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Abstract

Chern pointed out that it is interesting to study the distribution of the values
of the squared norm | & |2=h> of the second fundamental form « of the Kahler
manifold. The purpose of this paper is to investigate the Chern-type problem in
a complex projective space.
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1 Introduction

Let M be an n-dimensional submanifold of an (n+ p)-dimensional complex space form
M™P(c) of constant holomorphic sectional curvature ¢. Chern pointed out that it is
interesting to study the distribution of the values of the squared norm | a |a=hs of
the second fundamental form « of M. The first value is of course 0 in the case where
M is totally geodesic.

The purpose of this paper is to investigate the Chern-type problem in a complex
space form. In this paper, the second fundamental form of complex submanifolds on
a complex projective space CP"?(c) is treated. We prove the following

Theorem. Let M be an n(é 3)-dimensional complete complex submanifold of an (n+
p)-dimensional complex projective space CP™*P(c), p > 0, of constant holomorphic
sectional curvature c. If the squared norm | « |2 of the second fundamental form a on
M satisfies

< c(n?—4)

[ k= 5 —

then M is totally geodesic.
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2 Kahler manifolds

In this section, we shall consider M an n(é 2)-dimensional connected Kéhler manifold.
Then a local unitary frame field {E;} = {E1, --- , E,} on a neighborhood of M
can be chosen. This is a complex linear frame which is orthonormal with respect to
the Kéhler metric g of M, that is, g°(E;, Ex) = ;. Its dual frame field {w;} =
{w1, -+, wp} consists of complex valued 1-forms of (1,0) on M such that w;(Ex) =
0jr and wy, --- , wy, W1, --- , W, are linearly independent. Thus the natural
extension ¢g¢ of the K&ahler metric g of M can be expressed as g¢ = ZZj wj ® @,
Associated with the frame field {E};}, there exist complex valued forms w;;, where
the indices ¢ and k£ run over the range 1, --- , n. They are usually called connection
forms on M such that they satisfy the structure equations of M :

(2.1) dw; + Zwij Awj =0, wi+a; =0,
J
(2.2) dwij + Z wik A wij = Qij,
K
(2.3) Qij = > Ryjpwi A,
el

where 2 = (Q;;) (resp. R;;;;) denotes the curvature form (resp. the components of
the Riemannian curvature tensor R) of M. The second formula of (2.1) means the
skew-Hermitian symmetric of (2;; which is equivalent to the symmetric condition

Rijkl‘ = Rjul'c.
Moreover, the first Bianchi identity implies the further symmetric relations
(2-4) Rijklf = Rikjl‘ = Rfkﬁ = Rl’jki.

Next, relative to the frame field chosen above, the Ricci tensor S of M can be
expressed as follows

(2.5) S = (Sjws ® @; + S;;@; ® wj),

(2]

where S;5 = > ) Rz = S50 = S';j. The scalar curvature K of M is also given by
(2.6) K=2) 5
J

Now, the components Rj;r,, and R;;ir (resp. S;zp, and S;5) of the covariant deriva-
tive of the Riemannian curvature tensor R (resp. the Ricci tensor S) are obtained

by
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Z(Rijklmwm + Rijpim@m) = dRij—

m

- Z(ijki@mi + Rppiwm; + Rijmiwmk + Rijkm@ml)a
m

D (Sigrw + Sigp@k) = dSiz — D (Skjwhi + Siz@r;)-

k k

The second Bianchi formula is given by

R

ijkim — Rzgmlk

and hence we have
z]k Sk]z ZRﬂkll K; = 22513]7
J

where dK = ) (Kjw; + K;@;). The components S;3;; and S;5;7 of the covariant
derivative of S;3;, are expressed by

(2.7) > (Sijrwr + Sigr@r) = Sz — > (Sijrwii + Sin@ij + Sijiwin)-
l l

By the exterior differentiation of the definition of S;3;, and taking account of (2.7),
the Ricci formula for the Ricci tensor S is given by

Sijkl‘ - Siﬂ‘k = Z(Rl’kimsmj - Rl’kmjsim)-

m

The sectional curvature of the non-degenerate holomorphic plane P spanned
by u and Ju is called the holomorphic sectional curvature, which is denoted by
H(P) = H(u). The Kéhler manifold M is said to be of constant holomorphic sec-
tional curvature if its holomorphic sectional curvature H(P) is constant for all non-
degenerate holomorphic planes P and for all points of M. Then M is called a complez
space form, which is denoted by M"(¢") provided that it is of constant holomorphic
sectional curvature ¢, of complex dimension n. The standard models of complex space
forms are the following three kinds : the complex Euclidean space C"  the complex
projective space CP"(c¢') or the complex hyperbolic space CH™(c') according as
¢ =0,¢ >0o0rc <0.It is seen that they are only complete, simply connected and
connected complex space forms of dimension n.

