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Galerkin approximations for nonlinear evolution inclusions

SHOUCHUAN HU*, NIKOLAOS S. PAPAGEORGIOU

Abstract. In this paper we study the convergence properties of the Galerkin approxima-
tions to a nonlinear, nonautonomous evolution inclusion and use them to determine the
structural properties of the solution set and establish the existence of periodic solutions.
An example of a multivalued parabolic p.d.e. is also worked out in detail.
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1. Introduction

In this paper we study the properties of the solution set of a class of nonlinear,
nonautonomous evolution inclusions and also establish the existence of periodic
trajectories. This is done by developing a general abstract approximation frame-
work and a convergence theory for the Galerkin approximations of the system
under consideration. We employ standard Galerkin techniques (see for example
the book of Strang-Fix [11]) to obtain a sequence of approximating multivalued
systems. Under readily verifiable hypotheses on the data, we demonstrate that
the solutions of the finite dimensional approximations converge to those of the
original infinite dimensional evolution inclusion. This approximation procedure
allows us to establish certain useful properties of the solution set and also prove
the existence of periodic trajectories. More precisely, we show that the solution set
is compact and connected in the Lebesgue-Bochner space LP(T, H). This is done
for both systems with and without state constraints. For the first as expected, we
employ a tangential condition. Also using a well-known fixed point theorem for
pseudo-acyclic multifunctions on the Galerkin approximations and then passing
to the limit, we prove the existence of periodic solutions under a weak tangential
condition. An example of a nonlinear multivalued distributed parameter system
is also worked out in detail. We note that evolution inclusions are the right device
to model distributed parameter control systems with a priori feedbacks, as well
as other infinite dimensional systems with multivalued terms. Furthermore, our
analytical framework based on Galerkin approximations can be useful in compu-
tational considerations.

*This work was done while the first author was on sabbatical leave at Florida Tech.
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2. Preliminaries

Let T = [0,b], H a separable Hilbert space and X a subspace of H carrying the
structure of a reflexive separable Banach space, which embeds into H continuously
and densely. Identifying H with its dual (pivot space), we have X — H — X*
with all embeddings being continuous and dense. A triple (X, H, X*) is known as
an “evolution triple” (cf. Zeidler [12]). We will also assume that the embeddings
are compact. By || - || (resp. |- |, || - [|x) we will denote the norm of X (resp.
of H, X*). Also by (-,-) we will denote the inner product in H and by (-,-)
the duality brackets for the pair (X, X*). The two are compatible in the sense
that () = (-, )| xxg. Let 1 < p, ¢ < oo and % + % = 1. We define the space
Wpe(T) ={x € LP(T, X)) : © € L9(T, X™*)}. In this definition the derivative of z(-)
is understood in the sense of vector valued distributions. Furnished with the norm
Izllw,, (1) = [Hx”%P(T,X)+||j7”%‘l(T,X*)]1/2’ Wpq(T') becomes a reflexive separable
Banach space. In fact, if p = ¢ = 2, then Wae(T) = W (T) is a separable Hilbert
space with inner product (z,y)w,, 1) = (,¥)r2(7,x) + (&, 9)2(7,x+)- Recall
(cf. Zeidler [12]) that Wjq(T') embeds continuously in C(T, H) and compactly in
LP(T, H).

In what follows, by Py.(H) we will denote the family of nonempty, closed and
convex subsets of H. A multifunction (set-valued function) F' : T — Py (H) is
said to be measurable, if for all y € H, t — d(y, F(t)) = inf{|ly—z|| : « € F(t)} is
measurable. Given a multifunction G : H — Py (H), its graph is the set GrG =
{(z,y) € Hx H : y € G(x)}. We will say that G(-) is upper semicontinuous
(u.s.c.), if for every U C H open, the set Gt (U) = {z € H : G(z) C U} is open.
Recall (cf. DeBlasi-Myjak [2]) that if G() is u.s.c., then GrG is a closed subset
of Hx H.

Let Y be any Banach space and P;(Y) = {C' C Y : nonempty and closed}.
Let By ={y € Y : [lylly <1}. For C,D € P;(Y), we define

h*(C,D) =inf{e >0:C C D +¢eB;1} =supld(c,D) : c € C]
and h*(D,C) =inf{e >0: D C C +¢eB;} =supld(h,C) : b € D].

Then we set h(C, D) = max[h*(C, D), h*(D,C)]. It is well known that h(-,-)
is a generalized metric on P;(Y’) (a metric on the bounded sets in P¢(Y)), known
as the Hausdorff metric and (Pf(Y), h) is a complete metric space, with Pr.(Y')

a closed subset of it. Also if {C}p>1 € 2Y \ {0} we define
limCy = {y € Y : limd(y, C) = 0}
={yeY:y=Ilimyp, yph € Cp, n>1}
and imC, = {y €Y :limd(y,Cy,) = 0}
={yeY :y=limyn,, Yn, € Cny, n1 <ng <---<ng <...}L

Clearly we always have that lim C, C lim C;, and both sets are closed, maybe
empty. We say that the C)y’s convergence to C' in the Kuratowski sense, denoted
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by Cn 2 C, if imC), = ImCy, = C. Finally, convergence in the Hausdorff

metric will be denoted by L; ie. Cp ¢ if and only if h(Cy,C) — 0 asn — oo.
In the rest of this section we will prove some auxiliary results that we will need
in the sequel.

