Classical polar spaces (sub—)weakly embedded
In projective spaces

Anja Steinbach

1 Introduction and statement of the Main Theorem

In this paper we are concerned with classical polar spaces, i. e. with the set of points
and lines of some vector space W on which a non-degenerate (o, €)-hermitian form
or pseudo-quadratic form vanishes.

To state the Main Theorem we introduce some notation. Let L be a division
ring and W be a (left—)vector space over L endowed with a (o, €)-hermitian form or
a pseudo—quadratic form ¢ (with associated (o, €)~hermitian form f) in the sense of
[Ti, §8]. We may assume that € = +1 and 02 = id. We let

Rad(W, f) ={w e W | f(w,z) =0 for all z € W},
vt ={we W | f(w,x) =0} forz € W,
Apin ={c—e” | ce€ L},
Aoz ={c € L | ec® = —c}.

If Rad(W, f) = 0, then f is said to be non—degenerate. Further f is trace—valued,
if f(w,w) € {c+ec” | c € L} for all w € W. A subspace U of W is called singular, if
f(u,u') = 0resp. q(u) =0 for all u,u’ € U. The 1-, 2— and 3-dimensional subspaces
of W are called points, lines, planes respectively. Let S be the set of singular points
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of W. For each subspace U of W, we denote by U N S the set of singular points in
U. The subspace of a vector space which is spanned by a subset M is denoted by
<M>.

We prove the following result:

Main Theorem . Let L and K be diwvision rings and let W be a wvector space
over L (not necessarily finite—dimensional). We assume that there is either a non—
degenerate (trace—valued) (o, €)-hermitian form f on W such that Apin = Amas o7
that there is a pseudo—quadratic form q on W with corresponding (o, €)-hermitian
form f such that Rad(W, f) = 0. We suppose that there are singular lines in W and
that dimW > 5. Further let V' be a vector space over K.

We assume that the following hypotheses are satisfied:

(a) There is an injective mapping © from the set of singular points of W into the
set of points of V.. (We set m(UNS) :={n(u) | u € UNS} for each subspace
UofW.)

(b) If Ly is a singular line of W, then the subspace <m(Ly N S)> of V generated
by m(L1NS) is a line in V.

(c) For each singular point x of W we have: If y is a singular point of W with
m(y) C <m(xt NS)>, then y C zt.

Then there ezists an embedding o : L — K and an injective semi—linear (with respect
to o) mapping ¢ : W — V such that n(Lz) = Kp(z) for all x € W, x singular
(i. e. 7 is induced by a semi-linear mapping).

The mapping 7 defined by = — 7 (z), L1 — <mw(L; N S)>, where z is a singular
point and L, is a singular line in W, yields a sub-weak embedding of the polar
space S associated with W and f resp. ¢ into the projective space P(V4), Vo =
<m(W N S)> in the sense of [TVMI].

In the paper [TVM1] it is shown that for a non-degenerate polar space the
concept of sub—weak embeddings is the same as the one of weak embeddings of po-
lar spaces in projective spaces introduced by LEFEVRE-PERCSY [Lefl], [Lef2]. In
[TVM1], [TVM2] THAS and VAN MALDEGHEM classified all polar spaces (degener-
ate or not) of rank at least 3 of orthogonal, symplectic or unitary type, which are
sub—weakly embedded in a finite-dimensional projective space over a commutative
field (except one possibility in the symplectic case over non—perfect fields of char-
acteristic 2). In the non-degenerate case with the radical of the bilinear form of
dimension at most 1, their result is that the polar space is fully embedded over a
subfield.

The Main Theorem shows that this conclusion remains valid, if f resp. ¢ satisfy
the hypotheses of the Main Theorem. The polar space S associated with W and f
resp. ¢ is fully embedded in the projective space P(p(W)), where (W) is a vector
space over the sub-division ring L® of K. For the mapping x — ¢(x), Ly — (L),
every point in ¢(L;) has an inverse image under ¢. The Main Theorem does not
require rank at least 3, finite dimension or rank, or commutative fields.
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By the classification of non—degenerate polar spaces of rank at least 3, every such
polar space is associated to a non-degenerate trace-valued (o, €)-hermitian form or
a non—degenerate pseudo—quadratic form (apart from two classes of exceptions in
rank 3). The assumptions A, = Apas resp. Rad(W, f) = 0 are always satisfied if
char L # 2. Thus the set of polar spaces handled in the Main Theorem is sufficiently
rich.

