Comment.Math.Univ.Carolin. 46,1 (2005)93–103 93

Function spaces on ordinals

Rafał Górak

Abstract. We give a partial classification of spaces C_p([1, α]) of continuous real valued functions on ordinals with the topology of pointwise convergence with respect to homeomorphisms and uniform homeomorphisms.

Keywords: function spaces, pointwise topology, uniform homeomorphisms, ordinal numbers

Classification: 54C35

1. Introduction

For a completely regular space X, C_p(X) denotes the space of all continuous real-valued functions on X, equipped with the pointwise convergence topology.

Spaces X and Y are called t-equivalent (u-equivalent) if spaces C_p(X) and C_p(Y ) are (uniformly) homeomorphic. We write X ∼^t Y if the spaces X and Y are t-equivalent and X ∼^u Y when X and Y are u-equivalent. Let us recall that the map φ : E → L, where E and L are linear topological spaces, is uniformly continuous if for every neighborhood U of zero in L there is a neighborhood V of zero in E such that, for every f, g ∈ E with (f − g) ∈ V we have φ(f) − φ(g) ∈ U.

In this paper we are concerned with the function spaces C_p([1, α]) on compact ordinal intervals [1, α] (equipped with the standard order topology).

The complete classification of such spaces with respect to linear homeomorphisms was given by Baars and de Groot [2] (see Section 3). Gul’ko proved in [3] and [4] some results concerning the problem we deal with. Some of these results and techniques have turned out to be useful for us and will be recalled bellow. In this paper we extend Gul’ko’s results. Namely our goal is to prove the following:

Theorem 1.1. Let α and β be ordinals. If |α| ≠ |β|, then

(a) C_p([1, α]) and C_p([1, β]) are not homeomorphic. If |α| = |β| = κ, then

(b) if κ = ω or κ is singular or α, β ≥ κ^2, then C_p([1, α]) and C_p([1, β]) are uniformly homeomorphic.

(c) If κ is a regular uncountable cardinal and α, β ∈ [κ, κ^2) such that α ∈ [κ · γ_a, κ · (γ_a + 1)) and β ∈ [κ · γ_b, κ · (γ_b + 1)), where γ_a, γ_b ∈ [1, κ), then C_p([1, α]) and C_p([1, β]) are (uniformly) homeomorphic if and only if |γ_a| = |γ_b|.

Unfortunately this theorem does not cover all the possibilities. Namely, we do not know whether C_p([1, κ^+·κ]) and C_p([1, (κ^+)^2]) are (uniformly) homeomorphic. The proof of Theorem 1.1 is based on ideas from [2] and [3].

2. Preliminaries

All spaces under consideration are completely regular.

Definition 2.1. For a point x of a space X, let C_p(X, x) = {f ∈ C_p(X) : f(x) = 0} with the topology of the pointwise convergence. If X is compact we equip C_p(X, x) with the standard sup norm.

We will use the following standard fact (see [1]):

Theorem 2.2. If C_p(X) and C_p(Y ) are homeomorphic then |X| = |Y |.

In the sequel we will consider sets of the form [α, β] and [α, β) (α and β are ordinals) defined in the following way:

[α, β] = {γ; α ≤ γ ≤ β} and [α, β) = {γ; α ≤ γ < β}.

By Ord, Lim, Card we denote the class of all ordinals, limit ordinals and cardinals, respectively. The topology on [α, β] and its subsets will be always the order topology. Let us point out some important properties of such spaces:

Fact 2.3. If β · ω ≤ α then [1, α + β] and [1, α] are homeomorphic. In particular, if κ is an infinite cardinal number (κ ∈ Card and κ ≥ ω) then for every β < κ, [1, κ + β] and [1, κ] are homeomorphic.

Let us recall the definition of the c_0-product:

Definition 2.4. For every t ∈ T , let E_t be a linear topological space and ‖ · ‖_t be a norm on E_t, not necessarily related to the topology. Let us define:

Π^∗_{t∈T} E_t = {(f_t)_{t∈T} ∈ Π_{t∈T} E_t : ∀ ε > 0 ‖f_t‖ < ε for all but finitely many t ∈ T }.

