
Complex Lagrange Spa
esGheorghe Munteanu
Abstra
tThe geometry of Lagrange spa
es is a �eld of large interest that knows apermanent development [6℄.In the present paper our desire is to extend the results from the geometyof 
omplex Finsler manifolds, re
ently obtained by T. Aikou [1℄, to the 
ase ofmanifolds endowed with a 
omplex Lagrangian. We shall make a study of holo-morphi
 bundle of (1,0) ve
tor �elds using a nonlinear 
onne
tion determinedby the 
omplex Lagrange metri
. Finally, the dis
overed results will be appliedto the 
ase of 
omplex Lagrangian of ele
tromagneti
 �eld.Mathemati
s Subje
t Classi�
ation: 53C60, 53C55Key Words: generalized Lagrange spa
es, 
omplex geometry.1 The geometry of T 0M holomorphi
 bundleWe 
onsider M be a 
omplex manifold, dimCM = n, (U; (zi)) 
omplex 
oordinatesin a lo
al map. The 
omplexi�
ation TCM of tangent bundle TM is de
omposed atea
h point z 2 U after the (1, 0) ve
tor �elds and their 
onjugate of (0,1) type ([3℄,[5℄), TCM = T 0M � T 00M .The bundle T 0M is a holomorphi
 bundle and the proje
tion �T : T 0M !M is aholomorphi
 map, dimCT 0M = 2n, and T 00M is the 
onjugate of T 0M .We denote by (��1T (U); zi; �i) the indu
ed 
omplex 
oordinates on T 0M . The tran-sition fun
tions of the holomorphi
 tangent bundle T 0(T 0M), of the 
omplex manifoldT 0M , are given by(1:1) � �z0j=�zi 0(�2z0j=�zi�zk)�k �z0j=�zi � :A

ording to [1℄, a ve
tor bundle ~E over T 0M is said to be a Finsler 
omplexbundle if ~E = ��1T (E), i. e. ~E is the pull-ba
k of a 
omplex bundle E over M . If E isholomorphi
, then ~E is 
alled a holomorphi
 Finsler ve
tor bundle.The verti
al subbundleV (T 0M) = f� 2 T 0(T 0M) = �T�(�) = 0gBalkan Journal of Geometry and Its Appli
ations, Vol.3, No.1, 1998, pp. 61-71
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62 Gh.Munteanuis a ve
tor bundle of rank n over T 0M ; a base of lo
al �elds is f�=��ig and from (1.1)it follows that V (T 0M) is a holomorphi
 bundle of Finsler type.Let H(T 0M) be a supplementary subundle of V (T 0M) in T 0(T 0M) i. e. T 0(T 0M) =H(T 0M) � V (T 0M). This spliting determines a distribution N : u = (zi; �i) !Hu(T 0M) whi
h will be 
alled a 
omplex nonlinear 
onne
tion. Let us 
onsider(1:2) ÆÆzi = ��zi �N ji ���j ;a lo
al base on Hu(T 0M): The 
omplex fun
tions N ji (z; �) are 
alled the 
oeÆ
ients ofthe 
omplex nonlinear 
onne
tion. After (1.1) the fun
tions N ji satisfy the followingtransformation law(1:20) N 0ik �z0k�zj = �z0i�zkNkj � �2z0i�zj�zk �k:From the spliting of T 0(T 0M) it results that H(T 0M) is a Finsler 
omplex ve
torbundle of rank n therefore the adapted base fÆ=Æzig 
hanges by the rule(1:3) ÆÆzi = �z0j�zi ÆÆz0j :The dual base of (Æ=Æzi; �=��i) will be denoted by (dzi; Æ�i):Consider the 
onjugatesH(T 0M) and V (T 0M). These are subbundles of T 00(T 0M).It results the following de
omposition of the 
omplexi�ed tangent bundle(1:4) TC(T 0M) = T 0(T 0M)�T 00(T 0M) = H(T 0M)�V (T 0M)�H(T 0M)�V (T 0M)The 
orresponding proje
tors on the distributions are denoted by h; v; h and v:Taking into a

