BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 2 ISSUE 1(2010), PAGES 56-65.

A CLASS OF MULTIVALENT ANALYTIC FUNCTIONS WITH
FIXED ARGUMENT OF COEFFICIENTS INVOLVING
WRIGHT’S GENERALIZED HYPERGEOMETRIC FUNCTIONS

POONAM SHARMA

ABSTRACT. In this paper, a class of analytic functions with fixed argument
of its coefficients involving Wright’s generalized hypergeometric function is
defined with the help of subordination. The coefficient inequalities have been
derived. Growth, distortion bounds and extreme points for functions belonging
to the defined class have been investigated with consequent results.

1. INTRODUCTION AND PRELIMINARIES

Let A,, denote a class of functions f(z) of the form:

flz)=2"+ Zam+kzm+k (am+r € C, m e N={1,2,3...}), (1.1)
k=1

which are analytic in an open unit disk U := {z : z € C and |z| < 1} and its
subclass is denoted by A? whose members are of the form:

F(2) =2+ €7 Jamprlz™F (m e N ={1,2,3..}), (1.2)
k=1

where 0 is the fixed argument of a,,+r # 0(k > 1). Note that A; = A.
A function f (2) € A,, is said to be in the class S}, («) if it satisfies

m

zf (2)
Re{ 15 }>Oz,(0§a<1, z€U)

and functions therein are called starlike of order «.

The Wright’s (psi) function ,¥,(z) is a generalized hypergeometric function [12]
whose series representation is given by
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p¥q (a1, A1), ., (ap, Ap); (b1, B1), oy (bg, Bg)s 2) = > = ., (1.3)

where a; (i = 1,2,...,p),b; (i = 1,2,...,q) are positive real numbers and A; (i =

q P
1,2,...,p), B;(i = 1,2,...,q) are positive integers such that 1+ > B; — Y>> A; > 0.

1=1 =1
q
1T ()
Taking A; = 1(i = 1,2,...,p), B; = 1( = 1,2,...,q), we see that T—— ¥ (2)
[1T(a:)
i=1
reduces to a familiar generalized hypergeometric function:
o0
(a1)ge-(ap)pz®
F =, F vy Q3 b1, by 2) = — 14
P q(z) P Q(a17 y Ap3 015 -0y Q7Z) kZ:O (bl)k(bq)kk' ’ ( )
where the Pochhammer symbol is defined by (a)x = F;“(Z)k ) for non-negative integrs

k.
Similar to the operator defined earlier by Dziok and Raina [4] (see also [I} 2],
[6] and [5]), involving psi function ¢41¥,(2) for positive real numbers a;,b; (1 =
q
1,2, ...,q) and for positive integers A4;, B;(i = 1,2, ...,q) such that > (B;— A;) >0,

)

=1
an operator I%, ([a1]) f =12, ((ai, Ai)1,q, (bis Bi)1,g) f + Am — Ay, is defined as:

1t o) £ =TT o ¥a(e) + £ (1.5

i=

where
q+1‘1’q(z) = g+1¥q ((a1, A1), ..., (atb Aq)a (1,1); (b1, B1), ...y (bq’ Bq)? z).

Let f(z) € A,, be of the form (1.1]), then the series expansion of IZ, ([a1]) f is
given by

Ign ([al]) f =z" + Zem+kam+kzm+ka (16)
k=1
where
T'(a; + AT (b;
i = [[ o T ARO0) sy (17)

z:lr(bi + Blk)F(al) U=

The series expansion of 1Y, ([a1 +1]) f = I, [(a1 + 1, A1), (as, Ai)2,q, (bi, Bi)1,g) f -
A,, — A, is given by

oo

I4 (fan + 1) f = 2"+ ) 0} amerz™ (1.8)
k=1
with ( )
a1 + A1k
0$+k = ¥9m+k~

ai

From (1.6)) and (1.8)), we get an identity:
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Az (I, ([aa]) 1) = T, (a1 + 1)) f = (a1 = m AT, ([aa]) f (1.9)
which shows that for a; = mA;, I, (a1 +1]) f = %‘W Note that 19, f = f
if A,L' = Bi7 a; = bz (7, = 1,2, ,q)

