BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN:1821-1291, URL: http://www.bmathaa.org
Volume 1, Issue 1, (2009) Pages 1-14

Some applications of differential subordination to
a general class of multivalently analytic functions
involving a convolution structure *

J. K. Prajapat & R. K. Raina

Abstract

By appealing to the familiar convolution structure of analytic functions,
we investigate various useful properties and characteristics of a general
class of multivalently analytic functions using the techniques of differen-
tial subordination. Several results are presented exhibiting relevant con-
nections with some of the results presented here and those obtained in
earlier works.

1 Introduction

Let A, denote the class of functions of the form
fe)=2"+ > ad® (peN=1{1,2,..}), (1.1)
which are analytic and p—valent in the open unit disk U= {z; 2 € C: |z]| < 1}.
We denote by P(7) the class of functions ¢(z) of the form
H(z) =14 crz+ a2’ + ... (1.2)
which are analytic in U and satisfy the following inequality:
Rlg(2) >y (0<y <1 z2€l).

Let the functions f and g be analytic in U, then we say that f is subordinate
to g in U, and write f < g, if there exists a function w(z) analytic in U such
that |w(z)| < 1, z € U, and w(0) = 0 with f(z) = g(w(z)) in U. In particular,
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2 Some applications of differential subordination

if f is univalent in U, then f < g is equivalent to f(0) = ¢g(0) and f(U) C g(U).
If feA,isgiven by (1.1) and g € A, is given by

g(z) =+ > bzt (1.3)

k=p+1

then the Hadamard product (or convolution) f x g of f and g is defined (as
usual) by

(fxg)(z) =22+ Y arbp2®. (1.4)

k=p+1

For a given function g(z) € A, (defined by (1.3)), we define here a class
JIp(g; o, A, B) of functions belonging to the subclasses of A, which consist of
functions f(z) of the form (1.1) and satisfying the following subordination:

(1-ay 202 o (o)) 1+ 42

o < (1.5)

p 2Pl 1+ Bz

(z€U; a>0; -1<B<A<LI).
Since

1+ Az 1-A
—— -1 < < .
§R<1+Bz)>1—B (2€U; ~-1<B<A<1), (1.6)

therefore, by choosing

Azl—% (0<pB<p) and B = -1,
p

in subordination relation (1.5), we obtain the following inequality

(f29)) , a (f*g)’(Z)> 8

2P D zP—1 P

(zeU; a>0;0< B <p).

(1.7)
We further let J (g; @, B) denote the class of functions f € A, which satisfies
the inequality (1.7).

Our aim in this paper is to investigate various useful and interesting prop-
erties of the function classes J,(g; a, A, B) and J,(g; @, 8) (defined above) in-
volving the Hadamard product of two multivalently analytic functions and the
pricipal of subordination. Several corollaries are deduced from the main results
and their connections with known results are also pointed out. The concluding
section exhibits relevant connections to some of the results presented here and
those obtained in earlier works.

%(a—®

2 Preliminaries and Key Lemmas

We require the following lemmas to investigate the function class J,(g; o, A, B)
(defined above).
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Lemma 1 ([5, p. 71]). Let h(z) be a conver (univalent) function in U with
h(0) =1, and let the function ¢(z) of the form (1.2) be analytic in U. If

o0+ L8 b 20 Groy ey, @)
then ;
6(2) < (z) = Z%/O LRt dt < h(z) (2 € D), (2.2)

and ¥ (2) is the best dominant.
Lemma 2([14, Lemma 1]). Let ¢(z) of the form (1.2) be analytic in U. If

R(p(z) +n2¢'(2) >B  (R(n) 20 (n#0); f<Lz€l),

then
R(o(2)) >B+(1-p)27T 1),

where Y s given by

1 i\ 1
T:Tm):/o <1+t <">) dt.

Lemma 3 ([13]). If ¢(z) € P(y) (0 <y < 1), then

R(d(z) =2y 1+ 2“‘]) (z ).