Proposition 1. If {Cp},>1 C Pp(Y), Oy K, ¢ and there exists a nonempty
compact set V' such that Cy, CV for alln > 1, then C, i C asn — oo.
PrOOF: Note that since V is compact, h*(Cyp, C) = d(cp,C) with ¢, € Cp, C V.
So by passing to a subsequence if necessary, we may assume that ¢, — ¢, with
¢ € C since by hypothesis Cy, X, ¢. Hence d(en,C) — 0 = h*(Cp,C) — 0.
Also h*(C, Cy) = d(¢p, Cp) with ¢, € C. Again we may assume that ¢, — ccC.
Then note that d(Gn,Cn) < |[én — clly + d(@ Cn) — 0, since Cr, == C. So
d(¢n,Cn) = h*(C,Cr) — 0= h(Cy,C) — 0. O
The next auxiliary result shows that connectedness is preserved by Hausdorff
convergence.
Proposition 2. If {Cy},>1 € P;(Y), for every n > 1, Cy is connected and
Ch b Casn— o0, then C € P¢(Y) is connected, too.
PROOF: Suppose not. Then there exists Uy, Us C Y open such that U1 NUy =,
CC U1UU2 and CNU7 # 0, CNU # 0. Let e > 0 be such that C' C CE C U1UUs,
where Cg ={yeY: d(y,C’) < €}. Then since Cy, LA C, we can find N(e) > 1

such that if n > N(g), CnQCEQUlLJUg and C, NUL £ 0, Cr,NUs # 0, = Cp,
is disconnected for n > N (¢), a contradiction. O

Recall that if C € Py.(H), then the metric projection map proj[;C]: H — C
defined by proj [z; C] = {c € C : |x—c| = d(z, C)} is a single-valued, nonexpansive
map. We have the following result:

Proposition 3. If ' : T — Py, (H) is a measurable function, then (t,z) —
proj [z; F'(t)] is measurable in t and continuous and z (i.e. a Carathéodory func-
tion).

PROOF: We only need to show the measurability in ¢. Note that Gr proj [x; F()] =
{(t,v) € GrF : d(z,F(t)) = |x—v|}. But since F(-) is measurable, GrF € B(T) x
B(H), with B(T) (resp. B(H)) being the Borel o-field of T' (resp. of H). Also
for the same reason, t — d(z, F(t)) is measurable. Therefore Gr proj[z; F(-)] €
B(T) x B(H) and so t — proj [z; F(t)] is Lebesgue measurable. O

Remark. This proposition implies that (¢, z) — proj [x; F(t)] is superpositionally
measurable; i.e. if T'— H is measurable, then ¢ — proj[z(t); F'(t)] is measurable.

Now let us introduce our Galerkin approximation scheme. For each n > 1,
let Hy, be a finite dimensional subspace of H which is also contained in X. Let

707



708

Shouchuan Hu, N.S. Papageorgiou

pn : H — Hpy, be the orthogonal projection of H onto H,, with respect to the inner
product (-,-). We assume that the approximating spaces Hj and the projections
pn(+) satisfy

(%) “for each z € X, we have lim ||ppz — z|| = 0.”

Note that (*) and the Uniform Boundedness Principle imply that there exists
~ > 0 such that ||ppz —2z|| < 7||z| for all n > 1 and all z € X. Furthermore, since
X embeds continuously and densely into H, we also have lim |pp2z — 2| = 0 for all
x € H. In what follows, by X, we will denote the linear space Hy, equipped with
the X-norm (i.e. X, is considered as a subspace of X rather than of H). Since
dim H,, < oo, we see that X} is the space Hj, equipped with the X*-norm.

We will be studying the following evolution inclusion defined on T = [0, b] and
the evolution triple (X, H, X*):

(1) #(t) + At x(t)) € F(t,z(t)) ae.
ZC(O) = 0.

Here A: T x X — X*and ' : T x H — Py.(H). By a solution of (1) we
mean a function z(-) € Wye(T') such that &(t) + A(t, z(t)) = f(t) a.e. in X*, with
feLYT, H), f(t) € F(t,z(t)) a.a. and z(0) = 9. We will denote the solution
set of (1) by S C Wye(T) C LP(T, H).

For each n > 1, define A,, : T x X;, — X} to be the restriction of the operator
A(t,-) to Xy, by Ap(t,z) =y for x € X, where y satisfies

(A(t,z),v) = (y,v) forall ve Xy.