Sections 2 to 5 are devoted to the proof of the Main Theorem. First, inspired by
[Ti, (8.19)] we derive some properties of the mapping 7 (Section 2), which enables
us to extend 7 to arbitrary points of W (Section 3). For this we use that every point
is the intersection of two hyperbolic lines (i. e. lines spanned by two singular points
x, y with o € y1), if Rad(W, f) = 0. For the construction of a semi-linear mapping
¢ which induces 7w (Section 5), we need the intermediate step where we construct
such a semi-linear mapping for the restriction of 7 to a 47—space in W (Section 4).
By a 4*—space we mean the orthogonal sum of two hyperbolic lines.

2 Properties of the mapping =

In this first part of the proof of the Main Theorem we derive some properties of the
mapping 7.

2.1. If a, b are singular points in W with L = <a,b> a singular line, then
<n(Ly N S)> = <m(a), 7(b)>.

Proof. Since 7 is injective on singular points, we see that <m(a),n(b)> is a line
which is contained in <m(L; N.S)>. By (b) the claim follows. ]

2.2. If Ly is a singular line in W and x is a singular point in W with w(x) C
<m(Ly N S)>, then x C Ly.

Proof. We first consider the case that L; € z*. Then a := L; Nz is a point,
without loss  # a. Let b be a singular point with L; = <a,b>. Then b € z=.
We have <7 (z),7(a),n(b)> C <n(Ly NS)> = <m(a), n(b)> by (2.1). Hence 7(b) C
<n(z),7(a)> C <m(z+ N S)>. Now (c) yields b C z*, a contradiction.

Thus we are left with the case L; C z*. Without loss E := <L;,2> is a
singular plane. Let y be a singular point in W with y C L1+, vy € z*. Then
m(x) C <n(Li N S)> C <m(yt N S)>. Using (c) this yields x C y*, a contradiction.

[

2.3. If L1, Ly are singular lines in W with <n(Li NS)> = <n(LaNS)>, then
Ly = Ls.

Proof. Using (2.2) we obtain L; NS = LyN S, hence Ly = Lo. n
2.4. Let Q = <L, Ly> be a 41 —space in W, where Ly = <y, 19>, Ly = <y1,y2>

are singular lines with v1 € y1t, 11 C yol, 20 Cynt, 20 € yo-. Then <m(Q N S)> =
<m(z1), m(x2), m(y1), 7(y2)> is 4-dimensional.
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Proof. By (¢) w(y1) € <m(z1),7(x2)> and similarly 7(y2) € <m(z1), 7(x2), m(y1)>.
Hence <m (L1 N S), m(Le N S)> = <m(x1), m(x2), (Y1), 7(y2)> is 4-dimensional.

By [Ti, (8.10)] @ NS is the smallest subset X of S containing L; NS and Ly NS
such that for every singular line L' of W which has two points in X necessarily
L'N S is contained in X. Let Y :={y € S| n(y) C <n(L1NS),n(LaN S)>}. Then
Y is a subset of S having the properties mentioned above. Hence @ NS C Y and
<m(Q@NS)> C <n(LiNS),7(LyNS)>. This yields (2.4). n

2.5. If H is a hyperbolic line of W and z is a singular point of W with 7(x) C
<m(HNS)>, then x C H.

Proof. Since W contains singular lines, H* is generated by its singular points. If a
is a singular point in H*, then 7(z) C <r(H N S)> C <m(at N S)>. Using (c) we
obtain x C a*, hence H+ C xt. This yields # C H** = H, since Rad(W, f) = 0. m

2.6. If Hy, Hy are hyperbolic lines in W with <m(Hy N S)> = <w(HyNS)>, then
H, = H,.

Proof. Using (2.5) we obtain H; NS = Hy N S, hence H; = Hs. n

2.7. Let U be a subspace of W with U = <UNS> #0. Ifu € U, u & Rad(U, f),
then uw = cx1 + y1 for some ¢ € L and a hyperbolic pair (x1,y1) of U.

Proof. Since u ¢ Rad(U, f), there exists a singular point a in U with a € u™.
Let a = <x1> with f(z1,u) = 1. If there is a pseudo—quadratic form on W, let
q(u) = ¢+ Apmin and set y; = —cxy + u. If there is a trace—valued (o, €)-hermitian
form on W, let f(u,u) = c+ ec” and set y; = cz1 + u. ]

2.8. If Q is a 4" —space in W and x is a singular point of W with w(x) C <n(Q N S)>,
then x C Q.

Proof. Since @ is finite-dimensional with Rad(Q, f) = 0, we have W = Q L Q*.
Let * = L(w + s) where w and s are vectors in Q, Q* respectively. Without loss
s # 0.

