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STABILIZING OUTPUT FEEDBACK RECEDING HORIZON
CONTROL OF SAMPLED-DATA NONLINEAR SYSTEMS VIA
DISCRETE-TIME APPROXIMATIONS

A. M. ELAIW

ABSTRACT. This paper is devoted to the stabilization of sampled-data non-
linear systems by output feedback receding horizon control (RHC). The out-
put feedback consists of a stabilizing state feedback RHC and an observer
for estimating the unknown states. Since the exact discrete-time models of
sampled-data nonlinear systems are often unavailable, both the RHC and the
observer are designed via an approximate discrete-time model of the plant.
We established a set of conditions which guarantee that the output feedback
RHC designed via an approximate discrete-time model practically stabilizes
the exact discrete-time model of the plant.

1. INTRODUCTION

The stabilization problem of nonlinear systems has recently received considerable
attention due to a large number of technical applications. Among the solutions
to this problem, receding horizon control (RHC) strategies, also known as model
predictive control (MPC), have become quite popular. In receding horizon control,
a state feedback control is obtained by solving a finite horizon optimal control
problem at each time instant using the state of the system as the initial state for
the optimization and applying the first part of the optimal control [11], [20].

Owing to the use of digital computers in the implementation of the controllers,
the investigation of sampled-data control systems has become an important area of
control engineering. An overview and analysis of existing approaches for the stabi-
lization of sampled-data systems can be found in ([I5], [I6], [21] and [22], and the
references of these papers therein). Two main categories of sampled-data control
design can be distinguished. The first category is to design a continuous-time con-
troller for the continuous-time plant and then to discretize the obtained controller
for digital implementation. The second category is to discretize the continuous-time
model and design a discrete-time controller on the basis of the discrete-time model.
In connection with the RHC method, papers in the first category include among
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others in [T1] and [I7], while those in the second category include [5], [6], [7], [8], [15]
and [I6]. For nonlinear systems, we cannot compute the exact discrete-time model
in general, therefore, an approximate discrete-time model has to be employed. In
recent papers [I5] and [16], sufficient conditions are presented to guarantee that the
same family of state feedback RHCs that stabilize the approximate discrete-time
model also practically stabilize the exact discrete-time model of the plant. The
sampled-data RHC requires the availability of all the state of the system at every
sampling instant. All of the works mentioned above are based on the assumption
that the full state of the system is available for feedback. However, this assumption
is often unrealistic in practice. In this situation the state feedback RHC cannot be
realized. A possible solution to this problem is to use an observer to generate an
estimate of the full state using the knowledge of the measured output and input of
the system. In this case an output feedback RHC can be obtained by combining a
state feedback RHC and an observer. The state feedback RHC is designed assum-
ing that the full state is measured and then it is implemented using an estimate of
the state that comes from the observer.

Several RHC schemes exist to guarantee stability when the full state information
is available, see for example [9] and [20] for good recent reviews. However, even if
the state feedback RHC and the observer used are both stable, there is no guarantee
that the overall closed-loop is stable. Many researchers have addressed the question
of output feedback RHC using observers for state recovery (see e.g. [9]). A great
majority of works deal either with continuous-time systems with or without taking
into account any sampling or with discrete-time systems considering the model
given directly in discrete-time.

The aim of the present paper is to establish a set of conditions which guarantee
that the output feedback RHC practically stabilizes the exact discrete-time model
of the plant. The basic idea of handling this problem is similar to that of Findeisen,
et al., [I0] but, in contrast to that work, the design of the controller and the observer
are based on the approximate discrete-time model of the plant in the present paper.
The importance of taking into account this fact is supported by a series of counter-
examples (see e.g. [15], [2I] and [22]), which show that even if the full state can be
measured (i.e. zero observation error), one can design a state feedback controller
that stabilizes the approximate discrete-time model, but the exact discrete-time
model is destabilized by the same controller. In the presence of estimation errors,
it has been shown by [12], where the plant model is given directly in discrete-time,
that RHC may have zero robustness. This shows admonishes us that the problem
of approximation has to be handled with care. In the present paper, the RHC is
based on the solution of Bolza-type optimal control problems with implicit final
state constraint. In this case, the Lipschitz continuity of the value function can be
proven.