Then from the Riesz Representation theorem, this is a well defined operator
which furthermore is measurable in ¢, if t — A(¢, z) is.

We counsider the following sequence of Galerkin approximations to (1):

n En(t) + An(t, 20 (t)) € prF(t, zn(t)) a.e.
" zn(0) = pnxo = 7).
We denote the solution set of (1), by Sp € Wpe(T) € LP(T, H).

3. Convergence results

In this section, we examine how the solution sets .S,, approximate .S.
We will need the following hypotheses on the data:

(4): A:T x X — X*is an operator such that

(1) t — A(t, z) is measurable,

(2) x — A(t,z) is hemicontinuous, monotone (i.e. for every z,y,z € X,
A — (A(t,z + A\y), z) is continuous from [0, 1] into R (hemicontinuity)
and (A(t,z) — A(t,y),z —y) > 0 for all z,y € X (monotonicity)),

(3) (A(t,x),x) > c||z||P for all z € X and almost all ¢t € T, with ¢ > 0,

(4) |A@t, )|« < a1(t) + c1||z|P~! for all z € X and almost all ¢ € T, with
a1(-) € LYT), c1 > 0 and 2 < p < o0, %—l—é:l.
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(F):  F:TxH — P, (H) is a multifunction such that

(1) t — F(t,z) is measurable,
(2)  — F(t,x) has a graph which is sequentially closed in H x H,, with Hy,
being the Hilbert space H equipped with the weak topology,
(3) |F(t,z)| = sup{|v| : v € F(t,z)} < as(t) + c2|x|?/9 a.e. in ¢ and for all
x € H, with as(-) € LY(T), c2 > 0.
Theorem 4. If hypotheses H(A), H(F) hold and z¢ € H, then lim S,, C S and
h*(Sp,S) — 0in LP(T, H).
PROOF: Using hypothesis H(F') (1), we see that the multifunction ¢t — p, F (¢, x)
= Gp(t,z) is measurable. Also from hypothesis H(F) (2) we see that the mul-
tifunction © — ppF(t,x) = Gp(t,z) has a closed graph. Combining this with
hypothesis H(F) (3) we get that Gy, (¢, )| g is ws.c. for every K C X, compact.
Invoking Lemma 8 of Papageorgiou [8], we get that Gy, (¢, -) is u.s.c. Furthermore
(t,z) — Ap(t, z) is Carathéodory, monotone in z and
pnF(t,2)] < IpallelF(t2)] < az(t) + cal2*9 ae.
while || Ap(t, )|« < a1(t) + c1|z|[P~1 ace.
So from Theorem 3.1 of Papageorgiou [10], we see that S, C Wype(T) C
LP(T, H) is nonempty and closed.
Now we will establish some a priori bounds for the sets S;, which are uniform
inn > 1. Solet z,(-) € Sy, n > 1. We have:

(#n(t), zn(t)) + (An(t, 2n (1), 2n(t)) = (Pnfn(t), zn(t)) a-e.
= (&n(t), zn (1)) + (AL, 20 (1)), 2o (1)) = (Pnfn(t), n(t)) a-e.
with fp, € LY(T, H), fn(t) € F(t,z,(t)) a.e. So we get

%Iwn(t)l2 +2¢llzn ()P < 2/ fn ()] - [2n ()] < 2| fn(®)[Bllzn(@)]] a-e.

with 8 > 0 such that |- | < || - ||. Such a 8 > 0 exists since X embeds into
H continuously. Applying on the right hand side of the last inequality, Young’s
inequality with € > 0, we get

d g4 1
Flon®F + 26 01P <26 (1501 + Zlou(OIP) ac.
1
We choose & > 0 so that 22 = 2c = & = (ﬁ) /p. Hence we get

ePp cp
d 9 28 /B\P!
— < q .e. - .
dt|xn(t)| <elfn®))? ae with ¢ . (cp)

d —
= %lwn(f)lz < Aag(t) + ealen()[2/7)

< 297 Yy (1) + 29 L gl (1) ae.

t
= |z () < |xo)® + 2q_1€]|a||g + 2q_102/ |zn(s)|? ds (recall lzg| < |xol).
0
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Apply Gronwall’s lemma to get M7 > 0 such that
|zn ()| < My forall n>1 andall teT.

Then we have
d 5 »
Elwn(t)l + 2¢||zn (t)|IP < 2M1|fn(t)] ae.
b b
= 26/0 | () ||P dt < |:c0|2+2M1/0 | fu(t)| dt

b
< |zol? + 2M1/0 (a(t) + clMlg/q)dt.

Hence there exists Mg > 0 such that
&nll Lo (r,x) < M for all n>1.

Finally, since @n(t) = —An(t,zn(t)) + fn(t) a.e., and by using hypothesis
H(A)(4) and the definition of Ap(¢) from the above estimates, we get M3 > 0

such that
Znll o1, x+) < M3 forall n>1.

