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Abstract

When the gravitational field is regarded as the time-sequence of space-slices
(i.e., the evolution space), the gravitational field itself is treated by means of the
differential geometry of total space of the vector bundle whose base manifold is
the one-dimensional time-axis and fibre at each time is the three-dimensional
space. From this vector bundle-like standpoint, new field equations and new
conservation laws are proposed.
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1 Introduction

In this paper, the gravitational field is regarded as the ensemble of space-time events
and then, as the time-sequence of space-slices. That is to say, the four-dimensional
gravitational field itself is decomposed into the one-dimensional time-part and the
three-dimensional space-part and the three-dimensional space evolves along the time-
axis. This idea arises from the concept of evolution space in the theory of dynamical
systems (cf. [1]). Therefore, from the vector bundle-like standpoint, the gravitational
field can be adapted to the total space of the vector bundle whose base manifold is
the one-dimensional time-axis (z° = t:time) and the fibre at each time is the three-
dimensional space spanned by points {z'} (i = 1,2, 3).

Therefore, the gravitational field can be treated by means of the differential ge-
ometry of total space of the vector bundle [2], [3]. From this standpoint, the metrical
and connection structures will be introduced and then, new field equations and new
conservation laws will be proposed in the following.

2 On the vector bundle-like structures - 1

Now, in the total space mentioned above, the so-called adapted frame is set as follows:
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dXA = (d2°, 02" = dz® + Nida®),
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where X4 = (2° 2')(A = (0,4); i = 1,2,3) and 2° = t (time). The quantity N
denotes the nonlinear connection playing physically the role of velocity.
On the basis of (2.1), the connection structures is introduced by
0 4 0

V_0 gxB =lsogxa
(2.2) X<

Féo = (LBO,L§0, COk» le:k)v

x4

where 5 5 5 5
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Namely, the following four kinds of covariant derivatives can be defined, for an arbi-
trary vector VA = (VO0,V7?)

Vo

Vo =5 + LoV,
ov?o
V0|k = W + CngO,
(2.3) 54
0= g0 T LoV
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On the other hand, the metrical structure is introduced by
(2.4) G = GapdX*AdX P = gyodz® @ dz° + ;02" ® 627,

where goo and g;; are metric tensors depending on (z°,z¢). The connection (2.2) can
be made metrical by imposing the metrical conditions such as gojo = 0, goolx = 0,
gijlo = 0 and g;j|x = 0. In the metrical case, the canonical connection coefficients can
be determined as follows [2], [3]

( L80 = %goo%a
(2.5) o 1 4000
Ok = 97 fgk”

i = Lyt (2 2o _o0)

UL Oxk ~ OxJ oxt )’

where g% and g% are the inverse of goo and gi; respectively and the torsion tensor
Six(= C), — C;) is assumed to vanish (see (3.5)). C}; is nothing but the three-
dimensional Christoffel symbol formed with g;;. And also, in (2.5), if goo = constant,
then L, = 0 and CJ;, = 0.
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3 On the vector bundle-like structures - 11
Now, the torsion and curvature tensors are defined by [2], [3], respectively,

(3.1) The =Tho —Tép +wie,

0 0
(3.2) Ry 9XC Tap +ThcTEp —Thplse + Thewén,

= ra. —
BCD = XD BC

where wi means the non-holonomic object defined by

0 0 4 O
(3:3) {aXB’ aXC] ~YBCHxA
i i ONg i i
In our case, only one component wy; = —wjy = 500 appears (because w§y = Ry = 0,
see below).