With the use of subordination, classes in which the linear operator I{ ([a1]) f
is involved, are defined and studied in [2] and [6]. Involving IZ ([a1]) f in [9], a
class of functions f € A? with the help of subordination is defined and studied.
Motivated with the work of Raina [9], involving I4, ([a1]) f and IZ ([a1 +1]) f,
we define a class for functions f € A,, as follows:

Definition 1.1. Let A,,(p, [a1], A, B, \) denote a class of functions f € A,, satis-
fying

(1— (1.10)

14 JE! 1 1+ A
@D ] | I+ 1)f 1 ds
zm zm 14+ Bz
where 0 < A < 1, and -1 < A < B < 1,0 < B. Denote A?n(p7 [a1], A, B,A) =
An(p,a1], 4, B,A) N AY,.

For positive real a and for positive integer A, we have [[11], 240, Eq. (1.26)]:

IXa+kA)Iﬂn(z>k<a;1>k“(a*:i1)k(AfA,kOJme

when it is used together with the result [[3], p.57]:

T'(a+ k)T(b+ k) o 1

=kt d o~ )|,k=1,23,..

T(c+ M+ F) TO\R) R L

we obtain that for positive real numbers a;,b; (i = 1,2, ...,q) and positive integers
q 00

A;, Bi(i = 1,2,...,q) such that > (B; — A;) > 0, the series >_ 0,11, where 0,1
i=1

= k=1
is given by (|1.7), converges absolutly if

q 1Y

b —a;)>1+ = A; — By). 1.11
;( i — ) 2;( i — Bi) (1.11)
For details one may refer to [8] and [10].

The purpose of this paper is to investigate the coefficient inequalities, growth
and distortion bounds with certain conditions on parameters and extreme points
for functions belonging to the class Afn(p7 [a1], A, B,\). Some consequent results
are also mentioned.

2. COEFFICIENT INEQUALITIES

Theorem 2.1. Let f(z) € A% of the form (1.2) belong to A° (p,|ai], A, B, )),
then
> a1 (B - A)

a1 + ANA1E)O k| am, < ,
I;( ! 1K)0rm k| [ l—BQSinQG—Bcose]

where Oy is given by (L.7) and 0 < A <1, -1 <A< B<1,0< B, 0 is the
argument of apmix # 0(k > 1).

(2.1)
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Proof. Let a function f belong to the class Afn (p, [a1], A, B, A), then from Definition
we have

poadm (et ) f L+ Aw(z)
2™ 1+ Bw(z)’
where w(0) = 0 and |w(z)| < 1 for z € U. Hence we have

(1=2)

17, ({aa]) f

2" = (L= NI ([ad]) f = AL (lan +1]) f

w(z)| = <1, zeU. 2.2
v ’ BIT NI () £+ A (ar + 1) ] - Ao 22
On using and (| .7 inequality (2.2] . yields
Z(al + ALK Ok [am ] 27| < |a1(B — A) + BemZ(al + ALK Ok |G| 27
k=1 k=1
(2.3)
For0<z=r<1, Y (a1 + ANA1k)0p ik |amir| 78 =: 1 is real, we get
k=1
In|< |ai1(B — A) + Be'n]. (2.4)
On solving (2.4]) for n, we get
aq (B A)
= [VI_Bsin?0 — Beost]’
which proves the inequality . [

The inequality (2.1) is sharp and the extremal function is given by

aq (B — A)
(a1 + AA1E) Ok [V1 — B2sin?0 — Bceost)]
Corollary 2.2. Let f(z ) € A% of the form (1.2) belong to A% (p,[a1], A, B, \) then
forZ(b—al)>1+ Z(A B;),

a1 (B—A

S i ] < 1(B—4) ,

— (a1 + AA1)o [\/1 — B2s5in2%0 — Bcos@]
where ¢ = Tﬂl {0m+rk}, Omir is given by (L.7).

fulz) = 2™ + e 2R >1.0 (2.5)

Proof. Under the given hypothesis, convergence of the series Z Om+r implies that
Om+k, given in (1.7 is bounded for k > 1. Let ¢ := Imn {0m+k} then by Theorem
we get the result. O
Corollary 2.3. Let f( ) e A% of the form belong to A° (p,[a1], A, B, \) then

m

for 3 (b — ai) > 22@4 By),

=1

> al (B — A)
Z m+ k |am+k| < - )
— (a1 + AA1)p [V1 — B%sin?0 — Beost)]

where ¢ Zm?{emmjz }, Otk 1s given by (L.7).
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Proof. Under the given hypothesis, convergence of the serles m"j,’; implies that

i’fjl’; is bounded for k& > 1, where 6,1 is given by (|1.7] and hence let ¢ =

n >1111 { fn”i,’; }, then by Theorem we get the result. O

Taking 8 = (2n — 1)m, n =1,2,3,.. in Corollary we get following result.