Let V = {z € Wp(T) : ||:c||Lp(T7X) < Mo, Hi”Lq(T’X*) < Ms}. This is
a bounded closed convex subset of Wy4(T"). By the Eberlein-Smulian theorem (see
for example Lakshmikantham-Leela [6, Theorem 1.1.12, p. 7]), we have that V
is sequentially weakly compact in Wy, (T'). Also since Wpy(T') embeds compactly
into LP(T, H) (see Zeidler [12, p. 450]), we get that V is a compact subset of
LP(T, H) and furthermore for alln > 1, 5, C V.

Now let z, € Sp, n > 1, and assume that x, — x € LP(T,H). Since
{Zn}n>1 C© V by passing to a subsequence if necessary, we may assume that

Ty, 2 @ in Wpg(T). By definition we have

{ i (t) + Ap(t, 2n (1)) = pnfa(t) a.e.}

xn(0) = 2

with f(t) € F(t, (1)) ae., fn(-) € LI(T, H). Since | fn(t)| < ag(t)+ca|zn(t)2/?

< ag(t)+02M12/q = Go(t) a.e. with @y(-) € LI(T), we may assume that f, — f in
LYUT, H) (recall that LY(T, H) is a separable, reflexive Banach space). Invoking
Theorem 3.1 of Papageorgiou [7], we get

F(t) € omv w- T fu(t) b1 C conv w-Tmn F(t, 20 (1)) C F(t,2(t)) ace.,

the last inclusion being a consequence of hypothesis H(F) (2). In what follows,
let A, (-) be the Nemitsky (superposition) operator corresponding to Ay(t,x);
ie. Ay : LP(T, X,) — LY(T, X}}) is defined by Ay (z)(-) = An(-,2(-)). Then if
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by ((-,-))o we denote the duality brackets for the pair (LP(T, X), LY(T, X™)) (i.e.
((f.9)0 = Jotf(t), g() dt, f € LP(T, X), g € LI(T, X*)), we have
((&ns @n — 2))0 + (A(zn), 2n — 2))0 = ((Pnfr, Tn — 7))o -

From the integration by parts formula for functions in W (T') (see Zeidler [12,
Proposition 23.23, p. 422]), we get that

(o = 00 = )0 = 3lan(®) = 2O) = Slpnzo — 0l* = ((En,2n — 2o

1 1 .
= Slan(®) = 2O = Slpnzo — 20> + (.00 — )0 — 0 as 0 — ox.

Also we have

b

b
((Pnfn,2n —2))o = /0 (Pnfn(t), zn(t) — x(t)) dt = /0 (Pnfn(t), zn(t) — 2(t)) dt
b
= [ Gatt).ut) = st .
Recall that |ppa(t) — 2(t)] — 0 as n — oo. So we get

b
(bnfons n — )0 = /0 (Fa(), 2n(t) — pra(t) dt — 0 as n— oo.

Thus finally we have
lim((gn(:vn), xn —x))o = 0.

Then we write

= ((A(wn) = An(@n), zn — pnz))o
+ ((A(zn) = An(@n), pnz — 7))o + (An(2n), 20 — 2))o
= ((A\(xn) - gn(xn)apnx - I))O + ((gn(xn)a Tn — 33))0

(recall the definition of A, (t,x)). Since ||A\($n)||Lq(T7X*), ||A\n($n)||Lq(T7X*) <
My for all n > 1 and some My > 0 (cf. hypothesis H(A) (4)) and ppz(-) — =()
in LP(T, X), we get

lm((A(xp), zn —x))o = 0.
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But A(-) is hemicontinuous monotone, since A(t,-) is. Hence it has property
(M) (cf. Zeidler [12, pp. 583-588]). Therefore, A(zy,) — A(z) in LI(T, X*) =
Ap(xy) = A(z) in LIY(T, X*). Therefore for every u € LP(T, X), we have

~

((En,uw))o + ((An(2n), w))o = ((Pnfn, w))o

= (& w)o + (A(z),u))o = ((f,u))o
= &(t) + A(t, x(t)) = f(t) a.e., x(0) = zo
with fe LYT, H), f(t) € F(t,z(t)) a.e.

Thus = € S and so we have proved that
lim S, C S.

Recalling that Sy, C V' = compact subset of LP(T, H), from the proof of Propo-
sition 1, we also conclude that

h*(Sp,S) — 0 as n — oo.

