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On the approximation of entire

functions over Carathéodory domains

D. Kumar, H.S. Kasana

Abstract. Let D be a Carathéodory domain. For 1 ≤ p ≤ ∞, let Lp(D) be the class of

all functions f holomorphic in D such that ‖f‖D,p = [
1

A

R R
D |f(z)|p dx dy]1/p < ∞,

where A is the area of D. For f ∈ Lp(D), set

Ep
n(f) = inf

t∈πn

‖f − t‖D,p ;

πn consists of all polynomials of degree at most n. In this paper we study the growth
of an entire function in terms of approximation error in Lp-norm on D.
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1. Introduction

Let B denote a Carathéodory domain, that is, a bounded simply connected
domain such that the boundary of B coincides with the boundary of the domain
lying in the complement of the closure of B and containing the point ∞. In
particular, a domain bounded by a Jordan Curve is a Carathéodory domain. Let
Lp(B), 1 ≤ p ≤ ∞, be the class of all functions f holomorphic on B and satisfying

‖f‖B,p =

[
∫ ∫

B
|f(z)|p dx dy

]1/p

<∞ ,

where the last inequality is understood to be supz∈B |f(z)| <∞ for p =∞. Then
‖ · ‖B,p is called the L

p-norm on Lp(B). For f ∈ Lp(B), let us define bn’s called
the Fourier coefficients of f as follows:

(1.1) bn =

∫ ∫

B
f(z)pn(z) dx dy,

∫ ∫

B
pn(z)pm(z) dx dy = δ

n
m ,

δnm = 1 for m = n and δnm = 0, otherwise and {pn}
∞
n=0 is a sequence of polyno-

mials, pn being of degree n. It is known [10, p. 273] that f ∈ Lp(B) is entire, if
and only if,

(1.2) lim
n→∞

|bn|
1/n = 0 .
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Moreover, f(z) =
∑∞
n=0 bnpn(z) holds in the whole complex plane. For f ∈

Lp(B), we define Epn(f), the error in approximating the function f by polynomials
of degree at most n in Lp-norm, as

(1.3) Epn(f) = E
p
n(f,B) = inf

t∈πn
‖f − t‖B,p, n = 0, 1, 2, . . . ,

where πn consists of all polynomials of degree at most n.
Let L◦ denote the class of functions h(x) satisfying conditions (H,i) and (H,ii):

(H,i) h(x) is defined on [a,∞); is positive, strictly increasing, and differentiable;
and tends to ∞ as x→ ∞.

(H,ii)

lim
x→∞

h[x(1 + φ(x))]

h(x)
= 1

for every function φ(x) such that φ(x)→ 0 as x→ ∞.

Let Λ denote the class of functions h(x) satisfying conditions (H,i) and (H,iii):

(H,iii)

lim
x→∞

h(cx)

h(x)
= 1 for every 0 < c <∞ .

Seremeta [8], Shah [9] defined generalized growth parameters ̺(α, β, f) and
λ(α, β, f) of an entire function f(z) as

(1.4)
̺(α, β, f)
λ(α, β, f)

= lim
r→∞

sup
inf

α(logM(r, f))

β(log r)
,

where α(x) ∈ Λ and β(x) ∈ L◦ and generalized various results, cf. [2], [6], [7], [11].
The generalized orders of an entire function in terms of the coefficients in

its Taylor series have been characterized by Shah [9] and Nautiyal et al. [5].
Surprisingly, they have obtained these results under the condition:

(1.5)
d[β−1(α(x))]

d(log x)
= 0(1) as x→ ∞ .

Clearly, the corresponding results of Shah [9] and Nautiyal et al. [5] fail to exist
for the functions, α(x) = β(x). To include this class of functions, Kapoor and
Nautiyal [3] defined generalized growth parameters in a new setting as follows:
Let Ω be the class of functions h(x) satisfying (H,i) and (H,iv):

(H,iv) There exists a δ(x) ∈ Λ and x0, K1 and K2 such that

0 < K1 ≤
d(h(x))

d(δ(log x))
≤ K2 <∞ for all x > x0 .



On the approximation of entire functions over Carathéodory domains 683

Let Ω be the class of functions h(x) satisfying (H,i) and (H,v):

(H,v)

lim
x→∞

d(h(x))

d(log x)
= K, 0 < K <∞ .