Lemma 4 (]20], see also [17, Lemma 3]). For 0 < 1, v2 < 1,
P(n)*P(r2) € Plys) (13 =1-2(1=m)(1—12)).

The result 3 is the best possible.

Lemma 5 ([5, p. 35]). Suppose that the function ¢ : C*> x U — C satisfies the
condition

R(Y(iz,y;2)) <€
for some € >0, real x, y < —(1+22)/2 for all 2z € U. If ¢(z) given by
(1.2) is analytic in U and
R(Y(d(2), 2¢'(2); 2)) > e,

then
R(p(z)) >0 (z € ).

The generalized hypergeometric function ,Fy is defined by(cf., e. g. [16, p.
333))
qu(z) = qu(ala vy O B ey Bs; Z)
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. > (al)n... (qu)n i
= ;—(ﬂl)n AN (2.3)

(z€U; o €C(j=1,...,q), Bj €C\{0,-1,-2,..}(j =1,...,5), ¢ < s+1; q,s € Ny),
where the symbol («), is the familiar Pochhammer symbol defined by
() =1, () =afla+1)..(a+k—-1); keN.

Each of the following identities (asserted by Lemma 6) below are quite well
known (see [1, pp. 556-558]).

Lemma 6. For real or complex numbers a, b and ¢ (¢ #0,—1,-2,...) :

! L) T(c—b
/ 7 (A=) b7 (1—2t) " dt = ()F((cc)) oFy (a,b; ¢;z)  (R(c) > R(b) > 0);
0
2.4)
2F1 (a,b; ¢;2) = (1 —2)7% 2 4 (a,c b Zil) ; (2.5)
(b+1)2Fy (1,b; b+1;2) = (b+1) + bz oFy (1,0+1; b+2; 2) (2.6)
3 Main Results
Our first main result is given by Theorem 1 below.
Theorem 1. Let f(z) € A,,
z
Quf(z) = 12 (<), (3.1)

Qnf(z) = /:;11/ t(QL_ f(t) dt  (u>-1;ne€Ny z€U), (3.2)
0

where Qf f(z) = Qof(2). If f(2) € Tp(g;r, A, B), then (for |z| =7 <1)

R(Qn(f*9)(2)) Z pulr) > pu(1)  (n€N), (3.3)

where

N 0 kal 7,19
0<pa(r)=1+(B—-A)(u+1) p;(p+ak) (EYEG <1.  (34)

The estimate (3.3) is sharp.

Proof. We shall prove this theorem by the principal of mathematical induction
on n. Let f(2) € J,(9;, A, B), and assume that

*9)) *,j»)(z) = q(2). (3.5)
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It is clear that ¢(z) is of the form (1.2) and is analytic in U with ¢(0) = 1.
Differenting (3.5) with respect to z, and after some computation, we obtain

(fx9)(z) o (fxg)(z) _ a
(1= P S LI = )+ 2 g
1+ Az
T+B. €U
Now, by using Lemma 1 for 7= £ | we deduce that
(f*g9)(2) P _» / o, 1+ At
0 ==z E dt. 3.6
o < Q(z) o7 ; t T B (3.6)

Since -1 < B < A <1 and a > 0, it follows from (3.6) that for

|z =r<1:
1
Ra) = [ a1
0

—Q(-r), as z— —r (3.7
Using Lemma 6 in (3.7), we get

(f x9)(2) [ 2P (1,2 24+ 1;Br) — Aoy (1,2+1; 24+ 2;Br)
m( >p(r) =1 0

P
Z a+p

Simplifying right-hand side of the above estimate, we infer that

é)%((f*g)(z)> > po(r) :{ 1+(B—ApXp, B (B#£0);

o 1- 2 Ar (B =0),

which implies that (3.3) holds true for n = 0.
For n =1, we find that

R(QU(f*g)(2) = %(l;tll /Oztu<(f*g)(t)> dt)

tp

_ u+1/’"u#§R (f*g)(ue)\

retl fy (uei?)p

/~L+]—/T s Bkrfluk
> 1 B-A — | d
> T <+( )p; o |

,lL+1 r 0 kalu,quk

=1 B-A — | du.

