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A NONLINEAR HENSTOCK-TYPE INTEGRAL FOR RIESZ
SPACE-VALUED FUNCTIONS

MUHAMMAD FATKHURROHMAN, MADE TANTRAWAN

ABSTRACT. In this paper, we introduce a nonlinear extension of the Hen-
stock integral for functions taking values in a Riesz space. By combining the
conditions provided in Lee (1989) for the real case with Fremlins (D)-double
sequence technique, we establish several fundamental properties of the inte-
gral, including a Cauchy-type criterion and the integrability of step functions
and (D)-continuous functions. Furthermore, we demonstrate that the Saks-
Henstock lemma holds for this integral and prove the absolute (D)-continuity
of its primitive.

1. INTRODUCTION

The concept of integration is central to mathematical analysis, serving as a pow-
erful tool for accumulation and measurement. Integrals can be defined through
various frameworks, including descriptive, constructive, and measure-theoretic ap-
proaches. In the constructive framework, integration is defined using Riemann-like
sums and tagged partitions, leading to classical integrals such as the Riemann,
McShane, and Henstock integrals, along with their respective Stieltjes extensions
[2, B, 10]. These integrals are typically formulated over intervals and form the
foundation of both real analysis and its broader extensions.

One such extension occurs in the study of the space of all Henstock-integrable
functions over a given interval, where a Riesz representation theorem holds for
every continuous linear functional. To incorporate nonlinear functionals within
this framework, the Henstock integral was slightly modified to define a nonlinear
Henstock-type integral [0, [9]. This modification not only generalizes the Henstock
and Henstock-Stieltjes integrals but also preserves key properties that ensure the
robustness and applicability of the integration theory. These developments natu-
rally lead to the question of how such nonlinear integrals might behave when defined
over more abstract algebraic structures such as Riesz spaces.

To address this, we turn our attention to integration in the context of Riesz
spaces. A key difficulty in extending integration to Riesz spaces lies in the inappli-
cability of the classical e-technique, which is crucial in real analysis. For instance,
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the property in R that ¢ = inf A implies the existence of an element a € A such that
t 4+ ¢ > a (for any € > 0) does not hold in general Riesz spaces. To overcome this,
Fremlin introduced the double sequence technique, where he defined the so called
(D)-sequence [7]. A bounded double sequence (a;;) in a Riesz space X is called a
(D)-sequence if for each ¢ € N, the sequence (a;;); is decreasing and converges to
0. These (D)-sequences serve as substitutes for € in real-valued analysis. Building
on this, several authors such as Boccuto et al. [3 4] Bl 12, 13], developed integral
theories in Riesz and ordered spacesthough only for the linear case. In contrast,
this paper aims to develop a nonlinear Henstock-type integral with values in Riesz
spaces, utilizing the double sequence technique as a foundation.

2. RESULTS

We refer to [II, [I1], [14] for standard definitions and terminology in Riesz spaces.
Throughout this paper, we always assume that the Riesz space X is Dedekind
complete, meaning that every subset of X with an upper bound has a least upper
bound (supremum), and X is weakly o-distributive, that is,

oo
/\ <\/ aw(i)> =0, for all (D)-sequence (a;;) in X.

peNT \i=1

Let [a,b] be a closed and bounded interval on R and Z[a,b] be the collection
of all intervals I C [a,b]. For any positive function § : [a,b] — (0,00) (known as
a gauge), we denote by Ps[a, b] the collection of all §-fine partitions on [a,b], i.e
all partitions P = {([u;,v;];&) 1 ¢ = 1,2,...,n} on [a,b] such that & € [u;,v;] C
(fz - (5%) 61 + 5(51))

Now, let ¢ : X x Z[a,b] — X. Throughout the rest of paper, we always assume
that ¢(x, [u,v]) = é(z, (u,v]) = ¢, [u,v)) = é(z, (u,v)). For a function f :
[a,b] = X and a (partial) partition P = {([u;,v;];&;) :4=1,2,...,n} on [a,b], we

define
= d(f(&), wi, vi]).-
=1

Using similar double sequence technique idea as in [5], we define a nonlinear
Henstock-type integral with values in Riesz spaces as follows.