We first consider the case that s is singular. Then W contains singular planes
and Q* contains hyperbolic lines. Let a be a singular point in Q+ with a Z s,
hence a € zt. Then w(z) C <m(QNS)> C <m(at N S)>. Using (c) this yields
x C at, a contradiction.

Thus we are left with the case that s is non-singular. Then w is non-singular.
Let w = cx; + y1 as in (2.7) and let Q = <z1,y1> L <o, y2> with (22,99) a
hyperbolic pair.

By (¢) <m(z1),7(x2), m(y1)> is 3—dimensional. Hence

< (1), m(xa), w(11)> = < (Q N S)> N < (ot N SG)>,

since otherwise <m(Q N S)> C <m(z2t N S)> and ya € 22 by (c), a contradiction.
Similarly <7 (Q N S)>N<n(y2t N S)> = <m(x1), 7(y1), 7(y2)>. Since x C zo Nyt
this yields

m(x) C© <m(@1), w(w2), w(y1)> N <mw(@1), w(y1), w(y2)> = <m(w1), w(y1)>.
The last equality is obtained using (c). By (2.5) we see that © C <z1,11> C Q. =
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2.9. If Q1, Q2 are 4" —spaces in W with <w(Q1 N S)> = <m(Q2N S)>, then Q1 =
Q2.

Proof. Using (2.8) we obtain Q1 NS = Q2 NS, hence Q1 = Q. n

2.10. Let Hy be a hyperbolic line in W and let z be an arbitrary point in H* .
Then z is the intersection of two hyperbolic lines in Hi= or we have the following
exceptional situation:

|L| < 4, dimW < 6, W is associated to a quadratic form. If Hy is a hyperbolic line
in Hy™ which contains z, then there exists a singular point b in Hy* with b Z Hs,
bC 2t

Proof. Let Hy be a hyperbolic line which contains z. We write z = <czs + y2>
where (79,72) is a hyperbolic pair in H,, using (2.7). Since H, and z! are proper
subspaces of H;t, there exists a singular point a in H;* with « € Hy, a € z* by
[Ti, (8.17)], provided that |L| > 4. Then <z, a> is a second hyperbolic line, which
contains z.

Further, if there are singular lines in H;*, then we let <x,, 15> 1 <x3,ys> C Hit
with (z3,y3) a hyperbolic pair and choose <z,zy + x3> as second hyperbolic line
containing z.

So we are left with the case |L| < 3 and dimH;* < 4. Under the assumptions of
the Main Theorem we may assume that W is equipped with a quadratic form, since
in the case |L| = 3, f a symplectic form (¢ = id,e = —1) we can proceed as in the
previous paragraph. Let H, | <a> C H;* with q(a) #0. Then b= —q(a)xe+y2+a
is singular. If ¢ # g(a), then <z,b> is a second hyperbolic line containing z. If
¢ = q(a), then <b> is a singular point in H;*, b & Hy, b € 2. This yields the claim.

[

2.11. If E is a plane of W with E = <E NS>, then <n(E N S)> is a plane of V.

Proof. We first consider the case that E is a singular plane. Then
E = <xy,09, 23> C <w1,y1> L <xo,y2> L <w3,ys>

where (z;,y;) is a hyperbolic pair (i = 1,2,3). If a is a singular point in E then
a = <axi + fxe + yrs> with «, 5,7 € L. Hence by (2.1)

m(a) C <m(z1), m(Bry + yrs)> C <m(x1), m(x2), w(23)>.

This shows that <m(ENS)> = <n(x1),n(x2), m(x3)>, which is a plane by (c).

Thus we are left with the case that E is not singular. Then F = <zy,y;> L 2,
where x1,1; are singular points in E with z; € yll. Since <m(F N S)> cannot
equal <m(x1),m(y1)> by (c), we see that dim<m(E N S)> > 3. Let Hy := <x1,y1>
and choose a singular point 2’ in H;t with 2/ ¢ 2%, Let Hy := <z, z>. Then
Q := H,; 1 H, is a 4"-space which contains E.

We first neglect the special situation occurring in (2.10) and choose a hyperbolic
line Hs in H,* which contains z and is different from Hs. Then Q1:=H, L Hyisa
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second 4T-space containing E. Since <r(ENS)> C <n(QNS)>N<m(Q1NS)>,
we obtain dim<7(E N S)> < 3 by (2.9).