+W+1( )p/o (kz_l p+ ak b

We note that for |B| <1, u<1 and p+ak >p—+a (k>1), the series in
the right-hand side is uniformly convergent in U, so that it can be integrated
term by term. Thus, we have

. B B o0 kal Tk
R <)) 2 1) =1+ (B = At U0 ooy
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and this shows that (3.3) is also true for n = 1.
Next, we assume that (3.3) holds true for n = m. By letting ¢ = ue'®, we

obtain
R (L5 [ enira) o)

0
+1 (" ;
= 'l;,H_l /O u“%(Qﬁ‘n(f*g)(uele)) du

w+1 [ u > BF-1 yk
1 B—-A nm
prtl /0 v ( +( Y+ 1) pz (p+ak) (k+p+1)m du

( m+1(f*9)( ))

v

k=1

oo

M_|_ L r Bk— up,+k
= 1 B—A 1)m+ du.
- #“( Ju+D) /0 (Z (p+ak) (k+ p+1)m+l “

1
Noting that the integrand is uniformly convergent in U, we deduce that
Bk-1 .k

(p+ak) (k+p+1)m+t

§R(ng+1(f*g)(2)) > pmt1(r) = 1+(B—A)(u+1 m+1pz
k=1

Therefore, we conclude that

R(QL(f +9)(2)) = palr),
for any integer n € Ng.
Finally to prove the sharpness of the result (3.3), let us consider the function
Bk—1 ik
(p+ak) (k+p+1)»

Gu(r) =14 (B—=A)(n+1)"p)

k=1

(0<r<1).

The series G, (r) is absolutely and uniformly convergent for each n € Ny and
0 < r < 1. By suitably rearranging the terms of G, (r), it is easy to see that
0 < Go(r) < 1. Further since G, (r) < G,,—1(r) and

PG (r) = (u+1) /OT u” Gn_1(u) du (n €N),

we assert that G, (r) < 0, and that G,(r) decreases with r as r — 1~
for fixed n, and increases to 1 as m — oo for fixed r. This implies that
Gn(r) > Gn(1). Therefore the estimate in (3.3) is sharp. This completes the
proof of Theorem 1.

Setting

2
A:l—?ﬁ (0<p<p) and B=-1

in Theorem 1, we obtain the following result (which also leads to the result of
Owa and Patel [9, Corollary 3] when =0, a =1, f=0and g(z) = Z):

11—z
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Corollary 1. If f(z) € J,(g; v, 3), then
R(Qu(f*9)(2)) Z pp(r) > pp (1) (n€Nos |2 =7 < 1),

where

0 < pp(r) —1*2(pfﬁ)(u+1)"i CHT <1
" — (p+ak) (k+p+1)"
The result is sharp.

Furthermore on putting

1 d &
a=n= an g(z)_l—z
in Theorem 1, we get
Corollary 2. If f(z) € A, such that
! 1+ A
fe) [, 1+4 oy,

zp—1 P 1+ Bz

R (’;;11/0 P () dt) >p  (z€),

then

where

14 (B— A+ 1) i (B)*
= PP ) krpt )

The result is sharp.

Theorem 2. If —1 < B; < A; <1 (j =1,2), and fj(z) € Tp(g; 0, A;, Bj)
(j =1,2), then

E(Z) € jp(950471*2770,*1)a (38)
where
E(2) = ((fixf2) x9)(2) (3.9)
and
. 2(Ay = By)(As — Ba) p 1
no =1+ (117 Bll)(ljBQ)g (2F1 (1,1, SR 2) - 2) . (3.10)

The result is sharp for By = By = —1.
Proof. Since f;(z) € Jp(g;a, Aj, B;), it follows that
(fi*9)(2) + o (fix9)'(2)

2P p zpml 7

¢i(z) = (1-aq)

and we can write that

¢i(z2) € P(vi)
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for v, = (1-A4;)/(1—B;) (i =1,2). Integration by parts shows that