ount that ���i = �z0j�zi ���0j , by 
onjugation it resultsProposition 1.1. A lo
al base on the 
onjugate T 00(T 0M) is� ÆÆzi = ��zi �N ji ���j ; ���i�and it is 
hanged by the rules(1:5) ÆÆzi = �z0j�zi ÆÆz0j ; ���i = �z0�zi ���0j ;where N ji (z; �) are the 
onjugates of 
oeÆ
ients of the nonlinear 
onne
tion N ji andare transformed by the rule obtained from (1.20) by 
onjugation.If E = T 0M then gT 0M is a holomorphi
 bundle of Finsler type that 
an beidenti�ed with H(T 0M)� V (T 0M):Sin
e T 0M is a holomorphi
 manifold, on the 
omplexi�
ation TC(T 0M) thereexists a natural 
omplex stru
ure J de�ned byJ(�=�zk) = i�=�zk ; J(�=��k) = i�=��k ;J(�=zk) = �i�=�zk ; J(�=��k) = �i�=��k ; (i2 = �1);
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es 63whi
h is globaly de�ned.For simpli
ity, in the following we shall use for the adapted bases the abreviationsÆk = Æ=Æzk ; �k = �=��k and Æk = �iÆ=Æzk ; �k = �=��k:Hen
e, in adapted bases the 
omplex stru
ture are written(1:6) J(Æk) = iÆk ; J(�k) = i�k ; J(Æk) = �iÆk ; J(�k) = �i�k:Moreover, let us 
onsider the adjoint almost tangent stru
tures F and F �(1:7) F (Æk) = �k; F (�k) = 0; F (Æk) = �k; F (�k) = 0F �(Æk) = 0; F �(�k) = Æk; F �(Æk) = 0; F �(�k) = Ækglobaly de�ned as it results from (1.3) and (1.5).The following relations holdF � F � = v + v ; F � � F = h+ h ; J � F = F � J ; J � F � = F � � Jand F 2 = 0 F � = 0 J2 = �I;i.e., the stru
tures (J; F; J �F ) and (J; F �; J �F �) are 
ommutative almost semiqater-nioni
 stru
tures ([8℄) , adjoint one to the other.Let us 
onsider D a derivative law on the 
omplexi�
ation TC(T 0M):Through analogy to the real 
ase ([6℄), we say that D is a N-linear 
omplex 
onne
-tion (shortly N-l.
.
.) if it preserves the four distributions determined by the 
omplexnonlinear 
onne
tion N .In adapted base (Æk; �k;Æk; �k) the N-l.
.
. D has the lo
al expression
(1:8) DÆkÆj = 1Lijk Æi; D�kÆj = 1Cijk Æi; DÆkÆj = 3Lijk Æi; D�kÆj = 3Cijk ÆiDÆk�j = 2Lijk �i; D�k�j = 2Cijk �i; DÆk�j = 4Lijk �i; D�k�j = 4Cijk �iDÆkÆj = 3Lijk Æi; D�kÆj = 3Cijk Æi; DÆkÆj = 1Lijk Æi; D�kÆj = 1Cijk ÆiDÆk�j = 4Lijk �i; D�k�j = 4Cijk �i; DÆk�j = 2Lijk �i; D�k�j = 2Cijk �i:Be
ause DXY = DXY it results that some of the 
oeÆ
ients in (1.8) are the
onjugate of the others, for instan
e 1Lijk= 1Lijk , et
.Let us note that a N-l.
.
. is de
omposed in D = D0 +D00, with D00 = D0 and inorder D0 = D0h +D0v ;D00 = D00h +D00v , where D0h = DÆk ; D0v = D�k ; D00h =DÆk ; D00v = D�k :Proposition 1.2. D is a N-l.
.
. if and only if DJ = 0 and Dv = 0.Proof. DJ = 0 implies that D0 is a derivative law of (1,0)-type, and D00 of (0,1)-type. Dv = 0 is the 
ondition to preserve the H(T 0M) and V (T 0M) on T 0(T 0M): By
onjugation it results Dv = 0:
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.
. D is said to be normal if in addition the 
onne
tion 
oeÆ
ients satisfythe following 
onditions1Lijk= 2Lijk ; 3Lijk= 4Lijk ; 1C ijk= 2Cijk ; 3Cijk= 4Cijk(and their 
onjugates). In the 
ase of a normal N-l.
.
. we shall use a simple writtenform for the 
oeÆ
ients1Lijk= Lijk ; 3Lijk= Lijk ; 1Cijk= Cijk ; and 3C ijk= Cijk:Theorem 1.3. D is a normal N-l.
.
. if and only if it is a 
ommutative semiquater-nioni
 