O

If we strengthen our hypotheses, we can improve the conclusion of Theorem 4
above.
H(A);: A:Tx X — X*is an operator such that

(1) t — A(t, z) is measurable,

(2) x — A(t, ) is continuous, monotone,

(3) (A(t,x),x) > c||z||P for all x € X and almost all ¢t € T, with ¢ > 0,

(4) |A@t, 2)|« < a1(t) + c1||z||P~! for all z € X and almost all ¢ € T, with

t
ag(-) € LY(T), ¢c;1 > 0and 2 < p < o0, %—f—%:l.
H(F)1;: F:TxH — P, (H) is a multifunction such that

(1) t — F(t,z) is measurable,
(2) h(F(t,z)F(t, y)) < k(t)|x — y| a.e. with k(-) € L1(T),
3)

Theorem 5. If hypotheses H(A)1, H(F')1 hold and xo € H, then Sy, X Sin
h

LP(T, H).

ProOOF: From Theorem 4, we know that

(2) limS, € S in LP(T,H).

In what follows we will show that we also have S C lim Sy, in LP(T, H).
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To this end, let € S. Then by definition we have
() + A(t, z(t)) = f(t) a.e.
z(0) = xg
with f € LY(T,H) € F(t,z(T)) a.e. Define gn(t) = proj [f(t); pnF(t,x(t))] and
vn(t,x) = proj[gn(t); pnF (t,z)]. From Proposition 3, we have g,(-) € LY(T, H)
and t — vy (¢, z) is measurable. Also from Theorem 3.33, p. 322 of Attouch [1],
we have that © — vy, (t, x) is continuous. Then consider the following problem:

En(t) + Ap(t, zn (1)) = vn(t, 20 (1)) a.e.
) { zn(0) = prxo = 7). }

From Papageorgiou [10], we know that problem (3) above has at least one
solution xy,(-) € Wpq(T'). Then we have

(@(t) — Bn(t), z(t) — zn(t)) + (At 2(t) — An(t,2n (1)), 2(t) — 2n (1))
= (f(t) —vn(t,zn(t), 2(t) — an(t)) ae.

= 2 0 a(t) — ()P = (F1) ~ vt 2n(1)), 2(2) — nl0)
+ (At (1) = An(t, 20 (), 20 (t) - 2(1)) acc

4

) = %%Lﬂ(t) - xn(t)|2 < %|5170 - $6L|2

t
n /0 ((5) — tn(5, 2n(s)). 2n(s) — 2(s)) ds
t
—I—/O (A(s,x(s)) — An(s, 2n(8)), xn(s) — x(s)) ds.

We investigate the third summand in the right-hand side of the above inequal-
ity. We have:

t
/0 (A5, 2(5)) — An(s,2n(5)), 2n(s) — 2(s)) ds
t
- /0 (A5, 2(5)) — A(5, pnx(s)) + A(s, pn(s)) — An (5, 2n(s)). 2n(s) — 2(5)) ds
t
- /0 (A(5,2(5)) — A(s, pnz(s)), 2n(s) — 2(s)) ds
t
+ / (A5, nz(5)) — An(5,2n(5)), 2n(s) — (5)) ds.
0

Note that since ppz(s) — z(s) in X, we have A(s, ppa(s)) — A(s,z(s)) in X*
(cf. hypothesis H(A)1 (2)). So since |[zn|[zp(7,x) < M2, n > 1 (check the proof
of Theorem 4), we have

t
/0 (A(s,z(s)) — A(s, pnx(s)),2n(s) — x(s))ds — 0 as n — oo.
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Also we have
t

/0 (A5, pnt(5)) — An($, 2n(5)), 2n(s) — 2(s)) ds
t

- /0 (A(5,pne(s)) — An(s,2n(5)), 2n(s) — pna(s)) ds
t

+ /0 (A(5,pn(5)) — An(5,2n(5)), pn(s) — a(s)) ds
t

- /0 (A(5,pne(s)) — A5, 2n(5)), Zn(s) — pn(s)) ds
t

+ /0 (A(5, pni()) — An(5,2n(5)), pnz(s) — 2(s)) ds
t

< /0 (A(s,pnx(s)) — An(s, zn(8)), pnx(s) — x(s))ds — 0 as n — oo,

since ppa(s) — z(s) in X and {A(,pn2("))}n>1, {An(2n(-))}n>1 are both
bounded in LY(T, X*). Then going back to (4), we have

t
3150 = an(®F < Flao —ap+ [ (1(6) = vn(s.20(s)).2(5) = (o)) ds
t
+ /0 (A(s,x(s)) — A(s, pnz(8)), zn(s) — z(s)) ds
t
+ / (A(s,pnx(s)) — An(s, zn(8)), xn(s) — x(s)) ds.
0

From the above convergence observations, we see that given € > 0, we can find
ng(e) > 1 such that for n > ng(e) we have

t
lan(t) — ()2 < e +2 /0 (F(5) — vn(s,2n(5)), 2(s) — zn(s)) ds
t
<e+2 /0 1(5) = vn (5, 2n(s))] - [£(5) — 2n(s)] ds
t
<e+2 /0 (1£(5) = vn (5, 2(8))] + [0 (5 2(5)) — v (5, 2n(8)))]n(s) — 2(s)] ds
t
<et2 /0 (7 (), pnF (5, 2(5)) + d(gn(s), pnF (5,20 () |2 () — 2(s)] ds
t
<et2 /0 (A(F(5). P (5,2())) + h(pnF (5, 2(5)), pF (5, 2 (5)))][2n(s) — x(s)| ds

t
Se+ 2/0 [1£(s) = pnf ()] + k(s)|xn(s) — 2(s)[]|lzn(s) — x(s)| ds.