In the special situation we choose a singular point b C E* as constructed in the
proof of (2.10). We show directly that dim<w(E N S)> < 3. For this we assume
that <m(E N S)> = <m(Q NS)>. Then 7(x) C <x(ENS)> C <m(bt N S)> for all
r€QnNS. Hence Q C bt by (c¢), a contradiction. n

2.12. Let E be a plane of W with E = <E NS> and E not singular. If x is a
singular point in W with w(x) C <m(E N S)>, then v C E.

Proof. If we do not have the special situation occurring in (2.10), then we write
E =QNQ, where @ and @), are 4" —spaces in W, as in the proof of (2.11). Then
(2.8) yieldsz CQNQ, = E.

In the special situation we let b be a singular point in E+ as constructed in the
proof of (2.10). Then 7(z) C <r(ENS)> C <x(b*NS)>. Now (c) yields that
x C bt. Further, 2 C Q by (2.8) as above. Thus # C bt NQ = E. n

2.13. If a, b are singular points in W with H := <a,b> a hyperbolic line, then
<r(HNS)> = <n(a),n(b)>.

Proof. Since the line <m(a), m(b)> is contained in <7 (H N S)>, we have to show that
<m(H N S)>isaline. Let H = <x1,y1> C <x1,y1> L <x9,y2> =: Q with (z;,y;) a
hyperbolic pair (: = 1,2). With E := <z1,y1, 22> and Ey := <x1, 41, y2> we obtain
that <r(HN S)> C <n(ENS)>N<n(E;NS)>. By (2.11) and (¢) <m(ENS)>
and <m(E; N S)> are different planes of V', hence (2.13). n

2.14. Let x, y, z be singular points in W with E = <x,y,z> a plane. Then
< (z),m(y), m(z)> is 3—dimensional.

Proof. If E is singular compare the proof of (2.11). If without loss H := <x,y>
is a hyperbolic line, then the assumption 7(z) C <w(x),7(y)> leads to 7(z) C
<m(H N S)>. Hence z C H by (2.5), a contradiction. ]

3 The extension of 7 to arbitrary points of W

In this section we extend the mapping 7 to arbitrary points, using that every point
is the intersection of two hyperbolic lines (compare the approach in the proof of
[HO, (8.1.5)]).

3.1. Let a be a non-singular point in W. Then N\ <m(H NS)>, where H is a hy-
perbolic line which contains a, is a point in V.

Proof. For every hyperbolic line H which contains a we set H' := <n(H N S)>. By
(2.10) a = Ho N Hy with hyperbolic lines Hy, Hy. By (2.6), (2.13) Hy' and H,' are
different lines in V. Since E := Hy + H; is a plane with F = <F NS>, we obtain
dimHy + Hy' = 3 by (2.11). Hence P’ := Hy' N Hy' is a point.
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If Hy is an arbitrary hyperbolic line containing a, then P’ C H,'. Otherwise
HQ/ N Hll N HQ/ = 0. Let HQ/ N Hll =: Kl, HQI N Hgl =: KQ, Hll N HQ/ =: Kg. As
above K, Ky, K3 are points in V. Since Hy' N H,' N Hy' = 0, we see that K, K>,
K3 are pairwise distinct and K; 4+ Ky + K3 is 3-dimensional. Hence Hy' = K; + K>,
Hll = Kl + Kg, HQ/ = KQ + Kg.

Let H be a hyperbolic line with a € H. As above H' N H;' # 0 for i = 0,1, 2.
Without loss H' N Hy' # H' N Hy', since Hy N H,' N Hy' = 0. Hence

H =(H NnH)+ (H' NnH)C H + H/' C K| + Ky + K;.

This yields that m(z) C H' C K; + Ks + K3 for all singular points = in W with
H := <a, x> a hyperbolic line.

Let next = be a singular point with z C a*. We choose a singular point y with
y C oty € at. Then L; = <w,y> is a singular line. Let z be a point in L; with
z # x,y, then z € at. Hence m(z) C <n(Ly N S)> = <m(2),m(y)> C K1+ Ky + K3
by the preceding paragraph.

Hence 7(z) C Ky + Ky + K3 for all singular points in W, a contradiction by
(2.4). Thus P’ C Hy' and P’ = N <w(H N S)>, where H is a hyperbolic line which
contains a, is a point in V. [ |

3.2. Definition:
For each non-singular point a of W we set

m(a) := (| <m(H N S)>, where H is a hyperbolic line which contains a.