The topology on Π^∗_{t∈T} E_t is the standard product topology. Usually on Π^∗_{t∈T} E_t we consider the norm ‖(f_t)_{t∈T} ‖ = max_{t∈T} ‖f_t‖_t. The symbol Π^∗_{t∈T} E denotes the c_0 product Π^∗_{t∈T} E_t, where E_t = E for every t ∈ T .

We will use the following relation:

Definition 2.5 (Gul’ko [3]). Let E and F be linear topological spaces and ‖ · ‖_1, ‖·‖_2 be norms, on E and F , respectively, not necessarily related to the topologies. We write (E, ‖ · ‖_1) ≏ (F, ‖ · ‖_2) if, for every ε > 0, there exists a uniform homeomorphism u_ε : E → F satisfying the following condition:

(a_ε) (1 + ε)^{−1}‖f‖_1 ≤ ‖u_ε(f)‖_2 ≤ ‖f‖_1 for every f ∈ E.

If it is clear which norms are considered on E and F we write E ≏ F .

In the sequel on spaces of real continuous functions on compacta and its subspaces we will always consider the sup norm. Moreover, let us fix that for every two linear topological spaces E and F equipped with norms ‖ · ‖_0 and ‖ · ‖_1, respectively, on the space E × F we consider the norm ‖(e, f)‖ = max(‖e‖_0, ‖f‖_1).

Let us point out some obvious, but important, properties of the relation ≏. Fact 2.6. If X ≏ X_1 and Y ≏ Y_1 then X × Y ≏ X_1 × Y_1. Fact 2.7. If, for every t ∈ T , X_t ≏ Y_t then Π^∗_{t∈T} X_t ≏ Π^∗_{t∈T} Y_t. Theorem 2.8 (Gul’ko [3]). For every compact space X and for every x_0 ∈ X we have C_p(X) ≏ C_p(X, x_0) × R.

The above theorem of Gul’ko is very important for our consideration. We will use this in the proof of our main theorem and also some ideas from its proof will be very helpful, namely the following Lemma 2.9 (Gul’ko [3, Lemma 1]). Let R^2 be the real plane equipped with the norm ‖(x_1, x_2)‖ = max(|x_1|, |x_2|) and let ε > 0. Then there exist functions φ_ε : R^2 → R and ψ_ε : R^2 → R such that the following conditions are satisfied:

(a) the mapping (x_1, x_2) → (x_1, φ_ε(x_1, x_2)) is a uniform homeomorphism of the plane with the inverse of the form (x_1, x_2) → (x_1, ψ_ε(x_1, x_2));

(b) φ_ε(x_1, x_2) = 0 if x_1 = x_2;

(c) (1 + ε)^{−1}‖(x_1, x_2)‖ ≤ ‖(x_1, φ_ε(x_1, x_2))‖ ≤ ‖(x_1, x_2)‖ for (x_1, x_2) ∈ R^2.

Fact 2.10. Let α be an infinite ordinal. Then

C_p([1, α]) ≏ C_p([1, α], α).

In particular, if [1, α] and [1, β] are homeomorphic then

C_p([1, α], α) ≏ C_p([1, β], β).

Proof: From Theorem 2.8 it follows that

C_p([1, α]) ≏ C_p([1, α], α) × R.

It is clear that C_p([1, α], α) × R can be identified with C_p([1, α] ⊕ {·}, α). On the other hand there exists a homeomorphism h : [1, α] ⊕ {·} → [1, α] such that h(α) = α (we use the assumption α ≥ ω). This homeomorphism induces the homeomorphism between function spaces such that:

C_p([1, α] ⊕ {·}, α) ≏ C_p([1, α], α). □

3. Linear homeomorphisms

In [5] Kislyakov gave a complete linear classification of function spaces C_p([1, α]) with sup norm topology. Later, Baars and de Groot got analogical result for pointwise topology; more precisely, they proved that these classifications coincide.

