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Abstract

Since a K—manifold of dimension 2n+s, with s = 1, is a quasi- Sasakian man-
ifold, we extend to K—manifolds some results due to Kanemaki. We introduce
indicator tensors which allow us to characterize C—manifolds and S—manifolds
and to state a local decomposition theorem. For some special subclasses of K—
manifolds we also state local decomposition theorems. After that, we give some
results on products. Finally we define an f—structure on a hypersurface of a
K-manifold giving also an example of induced K-structure.
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1 Introduction and preliminaries

Let M be a smooth manifold. A f-structure on M is a non-vanishing tensor field
f of type (1,1) on M of constant rank and such that f3 + f = 0. This is a natu-
ral generalization of an almost complex structure on a manifold. In fact, if f is of
maximal rank, equal to the dimension of M, then f is an almost complex structure.
f-structures were introduced by K.Yano ([13]) and then intensively investigated. Par-
ticularly interesting are the f-structures with complemented frames ([2]) also called
f—structures with parallelizable kernel (briefly f.pk—structures). A f.pk—manifold is a
(2n + s)-dimensional manifold M on which is defined a f-structure of rank 2n with
complemented frames. This means that there exist on M a tensor field f of type (1,1)

and global vector fields &;,. .., & such that, if n!,... n° are the dual 1-forms then

fgiZOa niofzoa
for any i =1,...,s and

FPr=-1+> 7.

=1
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It is well known that in such conditions one can consider a Riemannian metric g

on M such that for any X, Y € X(M) the following equality holds:

9(X,Y) = g(fX, [Y)+ Y n'(X)n'(Y).
i=1
Here X (M) denotes the module of differentiable vector fields on M. The metric
f.pk—structure is called a K—structure if the fundamental 2—form F', defined as usually
as F(X,Y) = g(X, fY), is closed and the normality condition holds, i.e. Ny = [f, f]+
Z 2dn' @ & = 0, where [f, f] denotes the Nijenhuis torsion of f.

i=1
If dpt = ... = dp®* = F, the K-structure is called an S-structure and M an

S-manifold. Finally, if dn’ = 0 for all 4 € {1,...,s}, then the K-structure is called
C—structure and M is said a C—manifold.

In section 2 we extend to K—manifolds some results obtained by S. Kanemaki
who proved that an almost contact metric manifold (M, ¢, &,n, g) is a quasi-Sasakian
manifold if and only if there exists a symmetric tensor field A of type (1,1) commuting

with ¢ and verifying the condition
(Vxp)Y = —n(Y)AX + g(AX,Y)E,

where V is the Levi-Civita connection of g and X,Y are vector fields on M (cf. [9]).
Among all such A there exists a unique A, called the indicator, (cf. [9], page 108). Via
the indicator A, Kanemaki characterizes the Sasakian and cosymplectic structures and
gives necessary and sufficient conditions for a quasi-Sasakian manifold to be locally a
product of a Sasakian manifold and a Kéahler manifold.

Our paper is organized in the following way. In the section 2 we consider a metric
f.pk—manifold of dimension 2n + s, s > 1, and we prove that such a manifold is a
K-manifold if and only if there exists a family of selfadjoint tensor fields A,,..., A,
of type (1,1) commuting with f and allowing a simple formula for Vf. Among all
possible such families, we define the family of indicators A1, ..., A,, and we use them
to give necessary and sufficient conditions for a K-manifold to be an S—manifold
or a C—manifold. Moreover, using the indicators, we give a necessary condition for
a K—manifold to be locally the product of a K—manifold and a Sasakian manifold.
In the section 3 we study the class of manifolds satisfying the conditions dn® = 0
for some i € {1,...,s} and dn' = F for the remaining indexes and we give a local
decomposition theorem for such K—manifolds. In the section 4 we show a construction

of various structures on the product of two K—manifolds. In section 5 we present a
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general way of inducing f.pk—structure on a hypersurface of a -manifold. Then we
give a necessary and sufficient condition for a hypersurface to be a K-manifold. We

end with an explicit example of K-structure on a hypersurface of RS.

2 Indicators of K—manifolds

In the sequel we will denote by D the space of differentiable sections of the bundle
Imf =< &,...,6 >* and by D+ the space of differentiable sections of the bundle

kerf =<£&,...,&6 >
We begin with the following lemma which can be easily proved ([7]).