2. PRELIMINARIES AND PROBLEM STATEMENT

The sets of real and natural numbers (including zero) are denoted, respectively,
by R and N. A continuous function ¢ : R>g — Rxg is of class-K if ¢(0) = 0,
o(s) > 0 for all s > 0 and it is strictly increasing. It is of class-K if it is of class-KC
and o(s) — oo when s — co. A continuous function 8 : R>g X R>g — Rxq is of
class-KL if (s, 7) is of class-K in s for every 7 > 0, it is strictly decreasing in 7
for every s > 0 and 3(s,7) — 0 when 7 — co. The Euclidean norm of a vector x is
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denoted as ||z[|. Given p > 0 we define B, to be a ball of radius p centered at the
origin. We introduce the following notation Y ,=YNB, for any set Y.

We consider the output feedback stabilization of a nonlinear control system given
by

8

(t) = f (z(t), u(?)), x(0)==zo (2.1)
y(t) = h(z(t), u(t))
where z(t) € X C R", u(t) € U CR™, X is the state space, U is the control
constraints set and y(t) € RP is the measured outputs, f : R* x U - R", h :
R™ x U — RP with f(0,0) = 0 and h(0,0) =0, U is closed and 0 € U, 0 € X. We
shall assume that f is continuous and for any pair of positive numbers (A’; A”)
there exists an Ly = Ly(A’, A”) such that

1f(z,u) = fly,w)l| < Lyllz =yl (2.2)

for all x,y € Ba and u € Bar.

Let I'CX be a given compact set containing the origin and consisting of all initial
states to be taken into account. The control is taken to be a piecewise constant
signal

u(t) = w(kT) =: uy, fort € [kKT,(k+1)T), keN, (2.3)
where T' > 0 is the sampling period, which is fixed and will be chosen later.

The output y is measured at sampling instants k7" that is

y(k) := y(kT).
Under the conditions on f, for any T € Xa+, u € Uar equation (2.1) with u(t) = u,
(t € [0,7]) and initial condition z(0) = Z, has a unique solution on [0,7] denoted
by ¢¥(.;Z,%). Then the exact discrete-time model can be defined as

.Z‘E+1 = FIE(mkE7uk)7 x(}f = Zo, (24)
Y = h<mkEvuk)v
where FE (z,u) := ¢¥(T; 2, u).
We emphasize that ¢ is not known in most cases since computing ¢¥ explicitly

will require an analytic solution of a nonlinear initial value problem, therefore the
controller design can be carried out by means of an approximate discrete-time model

mfﬂ = Fq‘f"(;(x;iuk) acg1 =z (2.5)
where § is the modeling parameter which will be used to refine the approximate
model. It can be interpreted as the integration period in numerical schemes for
solving differential equations: Fj‘f" s is derived by the multiple application of some
numerical scheme (e.g. a Runge-Kutta formula) with step sizes 8, ..., 8%, , where
0 <6 <danddf+..+6, =T Inwhat follows, we shall refer to such a
subdivision by 6, for simplicity. To guarantee that is a good approximation
of , we shall assume that the approximate model is consistent with the exact
model.

Assumption 2.1. Let T > 0 be given. For any A’ > 0 and A" > 0 there exist
v €K and 6* > 0 such that

| Frs(z,u) — BF (2, u)|| < T(8), (2.6)
for all (z,u) € Xar X Uar, and § € (0,0%].



OUTPUT FEEDBACK RECEDING HORIZON CONTROL OF SAMPLED-DATA SYSTEMS 45

Remark. The consistency property described here is an adaptation of consistency
property used in the numerical analysis literature (see e.g. [23]). We have to
emphasize that, without explicit knowledge of the exact discrete-time model, the
consistency property is checkable. Sufficient checkable conditions for consistency
properties and further details can be found in [2I] and [22].