Theorem 3.1 (Baars, de Groot [2]). Let α and β be ordinals. If |α| ≠ |β|, then

(a) C_p([1, α]) and C_p([1, β]) are not linearly homeomorphic. If |α| = |β| = κ, then

(b) if κ = ω or κ is a singular cardinal or α, β ≥ κ^2 then C_p([1, α]) and C_p([1, β]) are linearly homeomorphic if and only if max(α, β) < [min(α, β)]^ω;

(c) if κ is a regular uncountable cardinal and α, β ∈ [κ, κ^2) such that α ∈ [κ · γ_a, κ · (γ_a + 1)) and β ∈ [κ · γ_b, κ · (γ_b + 1)), where γ_a, γ_b ∈ [1, κ), then C_p([1, α]) and C_p([1, β]) are linearly homeomorphic if and only if |γ_a| = |γ_b|;

(d) if κ is a regular uncountable cardinal, α < κ^2, and β ≥ κ^2 then C_p([1, α]) and C_p([1, β]) are not linearly homeomorphic.

This theorem gives us a complete classification of C_p([1, α]) up to linear homeomorphisms where α is an ordinal. In the next section we will use the idea of its proof to give a similar partial classification for uniform homeomorphisms and homeomorphisms.

4. Uniform homeomorphisms and homeomorphisms

Theorem 4.1. If α ∈ Ord and τ, κ ∈ Card (τ ≥ ω and κ ≥ 1) satisfy the following condition:

κ ≤ τ and α ∈ [τ · κ, τ · κ^+) then C_p([1, α]) ≏ ∏ β∈κ ∗ C_p([1, τ]) ≏ ∏ β∈κ ∗ C_p([1, τ], τ).

To prove the above theorem we need the following

Lemma 4.2. Let γ be a limit ordinal (γ ∈ Lim), and (λ_ξ)_{0≤ξ≤γ} be a strictly increasing sequence of ordinals such that:

(1) λ_ξ = lim_{β<ξ} λ_β for ξ ∈ (0, γ] ∩ Lim; (2) λ_0 = 0.

Then:

C_p([1, λ_γ ], λ_γ ) ≏ C_p([1, γ], γ) × ∏ ξ∈γ ∗ C_p([λ_ξ + 1, λ_{ξ+1}], λ_{ξ+1}).

Proof: The proof will be a modification of the proof of Lemma 2.5.6 in [2]. Let us define

X = {f ∈ C_p([1, λ_γ ], λ_γ ) : ∀ ξ ∈ [0, γ) f|(λ_ξ, λ_{ξ+1}] ≡ f(λ_{ξ+1})} and Y = {f ∈ C_p([1, λ_γ ], λ_γ ) : ∀ ξ ∈ (0, γ] f(λ_ξ) = 0}.

Fact 4.3. C_p([1, λ_γ ], λ_γ ) ≏ X × Y .

Fix ε > 0. Let us define ϕ_1 : C_p([1, λ_γ ], λ_γ ) → X as follows:

ϕ_1(f)|[λ_ξ + 1, λ_{ξ+1}] ≡ f(λ_{ξ+1}) for ξ ∈ [0, γ); ϕ_1(f)(λ_ξ ) = f(λ_ξ) for ξ ∈ [1, γ] ∩ Lim.

To prove that ϕ_1 is well defined we need to check the continuity of ϕ_1(f) at λ_ξ for ξ ∈ [1, γ] ∩ Lim. We will show that for every δ > 0 there exists λ_α such that λ_α < λ_ξ and ϕ_1(f)((λ_α, λ_ξ]) ⊂ (−δ+f(λ_ξ), f(λ_ξ)+δ). According to the continuity of f there exists a ∈ [1, λ_ξ) such that f((a, λ_ξ]) ⊂ (−δ +f(λ_ξ), f(λ_ξ)+δ). Because ξ ∈ Lim we have lim_{η<ξ} λ_η = λ_ξ. Therefore there exists λ_α such that a ≤ λ_α < λ_ξ. We have:

ϕ_1(f)((λ_α, λ_ξ]) ⊂ f((λ_α, λ_ξ]) ⊂ f((a, λ_ξ]) ⊂ (−δ + f(λ_ξ), f(λ_ξ) + δ)

which finishes the proof of continuity of ϕ_1(f). One can easily verify that ϕ_1 is continuous. Let us define ϕ_2 : C_p([1, λ_γ ], λ_γ ) → Y by

ϕ_2(f)(x) = φ_ε(ϕ_1(f)(x), f(x))

where φ_ε is as in Lemma 2.9. It is easy to observe that ϕ_2(f) ∈ Y by Lemma 2.9(b). Therefore, to check that ϕ_2 is well defined it is enough to prove that ϕ_2(f) is continuous for f ∈ C_p([1, λ_γ ], λ_γ ). We have proved that ϕ_1(f) is continuous thus ϕ_2(f), as a composition of continuous functions, is also continuous. On the other hand the uniform continuity of ϕ_2 follows from the uniform continuity of ϕ_1 and φ_ε.

Let us check that ϕ(f) = (ϕ_1(f), ϕ_2(f)) satisfies the following inequalities:

(1 + ε)^{−1}‖f‖ ≤ ‖ϕ(f)‖ ≤ ‖f‖ for f ∈ C_p([1, λ_γ ], λ_γ ).

It is clear that ‖f‖ ≥ ‖ϕ_1(f)‖. Thus, from Lemma 2.9(c) we get ‖ϕ_2(f)‖ ≤ max(‖ϕ_1(f)‖, ‖f‖) ≤ ‖f‖. We proved that ‖ϕ(f)‖ ≤ ‖f‖. Applying once more Lemma 2.9(c) we obtain that for every x ∈ [1, λ_γ ] we have

max(|ϕ_1(f)(x)|, |ϕ_2(f)(x)|) ≥ (1 + ε)^{−1} max(|ϕ_1(f)(x)|, |f(x)|) ≥ (1 + ε)^{−1}|f(x)|.

From this it follows immediately that:

(1 + ε)^{−1}‖f‖ ≤ ‖ϕ(f)‖.

Let us define ψ : X × Y → C_p([1, λ_γ ], λ_γ ) by ψ(f, g)(x) = ψ_ε(f(x), g(x)) where ψ_ε is as in Lemma 2.9. Obviously ϕ is uniformly continuous because ϕ_1 and ϕ_2 are uniformly continuous. The uniform continuity of ψ is also obvious because ψ_ε is uniformly continuous. Let us observe that the equality ϕ ∘ ψ = id_{Cp([1,λγ ],λγ )} is an easy consequence of Lemma 2.9(a). The identity ψ ∘ ϕ = id_{X×Y} also follows from Lemma 2.9(a) and from the fact that ϕ_1(ψ(f, g)) = f for (f, g) ∈ X × Y , but this is an easy consequence of the equality ψ_ε(x, 0) = x which is a simple application of Lemma 2.9(a) and (b). This finishes the proof of Fact 4.3. Fact 4.4.

C_p([1, γ], γ) ≏ X.

Fact 4.5. ∏ ξ∈γ ∗ C_p([λ_ξ + 1, λ_{ξ+1}], λ_{ξ+1}) ≏ Y.

In each case we can find a linear isometry with respect to the sup norm which is also continuous in the topology of pointwise convergence thus uniformly continuous. Namely, we have

Φ : X → C_p([1, γ], γ) and Ψ : Y → ∏ ξ∈γ ∗ C_p([λ_ξ + 1, λ_{ξ+1}], λ_{ξ+1})

given by the following formulas:

Φ(f)(ξ) = f(λ_ξ) and π_ξ ∘ Ψ(f) ≡ f | [λ_ξ + 1, λ_{ξ+1}].