Lemma 1 Let M be an f.pk-manifold of dimension 2n+s with structure (f,&;,n', g),
i€{1,...,s}. If M is normal then we have:

116,61 =0
2(dn?)(X, &) = —(Le,n?)X =0
3. Le.f =0
4. dn'(fX,Y) = —dn'(X, fY)
for anyi,j e {1,...,s} and X,Y € X(M)

Theorem 1 Let M be a f.pk—manifold of dimension 2n+s with structure (f,&;,n', g),
i€{l,...,s}. Then M is a K-manifold if and only if:

a) L =0, foranyi,je{l,... s}
b) there exists a family of tensor fields of type (1,1), A;, i € {1,...,s} such that
(Vx )Y Z{g (AX,Y)& — 1" (Y) A X}

2. Aiof:foAi forany ie€{l,...,s}
3. g(A4;X,)Y)=9g(X,AY) forany i€{l,...,s}

Proof. Let us suppose that M is a K-manifold. Then, condition a) holds by the

Lemma 1 and any &;, i € {1,..., s}, is Killing. Moreover, the Levi-Civita connection
verifies (cf. [2],[6])

(1) 9(Vxf)Y, Z) = Z{dn (fY, X)n'(Z) — dip (2, X)n’ (Y)}
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for any X,Y,Z € X(M) and from Lemma 1 we have

which also implies dn’(Z,&;) = 0. Using (1), (2), and the relation 4. of Lemma 1, we

obtain:

9(=f(Vx&).2) = g(Vxf)&. 2) ==Y dp(fZ. X (&)
j=1

and (1) can be written as

I(Vxf)Y,Z2) = Z{g (Vx&), V)0 (Z) — g(f(Vx&), Z)n’ (Y)}

= Zg F(Vx8), V)& =0 (V) F(Vx&), Z).
It follows that

(Vxf)Y Z{g (Vx&), )& =0’ (V) F(VxE))

This suggests to put, for any ¢ € {1,...,s}, A, = f o V&, i.e., for any vector field X
on M:

(3) A X = f(Vx&)

so that b.1 is immediately verified. Since in a K-manifold Ve, f = 0 (cf. [2]), we get
A6 =0 for any 4,5 € {1,...,s}. Now, from Lemma 1 we know that L¢, f = 0. On

the other hand we have

(Le, )X = [&, fX] = Fl&, X] = (Ve /)X = Vix&i + [(Vx&).
Thus
(4) = Vix&i+ f(Vx&) =0,

that is A,(fX) = f(A,X) proving condition b.2.

Finally, since each ¢; is Killing, using (4) we obtain

g(Ain Y)

9(f(Vx&),Y) = —9(Vx&, fY) = 9(Vsv&, X)
= g(f(Vy&),X) = g(4,Y, X).
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Conversely, we suppose that a) and b) hold. Then, an easy computation, using b.3,
shows that
3dF = o(VxF)Y,Z)=-09(Vx )Y, Z) =0,
where o denotes the cyclic sum with respect to X,Y, Z. Furthermore, since f? =
,]+an ®¢;, for any X € X (M) we have
j=1

S

(Vxf)of+fo(Vxf) =Y (Vx) @& + 7 @ (Vx&))),

j=1

and then for any X, Y € X (M),

S

(VxHY)+ F(VxHY) =) {(Vx?) (V)& + 0 (V) (VxE)}

j=1
Putting Y = &; we obtain f((Vx f)&) = Z((Vxnj)&)gj + Vx&;. Using b.1 and the
j=1
last equation we have

f (Z{Q(AjX7 &i)& — Uj(&)AjX}) == (Vx&)& + Vx&,

j=1 j=1

which implies
(5) f(AX) =-Vx& + Zﬁj(vxfi)ﬁj
j=1

Now, to prove the normality condition, using b.1, b.2 and b.3, we obtain, for any
XY e X(M)