G = Lot [Eowa (=12 @)

0

and from (3.11), we can express

(Exg)(z) = L % /Ozti—l do(t) dt, (3.12)

$o(z) = (1—a) —— T
= gz*%/o ta b (g o) (2) d. (3.13)

Since ¢;(z) € P(v;) (i =1,2), it follows from Lemma 4 that
(91 % ¢2)(2) € P(vy3) foryz =1—2(1 —41)(1 — 72). (3.14)

Using the substitution ¢ = wz in (3.13), we obtain the following equality:

1
Rido(2)} = g/ we ™t R{(¢1 * ¢2)(uz)} du.
0
In view of Lemma 3, the above last equality gives

! — AV
Rido(2)} = B/O ! (273—1+m> du

«

1

p P _q 2(1_73)
> = o 2v3 — 14+ ——= | du.
a/ou (73 * 14+u u

-1+ 2(é1:£1))((lAj 552) <2F1 (1, 1; §+ 1; ;) - 2) .

= To,

and this establishes (3.8).
Now, to prove the sharpness of the result, we find that (3.11) for By = By =
—1, gives

2P «

(gl _p s [ LAy
s L

and noting that

14+ At 14 Aot 14+ A (1 + As)’
< 1‘1; >*( ;rt2>:1—(1+A1)(1+A2)+< ha 1“5; 2
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it then follows that

o 1—wuz

do(z) = 2 /0 us! (1—(1+A1)(1+A2)+(1+A1)(1+A2)> du

If we choose z on the real axis, and let z — 17, we obtain

po(z) — 14 T DA FD (2F1 (1,1; ZH;;) 2>,

2

which proves Theorem 2.

Theorem 3. If fi(z) € A, (j =1,2) such that
(fixg)(z) + @ (fi*9)'(2)

2P p 2Pl

(1-a) € P(m) (0<m <1; i=1,2), (3.15)

and the function Z is defined by (3.9), then
= /
3%(2(:*9)(2)) >p- 2 (3.16)
(E*9)(2)

provided that

a—+2p

P 1 2 '
2(a{eF (L2 +153) 2} + 2p)

(T=nm)(1—n2) < (3.17)

Proof. By hypothesis and Lemma 4, it follows that

R <(1 _ & *zi)(Z) N % (2 :pg_)i(z)) . % . <(1 NE *Zi)(z) . % E ;g_);(z)>’1
_ [((1 _ ol Zg)(Z) N % (fljpg)l’(2)> . ((1 PNE 22)(2) N % (fz;g)l’(z)ﬂ

> 1=2(1=m)(1 =),
(3.18)
which in view of Lemma 2 (for n = S and f=1- 2(1 —m1)(1 = o)) yields

(Exg)(z)  aEx {);(z)
2P D 2P

R ((1 —a) ) > 142(1—n1) (1—12) (2F1 (1, 1; g +1 1) - 2)

2
(3.19)

Again from (3.19) and Lemma 2, we have

R <(E*g)('z)> >1—2(1—n1)(1—n) (2F1 (1,1;Z+1; 1) —2)2.

2 2
Now let
_az(Ex9(e) N = (Ex9)()
M= gy ot o @
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Elementary computations shows that

(0-0E:00)  2Ea

2P p Pl

= P(p(2), 20’ (2); 2),

(3.20)

where (u,v;z) = q(2) (u2 + %v) . Thus, by using (3.18) in (3.20), we get

R W(p(2), 20 (2); 2))

> 1—2(1—771)(1—772) (ZE]U),

and for all z, y < —%(1 +22), we infer that

R{(iz,y,2)}

|
=3
=

K
—

N
2

2p

L R(g(=)(a + (a + 2p)2?)

< —ZRk) <1-20-m)1-m) (2€U).

2p

Now applying Lemma 5, we ge

t R(p(z)) > 0in U which implies that

%(’Z(E*g)/(z)> > p—g (z € U),

(Exg)

and this complete the proof of
Setting

a=1

(2)
Theorem 3.