Definition 2.1. Let ¢ : X X Z[a,b] — X. A function f : [a,b] — X is said to be
¢-integrable on [a, b] if there is A € X and a (D)-sequence (a;;) in X such that for
every ¢ € NN, there is a gauge  on [a, b] such that for every P € Psla,b], we have

‘Sﬁf)(Pv f) - A| < \/ Qip(i)-

i=1
Furthermore, the ¢-integral value A is denoted by (¢) / I

Note that if ¢ is of the form ¢(z, [u, v]) = z(v — u), then the above definition is
the definition of the Henstock integral for Riesz-valued functions. Moreover, if ¢
is of the form ¢(z, [u,v]) = z(g(v) — g(u)) for some function g : [a,b] — R, then
the above definition becomes the definition of the Henstock-Stieltjes integral for
Riesz-valued functions.
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Lemma 2.2. Let ¢ : X X Z[a,b] — X. If the function f : [a,b] — X is ¢-integrable
on [a,b], then the element A in Deﬁnitz’on s unique.

Proof. Suppose that A and B are the ¢-integral values of f on [a,b]. Further, let
(ai;) be a (D)-sequence in X such that for any ¢ € NN, there exists a gauge § on
[a, ] such that for any P € Ps|a, b], we have

|S¢(P, f) - A| < \/ Qip (i) and |S¢(P, f) - B| < \/ Aip(4)-
i=1

i=1
Hence,

i=1
As X is weakly o-distributive, we obtain |A — B| < 0. It follows A = B. O

In the real-valued case (see [9]), the function ¢ needs some conditions (N1— N5)
in order to obtain basic properties of the ¢-integral. In this paper, we generalize
those conditions to the Riesz space setting as follows.

(N1) For every I € ZT]a,b], ¢(0,I) = 0.

(N2) For every I € Z[a,b] and z € X, there is a (D)-sequence (a;;) in X such

that for every ¢ € NY, s € X with |s| < z, and (D)-sequence (b;;) in X,
there is ¢ € NY such that

|¢($7I) - ¢(tv I)| < \/ Qip(i)

i=1
for every t € X with |s —t| < \/72| biy(;) and [t] < z.
(N3) For every s € X,

¢(57[1 U IQ) = ¢(57]1) + (rb(sﬂ 12)7

for every disjoint intervals Iy, I € Zla, b].
(N4) For every z € X, there is a (D)-sequence (a;;) in X such that for every
¢ € NN and (D)-sequence (b;;) in X, there is ¢» € NV such that

< \/ Gip(i)s

i=1

n

Z P(si, 1) — Z o(ts, I;)

i=1

for every s;,t; € X with [s; — t;| < /52| bip()s |si| < 2, and [t;| < z for
each i =1,2,...,n, and pairwise disjoint intervals I, I, ..., I, € Z[a,b].

(N5) For every z € X+, there is a (D)-sequence (a;;) in X such that for every
© € NN, there exists > 0 such that

Z¢(5iafi) < \/ Gip(i)s
i=1 i=1

for every s; € X with |s;| < z for each : = 1,2,...,n, and pairwise disjoint
intervals I, Io, ..., I, € Z[a,b] with a total length less than pu.
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In this paper, we will not use [(N1)| and as they are just consequences of
(N3)[ and |(N4) respectively. Note also that if ¢ satisfies|(N3)[and f is a constant

function, then f is ¢-integrable on [a, b] and

) / f = 6(f(a). a.1]).

Now, we begin our results by examining the properties of the integral when a
function is integrable with respect to both ¢ and .