An easy verification is left to the reader. As a consequence we get

C_p([1, λ_γ ], λ_γ ) ≏ C_p([1, γ], γ) × ∏ ξ∈γ ∗ C_p([λ_ξ + 1, λ_{ξ+1}], λ_{ξ+1}). □ Proof of Theorem 4.1: We will prove this theorem by induction on α ∈ [τ, τ^+) for a given τ. If α = τ then the thesis is obvious. Let us assume that our theorem holds for β < α and that α ∈ [τ · κ, τ · κ^+) where κ ∈ [1, τ] ∩ Card. We know that, for some γ ∈ [1, τ^+), α ∈ [τ · γ, τ · (γ + 1)). It is clear that α = τ · γ + β where β < τ, thus [1, α] and [1, τ · γ] are homeomorphic (see Fact 2.3). Therefore we can assume that α = τ · γ. Because α ∈ [τ · κ, τ · κ^+), |γ| = κ. The case when κ is finite is obvious. Thus we can assume that κ ≥ ω. If γ = β + 1 then τ · γ = τ · β + τ. Using the fact that γ ≥ ω (because κ ≥ ω) we know that [1, τ · γ] and [1, τ · β] are homeomorphic (see Fact 2.3). Because |β| = |γ|, the thesis for α = τ · γ follows from the inductive assumption. Let γ ∈ Lim. We have γ ∈ [κ, κ^+). Let us consider a strictly increasing sequence (λ_ξ )_{ξ∈η} where η = κ + cf(γ \ κ) (cf(0) = 0) such that the function ξ → λ_ξ is continuous and lim_{ξ∈η} λ_ξ = γ. The construction of such a sequence can be like that:

Let (λ^′_ξ)_{ξ∈cf(γ\κ)} be a strictly increasing sequence such that ξ → λ^′_ξ is continuous, λ^′_0 = κ and lim_{ξ∈cf(γ\κ)} λ^′_ξ = γ. Let us define (λ_ξ )_{ξ∈η}:

λ_ξ = ξ for ξ ≤ κ, λ_{κ+ξ} = λ^′_ξ for ξ < cf(γ \ κ)

From Lemma 4.2 from Facts 2.7 and 2.10 we get:

(1) C_p([1, τ · γ]) ≏ C_p([1, η]) × ∏ ξ∈η ∗ C_p([τ · λ_ξ + 1, τ · λ_{ξ+1}]).

It is obvious that for every ξ ∈ η the set [τ · λ_ξ + 1, τ · λ_{ξ+1}] is isomorphic to [1, τ · β_ξ] (i.e. there exists order preserving bijection) for some 1 ≤ β_ξ < γ. Therefore from the inductive assumption we know that there exists such a cardinal number 1 ≤ θ_ξ ≤ κ that:

C_p([τ · λ_ξ + 1, τ · λ_{ξ+1}]) ≏ C_p([1, τ · β_ξ]) ≏ ∏ ζ∈θ_ξ ∗ C_p([1, τ]).

The above identity and (1) give us:

C_p([1, τ · γ]) ≏ C_p([1, η]) × ∏ ξ∈η ∗ ( ∏ ζ∈θ_ξ ∗ C_p([1, τ])).

Thus we have:

C_p([1, τ · γ]) ≏ C_p([1, η]) × ∏ t∈T ∗ C_p([1, τ])

where T = ⨁ ξ∈η θ_ξ. Because η = κ+cf(γ \κ) and cf(γ \κ) ≤ κ (because |γ| = κ) we have |η| = κ. From the fact that 1 ≤ θ_ξ ≤ κ we know that |T | = κ. Therefore:

(2) C_p([1, τ · γ]) ≏ C_p([1, η]) × ∏ ξ∈κ ∗ C_p([1, τ]).