The Riemannian curvature tensor R;;; of M (c') is given by

!

C
(2.8) Rfjkl_ = 5(51']'5191 + 6ik6jl)-

3 Complex submanifolds

Let (M',g¢') be an (n+ p)-dimensional connected Kéhler manifold and let M be an n-
dimensional connected complex submanifold of M'. Then M is the Kahler manifold
endowed with the induced metric tensor g. We choose a local unitary frame field
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{Ea} = {E1, -+, Enyp} on a neighborhood of M’ in such a way that restricted
to M, E,, --- , E, are tangent to M and the others are normal to M. Here and in
the sequel, the following convention on the range of indices is used throughout this
paper, unless otherwise stated :

AaBa"':]-: "')n>n+1> "')n+p)
i)j:"':]-: e, N,
z,y,---=n+1, -~ , n+p.

With respect to the unitary frame field {E4}, let {wa} = {w;, w,} be its dual frame
field. Then the Kéhler metric tensor ¢’ of M’ is given by ¢' = 23" , wa ®wa. The
canonical forms w4 and the connection forms w4p of the ambient space satisfy the
structure equations

dwy +ZWAB/\WB =0, wap+wap=0,
B

(3.1) dwap + ZWAO Nwep = Qyp,
c
Vyp = Z R zpcpwe Awp,
c.D
where Q' = () (resp. R;iBoD) denotes the curvature form with respect to the
unitary frame field {E4} (resp. the components of the Riemannian curvature tensor
R') of M'. Restricting these forms to the submanifold M, we have

(3.2) wy =0,

and the induced Ké&hler metric tensor g of M is given by g = QZ]- wj ® wj. Then
{E;} is a local unitary frame field with respect to this metric and {w;} is a local dual
frame field due to {E;}, which consists of complex valued 1-forms of type (1.0) on M.

Moreover, wy, -+, wp, @1, --- , @y are linearly independent. It follows from (3.2)
and Cartan’s lemma that the exterior derivatives of (3.2) give rise to
(3.3) wei = »_ hTw; b = hi;.

J

The quadratic form ) i hfjwi ® w; ® B, with values in the normal bundle is called
the second fundamental form of the submanifold M. From the structure equations of
M | it follows that the structure equations for M are similarly given by

dwi—l—Zwij/\wj =0, wi+wj=0,
J
(3_4) dwij + Zwik ANwrj = Qij’
k

Qij = E R;jk[wk A wi,
kil
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where Q = (Q;;) (resp. R;;;;) denotes the curvature form with respect to the unitary
frame field {E4} (resp. the component of the Riemannian curvature tensor R) of M.
Moreover, the following relationships are obtained :

dwyy + waA ANway = Qgy,
A

sz = E Rfyk;wk N Gy,
k1

(3.5)

where (2, is called the normal curvature form of M. For the Riemannian curvature
tensors R and R’ of M and M’, respectively, it follows from (3.1), (3.3) and (3.4) that
we have the Gauss equation

and by means of (3.1), (3.3) and (3.5), we have
Tykl — R%yk[ + Z hiﬁi’l
J

Using (2.5), (2.6) and (3.6), the components of the Ricci tensor S and the scalar
curvature K of M are given by

R

Z Rkkz] 137
Z RkkJJ

7 2
where h% = b2, =" hi hi; and hy =Y b
k,x 7
Now, the components hj;;, and hfj,—c of the covariant derivative of the second fun-

damental form of M are given by

> (hfjwn + higwr) = dhf; - Z(hzjwki + h&wij)

k
+ Zh Wy

Then, substituting dh{; into the exterior derivative of (3.3), we have

(3.7)

xr - xr - xr !
hije = hjik = hij, hi' ngk

Similarly the components hijp and hi - of the covariant derivative of hij;, can be
defined by