Theorem 2.3. Let ¢,¢ : X x Z[a,b] = X. If f : [a,b] — X is both ¢-integrable
and -integrable on [a,b], then f is also (ad+1)-integrable on [a,b] for each o € R
and

(a¢+w)/abfa(¢)/abf+(w)/abf-

Proof. Suppose that A and B are the ¢-integral value and -integral value of f
on [a, b], respectively. Further, let (a;;) be a (D)-sequence in X such that for any
¢ € NN there exists a gauge 6 on [a, b] such that for any P € Pgs[a, b], we have

1S6(P, f) = Al < \/ aipy and  |Sy(P, f) = Bl < \/ aip)-
1=1

i=1

Fix ¢ € NY and let § be a gauge on [a, b] satisfying the above condition. Note that
for any P € Psla,b], Sap+y (P, f) = aSy(P, f) + Sy(P, f). Hence,

oo

[Sag+v (P, f) = (@A + B)| < \/ (o] + Dap).

i=1

It follows that f is also (a¢ + v)-integrable on [a, b] and

(a¢>+w)/abf=a(</>)/:f+(¢)/abf. 0

Theorem 2.4. Let ¢,v : X X Z[a,b] — X satisfy ¢(-,I) < (-, I) for every I €
Tla,b]. If f : [a,b] = X is both ¢-integrable and p-integrable on [a,b], then

(¢)/abf§(¢)/abf-

Proof. By Theorem [2.3] since f is both ¢-integrable and ¢-integrable on [a, b], f is
also (¢ — v)-integrable on [a, b] and

(¢—w>/abf=(¢)/abf—(w)/:f-

Suppose that A is the (¢ — v)-integral value of f on [a,b]. Further, let (a;;) be a
(D)-sequence in X such that for any ¢ € NV, there exists a gauge 6 on [a, b] such
that for any P € Ps|a, b], we have

1So—u (P, f) = Al < \/ aia)-

i=1
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Fix ¢ € NY and let § be a gauge on [a, b] satisfying the above condition. Since
(¢ —)(-,I) <0 for any I € Z[a,b], we have that,

A< A-S, (P f)< \/aw(z

for any P € Psla,b]. As X is weakly o-distributive, we conclude that A < 0 and

hence,
¢>/:fs(w>/:f. 0

As the name suggests, the nonlinear integral may not be linear as can be seen
in the following example. However, if we assume that the function ¢(-,I) is linear
for every I € Z[a,b], the integral becomes linear.

Example 2.5. Given a function ¢ : Rx [0,1] — R with ¢(s,

[
for every [u,v] € Z[a,b] and s € R. Define a function f : [0,1

u,v]) = (" =1)(v—wu)
] = R by

1 1
Fla) = n, 1f9r:€(4n 4n1} for some n € N
0, ifx=0.

It can be shown that f is ¢-integrable on [0, 1], but 2f is not.

Theorem 2.6. Let ¢ : X x Z[a,b] — X satisfy that for every I € Z[a,b], ¢(-,I)
is linear, i.e. ¢(ax +y,I) = ap(x,I)+ ¢(y,I) for every xz,y € X and o € R. If
fy9:]a,b] = X are ¢-integrable on [a,b], then af + g is also ¢-integrable on [a,b]

for all a € R and
<¢>/ab<af+g>=a<¢>/abf+<¢>/abg.

Proof. Suppose that A and B are the ¢-integral values of f and g on [a, b], respec-
tively. Further, let (a;;) be a (D)-sequence in X such that for any ¢ € NV, there
exists a gauge 0 on [a, b] so that for any P € Ps[a, b], we have

1Se(P, f) — Al < \/ aipiy and [Sy(P,g) — Bl < \/ Qip(s)-

i=1 i=1

Fix ¢ € NY and let § be a gauge on [a, b] satisfying the above condition. For any
P € Psla,b], Sy(P,af + g) = aSe(P, f) + S4(P,g) since ¢(-,I) is linear for any
I € Z]a,b]. Hence,

|Se(P,af + g) — (€A + B)| \/ (o + D) ap iy
It follows that af + g is also ¢-integrable on [a, b] and

