) be a minimal isometric extension of Z. Then every lift s̃ ∈ C(U_{G,K,α}) of s ∈ Aut(Z) is of the form

s̃(z, gK) = s_{f,l}(z, gK) = (s(z), f(z)l(g)K),

where f : Z −→ G is a continuous function and l : G −→ G is a continuous group epimorphism such that l(K) ⊂ K and

(8) l(α(z)) = f(Uz)^{−1}α(sz)f(z).

Moreover s_{f,l} is invertible if and only if so is l. In such a case l(K) = K.

Denote Ad_k : G −→ G, Ad_k(g) = k^{−1}gk and N_G(K) = {g ∈ G : g^{−1}Kg = K}. Corollary 6. (i) Every s ∈ Aut(Z) which can be lifted to C(U_{G,K,α}) can also be lifted to C(U_α).

(ii) If Z is a minimal rotation then every element of C(U_{G,K,α}) is a lift of some s ∈ Aut(Z).

(iii) If Z is a minimal rotation and all elements of C(U_α) are invertible then so are all elements of C(U_{G,K,α}).

(iv) If ~Id ∈ C(U_{G,K,α}) is a lift of Id_Z then

~Id(z, gK) = (z, gkK) = (Id_Z )_{k,Adk} (z, gK),

where k ∈ N_G(K).

(v) All lifts of the identity are invertible.

(vi) If s, s^{−1} ∈ Aut(Z) and s, s^{−1} can both be lifted to C(U_{G,K,α}) then all lifts of s are invertible.

Proof: One can easily check that (i), (ii) and (iii) follow. To show (iv) put ~Id = (Id_Z )_{f,l} and observe that, by (8) (with s = Id_Z ), a continuous map Z × G ∋ (z, g) −→ g^{−1}f(z)l(g) ∈ G is U_α-invariant, hence constant. Thus there exists k ∈ G such that for every (z, g) ∈ Z × G

(9) f(z)l(g) = gk.

Putting g = 1_G in (9), we get f(z) = k for every z ∈ Z and then l(g) = k^{−1}gk for each g ∈ G, so that l = Ad_k. Since Ad_k is invertible, we immediately have that k ∈ N_G(K).

Now (v) and (vi) follow from (iv) and Proposition 5. □

Remark 4. Proposition 5 generalizes some results of Section 3 of [3] and Section 2 of [4] where the case of group extensions (instead of isometric extensions) is considered.

Now put

L_K (U, α) = {s ∈ Aut(Z) : s, s^{−1} can be lifted to C(U_{G,K,α})}, C̃(U_{G,K,α}) = {s̃ ∈ C(U_{G,K,α}) : s̃ is a lift of some s ∈ L_K (U, α)}.

From Corollary 6(vi) it follows that the above sets are groups. Notice also that C̃(U_{G,K,α}) is a closed subgroup of Aut(U_{G,K,α}) (from Proposition 5 it follows that s̃ ∈ C̃(U_{G,K,α}) iff the factor Z is invariant under s̃).

Let us define σ : N_G(K)/K −→ C̃(U_{G,K,α}) by σ(kK) = Id_{k,Adk} . We easily see that σ is an injective group homomorphism.

Using Proposition 5 define a map π_K : C̃(U_{G,K,α}) −→ Aut(Z) by π_K (s_{f,l}) = s, which is a continuous group homomorphism. Moreover, by Corollary 6(iv), Im(σ) = Ker(π_K ), hence the image of σ is a closed subgroup. If we endow N_G(K)/K with the quotient topology, σ becomes a continuous injective homomorphism between Polish groups. Therefore σ is open.

On L_K (U, α) = C̃(U_{G,K,α})/ Ker(π_K ) consider the quotient topology and call it the L_K -topology. By [1], L_K (U, α) furnished with the L_K -topology becomes a Polish group. Notice also that the L_K -topology is stronger than the uniform topology on Aut(Z) restricted to L_K (U, α).

We have constructed the following short exact sequence of Polish topological groups.

(10) 1 −→ N_G(K)/K^σ−→ C̃(U_{G,K,α})^{πK}−→ L_K (U, α) −→ 1.

Proposition 7. If Aut(Z) = cl{U^n : n ∈ Z} = L_K (U, α), then

C̃(U_{G,K,α}) = cl{σ(kK) ∘ (U_{G,K,α})^n : n ∈ Z, k ∈ N_G(K)}.

Proof: Since Aut(Z) = L_K (U, α) the L_K -topology and uniform topology are equal. To end the proof notice that, by Corollary 6(iv),

π^{−1}_K ({U^n : n ∈ Z}) = {σ(kK) ∘ (U_{G,K,α})^n : n ∈ Z, k ∈ N_G(K)}.

Since the uniform topology on Aut(Z) is equal to the quotient topology (with respect to Ker(π_k)), the pre-image of the dense in Aut(Z) set {U^n : n ∈ Z} is dense in C̃(U_{G,K,α}). □

Corollary 8. Let Z be a minimal rotation. If K ≠ {1_G} and K < G is irreducible, then L_K (U, α) ≠ C(U).

Proof: Recall that an arbitrary minimal flow Z is a rotation iff Aut(Z) is compact, notice that N_G(K)/K is compact and use (10) to finish the proof. □

References

[1] Brown L.G., Topologically complete groups, Proc. Amer. Math. Soc. 35 (1972), 593–600. [2] Danilenko A., Lemańczyk M., Isometric extensions, 2-cocycles and ergodicity of skew products, Studia Math. 137 (1999), 123–142.

[3] Glasner E., Mentzen M.K., Siemaszko A., A natural family of factors for minimal flows, Contemp. Math. 215 (1998), 19–42.

[4] Siemaszko A., Ergodic and Topological Properties of Distal Dynamical Systems, PhD Thesis, Toruń, 1996.

Faculty of Mathematics and Computer Science, University of Warmia and Mazury in Olsztyn, ul. Żołnierska 14A, 10-561 Olsztyn, Poland E-mail: artur@uwm.edu.pl

(Received May 12, 2004, revised October 5, 2004)