Let f(z) =
∑∞
n=1 anz

λn be a nonconstant entire function. Here λ0 = 0 and
{λn}

∞
n=1 is a strictly increasing sequence of positive integers such that no element

of the sequence {an}
∞
n=1 is zero.

The generalized growth parameters of an entire function f(z) are defined as

(1.6)
̺(α, α, f)
λ(α, α, f)

= lim
r→∞

sup
inf

α(logM(r, f))

α(log r)
,

where α(x) either belongs to Ω or Ω and

M(r, f) = max
|z|=r

|f(z)|, µ(r, f) = max
n≥0

[

|an|r
λn

]

.

Kapoor and Nautiyal [3] have characterized generalized growth parameters for
entire functions of slow growth in terms of the sequence {En(f)}. It seems that,
even for the unit disc and [−1, 1], the interrelation between the growth of an
entire function and the approximation error in Lp-norm has not been studied so
extensively as in the case of approximation error in the uniform norm. Further,
the study of the growth of an entire function in terms of approximation error in
Lp-norm on more generalized domains then the unit disc and [−1, 1] has been
completely neglected.
In this paper we study the approximations of entire functions in Lp-norm on

Carathéodory domains. The generalized growth parameters of an entire function
have been characterized in terms of the error E

p
n(f), defined by (1.3).

The text has been divided into three parts. Section 1 consists of an intro-
ductory exposition of the topic and in Section 2 we prove three lemmas, one of
them connecting the generalized growth parameters of an entire function f to the
maximum modulus and other connecting the growth of an entire function with
its Fourier coefficients and in the last lemma, the growth parameters of an entire
function f have been characterized in terms of the error E

p
n(f). Finally we prove

some theorems and a necessary condition on Epn(f) for an entire function f to be
of generalized regular growth.
Some of our results extend and improve the results contained in [3] and [5].
We shall use the following notation throughout the paper.

Notation:

Pψ = max{1, ν} if α(x) ∈ Ω ,

= ψ + ν if α(x) ∈ Ω .

We shall write P (ν) for P1(ν).
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2. Preliminary lemmas

Let B∗ be the component of the complement of the closure of the Carathéodory
domain B that contains the point∞. Set Br = {z : |φ(z)| = r}, r > 1, where the
function w = φ(z) maps B∗ conformally on to |w| > 1 such that φ(∞) =∞ and

φ′(∞) > 0.

Lemma 1. Let f be an entire function having generalized growth parameters
̺(α, α, f) and λ(α, α, f). Then

̺(α, α, f)
λ(α, α, f)

= lim
r→∞

sup
inf

α(logM(r))

α(log r)
,

where

M(r) ≡M(r, f) = max
z∈Br

|f(z)| .

Proof: Let z0 be a fixed point of the set B and r > 1. Then from [12],

r − 2|B| − |z0| ≤ |z| ≤ r + |B|+ |z0|, z ∈ Br .

For ξ < 1 and n > 1, using logKx ≃ log x as x→ ∞, 0 < K <∞, we get

logM(ξr) ≤ logM(r) ≤ logM(ηr) .

Now, Lemma 1 is immediate in view of (1.6). �

Lemma 2. Let f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an entire
function having generalized growth parameters ̺(α, α, f) and λ(α, α, f). Then
g(z) =

∑∞
n=0 |bn|z

n, bn’s are given by (1.1), is an entire function. Further

̺(α, α, f) = ̺(α, α, g) and λ(α, α, f) = λ(α, α, g),

also hold.

Proof: Firstly, g is entire as follows from (1.2).
From [10, p. 272] we have

max
z∈Br′

|pn(z)| ≤ C r′ n, n = 1, 2, . . . ,

where C is a constant independent of n, r′ (> 1) is a fixed number. Thus,
applying Bernstein’s inequality (e.g. [1, p. 21], [4, p. 112]) for each term of the
series

∑∞
n=0 bnpn(z), we get

|f(z)| ≤ |b0|+ C

∞
∑

n=1

|bn|(rr
′)n , z ∈ Br .(2.1)

M(r, f) ≤ |b0|+ CM(rr
′, g), r > 1.(2.2)
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Thus using Lemma 1 and the fact that either α ∈ Ω or Ω. (2.2) gives

(2.3) ̺(α, α, f) ≤ ̺(α, α, g) and λ(α, α, f) ≤ λ(α, α, g).

