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On new estimates for distances in analytic
function spaces in the unit disk, the polydisk and
the unit ball.

Romi Shamoyan, Olivera Mihic*

Abstract. We provide various new sharp estimates for distances of
fixed analytic functions of a certain classical analytic class (analytic
Besov space, Bloch type space) to its subspaces in the unit disk, the
unit polydisk and the unit ball. We substantially enlarge the list of
previously known assertions of this type.

Resumen. Ofrecemos varias nuevas estimaciones fuerte para las
distancias de funciones analiticas fijas de una cierta clase de fun-
ciones analfticas clasicas (espacios analiticos de Besov, espacios de
tipo Bloch) a sus subespacios en el disco unidad, el polydisco unidad
y la bola unidad. Ampliamos sustancialmente la lista de afirma-
ciones previamente conocidas de este tipo.

1 Introduction and main notations

Let D be, as usual, the unit disk on the complex plane, dA(z) be the normalized
Lebesgue measure on D so that A(D) = 1 and d¢ be the Lebesgue measure on
the circle T = {¢ : || = 1}. Let further H(D) be the space of all analytic
functions on the unit disk D.

For f € H(D) and f(z) = Y, ay2", define the fractional derivative of the
function f as usual in the following manner

Df(z) = Z(k +1)%y2*, a e R.
k=0
We will write Df(z) if @ = 1. Obviously, for all & € R, D*f € H(D) if
f e HD).
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For a € D, let g(z,a) = log(wil()‘) be the Green’s function for D with pole

at a, where @,(2) = {=. For 0 <p < 00, -2 < g <00, 0 <s < o0, —1<
q+ s < oo, we say that f € F(p,q,s), if f € H(D) and

£ = 500 [ DA~ 5 gz00)°dA() < o0

As we know [15, f 0 < p < o0, =2 < ¢< 00, 0 < s< 00, =1 < g+ s < o0,
f € F(p,q,s) if and only if

sup [ IDFEP(L = 2101~ [oa(2))dAG) < o0
aeD JD
It is known (see [15]) that F'(2,0,1) = BMOA.
We recall that the weighted Bloch class B*(D), a > 0, is the collection of
the analytic functions on the unit disk satisfying

I fllz> = sup [Df(2)[(1 — [2*)* < 0.
z€D

Space B%(D) is a Banach space with the norm || f| z=.Note B'(D) = B(D) is a
classical Bloch class (see [2], [8] and the references there).

For k > s, 0 < p,q < oo, the weighted analytic Besov space BZ?(D) is the
class of analytic functions satisfying (see [8])

! 5
1l = / ( /T ID’“f(rﬁ)lpdfl) (1= )91 < o,

Quasinorm || f||ge» does not depend on k. If min(p,q) > 1, the class BZ?(D)
is a Banach space under the norm ||f||zs». If min(p,q) < 1, then we have a
quasinormed class.

The well-known so called “duality” approach to extremal problems in theory
of analytic functions leads to the following general formula

disty (g, X) = sup  |l(g)| = inf |lg —¢lly,
lext <1 pEX

where g € Y, X is subspace of a normed space Y, Y € H(D) and X is the
ortogonal complement of X in Y*, the dual space of Y and [ is a linear functional
onY (see [7]).

Various extremal problems in HP Hardy classes in D based on duality ap-
proach we mentioned were discussed in [3, Chapter 8]. In particular for a func-
tion K € L(T) the following equality holds (see [3]), 1 < p < oo, % + é =1,

1
distpe (K, H?) = inf  ||K—g|lge = sup
geH T, KeLs fermflar<t 2T

/ FOK(E)de| .

1€]=1
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It is well known that if p > 1 then the inf-dual extremal problem in the analytic
H? Hardy classes has a solution, it is unique if an extremal function exists (see
3))-

Note also that extremal problems for HP spaces in multiply connected do-
mains were studied before in [1], [9].

Various new results on extremal problems in AP Bergman class and in its
subspaces were obtained recently by many authors (see [6] and the references
there).

In this paper we will provide direct proofs for estimation of disty (f, X) =
infeex || f—glly, X CY, X, Y C HD), f €Y, not only in unit disk, but also
in higher dimension.