Let us focus on C_p([1, η]). Assume that κ = τ. We know that if cf(γ \ κ) < κ then [1, κ] and [1, η] are homeomorphic and we can conclude that C_p([1, η]) ≏ C_p([1, κ]). If cf(γ \ κ) = κ then obviously C_p([1, η]) ≏ C_p([1, κ]) × C_p([1, κ]). Using the assumption that κ = τ we get the thesis of Theorem 4.1 for α = τ · γ. If κ < τ then also η < τ and:

C_p([1, τ · γ]) ≏ C_p([1, η]) × C_p([1, τ]) × ∏ ξ∈κ ∗ C_p([1, τ]).

It is easy to check that

C_p([1, η]) × C_p([1, τ]) ≏ C_p([1, τ + η]) ≏ C_p([1, τ]).

This way we have eliminated the factor C_p([1, η]) in (2) and this finishes the proof of Theorem 4.1. □

It is natural to ask if the spaces

∏_∗ ξ∈κ C_p([1, τ]) and

∏_∗

ξ∈κ^′ Cp([1, τ]) are (uni-

formly) homeomorphic for κ^′ ≠ κ. The following result gives us the answer for finite κ and κ^′.

Theorem 4.6 (S.P. Gul’ko [4]). For every n, m ∈ N, every regular cardinal number τ > ω, α ∈ [τ · m, τ · (m + 1)) and β ∈ [τ · n, τ · (n + 1)), the following is true:

C_p([1, α]) and C_p([1, β]) are (linearly) homeomorphic iff n = m. □

Although Gul’ko proved this theorem for τ = ω_1 the same proof works if τ > ω is regular. The remaining is just an obvious consequence of Theorem 3.1(c) even for all cardinals n, m < τ. It appears that modifying Gul’ko’s reasoning we can strengthen the above result:

Theorem 4.7. For every regular cardinal number τ > ω, all cardinals n, m ∈ τ, α ∈ [τ · m, τ · m^+) and β ∈ [τ · n, τ · n^+), the following is true: C_p([1, α]) and C_p([1, β]) are (linearly) homeomorphic iff n = m.

To prove this theorem let us quote the following lemmas from Gul’ko’s paper [4] (obviously we assume that τ is regular and uncountable):

Lemma 4.8. Let X = ⋃ {A_α; α ∈ τ}, Y = ⋃ {B_α; α ∈ τ} where A_α and B_α are subspaces of X and Y , respectively such that A_α ⊂ A_β and B_α ⊂ B_β if α < β and A_β = ⋃ {A_α; α < β}, B_β = ⋃ {B_α; α < β} if β is a limit ordinal and |A_α|, |B_α| < τ. Moreover let E and F be dense subspaces of R^X and R^Y , respectively, and let T : E → F be a homoeomorphism. Then the set

L = {α ∈ τ; ∀ f, g ∈ E : f | A_α = g | A_α ⇔ T f | B_α = T g | B_α}

is closed and unbounded in τ ([0, τ)).

Lemma 4.9. Let E and F be linear topological spaces, T : E → F a homeomorphism and E = ⋃ {E_α; α ∈ τ}, F = ⋃ {F_α; α ∈ τ}, where E_α and F_α are closed subspaces of weight less than τ = weight (E) = weight (F ). Moreover E_α ⊂ E_β, F_α ⊂ F_β if α < β and E_β = cl ⋃ {E_α; α ∈ β}, F_β = cl ⋃ {F_α; α ∈ β} if β is a limit ordinal. Then the set

M = {α ∈ τ; T (E_α) = F_α}

is closed and unbounded in τ ([0, τ)).

Although both lemmas were formulated for τ = ω_1 the proofs remain the same as in Gul’ko’s paper.

Proof of Theorem 4.7: The proof will be based on the original idea of Gul’ko from [4]. Let us assume that both C_p([1, α]) and C_p([1, β]) are homeomorphic. We can also assume without loss of generality that m, n are infinite (see Theorem 4.6). According to Theorem 4.1 we have: E = ∏ θ∈m ∗ C_p([1, τ], τ) ≏ C_p([1, α]) ≈ C_p([1, β]) ≏ ∏ θ∈n ∗ C_p([1, τ], τ) = F.