onne
tion with respe
t to both stru
tures, i.e.,DJ = 0; DF = 0; DF � = 0:The proof results from the fa
t F �F � = v and DX(FY ) = FDXY for any X andY ve
tor �elds of the adapted base. The general family of su
h 
onne
tions is givenin [8℄ for the anti
ommutative 
ase.For a normal N-l.
.
. we 
an write without any diÆ
uly the 
omponents of torsionsand 
urvatures. The nonvanishing torsions are
(1:9) T kijÆk = hT (Æj ; Æi) �kij�k = vT (Æj ; Æi) �kijÆk = hT (Æj ; Æi)Rkij�k = vT (Æj ; Æi) �kij�k = vT (Æj ; Æi) �kijÆk = hT (Æj ; Æi)QkijÆk = hT (�j ; Æi) �kij�k = vT (�j ; Æi) �kijÆk = hT (�j ; Æi)P kij�k = vT (�j ; Æi) �kij�k = vT (Æj ; �i) �kij�k = vT (�j ; �i)Skij�k = vT (�j ; Æi) �kij�k = vT (Æj ; �i) �kij�k = vT (�j ; �i)and their 
onjugates.The lo
al expresions of torsions are obtained by dire
t 
al
ulation
(1:10) T kij = Lkij � Lkji; �kij = ÆNkiÆzj ; �kij = LkijRkij = ÆNkjÆzi � ÆNkiÆzj ; �kij = � ÆNkjÆzi ; �kij = �LkijQkij = Ckij ; �kij = ��Nki��j �kij = CkijP kij = �Nki��j � Lkji; �kij = ��Nkj��i ; �kij = CkijSkij = Ckij � Ckji; �kij = �Lkij ; �kij = �Ckjiand their 
onjugates.The nonvanishing 
urvatures are
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(1:11) RijkhÆi = R(Æh; Æk)Æj RijkhÆi = R(Æh; Æk)Æj RijkhÆi = R(Æh; Æk)ÆjSijkh�i = R(�h; �k)�j Sijkh�i = R(�h; �k)�j Sijkh�i = R(�h; �k)�jP ijkh�i = R(�h; Æk)�j P ijkh�i = R(�h; Æk)�j P ijkh�i = R(�h; Æk)�j
ijkh�i = R(Æh; Æk)�j 
ijkh�i = R(Æh; Æk)�j 
ijkh�i = R(Æh; Æk)�j�ijkh�i = R(Æh; �k)�j �ijkh�i = R(Æh; �k)�jand 
onjugates.The lo
al expressions of 
urvatures are easily obtained from (1.11).A system of fun
tions W k1:::kpk1:::kkh1:::hqh1:::hs (z; �) is a 
omplex d-tensor �eld if at (1,1)transformations are 
hanged by the rule(1:12) W 0i1:::::ipi1:::::irj1:::::jqj1:::::js (z0; �0) = �z0i1�zk1 � � � ��z0ip�zkp � �zh1�z0j1 � � � � �zhr�z0jr ���z0i1�zk1 � � � ��z0ir�zkr � �zh1�z0j1 � � � � �zhs�z0jsW k1:::kpk1:::krh1:::hqh1:::hs (z; �):Examples of 
omplex d-tensor �elds are: Æk ; Æk ; �k ; �k ; Cijk ; Cijk ; Cijk the
omponents of torsions and 
urvatures, et
.A Hermitean metri
 stru
ture on TC(T 0M) is a nondegenerate 2-�eld G(X;Y ) =G(Y;X) and with respe
t to the 
ommutative almost semiquaternion stru
ture (J ; F )it satis�es the 
onditions(1:13) G(JX; JY ) = G(X;Y )G(FX;FY ) = G((h+ h)X(h+ h)Y ):Expressing G in adapted base and taking into a

ount the required 
onditions(1.13), we obtainProposition 1.3. G de�nes a Hermitian metri
 stru
ture on TC(T 0M) if and only if(1:14) G = gijdzi 
 dzj + gijÆ�i 
 Æ�j ;where gij(z; �) is a 
omplex d-tensor �eld of � 0 01 1 � type and nondegenerate.From F � F � = v + v it results that G(F �X;F �Y ) = G((v + v)X; (v + v)Y ):A 
omplex N-linear 
one
tion D is said to be metri
 with respe
t to the Hermitianmetri
 stru
ture G if DG = 0:Let's denote by " y " and by " j "the h- and respe
tively v-
ovariant derivatives ofone 
omplex d- tensor �eld with respe
t to D0, and by " y y" and " jj ", the h- andrespe
tively v-derivatives with respe
t to D00. It follows that D is a 
omplex metri
N-linear 
one
tion if and only if:(1:15) gij yk = 0 ; gij j k = 0 ; gij yyk = 0 ; gij jj k = 0Analogous reasons as in [7℄ show that if D is a 
omplex metri
 d-linear 
onne
-tion then its distributions are ortogonal, and if D is 
ompatible with respe
t to one
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 semiquaternioni
 stru
ture (G; J; F ), then D is also, with respe
t to the other(G; J; F �) stru
ture. Therefore, D is also a normal d-l.
.
.In [7℄ is given the general set of metri
 almost semiquaternioni
 