Let further QF . ={z € D : [D*f(2)|(1—|2]*)* > ¢}, >0, e >0, Q5. =
Qae.

Applying famous Fefferman duality theorem, P. Jones proved the following

Theorem A. ([4], [15]) Let f € B. Then the following are equivalent:
(a) d1 = distlg(f, BMOA),
(b) do=inf{e >0: XQ%‘E(f)(z)% is a Carleson measure},
where x denotes the characteristic function of the mentioned set.

Recently, R. Zhao (see [15]) and W. Xu (see [14]), repeating arguments of
R. Zhao in the unit ball, obtained results on distances from Bloch functions
to some Mobius invariant function spaces in one and higher dimensions in a
relatively direct way. The goal of this paper is to develop further their ideas
and present new sharp theorems in the unit disk and higher dimension.

In next sections various sharp assertions for distance function will be given.
We will indicate proofs of some assertions in details, short sketches of proofs in
some cases will be also provided.

Throughout the paper, we write C' (sometimes with indexes) to denote a
positive constant which might be different at each occurrence (even in a chain
of inequalities) but is independent of the functions or variables being discussed.

Given two non negative real numbers A, B we will write A < B if there is a
positive constant C such that A < CB.

2 New sharp assertions on distx(f,Y) function in the
unit disk

For the proof of one of the main results of this paper we will need the following
estimate which can be found in [8].

Lemma 1. (see [8]) Let s > =1, >0, t >0 andr+t—s > 2. Ift < s+2<r
(ole] ) dA) o < a,w € D.

T—wz [1—az|t = (—[wl)° 2[1—aw[’

then we have b |
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Note that F(p,q,s) C qu#, s € (0,1], (see [15]). Hence for a > %, the

problem of finding distga (f, F(p, g, s)) appears naturally.
In the following theorem we show that in Zhao’s theorems (see[15]) Mdebius
invariant Bloch classes can be replaced by Bloch classes with general weights.

Theorem 1. Let 1 <p<oo, a>0, 0<s<1, azq%z, g>a(p—1)—s—
1, ¢g>s—2+alp—1) and f € B*. Then the following are equivalent:

(a) di = distpe(f, F(p,q,5));

(b) d2 =inf{e >0: xq1 (z)#{fg,“ is an s — Carleson measure}.

Proof. First we show d; < Cdg According to the Bergman representation for-
mula (see [2]), we have f(z) @) [p Df(w)(1 - |w|2)aD*1mdA(w)

2ya y—1 1 w
W [, DI~ D A+

a) fD\Qa’E Df(w)(1- |w|2)aD*1mdA(w)) = f1(2)+ f2(2),

where C(a) ib the constant of the Bergman representation formula (see [2]).

By Dfi(z) = Cla) fy, DRG0k dAw),
IDfi(2 |§OIQ}¥7 IDFCA ) 44 w) < Ol sty

Then f; € B*. By Lemma 1,

/D IDAE)PA = [2*)7(1 — [pa(2)*)*dA(2)

< Clfallse /IDfl (1= [2%) 7= P01~ |pa(2) ) dA(2)

<ol [ [ PIIE SRR dan- s Rrda)

|1 — wz|?to

<CIAIE Ifllse | (=1aP)* [ (1= [Py 0D dA()aAGw)

< c/ (1~ |a")” dA(w).

.. L= WP == —au]

By xa1 . ng,q,s is an s-Carleson measure, f1 € F(p,q,s). Also we have
D 1— |w|?)~ dA C
|IDfa(2)] < C | f(w)|(7 2\w| ) dA(w) < Ce ng < S
D\QJ |1 — wz|?+e p |1 —wz]2te = (1 —|z|)«

So, distge (f, F(p,¢,5)) < |f = fills= = [ f2llz« <e.
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It remains to show that d; > ds. If d; < d then we can find two numbers
g, €1 such that € > &1 > 0, and a function f., € F(p,q,s), |f — feillBe < €1,

Xal (Z)
and W is not a s-Carleson measure.

