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ABSTRACT. This research work focuses on A-Szdsz-Mirakjan operators cou-
pling extended beta function. These are the linear and positive sequences of
operators and have become more popular because of their special characteris-
tics and functional organization. The kernel functions used in Szasz operators
often possess even or odd symmetry. This symmetry influences the behavior
of the operator in terms of approximation and convergence properties. The
convergence properties such as uniform convergence and pointwise convergence
are studied in view of Korovkin theorem, modulus of continuity, and Peetre’s
K-functional of these sequences of positive linear operators in depth. Further,
we extend our research work for bivariate case of these sequences of operators.
Their uniform rate of approximation and order of approximation are investi-
gated in Lebesgue measurable spaces of function. The graphical depiction and
error analysis in terms of convergence behavior of these operators are studied.

1. INTRODUCTION

Szdsz [1] presented a generalization of Bernstein polynomials [2] to investigate
approximation properties on unbounded interval, i.e., [0, 00) as follows:

Pt =31 (%) st (1.1)

k=0

where y € [0,00),s € N and ps 1(y) = e ;

These operators are introduced in the 1950’s and have been extensively studied
by mathematicians over the years to achieve the flexibility in the approximation
properties. The symmetry of the kernel affects how well Szdsz operators can ap-
proximate functions. Symmetric kernels tend to preserve certain functional forms or
properties of functions being approximated, leading to specific convergence behav-
iors. Many mathematicians constructed various sequences of operators based on the
classical Szdsz-Mirakjan operators given by (1.1). Recently, various scientists are
working in the other branches of sciences like medical science, robotics, computer
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science and others in terms of these type of the sequences of linear positve opera-
tors. In the recent past, several mathematicians contributed a healthy literature in
approximation theory via linear positive operators viz.

Braha et al. ([3, 4]), Ozger et al. ([7, 8]), Rao et al. ([9]-[12]), Ayman-Mursaleen
et al. ([21], [22]), Turhan et al. [5], Mohiuddine et al. [13], Nasiruzzaman et al.
[14]. In continuation, Qi et al. [23] presented Szdsz-Mirakjan operators based on
shape parameter A € [0, 1] as follows:

Sea(hiy) = i (k) (1.2)

where

- A

tso(Ny) = psoly) — ?terl 1(y), (1.3)
- s—2k+1 s—2k—1

tse(Xy) = psr(y) +A <527_1ps+1,k(y) - 527_1p5+1,k+1(y)) 1<k < oo

Many generalizations are investigated for the operators (1.2) viz. Ozger et al. [24]
constructed a sequence of Kantorovich variant of A\-Schurer operators to approxi-
mate Lebesgue measurable class. Aslan ([25], [26]) constructed Stancu-Kantorovich
type A—Szasz-Schurer-Mirakjan operators based on the shape parameters A.

For s € N,I > 0 and v > 0, the functional (see [20]), C¥,,, : C[0,1+1] = R, is
given by

C;/Jrl,k(t) = / Derlk )dt (k:]-aQa"'aS*]-)a
Cirolt) = )y Clirsn(t) =R(1), (1.4)
where
tkufl(l _ t)(erlfk)Vfl
v t) = 1.
é-‘rl,k‘( ) B(k’V7 (5 + Z _ k)V) ) ( 5)
and

Bla,b) = [, t*" Y (1 —t)>~1dt  (a,b > 0).
Rao et al. [12] introduced a sequence of classical Szdsz operators coupling ex-
tended beta function as follows:

SY(liy) =Y CLy(t)ps(y)A(1). (1.6)
k=0

Motivated with the above development of the literature, we construct a new se-
quence of A—Szasz-Schurer operators coupling generalized beta function

I A (B y) ZCHHQ tsrik (N y)A(L), (L.7)

where f.11(y) and C¥,, ,(t) are defined in equations (1.3) and (1.4) replacing s
by s -+ [ respectively.
Now, to derive the Lemmas for the approximation results of sequences of operators
given in (1.7), we consider test functions and the central moments as e;(t) = t* and
nz(t) - (t - y)lv (&S {Oa 172}

To present this research work, it is divided into some sections. Section one and
two, hold for introductory and preliminary of this research work. In section three
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and four, approximation theorems and graphical analysis are investigated. In the
last two sections, we study bivariate version of the operators given in (1.7) and
their numerical graphical analysis are discussed.

