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On the local properties of factored Fourier series *

Mehmet Ali Sarigol

Abstract

In this paper we have improved the result oLBor [Bull. Math. Anal.
Appl.1, (2009), 15-21] on local property of |N,pn,0n|k summability of
factored Fourier series by proving under weaker conditions.

1 Introduction

Let > apbe a given series with partial sums (s,), and let (p,) be a sequence of
positive numbers such that P, = po+p1+ -+ pp, — 00 as n — oo. The
sequence- to- sequence transformation

defines the sequence (7,) of the (N,p, ) means of the sequence (s,), generated
by the sequence coefficients (p,). The series > a, is summable ’W, pn,9n| L
summability, k > 1, if (see [4])

oo

S TOE T, — T < o0 (1.1)

n=1
Let f be a function with period 27, integrable (L) over (—m,7) . Without any
loss of generality we may assume that the constant term in the Fourier series of
is zero, so that

/ ft)dt=0
and

ft) ~ Z(an cosnt + by, sinnt) = ZCn(t). (1.2)

It is well known [5] that convergence of a Fourier series at any point t = z is a
local property of {, i.e., for arbitrarily small § > 0, the behaviour of (s,(t)), the
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50 On the local properties of factored Fourier series

n-th partial sum of the series (1.2), depends only the natura of f in the interval
(x — 0,z + §) and is not affected by the values it takes outside the interval. A
sequence (\,) is said to be convex if A2\, > 0 for every positive integers n,
where AZ)\, = A (A),) and A\, = A\, — Ayt

Lemma 1 ([3]). If the sequence (p,) satisfies the conditions

and

PnApn =0 (pnanrl) ) (14)
then

A (P fnpn) = O(1/n) (15)

Lemma 2 ([2]). If (\,) is a convex sequence such that > n=!\, is convergent,
then ()\,,) is non-negative and decreasing, and nA\,, — 0 as n — oo.

2 Known result

Theorem A. Let k£ > 1 and (p,) be a sequence such that the conditions (1.3)
and (1.4) are satisfied. Let ()\,) is a convex sequence such that S>> n~=1), is
convergent. If (6,) is any sequence of positive constants such that

> Oupo k_ll k

e} 0 k—1

Ll A .
N A |
Z_;( Pﬂ) ;A’;H < o0 (2.3)

and

i 0npn ot Pn -0 0upo k_li (2 4)
n=v+1 Pn PnPnfl Pv Pv '

then the summability of }N, P, Gn’k of the series

[M]8

Ch (t) M Py /npy, (2.5)

n=1

at a point can be ensured by local property of f.
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3 The main result

The purpose of this paper is to improve Theorem A by proving under weaker
conditions. Now, we give the following theorem.

Theorem. Let k > 1 and (p,) be a sequence such that the condition (1.5) is
satisfied. Also let ()\,) is a convex sequence such that > n~!), is convergent.
If (0,,) is any sequence of positive constants such that

and

i 0upn " 2 _ o f (00T L (33)
n=v+1 Pn PrLPn—l Pp Pu ’

then the summability of |N, Dns 0n|k of the series

Z Ch (1) AP /1ipn, (3.4)
n=1
at a point can be ensured by local property of f.

It may be remarked that (1.3) and (1.4) = (1.5) by Lemma 1. It is obvious that
(1.3) and (2.1) =(3.1), and also (1.3) and (2.2) = (3.2). Furthermore, since
(An) monotonic decreasing, the conditions (2.1) and (2.3) are the same.

Proof of the Theorem. As mentioned in the beginning, the convergence
of Fourier series at a point is a local property. Therefore in order to prove
the theorem it is sufficient to prove that if (s,) is bounded, then under the
conditions of our theorem, the series > A,a, P, /np, is summable |N, P 9”’1@'

Now, let (T},) denote the (N, p,) means of this series. Then we have

Pn
Pv— Xv)\va'ua Xn :Pn npn
Pn—l 1; ! / P

Tn - Tn—l = Pn

Applying Abel’s transformation to this sum we get

pn57LPn—1Xn/\n

T, —Th-1 = P Z SnA (Pu—lxv)\v) +
n—1 v—1

PnP PnPnfl
Pn S Dn - SnAn
= Aur1A (P X, v Po 1 Xy AN,
PoPos ;5 #A P Xo) + 55— ;5 ' T

= Tl + T2 + Tg, say.
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For the proof of the lemma, by Minkowski’s inequality, it suffices to show that

oo
Zﬁﬁ_l IT,|F <00, r=1,2,3.

Now, since s, = O(1), It follows that

m+1 m—+1 D k (n—1 k
k—1 k o k—1 n
Sorimlt —om Y et 5k ) {ZAU+1|A<PHXU>}.

n=2 n=2 v=1

On the other hand, in view of

P, 1
A(Pvlev) = _vav + P’UAX’U = - +PvAXv = P, <_ +AXU> ;
v v

it is clear that the condition AX, = O(1/v) is equivalent to A (P,_1X,) =
O ( - ) Therefore, making use of Holder’s inequality and lemma 2, we get

et}
k k
{ A vav}
m—+1 k n—1 k—1
=0(1) > o5t (P B {Z)\kapv}{va}

n=2
m m+1 0 » k—1 P
kyk ntn n
1)ZAUX,,pU > ( - ) FN

m+1 m—+1 D
01@71 k _ k—1 n
n=2 n=2

-)
- 0(1)7%1953_1 (P,LIJQ;; 1)
)

n=2

i”MH &M‘

n=v-+1
k—1 1
S st () L
m A k
:O(l)Z@’f—l (:) =0(1), as m — oo,
v=1

by virtue of (3.1). Again, since Z P,_1AN, < P,_1 Z AN, = O(P,—1) by
=1 v=1
lemma 2, we get
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m+1 m+1 » k k
k—1 k _ k—1 n
ngzz 07" | s = E 0, (PnPn ) > { E P, XUA)\U}

m-41 kn—1 n—1 k—1
=0(1) > o, <P’jj 1) P, 1X’“AAU{ > PiAA }
n=2 nene v=1 v=1
m—+1 D k 1 n—1
—o) 3 o5 <Pn> 5 > P XEAN,
n=2 n =l p=1

m—+1 D k—1 »
ZPU XEAN, > < ) P

n=v+1

P,A
Ze’“ BlA =0(1),asm — oo,
v=1 'Up

by virtue of (3.2).

Finally, it is clear that

m m k
;92_1 | T5|" = 0(1) ZQZ_l (i:) =0(1) as m — oo,

n=1

by virtue of (3.1). This completes the proof.
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