Since (|Df(2)| — |Df-, (2)])(1 — |2|*)* < €1, we can easily obtain
(e —e)xay , (2)dA(2) < CID e, (2)|(1 = |27, (1)

where xq: _ is defined above. Hence from (1) and the fact that f., € F(p,q,s)
we arrive at a contradiction. The theorem is proved. O

Remark 1. Theorem 1 can be expanded similarly to more general analytic
classes with quasinorms sup,, ., [D7f(2)[(1 — [2]), a > 0, with some restric-
tions on «, 7.

Let B~'=D"1B7t= {feHD): —1feB—t} t<0.
It is well-known that B2¢(D) c B~(D), t—s—f t <0, s<0 (see [8]).

In the following theorem we calculate dlstances from a weighted Bloch class
to Bergman spaces for ¢ < 1.

Theorem 2. Let 0 < g < 1, S<O,t§s—%, B>%—2andﬁ>—1—t.

Let f € B~t. Then the following are equivalent:

(@) Iy =distg_.(f, B?);

. —lw|)Btt q Csg—

(b) Iy =inf{e >0: [ (fgsﬁt(f) %d/l(w)) (1 — |2])*91dA(z) <
00}
Proof. First we show that {; < Cls. For > —1 — t, we have

8 s

f(z) =C(B) (fD\Q e %Cﬂ )+ fo. fﬁu)(ul,z)'ﬂg dA(w ) = f1(2)+ fa(2),

—t

where C(f) is a well-known Bergman representatlon constant (see [2], [8]).
For t <0,
| (w)(1 — wl)? / (1 — Jw])?** 1
<C ——————"—dA(w) < Ce dA(w) < Ce——r—
AENSC | o T —wapP Tz AW s Ce—n

So sup.cp |1 (2)|(1 - [2])~" < Ce.
For s <0, t <0, we have

wl)B+t e
[is@ra-p e <c [ < L (|1_'W'|)B+2dA<w>> (1-J2) 1 dA(2) < C.

So we finally have

distg-( (1, B3) < C|\f — fellg-e = Cllfullg—. < Ce.
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It remains to prove that lo < [;. Let us assume that I; < l;. Then we
can find two numbers ¢, €1 such that € > ¢; > 0, and a function f., € B2,

w]) P+ q o
||f7f81Hgft § €1, and fD (IQE _ %d/l( )) (1 _ ‘ZD q ldA(Z) — o0
Hence as above we easily get from ||f —f-, ||z, < &1 that (e—e1)xa. _,()(2)(1—
|2])t < Clf.,(2)], and hence

B Xo._u(n(2)(1 = [w])P+! s
M/D</D 1w dA(w)) (1—|z)) dA(z)

wl)? I
/ (/ |f€11 ~ szJ‘Q D dA(w)> (1 — |2]) %77 dA(2).
Since for ¢ < 1, (see [2], [8])

([ Vel EDraAe) o [ I iia) g

|1 —wz|t |1 —wz|t

where a > +24,¢ >0, f., € H(D), w € D, and

(1—Jz)~>" C
D WM(Z) = (1 — |w|)a(B+2)+sq—1" (3)
where s < 0, > 122 — 2 w € D. We get

M <C [ I = el) 1 dAG).

So as in the proof of the previous theorem we arrive at a contradiction. O

The following theorem is a version of Theorem 2 for the case g > 1.

Theorem 3. Let ¢ > 1, s < 0, t§s—%, B>%andﬁ>—1—t. Let

fe B~t. Then the following are equivalent:
(@) b = distg . (f. B2);

~ . _w)B Tt q sg—
(b) T =inf{e > 0: [, (fgaﬁt(f) %M(w)) (1= |2))1—1dA(z) <
00}

The proof of this theorem is similar to the proof of Theorem 2 but here we
will use (4) (see below) instead of (2). Fore >0, ¢ > 1, >0, a > _Tl’ (see

)
([ A aa) < [ LD a0 furw e,

(4)

which follows immediately from Hélder’s inequality and (3) (see [8]).
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Remark 2. In Theorems 2 and 3 we considered only the linear case (p = q).
Estimates for distances of more general mixed norm 524 classes, s < 0, can be
obtained similarly. We give an example in this direction.