2. SOME ESTIMATES AND APPROXIMATION RESULTS

Lemma 2.1. [12]. For the operators SY(.;.) given by (1.6). Then, we have

Sieory) = 1,

SY(e1;y) = v,

SY(e2sy) = (SVS: 1> v’ + <:VJ;11> Y,

Si(essy) = (531/3+6525211151/+6) vt (531,3 fZS2VgV:111)5V+6) v’

7sv3 + 18sv? + 11sv 9 V3 +602+11v +6
$3U3 + 65212 + 11sv + 6 s3u3 + 65212 + 11sv + 6

Lemma 2.2. Let 117, \(;;.) be given by (1.7). we have

I a(Ly) = 1
. . - 1— e—(s+l+1)y 2y -
Hs+l,>\(t7y) = y+A |:(s T0)((s+02-1) - G+D(+1— 1)] = Fsi,
y . B (s+ v 9 v+1
Herl,/\(tQay) = (m) y*+ <m> Yy
(s+1) 2 ((s+1)+1)
* ((s—l—l)u—i—l) {(s#—l)((s—i—l) Y GGy DY
e~ ((s+D+1)y _ 1 (s +1) 1 — e~ ((s+D+1)y
T GTDEGD) —1)} Grivt1| G0+ 1)
2y
(s+D((s+1)—-1)|
Proof. For ¢ = 0, then
(i) HZJrl,/\(l;y) = chgﬂ,k(h){sﬂ,k()\ay)
k=0
_ tsik(N, y)
= kZOB +S+l_k))xB(kz/,(s+lfk)l/)

= Z tsri e\ y)
k=0

= 1
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For i =1, then
.. v > s+lk>\y)
(i) I A (By) = kz Ty < Bl LG+ =)
y Nk [(s+l—2k+1
= 5s+z(t§y)+>\[zs+l( GriZ_1 )Ps+l+1,k(y)
B f’: (s4+1)—2k—1 »
LI\ (srro1 ) Perent
_ e~ (sHDy
_ er){ l-—e B 2y ]
(s+D((s+01)2—-1) (s+D((s+1)—1)
If i = 2, then
ts (A y)
", (t%y) = ZESETN, x Blkv+2,((s+1)—k
COR NG ZB ey < Bl + 2, s+ D) — k)

= SsVH(tQ;y)
(s+0v \q~_k  ((s+)—2k+1
+ )\[((S+l)u+1)]§)(s+1)2( (s+l)271 )ps+1,k(y)

S (TS

o0

[ ((8+11)V+ 1> kzz;) (s Jj) +1 <(S(J::l)22ﬁir 1>p(s+l>+1,k(y)

(s+1)—2k—-1
(s +g I\ s+i2—1 Ps+i)+1,k+1(Y)
k=0

— 2+ v+1
N s—i—lu—i—l (s+hr+1 Y

s+ v 2
* AQsHW+1)thx@+0ny
As+D)+1)  , e (H+y g
T Gr0AGrn-1nY (5+l)2((s+l)—1)}
(s+1) 1 — e~ ((s+D)+1)y %
(s+Dv+1 [(s+l>((s+l)—1) B (S—H)((s—i—l)—l)]

1=

+
>

Mg

Lemma 2.3. Using Lemma 2.2, one can easily calculate the central moments of
Szasz-Mirakjan coupling Fxtended Beta operators as follows:
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Mgy (Ly) = 1,
1 — e ((5HD)+Dy _ 9y .

HZ+17)\((t*y);y) = A |: +l)(( +l)71) :| = gyl

HZH,/\((t*Z/)Q;Z/) = < s+ 1) 1/—|— 1 1) Y2+ <(s—|l—/1%) y

(14 2mu)e G+ — (1 =25 + D)y — 4],
{ (s +02(s+0) - 1) ] Bt
Definition 2.1. [6]. Let w(h; @) be the modulus of continuity. Then, for continuous
function h defined on closed interval [0,b],b < 0o, we have

w(h;¢) = sup  |fi(y1) — A(y2)], y1,92 € [0,00).