Five components of the torsion tensor
A _ ) ) )
Tpe = (T(?O =0, R60 =0, C(())ia P(;j’ jzk)
and six components of the curvature tensor

Riep = Ry =1, R}, =1, Pl,s Piys Shi» Sl

|1
appear explicitly in the following Ricci-identities:
V00 = VOjoj0 = ooV = Tg V0 = R V0li(= 0),
V0|0|i - V0|i\0 = Poo; VO - C([))iv|8 - PgiVOIj,
VOlilj = VOl = S8, V° = SEVOi,
( Vionn = Voo = RjooVZ = TioVjo = RdoV'l(= 0),
Vi|0|j —Viljjo = Pio; V¥ = C3;Vio — PEVk,

(3.4)

\ Vi|j|k - Vi|k|j = Slijkvl - S;‘kvih'

The concrete definitions of those components are given as follows
( Tgo = Lgo — Lgo =0,

ONi  ON§ _

o0 0x0 ’
N,

Sj = ﬁ - LjO:
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( SLY oL0 )
Rgoo = &U%O - 6:1;%0 + L80L80 - LgoLgo + CgiRéo =0,
) §Li, 6L, . . .
j00 = 5;0 - 5;0 + Lé‘oLfo - Lé’oLfo + Cgl'zRf)o =0,
Y .
Py, = —&CJk = Cigpo + C;zpéka
(3.6) 510
Por = 67(;“0 - C(())k\o + C P
aC?° oCy
Sokn = 833%16 - M[I)ch + COLCO — ConCok
) oct,  act, Do D
| Sikn = M—Jh - 5;,@ + Cji.Cip, = Cjn Cll.-

In the canonical case of (2.5), the tensor SJ’: ch, 15 just the three-dimensional Riemann-

Christoffel curvature tensor and also, if goo = constant, then F§,, = 0 and S, = 0
in (3.6).
From Rfqp, the Ricci-tensor is given by

3.7) Ric =Riea = Ru =Ry =1, Py= Py, — Puy= Pl = Py Sy = 8

( : ) BC = BCA:( n= "y =1 P|I: |7y _PI||: e = e 9N = >|||)-
Namely, three non-vanishing components appear. And the total scalar is given by
(3.8) R=RasGP =R} + 5P =5} =8

(3.7) and (3.8) will be used in the next Section.

4 On the field equations and the conservation laws

As the field equation for the total space (i.e., the gravitational field), we shall put
it in the form [2], [3], with use of the Ricci-tensor R 45 (3.7) and the total scalar R
(3.8),

0. ]
(4.1) Roas — ERQAB = TuB,

where 74p represents the energy-momentum tensor with four components T4 =
(700, Tjo, Toi, Tij). Then, by use of the components of (3.7) and (3.8), we can obtain
the following four kinds of field equations

4

2 Sa0n =
D) goo = 700,
P
j0= Tj0,
(4.2) { S
Poi= —Toi,
1
| Sij = 559i = Tij.
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These are new equations, different from those obtained in [2], [3]. In the case of the
canonical connection (2.5), the last equation is just the (three-dimensional) Einstein’s
field equation.

As to the conservative law, we can formulate it in the form [2], [3] (i.e., the
divergence-zero of (4.1))

Vo (oa 04\ _
(4.3) el (RB - ER(SB) =0,
where
) RE = RpeGA= (RI=Ru}" =1, P)=P, }I,

2

2 . .
— P]QE — Poj g%, S;t = Siig').

Therefore, we can obtain the following two kinds of conservation laws

L 1
Fy |i—§5|0=0,

(4.5) ,

(S5 = 350Dli— Plo="0.

These are new conservation laws, different from those obtained in [2], [3]. In some
2 2

special cases where PJQ: 0 or P]Q lo = 0, we can obtain the pure conservation law

which is the same as the Einstein’s one. In those special cases, the conditions such as

(900 = 900(370)&91']' = 9ij (J«”z)) or (900 = goo(mi)&gij = 9ij (J«”Z)),

etc. must be taken into account.

5 Conclusion

Thus, we can treat the gravitational field by means of the differential geometry of
total space of the vector bundle whose base manifold is the time-axis and fibre at
each time is the space-slice. And we can propose new field equations (4.2) and new
conservation laws (4.5). (Some physical aspects of these subjects are referred to [4]).
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