By (3.1) m(a) is a point in V.
Using (2.6), (2.13) we see that the definition given above is also valid for singular
points a of W. Thus we have extended 7 to arbitrary points of W.

3.3. If x is a singular point and a is a non-singular point of W with a C x*, then
m(a) C <m(zt N S)>.

Proof. Let * = Lx; and Hy = <wx1,y1> with (z1,y1) a hyperbolic pair. Since
W = H, L Hi*, there are a € L and s € H;™ with a = L(ax; +5). Asin (2.7) we
write s = By + o, where 0 # 3 € L and (2, y2) is a hyperbolic pair in H;*. With
H = <axy + fxa, yo> we obtain

m(a) C <r(HNS)> by (3.2)
= <n(L(axy + Bx3)), m(Lys)> by (2.13).
Since L(ax; + Bxs) and Ly, are singular points in a1, this yields the claim. n

3.4. 7 is injective on the set of all points of W.

Proof. Let a, b be points in W with w(a) = 7(b). If @ and b are singular, then a = b,
since 7 is injective on singular points.

We next assume that a is singular and b is not singular and lead this to a
contradiction. Let H be a hyperbolic line which contains b. Then 7w(a) = m(b) C
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<m(H N S)> by (3.2). Using (2.5) we obtain a C H for every hyperbolic line H
containing b. Hence a = b, a contradiction.

Thus we are left with the case that a and b are non—singular. We assume that
a # b. Then there exists a singular point « with z C a* and z € b*+. With H :=
<z,b> we obtain 7(x), 7(b) C <mw(H N S)> using (3.2). Since w(z) # 7(b) by the
paragraph above, (2.13) yields that <w(H N S)> = <w(x), 7 (b)> = <n(z),n(a)> C
<m(z+ N S)>. By (c) this shows H C 2, a contradiction. ]

3.5. Let a be a singular point in W and z be an arbitrary point in W with Ly :=
<a,z> a line. Then 7(y) C <w(a),n(2)> for every point y in L.

Proof. If z € a*, then (3.2), (2.13) and (3.4) yield
m(y) C <m(L1 N S)> = <n(a), 7(z)>.

If 2 C a* and z singular, then the claim follows by (2.1).

So let 2z C a* and z not singular. Let a = Lzy, Hy = <w1,y> with (z1,71) a
hyperbolic pair and z = L(cz; 4 s), where ¢ € L, s € H;*. We choose different
hyperbolic lines H and Hy in Hy» containing s, using (2.10) and excluding the
special case mentioned there. Then F := H 1 a and Ey := Hy L a are different
planes of W which are generated by their singular points. We write H = <s, >,
Hy = <s,tp> where t and £, are singular points in H*

For a # y C <a, z>, y is contained in the two different hyperbolic lines M :=
<y,t> and M, := <y,to>. Because of 7(y) = <n(M N S)> N <w(MynS)> by
(3.2), m(y) is contained in £ := <xr(ENS)> and in Ey := <n(FyNS)>. By
(2.11) and (2.12) E’ and Ey’ are different planes in V. Since X := <z,t> C F
is a hyperbolic line, (3.2) yields that 7(z) C <wm(X NS)> C <n(ENS)> = £
Similarly we have m(z) C Ey’. Hence E' N Ey contains <m(a),7(z)>. We obtain
7(y) C E'NEy = <r(a), 7(2)> by (3.4).

In the remaining special situation we let b be a singular point in <z, ¥y, 2>+, as
constructed in the proof of (2.10). As above <m(y),w(a),7(2)> C E’. We assume
that 7(y) € <m(a),n(2)>. Then E' = <n(y),m(a), 7(2)> C <m (bt NS)> by (3.3).
Now (c) yields E C b, a contradiction. ]

4 Construction of a semi-linear mapping on 4T —spaces

In this section we show that the mapping 7 restricted to the set of points of a 47—
space in W is induced by a semi-linear mapping. We use the idea of the proof of
[JW, (1.2.4)]. The main ingredient in Section 4 is (3.5). For w € W, we often write
m(w) instead of 7w(Lw).

