Comment.Math.Univ.Carolin. 46,1 (2005)33–42 33

Fixed point theorems for n-periodic mappings in Banach spaces

Jarosław Górnicki, Krzysztof Pupka

Abstract. Using modified Halpern iterations, by elementary method, we extend and improve results obtained by W.A. Kirk (Proc. Amer. Math. Soc. 29 (1971), 294) and others, which have recently been presented in Chapter 11 of Handbook of Metric Fixed Point Theory (2001).

Keywords: lipchitzian mapping, uniformly lipschitzian mapping, n-periodic mapping, fixed point Classification: 47H09, 47H10

1. Introduction

Mappings which are defined on metric spaces and which do not increase distances between pairs of points and their images are called nonexpansive. In general, to assure the fixed point property for nonexpansive mappings some assumptions concerning the geometry of the spaces are added (see [8]). Another way is to put some additional restrictions on the mapping itself.

Let C be a nonempty subset of a Banach space E and T : C → C. Recall that a mapping T is said to be n-periodic if T^n = I (for n = 2, T is called involution).

The first fixed point theorem for involutions are due to K. Goebel and E. Złotkiewicz [1], [3]. It is shown that if T : C → C, where C is a closed and convex subset of a Banach space, is a k-lipschitzian involution with k < 2, then T has at least one fixed point. The proof of this fact is a straightforward verification that starting from any x ∈ C, the sequence of iterates {F^nx} for F =^1_2 (I + T ) always converges to a fixed point of T .

Moreover, if the space E satisfies ε_0(E) < 1, the same is true for k-lipschitzian involutions where k satisfies ( k 2 ) ( 1 − δ_E ( 2 k )) < 1.

W.A. Kirk [7] extended this result for all Banach spaces by proving that the same is true if T is n-periodic and such that ‖T^ix − T^iy‖ ≤ k‖x − y‖ for x, y ∈ C, i = 1, 2, . . . , n − 1, where (1) 1 n^2 [ (n − 1)(n − 2)k^2 + 2(n − 1)k ] < 1.

It follows from (1) that for n = 3, k < 1.3452; for n = 4, k < 1.2078; for n = 5, k < 1.1280; for n = 6, k < 1.1147.

If T is k-lipschitzian with k > 1, then ‖T^ix − T^iy‖ ≤ k^{n−1}‖x − y‖ for x, y ∈ C, i = 1, 2, . . . , n − 1. Thus a k-lipschitzian mapping satisfying T^n = I has fixed points if (2) 1 n^2 [ (n − 1)(n − 2)k^{2(n−1)} + 2(n − 1)k^{n−1} ] < 1.

It follows from (2) that for n = 3, k < 1.1598; for n = 4, k < 1.0649; for n = 5, k < 1.0351; for n = 6, k < 1.0219.

In 1973, J. Linhart [9] showed that a k-lipschitzian mappings T : C → C for which T^n = I (n > 1) has a fixed point if

(3) 1 n 2n−3∑

j=n−1

k^j < 1.

It follows from (3) that for n = 3, k < 1.1745; for n = 4, k < 1.0741; for n = 5, k < 1.0412; for n = 6, k < 1.0262.

In the present paper, studying a new iteration process, we extend Kirk and Linhart’s results for n-periodic mappings.

2. Lipschitzian mappings

Recall that T : C → C is called k-lipschitzian if for all x, y ∈ C,

‖T x − T y‖ ≤ k‖x − y‖.

We will start with the following lemma :

Lemma 1 ([4]). Let C be a nonempty closed subset of a Banach space E and T : C → C be k-lipschitzian. Let A, B ∈ R, 0 ≤ A < 1 and 0 < B. If for arbitrary x ∈ C there exists u ∈ C such that

‖T u − u‖ ≤ A‖T x − x‖ and ‖u − x‖ ≤ B‖T x − x‖,

then T has a fixed point in C.

Theorem 1. Let C be a nonempty closed convex subset of a Banach space E and T : C → C be a k-lipschitzian mapping (k > 1) such that T^n = I (n > 1). If k < 2 for n = 2 and k < k_0(n) = sup_{α∈(0,1)} { s > 1: α^2s^n + (1 − α)^ns^{n−1}

+ α^2 n−1∑ j=2 (1 − α)^{j−1}s^j

1 − s^{n−j} 1 − s

− 1 = 0 } for n > 2,

then T has a fixed point in C.