Galerkin approximations

Note that |f(s) — pnf(s)] — 0 as n — co. So we can find nj(g) > ng(e) such
that for n > nj(e), we have

(1) — (D)2 < 26 +2 /Ot B($))(s) — n(s)[2 ds
= [x(t) — zn(t)]? < 2eexp2|[k|y forall ¢t € T andall n>ny(e).
Thus z, — x in C(T, H), hence in LP(T, H). Since x,, € Sp, we have
(5) S C lim Sp,.

From (2) and (5), we deduce that Sy, K Sin LP(T, H). Since Sy, C V with
V compact in LP(T, H), from Proposition 1, we also have that Sy, LR S. O

4. The structure of the solution set and periodic solutions

In this section we use Theorems 4 and 5 to examine the structural properties
of S even when state constraints are present, and to establish the existence of
periodic solutions.

Theorem 6. If hypotheses H(A)1, H(F)1 hold and xg € H, then S C LP(T, H)
is compact and connected.

PRrROOF: From DeBlasi-Myjak [3], we know that for every n > 1, S, CC(T, H) is
compact and connected in LP(T, H). So from Proposition 2 and Theorem 5, we
conclude that S is compact and connected in LP(T, H). O

Remark. In fact, a careful reading of the proof of DeBlasi-Myjak [3] reveals that
for each n > 1, Sy, is the Hausdorff limit of a sequence {Snm}m>1 C LP(T, H)
of contractible sets and for all n,m > 1, Sp;, C K, with K being compact in
LP(T, H). Hence from Theorem 5 and Corollary 1.18, p. 37 of Attouch [1], we
deduce that there exists a sequence m — n(m) with n(m) — oo as m — oo, such

that Sn(m) l S.

m

We can have a similar structural result for the solution set when state con-
straints are present. So we consider the following problem:
() + A(t, z(t)) € F(t,z(t)) ae.
(6) 2z(0) =29 € K
z(t) € K for all ¢ € [0,b].
Here K C H is a nonempty, bounded, closed and convex subset of H such that

Kn = pn(K) = KN Hy, n > 1. In what follows by T} (x) we will denote the

Bouligand tangent cone to K at z € K in X*; i.e.
Tje(x) = {h € X* : lim, o LERRED — 0} with dy (2 + Mh, K) = inf{||z + Ah —

Ell« : k € K}. It is well-known that this is a closed and convex cone in X*.
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We will need the following strong tangential condition:
H;:  forall (t,x) e T x (KNX), [F(t,x) — A(t, )] C Ty ().

Also denote by S(K) the solution set of (6). We have the following structural
result:

Theorem 7. If hypotheses H(A)1, H(F); and H; hold, then S(K) is compact
and connected in LP(T, H).

PrOOF: We claim that for every n > 1 and every t € T, z € KN X, = K, we

have
pnF(t,z) — An(t,z) C Tk, ().

To this end, fix (t,2) € T x K, and let v € F(t,x) — A(t,z). Then v =
g — A(t,z) with g € F(t,z). We will show that p,g — Ay (t,2) € Tk, (). So let
w € Nk, (z) =Tk, ()" ={h € Xp: (hyu) <O0forall u € Tk, (z)} ={h € Xy :
(h,z) = supge g (h, pnk)} (the normal cone to Ky, at ). We have
= (g, w) — (A(t,x),w) (note that ppw = w and recall the definition of A;,)
= <g - A(t7$)7w>
Since w € Nk, (x), by definition we have
(w,ppk) < (w,z) forall k€ K,
= (w, k) < (w,z) forall ke K,
= w € Ny (z) =T (z)” C X.
Therefore we have that (g— A(¢,x), w) < 0= (prg— Ap(t,z),w) < 0 and since
w € Nk, (x) was arbitrary, we conclude that p,g — Ay (t,2) € Tk, (x). So indeed
puk(t,x) — An(t,2) C Tk, (2).
Hence from Papageorgiou [9], we have that S, (K) = Sy, and S(K) = S. Also

from Theorem 5 we know that S, i» S and for each n > 1, S, is compact and
connected in LP(T, H). Hence by Proposition 2, so is S C LP(T, H). O

Finally using Theorem 4, together with a well known fixed point theorem of
Eilenberg-Montgomery [4], we can establish the existence of periodic trajectories.
More precisely, we consider the following problem:

() + A(t, z(t)) € F(t,z(t)) ae.
x(0) = ().