(¢)/ﬂb(af+g)=a(¢)/a f+(¢)/:g- 0

Next, we show that the Cauchy criterion for nonlinear integrals remains valid,
and notably, this can be established without relying on any of the conditions

(NDNS)]
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Theorem 2.7 (Cauchy Criterion). Let ¢ : X X Z[a,b] — X. A function f : [a,b] —
X is ¢-integrable on [a,b] if and only if there is a (D)-sequence (a;;) in X such that
for every ¢ € NN, there is a gauge § on [a,b] such that for every Py, P, € Psla,b],
we have

|S¢(P1a ) S¢ P2 | < \/aup

Proof. (=) Suppose that A is the ¢-integral value of f on [a,b]. Further, let (a;;)
be a (D)-sequence in X such that for any ¢ € NV, there exists a gauge § on [a, b]
such that for any Py, P> € Ps[a,b], we have

1So(Pr, ) = Al < \/ aipy and  |Ss(Pa, f) = Al < \/ aip)-

i=1

Fix ¢ € N¥ and let § be a gauge on [a, b] satisfying the above condition. Then for
any Py, P € Psla, b],

1Se(Pr, f) — Sp(Pa, f)| < \/ 2a;,(s)

i=1

Therefore, the forward implication holds.

(<) Now, let (a;;) be a (D)-sequence in X such that for any ¢ € NV, there exists a
gauge J on [a, b] satisfying the following condition, denoted as (C): for any Py, Ps €
Psla, b], one has

|S¢7(P1a ) S¢> P2 | < \/aup

Fix ¢ € NY. Define M, as the set of all gauges § on [a,b] satisfying |(C)| and
let N, = {Sy(P, f) : P € Ps[a,b],0 € M,}. Note that for any 61,02 € M, we
have |Sg(P1, f) — Sp(Pa, f)| < 2Vi2y i) for all Py € Ps, [a,b] and P, € Py, [a, b].
Consequently, N, is bounded. Since X is Dedekind complete, sup N, and inf N,
exist. Moreover,

sup N, —inf NV, < \/ 2a44(5)-
i=1
As X is weakly o-distributive, we obtain
N\ supN, < \/ inf N, + /\ (supN, —inf N,) < \/ inf N,,.
peNN p€ENN NN p€ENN

On the other hand, note that for any ¢ € N¥, v € My N M,, and P € P,[a,b],
inf Ny < S4(P, f) < sup N,,. Hence,

\/ inf N, < /\ sup N,.
peNN peNN

Consequently,
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Denote this common value by A. Note that for any § € M, and P € Ps[a, b],

Se(P, f) — A<supN, — \/ inf N, <sup N, —inf N, < \/ 2a;p(;) and
pENN i=1

A—S4(P, f) < /\ sup N, — inf N, <sup N, — inf N, < \/ 20 (i) -
peNN i=1

Hence,

=1

It follows that f is ¢-integrable on [a,b]. Therefore, the backward implication also
holds. (]

Remark 2.8. Let ¢ : X xZ[a,b] — X and f : [a,b] — X be a ¢-integrable function

n [a,b]. For any ¢ € NV, define M, be the set of all gauge § on [a,b] satisfying
[(C)]as in the proof of Theorem [2.7} and let N, = {S4(P, f) : P € Psla,b],6 € M,}.
The following result holds:

b
\/ sup N, = /\ inf N, = (qb)/ I
pENN pENN @
Theorem 2.9. Let ¢ : X x Z[a,b] = X. If f : [a,b] = X is ¢p-integrable on [a,b],
then f is also ¢-integrable on [c,d] for every [c,d] C [a,b].
Proof. Let [¢,d] C [a,b]. By the Cauchy Criterion, since f is integrable on [a, b],
there is a (D)-sequence (a;;) in X such that for any ¢ € NV, there exists a gauge
d on [a,b] such that for any P;, Py € Psla, b, we have

|S¢(P1a ) S¢ P2 | < \/azgp

Fix ¢ € NN and let § be a gauge on [a, b] satisfying the above condition. Define
gauges «, 3, and v as the restrictions of ¢ on [a, ¢], [¢, d], and [d, b], respectively. Fix
Q1 € Pala,c] and Q2 € P,[d,b]. Note that for any Pi, P> € Pgle,d], Q1 U Py UQ2,
Q1 U P, UQ3 € Psla,b]. Hence,