Proof: Let n = 2 (T^2 = I). If we put z = αx_0 + (1 − α)T x_0 for arbitrary x_0 ∈ C, we get ‖z − T z‖ = ‖αx_0 + (1 − α)T x_0 − T z‖ = ‖α(x_0 − T z) + (1 − α)(T x_0 − T z)‖ ≤ αk‖T x_0 − z‖ + (1 − α)k‖x_0 − z‖ = αk‖T x_0 − αx_0 − (1 − α)T x_0‖ + (1 − α)k‖x_0 − αx_0 − (1 − α)T x_0‖ = (2α^2 − 2α + 1)k‖x_0 − T x_0‖.

If k < 2, then h_α(k) = (2α^2 − 2α + 1)k < 1 for α ∈ (0, 1). Since

‖z − x_0‖ = ‖αx_0 + (1 − α)T x_0 − x_0‖ ≤ (1 − α)‖T x_0 − x_0‖, Lemma 1 implies the existence of fixed points of T in C.

Now, let n > 2. We consider a sequence generated by Halpern’s iteration procedure [5] as follows: let x be an arbitrary point in C, i.e. x_0 = x ∈ C, and x_1 = αx_0 + (1 − α)T x_0, x_2 = αx_0 + (1 − α)T x_1,

. . . . . . . . . . . . . . . . . . . . .

x_{n−2} = αx_0 + (1 − α)T x_{n−3}, x_{n−1} = αx_0 + (1 − α)T x_{n−2}, where α ∈ (0, 1). Put z = x_{n−1}; then

(4) ‖z − T z‖ = ‖αx_0 + (1 − α)T x_{n−2} − T z‖

= ‖α(T^nx_0 − T z) + (1 − α)(T x_{n−2} − T z)‖ ≤ αk‖T^{n−1}x_0 − z‖ + (1 − α)k‖x_{n−2} − z‖.

Now, we have evaluation

(5) ‖T^{n−1}x_0 − z‖ = ‖T^{n−1}x_0 − αx_0 − (1 − α)T x_{n−2}‖ = ‖α(T^{n−1}x_0 − T^nx_0) + (1 − α)(T^{n−1}x_0 − T x_{n−2})‖ ≤ αk^{n−1}‖x_0 − T x_0‖ + (1 − α)k‖T^{n−2}x_0 − x_{n−2}‖, where

(1 − α)k‖T^{n−2}x_0 − x_{n−2}‖ = (1 − α)k‖T^{n−2}x_0 − αx_0 − (1 − α)T x_{n−3}‖ = (1 − α)k‖α(T^{n−2}x_0 − x_0) + (1 − α)(T^{n−2}x_0 − T x_{n−3})‖ ≤ (1 − α)αk‖T^{n−2}x_0 − x_0‖ + (1 − α)^2k^2‖T^{n−3}x_0 − x_{n−3}‖ = (1 − α)αk‖T^{n−2}x_0 − x_0‖

+ (1 − α)^2k^2‖T^{n−3}x_0 − αx_0 − (1 − α)T x_{n−4}‖ = (1 − α)αk‖T^{n−2}x_0 − x_0‖

+ (1 − α)^2k^2‖α(T^{n−3}x_0 − x_0) + (1 − α)(T^{n−3}x_0 − T x_{n−4})‖ ≤ (1 − α)αk‖T^{n−2}x_0 − x_0‖

+ (1 − α)^2k^2 { α‖T^{n−3}x_0 − x_0‖ + (1 − α)k‖T^{n−4}x_0 − x_{n−4}‖ } ≤ α(1 − α)k‖T^{n−2}x_0 − x_0‖

+ α(1 − α)^2k^2‖T^{n−3}x_0 − x_0‖ + (1 − α)^3k^3‖T^{n−4}x_0 − x_{n−4}‖ ≤ α(1 − α)k‖T^{n−2}x_0 − x_0‖ + α(1 − α)^2k^2‖T^{n−3}x_0 − x_0‖ + α(1 − α)^3k^3‖T^{n−4}x_0 − x_0‖ + . . .

+ α(1 − α)^{n−2}k^{n−2}‖T x_0 − x_0‖.

Finally, using only the triangle inequality and the fact that T is k-lipschitzian we get (6) (1 − α)k‖T^{n−2}x_0 − x_{n−2}‖ ≤ α n−1∑ j=2 (1 − α)^{j−1}k^{j−1}

1 − k^{n−j} 1 − k

‖T x_0 − x_0‖, and consequently from (5) and (6) we obtain

(7) ‖T^{n−1}x_0 − z‖ ≤ { αk^{n−1} + α n−1∑ j=2 (1 − α)^{j−1}k^{j−1}

1 − k^{n−j} 1 − k } ‖T x_0 − x_0‖.