FAGY) = 3 20(A (1 X), V)
=1
and since
240" (X,Y) = g(Y,Vx&) — 9(X,Vy&), forie{l,... s},

we get

Ni(X,Y) = {29(AfX,Y) + g(Y,Vx&) — 9(X, Vy &)}

i=1
Then using (5) we can write

(6) Np(X,Y) =Y o (Vx&)W (V)& — ' (Vy & (X)&

1,j=1
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which clearly gives N¢(X,Y) =0 for X,Y € D. Now, L¢,n/ = 0 implies dn/ (X,&;) =0
for any X € X(M), so dn? (&, &) = 0 and 1/ [&, &) = 0, i.e. [£x, &) € D. Using (5) we
easily get Vg, & € D+ and consequently [¢,&;] = 0 for any k,i € {1,...,s}. Thus,
N¢(&k, &) = —[€k, &) = 0. Finally, for any i € {1,...,s} and X € D, (6) becomes

S

Ny(X, &) = Y 0/ (Vx&n ()6 = Y 1" (Vx&)ér € D
k=1

J,k=1

On the other hand from Lemma 1 we have

nj(Nf(Xa 51)) = *(Lﬁmj)(X) =0
ie. Ny(X, &) € D. We conclude that N¢(X, &) =0.

Proposition 1 Let M be a K-manifold and Ay, k € {1,...,s} a family of tensor
fields as in the theorem 1. Then, for any k € {1,...,s} we have

rk(4,) < rk(Ax) < rk(4;) + s.
Moreover, the rank of each A, is even.

Proof. We observe that A, and Ay coincide on D and D+ C kerA, . This implies
dim ker Ay < dimkerA,; < dimkerAy, + s.

Now, consider k € {1,...,s} and Wy = kerA, N D. If we put I, = dim W}, we
have that dimkerA, = I + s. Since obviously f(Wy) C Wy and the restriction
f : Wi — Wy is an almost complex structure, [ is even. It follows that rkA, =

2n+ s — (g + ) = 2n — i, that is, an even number.

Definition 1 Let M be a K—-manifold. The family
(7) Zk:Ak—Fnk@gk,kE{l,...,s}
is called the family of indicators of the K—structure.

It is easy to see that the family of indicators Ay, k € {1,...,s} verifies b.1,0.2,5.3

of theorem 1. Moreover, we observe that
Al = &k, Ap&i =0 for i # k.
which implies 7k Ay, = rkA, + 1, that is an odd number.

Proposition 2 Let M be a K-manifold. Then:
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i) M is a C-manifold iff Ay =n* @&, for any k € {1,...,s}.

i) M is a S—manifold iff for any k € {1,...,5}. A = I — Zni ® &;. In this case
ik
rkA; = 2n + 1.

Proof. We observe that, for any k € {1,...,s}, we have dp*(X,Y) = —g(X, Vy&),
since any & is Killing.

i) M is a C-manifold if and only if dn* = 0 for any k € {1,...,s}, i.e. V& = 0.
This is equivalent to A, = 0 and so to Ay, = nk ® &

ii) M is an S-manifold if and only if dn* = F forany k € {1,...,s},i.e. V& = —f.

Moreover, this is equivalent to
Ay =foVé=—f=1-> 0§
i=1

and to

A=A +n"e&4=1-) ne&.
ik

Finally, in this case, we observe that
X e keTZk s X e« 51,...7§k,1,§k+1,...,55 > .
Then rkA;, =2n+s—(s—1) =2n+ 1.

Theorem 2 Let M be a K-manifold and Ay, k € {1,...,s}, the indicators of the
structure. If there exists i € {1,...,s} such that A; is parallel and has constant rank
2p 4+ 1, with 1 < p < n —1, then M is locally the product of a K-manifold with
complemented frames &1, ...,&i-1,&+1,.--,&s and a Sasakian manifold of dimension

2p+ 1.

Proof. Let us suppose that A; is parallel and has constant rank 2p + 1 for a fixed
i€{1,...,s}. We note that for any h,k € {1,...,s} we have

(8) g(Aan vygh) = _g(Aka f(AhY)) = _g(Zan f(zhy))
With a straightforward calculation using (7), (8) and (3) we find that

(VxA)Y = n'(Y)Vx&+ (Vxn) (V)& + (Vx f)(Vy&)
+ f(Vx(Vy&)) = f(Voxv&),

and taking the scalar product of both sides with &;, we obtain
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g(VxA)Y,&) = (Vxn")Y —g(AX, f(AY))
= 9(Y,Vx&) — g(Ai(A:X), fY)
= —g(¥, f(AX)) + g(f(A;X),Y)
= g(fAX —AX)Y).