Let T : E → F be a homeomorphism. We can assume, without loss of generality, that T (0) = 0. Obviously E and F can be identified in the natural way with the dense subsets of R^{[1,τ )×m}, R^{[1,τ )×n}, respectively. Let us define A_γ = {(η, ζ) ∈ [1, τ) × m; η < γ}, B_γ = {(η, ζ) ∈ [1, τ) × n; η < γ} and E_γ = {(f_ζ )_{ζ∈m} ∈ ∏_∗

θ∈mC_p([1, τ]); ∀ ζ ∈ m f_ζ | [γ, τ] ≡ 0}, F_γ = {(f_ζ )_{ζ∈n} ∈

∏_∗

θ∈nC_p([1, τ]); ∀ ζ ∈ n f_ζ | [γ, τ] ≡ 0} for γ < τ. It is easy to check that for the above defined sets we can apply Lemma 4.8 and Lemma 4.9 where L and M are defined as in these lemmas. Take ξ ∈ M ∩ L ∩ Lim. Let us put G_ξ = {(f_ζ )_{ζ∈m} ∈ E; ∀ ζ ∈ m f_ζ (ξ) = 0} and H_ξ = {(f_ζ )_{ζ∈n} ∈ F ; ∀ ζ ∈ n f_ζ (ξ) = 0}. Observe that T (G_ξ) = H_ξ. Indeed, let us take (f_ζ )_{ζ∈m} ∈ G_ξ. Define f^′_ζ | [1, ξ) ≡ f_ζ | [1, ξ) and f^′_ζ | [ξ, τ] ≡ 0. Since ξ ∈ M we have that T ((f^′_ζ )_{ζ∈m}) = (g^′_ζ )_{ζ∈n} ∈ F_ξ. But ξ ∈ L; therefore g_ζ (x) = g^′_ζ (x) for x < ξ and because ξ ∈ Lim we have g_ζ (ξ) = g^′_ζ (ξ) = 0 where (g_ζ )_{ζ∈n} = T ((f_ζ )_{ζ∈m}), hence T ((f_ζ )_{ζ∈m}) ∈ H_ξ. Analogically we prove that T^{−1}(H_ξ) ⊂ G_ξ. To finish the proof we need

Lemma 4.10. Let E be a dense subset of R^X and T : E → R^Y be a continuous function. Then for every infinite subset B ⊂ Y there is a set A of cardinality not greater than cardinality of B such that for every f, g ∈ E, f | A = g | A ⇒ T f | B = T g | B.

This lemma is just an immediate consequence of the Factorization lemma (see [1, 0.2.3]). Let us consider C^m_ξ = {(ξ, θ); θ ∈ m} and C^n_ξ = {(ξ, θ); θ ∈ n}.

Applying the above lemma for C^n_ξ we get the set A ⊂ [1, τ) × m of cardinality not greater than n such that for every f, g ∈ E, f | A = g | A ⇒ T f | C^n_ξ = T g | C^n_ξ . If m > n then there exists x such that [1, τ) × {x} ∩ A = ∅. Let us take f = (f_ζ )_{ζ∈m} ∈ E such that f_ζ ≡ 0 for ζ ≠ x and f_ζ ≡ 1 for ζ = x. Obviously f /∈ G_ξ but from the choice of x we know that T f ∈ H_ξ which contradicts the equality T (G_ξ) = H_ξ. Therefore we proved that m ≤ n. Analogically we prove that m ≥ n. □

5. Summary

Summarizing the results of the previous chapter we can prove the following: Theorem 5.1. Let α, β, γ are ordinals satisfying α ≤ γ ≤ β. If C_p([1, α]) and C_p([1, β]) are (uniformly) homeomorphic then also C_p([1, γ]) is (uniformly) homeomorphic to C_p([1, α]) and C_p([1, β]).