A

ly1—y2|<¢
For hie [0,b] b < 0o and h € C[0,00) and ¢ > 0, we obtain
y1—Yy
) = o)l < (1 2222 ) ). (21)
Theorem 2.4. For II7,, \(.;.) the operators defined by (1.7) and for every h €
h(y)

Cl0,00)N{h:y >0, Tt 42 is convergent as y — oo}, then 7, (By) = A,
where = denotes the uniform convergence.

Proof. By Korovkin-type property (iv) of Theorem 4.1.4 in [15], it is enough to
show that Hg+l7>\(ej;v) — e;, for j € {1,2,3}. By Lemma 2.2, it is clear
I, 5 (eosy) — eo(y) as s — oo and for j =1

' ' 1 — e~ (sHl+Dy 2
hgn I a(e1sy) = lims— o0 (y +A [ - Y }) = e1(y).

(s+D((s+D2-1) (s+D((s+1)—1)
Similarly, for 7 = 2, H:+l7)\(62;y) — ea(y). Hence, We arrived the desired proof
of Theorem 2.4. O

Theorem 2.5. For hi € Cp[0,00) and 117, ,(;.) given by (1.7), we have

[T 17 (i) = By)| < 20(Rs @), where ¢ =\ T2, (BY, i)
Proof. In the direction of (2.1), we get

0%, (s y) — B(y)| < {1 i qs-a/BgH,A;y}w(ﬁ; 9.

On choosing ¢ = \/l_lf(;_l,A (BZH,/\; y) which completes the proof of Theorem 2.5. [

3. GRAPHICAL AND NUMERICAL ANALYSIS

In this section, we inspect the convergence of the operator given by (1.7) for the
function Ai(y) = Le~15%y. For the operator (1.7), we discuss numerical behavior in
Table 1 for different values of s+, namely 10, 15, and 25, by using v = 0.3, A = 0.5
and using error formula Egii (R y) = 117, \ (A3 y) — (Ay)|. Furthermore, Figure 1
and Figure 2 present graphical representations of the convergence and error of the
operator (1.7), respectively using fi(y) = e~ %¥y. and s + [ = 10,15, 25.

Error approximation table 2.
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Y Efo,/\(ﬁ; Y) Es \(T5y) E2V5,/\(ﬁ; y)
0.1 | 0.00855716 | 0.00868693 0.00888307
0.2 | 0.00331262 | 0.000933993 | 0.000881886
0.3 | 0.010011 0.00441485 0.0014342
0.4 | 0.0103584 0.00364727 0.00106068
0.5 0.00776931 | 0.00208241 0.000478021
0.6 | 0.00488011 | 0.000981387 | 0.000172209
0.7 | 0.00272745 | 0.00040907 0.000054154
0.8 | 0.00140172 | 0.000156346 | 0.0000155106
0.9 | 0.000676062 | 0.0000559933 | 4.14678*10~6
TABLE 1. Error Approximation Table
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FIGURE 1. Convergence of Operator I1Y,, , (f;y) for s +1 = 10,15,25
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4. LOCAL APPROXIMATION

In this section, we discus direct approximation results for & € Cg[0, ), endowed
with the norm. For any i € C[0,00) ||h|| = supo<y<oo|(y)|. Forany i € Cp[0, c0)
and ¢ > 0, Peetre’s K-functional is given as:

Kol 6) = inf{llﬁ—gll L ollgllge c%[o,o@},

where C%[0,00) = {g €Cpl0;x):g.,g € CB[O,OO)}.
By DeVore and Lorentz ([?] p.177, Theorem 2.4), there exist C' > 0 such that
Ks(h,¢) < C(h,\/9). (4.1)

Second order modulus of continuity ws(h; @) and is given as:
wa (I3 /) = supo< e 55UPye(0.00) Ay + 26) = 20y + ) + Ti(y)|.
Now, we consider the auxiliary operator ﬁ:+l7)\(.; .) as:

~ 1 — e~ (s+l+D)y )
I (B y) = T A (B y)+y) —h (y+ A [(S GEDE=D) (SH)((S‘Z[) - 1)D :
(4.2)

Lemma 4.1. Let h € C34[0,00) and y > 0. Then, we get

0%, (B y) — B < @I,

where
, B (s+1)v v+1
Eanly) = (m) v+ (m) 4

(s+ v 2
((s+l)y+1) [(s+l)((s+l)1)y
4((s+D)+1) e~ ((+D)+y _q
Gr2(G+)-0Y TGr02(s+1) - 1)]
(s+1) 1 — e ((s+D+Dy 2y
(s+lr+1 [( - } .

