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Abstract

Let (M, g) be a Riemannian, oriented, spin manifold. The existence of the
parallel spinors (that is the spinors with vanishing covariant derivative) imposes
the conditions over the base space M . In the space of spin-tensors, we prove
that there are parallel spin-tensors for every connection ∇.
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1 Introduction

Recall that there exists a linear irreducible complex representation of the Clifford
algebra Cln, n = 2m, over the complex vector space Σ = C2m

, which makes the
group Spinn as a subgroup of SU(2m). For m ≥ 2, let p : Spinn → SO(n) be the
universal covering homomorphism with kernel Z2.

Let (M, g) be a spin manifold of dimension n = 2m,m ≥ 2, and
f : SpinM → SO(M) a spin structure over M. Recall that SO(M) is the princi-
pal fibre bundle of oriented orthogonal frames of (M, g) and SpinM is a principal
fibre bundle over M with the structure group Spinn, f being a fibre bundle homo-
morphism which restricted to the fibres corresponds to the covering p [4].

Let S(M) be the space of spinors of M, which is the vector fibre bundle over M
associated with the principal fibre bundle SpinM with the fibre type Σ. Each section
of this fibre bundle S(M) is by definition a spinor.

Every connection ∇ of the principal fibre bundle SO(M) (in the particular case,
the Levi-Civita connection of the Riemannian manifold (M, g)) induces a connection
on the principal fibre bundle SpinM [4], [2] and, consequently, a covariant derivative
in the space of spinors. In the general case, the existence of the parallel spinors (that
is, the spinors with vanishing covariant derivative) imposes the conditions over the
base space M [1]

In the space of spin-tensors [3] we prove that there are parallel spin-tensors for
every connection ∇.
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2 The space of spin-tensors

Let {Uα}α∈A be a trivialization covering of the principal fibre bundles SpinM and
SO(M). Denote respectively by {sαβ}α,β∈A and {tαβ}α,β∈A the corresponding tran-
sition functions of SpinM and SO(M), respectively. Let W be a vector space and
W ∗ its dual space. For every A ∈ GL(W ) we denote by A∗ ∈ GL(W ∗) the dual of
A−1.

Let su(2m) be the Lie algebra of the special unitary group SU(2m). The special
orthogonal group SO(n), n = 2m, acts on the vector space su(2m) as follows. For each
B ∈ SO(n), there exists ±A ∈ Spinn ⊆ SU(2m) such that p(±A) = B. By definition,
for every X ∈ su(2m),

(2.1) B(X) = AXA−1.

This linear representation of the group SO(n) will be denoted by ρ.
Let Pijhk be the principal fibre bundle with the base space M, and the transition

functions sαβ
[i]⊗sαβ

∗[j]⊗tαβ
[h]⊗tαβ

∗[k] corresponding to the open covering {Uα}α∈A.
We consider E(Pijhk) its associated fibre bundle with standard fibre C2m[i]⊗C2m∗[j]⊗
su(2m)[h] ⊗ su(2m)∗[k].

By definition, a spin-tensor of kind (i, j, h, k) of M is a section of E(Pijhk).
Let {ei}i be the canonical basis of Σ = C2m

and let {Ea}a be a basis of su(2m).
If B is the Killing form on SU(2m),

B(X, Y ) = tr(XY ), (∀)X, Y ∈ su(2m),

then we consider for every a, b the real number Bab = B(Ea, Eb). Let (Bab)a,b be the
inverse matrix of (Bab)ab. We have for all a, i, j, k, l :

(2.2) Ei
ajE

ak
l = δi

lδ
k
j ,

where Ei
aj and Eai

j is the element of line i and column j of the matrix Ea and Ea

respectively.
The formula (2.1) shows that for every g ∈ Spinn, we have:

(2.3) p(g)X = gXg−1, (∀)X ∈ su(2m),

and therefore

(2.4) p∗(A)X = [A,X], (∀)A ∈ spinn.

3 Some examples of parallel spin-tensors

We preserve the previous notations.