For the approximate model (2.5)), we design a family of discrete-time observers
of the form (see [1])

Tr1 = Ffs(Er, ue) + 01,6 (&, yi, up).- (2.7)

Since the observer is constructed based on the approximate models, there are two
sources of errors, the observation error and the approximation error. Due to the
mismatch of the exact and approximate models, the observer error system is now
driven by the plant trajectories x(¢) and controls w(t), which act as disturbance
inputs. However, it is known that a deadbeat observer is always converging to the
real value of the estimated states. Therefore, in this case the source of error is only
coming from the approximation (see [19]).

The problem is to derive an output feedback controller that stabilizes the exact
discrete-time model in an appropriate sense. The output feedback control scheme
is given by a state feedback controller

v(;:f—>U,

and an observer for estimating the states, where [ is a suitable set containing at
least T.

In this paper the sampled-data RHC is based on the approximate discrete-time
model with implicit final state constraint. In the next section we review how the
stability for state feedback RHC can be achieved. Moreover, the Lipschitz continu-
ity of the value function can be established.

3. STATE FEEDBACK RHC

In order to find a suitable feedback controller vs, we shall apply the receding
horizon control method. To do so, we shall consider the following cost function.
Let 1 < N € N be given and for any event (z, k) (i.e. for state x at time kT'), the
cost function defined over the interval [kT, (k 4+ N)T] is given by

k+N-1
Jrs(N, (@, k), w) = Y Tls(af,w) + glziyn), (3.1)
i=k

where, u = {ug, Ups1,-, uksn_1}, 2 = ¢*(i;(x,k),u) is the solution of
resulting from an initial state = at time K7 and a control sequence u, ls and g are
given functions, satisfying assumptions to be formulated below.

Consider the optimization problem

P5(N, (z,k):  min{Jrs(N,(z,k),u):u; € U}. (3.2)
If this optimization problem has a solution denoted by
u(z, k) = {uj (2, k), up g (2,k), . upyn 1 (2, k) }
then the first element of u*(x, k) is applied at the state z, i.e.,
ve(z, k) = ui(z, k). (3.3)
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The value function for the optimal control problem is
Vn(z, k) = Jrs(N, (z, k), u"(z, k)). (3.4)

Since F:,‘f‘)(; and [s are time invariant, the problem P:,‘f"5(N, (z,k)) is time invariant
in the sense that Vy(x,k) = Vi (z,0) and vs(z, k) = vs(x,0) for all k, so that it
suffices, at each event (x, k) to solve Pf5(N,z) := PﬁJ(N, (x,0)), i.e. to regard
current time as zero [20]. The solution of P:,‘f‘yé(N, z) will be denoted by u*(z) =
u*(z,0) = {uf(z),ui(z),...,u}y_;(z)}. In what follows we shall use the following
notations
Vn(x) = Vy(x,0) and vs(x) = uj(z).

To ensure the existence and the stabilizing property of the proposed controller,
several assumptions are needed. Assumptions, under which vs asymptotically sta-
bilizes the origin for a fixed discrete-time system of type (2.5) are well-established
in the literature (see e.g. [1I] and [20]).

Assumption 3.1. (i) g is continuous, positive definite, and for any A’ > 0 there
exists an Ly > 0 such that

lg(z) — g(y)| < Lyllz — |

for all z,y € Bas.
(ii) ls is continuous with respect to x and w, uniformly in small 6, and for any
A >0, A” > 0 there exist 6* >0 and L; > 0 such that

|ls(z,u) — Us(y,u)| < Lillz -yl
for all § € (0,6%], z,y € Bar and u € Bar.
(iii) There exist a §* > 0 and two class-Ko, functions @1 and po such that the
inequality
e1(llzl]) + er([lull) < ls(z,w) < pa(llz]l) + p2(llul), (3.5)
holds for allx € X, w € U and 6 € (0,0%].

Remark. The lower bound in (3.5)) can be substituted by different conditions, e.g.
©1(JJul]) may be omitted, if U is compact. The Ko lower estimation with respect
to z is important in the consideration of the present paper.