_|_

s+0((s+1)—1) (s+D((s+1)—1)
Proof. In the light of Auxiliary operators defined in (4.2), we yield

Oy (Ly) =1, g, \(AY,59) = 0 and |7, (A y)| < 3[|A]. (4.3)
In view of Taylor’s series expansion, for i € C%[0,00), we get

1"

at) = By) + (t — ) () + / (t — o)h (v)do. (4.4)

Apply the auxiliary operators in the above equation (4.2), we yield

1
T, () — hly) = B ()T (i) + 1%, ( [ =0 @aes y) |
Yy
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On account of (4.2) and (4.3), we get

0,5 (hy) —h(y) = T, < / 1<tv><ﬁ>”<v>dv;y>

1 . Fsqy .,
-, < [ - (y)dv;y) [ - o @,
Yy Yy

(4.5)
1—e—((s+D+D)y 2
where Fopp =y + A [(s-ﬁj)((s—i-l)z—l) - (s+z)((f+l)—1)}'
Since,
1 " "
[ (=0l @ae] < (¢ -y, (4.6)
y
Therefore, we yield
F9+l " 2 "
[ B =) o] < (B =) 1) (4.7)
Y
Applying (4.6) and (4.7) in (4.5), we obtain
‘HZJrl,)\(ﬁ;y) - ﬁ(y)‘ < It - v)%y) + (Fsq) IR ||
= §'§+1,A(y)||ﬁ”||v
Hence, we arrived at our desired result. O

Theorem 4.2. Let i € C%[0,00). Then, we have

LA (By) — A(y)| < Cwa (s /€2 A () + w(Bs T A (€540 ()i 9),

where &, (y) is found in Lemma 4.1 and C > 0.

Proof. For g € C%[0,00), h € Cp[0,00) and the auxiliary operator ﬁé’f+l7)\(.; ), we
have

02, a(y) = hy)l < 102000 = g )l + (= 9) ()| + T 5 (B ) — Ay
+ [ (Fosr) — Rly)].-
From Lemma 4.1 and equation (4.3), we yield
M (y) = Ay < 4l gl + 1L, A (y) — Ai(y)]
+  |h(Fsrr) — h(y)]
< 4f|h—gll+ §§+l,A(y)||9” || +w(h; HZ+Z,/\(§:+I,)\(?J); Y))-

Using Peetre’s K-functional, we have

0021 0 (i) = B(y)| < Con (s €200 () + @B TIE (€220 A W):)):

Hence, we completes the proof of Theorem 4.2. We recall Lipschitz-type space here
[17] as:

Liphy(v) = {h e Op0,00) : |ii(t) — h(y)| < M =yl

(t + p1y + p2y?)7/?
(0, oo)}, where M > 0 is a fixed constant and 0 < v < 1. p; > 0, p2 > 0, are two

D y,t €

real values. O
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Theorem 4.3. For y € (0,00), h € Liph;”*(v) and sequence of operators defined
by (1.7), one get

vy
¢1{+l A(Y) 2
Iy hyy) —h <M=/t 4.8
I i) — )| < 1 (=20 49)
where v € (0,1] and ¢%,; \(y) = HZ+1,,\(§3+1,A??J)-
Proof. First, we consider y € (0,00) and v = 1 we yield
[t —yl )
i hyy) —h <IIY h(t) — h(y);y) < MIIY (Y.
I 09) = B0 < T (800) = ) < M (i

It is obvious that
1 1

> .
(p1y + p2vy?) = t+ pry + p2y?

Therefore y € (0; 00), one has

T4 0 (B ) — B(y)] 12

M v 2
(T pag?)i 72 (I, 5 (= v)%y)

M( b5 (y) )1/2.

1y + pay?