2P
1—=2

and g(2)

in Theorem 3, we get the following Corollary which in turn yields the

corresponding result of Lashin

Corollary 3. If fi(z) € A,
P(mi) (0<m <1 (i=1,2)),

(2

(f1*

provided that

(1=m)(I—mn2) <

[4, Theorem 1] (for p =1).

(i = 1,2) and the function fl(z)/pzP~! €
then

315 ) >0 (z €U),

2p+1

2 (a{2F1 (1, Lp+1;4) —2)° +2p)'
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4 Applications and observations

In view of the subordination (1.5) which is expressed in terms of the convolution
of the function (1.3) with the function defined by (1.1) (involving the arbitrary
sequence by ), and appropriately selecting the sequence by, the results presented
in this paper would lead further to various new or known results. For example, if
the sequence by, in (1.3) and the value of parameter « in (1.5) are, respectively,
chosen as follows:

by =

T(k+1)T(p+1-2))
_ 1: § > 0:
T+ DTk E1-N and o p—)\( o< A<p+1;§>0; peN),
(4.1)

and in the process making use of the identity [12, p.112, Eq. (1.10)]:
2 QM f(2) = (p—2) QM) + AQMf(z)  (zeU)  (42)

in (1.3), then Theorems 2 and 3 correspond to the results given recently by Patel
and Mishra [12, p. 116, Theorems 1.11 and 1.12]. The operator QM) used in
(4.2) is the extended fractional differintegral operator of order A (—oo < A <
p+1) ([12]) defined by

918 f(z) z —|—n§H F(p—i—l)F(n—Fl—x\) Ap 2
_ Tlp+1-N)
= rorD 2 DIf(2)  (2€D),

where D) represents, respectively, the fractional integral of f(z) of order
—A (—00 < A < 0), and the fractional derivative of f(z) of order A when
(0<A<p+1) (Owa [8]).

On the other hand, if we set the coefficient by in (1.3) and the value of
parameter « in (1.5), respectively, as follows:

A +p)kfp

b, = ( and op

= — A>—p; § >0; peN), 4.3
= p)! =31 ( P peN), (4.3)

and in the process use the identity [3, p. 124, Eq.(4)]:

2 (DMP7Uf(2) = (Mp) DMPF(2)-ADMP7N () (A> —pp€eN; z€ D)

(4.4)
in (1.3), then Theorem 2 corresponds to the known result of Dinggong and Liu
[3, p. 129, Theorem 4]. The operator D**P~1 used in (4.4) is the generalized
Ruscheweyh derivative which is defined by ([3, p. 123, Eq. (1)])

2P

DMPTLf(2) = A=y f(2)

(A>—p; feA,).
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Furthermore, if we choose the coefficients by in (1.3) and the value of the
parameter « in (1.5), respectively, as follows:

p+1\° A
i — —_— = : > N 4
by (k—i—l) and o ) (c>0; A\>0; peN), (4.5)

and apply the following identity([10, p. 3, Eq. (1.17)]):

2(I7f(2) =+ D7 f(2) —I7f(2)  (peN; 0>0) (4.6)

n (1.3), then the result contained in Theorem 2 also yields a recently established
result due to Ozkan [10, p. 4, Theorem 2.4], where the operator I¢ f(z) in (4.6)
is defined by ([10])

17f(z) = (P+(i))a/ (log )U_lf(t)dt

1 .
=2+ Z (Zj;l) az®  (f €Ay peN; a>0).

We conclude this paper by observmg that on specializing the coefficients by
in (1.3) and the parameter « in (1.5) suitably, one may also obtain the results
given by Ding et al. [2], Lashian [4], Obradovic [6], Owa [7], Owa and Patel [9],
Patel et al. [11], Sham et al. [15] and Srivastava et al. ([18], [19]).

Acknowledgements. The authors express their sincerest thanks to the ref-
erees for some useful suggestions.
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