1S6(P1, f) = Sp(Pa, ) = [Sp(Q1UPLUQa, f) = Se(@QuUPUQs, £)] < \/ iy

i=1
By the Cauchy Criterion, f is ¢-integrable on [c, d]. a

Note that by Theorem [2.9] if f is ¢-integrable on [a,b] and ¢ € (a,b), then f is
¢-integrable on [a, c] dan [c, b] The converse is also true when we assume that ¢

satisfies

Theorem 2.10. Let ¢ : X x Z[a,b] — X satisfy and let ¢ € [a,b]. If
fia,b) = X is ¢p-integrable on [a,c] and [c,b], then f is also ¢-integrable on [a,b]

and
¢)/abf—(¢)/:f+(¢)/cbf-
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Proof. Suppose that A and B is the ¢-integral values of f on [a,c] and [c, b], re-
spectively. Further, let (a;;) be a (D)-sequence in X such that for any ¢ € NV,
there exist gauges v and § defined on [a, ¢] and [c, b], respectively, such that for any
P, € P,la,c] and P, € Ps[c,b], we have

|Sg(Pr, f) — Al < \/aw(i) and  [Sy(Py, f) — B| < \/aigo(i)-
=1

i=1
Fix ¢ € NN and let v and & be gauges on [a,c| and [c,b], respectively, satisfying
the above condition. Define a gauge 8 on [a, b] as follows:
min{y(z),c— =z}, fa<z<c
B(z) = ¢ min{y(c),d(c)}, ifz=c
min{é(z),z —c}, ifc<az<b
Note that for any P = {(I;;&) : @ = 1,2,...,n} € Pgla,b], ¢ = §; for some
Jj=1,2,...,n. Further, let I; = [u,v], P, = {(I;;&) € P : & < c}U{([u,c];0)},
and P, = {(I;;&) € P : & > ¢t U{([c,v];¢)}. Note that P, € P,[a,c] and

P, € Psle,b]. As ¢ satisfies we obtain ¢(c, [u,v]) = é(c, [u, c]) + ¢(c, [c,v]).
Consequently, S4(P, f) = Sp(P1, f) + Sg( P2, f). Hence,

S6(P, f) = (A+ B)| < |Sp(Pr. f) = Al +1S5(P2, f) = Bl < \/ 2ai).
i=1

It follows that f is ¢-integrable on [a, b] and

<@Lﬁewwlﬂ4wwlﬂ. O

As a consequence, assuming|(N3)l we have that every step function is ¢-integrable.

Theorem 2.11. Let ¢ : X x Z[a,b] — X satisfy [(N3). Every step function f :
[a,b] = X is ¢p-integrable on [a,b]. Moreover, if

n
f = Z SiXI;
=1

for some s1,82,...,8, € X and pairwise disjoint intervals Iy, I, ..., I, € Z[a,b]
whose union is [a,b], then

b n
@ [ 1= otsi 1.