In the light of Holder’s inequality, Theorem 4.3, holds good for v = 1, with p; = 2/v
and pg = 2/2 — 7y, we yield

2,00 (0) — ()] < (0 (0) — ) /20))

|t7y|2 /2
t+ p1y + p2y?’ ) '

IN

< M

1
2 < 2
t+ p1y + p2y p1Y + p2y

/2
11y t—yl%y)\ v
A (Biy) = Aly)| < M IR y|2 v) <M (%)
| PLy + P2y p1y + p2y

Since we yield

2

Hence, we arrived at our desired result. Now, we recall v** term order Lipschitz-
type maximal function suggested by Lenze [18] as:

[h(t) = hly)|
it =y
and r € (0, 1]. O

(‘T)(hy y) = supt#yate(o,oo) Y € [07 00)7 (49)

Theorem 4.4. Let h € Cgl0,00) and r € (0,1]. Then, for all y € (0,00), one has
(1120 (1) = Bily)| < By (B ) (@ ()72
Proof. We have
|HZ+1,A(ﬁ§ y) — ﬁ(y)‘ < HZH,A (|h(v) = h(y)];y) -
In the direction equation (4.9), we have

T\ (B y) = iy)| < @ (T 5 (It = 9175 y)) -
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Using Holder’s inequality with p; = 2/~ and ps = 2/2 — ~, we have

T, () — ()| < &5 (hsy) (Tl — yl%y) "2,

we arrived at the desired result. O

5. BIVARIATE EXTENSION OF EXTENDED BETA TYPE
S7a4S7Z-SCHURER-MIRAKJAN OPERATORS

Take T? = {(y,v) : 0 < y < 00,0 < v < oo} and C(T?) represents class of
continuous function over T2 influenced with norm ||A||c(2) = sup(, ,yer= Ay, v)]-
Then, for all i € C(T?) and s1, 52 € N, we introduced a bivariate extension as:

o0 o0
I sy (Bsy, v chlerl satigh (s t2)Esy 004156 (N 9, 0) it T2),
7=0 k=0

(5.1)
where

CS, 41,841,561 t2) = CF 1y (1) O, 1 i (E2),

+l]k / D.SlJrl,ij

for ¢ = 0; ]-7 2 and £S1+l,52+lj,k(y7 1}) = flerlyj()‘; y)i~52+l7k()\; 1}).

and

Lemma 5.1. Suppose e, , = y"v"represents the two dimensional test function,
then for the operator (5.1), we get

I, s (o0iyv) = 1
— e~ ((s1+D)+1)
s = 00 G~ e 75
o (s2H1+1)
W ttsarealeoiv ) = ““[(511“?(5; 12j1) - (SIH)(ZHJ
Hgl+l,52+l,/\(62,0§yav) = (%)ZFJF(#)ZJ

(s1+1) 2 ((s1+1)+1)
" ((31 + v+ 1) [(31 () -0 G D) -7

e~ ((s1+D)+1)y _ ¢
RTETee]
N (s14+1) { 1 — e (14 D)y B 2y
(s1+0v+1[(s1+D(s2+1-1) (s1+D((s14+1)—=1)

2
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s2+ v 9 v+1
I : = (= —
1t +A (€023, 0) (52+ly+1)v +(52+11/+1 v

n s2 + v 2 Yy (so+1+1) ;
so+lv+1 So+1l(s2+1—1) So+12(s2+1-1)

e—(s2 410 _
* S+ 12(sg +1— 1)]
sa+1 1 — e~ (s2H4D) 20
* 32+ZV+1|:52+Z(32+Z_1 (52—1—1—1)]

Proof. In the direction linearity property and (2.2) we have

14 . 1% .
Hs1+l,sg+l,)\(60,0’yvv) Hs1+l,s2+l)\ eo; y, v)ILY s1+1,52+1,A €03 Y, U

i

v . _ 14 .
H51+l,52+l,)\ €1,0,Y,v) = H51+l,52+l)\ €1;Y, V) g 41 s+, 0 E03 Y,V

)

v . v .
H51+l752+l,)\ €2,0,Y,V H51+l752+l ae23Y, V) 1y so1,a€05Y, V),

(2.
( ( )
( ) (e1; y, v)IIY ( )
Hgl+l,SQ+l,A(€0,1; y,v) = Hgl+l,SQ+l Aleo; y, )11 51+l,32+l,)\(61§ Y, ),
( ) (e2;, v)IIY ( )
( ) (€0; y, v)IIY ( )

v . v .
H51+l752+l,)\ €0,2; Y,V H51+l752+l A€o Y, Vg 1y soi €27y, V

O

Lemma 5.2. For ny, n(t1,t1) = (t1 —y)™(t2 —v)" for m,n =0,1,2, then we have
following equalities:

v .
Hs1+l782+l,k(n0,07yvv) =

. 1 — e (1tD+Dy _ 9y
H51+l752+l,k(7’1,0; Y, 1}) = >‘ :|

|:(51+l 81+Z)—1)
1— —(52+l+1)1}72v
|: 52+l82+l—1) :|’