Since A; is parallel, we obtain that (f o (Z? — A;))X = 0. Then Z? and A; coincide
on D. On the other hand for any k € {1,...,s} we have Z?fk = A;&, and then
Z? = A;. We put now B = I — A;. Obviously we have: B> = B, VB = 0, B is
symmetric with respect to g, Bo f = fo B and A;o B = Bo A; = 0. Then B and
A; are the projectors of an almost product structure. Moreover rkA; = 2p + 1, and
then rkB = 2(n — p) + s — 1. It is easy to verify that the distributions ImA; and
ImB are orthogonal to each other and both are completely integrable with totally
geodesic integral submanifolds. Let N; and Ns be maximal integral submanifolds of
the distributions ImA; and ImB respectively. We denote by ¢ the tensor induced by
f on Ny. We prove that Nq(¢,&,n,g1), where g; is the induced metric on Ny, £ = &;,
n = n%, is a Sasakian manifold. Obviously € = 0 and 7 o ¢ = 0. Moreover, for any
vector field X € X(N;) we have

PPX = [PX ==X+ 0¥ (X)& = =X +n(X)§,
k=1
since for any k # i, & € ImB and n*(X) = g(X, &) = 0. It follows that for any X,Y
tangent to Ny:

S

G(eX,0Y) = g(fX,fY)=g(X,Y) =D n"(X)n"(V)
h=1

9(X,Y) = (X)n'(Y) = g1 (X,Y) — n(X)n(Y).

Now if h € {1,...,s8}, h #1i, X,Y € ImA;, then A, X = A, X = f(Vx&,). Moreover
B¢, = &, and then Vx&, = Vx(BE,) = B(Vx&,) € ImB since B is parallel. Tt
follows that

9(AnX.Y) = g(f(Vx&r),Y) = g(B(f(Vx&)),Y) = 0.

Finally we have

> {g(AnX, V)&, — " (V) An X}
h=1
9(X, V)& =1 (V)X = g(X,Y)€ —n(Y)X

(Vxe)Y
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and N is a Sasakian manifold.

Now let f be the restriction of f to N and ¢s the metric induced on Ny. Then
No(f &1y &1, &inty oy €ty o = it L0 0%, go) is a KC-manifold. This eas-
ily follows from theorem 1 since for all X,Y tangent to No, n°(X) =0, 4;X =0 and

(VxPY =Y {g(A4X,Y)& — " (V) A X}
vy

Remark 1 Let {Ay, Ay} be the indicators of a K-manifold M of dimension 2n+2
with structure (f,&1,€2,1n%,1m%, g). Suppose that Ay is parallel and of constant rank
2p+1. Then M is locally the product of a Sasakian manifold and of a quasi-Sasakian
manifold of dimension 2(n —p) + 1.

3 Special classes of K—manifolds

C—manifolds and S—manifolds represent in some sense very special cases of K—
manifolds, since the 2-forms dn® all vanish or all are equal to the fundamental 2-form
F. In this section we will study the case dn’ = 0 for some i € {1,...,s} and dnp/ = F
for the other values of the index.

The first result from this point of view is due to Vaisman ([11, 12]) who proved
that a generalized Hopf manifold is a -manifold of dimension 2n + 2 with structure
(f,&1,&2,n', 1%, g) where £, = B is the Lee vector field and & = J(B).

Theorem 3 (Vaisman) Let (M, J,g) be a generalized Hopf manifold with Lee form
w and unit Lee vector field B. If we put:

glzBa 52:J€17 771:Wa 772:7wo‘]andf:<]+772®£177]1®£27

then (M, f,&1,6,m 1%, g) is a K-manifold of dimension 2n+2, such that dn* = 0,
dn? = F, where F is the fundamental 2-form of f.

We prove that the converse is also true:

Theorem 4 Let (f,&1,62,1n%,1m%, g) be a K-structure on a (2n+2)-dimensional man-
ifold M such that dn* = 0 and dn?> = F. Then M is a generalized Hopf manifold with
Lee vector field B = & and anti-Lee vector field J(B) = &;.

Actually the proof of the above theorem can be obtained as a corollary from the

following Theorem 5, which together with Theorem 6 is essentially due to Goldberg
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and Yano. Namely, in [7] Goldberg and Yano proved that a globally framed f—manifold
carries an almost complex structure in the even dimensional case and an almost
contact structure in the odd dimensional case. Furthermore if the given f—structure

is normal, then the induced structures are integrable and normal, respectively.