For the next expression we have the following evaluation

(8) ‖x_{n−2} − z‖ = ‖αx_0 + (1 − α)T x_{n−3} − αx_0 − (1 − α)T x_{n−2}‖ = ‖(1 − α)(T x_{n−3} − T x_{n−2})‖ ≤ (1 − α)k‖x_{n−3} − x_{n−2}‖ ≤ . . . ≤ (1 − α)^{n−2}k^{n−2}‖x_0 − x_1‖ = (1 − α)^{n−1}k^{n−2}‖x_0 − T x_0‖.

Combining (4) with (7) and (8) yields

(9) ‖z − T z‖ ≤ { α^2k^n + α^2 n−1∑ j=2 (1 − α)^{j−1}k^j

1 − k^{n−j}

1 − k

+ (1 − α)^nk^{n−1} } ‖T x_0 − x_0‖.

Moreover, we have

(10)

‖z − x_0‖ = ‖αx_0 + (1 − α)T x_{n−2} − x_0‖ ≤ (1 − α)k‖x_{n−2} − T^{n−1}x_0‖ = (1 − α)k‖αx_0 + (1 − α)T x_{n−3} − T^{n−1}x_0‖ = (1 − α)k‖α(T^nx_0 − T^{n−1}x_0)‖ + (1 − α)(T x_{n−3} − T^{n−1}x_0)‖ ≤ α(1 − α)k^n‖T x_0 − x_0‖ + (1 − α)^2k^2‖x_{n−3} − T^{n−2}x_0‖.

Observe that

(1 − α)^2k^2‖x_{n−3} − T^{n−2}x_0‖ = (1 − α)^2k^2‖α(x_0 − T^{n−2}x_0) + (1 − α)(T x_{n−4} − T^{n−2}x_0)‖ ≤ (1 − α)^2αk^2‖x_0 − T^{n−2}x_0‖ + (1 − α)^3k^3‖x_{n−4} − T^{n−3}x_0‖ ≤ . . . ≤ α(1 − α)^2k^2‖x_0 − T^{n−2}x_0‖ + α(1 − α)^3k^3‖x_0 − T^{n−3}x_0‖ + . . .

+ α(1 − α)^{n−2}k^{n−2}‖x_0 − T^2x_0‖ + α(1 − α)^{n−1}k^{n−1}‖x_0 − T x_0‖.

Now, using only the triangle inequality and the fact that T is k-lipschitzian, we have

(1 − α)^2k^2‖x_{n−3} − T^{n−2}x_0‖ ≤ α n−1∑ j=2 (1 − α)^j k^j

1 − k^{n−j} 1 − k

‖x_0 − T x_0‖, which together with (10) gives

(11) ‖z − x_0‖ ≤ { α(1 − α)k^n + α n−1∑ j=2 (1 − α)^j k^j

1 − k^{n−j} 1 − k } ‖x_0 − T x_0‖.

Since h_α(k) = α^2k^n + α^2

∑_{n−1}

j=2 (1 − α)^{j−1}k^{j 1−kn−j}_{1−k} + (1 − α)^nk^{n−1} < 1 for all α ∈ (0, 1) and k < k_0(n), by inequality (9) and (11), Lemma 1 implies the existence of fixed points of T in C. □ Remark 1. It follows from Theorem 1 that k_0(3) ≥ 1.3821 (this evaluation is obtained for α = 0.345); k_0(4) ≥ 1.2524 (for α = 0.283); k_0(5) ≥ 1.1777 (for α = 0.224); k_0(6) ≥ 1.1329 (for α = 0.185). All these evaluations are much better than those obtained by W.A. Kirk [7] and J. Linhart [9].

Remark 2. From the above and Lemma 1 it follows that the sequence {z_p} generated by the following iteration process x_0 = x ∈ C, x_1 = αx_0 + (1 − α)T x_0, x_2 = αx_0 + (1 − α)T x_1,

. . . . . . . . . . . . . . . . . . . . .

x_{n−2} = αx_0 + (1 − α)T x_{n−3},

z_1 = x_{n−1}(x_0) = αx_0 + (1 − α)T x_{n−2}, n > 2

i. e.,

z_1 = x_{n−1}(x_0), x_0 ∈ C, z_2 = x_{n−1}(z_1), and z_{p+1} = x_{n−1}(z_p), for p = 2, 3, . . . , converges strongly to a fixed point of T .