We will need the following hypotheses:

(7)

H(K): K C H is a nonempty, bounded, closed and convex set such that
Ky, =pn(K)=KNHp, n>1.

Hi:  forall (t,z) € T x (K N X), we have that [F(t,2) — A(t, z)] N T (x) # 0.
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Theorem 8. If hypotheses H(A), H(F), H(K) and H. hold, then problem (7)
admits a solution.

PRrROOF: As in the proof of Theorem 7, we can show that for alln > 1, allt € T

and all x € K,
[pnF(t,2) — An(t, )] N Tk, () # 0.

Then from Hu-Papageorgiou [5], we know that the Galerkin approximation
(1)p, has a nonempty set of solutions which remain in K (i.e. K is invariant
with respect to (1),). Denote by §(Kn)(x8) this solution set. We know (cf.
Hu-Papageorgiou [5]) that S(K,,) is an Rs-compact in LP(T, H), in particular,
then acyclic. Also zg — S(Kp)(zg) is ws.c. Therefore Ty : K, — 250\ {0}
defined by T'p(v) = e o S(Ky,)(v) (with ep(-) being the evaluation at b map;
since S(Ky,)(v) C Wpe(T) € C(T, H), this map is well defined) is pseudo-acyclic.
Apply the Eilenberg-Montgomery [4] fixed point theorem to get v, € T'p(vp),
n > 1. Let x,(-) € C(T, H) be the trajectory for (1), (with x = vy,) such that
2n(0) = 25(b). From the proof of Theorem 4 and since by hypothesis H(K), K is
bounded, we have that {xy},>1 is bounded in Wyy(T). So we may assume that
& — x in LP(T, H). From Theorem 4, we know that @(t) 4+ A(t, z(t)) € F(t,z(t))
a.e., (0) = z(b); i.e. z(-) € Wpq(T) solves (7). O

5. Example

We conclude this work with an example illustrating the applicability of our
abstract results.

Let Z C RY be a bounded domain with smooth boundary 0Z = I'. We
consider the following periodic multivalued distributed system (p > 2):

N
% — > Dilay(t, 2)| Dya/P"*Dya) = h(z) ae.on T x Z

0 =
x(0,2) = x(b,z) a.e.on Z, x|pxr =0,
filt,z,z(2)) < h(z) < fa(t, z,2(2)) a.e.
We will need the following hypotheses on the data:
H(a): ap:T x Z — R is a measurable function and 0 < 81 < ai(t,2) < G2
aeonTxZ ke{l,...,N}.
: [i:TxZxR—R,i=1,2, are functions such that f; < fo and

=

(
(1) (t,2) — fi(t,z,x) is measurable,
(2) x — f1(t,z,2) is Ls.c., while z — fa(t, 2z, x) is ws.c.,
(3) |fi(t, z,x)| < a(t,2) + c(2)|z| a.e., with a(-,-) € LI(T, L*(Z)) and c(-) €

L>®(Z).

HJ:  for every x € L?(Z) with [zl L2(z) = 7, we have [, u(2)z(2)dz <

S 1 [y ar(t, 2)|DyalP dz for some u € L2(Z), with fi(t, z,x(2)) <

u(z) < fa(t, z,2(z)) a.e.
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Theorem 9. If hypotheses H(a), H(f) and H” hold, then problem (8) admits
asolution z(-,-) € C(T, L*(Z))NLP(T, W, *(Z)) such that 9% e LI(T, W~14(2)).

PROOF: In this case the evolution triple consists of X = WO’ (Z), H = L*(Z)
and X* = W~14(Z). Then from the Sobolev embedding theorem, we know that

all embeddings are continuous dense and compact.
Let a: T x X x X — R be the time varying Dirichlet form defined by

N
o) = [ 3 on(t.2)|Del? 2 DyaDyy .
Z . _

Applying Holder’s inequality, we get
» o \1/4 p o \1/P
it )l < 2 3 [, 1P a=) (| 1Dwl? dz)

< 52||I|\p 1||y|| for some 3 > 0.

We have just seen that [|A(t,z)||l« < B|lz||P~1, 3 > 0. Recalling the basic

inequality
227Ply =3P < (yly P72 = 818" ") (v —6) .S E€R,

we get that there exists # > 0 such that

Ollz —yllP <a(t,z,x —y) —alt,y,z —y) = (A(t, ),z —y) — (A(t,y), x — y).