onne
tions forthe anti
ommutative 
ase. In the present 
ommutative 
ase similar 
al
ulus gives:Theorem 1.4. If Ær is the Levi-Civita 
onne
tion of the metri
 G, then a metri

onne
tion with respe
t to the stru
ture (G; J; F ) is:(1:16) 2 
DX Y = (v + v) ÆrX (v + v)Y � (v + v)J ÆrX (v + v)JY++ F � ÆrX FY � JF � ÆrX JF �Y:It is easly to �nd that 
D is a normal d-l.
.
. and is metri
 be
ause Ær is metri
.It's lo
al expression will be given in the next se
tion.2 Complex Lagrange spa
esThe notion of 
omplex Finsler spa
e is already well-known from the papers of S.Kobayashi [4℄, H. Rund [10℄, H. Royden [9℄, M. Fukui [2℄, and T. Aikou [1℄. Giving upto the homogeneity 
ondition with respe
t to �, we shall de�ne the notion of 
omplexLagrange metri
.De�nition 2.1. A 
omplex Lagrangian on T 0M is a smooth real fun
tion L : T 0M !R, with the property that(2:1) gij = 12 �2L��i��jis a nondegenerate 
omplex d-tensor �eld.The pair (T 0M;L) is 
alled a 
omplex Lagrange spa
e. In the parti
ular 
ase whenL : (z; �) ! L(z; �) is absolutely homogeneous of degree 1 in � we obtain the notionof 
omplex Finsler spa
e.As it is known, the existen
e of a Lagrange fun
tion involves the study of thevariational problem on 
urves. Let L(z; �) be a 
omplex Lagrangian on T 0M and
 : [0; 1℄!M be a holomorphi
 
urve. The Euler-Lagrange equation for a geodesi
 is([1℄, [9℄):(2:2) �L�zi � ddt � �L��i� = 0 with �i = dzidt :Developing the 
al
ulus in (2.2), we obtain(2:3) (2gij d2zjdt2 + �2L�zj��i �j) + (2aij d2zjdt2 + �2L�zj��i �j � �l�zi ) = 0;where aij = 12 �2L��i��j is a symmetri
 d-tensor �eld.In [1℄, [9℄ is de�ned the notion of 
omplex geodesi
 in a 
omplex Finsler spa
e asbeing a 
urve 
(t) = '(ei� � t) independent of �, and ' is a holmorphi
 map on thesmall disk �(r) to M satisfying '(0) = z and d'(0) = �, where (z; �) is a �xed point.
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es 67Taking into a