4.1. Let QQ be a 4% -space in W. Then there is an embedding o : L — K and an
injective semi-linear (with respect to o) mapping ¢ : Q@ — V with m(Lx) = Kp(x)
forz e Q.
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Proof. Let Q = <w1,y1> L <wo,y2> be a 4T—space in W. Let xy,x9,y1,y2 be
generated by ey, es, e3, e4 respectively and let w(e;) be generated by f; (i =1,...,4).
By (2.4) fi, fa, fs, f1 are linearly independent. For j > 2 we have L(e; + ¢;) C
<eq, e;>, hence m(e; + ¢j) C <m(e1),m(e;)> by (3.5). Thus there is a b € K with
m(er +ej) = K(fi1 +bf;). Further, b # 0, since 7 is injective. Replacing f; by bf;
we may assume

m(e:) = Kfi, w(er+e;)=K(fi+f;)

fori,j=1,...,4,5>2.

For j > 2 and ¢ € L we have 7(e; +ce;) # m(e;j). Hence there is a scalar denoted
by «;(c) in K with 7(eq + ce;) = K(f1 + a;(c)f;) as in the preceding paragraph.
This defines a mapping «; : L — K with a;(0) =0 and «;(1) = 1.

We show:

(%) a; = ag =: a is an embedding from L in K for j > 2.

Let i,j > 2, i # j, and ¢;,¢; € L. Then L(e; + cjej + cie;) is contained in
<ej + ¢jej, ;> and in <ej + ¢e;, e;>. Hence (3.5) and the fact that fi, f;, f; are
linearly independent yield

m(e1 + cjej + ciei) = K(fi + aj(c) fi + (i) fi)

for 4,7 > 2,1 # j.
Similarly, L(c;e; + ;) is contained in <e;, e;> and in <ey,e; + cje; + e¢;>. Using
the above paragraph and «;(1) = 1, we obtain

m(cje; +ei) = K(aj(c;) fi + fi)

fori,7 > 2,1 # j.

Let ¢ > 3 and ¢,d € L. Then L(e; + (c + d)ea + ;) C <ey + ceq, des + €;>.
Since e; + ceq is singular, applying 7 and (3.5) yield K(f; + alc+d)fa + fi) C
<f1+ alc) fa, a(d) fo + fi>. Hence

alc+d) = alc) + a(d)

for ¢, d € L by comparing coefficients.
Similarly, for ¢,d € L we have L(e; + cdey + ce;) C <ey,des + e;>. Thus K(f; +
a(ed) fo + ai(c) fi) C <fi,a(d) fo + fi> as above. This leads to

alcd) = ai(c)a(d)

for i > 3, ¢,d € L by comparing coefficients.

The special case d =1 yields o; = o for ¢ > 3 and « is a homomorphism.

Further, if ¢ € L with a(c) = 0 then 7(e; + ces) = Kf; = m(e1). Since 7 is
injective on singular points we obtain ¢ = 0, and « is injective. Thus a : L — K is
an embedding and (x) holds.

Next we show:

(xx) If z = Zle cie; € W, then w(Lz) = K(Zle ale) fi).
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If only one of the coefficients ¢; is different from 0 the claim holds.

We first assume that exactly two of the coefficients ¢; are different from 0. If
c1 # 0, we use the fact that m(e; + ce;) = K(f1 + a(c)f;) for ¢ € L. If ¢; = 0, then
there are i,7 > 2, i # j with Lz = L(cie; + cje;) C <ey,er + ¢ie; + c;e;>. Further,
Lz C <e;,e;>. We apply 7 and use the intermediate step of the proof that « is an
embedding. This yields the claim.

We now assume that exactly three of the coefficients ¢; are different from 0. If
c1 # 0, we use the intermediate step as in the preceding paragraph. If ¢; = 0, then
Lx C <ej; — coeg — c3€3,61 + c4e4> and Lx C <ey; — cge3 — g€y, €1 + o>, Since
e1 + cqeq and e + coey are singular, we can use (3.5) and the claim follows.

Finally, assume that all coefficients ¢; are different from 0. Then we have Lz C
<creq + czez + cqeq, 60> and Lax C <ciey + caeq, czez + caes> with e and cieq 4 coes
singular. Hence we can finish the proof of (xx) as above.

The mapping ¢ : Q — V defined by (X, cie;) == i, a(c;) fi is semi-linear
(with respect to the embedding o : L — K) and satisfies 7(Lz) = Kp(z) for z € Q.
Further ¢ is injective, since « is. [

5 The construction of a semi—linear mapping inducing 7

In this last section of the proof of the Main Theorem we show that the mapping
7 from the set of all points of W into the set of points of V' constructed in (3.2)
is induced by a semi-linear mapping. We proceed similarly as in the proof of the
Fundamental Theorem of Projective Geometry in [Ba, p. 44].