Corollary 2.4. Let f(z) € A" of the form (L.2)) belong to AC" V7™ (p, [a1], A, B, \),
q q

then for 3 (b —a;) > 1+ 35 (A; — By),

i=1

i=1

> ay (B*A)
D TS V(Y

where ¢ = i {041} O is given by ().

Remark. Raina [9] studied the class of functions f(z) € A%, and obtained results

Omtk
m-+k

Theorem 2.5. A function f(z) € APV of the form (T1.2) belong to A"~V (p, [a1], A, B, \)
if and only if

assuming O, +r and to be increasing functions.

al(B—A)
(1+B) ’

where O, 1k isgivenbyandOS)\gl, -1<A<B<1,0<B.

> (a1 + ALKkl am | < (2.6)
k=1

Proof. We need to show only sufficient condition for f € Ag”fl)”(p, [a1], 4, B, \).
Consider

Z ar + MALE) O sk |am k] 2| = |a1(B = A) = BY (a1 + AA1k) O |amsr| 2°
=1 k=1

hE

S (al + AAAl]f)Gn’L-l-k: |am+k| — (a1 (B - A) - BZ(al + >\A1k)0m+k a7n+k|]
1 k=1

>
Il

< (1+B)(a1+AA k) Ok |Gk —a1 (B — A) <0
k=1

if (2.6 holds, which proves (2.3]) for # = (2n — 1)7 and hence the result.

The result is sharp for the function:

_ . m _ a1 (BiA) Lmtk
fe@) =2 S A R (2.7)
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Corollary 2.6. Let a function f(z) € A(2" D™ of the form ) belong to
ACr=Dm 0, 1411, A, B, \) then

al (B — A)
a1 + )\Alk)Herk(l + B)’

|Gomtk] < ( k>1. (2.8)

3. GROWTH AND DISTORTION BOUNDS

In this section we find growth and distortion bounds for functions belonging to
the class AY (p, [a1], 4, B, \) with the use of Corollaries and

Theorem 3.1. Let f(z) € Ae of the form (1.2 belong to A% (p,[a1], A, B, \), then
f0r0<|z|:r<1andf0r2(b—al)>1—|— Z(A B;)

i=1
g B ) <If(2)

(a1 + AA1)¢ [V1 — B2sin?0 — Bcost|

aq (B — A)
(a1 + AA1)¢ [V1 — B2sin?0 — Bcos)]’
where 6 = min {11} O is given by (7).

Proof. From (|1.2), we have

< T,m + Tm—i—l

[fz)] <r™+ Z lamir| ™R, 0 < 2] =7 < 1.
k=1
Using Corollary 2.2 we get
al (B — A)
(a1 + AA;1)¢ [V1 — B2sin20 — Bcos)| ’

F(2)] < rm 4 0<|z]=r<1.

Similary we get
al (B — A)
(a1 + AA1)¢ [V1 — B2sin20 — Beost)]’

|f(2)| > r™ — ¢t

which completes the proof.
O

Theorem 3.2. Let f(z) € A% of the form (1.2) belong to A% (p,[a1], A, B, )),
thenfm"0<|z|:r<1andforZ(b a;) > 2Z(A B,),

i=1
mrmfl _pm ai (B B A) < |f/(Z)|
(a1 + A1)y [\/1 — B2%sin20 — Bcos@]
<mrmTt4pm a(B-4) (3.2)

< —|— T 9
(a1 + AA1)e [\/1 — B2s5in2%0 — BCOSH]

where ¢ = Zz;?{i%"_:,’; } s Ok 18 given by (1.7)).
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Proof. From (1.2)), we have