ount the independen
e on � of 
, we shall de�ne a geodesi
 
omplexLagrange spa
e as being a 
urve that satis�es the system of equations(2:4) 2gij d2zjdt + �2L�zj��i �j = 0(2:5) 2aij d2zjdt2 + �2L�zj��i �j � �L�zi = 0:Theorem 2.1. Let's 
onsider the fun
tions Hj given by(2:6) Hj = 14gij �2L�zk��i �k:Then N ji = �Hj��i are the 
oeÆ
ients of one 
omplex nonlinear 
onne
tion.The proof 
onsists in verifying by dire
t 
al
ulus that N ji satis�es the law (1.2),and hen
e these are the 
oeÆ
ients of a 
omplex nonlinear 
onne
tion on T 0(T 0M).The 
onjugate N ji = �Hj��i , where Hj = 14gij �2L�zk��i �k are the 
oeÆ
ients of a 
omplexnonlinear 
onne
tion on T 00(T 0M):Let's note that if (aij) is a nondegenerate 
omplex matrix, then N ji = �Gj��i ,with Gj = 14aij( �2L�zk��i �k � �L�zi ) determine another 
omplex nonlinear 
onne
tionon T 0(T 0M):In the real 
ase it is known that a geodesi
 determines a spray and 
onversely([6℄). We shall extend this topi
 to the 
omplex 
ase.Let be � =�i ���i+�i ���i the 
omplex Liouville d-�eld and T the natural almost tan-gent stru
ture on T 0M , T ( ��zi ) = ���i ; T ( ���i ) = 0 ; T ( ��zi ) = ���i ; T ( ���i ) = 0(globally de�ned be
ause T 0M is a holomorphi
 manifold). A 
omplex spray is ave
tor�eld S 2 �(T 0M) with the property T (S) = �. It follows that a 
omplex spray islo
ally given in the form(2:7) S = �i ��zi � 2Gi ���i + �i ��zi � 2Hi ���i ;where Gi and H i are the 
oeÆ
ients of the spray and have the following rules oftransformation:(2:8) 2G0i = 2�z0i�zj Gj � �2z0i�zk�zj �k�j and 2H 0i = 2�z0i�zj Hj � �2z0i�zk�zj �k�j :Proposition 2.2. The fun
tions (1)N ij= �Gi��j and (2)N ij= �Hi��j de�ne 
omplex nonlinear
onne
tions.Remark. From (2.7) and (2.8) it results in parti
ular that Hi 
an be taken the
onjugate of Gi:Proposition 2.3. A 
omplex spray S determines a 
omplex di�erential system(2:9) d2zidt2 + 2Gi(z; �; z; �) + d2zidt2 + 2H i(z; �; z; �) = 0
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oversely.Proof. Let's 
onsider the 
omplex spray S and the real 
urves 
 : t ! (z + z) withthe tangent ve
tors d(zi+zi)dt = �i + �i: By derivation is obtained: d2zidt2 + d2zidt2 =ddt(�i + �i) = �2xi, where xi is a real number that 
an be of the form xi = Gi +H i(with ImGi = �ImHi). Conversely, Gi and Hi from (2.9) determines the 
omplexspray given by (2.7).Proposition 2.4. A 
omplex spray S determines a 
omplex geodesi
 of the 
omplexLagrange spa
e (M;L) if and only if there exist su
h lo
al maps on T 0M , in wi
h the
oordinates �i are real.Proof. The equation (2.3) is a 
omplex spray i� gij = aij , and therefore ���i ( �L��j ��L��j ) = 0 ) ���j = ���j ) �j 2 R:In the next we shall make some referen
es to the parti
ular 
ase of 
omplex Finslerspa
es.From the homogeneity 
ondition L(z; ��) =j � j2 L(z; �), it results the 
omplexEuler Theorem, �L��i �i = 2L and the 
onjugate �L��i �i = 2L. Deriving, it results that(2:10) �gkj��i �i = �gij��k �i = gkj and �gjk��i �i = �gji��k �i = gjk :Let us 
onsider �ijk = 12glj(�gjl�zk + �gkl�zj ) the �rst Christo�el symbols of theHermitean metri
 gij ([3℄, [5℄) and let's denote by E = gij�i�j the 
omplex energy of
omplex Finsler spa
e (M;L):Theorem 2.5. The fun
tions(2:11) 
N ji = 12 ��j00��i ; where �j00 = �jkl�k�l;are the 
oeÆ
ients of a 
omplex nonlinear 
onne
tion on T 0M , 
alled the Cartannonlinear 
onne
tion of the Finsler spa
e (M;L):Proof. Using (2.10), by dire
t 
al
ulus it is found out that Hj from (2.6) is: Hj =12�j00 = 12gij �gli�zk �l�k:From (2.4) and (2.5) it results that:Proposition 2.6. The autoparallel 
urves of the Cartan nonlinear 
onne
tion of the
omplex Finsler spa
e (M;L) are just the extremal 
urves of the energy a
tion E :Now, let's return to the general 
ase of the 
omplex Lagrangian spa
e (M;L),endowed with a �xed nonlinear 
onne
tion, for example given by (2.6). From Prop.1.3 it results that G de�ned by (1.14) with the Lagrange metri
 gij given by (2.1), is aHermitean metri
 stru
ture on TC(T 0M): Then the set (M;G; J; F ) de�ned by (1.6),(1.7) and (1.13) is 
alled the metri
 