Proof. Suppose that

n
f = Z SiXI;
i=1

for some s1,$82,...,8, € X and pairwise disjointiintervals I, Is,...,I, € Zla,b
whose union is [a,b]. For any i = L2,...,n, let [; = [us, v;]. As ¢ satisfies
we obtain that f is ¢-integrable on I; = [u;, v;] and

(@Aﬂw%m
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By Theorem [2.10} we obtain that f is also ¢-integrable on [a, b] and
b n v; n
@[ 1= [ 1=Y o1 O
@ i=1 wi i=1

Theorem 2.12. Let ¢ : X x Z[a,b] — X satisfy [(N5) and f : [a,b] — X be a
bounded and ¢-integrable function on [a,b]. If g : [a,b] — X is bounded and f =g
almost everywhere on [a,b], then g is ¢-integrable on [a,b] and

(¢)/abg=(¢>)/abf-

Proof. Suppose that A is ¢-integral value of f on [a,b]. Further, let (a;;) be a
(D)-sequence in X such that for any ¢ € NV, there exists a gauge ¢ on [a, b], such
that for any P € Ps|a, b], we have

1S6(P, f) — Al < \/ Qigp(i)-
i=1
As f and g are bounded on [a, ] and ¢ satisfies [(N5)| there exists a (D)-sequence
(bij) in X such that for any ¢ € NN, there exists p > 0 such that

< \/ biga(i)a
=1

for every x1,xa,...,2, € [a,b] and pairwise disjoint intervals I, Io, ..., I, € Z[a,b]
with a total length of less than pu.

Fix ¢ € N¥ and let u > 0 and 6 be a gauge on [a,b] satisfying the above
conditions. Let N C [a, b] with a Lebesgue measure 0 such that f = g on [a, b]\N.
Then there exists a countable collection of open intervals {O; € Z[a —p, b+p] : j €
N} with a total length less than p and satisfying N C U;’il Oj. Define a gauge

n

i=1

S <7 bup(l) and

i=1

qu(f(xi),m

on [a,b] as follows:

inf{lz —y|:y € [a,b]\O;}, if z € O; for some j € N
V(x) = :
1, otherwise.
For any P = {(I;;&) :i=1,2,...,n} € P,[a,b], define M as the set of all indices
i =1,2,...,nsuchthat § € O; for some j € N. Observe that forany¢=1,2,...,n,
x if ¢ € M, then & € O; for some j € N. Hence, I; C O;.
x if i ¢ M, then & ¢ N. Hence, ¢(f (&), ;) = ¢(9(&), I;).
Consequently,

S6(P,f) = Sa(Pog) = | 3 o(f(€) 1) — S (g, 1)

ieM ieM
<D o) T+ (D dl9(&), 1| <V 2bii)
ieM €M =1

since the total length of Iy, I3,..., I, is less than p. Hence, for any P € Ppuingy,s5},

o0

1S6(P,g) — Al < |S4(P, f) — Al + [Se(P, f) = Ss(P, )| < \/ (ii) + 2big(sy)-
=1
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It follows that g is ¢-integrable on [a, b] and

(qs)/abg(qb)/abf. O

We say a function f : [a,b] — X is (D)-continuous on [a,b] if there is a (D)-
sequence (a;;) in X such that for every ¢ € NN, there is § > 0 such that for every
x,y € [a,b] with |z — y| < §, we have

1f(@) = F) <V tip-
=1

Note that if f : [a,b] — X is (D)-continuous on [a, b], then f is bounded. Assuming

¢ to satisfy and [(N4)l we show that every (D)-continuous function is ¢-
integrable.

Theorem 2.13. Let ¢ : X X Z[a,b] — X satisfy and [(N4) Every (D)-

continuous function f : [a,b] — X is ¢-integrable on [a,b].

Proof. Let f be a (D)-continuous function on [a,b]. Since f is bounded, by [(N4)]
there exists a (D)-sequence (a;;) in X such that for any ¢ € N and (D)-sequence
(bi;) in X, there exists 1» € N¥ such that

n n oo
> o(f(@i), 1) =D o(fwi), 1| <\ aigi)
i=1 i=1 i=1
for any x;,y; € [a,b] with [f(z;) — f(yi)| < Vieq big() for each i = 1,2,...,n and
pairwise disjoint intervals Iy, Is, ..., I, € Z[a,b]. Further, since f is (D)-continuous
on [a,b], there is a (D)-sequence (b;;) in X such that for every ¢» € NV, there is
d > 0 such that for every z,y € [a,b] with |z — y| < J, we have

f(x) = fly)| < \/ bii)-

Fix ¢ € NV and let ¢» € N¥ and 6 satisfy the above conditions for the (D)-sequence
(bij). Define a gauge v on [a,b] by v(x) = § for every z € [a, b].