Assumption 3.2. Fﬁé (0,0) =0, Fq‘% s continuous in both variables uniformly
in small §, and it satisfies a local Lipschitz condition: there is a 0* > 0 such that
for any pair of positive numbers (A’ A") there exists Lpa > 0 such that

|Ffg(2,u) = Fig(y, w)|| < ePratle —y|,
holds for all x,y € Bar, w € Bar and 6 € (0,0%].

Remark. We note that, under the conditions on the function f, then Assumption
[3:2 can be proven for many one step numerical methods.

Let U4° denote a family of control sequences parameterized by §: u® € U if
w = {ud,ud,..} and u¢ € U, i =0,1,... . Since we want to find a state-feedback
controller, it seems to be reasonable to investigate when it does exist. The next
assumption formulates, roughly speaking, a necessary condition for the existence of
a stabilizing feedback.

Definition 1 System is practically asymptotically controllable (PAC) from
a compact set { to the origin with the parameterized family U/?, if there exist
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a B(.,.) € KL and a continuous, positive and nondecreasing function o(.), both
independent of §, such that for any r > 0 there exists a §* > 0 so that for all
r € Q and for all 6 € (0,6%] there exists a control sequence u’(z) € U°, such
that |[uf(z)|| < o(||z]|), and the corresponding solution ¢¥ of satisfies the
inequality

|¢" (35 2, 0®(2))|| < max {B(||=||,iT),r}, i€N. (3.6)

Assumption 3.3. There exists 6* > 0 such that the exact discrete-time model
is PAC from Q D T to the origin with U° for all § € (0,5*].

Remark. Observe that Assumption [3.3] implies that for any = € Q) there exists a
control function u’(x) € U? for which no finite escape time occurs.

We assume that there exists Ag > 0 such that I' C Qa,. Let 8 and o are
functions generated by Definition 1 and let A and Aj are such that A = 5(Ag,0)
and AQ = O'(Ao).

The terminal cost function g and/or a terminal constraint set given explicitly
or implicitly play a crucial role in establishing the desired stabilizing property. We
shall assume that ¢ has to be a local control Lyapunov function within the sampled
data controllers.

Assumption 3.4. There exist 6° > 0 and n > 0 such that for oll v € G, =
{z € X : g(x) <n} there exists a k(x) € Un, (which may depend on parameter ¢)
such that inequality

9 (Ffis(w,w(2))) — g(x) < ~Tls(z, k() (3.7)
holds true for all § € (0,6*].

Remark. In the RHC literature, it has been shown in several works that an ap-
propriate choice of the terminal cost g can enforce stability: in fact, if g is a strict
control Lyapunov function within one of its level sets, then the RHC makes the
origin to be asymptotically stable with respect to the closed-loop system with a
domain of attraction containing the above mentioned level set of g (the terminal
constraint set is implicit e.g. in [I5], [16], [I7]). This domain of attraction can be
enlarged up to an arbitrary compact set, which is asymptotically controllable to
the origin, by a suitable - finite - choice of the horizon length. To find a suitable
g, several approaches have been proposed in the literature: in the case when the
system has a stabilizable linearization and a quadratic cost function is applied, one
can find g in a quadratic form by solving an algebraic Riccati equation (though the
corresponding level set may be unacceptably small). More sophisticated methods
are, e.g. the quasi-infinite horizon method of [3], the method of infinite horizon
costing of [4]. Sometimes it may be difficult to derive an appropriate terminal cost.
Recently, it has been proven by [13] and [I8] that the required stability can be en-
forced merely by a sufficiently large time horizon, having obvious advantages, but
at the cost of a possibly substantial enlargement of the computational burden.

Let o5 denote the minimum of the values 0* generated by Assumptions and
3.1 with A’ = Al and A" = AQ.

Lemma 3.5. [15] If Assumptions and hold true, then there exist a 07
with 0 < 07 < 65, and a constant V.oh . > 0 such that Vi (z) < VA, for allx € Qa,,
6 € (0,67] and N € N.