Theorem 5 Let (M, f,&,n% g), i € {1,...,s} be a K-manifold of even dimension

2n+s, s =2p, p > 1. Then, the induced almost complex structure
p . .
T=f+Y (@& -1 ®&)
i=1

makes (M, g) a Hermitian manifold. Moreover, if M is a C—manifold, then (M, J,g)
is Kdhler.

Proof. From Theorem 1 in [7] we know that (M, J) is a complex manifold. It is easy

to verify that g is Hermitian and the Kahler form is given by

Q:Ffini/\np”.

=1

P P

Then, since dF = 0, dQ2 = — Zdni APt 4 Zni A dnP*t Obviously, dn* = 0 for
i=1 i=1

each i € {i,...,2p} implies dQ2 = 0 and (M, J, g) is K&hler.

Corollary 1 Let M be a K-manifold of dimension 2n + 2 with structure

(f, &1,&2,n1 %, g) such that dn* = 0 and dn?> = F. Then M is a generalized Hopf

manifold with Lee vector field B = & and anti-Lee vector field J(B) = &s.

Proof. Simple observe that the above theorem implies Q2 = F — ' A n? and d) =
nAdp?=n'AF=n'AQ.

Theorem 6 Let (M, f,&,n',g), i € {1,...,s}, be a K-manifold of odd dimension
2n + s, s = 2p+ 1. Then the induced almost contact structure
P
F=Ff+> @G- eg)
i=1
makes (M, f,€,m,9) a normal almost contact manifold with & = Sopt1, M = n?PtL,
Moreover, if dy = 0 for all i € {1,...,2p} we obtain a quasi-Sasakian manifold,

which can not be Sasakian but turns out to be cosymplectic if dn*P*T* = 0.

Proof. From Theorem 3 of [7] we know that f is a normal almost contact structure.
It is easy to verify that the metric ¢ is compatible with f. The fundamental 2-form
F is given by
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P
F:F—Zni/\np”
i=1

and so, since dF = 0, we get

dF = — Zdn APt +Zn A dnPt?
i=1 i=1
which implies dF = 0 if dn® vanishes for i € {1,...,2p} and the induced structure is
quasi-Sasakian. Obviously, dn??*! = 0 gives the cosymplectic case. Finally, to have a
Sasakian manifold, we would have dn??*! = F ie. dn**1 = F — Z n' AP+ which

i=1
is impossible, since for r € {1,...,p} we obtain dn***(&,, &) =0, F(&,6p1r) =0

and
p

p
0 A ) = S AL 025 = Y -

i=1 =1

Remark 2 Supposing that dn' = 0, for each i € {1,...,s}, i.e. M is a C—manifold,
then for any fived r € {1,...,s} we can construct a f, such that (M, f,,&.,n",q) is

a cosymplectic manifold.
Now we give a theorem of local decomposition.

Theorem 7 Let M be a K-manifold of dimension 2n + s, s > 2, with structure

(f &, g), i € {1,...,s}. Suppose that v 1-forms among the n° ’s are closed, 1 <

r < s, whereas the remaining t = s — r coincide with F. Then we have two cases:

a) t <r and M is locally a Riemannian product of a K—manifold My of dimension

2n + 2t and of a flat manifold My of dimension r —t;

b) t > r and M is locally a Riemannian product of an S—manifold My of dimension

2n +t and a flat manifold My of dimension r.

Proof. In the first case let us put p = r — ¢, so that s = 2t + p. Without loss of
generality we can suppose that dn' = ... = dn' = F and dp't! = ... = dn?'*? = 0.

Then we consider

D1 =D® <&1,...,82e >, Doy =<Eay1,---,8u4p > -

It is easy to verify that D; and D, are integrable distributions of dimension 2n + 2t
and p respectively. Moreover D; and D, are autoparallel and totally geodesic with

respect to the Levi-Civita connection. Let M; and My be maximal integral manifolds
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of D1 and D5 respectively. Let @1 be the tensor field induced by f on M7 and ¢; the
induced metric on M;. Then it is easy to prove that (M, p1,&1, ..., &4, 0%, ..., n% g1)
is a —manifold of dimension 2n + 2¢. Moreover M, is a flat manifold of dimension p
as required in our claim.