Fix P, = {(I;&) : ¢ = 1,2,...,n},P, € Pyfa,bl. Let P = {(J;;{;) : j =
1,2,...,m} € P,[a,b] be finer than P, and P,. For any i = 1,2,...,n, define M;
as the set of all indices j = 1,2,...,m such that J; C I;. Note that for any j € M;,
& — (| < 6. As ¢ satisfies we obtain

n

1S6(Prf) = Se(P )l = D o(£(G), J5) = D d(f(&). Ir)

j i=1

<
=

n

= DG T) =Y D> e(f(&). Jy)| < _\/awu)-

j i=1 jeM;

<
[

Similarly, we obtain

1S6(P2, f) = So(P ) < \/ aip-

=1
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Hence,
1Sp(Pr, f) = Sp(Pe, )] < \/ 247 -
i=1
By the Cauchy criterion, f is ¢-integrable on [a, b]. O

We end this paper by investigating properties of the primitive of ¢-integrable
functions.

Definition 2.14. Let ¢ : X x Z[a,b] — X and f : [a,b] = X be a ¢-integrable
function on [a,b]. The function Fy : [a,b] — X on [a,b], defined by

- <z>>/:f

for every t € [a, b], is called the primitive of the ¢-integrable function f on [a,b].

Using the following two lemmas, we show that the Saks-Henstock Lemma remains
valid for the nonlinear integral of Riesz-valued functions.

Lemma 2.15. Let ¢ : X x Z[a,b] — X and [ : [a,b] — X be a ¢-integrable
function on [a,b] with primitive Fy. Suppose that (a;;) is a (D)-sequence in X and
¢ € NN such that there is a gauge § on [a,b] satisfying the condition that for every
P e Ps [a, b],

b oo
So(P.1) = @) [ 1] <V i
@ i=1

If P* = {([us,vi); &) 11 =1,2,3,...,p} is a partial 6-fine partition on [a,b], then

< \/aw

Proof. Let P* = {([u;,v;],&) : i = 1,2,3,...,p} be a partial d-fine partition on
[a,b]. Let {[a,bs] : t = 1,2, 3, ...,n} be a collection of non-overlapping intervals
such that n <p+ 1, (uz,v;) N (at, bt) &, and

(Uhﬁ,’l)i]) U (U[at,bt]> = [a7b}.

Now, since f is ¢-integrable on each [a;, b;], we can find a (D)-sequence (b;;) in X
such that for every 1 € NV, there is a gauge §* on [a, b] so that §* < § and for every
t=1,2,...,n and P; € Ps«[at, bs], we have

p
S(P*, f Z Fy(vi) — Fy(us))
i=1

oo

L b
i (i)
p+1.5

by
So(Pof) — <¢)/ §l <

Fix a (D)-sequence (b;;) and v € NY, and let §* be a gauge on [a,b] satisfying
the above condition. For each ¢ = 1,2,...,n, fix P, € Ps«|at,b;]. Define P =
U (Uj; Pr). Clearly, P € Psla,b] and

So(P, f) = So(P*, f) + > _ Se(Pi, f).

t=1
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Therefore,
D v; b n bt
So(P'5)=30) [ 1] <|SuPh =@ [ 1|+ D [SuPun) = (0) [
i=1 Ui @ t=1 at
<V iy + \V bivg)-
i=1 i=1
As the inequality holds for every ) € NV, we have the desired result. (]

Lemma 2.16. Let K be a finite subset of X and z € X. If

>

zeS

<z VSCK,

then

Z |z| < 2z.