48 A. M. ELAIW

Let Diax = {2z € X : Viy(2) < VA )} and o1(.) = T ().
The stability property for the approximate discrete-time model can be character-
ized by using the well known criterion of Lyapunov for asymptotic stability which

will be given in the following theorem.

Theorem 3.6. [15] If Assumptions and hold true, then there exist
constants N*, M, Ly and ¢ and functions 01,09 € Ko such that for all x € T'ax
, N> N* and 6 € (0,67]

a1(llzl]) < Viv(2) < oa(|lz]]),
[ui (@) || < M,

—0,1,.., N —1, .
Vv (Fr (2, u5(2))) = Vv (@) < ~Tor(llz]), (3.10)
and for all z,y € Tpax with ||z —y|| < ¢
VN (z) = VN (y)l < Lv |z -yl (3.11)

It can be seen that, Qa, C Tmax C Bx, where A = o7 (VA).

Theorem [3.6] shows that under suitable conditions the state feedback RHC ren-
ders the origin to be asymptotically stable for the approximate discrete-time model.
These conditions concern directly with the data of the problem and the design pa-
rameters (the horizon length N, the stage cost s, the terminal cost g, and the
terminal constraint set G,) of the method, but not the results of the design proce-
dure.

In [15] and [16], it has been proven that the same family of state feedback
RHCs that stabilize the approximate discrete-time model also practically stabilize
the exact discrete-time model for sufficiently small integration and/or sampling
parameters. The results are based on the assumption that the full state can be
measured. In some applications, not all state are directly measurable. Therefore,
an output feedback can be obtained by combining a stabilizing state feedback RHC
and an observer for estimating the unknown states. The results given in Lemma
and Theorem help us to show that an output feedback designed via an
approximate discrete-time model will practically stabilize the exact discrete-time
model.

4. OuTpPUT FEEDBACK RHC

In this section, we propose an output feedback RHC for sampled-data nonlinear
systems. The state feedback RHC is implemented directly by substituting the
required, unknown, state variables values x(kT') by their estimates Z(kT). Thus,
the problem 1' will be solved with respect to Z, i.e. Pj‘f"(;(N, %) and the following
“disturbed” feedback is applied:

vs (&) = ug(2). (4.1)
We want to show that the output feedback controller (4.1)) will practically stabilize

the exact discrete-time system for small approximation and observation errors. For
our analysis we note from (2.4) and (2.7) that the observer error e : & — = satisfies

ept1 = qu‘,(s(i“k,uk) + 07 5(Ek, Yrs u) — FF (of, ur)
= ET,é(ekwkE,uk) + Fﬁs(mkE, ug) — FIE(%E, ug)

where
ET,(;(e’mau) = Fﬁ&(fiau) + HT,S(i,y,U) - Flé,é(xau)
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represents the nominal observer error dynamics for the approximate design (see
[1). In the present paper we do not consider the observer design, instead we
state conditions on the approximation and observer errors that must be satisfied to
achieve practical stability of the closed-loop system, allowing to consider different
types of observers such as Newton observer (see [2]).

Assumption 4.1. For any Ep.x > 0 there exist observer parameters, 1 < kg € N
and T* > 0, and for each fized T € (0,T*] there exists 5 > 0 such that for allz € T
and 6 € (0, 63] there exists a control sequence U = {uo, ...Up,—1} with Ty € Ua, such
that

(i) for all k > ko

||ET,5(ek717xkE—1vﬂkfl)|| S Emaxa (42)
(i) fori=0,1,.... ko
oF(2,10) € Qa, and iy, € Qa,,

(i) for all xfﬁl,i‘j_l €Tlhax, J > ko+1 and all vs(&j_1) € Uy

HET,J(ej—laZf_l,vé(iﬁj—l)n < Enax.