Proof: It is clear that α, β, γ have the same cardinality, say κ (see Theorem 2.2). We can assume that κ ≥ ω. From Theorem 3.1(b) and Theorem 4.6, without loss of generality, we can assume that κ · ω ≤ β. From Theorem 4.1 we get

C_p([1, α]) ≏ ∏ η∈κ_α ∗ C_p([1, κ])

C_p([1, β]) ≏ ∏ η∈κ_β ∗ C_p([1, κ])

C_p([1, γ]) ≏ ∏ η∈κ_γ ∗ C_p([1, κ])

where κ_β, κ_α are κ_γ cardinals, κ_β ∈ [ω, κ^+) and κ_α, κ_γ ∈ [1, κ^+). Moreover we know that κ_α ≤ κ_γ ≤ κ_β but, without loss of generality, we can exclude all the equalities. We have

C_p([1, γ]) ≏ ∏ η∈κ_γ ∗ C_p([1, κ]) ≏ ∏ η∈κ_γ \κ_α ∗ C_p([1, κ]) × ∏ η∈κ_α ∗ C_p([1, κ]) ≏ ( ∏ η∈κ_γ \κ_α ∗ C_p([1, κ]) ) × C_p([1, α])

(≏) ≈ ( ∏ η∈κ_γ \κ_α ∗ C_p([1, κ]) ) × C_p([1, β]) ≏ ∏ η∈κ_γ \κ_α ∗ C_p([1, κ]) × ∏ η∈κ_β ∗ C_p([1, κ]).

Because |κ_γ \ κ_α| ≤ κ_β and κ_β ≥ ω, we have ∏ η∈κ_γ \κ_α ∗ C_p([1, κ]) × ∏ η∈κ_β ∗ C_p([1, κ]) ≏ ∏ η∈κ_β ∗ C_p([1, κ]) ≏ C_p([1, β]).

Thus C_p([1, β]) and C_p([1, γ]) are (uniformly) homeomorphic. □

Now we can prove Theorem 1.1.

Proof of Theorem 1.1: Let us observe that (a) follows from Theorem 2.2. Assume that α, β ≥ κ^2. As a consequence of Theorem 4.1 we get that C_p([1, α]) and C_p([1, β]) are uniformly homeomorphic. If κ = ω or κ is singular then, from Theorem 3.1(b), we have that, for α, β ∈ [κ, κ^2], C_p([1, α]) and C_p([1, α]) are even linearly homeomorphic. Therefore the proof of (b) is completed. The remaining case (c) is just Theorem 4.7. □

All the above results do not give us a complete classification of spaces C_p([1, α]) for α ∈ Ord up to t and u-equivalence what was mentioned before. To complete the classification we have to consider the case α = (τ^+)^2 and β = τ^+ · τ where τ is a cardinal. All the rest is covered by Theorem 5.1 and Theorem 1.1. Moreover one can see that in all settled cases t and u equivalences coincide. But it is still unknown whether it is true for the whole class of spaces [1, α] where α ∈ Ord or even for the class of all compacta.

Acknowledgments. I am very grateful to Witold Marciszewski for many valuable remarks and suggestions.

References

[1] Arkhangel’skii A.V., Topological Function Spaces, Kluwer Academic Publishers, Dordrecht, 1992.

[2] Baars J., de Groot J., On topological and linear equivalence of certain function spaces, CWI Tract 86, Stichting Mathematisch Centrum, Centrum voor Wiskunde en Informatica, Amsterdam, 1992.

[3] Gul’ko S.P., The space C_p(X) for countable infinite compact X is uniformly homeomorphic to c_0, Bull. Polish Acad. Sci. Math. 36 (1988), 391–396.

[4] Gul’ko S.P., Spaces of continuous functions on ordinals and ultrafilters, Mat. Zametki 47 (1990), 26–34.

[5] Kislyakov S.V., Classification of spaces of continuous functions of ordinals, Siberian Math.

J. 16 (1975), 226–231.

Institute of mathematics of the Polish Academy of Sciences, ul. Śniadeckich 8, P.O.Box. 21, 00-956 Warszawa 10, Poland E-mail: gorakrafal@yahoo.com; R.Gorak@impan.gov.pl

(Received October 13, 2003, revised August 6, 2004)