(s1+ v ERAVE v+1
(s1+Dr+1 Y (si+0r+1 Y

v .
H51+l752+Z,A(n0,1ayav) =

v .
Hsl+l,sg+l,A (nQ,Oa Y, U) -

(s1 +0((s1+1) = 1)

(s2 + v 9 v+1
so+lr+1 )U +((52+l)y+1)v

(14 2(sp + Dv)e~ 21D (1 — 2(s9 +1))v — 40
[ (s2+1)%(sa +1—1) ] '
Proof. In the light of Lemma 5.1 and linearity property, one can easily prove the
required result. O

v .
Hsl+l,SQ+z,A(770,2yy7U) =

(e
(e

+

Definition 5.1. Consider Ty = [0,00), To = [0,00) C R as given intervals and
B(Ty xTs) ={h:Th x Ty = R : i is defined and bounded on Ty X T}. Then, for
g € B(Ty x Ty) present the total modulus of continuity is defined as: wiotal(B; -, *) :
C(T?) — R provided that (¢1,¢2) € Ty x Ty and defined by

Wiotal (A5 @1, P2) = sup {1, 91) = ey, )l = (21, 10),
‘$1—3$’1|§¢17|y1_y1|§¢2

(2}, y]) € Ty x Ta}, is termed as the total modulus of continuity corresponding to
the function h.

[ (1+2(s1 + Dy)e 10Dy (1 —2(sy + 1))y — 4y?

|

2
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Here, we discuss the convergence rate of the operators given by (4.1). To discuss
convergence rate, we revisit the following result presented by the Volkov [27]:

Theorem 5.3. Let Lg, 5, : C(T?) — C(T?),(s1,82) € N x N be linear positive
operators. If

lim L, s, (emn) = Cy,us (m,n) € {(0,0),(1,0),(0,1)},
51,82 —00
If
hrg Ly, s, (emn) = CEyu, (ma n) € {(07 O)a (17 O)a (07 1)}a
81,82 o0
and
lim L, s, (€20 +€02) = e+ ez,
51,82 —00

uniformly on T?, then the sequence (Ls, s,h) converges to h uniformly on T? for
any h € C(T?).
Theorem 5.4. Let enn(y,v) = y™v™ (0 < m+n < 2,m,n € N) be the test

functions restricted on T?. If ;

(Sllggoo Hgl+l,s2+l,/\(emn; Y, U) = em"(y’ U)’

and

lim TIY 4 o4 (€20 + €02; 9, v) = e20(y, v) + eoz2(y,v),

51,852—>00

uniformly on T2, then

lim IO o, a (Y, v) = Ry, v),

81,82—00
uniformly for all h € C(T?).
Proof. In view of Lemma 5.1, it is evident for m =n =0

lim I 4 5,400 (€003 Y5 v) = eoo(y, v).

§1,82—>00

For m =1, n =0, we get

Sl’lsizrgoo 05 4 sorin (P10 y,0) = g,

sl}s’izrgoo HZI+1752+I,)\(p10;y7U) = plo(y’v)'
Similarly

51}32113)00 H:1+l,52+l,k(601;y’v) =0

817£i2n_1>00 H:1+[,52+[,A(€Ol;y7v) = 601(:[/,’()),

and in the light Lemma (5.1), we get

s1,£12n—l>oo HZ1+l,sz+l,)\(€20 + eg2;y,v) = y2 + U2,
= e(y,v) + e (y,v).
In the direction Theorem 5.3, Theorem 5.4 is easily proved. .