Assumption means that after an initial phase the observer error at the sam-
pling instants can be achieved the desired maximum nominal observer error F,x
and the trajectory of the exact discrete-time system does not leave the set of PAC
of the exact system during the initial phase. Therefore we need to utilize observers
for which the speed of convergence of the observer error can be made sufficiently
fast and the absolute achieved observer error can be made sufficiently small. As-
sume that we have such kind of observers then a precomputed control sequence u
will be used during the time interval [0, koT'). Here kg is a freely chosen, but fixed
number of sampling instants after which the observer error has to satisfy . To
guarantee that the trajectory of the exact discrete-time system does not leave the
set of PAC of the exact system during the initial phase, we may choose a small
sampling period T. At the time instants kT, k = kg, ko + 1, ..., the RHC strategy
will be applied. Since we solve the optimal control problem with initial Z, i.e.
ij{ s(N, &x,) at the time instant koT', we have to ensure that the initial &, belongs
to the set of PAC of the exact system so that Theorem is applicable. More-
over, we have to ensure that the observer error can be made sufficiently small after
applying the RHC strategy.

In what follows we shall fix T' € (0,T*].

Lemma 4.2. Let d > 0, suppose that Assumptions [2.]], and [{-1] are valid,
N is chosen so that N > N*, and the following condition is satisfied:

(C)if for any j > ko+1, sz71 € 'max, £j-1 € Tmax, and there exists ae1(d) € K
such that

|2F 1 = 21| < €1(8) + Fax
for all § € (0,03],
then there exist 5 > 0 and Fnax > 0 such that for any 6 € (0,5*}, and Epay <

FEnax inequality

max {Vy (Ff (271, vs(#5-1))) , Viv(zf1) } > d (4.3)
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implies that

Vi (F’F (wg‘E—lvVJ(ﬁjfl))) — VN(ij—l) < —;01(% ||$f—1H)a (4.4)

where vs(L;_1) is the first element of the optimal solution of problem Pﬁg(N, Tj_1).
Proof. From condition (C) and Theorem for #;_1 € I'yax we have
VN (Frig (&5-1,v5(&5-1))) = Vv (#5-1) < =T (|[&5-1]))- (4.5)
Using (3.8]) we obtain
A (4 . A (n . . A
o1 (|| Ffs(@j-1,vs(@-1))||) < Vv (Ffis (2-1,5(85-1))) <V (Zi-1) < Vi
it follows that

[P s (G vs(@j—1)|| < opt (Vi

max

) =A. (4.6)

Since ;1,25 | € Tmax C Bx and [[vs(2;-1)|| < M, then by integrating equation
(2.2)) over [0, 7] and using Gronwall’s Lemma, it can be easily shown that (see [6])

|FF (21, vs(&5-1)) = FF (851, vs(&5-1))|| < ™Moy — &) (47)

From Assumption [2.1| with A’ = A +2 and A” = M and using (4.7) and condition
(C) we obtain

|FE (a1, vs(&j-1)) = Fis(dj-1,vs(5-1)) <
|FF (251, vs(&-1)) — FF (&1, vs(d-1))]|
+ || EF (-1, vs(Ej-1)) — Fi's(d&j-1, vs(@-1))]|
< elT ||xf_1 — :%j,1|| + T(9)
< "7 Erax + €2(5) (4.8)
where, £5(0) = el Teq (5) + T Let Effex > 0 and 62 > 0 be such that B\l <
4.

e LT and £5(%) < 1. Using (4.6) and l) for any ¢ € (0,03] and Epax < EY)
we obtain

1B (251, va (@ ))| < [|F7s (@1, va(@5-1)) | + €7 Bmax + 2(9)

<A+2.

vs(#;-1))) > d/2. Let By > 0 and &% > 0
be such that Er(r}gx < ﬁ and 0 < 551 (161‘/). Applying the Lipschitz

continuity of Vy (3.11)) and using (4.8)), we obtain for any § € (0,0;] and Epax <
Efx
Vv (Prs(&-1,v5(2j-1))) = Viv(FF (271, v5(25-1)))