3. Uniformly lipschitzian mappings

Recall that a mapping T : C → C is called uniformly k-lipschitzian if for all n ∈ N and x, y ∈ C, ‖T^nx − T^ny‖ ≤ k‖x − y‖.

The class of uniformly lipschitzian mappings was introduced to the fixed point theory by K. Goebel and W.A. Kirk in 1973 (see [2]). This class forms a natural extension of the family of nonexpansive mappings.

Theorem 2. Let C be a nonempty closed convex subset of a Banach space E and T : C → C be a mapping such that

‖T^ix − T^iy‖ ≤ k‖x − y‖ for x, y ∈ C and i = 1, 2, . . . , n − 1, (a) T^n = I (n ≥ 3). (b) If k < k_0, where

k < k_0(n) = sup_{α∈(0,1)} { s > 1: α^2s^2 + (1 − α)^ns^{n−1}

+ α^2 n−2∑ j=1 (1 − α)^j s^{j+1}[1 + (n − j − 2)s] − 1 = 0 } , then T has a fixed point in C.

Proof: Let n ≥ 3. As in the proof of Theorem 1 we consider the following iteration procedure: x_0 ∈ C, x_1 = αx_0 + (1 − α)T x_0, x_2 = αx_0 + (1 − α)T x_1, . . . . . . . . . . . . . . . . . . . . .

x_{n−2} = αx_0 + (1 − α)T x_{n−3}, x_{n−1} = αx_0 + (1 − α)T x_{n−2}, for α ∈ (0, 1). Let z = x_{n−1}. Then from (4) and

‖T^{n−1}x_0 − z‖ = ‖α(T^{n−1}x_0 − T^nx_0) + (1 − α)(T^{n−1}x_0 − T x_{n−2})‖ ≤ αk‖x_0 − T x_0‖ + (1 − α)k‖T^{n−2}x_0 − x_{n−2}‖ where for expression

(1 − α)k‖T^{n−2}x_0 − x_{n−2}‖ = (1 − α)k‖T^{n−2}x_0 − αx_0 − (1 − α)T x_{n−3}‖ = (1 − α)k‖α(T^{n−2}x_0 − x_0) + (1 − α)(T^{n−2}x_0 − T x_{n−3})‖ ≤ (1 − α)αk‖T^{n−2}x_0 − x_0‖ + (1 − α)^2k^2‖T^{n−3}x_0 − x_{n−3}‖ ≤ . . . ≤ α(1 − α)k‖T^{n−2}x_0 − x_0‖ + α(1 − α)^2k^2‖T^{n−3}x_0 − x_0‖ + α(1 − α)^3k^3‖T^{n−4}x_0 − x_0‖ + . . .

+ α(1 − α)^{n−2}k^{n−2}‖T x_0 − x_0‖, using only the triangle inequality and the fact that T is uniformly k-lipschitzian now we get evaluation

(1 − α)k‖T^{n−2}x_0 − x_{n−2}‖ ≤ α(1 − α)k[1 + (n − 3)k]‖T x_0 − x_0‖ + α(1 − α)^2k^2[1 + (n − 4)k]‖T x_0 − x_0‖ + . . . + α(1 − α)^{n−2}k^{n−2}‖T x_0 − x_0‖ = α n−2∑ j=1 (1 − α)^j k^j [1 + (n − j − 2)k]‖T x_0 − x_0‖

which together with (8) gives

(12)

‖z − T z‖ ≤ { α^2k^2 + α^2 n−2∑ j=1 (1 − α)^j k^{j+1}[1 + (n − j − 2)k]

+ (1 − α)^nk^{n−1} } ‖x_0 − T x_0‖.

Analogously as in (10) we obtain (13) ‖z − x_0‖ ≤ α(1 − α)k^2‖T x_0 − x_0‖ + (1 − α)^2k^2‖x_{n−3} − T^{n−2}x_0‖, where for expression (1−α)^2k^2‖x_{n−3} −T^{n−2}x_0‖ using only the triangle inequality and the fact that T is uniformly k-lipschitzian now we get evaluation

(1 − α)^2k^2‖x_{n−3} − T^{n−2}x_0‖ ≤ α n−1∑ j=2 (1 − α)^j k^j[1 + (n − j − 1)]‖x_0 − T x_0‖,

which together with (13) gives

(14)

‖z − x_0‖ ≤ { α n−1∑ j=2 (1 − α)^j k^j[1 + (n − j − 1)]

+ α(1 − α)k^2 } ‖x_0 − T x_0‖.