In the last result, we deal approximation order of the sequence of operators
Y st (5 2) given by (4.1) as:
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Theorem 5.5. [28] Let L : C(T?) — B(T?) be a linear positive operator. For any
he C(T?), any (21,22) € T? and any ¢1, 2 > 0, the following inequality

|(LR)(z1, 22) — B(z1,22)] < |Leoo(#1,22) — 1||h(21, 22)| + | Leo,o(z1, 22)
+ oty Leoo(er 2)(L(- — 20)2 (21, 22)

+ ¢51\/L€(),0(21, 29)(L(* — 22))2 (21, 22)

+ qbflqb;l\/(Leo,o)Q(Zh 22)(L(- — 21))* (21, 22) (L(* — 22))?(21, 22)
X Wtotal(h; ¢17 ¢2))
holds.

Theorem 5.6. Forh € C(T?) and (y,v) € T?, ((s1+1),s2) € NxN and ¢1, ¢p2 > 0,
one has

|Hg1+1752+l,)\(h; Y, U) - h(ya ’l))| < 4wt0tal(h; ¢1; ¢2);

where ¢1 = \/HZHrI,SQJrl,)\ ((tl —y)%y, U) and ¢z = \/H;Jrl,ngrl,/\ ((t2 —0)%y, U))-

Proof. From Theorem 5.5, we have

LS, 41,0400 (B39, 0) = By, v))

< 1 ++¢11\/H;+l,32+l7>\ ((tl y)Q;ya’U>

+ ¢2_1\/H:1+1,52+17>\ ((t2 —U)2§yav)

+ ¢1_1¢2_1\/H:1+1,52+1,A ((tl - 94y, U) I st <(t2 —v)%y, U) 1
X Wtotal(h; ¢1; ¢)2)

Selecting ¢1 = \/H:ﬁl,sﬁl,)\ ((tl -9y, ’U>

and ¢y = \/H;H’Sﬁl’A ((tg —v)%; y,v)), we arrive at the required result. O

Example 5.1. In this section we inspect different values of parameters A = 0.5 and
v = 0.3 through the table and figure presented in the example below. The operators

1
Ty +1),50+1 Ly, v)(55.) converges uniformly to the function h(y,v) = Z3—15(y+1))

(Block) and the different values (s1 +1) = so+1 =10 (Blue) (s1 +1) =s2+1=15
(Green) and (s1 +1) = sa +1 =25 (Red) increases which is shown in the table and
Figure 3.
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Yy, v M50(54) Hlf5,15,,\('5 ) H55,25,/\('5 )
0.1 0.1 0.000124468 | 2.3644%10~6 | 1.46835%10~6
0.2 0.2 0.000054595 | 0.0000251022 | 0.0000102038
0.3 0.3 0.000126461 0.0000319147 | 7.12176*106
0.4 0.4 0.000114291 0.0000158371 | 1.94043*10 6
0.5 0.5 | 0.0000616724 | 4.69277*10~6 | 8.15716*10~ 7
0.6 0.6 | 0.0000240142 | 1.00341*10~6 | 3.70668*10~ 8
0.7 0.7 7.46513*1076 | 1.71277*10~7 | 8.47392*10~9
0.8 0.8 | 1.96793*10~6 | 2.47905%10~8 | 2.76057*10~ 10
0.9 0.9\ 4.574%10~7 8.16347%1079 | 1.9339*10~ 11

TABLE 2. Error Approximation Table

m Ay, v}
- n'}“:' alfry, v
B T 4 Ly v

w7 gl

1
FIGURE 3. 7(s, 41),s5 41,1 (739, v)(.;.) converges to h(y,v) = 16_15(?"“’)

E K,"U.,,J_‘.Jﬁ;y, v|
B g5,y v]

m K o 4y v

00 .-
DACCIS P,

c.nnnin ’;

t
0.00000 *
0.0

FIGURE 4. Error Approximation
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6. CONCLUSION

In this study, we thoroughly examine how well the A-Szsz-Mirakjan operators,
which are based on the extended beta function, can approximate functions. We
explore several key aspects, including;:

1. Convergence: How closely these operators can approximate a given function as
certain parameters change. Speed of Convergence.

2.How fast the approximation approaches the actual function. Performance on
Specific Functions

3. How well the operators work for particular types of functions, like polynomials
or exponential functions. Overall Approximation Ability.

4. How well the operators approximate functions across a wide range of values.
Graphical Representations.

5. We provide visual examples to help illustrate how the operators behave in
different situations. This approach helps us better understand how these operators
perform and where they are most effective.
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