If'(2)] < mr™! +Z m A+ k) |k 7™ 0 < 2| =7 < 1
k=1
Using Corollary 2.3] we get
a1 (B — A)
(a1 + MA1)g [V1 — B2sin260 — Bceost)|

)] <t

Similary we get

()] 2 mat =g w@B_A) ,
(a1 + AA1)p [V1 — B%sin?0 — Bcosb)]
which completes the proof. [

4. EXTREME POINTS
In this section we find extreme points for the class A"V (p [a1], A, B, \).
Theorem 4.1. Let f(z) € AZ"V7™ and
_.m . .m a’l(B B A) m+k
fo(Z) =z, fk(z) - (al ¥ /\Alk)9m+k(1 + B)
Then f(z) € An— 1)’T(p, [a1], A, B, \) if only if it can be expressed in the form

m

k> (4.1)

z) = ZAkfk(z)v (4.2)
k=0

[ee]

where Ay > 0and Y Ay = 1 and f;s for k > 0 are the extreme points for
k=0

Ag"‘l)”(p, [a1], A, B, \) class.

Proof. Let

f) = D Mfi(2)
k=0

_ _ - m = m al(B — A) m-+k
= (1 ZAk)z +Z/\k (z RSV

CL1 B A) k
= by m+
Z “(ar + NALE) O 1 (1 + B)Z ’

which proves that f(z) € AZ"U™(p [a1], A, B, \). Since by Theorem

0o (]_ —+ B)(a1 =+ )\Alk)0m+k a1(B _ A)Ak 0o
=3 A 1—X <1
1; a1 (B—A) (a1 + AA1k)Op 11 (1 + B) kz k< 0 <

Conversely, suppose f(z) € Afﬁ”—l)“(p, [a1], A, B, \) then using Corollary
o0

we set A\ = (a1+A12111(c;39TX;9(1+B) ik for k> 1and \g=1— > Ag.
k=1
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Thus
f) = 2™ =D lampklz™HE
k=1
> al(B — A))\k m+k
= zZ)— z
fo(2) ; (a1 + AA1E)0 k(1 + B)
= folz) = Y [z" = fu(2)] A
k=1
= ) Mefwl2).
k=0
This completes the proof. (I

5. SOME CONSEQUENCES OF MAIN RESULTS
Taking a; = mA; in Theorm we get following result.
Corollary 5.1. A function f(z) € AZ"=V™ of the form (1.2 satisfies

13, ([a1]) f Az(LMcn])f)’ L 1+4

1-A
( ) Zm + zm 1+ Bz
if and only if
> m (B — A)
Ak)O,, mrk| < ————%
;(m—i_ ) +k‘a’ +k?| (1 +B)

where Oy r is defined in (L.7) and 0 <A <1, -1<A<B<1,0<B.
In Corolary on replacing 0,4 by b1k, following result can be obtained.
Corollary 5.2. Let g(z) € Ay, of the form:

g(z) =2"+ me+kzm+k (bmtr >0, me N=1{1,2,3...})
k=1

and 0 <A <1, -1< A< B<1,0< B. A function f(z) € Ag"il)ﬂ of the form
(1.2) satisfies

(1_/\)(f*g)+AZ(f*g)/ PR

zm zm 1+ Bz’ ze vl
if and only if
= m (B — A)

Corollary 5.3. Let 0 <A< 1,—1< A<0, if a function f(z) € A, satisfies

1 (a)f | (o +1)f

Z77L Z"’L

then I9, ([a1]) f € Sy,(@), o := (m - %) .

(1- ) <14 Az,
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Proof. Let p(z) := IEL(Z[% then with the use of identity ((1.9) we have

AA
p(z) + lep’(z) <1+ Az.
1

By a well known Lemma of Hallenbeck and Ruscheweyh [7] we get that p(z) < 1+ Az
and hence:

’W1‘<|A| and ‘W‘>1A|a

z’m
which with the use of hypothesis and the identity(/1.9)), derives:

Z(I%([al])f)'_mfr%([al])f‘< 2a; |A| L‘%([albf‘
om M (1— A | = |

Zm

That evidently yields: ‘M — m‘ <5 2a1 |A|

m([a]) f A1 (1-]A])"
Therefore Re {%{W} > « , where o = (m — #‘_Aﬂfm) which proves
the result. (]
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