5.1. Let Lx and Ly be different points of W. At least one of Lx and Ly is assumed
to be singular. Let w(Lx) = Kx'. Then there exists a unique y' € V such that
m(Ly) = Ky and n(L(x —y)) = K(z' —v'). We write h(z,2',y) := v and set
h(z,2’,0) := 0.

Proof. Since L(x —y) C Lz + Ly, (3.5) yields that n(L(x — y)) C w(Lx) + 7(Ly).
Hence 7(L(z — y)) = Kt, where t = cx’ — z with ¢ € K and z € w(Ly). Necessarily
c # 0 and z # 0, since 7 is injective by (3.4). Hence y' := ¢!z satisfies the above
conditions. The uniqueness of y’ is straight forward. [

5.2. If Lx and Ly are different points with at least one singular, then we have
h(z,2',y) =y if and only if My, y',x) = .

Proof. This is obvious from the definition of A in (5.1). ]

5.3. Let u,v,t € W be linearly independent with u, v singular and u € v*. Let
m(Lu) = K/, w(Lv) = KV, wn(Lt) = Kt'. If h(u,u',v) = v and h(u,u',t) = t/,
then h(v,v',t) =1t

Proof. We have to show that m(L(v—t)) = K(v' —t'). Since <u,v> is a hyperbolic
line, the plane F := <u,v,t> is contained in some 4%-space ). Let a € E be
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singular with £ = <u,v,a>. Then 7(Lu) + 7(Lv) + 7(La) is 3-dimensional by
(2.14). Using (3.5) we obtain that m(La) C 7(Lu) + 7(Lv) + w(Lt). Hence u',v', '
are linearly independent. By (4.1) there is an embedding o : L — K and an
injective semi-linear mapping ¢ : Q — V with n(Lz) = Kp(z) for x € (). Hence
Ku' = Kp(u), Kz' = Kp(2), K(u' — 2') = Kp(u — 2) for z € {v,t}. Comparing
coefficients yields p(v —t) = p(v) — ¢(t) = A(v' —t') for some A € K*. Hence
m(Llv—1t)) =K' —=1t). ]

5.4. Let x,a,b € W be linearly independent and singular and let w(Lx) = Ka'.
Then h(z,2',a + b) = h(z,2';a) + h(z,2',b).

Proof. We set a' := h(x,2',a), b' := h(z,2’,b). By (2.14) 2/,a’, b’ are linearly inde-
pendent. We have to prove that h(x,z’',a + b) = o’ + V. By definition of A we have
to show that m(L(a+ b)) = K(a' + V') and that 7(L(x —a —0)) = K(2' —d' = V).

We first consider the second equation. Since L(x —a —b) C L(z — a) + Lb and
L(z —a—10) C L(z — b) + La with b and a singular, we can apply (3.5). Thus
m(L(x —a—"b)) is contained in K (2’ —a')+ KV and in K (2’ — ')+ Ka'. Comparing
coefficients yields m(L(x —a — b)) = K(2' —d' = V).

Further, L(a +b) C La+ Lb and L(a+b) C Lz + L(z — a — b). Since a and z
are singular, (3.5) and the preceding paragraph show that 7(L(a + b)) is contained
in Ka'+ KV and in K2/ + K(2' —a’ — V). Hence n(L(a+ b)) = K(a' + V). ]

5.5. Let x,a,b € W be singular with Lv € La + Lb and let w(Lx) = Kx'. Then
h(z,2',a+b) = h(z, 2’ a) + h(z, 2, b).

Proof. 1f x,a,b are linearly independent this is (5.4). Thus, we may assume that
x,a,b are linearly dependent and hence La = Lb # Lx. Since W contains singular
lines, there exists a w € W with w, w + a singular and x, a, w linearly independent.
We obtain

h(z, 2’ w) + h(z,2',a + b)

= h(z,2",w+a+D) by (5.4)
= h(z, 2", w+a)+ h(z,2',b) by (5.4)
= h(z, 2", w) + h(x, 2", a) + h(z,z',b) by (5.4).

In the first application of (5.4) x,w, a + b are singular and linearly independent (or
a+ b= 0). Subtraction of h(z,z’, w) yields the claim. ]

5.6. Since W contains singular lines, there are u,v,w € W singular and linearly
independent with u & vt u &€ w', v & wt. We let 7(Lu) = Ku' and set v/ :=
h(u, v, v), w' := h(u, v, w).