It is known that B22(D) C B~¢~4)(D), s < 0 (see [8]).
Theorem 4. Leto < ¢ <1, p<g¢g<1, s<0, tgsf%, 5>‘7‘°’q+%72_

Let f € g_t. Then the following are equivalent:
(a) Iy =distg_,(f,BL?);

~ . 1 wBtdA(w) \ ¢ $ —sp—
(b) lo=1inf{e > 0: (fT (fQE,,t(f) %) df) (1=|z)7*P~1d|2| < oo}
Let X be a quasinormed class in the unit disk, X C H(D). Let also
sup |£(2)|(1 = [2)*"7 < Car || fllx (5)
z€D

where Cy, - (@ > 0, 7 > 0) is an absolute constant. It is well known that for
many classes the above estimate (5) holds (see [2], [8] and the references there).

The following result follows directly from arguments we provided above dur-
ing the proof of previous theorem.

Theorem 5. Let XY C HD), X CY, a>0, 7>0. Let f € Y(D) and

sup.ep |f(2)|(1 = 2))7 < Crll flly, sup.ep [F(2)](1 = [2)**" < Carl fllx-
Then B(f, X) < Cdisty(f,X), C = C(«a, ), where

B(f,X) = inf {6 >0: sup xq,.(2)(1—|z))* < oo} .
|z|<1

Remark 3. Theorem 5 provides various new results for dist- function for differ-

ent analytic classes. The general theorem we have presented is true even if the

unit disk is replaced by the polydisk or the unit ball, since uniform estimates

like (5), which is the base of proof, are well known in unit disk, unit ball and

polydisk for various concrete classes of analytic functions (Bergman, Hardy,
Bloch, BMOA, Q,, etc.), see [2].

For 0 < p < oo and a > 0, let as above

55 0) = { £ € 1) sup ([ 17 aeT) (1= 1) < o0}

524(D) = {7 < (D) /(/fré |ds|)< )l < ool

It is easy to see that B”} (D) c B! (D), 0 < p < o0, a > 0.
We now define a new subset of the unit interval and then using its character-
istic function we will give a new sharp assertion concerning distance function.

Fore >0, f € HD), let L. o(f) = {r € (0,1) : ) Jp [F(ré)]|de] > €}
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Theorem 6. Let f € B~
equivalent:
(a) s1 = distBiovl(fa Bf’é);

(b) s2 :inf{€>0:f01(1—r XL...(f)(r)dr < oo}.

Proof. First we prove s; > so. Let as assume that s; < so. Then we can find two
numbers ¢, ) such that & > ¢; > 0, and a function f., € B”L, || f - f-, | goo <

a >0, 1< p< oco. Then the following are

a 9

e1, and fol(l —7)"'XL..(p)(r) = oo. Hence we have

(=) [ 1aeOlidel > (1= [ 11Olldel=sup1-n)" [ 171, re) e

> (1) /T F(r€) | dE| 2.

Hence for any s € [—1, 00),

c-ar [ (=) (e < € / 1 ( A Ifal(rf)lldfl)p (1= r)er+ear.

Thus we have a contradiction.
It remains to show s; < Css. Let I =[0,1). We argue as above and obtain
from the classical Bergman representation formula (see [16]).

f (r&)(1 —r Ffro( —T
C(t EASLYASRAY /P
fleo) = /m(f)/ (1 —rép)tt? dedr /I\Lea(f)/ (1 —rép)tt? sdr

= f1(2) + f2(2), where t is large enough. Then we have

. . SOl =)
(=0 [ 1RG0l < c-pr | /I\wa) g laeldrlag

« _ e\t 1 _
ccap [ [ 1seio-n (f |1T§p<t+2|d<|) d¢ldr

A-r" Pt -
= clmer /\me/ 1#(re) ||dgl( )t“d < Cell=p)® /o (1*7“p)t+1d =

For a> 0, [, (1 = p)* [ f1(p¢)|dA(pC)

ol GO =)'
<c[a-p | o e aglaraao

e (A=nT
< Ciglil) ((1 r) /T |f(7"5)|df|> /Ls,a(f) (1—p)ti-a dr
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- Cswp ((1—r>°“ I If(r€)|d€|> / s,au-)(lir)dr'