> (B + hien) = dhiy, — (b + b
l l

+  hijwn) + Z hjxWay,
y
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and by the simple calculation the Ricci formula for the second fundamental form are
given by
hfjkz = hfjlk,

hfjk[ - hfjfk = Z(Rl_kifh:j + Rl‘kjfhfr) - Z Riyk:l_h?j'
r y
In particular, let the ambient space be an (n + p)-dimensional complex space form
M™*P(¢) of constant holomorphic sectional curvature ¢. Then, from (2.8), (3.6) and
(3.7), we get

c T T
(3.8) Rijir = 5 (0ij0m + 0irdjr) — > nihg,
_(n+1)c 9
(3.9) 57 = g u—hy
he = 0.

And hence from (3.8) we obtain
B = 50w+ hjda + hidn)
10 SR, + R R
.y
Let us denote by hy = Z h%h?; and A = (A7), where Aj = Z hfjﬁfj. Then, by
means of (3.10), the Laplaci{;,n Ahs of the function hs is given bym
(3.11) Ahy = = (n + 2)hy — 2hy — TrA? + Z hfjkﬁfjk.
Iy

N O

4 Totally real bisectional curvature

Let (M, g) be an n-dimensional K&hler manifold with almost complex structure J. In
this section, we consider the totally real bisectional curvature on M.

A plane section P in the tangent space T, M of M at any point z in M is said to
be totally real if P is orthogonal to JP. For the non-degenerate totally real plane P
spanned by orthonormal vectors u and v, the totally real bisectional curvature B(u,v)
is defined by

_ g(R(u, Ju)Jv,v)
(4.1) B(u,v) = g a)go)

For a complex submanifold, using the first Bianchi identity to (4.1) and the funda-
mental properties of the Riemannian curvature tensor of a complex submanifold, we
get

(4.2) B(u,v) = g(R(u,v)v,u) + g(R(u, Jv)Jv,u) = K(u,v) + K (u, Jv),
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where K (u,v) means the sectional curvature of the plane spanned by u and v.
Example 4.1. Let Q™ be a complex quadric in a complex projective space CP"*!(c)
of constant holomorphic sectional curvature c¢. Then it is seen in Kobayashi and No-
mizu [4] that its totally real bisectional curvature B satisfies

< < C
:B:—.
0 2

From now on, we suppose that v and v are orthonormal vectors in the non-

1
ﬁ(u - U):

1
degenerate totally real plane P. If we put u' = ﬁ(u +v) and v' =

then it is easily seen that

! !

g/, w') =1, g(',v") =1, g(u',v") =0.

Thus we get
1
B(u',0") = g(R(u', Ju')J',0") = 2{H (u) + H(0) +2B(u,v) - 4K (u, Jv)},

where H(u) = K (u, Ju) means the holomorphic sectional curvature of the holomor-
phic plane spanned by u and Ju. Hence we have

(4.3) 4B(u',v") — 2B(u,v) = H(u) + H(v) — 4K (u, Jv).

If we put u" = (u+ Jv) and v" = (Ju + v), then we get

1
V2

g’ u") =1, g"v") =1, g(u",0") =0.

1
V2

Using the similar method as (4.3), we have

(4.4) 4B(u",v") — 2B(u,v) = H(u) + H(v) — 4K (u,v).
Summing up (4.3) and (4.4) and taking account of (4.2), we obtain
(4.5) 2B(u',v") + 2B(u",v") = H(u) + H(v).

Next, let M be an n(Z 3)-dimensional complex submanifold of M’ = M"?(c)
and let b(M) or a(M) be the supremum or the infimum of the set B of the totally
real bisectional curvatures on M. Suppose that the totally real bisectional curvature
is bounded from above (resp. below) by a constant b (resp. a). From the assumption
and (4.5), it follows that we have

(4.6) H(u) 4+ H(v) = 4b (resp. = 4a).
We can choose an unitary frame field {E;, E2, ---, E,} on a neighborhood of
1 _
M. Let {w1, w2, ---, wyp} be a dual frame field. If we put e; = (Ej + Ej), then

V2
{e1, ea, -+, e,} is an orthonormal basis of T, M. Thus the holomorphic sectional
curvature H(e;) of the holomorphic plane defined by Ej is given by
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H{ej) = g(R(ej, Jej)Jej, ej) = Ryjj5.
On the other hand, it is easily seen that the plane spanned by e; and ey, (j # k) is
totally real and the totally real bisectional curvature B(e;,ey) is given by

(4.7) Blej,ex) = g(R(ej, Jej)Jex,ex) = Rijpp. § # k.