ommutative almost semiquater nioni
 modelof the 
omplex Lagrange spa
e (M;L):We are interested to determine a metri
 d-l.
.
. of the 
omplex Lagrange spa
e(M;L):Theorem 2.7. The following normal N-linear 
omplex 
onne
tion 
D is metri
(2:12) Lijk = 12gli( ÆgjlÆzk + ÆgklÆzj ) Cijk = 12gli(�gjl��k + �gkl��j )Lijk = 12gil( ÆgljÆzk � ÆgkjÆzl ) Cijk = 12gil(�glj��k � �gkj��l )
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es 69Moreover, 
D has the following vanishing torsions: T ijk = 0 and Sijk = 0.Proof. Let Ær be the Levi-Civita 
onne
tion of the metri
 G given by (1.14) with the
omplex Lagrange metri
 gij : Sin
e G is Hermitean with respe
t to J , the 
oeÆ
ients�ijk ;�ijk and �ijk and their 
onjugates are known from 
omplex manifolds ([3℄, [5℄).Repla
ing this in (1.16) it results the 
oeÆ
ients (2.12) of 
D 
onne
tion in the adaptedbase. The 
onne
tion (2.12) is metri
 and normal. From the symmetry of �ijk it resultsthat T ijk = Sijk = 0:The 
onne
tion (2.12) will be 
alled the Miron 
anoni
 N-linear 
omplex 
onne
-tion of the 
omplex Lagrange spa
e (M;L):3 The 
omplex Lagrangian of ele
trodynami
sIn [6℄ it is given a Lagrangian model for real ele
trodinamy
s. In the present se
tionwe shall 
onsider a similar model for the 
omplex 
ase. The 
omplex Lagrangiansfrequently appear in quantum me
hani
s and gauge theories ([11℄). Inspired fromthese models, let's 
onsider the 
omplex Lagrangian(3:1) L0(z; �) = m

ij(z)�i�j + emAi(z)(�i + �i);where 
ij is a Hermitian metri
 on the 
omplex manifoldM ; m; 
; e are real 
onstantsand Ai is a real 
ove
tor.The metri
 
ij 
an be taken as the extension through linearity of Lorentz metri
to the 
omplexi�
ation TCM:From (2.1), it results that L0 determine the following Hermitian metri
 on T 0M :(3:10) gij = m

ij(z):The metri
 gij determines a nonlinear 
onne
tion N ji = �Hj��i , where Hj is givenby (2.6). So, we have:(3:2) N ji = 12 ��j00��i + e4m2

kj �Ak�zi ;where �ijk are the �rst Christo�el 
oeÆ
ients of 
ij metri
 and �i00 = �ijk�j�k: A
-
ordingly, the Miron 
anoni
 
onne
tion (2.12) has the 
omponents:(3:3) Lijk = �ijk = 12
li(�
jl�zk + �
kl�zj ) Cijk = 0Lijk = �ijk = 12
il(�
lj�zk + �
kj�zl ) Cijk = 0:From (1.10) we obtain the following vanishing torsions: T kij = Skij = Qkij = �kij =�kij = �kij = 0 and their 
onjugates. Be
ause Cijk = CIjk = 0, it results that the Miron
anoni
 
onne
tion has the next nonvanishing 
omponents of 
urvatures:Rijkh = rijkh; Rijkh = rijkh; Rijkh = rijkh



70 Gh.Munteanu(and the 
onjugates) where rijkh ; :::, are the 
urvatures of the linear 
onne
tion �ijk .For the real Lagrangian spa
e from [6℄ we know the Einstein equations with respe
tto the 
anoni
 
onne
tion. They result from the Einstein equationsR�� � 12RG�� = �T�� ( R��=Ri

i tensor, R=Ri

i 
urvature, G��=the metri
stru
ture, �=universal 
onstant, T�� = the energy-momentum tensor), written in theadapted base of the 
anoni
 nonlinear 
onne
tion. A
ting in a similar manner for the
omplex Lagrangian, it results the following set of Einstein equations(3:4) Rij � 12�gij = � hhTij ; Rij = � hhTij ; Pij = � hvTijSij � 12�gij = � vvTij ; Sij = � vvTij ; �ij = � hvTij ;where Rij = Rij = �Rkijk; e:t:
:; � = r + s 2 R , r = gijRij , s = gijSij ; hhT ij ; e:t:
:=the 
omponents of energy-momentum tensor, � 2 R:The 
onservation law with respe
t to the one X� �eld of adapted base is
DX� (R�� � 12RÆ�� ) = 0; where R�� = G�
R
�:In the parti
ular 
ase of the 
omplex Lagrangian L0 for ele
trodynami
s given by(3.1), taking into a

ount the nonvanishing 
urvatures, the �rst (3.4) Einstein equationis just that for the Levi-Civita 
onne
tion of 
ij metri
, in the se
ound equationSij = 0, and the last three equations redu
e to vvT=hvT=hvT= 0: The 
onservation lawis identi
ally satis�ed.A
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