In the second case, supposing that dn' = ... =dn” =0, we put
D1:D®<£T+17"'7£S>; D2:<£17"'a£7‘>~

Also in this case D; and D. are integrable autoparallel distributions of dimension
2n + t and r respectively. Let M; and My be maximal integral manifolds of D; and
Ds. We denote by 1 the tensor field induced by f on M; and g; the induced metric on
M. Then (My, 1,41, -, &,n" L, . .,n%, g1) is an S—manifold of dimension 2n +t,

while M5 is a flat manifold of dimension 7.

Remark 3 Note that in the case a), the factor My admits a Hermitian structure, via
the Theorem 5, and it is a generalized Hopf manifold if t = 1. Moreover My falls in
the case b), with t = r, so it is locally product of an S—manifold of dimension 2n + t
and a flat manifold of dimension t. This means that, in any case, M can be viewed

locally as a product of an S-manifold and a flat manifold.

4 K-—structures and products

Let M7 and M> be differentiable manifolds and consider the product manifold M =
My x My with projections py : M — My, po : M — Ms.

Proposition 3 Let (M, f1,&,1%,91),1 € {1,...,s} be a K-manifold and (Ma, go, J)
a Kahler manifold of dimension 2m. Then the Riemannian product M is a K-manifold
of dimension 2(n + m) + s with structure (f,&,n%,g) defined by fX = fi(p1,X) +
J(p1,X) for any X € X(M), & = (&,0), ¢ = pin'.

Proof. We simply observe that Ny = pi Ny, + p3[J, J| and F = p{Fy + p5Q.

Proposition 4 Let (M, f1,&,0% 1), (Ma, f2,(i, 0%, 92) i € {1,..., s} be K-manifolds
of dimension 2n+s and 2m+s respectively and M = M; x My be their Riemannian

product. Then the tensor field
J=h=> 00&+ L+ 1®G
i=1 i=1

where f1, fa, n' and 0° stand for py*(f1), p1*(f2), p1*(n") and py*(6%). makes (M, J, g)
a Hermitian manifold. Moreover if My and Ma are C—manifolds, then M is a Kdhler

manifold.
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Proof. We have

[J’J]:pINf1+p;Nf2a Q:pTF1+p;F2+ZQi/\77i7
1=1

which immediately give the result.

With the same meaning of symbols we have

PI‘OpOSitiOH 5 Let (Mla fv gi»nivgl)’ i€ {17 LR S}, (MQa f2a Cj7 gjaQQ); ] € {17 cee 3t}
be C—manifolds of dimension 2n + s and 2m +t, s < t. If we put on the Riemannian
product M of My and My:

F=h=) 0@+ f+Y 7 ag
Jj=1

— =
then (M, f,(;,07,9), j € {s+1,...,t}, is a C-manifold of dimension 2(n+m-+s)+p,
p=1t—s.

5 f-structures on hypersurfaces of a —manifold

Let M be a (2n 4+ s)—dimensional —manifold with structure (f, &,n',g) and M a
hypersurface tangent to the &;’s, i.e. for all p € M, 5; C T,M. We denote by N the

unit normal vector field to M and put

€541 = fN.

Then, since n°(N) = g(N,&;) =0 for i € {1,..., s}, we have

9(&s11,6541) = g(fN, fN) = g(N, N) —Zni(N)??i(N) =g(N,N) =1

g(£S+17N):g(fN7N):Oa g(gs-‘rlagl):nl(fN):Oa

so that &41 is tangent to M and belongs to 5, as well as N. We define a (1,1)-tensor
field f on M, putting for any X € X (M)

fX = fX + 9T (X)N
where 7°%! is the 1-form dual to &1 on M with respect to g. Clearly, since
9(FX,N) = —g(X, [N) = —g(X.Err) = —*7H(X),

fX represents the tangent part of va . Moreover it is easy to verify that
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féi1=—N; f& =0, niof=0, forall ie{l,...,s+1}

and
s+1

=14 0 ek

1=1

Finally, denoting again with g the induced metric on M, we get

s+1
g X, fY) = g(X,Y) = > 0" (X)n'(Y).
1=1

Thus we have just verified that (M, f,&,n',g), i € {1,...,s'}, is a metric f.pk—
manifold of dimension 2(n — 1) + (s + 1). As regards the fundamental 2-form, we get
F(X,Y)=F(X,Y), VX,Y € X(M) and consequently dF = 0 since dF' = 0. Now,
we denote by a and Ay the second fundamental form and the shape operator of the

hypersurface M, respectively. Note that we have the splittings:

T(M):5@<§177§S >ZD@<£1)"'7£S,£S+]>€B<N>
T(M)=D ® <&, ..., ., 41> D=D &< & >

Now, looking for the link between the normality conditions for f and fN’, by a direct

computation, we easily obtain, for any X,Y € D:
a) Ni(X,Y)=NHX,Y),

b) Vi€ {1,....5} Np(X,&) = N{X,&) — " ((FX. DN,

€) Nj(X,&1) = No(X, &) + [FX, N] = fIX,N] = 0 ([ X, £V,
d) Vie{l..,sh Np(6or1&) = Npléerr, &) — FIN, &,

e) Vije{l,....s} Ny(& &) =NH& &)

Hence, since Nf~ = 0, we have that f is a K—structure of corank s + 1 on M if and
only if

Lot Y([fX,&]) =0, VXeD, Vie{l,... s}

2. [fX,N] = f[X,N] =" Y([fX,&])N =0, VX €D,

3. fIN,&] =0, Vie{l,... s}

Lemma 2 The following properties hold:

i) [N,&] =0 Vie{l,... s}
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i) nTU[fX,&) =0 VX €D, Vie{l,...,s},

iti) 1 (fX, Eo]) = (X, &), VX €D,

w) P TUfX,Y]) = a(fX, fY) —a(X,Y), VX,Y €D.

Proof. Since || N ||= 1, & is Killing and V¢,& =0 Vi,j € {1,...,s}, we have

9([N,&],N) = g(Vn&i, N) = g(Ve,N,N) = g(Vn&, N) =0

9(IV.€1.€) = 9(Vn&i &) = 9(VeN.&) = —9(Ve, & N) + (N, Ve &) = 0.
On the other hand, for any X orthogonal to N and to the &; ’s:
9([N.&1,X) = 9(Vn&i, X) = g(Ve N, X) = —g(Vx&i, N) + (N, Ve, X)
= —o(X, &)+ a6, X) =0
and i) is proved. For ii), since f(%xfz) = 6?)(52'» and 651.]?: 0, we have
9, [FX, &) = 9(€ern, %JTX&‘) — 9(6s41, Ve, fX)

= g(&t1, F(Vx&)) = 9(€ar1, F(Ve, X))
= g(Nvﬁng)_g(Naﬁbe):o

Since || €541 ||= 1, using (1) we get
X o)) = g(§s+17§f~X§s+1) — 9(6as1, Ve, FX)

= _g(§s+17 (6§s+1 f)X) - g(gs-‘rl’ f(efyrlX))
= g(N, 6Eerl‘X) = a(§3+1a X)

Finally, since M is a K-manifold, we have that f(Vxf)Y) =0VX,Y € D. Then,
fX = fX, fY = fY and
P THIXY]) = 9(Vi Yo JN) = g(Vy fXL FN)
= —9(J(V5 V). N) + 9(f(Vy [X),N)
= g(%foY;N)_g(%YXvN):a(fX7fY)_a(Y7X)

Theorem 8 The hypersurface M with the structure (f,&;,n", g) just defined is a K-
manifold if and only if

VXeD, An(fX)=f(AnX).
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Proof. Using the lemma 2 in the relations, a), b), c), d), e), we have that M is
a K—manifold if and only if

9) [JX, N = fIX,N] = a(X,&41)N = 0

for all X € D. Observe that X € D implies fX = fX € D, so that

[fX,N] - f[X,N] VixN = VN [X = J(VxN) + f(Vy X)

—AN(fX) = (VNNHX + f(ANX)

and, applying (1), (%Nf)X €e<&y,..., & > . Now,

(VNHX 277 (VNHX)E =Y alfX,&)&,
=1
since g(&;, (Vn)X) = g(&, VN FX) = —g(Vn&, FX) = a(fX,&). Thus (9) is equiv-
alent to

S

—AN(fX) + F(ANX) = ) a(fX, &) — a(X,&41)N =0
=1

and to
(10) = AN(fX)+ F(AN)X =Y a(fX, )& — 20(X, £41)N =0,
i=1
since
778+1(ANX) = _g(gerlv %XN) = 9(6X58+1a N) = OZ(X, £s+1)
and

FANX) = f(ANX) =" (AN X)N = f(ANX) = a(X, &11)N
Hence Ny = 0 implies 2°), then o(X,&,41) = 0 and, taking the scalar product with
&n, h e {1,...,s}, a(f(X),&,) = 0 so that we obtain

An(fX) = f(ANX) VY X €D.