5.7. If v,y € {u,v,w} with x #y, then h(z,z',y) =y .

Proof. By (5.2) we have to consider the cases (z,y) = (u,v), (u,w), (v,w). In the
first two cases the claim holds by definition and in the third case we use (5.3). =
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5.8. Let 0 # t € W. Then two of the three expressions h(u,u’,t), h(v,v',t) and
h(w,w’,t) are defined and equal. We denote this value by p(t).

Proof. We have Lt  (Lu + Lv) N (Lu + Lw) N (Lv + Lw) = 0. Hence without
loss Lt  Lu+ Lv and w,v,t are linearly independent. Now h(u,u’,v) = v" and
h(u, ' t) :=t' yields h(v,v',t) :=t' by (5.3). ]

5.9. The mapping ¢ : W — V' defined in (5.8) (we set ¢(0) = 0) satisfies w(Lt) =
Kp(t) forO#te W.

Proof. We have ¢(t) = h(x,2’,t) for a suitable x € {u,v,t}, hence w(Lt) = Kp(t).
n

5.10. We have p(a + b) = p(a) + ¢(b) for all a,b € W with a, b singular.

Proof. Without loss a,b # 0. We first consider the case that a+b # 0. Then by (5.8)
ola+b) =h(z,2’;a+b) = h(y,y,a+ b) for suitable x, y with {u,v,w} = {x,y, z}
and L(a+0b) € Lx+ Ly. Hence Lz € La+ Lbor Ly € La+ Lb. Without loss Lz &
La+ Lb. Since x,a, b are singular, (5.5) yields h(x, 2, a+b) = h(z, 2’ a)+h(z, 2, b).
Since La € Lx+ Ly or La € Lx+ Lz, we have h(z,2',a) = p(a) by (5.8). Similarly
h(z,2’,b) = p(b), and the claim follows.

If a+ b =0, we choose ¢ # 0 singular with ¢ # a and b + ¢ singular. Then the
first case yields ¢(c) = p(a +b+c) = ¢(a) + (b + ¢) = p(a) + ¢(b) + ¢(c), i. e.
(5.10). "

5.11. We have p(a + b) = p(a) + ¢(b) for a,b € W with a singular.

Proof. Let a = x1, Hy = <x1,y1> with (z1,71) a hyperbolic pair and b = az; +
By + s with s € Hi~. We write s = yxa + 0y2, where (x2,y2) is a hyperbolic pair
in H;*. Hence

pla+0b) = p((z1 + az1 +y22) + (By1 + dy2))
= (21 + (ax1 + v22)) + 9(BY1 + 6Y2) by (5.10)
= (1) + p(arr + y22) + (By1 + 0ya) by (5.10)
= (1) + p(azy + 722 + By1 + 5ya) by (5.10)
= p(a) + ¢(b)

5.12. Ifn € N and ay, . .., a, are singular, then (31, a;) = >0, ¢(a;).

Proof. We may assume a; # 0 for i = 1,...,n. With (5.11) the claim follows by
induction on n. u
5.13. The mapping ¢ is additive, i.e. p(a+ b) = ¢(a)+ ¢(b) for a,b € W.

Proof. Since W is generated by its singular points, we can choose a basis {e; | i € '}
where e; is singular (i € I). We write a and b as linear combination of the basis
vectors and apply (5.12). ]
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5.14. The mapping ¢ is injective.

Proof. Since ¢ : (W, +) — (V,+) is a homomorphism, we have to show that ker p =
0. If 0 # ¢t € W with ¢(t) = 0, then w(Lt) = K¢(t) = 0, a contradiction. ]

5.15. For 0 #¢t € W and 0 # X\ € L we have Kp(t) = n(Lt) = m(L(\t)) = Kg(At).
Hence p(At) = a(A, t)p(t), where a(\, t) € K. We set «(0,t) := 0.

5.16. If 0 # t1,to € W, then a(\ t1) = a(\, t2) for A € L.

Proof. If t; and t, are linearly independent, then the claim follows by a straight
forward calculation using the definition of a. If ¢; and ¢, are linearly dependent, we
choose 0 # t € W with Lt # Lt; = Lty and restrict to the first case. ]

5.17. For A € L we set a(\) := a(\, tg) where 0 # to € W. By (5.16) this definition
is independent of the choice of ty and we have (M) = a(N)p(t) for A€ L, t € W.

5.18. The mapping o : L — K 1is an embedding.

Proof. This is straight forward. [

5.19. The steps (5.1) to (5.18) show that there is an embedding o : L — K and
an injective semi-linear (with respect to a) mapping such that =(Lx) = Kp(z) for
0 # x € W. This completes the proof of the Main Theorem.
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