From the inequality (4.6) for v = e; and v = e, we find

(4.8) R;;i5 + Rprr = = 4b (resp. =4a), j#k.

Thus we have

(4.9) Z(Rjjjj + Rpi) = 2bn(n — 1) (resp. = 2an(n — 1)),
i<k

which implies that

(4.10) Z 307 = 2bn (resp. = 2an),

where the equality holds if and only if R;;;; = 2b (resp. = 2a) for any index j.

Since the scalar curvature K is given by
- 2ZR jjkk = =2 ZRJJJJ +ZR Jkk
J#k
we have by (4.7)
K=<2 ZR53'13 +2bn(n—1) (resp. =2 Z 557 T 2an(n — 1)),
J J
from which it follows that

K

(4.11) ZR§“3 = g —bn(n —1) (resp. = 5 an(n — 1)),

where the equality holds if and only if R;;.r = b (resp. = a) for any distinct indices
j and k. In this case, M is locally congruent to M™(2b) (resp. M™(2a)) due to Houh
[1]. Also (4.8) gives us } ., (R;555 + Rrir) = 4b(n—1) (resp. = 4a(n— 1)), so that

(n—2)R;j;;7 + ZRkkkE = 4b(n — 1) (resp. = 4a(n —1)).
k

Combining this with (4.11), we have

(n—2)Rj;;5 =b(n—1)(n+4) -

vl X

(4.12)
(resp. Z a(n —1)(n +4) — Ky,

for any index j, so that the holomorphic sectional curvature R;.;; is bounded from

3333
above (resp. below) for n Z 3. Moreover, the equality holds for some index j if and
only if M is locally congruent to M™(2b) (resp. M™(2a)).
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Since the Ricci curvature S;; is given by
S5 = Ryjj5 + D Ryjet,
k]
we have by (4.7)

S;3 = R;ji5 + b(n — 1) (resp. Z Rj;57 + a(n — 1))

and hence, from (4.12), we get

1
2(n—2)
1
2(n —2)

S; = {4b(n —1)(n +1) — K}

(4.13)

(resp. = {4a(n - 1)(n +1) — K}).

On the other hand, for the scalar curvature K, we see by (4.13)

K = 295;+2) S
k#j

A

25,5 + ﬁ(n ~1){4b(n — 1)(n+1) — K}

(resp. = 28 + - i 5= D{da(n—1(n+1) - K}),

and hence we see

1

Sz
557 2(n —2)

{(2n — 3)K — 4b(n — 1)*(n + 1)}
(4.14)

(resp. = {(2n — 3)K —da(n — 1)*(n + 1)}).

2(n —2)
This together with (4.12) and Rj;; = b implies

1
>
Ryjp 2 —{(n— DK — (20" - 3n +2)b}

(4.15) 1
(resp. = m{(n — 1)K — (2n® — 3n + 2)a}

for any distinct indices j and k.

5 Complex submanifolds of a complex projective
space

Let M' = CP""?(c) be an (n + p)-dimensional complex projective space and let M
be an n(= 3)-dimensional complex submanifold of CP"#(¢). Then by (3.8), we have

Cc B < C .
Rjjeg = 5 — > hhG = 3 JFk
T
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Thus we see that any totally real plane section satisfies B(u, v) = 5

Now, let a(M) be the infimum of the set B of totally real bisectional curvatures
of M. Though the set B is bounded from above, we have no information on a(M). In
their paper [3], Ki and Suh proved the following theorem.
Theorem 5.1. Let M be an n(é 3)-dimensional complete complex submanifold of
an (n + p)-dimensional complex projective space CP"P(c). If the totally real bi-
sectional curvatures of M are bounded from below, then there exists a constant

a1 (n® + 2n? + 2n — 2) depending only upon n and ¢ so that if

- 2n(n? + 2n + 3)
a(M) > a1, then M is congruent to a complex projective space CP"(c).
In the following theorem, the above estimate is improved

Theorem 5.2. Let M be an n(é 3)-dimensional complete complex submanifold of a
complex projective space CP" P (c). If the totally real bisectional curvatures of M are
bounded from below, then there exists a constant ax(< ay) such that depending only
upon n and ¢ so that if a(M) > as, then M is congruent to a complex projective space
CP"(c¢), where a1 > as.