Since H_α(k) = α^2k^2 + (1 − α)^nk^{n−1} + α^2

∑_{n−2}

j=1 (1 − α)^jk^{j+1}[1 + (n − j − 2)k] < 1 for all α ∈ (0, 1) and k < k_0(n), by inequalities (12) and (14), Lemma 1 implies the existence of fixed points of T in C. □ Remark 3. It follows from Theorem 2 that k_0(3) ≥ 1.4558 (this evaluation is obtained for α = 0.393); k_0(4) ≥ 1.2917 (for α = 0.322); k_0(5) ≥ 1.2001 (for α = 0.255); k_0(6) ≥ 1.1482 (for α = 0.206). All these evaluations are better than those obtained by W.A. Kirk [7].

4. Nonexpansive iterate

In this section, using Theorems 1 and 2, we extend the result of W.A. Kirk ([7, Theorem 1]). We obtain in all Banach spaces the conditions sufficient to guarantee existence of fixed points for mappings T which are n-periodic, i.e. T^n = I.

Theorem 3. Let E be a reflexive Banach space which has a strictly convex norm and suppose C is a nonempty bounded closed and convex subset of E with normal structure. Suppose the mapping T : C → C has one of the following properties: (A) T^n is nonexpansive (n > 2) and there is a constant k < k_0(n) (see Theorem 1) such that ‖T x − T y‖ ≤ k‖x − y‖ for all x, y ∈ C, or (B) T^n is nonexpansive (n > 2) and there is a constant k < k_0(n) (see Theorem 2) such that ‖T^ix − T^iy‖ ≤ k‖x − y‖ for all x, y ∈ C and i = 1, 2, . . . , n − 1.

Then T has a fixed point in C.

Proof: By the result of Browder–Göhde–Kirk [8] the set

C^∗ = {x ∈ C: T^nx = x} ≠ ∅.

Because of strict convexity of E, C^∗ must be convex. Clearly C^∗ is closed, T : C^∗ → C^∗ and T^n is the identity on C^∗. Thus, the assumptions for Theorems 1 and 2, respectively, are satisfied for T on C^∗, and in consequence T has a fixed point in C. □

Remark 4. For k-lipschitzian involutions (T^2 = I) the assumption of strict convexity is not necessary. In this case we have (see Corollary 1 in [6]):

Let C be a weakly compact convex subset of a Banach space, and suppose C has normal structure. Suppose T : C → C is k-lipschitzian mapping where k satisfies the condition k 2 ( 1 − δ ( 2 k )) < 1,

for which T^2 is nonexpansive. Then T has a fixed point.

Problems.

1. We do not know whether the new constants are close to optimal or even whether optimal constants exist.

2. Is the assumption of strict convexity necessary for Theorem 3? 3. In which situation it is possibility to replace the condition “T^n is nonexpansive” by the condition “T^n is asymptotically nonexpansive” in the above theorems?

42 J. Górnicki, K. Pupka

References

[1] Goebel K., Convexity of balls and fixed point theorems for mappings with nonexpansive square, Compositio Math. 22 (1970), 269–274.

[2] Goebel K., Kirk W.A., A fixed point theorem for transformations whose iterates have uniform Lipschitz constant, Studia Math. 47 (1973), 135–140.

[3] Goebel K., Złotkiewicz E., Some fixed point theorems in Banach spaces, Colloquium Math.

23 (1971), 103–106.

[4] Górnicki J., Fixed points of involutions, Math. Japonica 43 (1996), no. 1, 151–155. [5] Halpern B., Fixed points of nonexpansive maps, Bull. Amer. Math. Soc. 73 (1967), 957–961. [6] Kim T.H., Kirk W.A., Fixed point theorems for lipschitzian mappings in Banach spaces, Nonlinear Anal. 26 (1996), 1905–1911.

[7] Kirk W.A., A fixed point theorem for mappings with a nonexpansive iterate, Proc. Amer.

Math. Soc. 29 (1971), 294–298.

[8] Kirk W.A., Sims B. (Eds.), Handbook of Metric Fixed Point Theory, Kluwer Acad. Pub., Dordrecht-Boston-London, 2001.

[9] Linhart J., Fixpunkte von Involutionen n-ter Ordnung, Österreich. Akad., Wiss. Math.- Natur., kl. II, 180 (1973), 89–93.

Department of Mathematics, Rzeszów University of Technology, P.O. Box 85, 35-595 Rzeszów, Poland E-mail: gornicki@prz.rzeszow.pl

kpupka@prz.rzeszow.pl

(Received July 8, 2004)