Also it is clear that x — A(t,z) is continuous, while from Fubini’s theorem
we have that t — (A(t,z),y) is measurable = t — A(t, z) is weakly measurable
and since X* = W~14(Z) is separable, from the Pettis measurability theorem,

we conclude that t — A(t, x) is measurable.
Next let F': T'x H — Py.(H) be defined by

Ft,x) ={ue L3(Z) : fi(t,z,x(2)) < u(z) < falt, z,2(2)) a.e.}
Claim #1. ¢t — F(t, z) is measurable.
Note that GrF(-,z) = {(t,u) € T x H : [, fi(t,z,x(2))dz < [ru(z)dz <
Jo f2(t, z,2(2)) dz for all C € B(Z) = Borel o-field of Z}. Recall that B( ) is
countably generated, i.e. B(Z) = o({Cp}n>1). Let L be the field generated by

{Cn}n>1- Then L is countable; i.e. £ = {én}nzl. So

GrF(,z) = ﬂ {(t,u) €T x H: /(7 fi(t, z,2(2)) dz < /A u(z)dz

n>1 n Ch

< [, ptz a2z}

= GrF(-,x) € B(T) x B(H) (Fubini’s theorem),

=t — F(t,z) is measurable.
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Claim #2. GrF(t,-) = {[z,u] € H x H : u € F(t,z)} is sequentially closed in
L*(Z) x L*(2)w.

Let [n, un] 2 [, un] € GrE(t,-). We have
/ f1(t, z,xn(2)) dz < / un(z)dz < / fa(t,z,zn(2))dz, n>1, C € B(Z).
C C C

Using hypothesis H(f), together with Fatou’s lemma, in the limit as n — oo,
we get

/fl(t,z,x(z))dzg/ u(z)dzg/ fa(t,z,2(2))dz, C € B(Z), = u € F(t, ).
C C C

Claim #3. |F(t,z)| = sup{||ul2 : u € F(t,2)} < a(t) + ¢|z|>/? a.e. with @ €
LYT),¢> 0.

Indeed from hypothesis H(f) (3), we have

; Z(EZQZ a Z2Z 0221}222
/Zm(t, () s/Z2<t,>d+/Zz<>|<>|d
<a(t)? +Ax|* with a(-) € LY(T), ¢> 0
= it 2)()] < a(t) + 2zl (with Filt,2)() = filt, - 2())) < a(t) + a2/

(applying on the second summand of the right-hand side of the previous inequality,

1 1 1 2
Young’s inequality ab < Y X 1, p=->1).

p el p q q

So F(t,z) satisfies hypothesis H(F').
Next let K = rBy = {u € H : |v| < r}. Then for each z € Wol’p(Z)

w—14(27) if |z <7
Ty =
K fveWwb4Z): (v,2) <0} if |z =1

From hypothesis HY, we get that
[F(t,x) — A(t, )| N T (x) #0, z€ KnX.
Rewrite (8) in the equivalent abstract form (6). Then apply Theorem 8 to get

z € C(T, L2(Z)) N LP(T, W, ?(Z)), a solution of (8) with 92 ¢ L9(T,W—19(2)).
0



720

(1]
(2]

Shouchuan Hu, N.S. Papageorgiou

REFERENCES

Attouch H., Variational Convergence for Functional and Operator, Pitman, London, 1984.
DeBlasi F.S., Myjak J., On continuous approzrimations for multifunctions, Pacific J. Math.
123 (1986), 9-31.

, On the solution sets for differential inclusions, Bulletin Polish Acad. Sci. 33 (1985),

17-23.

Eilenberg S., Montgomery D., Fized point theorems for multivalued transformations, Amer.
J. Math. 68 (1946), 214-222.

Hu S., Papageorgiou N.S., On the topological regularity of the solution set of differential
inclusions with state constraints, J. Diff. Equations 107 (1994), in press.
Lakshmikantham V., Leela S., Nonlinear Differential Equations in Abstract Spaces, Perga-
mon Press, Oxford, 1981.

Papageorgiou N.S., Convergence theorems for Banach space valued integrable multifunc-
tions, J. Math. Math. Sci. 10 (1987), 433-442.

, On infinite dimensional control systems with state and control constraints, Proc.
Indian Acad. Sci. 100 (1990), 65-79.

, A wiability result for nonlinear time dependent evolution inclusion, Yokohama
Math. Jour. 40 (1992), 73-86.

, On the bang-bang principle for nonlinear evolution inclusions, Aequationes Math.
45 (1993), 267-280.

Strang G., Fix G., An Analysis of the FInite Element Method, Prentice-Hall, Englewood
Cliffs, NJ, 1973.

Zeidler E., Nonlinear Functional Analysis and its Application II, Springer Verlag, New
York, 1990.

SOUTHWEST MISSOURI STATE UNIVERSITY, DEPARTMENT OF MATHEMATICS, SPRINGFIELD,
MissouURl 65804, USA

NATIONAL TECHNICAL UNIVERSITY, DEPARTMENT OF MATHEMATICS, ZOGRAFOU CAMPUS,
ATHENS 15773, GREECE

mailing address:

FLORIDA INSTITUTE OF TECHNOLOGY, DEPARTMENT OF APPLIED MATHEMATICS, 150 WEST
UNIVERSITY BLVD., MELBOURNE, FLORIDA 32901-6988, USA

(Received February 3,1994)