Proof. Assume that the set B is bounded from below by a constant a. Since the
matrix H = (h%;) defined by h%; = Z h3.h7), and the matrix A = (AZ) defined by

T,T

Ay = Z ik B?k are both positive semi-definite Hermitian ones whose all eigenvalues
jok
p; and p, are non-negative real valued functions on A. Thus we have
hyZha=> p2 h3=TrA>=>"pl.
7 T
By (3.11), we have
Ahy 2 g(n +2)hy — 2hy — TrAZ,

from which together with the above properties about eigenvalues, it follows that

Ahy Z g(n +2)hy — 3h2.
A non-negative function f is defined by hy, Then the above inequality is reduced to
(5.1) Afé—3f2+§(n+2)f.

On the other hand, since the totally real bisectional curvatures are bounded from
below by a constant a, we get

Rz = a for any j, k(j # k).

Jik
Hence, by (2.8), (3.7), (4.10) and (4.11), we have
3333

2an = ZR* S gn(n+ 1) — hgy —an(n —1).
J

Thus we get
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2hy = (¢ — 2a)n(n + 1).
Therefore we have

(5.2) F=Y i =5(c—2amn+1), =0,
J

DN | =

where the first equality holds if and only if R;;;; = 2a and R;;;; = a for any indices

J # k. This means that each eigenvalue p; is bounded. On the other hand, since the
Ricci curvature Sj; of M is given by

g ¢

jj 2(”-{—1)—/},]',

it is also bounded. Applying the generalized maximum principle due to Omori [6]
and Yau [10] to the bounded function f, we see that for any sequence ¢, of positive
numbers which converges to 0 as m tends to infinity, there exists a point sequence p,,
such that

|Vf(pm)| < €m, Af(pm) < é€p, Sup f—em< f(pm)-

Thus, we have

(5.3) lim Af(pm) = lim e, = 0, lim f(pm)=sup f.
m—»00 m—»00

m—r0o0

By (5.1) and (5.3), we see
sup f(sup f = £(n+2) 20,

which means .

sup f=0 or sup fé 6(n+2).
If sup f =0, then f vanishes identically because f is non-negative. Then M is totally
geodesic. Suppose that M is not totally geodesic. So, f satisfies sup f =2 g(n + 2).
On the other hand, by (5.2), we have

—_

sup f = 5(0 —2a)n(n + 1).

Thus, we see that .
< 2

We denote the right hand side of the above inequality by a2, which is the constant
depending on the dimension n and c. In this case, we can easily prove that a; > as.

It completes the proof. O

About the value of the squared norm hs of the second fundamental form of M,
we assert the following theorem.
Theorem 5.3. Let M be an n(é 3)-dimensional complete complex submanifold of a
complex projective space C P"TP(c). If the squared norm hs of the second fundamental
form on M satisfies

A

c 2

hy = m(" —4),
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then M 1is totally geodesic.
Proof. Suppose that M is not totally geodesic. Then, by Theorem 5.2, there exists a

constant ay = (3n? 4 2n — 2) so that the infimum a(M) of the totally real

c
6n(n+1)
bisectional curvatures of M satisfies a(M) = 4, On the other hand, it is seen that

we have . .
I z 7z <
Rsjue = 5 = Wb, = 3
xT
for any distinct indices j and k, and hence it turns out to be

b(M) =

)

N O

where the equality holds if and only if M is totally geodesic. Since M is not totally
geodesic, we have b(M) < g By (2.8), (3.7) and (4.15), we see

Rs i = - 1 2{cn(n2 —1) = 2(n — 1)hy — b(M)(2n* — 3n + 2)}.

By the definition of a(M), we get

1
n—2

a(M) Z {en(n® —1) = 2(n — 1)hy — b(M)(2n* — 3n + 2)},

from the fact that b(M) < g, it follows that we have

1
h2 > m(c - QG(M))(’H, — 2)

Since a(M) = ay, we get

It completes the proof. O
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