zeK
Proof. Let K = {x1,22,...,z5} and C = {(¢;) = (c1,¢2,¢3,...,¢n) 1 ¢; € {=1,1}}.
Observe that

Z |x| = \/ c1x1 + e + -+ .
zeEK (c;)eC

Now, take (¢;) € C. Let S={k:¢c; =1} and T' = {¢ : ¢, = —1}. Then we have

IR SIS SPATR) it

kes LeT kes LeT

lerz1 + cama + -+ + cpp| = < + < 2z,

and hence, the conclusion follows. [l

Theorem 2.17 (Saks-Henstock Lemma). Let ¢ : X X Z[a,b] — X and f : [a,b] —
X be a ¢-integrable function on [a,b] with primitive F,. Then there is a (D)-
sequence (a;;) in X such that for every ¢ € NN, there is a gauge & on [a,b] such
that for any partial 6-fine partition P = {([u;, v;]; &) :i=1,2,3,...,p} on [a,b],

Z |6(f(&), [wi, vi]) — (Fo(vi) — Fy(u)| < \/ o).

i=1
Proof. Applying Lemma to Lemma [2.15] we obtain the desired result. O

As a consequence of the Saks-Henstock Lemma, we can show that the primi-
tive of a bounded ¢-integrable function is absolutely (D)-continuous and hence,
is of bounded variation. We say that a function f : [a,b] — X is absolutely (D)-
continuous on [a, b] if there is a (D)-sequence (a;;) in X such that for every ¢ € NN,
there is & > 0 such that for every pairwise disjoint intervals [z1, y1], [T2, ¥2], - - -, [Tn, Yn] €
Z[a,b] with > | (y; — x;) < 8, we have
SOl @) = Fwi)l <V aig).

i=1 i=1

A function f : [a,b] — X is said to be of bounded variation on [a, b] if supremum of

S I @:) = fa)l,

=1
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taken over all partition P = {[z;,y;] : ¢ = 1,2,...,n} on [a,b], exists in X. Tt is
easy to prove that any absolutely (D)-continuous function on [a,b] is of bounded
variation on [a, b].

Theorem 2.18. Let ¢ : X x Z[a,b] — X satisfy|(N5) If f :[a,b] = X is bounded
and ¢-integrable on [a,b] with primitive F,, then Fy is absolutely (D)-continuous
on [a,b].

Proof. As f is bounded on [a,b] and ¢ satisfies |(N5)| there exists a (D)-sequence
(ai;) in X such that for any ¢ € NV, there exists z > 0 such that

Z¢(f(l”z) )| < \/ Ui (3)»
i=1 i=1

for every x1,xa,...,x, € [a,b] and pairwise disjoint intervals I, I, ..., I, € Z|a, b]
with a total length less than p. Further, by Lemma it also holds that

i=1 i=1

On the other hand, by the Saks-Henstock Lemma, since f is ¢-integrable on [a, b],
there is a (D)-sequence (b;;) in X such that for every ¢ € NI, there is a gauge 6 on
[a, b] such that for any partial 0-fine partition P = {([u;,v;];&) i =1,2,3,...,p}
on [a, b],

Z |p(f (&), [ui, vil) — (Fo(vi) — Fg(us))| < \/ bi(iy-
i=1 i=1

Fix ¢ € N¥, and let 1 > 0 and the gauge § satisfy the above conditions.

Let [u1,v1], [u2, va), . .., [un, vn] € Z[a,b] be pairwise disjoint intervals with a total
length less than p. Let P = PLUP, U...UP, = {([p;,¢;:&) : j = 1,2,...,m}
be a partial d-fine partition on [a,b] where P; € Ps[u;,v;] for each i = 1,2,...,n.
Consequently,

m
Z\F¢ vi) — Fy(ui) SZ — Fy(p;)|

<Y 16(F(&), pyr a3))] + Z [0(f (&) s> a5]) — (Folaj) — Fo(ps))l
j=1 j=1
<V Qaipi) + bige).
=1
The conclusion follows. (]
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