Conversely, AnN(fX) = f(AnyX) for any X € D implies Ay(fX) € D. Thus
n(AN(fX)) = a(fX,&) =0 Vie {1,...,s+ 1}. Substituing fX to X, we ob-
tain (X, &;) = 0 so that 2°) holds and M is a K—manifold.

Remark 4 The condition An(fX) = f(AnX) for any X € D is obviously equivalent
toa(fX,)Y)+a(X, fY)=0 for any X,Y € D.
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Corollary 2 (M, f,&,n%, g) i € {i,...,s+1} is a K-manifold if and only if €541 is
a Killing vector field on M.

Proof. Supposing that M is normal, the general theory of K—manifolds implies that
&s+1 is Killing on M. Conversely, supposing s Killing, since for any X,Y € X (M)

9(Vx&ai1,Y) = g(Vx&ey1, V) = g(a(X, &), Y) = g(Vx&ap1, V)
we get, for each X,Y € X (M)
9(Vx&i1,Y) + 9(Vy&ar1, X) = 9(Vxber1, V) + 9(Vx&er, V).
On the other hand, for each X,Y € D,

9(Vx&ai1Y) = g(VxfN,Y)=g(VxIN,Y)+g(f(VxN),Y)
g(VxN, fY) = g(AnX, fY) = a(X, fY)

and

g(Vng-l-lv Y)J'_g(vaerlv X) = g(§X€S+17 Y)J'_g(ﬁygs-f—lv X) = Oé(X, fY)—FOé(K fX>
and by the Remark 4, M is a K-manifold.

We end with an example inspired by an example of Calin (cf. [4]). Consider on R®

with coordinates (x!,...,2%) the tensor field fgiven by
f= Z fldz'® ﬂ,
where
0 O 1 0 00
0 O 0 1 00
e | =1 0 0o 0 0 o0
(/") 0o -1 0 0 0 0
0 0 223 0 0 0
0 O 0 22* 0 0
We put & = %, &H = 8%5, n! = dx® — 224dx?, n° = dz® — 223dz'. The metric g on

R is given by

1+ 4(a3)? 0 00 —22% 0

0 1+4(z*? 0 0 0  —224

0 0 10 0 0

9= (9ij) = 0 0 01 0 0
— g3 0 00 1 0

0 2t 00 0 1
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It is easy to verify that (RS, ﬁ £1,&,nY, 12, g) is a metric f.pk-manifold, with closed
fundamental 2-form
F = —2dz' A dx® + 2d2® A da?

and satisfying the normality condition. Thus it is a K— manifold. Let M be the
hypersurface of R® defined by the equations

Then, the local frame for M is given by

o _ 0 0 _ 0 0 _ 0 .0
oul 0z’ ow?  0x3’ Oud  Oxt 02’
0 0 0 0

out =05 % B as Y

The unitary vector field normal to M is given by N = N/|| N ||, where

N 9 2y 0 N2 2
and
~ 0 0 0 1
=fN={(1+42%)— — — + 22 (1 + 42> _—
=1 {( T gr T gt T 2T (11T x6} 2(1 + 422)

The tensor field f on M is given by
IX = X +g(X,&)N
and a f—adapted local frame is
ou?’ oul

{E1: 9 Eng(E1)=i+2u2§2a &, o, f3}~

Now, to prove that (M, f, &1, &, 3,08, m%, 03, g) is a K—manifold, we prove that VX €
D, AnyX =0 and we apply the Theorem 8. Now,

6
- ~ 0 ~ 0
_ h 4\2 h
Vg, N = ;:1 {F328mh + (1 +4(z%) )F348xh}
6 d 0
— N Th Th
Ve,N = E :{F“axh +(1 +4(x4)2)rl4—axh+

i=1
31h 9 3 A4\2\Th 9
By a direct computation we obtain

fgz = f§4 = f]fz = f}fzx = f’5’2 = f§4 =0,

so that Vg, N = Vg, N =0 and then Ay (E;) = Ax(Es) =0.
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