Now, let r∗ > 1 be a fixed constant. Since f is entire, it follows that ([4, p. 114])
there exists a sequence of polynomials {Qn}, Qn being of degree at most n, such
that

(2.4) |f(z)−Qn(z)| <
2

3
M(r)

(r∗/r)n+1

1 − (r∗/r)
, z ∈ B,

for all sufficiently large n and all r > r∗.
Now,

bn =

∫ ∫

B
f(z)pn(z)dx dy =

∫ ∫

B
(f(z)−Qn−1(z))pn(z) dx dy.

Since pn is orthogonal to any polynomial of degree less than n, using Schwarz
inequality, we get

|bn| ≤ ‖f −Qn‖B,p ≤ A1/pmax
z∈B

|f(z)−Qn(z)|, 1 ≤ p <∞ ,

where A is the area of B. Using (2.4) in above, we get

(2.5) |bn| ≤ γM(r)

(

r∗

r

)n

for all sufficiently large n and r > 2r∗, γ is a constant independent of n and r.
Moreover, (2.5) gives

(2.6) µ(r/r∗; g) ≤ γM(r, f)

for all sufficiently large values of r. Thus using Theorem 3 of [3], Lemma 1 and
the fact that either α ∈ Ω or Ω, we obtain

(2.7) ̺(α, α, g) ≤ ̺(α, α, f) and λ(α, α, g) ≤ λ(α, α, f).

Combining (2.3) and (2.7) we get the required result for 1 ≤ p <∞. For p =∞,
the lemma can easily be proved following Winiarski [12]. �

Lemma 3. Let f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an entire
function having generalized growth parameters ̺(α, α, f) and λ(α, α, f). Then
g̃(z) =

∑∞
n=0E

p
n(f)z

n, Epn(f) as given in (1.3), is also an entire function. Further,
we have

(2.8) ̺(α, α, f) = ̺(α, α, g̃) and λ(α, α, f) = λ(α, α, g̃).
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Proof: From the definition of Epn(f), since Qn ∈ πn, we have

(2.9) Epn(f) ≤ ‖f −Qn‖B,p ≤ A1/pmax
z∈B

|f(z)−Qn(z)|,

where A is the area of B. Now using (2.4) and (2.9), we get

(2.10) Epn(f) ≤ γM(r)(r∗/r)n .

If f is entire, then limn→∞(E
p
n(f))

1/n = 0, for r > 2r∗ and r → ∞. So g̃(z) is
an entire function. Further (2.10) gives

M(r/r∗, g̃) ≤ P (r) + γM(r + 1, f)

∞
∑

n=0

[(r/r + 1)]n

= P (r) + γ(r + 1)M(r + 1, f),

where P (r) is a polynomial. Thus, using Lemma 1 and α ∈ Ω or Ω, we get

(2.11) ̺(α, α, g̃) ≤ ̺(α, α, f) and λ(α, α, g̃) ≤ λ(α, α, f).

On the other hand, for any w ∈ πn−1, n ≥ 1, we get

(2.12) |bn| =
∣

∣

∣

∫ ∫

B
(f(z)− w(z))pn(z)dx dy

∣

∣

∣
≤ Cr′ n‖f − ω‖B,1 .

On applying Hölder’s inequality, (2.12) gives

|bn|/r
′ n ≤ CAq‖f − w‖B,q , 1 ≤ p <∞,

where A is defined as earlier and q = 1 − 1/p. Since the above relation holds for
any w ∈ πn−1, we have

(2.13) |bn|/r
′ n ≤ CAqEpn−1(f), 1 ≤ p <∞.

Now using (2.12) and (2.13), we obtain

(2.14)
M(r, f) ≤ |b0|+ C

2Aq
∞
∑

n=1

E
p
n−1(f)(rr

′ 2)n, 1 ≤ p <∞.

M(r, f) ≤ |b0|+ C
2Aqrr′ 2M [rr′ 2, g̃].

In view of Lemma 1, from (2.14) and α ∈ Ω or Ω, we have

(2.15) ̺(α, α, f) ≤ ̺(α, α, g̃) and λ(α, α, f) ≤ λ(α, α, g̃).

On combining (2.11) and (2.15), the lemma is proved for 1 ≤ p <∞. For
p =∞, the lemma can be proved following Winiarski [12]. �
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3. Main results

Now we prove the following theorems:

Theorem 1. Let f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an entire
function having generalized growth parameters ̺(α, α, f) and λ(α, α, f). Then

(i) ̺(α, α, f) = P (L),

(ii) ̺(α, α, f) ≤ P (L∗), where

L = lim
n→∞

sup
α(n)

α{ 1n logE
p
n(f)−1}

,

and

L∗ = lim
n→∞

sup
α(n)

α{log(Epn−1(f)/E
p
n(f))}

.