Note that the implication| fi[|gr2 < oo for p > 1 follows directly from the

known estimate (see [8])

(Lo (], |f1<p€>ldf)pdp); <C [ (=9 Alpe)dAe),

a>0,p>1, f, € HD).
Hence infgeBr;i If —9”330(;1 <C|f - leBgo&l = ||f2||3§(;1 < Ce.
The theorem is proved. O

For 0 < p < oo and a > 0, let as above

BIE(D) = {f € HD): /01 (Moo(f,7))" (1 =)~ dr < oo},

where Moo (f,r) = maxeer | f(r§)], 7 € (0,1), f € H(D). It is easy to see that
BP>(D) € B*(D), 0 < p < o0, a> 0.

Fore >0, f € HD), let Lo o(f) = {r € (0,1) : (1 — 7)*Mqo(f,r) > e}
Theorem 7. Let f € go‘, a >0, 1 <p<oco. Then the following are equivalent:

(a) s1 = distg.(f, B>,

(b) s =inf{e >0: fol(l - 7")71XEEY(,(f)(7')dT < oo}

The proof of Theorem 7 is repetition of arguments provided in Theorem 6.
We now provide a sharp version of Theorem 6 for p < 1 case.

Theorem 8. Let f € Bioc;l, p<1, t>a—1, a>0. Then the following are
equivalent:
(a) s1 = distgoea(f, B!y

~ . )t p o
(b) S =inf{e>0: [ (fol XLo () (r)%dr) (1= p)r—ldp < oc}.

Proof. The proof of Theorem 8 is similar to the one provided in Theorem 6.
One part of the theorem follows directly from the estimate

q
o (1) < Clese) ( /T Ifsl(rf)lldd) (1=r), 7 € (0,1), 0 < g < 00, @ > 0,
©)

which were given in the proof of the previous theorem. Indeed, from (6) for
q=1, we get

/o1 (/o1 - T)(Z_aifos)fg)(r)dr)p (1—p)*~tdp
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Lol P (1 = p)optp—1t(t-—alp ap—1
<o [ [ firaeone) e e dndp < Cl e

The rest is clear. It remains to argue as in the previous theorem to arrive to a
contradiction.
To prove the second part we note that as in Theorem 6 we get

f(2) = fi(2) + fo2) and fo(z) < C(1—r)° /T |Fa(r)]|de] < Ce.

And moreover, arguing similarly as for p > 1 in Theorem 6 we will have

/o1 (/r |f1<T§)||d§>p (1 —r)*P=tdr

<o (0= [100a) [ ([ xanino S0 4ot

Hence infgeBT:; ||f - g”Bi"(;l < C”f - f1||Bi°(;1 = ”fQHBf’al < Ce.
The theorem is proved. O

Remark 4. Proofs of Theorem 6, 7 and 8 can be easily extended to B?P spaces
with more general w(l — r) weights under some natural restrictions on the
function w(r).

Fora> -1, f>0and 0 < p < oo, let

Mg (D) ={f € H(D) : sup(l — r)B/| g [f(w)|(1 = |w])*dA(w) < oo}

r<l

and

1 P
55D) = {7 € HD): [ 1=ry! ( [ 1wla- |w|>adA<w>> dr < oo},
Mg (D) and My 5(D) for p > 1 are Banach spaces and they were studied by
various authors (see for example [5]). It is easy to show that M ;(D) C Mg (D),
where p € (0,00), >0, a > —1.