— Ly |Ff (2 |, vs(#j-1)) — Fi(&5-1,vs(25-1)) |

2 g - LV [eLfTEmax + 52(6)] 2

First suppose that Vi (FEF (37?—17

>~ e

From (4.5)), we obtain

Vn(Ej-1) = Vv (Fps(85-1,vs(5-1))) >
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and using (3.8) we get
. 1 (d
&yl > 07" <4) — . (4.9)

Choose 6} and EX, as 6F <ept (&) and B < %7 then for any § € (0, d5] and
Eax < Er(fgx and using 1) we have
272l < &l + (2520 = 2
< |#5-1]] + Emax +£1(0)
<&l + p1 < 2[| 254 - (4.10)

Therefore, if VN(FT( e 1, vs(E5-1))) > d/2, then using (3.11), (4.5) as well as
condition (C) and (4.8)) we obtain

VN (EF (251, vs(&5-1))) = Vv(z}_1) = VN (EF (2], vs(&5-1)))

— Vn(Ff 5(&5-1,vs(25-1))) + Vi (B 5(&5-1, vs(25-1)))
— Vn (@ 1)+VN($J 1) = Va(zi )

< Ly |FE(af 1, vs(@-1)) = Fits(dj-1,vs(d5-1))||
—Tor(|&jl) + Lv |21 — 24 ||

< Ly Eax [ +1] + Ly [e1(6) + £2(8)] — Teo1 (|| 25-11])-

(4.11)
Let 65 > 0 and B, > 0 be such that
* * . Tspl(:ul) c
£1(08) + €2(6¢) < min {SLV (0
3Tp1() 3
EBE® < et Uit it
max < 0N { 8Ly LT +1] 2 [
then for any § € (0,05] and Epax < E,gilx, inequality |j becomes
T .
Vi (FF (271, vs(8-1))) = Viv(z7) < 5 #1(u) = Tor([|2-1]) (4.12)
and from (4.9) and (4.10] -, inequality - ) becomes
T . .
VN (FF (271, v5(&5-1))) — Vi (271) < 5 P1llE-1ll) = Tor(llz;-1l)
T .
= —Zer(la )
T 1, &
< —5901(5 |71 ))- (4.13)
Then we take
3 =min{6],63,63,67,63,05},  Buax = min{ BQ), B ER) BQL -

Suppose now that V (Ff (z 1, vs(2;-1))) < d/2 and Vy(zF_|) > d.

From (3.8) we have

Vi (@71) = o1 ([[ai20]]) = T ([ ],
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then

Viv(FE v 0) — V() < 5 [d = Vi) — V)]

=T -T 1
Lo(a? o) < S er(2 2]

O

Theorem 4.3. Suppose that Assumptions [2.1} [3-1{3-4 and [/ hold true. Then
there exists a function 8 € KL, and for any 7 > 0 there exist 6* >0 and E} .. >0
such that for any fived N > N*, § € (0,6%], Fmax < Ef .« and x € T, the trajectory
of the exact discrete-time system

af = FF (v, vs(3r)), k=koko+1,... (4.14)
with the output feedback RHC vs(Zy), satisfies that zF € Tax and
|z || < max{B (||zf, |, (k — ko)T), 7}, k=ko ko+1,...
Moreover, Ty € I'max, as well, and
2]l < max {5 ([|Z, ||, (k = ko)T) + 70,7}, Kk =ko,ko+1,...,
where 1o depends on Ey.x and 6.

Proof. To prove the theorem, we have to show that for any j = ko + 1, ko +2,.
Lemma 1s applicable. As in the proof of Lemma we take A/ = A + 2 and
A" = M in Assumptions 2.1 and [3.1]3.4} For j = ko —|— 1 we have

ok, = ol < [1Ers(eno—1, @1 o1 |
+ ||F£6(xkEo—lvﬂko—1) - FIE(wkEO—laﬂko—l)H
< Emax + T’Y(é) (415)
Let us define £,(6) = Ty(5). Then, from (4.15) it follows that x} and iy, satisfy
condition (C) of Lemma Let 7 > 0 be arbitrary, let d = o1 (205" (01 (7))) and
let po = o5 *(d). Suppose that for some j > ko + 1 condition (C) is satisfied. Let