(iii) λ(α, α, f) ≥ P (ℓ̃), where

ℓ̃ = lim
n→∞

inf
α(n)

α{ 1n logE
p
n(f)−1}

.

(iv) If we take α(x) = α(a) on (−∞, a), then
λ(α, α, f) ≥ P (ℓ∗), where

ℓ∗ = lim
n→∞

inf
α(n)

α{log(E
p
n−1(f)/E

p
n(f))}

.

Theorem 2. Let f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an en-
tire function having generalized growth parameters ̺(α, α, f), λ(α, α, f) and if
(E

p
n(f)/E

p
n+1(f)) is nondecreasing, then

̺(α, α, f) = P (L) = P (L∗)

and
λ(α, α, f) = P (ℓ̃) = P (ℓ∗).

Theorem 3. Let f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an entire
function having generalized lower order λ(α, α, f). Then:

(i) If α(x) ∈ Ω, we have

(3.1) λ(α, α, f) = max
{nk}
[PX{ℓ′}]

and if we further take α(x) = α(a) on (−∞, a), then

(3.2) λ(α, α, f) = max
{nk}
[PX{ℓ′∗}],
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where

X ≡ X({nk}) = lim
k→∞

inf
α(nk−1)

α(nk)

and

ℓ′ ≡ ℓ′({nk}) = lim
k→∞

inf
α(nk−1)

α{ 1nk
logE

p
nk
(f)−1}

and

ℓ′∗ = ℓ′∗({nk}) = lim
k→∞

inf
α(nk−1)

α{ 1
(nk−nk−1)

log(Epnk−1
(f)/Epnk

(f))}
.

The maximum in (3.1) and (3.2) is taken over all increasing sequences {nk} of
positive integers.
Further if {nm} is the sequence of the principal indices of the entire function

g̃(z) =
∑∞
n=0E

p
n(f)z

n and α(nm) ∼ α(nm+1) as m → ∞, then (3.1) and (3.2)

also hold for α(x) ∈ Ω.

Proof of Theorems 1,2,3: Theorems 1,2, and 3 follow easily from [3, Theorems
4–6, Lemma 1] and Lemma 3.
For f ∈ Lp(B), 1 ≤ p ≤ ∞, let {ni}

∞
i=0 with n0 = 0, be the sequence of positive

integers defined as follows:

(3.3) Epni−1
(f) > Epni

(f) and Epn(f) = E
p
ni−1
(f) for ni−1 ≤ n < ni,

i = 1, 2, 3, . . .

�

We now obtain a relation that shows how this sequence influences the growth
of an entire function. Thus we have

Theorem 4. Let f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an entire
function having generalized growth parameters ̺(α, α, f) and λ(α, α, f). Then

λ(α, α, f) ≤ ̺(α, α, f) lim
i→∞

inf
α(ni)

α(ni+1)
,

where ni is defined by (3.3).

Proof: Let us define a function θ(z) as

θ(z) =

∞
∑

n=1

(E
p
n−1(f)− Epn(f))z

n =

∞
∑

i=1

πiz
ni ,

where
πi ≡ πi(f) = E

p
ni−1
(f)− Epni

(f).
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Clearly θ(z) has the generalized order ̺(α, α, f), the generalized lower order
λ(α, α, f), and so applying Lemma 1 and Theorem 4 of [3] to θ(z) we get

λ(α, α, f) = sup
{ik}

[

lim
k→∞

inf
α(nik−1)

α( 1nik
) log(π−1ik )

]

≤ sup
{ik}

[

lim
k→∞

sup
α(nik )

α( 1nik
) log(π−1ik )

]

sup
{ik}

[

lim
k→∞

inf
α(nik−1)

α(nik )

]

≤ ̺(α, α, f) lim
i→∞

inf
α(ni−1)

α(ni)
.

This proves the theorem. �

Corollary. Suppose f ∈ Lp(B), 1 ≤ p ≤ ∞, be the restriction to B of an entire
function having generalized regular growth. Further, let α ∈ Ω or Ω. Then

α(ni) ∼ α(ni+1) as i→ ∞,

where {ni} is defined by (3.3).
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