In the following result we provide another sharp result on the dist function
using the characteristic function of a new set. For f € H(D) and € > 0, let

Cs(f) = {r € (0,1) : 1 =1)7 [, [fF@)I(1 ~ Jw)*dA(w) > €}, 5 >

0, > —1.
Theorem 9. Let p > 1L,a > —1,8 > 0,f € Mg. Then the following are
equivalent:

(a) t1=distag (f, Myg);

(b) to=inf{e >0: fol(l - r)*lxgslj(f)(r)dr < 00}

The proof of Theorem 9 will be omitted. It can be obtained by a small
modification of the proof of the previous theorem.
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3 Sharp assertions for the Dist function in the unit ball
and in the polydisk

The goal of this section is to provide straightforward generalizations of some of
the results of the previous section to the case of the unit ball and the polydisk
in C™ : Practically all results of the previous section can be generalized to
the case of the polydisk and to the unit ball. The proofs of these assertions are
mostly based on the same ideas as in case of one variable, though some technical
difficulties arise on that way. For the proofs of the theorems we will formulate
below in higher dimensions we simply replace the well- known Bergman integral
representation in the unit disk that were used in the previous section by the
corresponding known integral representation version in the unit ball or in the
polydisk (see [2], [16]) and then we define appropriate sets which will allow us
to estimate such integral representation.

To formulate our results we will need some standard definitions (see [2],
16]).

We denote the open unit ball in C* by B = {z € C" : |z| < 1}. The
boundary of B will be denoted by S, S = {z € C" : |z| = 1}. By dv we denote
the volume measure on B, normalized so that v(B) = 1, and by do we denote
the surface measure on S normalized so that o(S) = 1.

As usual, we denote by H(B) the class of all holomorphic functions on B.

We denote the unit polydisk by D™ = {z € C" : |z < 1, 1 < k < n} and the
distinguished boundary of D™ by T" = {z € C" : |z,| = 1, 1 < k < n}. By dAsg,
we denote the volume measure on D™ and by dm,, we denote the normalized
Lebesgue measure on T™. Let H(D™) be the space of all holomorphic functions
on D™. We refer to [2] and [10] for further details.

For every function f € H(D™) and f(z1,...,2,) = >2p 1. Ay oy 200 2
we define the operator of fractional differentiation by

D¥f(z1,. .. 2n) = Z Z H(k:] + l)o‘akh_”knzfl ~~sz", a e R.

ki=0  ki=0j=1

We will write Df(2) if @ = 1. For any «, D is an operator acting from H(D™)
to H(D™) (see [2]).

We formulate now direct generalization of Theorem 6 in the unit ball, its
proof is a simple repetition of arguments we provide above for the unit disk and
will be omitted.

For 0 < p < oo and a > 0, let

55 ®) = { € 11B)ssup ([ 17091} (1 )7 < oo}

sri®) = {renm): [ 1 (f f(ré)||d0(€)|>p (1t <o
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It is easy to see that B”L(B) ¢ B™'(B), 0 < p < 00, a > 0.
We now define a new set on the unit interval and then using its characteristic
function we will give a new sharp assertion concerning the distance function.
For e >0, fe H(B),let L. o(f) = {r € (0,1) : (1 —7)* [§[f(r&)||do ()| >
e}

Theorem 10. Let f € Bfoo’él(B)7 a >0, 1<p<oo. Then the following are
equivalent:

(a) &1 :distBool( )( f, B"L(B));

(b) Sy =inf{e >0: fo (L=r)""xp. . (p(r)dr < oo}

Let I =(0,1). We denote by r{ = (11, ...,7&,) where r € I, §; € T,
n, €= (&,...,&) and also 7€ = (1€, ... ,rnén), where 7 € I,
(rl,...,rn), r;el, &eT, j=1,...,n
We formulate now a polydisk version of Theorem 6.
For 0 < p < oo and a > 0, let as above

Biif(D“){feH(D“): sup (/nu?gndmn )Hl }

ri1<l,..,rn<1

j=
T =

BYA(D) = {f en@): [ [ ([ 15 elam©1) TLa - ro-tar o ar, < oo}.
k=1

It is easy to see that B”!(D™) ¢ B>'(D"), 0 < p < o0, a > 0.

We now define a new set on I"™ and then using its characteristic function we
will give a new sharp assertion concerning the distance function.