3" and Emax be defined as in Lemrna and consider ¢ € (0,5*], Enax < Frax.
If Va ( ) > d, then from we obtain

o2 H% 1H >V (zj21) 2 d,
|51 ]| = o3 (d) = pa, (4.16)
and from and , the following inequality

Viv (o) = Vir (a.) < =31 (5 108

< —§§01 ('u;) (4.17)

holds true. Since xf_l € I'hax we have

Vy (zF) < Vi (2F) < Vi

max?

thus xf € Inax-
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Now we show that #; € Imax. Since zf |,
sumptions and we obtain
o — ;]| < [|Brs(ej—1, iy, vs(@;-1)||
+||Ff s(2F ) vs(@5-1)) — FE(aF 1, vs(2;-1))||

< Emax + T7(0) = Emax + 1(0). (4.18)

Zj_1 € I'max C Bx then from As-

Let 8 <3, F

! ox < FEmax be such that for any § € (0,6'] and Enax < E!
inequalities

max

€1(d) < min {Tw;(Lquﬂ) , Z} ,

are satisfied. Then, using and we obtain
Viv (&) = Vv (&5) = Vv () + Viv (27)
A~ T /1’
< Ly o = o+ Y a) - o1 ()
T
<Vn (zF1) + Lv[e1(6) + Bmax] — 591 (%)

2
<V (2i71) < Vi

max?

3T 2) 3
me<mm{¢HW#>C}

8Ly 4

therefore &; € I'max. Thus condition (C) is valid for j +1 as long as Vi (xf_l) >d
holds true. From 1' it follows that after a finite number of steps Vi (xf_l) <d
will occur. Then, by Lemma we know that Vi (:UJE) < d must also be valid.
Define the level set V, = {z: Vy(2) < ¢}, and let dy = o1(F), 11 = o5 (01(F)).
Obviously V4 C B, /2 C By, C V4, C Br and

— 1 1
o] < o7 (d) = 5 and ||zf]| < 5 (4.19)
On the other hand, choose 8" < &', E”_ < E! . such that ,(8") = 05 ' (01(F)) /8,

max
E". =305" (01(7)) /8 then

max

1
Hi‘j_l - ‘TjE—1|| < Enax + 51(6) < 50'2_1 (0'1(?)) = ;—1

and from (4.19) we obtain

&1 <71

Since Hsr:f” < % and from (4.18) and the choice of E,, and §” it follows that

max

1 N —
Z; f:cfH < 5 and ||&;]| <r <T.

We take Ef, . = El'  and 6* = ¢”. Thus the ball B is positively invariant with
respect to the exact and the estimation states. The existence of the function 5 € KL

can be constructed in the standard way (see [22]). O

Remark. We note that the statement of Theorem is similar to the practical
asymptotic stability of the closed-loop system and the observer state with
respect to the initial state mkEo , .. This is not true for the original initial state
T, To because - due to the initial phase - the ball B is not invariant over the time
interval [0, koT').
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Theorem [£.3] lays the foundation for the design of an output feedback RHC
via an approximate discrete-time model to achieve practical stability of the exact
discrete-time model. Achieving practical stability of the exact model requires that
both the approximation error and the observer error can be made sufficiently small.
By application of some one step numerical approximation formula with possibly
variable step sizes (e.g. a Runge-Kutta formula), the approximation error can be
made sufficiently small. Since the maximum observer error bound depends on many
parameters as given in Theorem [4.3] using fixed RHC parameters requires that the
observer has some sort of tuning parameters to sufficiently decrease the observer
error. To design such kind of observers via an approximate model, further research
is needed and this will be considered in the future work.

5. CONCLUSION

The stabilization problem of sampled data nonlinear system by output feedback
RHC was investigated. Both the state feedback RHC and the observer was designed
via an approximate discrete-time model. It was shown that under a set of conditions
the output feedback RHC practically stabilizes the exact discrete-time model of the
plant.
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helped significantly in clarifying and improving the quality of the paper.
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