Proposition 3.1. For every α ∈ A, we consider the map

ϕα : Uα → C2m ⊗C2m∗ ⊗ su(2m), ϕα(x) = Eai
j ei ⊗ ej ⊗ Ea.

Then: i) The family {ϕα}α∈A defines a constant spin-tensor ϕ of kind (1, 1, 1, 0);
ii) The spin-tensor ϕ is parallel relative to every connection ∇ of the principal fibre
bundle SO(M) (in particular, relative to the Levi-Civita connection).
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Proof. i) We recall (see e.g., [2]) that the family of applications {ϕα}α∈A defines a
spin-tensor of kind (1, 1, 1, 0) if and only if

ϕβ(x) = Sβα(x)ϕα(x), (∀)α, β ∈ A, x ∈ Uα ∩ Uβ ,

where
Sβα(x) = sαβ(x)⊗ sαβ

∗(x)⊗ tαβ(x).

Therefore, we need to prove that

(3.5) (sαβ(x)⊗ sαβ
∗(x)⊗ tαβ(x))(Eai

j ei ⊗ ej ⊗ Ea) = Eai
j ei ⊗ ej ⊗ Ea.

Indeed
(sαβ(x)⊗ sαβ

∗(x)⊗ tαβ(x))(Eai
j ei ⊗ ej ⊗ Ea) =

= Eai
j (sαβ(x))h

i (sβα(x))j
k(tαβ(x))b

a(eh ⊗ ek ⊗ Eb).

But, on the other side, since tαβ(x) = p(sαβ(x)), we may write using (2.1)

(tαβ(x))b
aEb = sβα(x)Easαβ(x)

and this means that for all c

tr((tαβ(x))b
aEbE

c) = tr(sβα(x)Easαβ(x)Ec).

We have equivalently

tαβ(x)b
a = tr(sβα(x)Easαβ(x)Eb).

Using this formula and (2.2), we obtain that (3.5) is true.
ii) Let {ωα}α∈A be the family of 1-forms of the connection ∇ and let {θ1, ..., θn}

be a local field of frames on Uα. We have ϕα∗(θr) = 0 for all r = 1, ..., n, since the
spin-tensor ϕ is constant. Then, by definition, for all x ∈ Uα [2]

(∇θrϕ)α(x) =
Eai

j ωα(θr)s
i es ⊗ ej ⊗ Ea − Eai

j ei ⊗ ωα(θr)
j
kek ⊗ Ea + Eai

j ei ⊗ ej ⊗ p∗(ωα(θr))Ea =
{[ωα(θr), Ea]ij + Ebi

j ωα(θr)q
p[Eb, E

a]pq}ei ⊗ ej ⊗ Ea.

Using (2.2), we obtain (∇θrϕ)α(x) = 0.

Similar considerations prove that the family {ψα}α∈A given by

ψα : Uα → C2m ⊗C2m∗ ⊗ su(2m)∗, ψα(x) = Ei
ajei ⊗ ej ⊗ Ea,

or the family {χα}α∈A

χα : Uα → C2m ⊗C2m∗, χα(x) = ei ⊗ ei,

or the family {σα}α∈A

σα : Uα → su(2m)⊗ su(2m)∗, σα = Ea ⊗ Ea

define a constant spin-tensor (of kind (1, 1, 0, 1), (1, 1, 0, 0), (0, 0, 1, 1) respectively)
which is parallel relative to every connection ∇ of the principal fibre bundle SO(M).
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References

[1] Helga Baum, Th. Friedrich, R. Grunewald, Ines Kath, Twistors and Killing
Spinors on Riemannian Manifolds, Teubner Texte zur Mathematik, 124, B. G.
Teubner Verlagsgesellschaft, Stuttgart, Leipzig, 1991.

[2] S. Kobayashy, K. Nomizu, Foundations of Differential Geometry,I, II, Interscence
Publishers, New York, London, 1963, 1969.

[3] Lichnerowicz A., Champs spinoriels et propagateurs en relativité générale, Bull.
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