For e > 0, f € H(D"), let

n

Leal$) = {7 = Gaer) € JJ0 =m0 [ 15lldm,(©)] > <)

k=1

Theorem 11. Let f € B>
equivalent:
(a) 51 = diSthfJ(Dn)(f? B’i’;(Dn));

(b) /:9\\2 = inf{E >0: fol ce fol HZ:l(l _rkz)_IXLsya(f)(rh Ce ’I“n)d’l“l ceedry, <
00}

a >0, 1 <p < oo. Then the following are

—Oé’

Proof. The proof is a repetition of arguments of the one dimensional case and
we omit details. O

Now we formulate the polydisk version of Theorem 2 the proof is quite
similar to one dimensional case and will be also omitted.
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Let ga(Dn)7 a > 0, be the collection of the analytic functions on the poly-
disk satisfying

Hf||8~a(Dn):Z sup | Zlyeees R ‘H 1_|Zk|
1

B*(D") is a Banach space with the norm ||fHB~oc(Dn)'
For k > s, 0 < p,q < oo, BLXP(D") let be the class of analytic functions on
the polydisk satisfying (see [8])

1 srom = [ [ (/ (D7) dmn(€) )Hl )6y < oo,

It is known that B%4(D") c B~~a (D“)7 s <0 (see [2]).

Theorem 12. Let 0 < g <1, s <0, tgs—%7 5>%andﬁ>—1—t. Let

fe E‘t(Dn). Then the following are equivalent:
(@) Iy = dist ., pym) (. BEAD™); ﬁ q
n 4t
(b) Iy =inf{e >0: [Ha (an L iy U feon) £A2"(w1"“’w")) X

[Ty N—Zpw[?FF

X szl(l - |Zk|)7sq71dA2n(Zla R Zn) < OO}

We will formulate now a sharp theorem for analytic classes on the subframe.
Let R°f(2) = 31, g0kt +kn+1)%ak, k., ZM 2k and D" = (0,1] %
T". It is obvious R*f € H(D") if f € H(D").

It is easy to note that Hf||Boo (D) = =sup, 1 (1 =) [ [R*f(rE)|dm, (€)

1 » 1
<C(/0 (/T ansf(ré“)Idmn(é)> <1—r>fwldr) = fllpe2 By

where s € R, a >0, 0 < p < 0. B
The analytic classes on the subframe D™ were Studied in [11], [12], [13].
Fore >0and f € HD"),let K. o s ={rel: )* Jopn [REf(r&)|dmy, (€) > €}

Theorem 13. Let f € B
following are equivalent:
(a) v = dZStBioals(]‘jn)(f’ Bp’

D”),a>0,1§p<oo,s€R. Then the

s

s (D™));
(b) vro=inf{e >0: fol(l — 1) "Xk () (r)dr < oo}
This paper only concerns with the situation when some Bergman (or mixed
norm) space is acting as a subspace of a larger analytic class where sup can

be seen somehow in quasinorm. It is also easy to notice that we systemati-
cally use the classical Bergman integral representation formula in all our proofs.
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We note that based on similar arguments we obtained corresponding sharp re-
sults in cases when mentioned above Bergman classes are replaced by analytic
(weighted) Hardy type spaces in the unit disk. The only visible difference is that
in such cases proofs are based on the classical Causchy integral representation
formula. We give an example of such a result in the unit disk.

Theorem 14. Let o > %, p>1 f¢€ B?’;(D). Then the following are
equivalent:

(a) v1= diStEa(D)(fa B?LZ(D)%

(b) vo =inf{e > 0:sup,, (ﬁ Jr X (§)d§) < oo},
where Qe o ={£ €T |f(r&)|(1 —r)* > e}.

In [15] the author provided several obvious corollaries of his results. Similar
corollaries can be obtained immediate from our theorems 6 - 9. As example we
note that from Theorem 6 we have the following

Proposition 1. Let a >0, 1 <p; < py < 0. Then
dist goo1 (f, BPY") = dist goo.r (f, BP%).

Proposition 2. Let a > 0, 1 < p; < pa < co. Then the closures of B’fo’tl and
Bz_m(;l mn Bioo’él are the same and f is in closure of BI_”O’} m Bioo’ll if and only if

fol(l — 7“)71XLE,,Q(f) (r) < oo, for every e > 0.

Similar results obviously are true also in higher dimension. We omit details.
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