Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 51 (2010), No. 1, 155-169.

The Mean Curvature of the Second Fundamental Form of a Hypersurface

Stefan Haesen^∗ Steven Verpoort^†

Simon Stevin Institute for Geometry Wilhelminaweg 1, nn 2042 Zandvoort, The Netherlands e-mail: stefan.haesen@geometryinstitute.or

K. U. Leuven, Departement Wiskunde, Afdeling Meetkunde Celestijnenlaan 200B bus 2400, 3001 Heverlee, Belgium e-mail: steven.verpoort@gmail.com

Abstract. An expression for the first variation of the area functional of the second fundamental form is given for a hypersurface in a semi- Riemannian space. The concept of the “mean curvature of the second fundamental form” is then introduced for hypersurfaces in semi- Riemannian spaces. Some characterisations of extrinsic hyperspheres in terms of this curvature are given.

MSC 2000: 53B25 (primary), 53A10, 53C42 (secondary) Keywords: second fundamental form, mean curvature, extrinsic hypersphere

∗S. Haesen was a postdoctoral researcher at the K.U. Leuven while the work was initiated. He was partially supported by the Spanish MEC Grant MTM2007-60731 with FEDER funds and the Junta de Andalucía Regional Grant P06-FQM-01951.

†corresponding author Both authors were partially supported by the Research Foundation – Flanders (project G.0432.07).

0138-4821/93 $ 2.50 © 2010 Heldermann Verlag

156 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

1. Introduction and outline of the article

We shall be concerned with hypersurfaces of a semi-Riemannian manifold, for which the real-valued second fundamental form II is a semi-Riemannian metrical tensor. The geometry of such hypersurfaces can be explored with respect to either the first or the second fundamental form.

In analogy with the classical study of the geometry of hypersurfaces as determined by their first fundamental form, a distinction can be made between the intrinsic geometry of the second fundamental form, which is determined by measurements of II-lengths on the hypersurface only, and the extrinsic geometry of the second fundamental form, which concerns those measurements for which the geometry of the second fundamental form of the hypersurface is compared with the corresponding geometry of nearby hypersurfaces.

It is a natural question to investigate the relation between the intrinsic geometry of the second fundamental form and the shape of the original hypersurface, and for this purpose the intrinsic curvatures of the second fundamental form have already been studied. Numerous results in this direction have been established for ovaloids, i.e., for compact hypersurfaces in a Euclidean space with a positive definite second fundamental form. For example, R. Schneider’s theorem characterises the hyperspheres as the only ovaloids for which the second fundamental form has constant sectional curvature [19]. Some generalisations of this theorem for surfaces in certain Lorentzian manifolds have been found by J. A. Aledo, A. Romero, et al. [2], [3].

However, in the present article we are not concerned with the geometry of the second fundamental form from the intrinsic point of view, but we will study an aspect of the “extrinsic” geometry of the second fundamental form. As is known, the mean curvature H of a hypersurface of a semi-Riemannian manifold describes the instantaneous response of the area functional with respect to deformations of the hypersurface. Since we are studying hypersurfaces for which the second fundamental form is a semi-Riemannian metrical tensor, areas can be measured with respect to the second fundamental form as well, so we can associate to any such hypersurface M its area as measured in the geometry of the second fundamental form. This area, which will be denoted by Area_{II}(M), is related to the classical area element dΩ by

Area_{II}(M) = � M � |detA| dΩ ,

where A denotes the shape operator of the hypersurface.

In this article, the notion of mean curvature will be tailored to the geometry of the second fundamental form: the function which measures the rate of change of Area_{II}(M) under a deformation of M, will be called the mean curvature of the second fundamental form and denoted by H_{II}. In this way, a concept which belongs to the extrinsic geometry of the second fundamental form is introduced in analogy with a well-known concept in the classical theory of hypersurfaces. The mean curvature of the second fundamental form was defined originally by

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 157

E. Glässner [9], [10] for surfaces in E^3. The corresponding variational problem has been studied by F. Dillen and W. Sodsiri [7] for surfaces in E^3_1, and for Riemannian surfaces in a three-dimensional semi-Riemannian manifold in [14].

Some characterisations of the spheres in which this curvature H_{II} is involved have been found. For example, it has been shown that the spheres are the only ovaloids in E^3 which satisfy H_{II} = C √ K; furthermore, the spheres are the only ovaloids on which H_{II} − K_{II} does not change sign (see [22] and G. Stamou’s [21]).

In the initiating Section 2 of this article, the notation will be explained and several useful formulae from the theory of hypersurfaces will be briefly recalled.

In the following Section 3, the first variation of the area functional of the second fundamental form is calculated and the mean curvature of the second fundamental form is defined.

In the subsequent Sections 4–7 the mean curvature of the second fundamental form will be employed to give several characterisations of extrinsic hyperspheres as the only hypersurfaces in space forms, an Einstein space, and a three-dimensional manifold, respectively, which can satisfy certain inequalities in which the mean curvature of the second fundamental form is involved.

In Section 8 the expression for H_{II} will be investigated for curves. This is of particular interest, since the length of the second fundamental form of a curve γ,

Length_{II}(γ) = � � |κ| ds ,

(where κ is the geodesic curvature and s an arc-length parameter) is a modification of the classical bending energy � κ^2 ds

which has already been studied by D. Bernoulli and L. Euler. Moreover, the results we present agree with W. Blaschke’s description of J. Radon’s variational problem [5] and with a more recent article of J. Arroyo, O. J. Garay and J. J. Mencía [4].

In the final Section 9, the function H_{II} will be investigated for (sufficiently small) geodesic hyperspheres in a Riemannian manifold by means of the method of power series expansions, which was applied extensively by A. Gray [11], and also by B.-Y. Chen and L. Vanhecke [6], [12]. Furthermore, we address the question of whether the locally flat spaces are characterised by the property that every geodesic hypersphere has the same II-area as a Euclidean hypersphere with the same radius.

2. Definitions, notation, and useful formulae

2.1. Assumption

All hypersurfaces are understood to be embedded and connected.

158 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

2.2. Nomenclature

A hypersurface in a semi-Riemannian manifold is said to be (semi-)Riemannian if the restriction of the metric to the hypersurface is a (semi-)Riemannian metrical tensor.

2.3. Notation

Since a hypersurface M in a manifold M will be studied, geometric objects in M are distinguished from their analogues in M with a bar. Geometric entities derived from the second fundamental form are distinguished from those derived from the first fundamental form by means of a sub- or superscript II. For example, the area element obtained from the second fundamental form will be written as dΩ_{II}.

2.4. Notation

The set of all vector fields on a manifold M will be denoted by X(M). Furthermore, F(M) stands for the set of all real-valued functions on M. If (M, g) is a semi-Rie-mannian submanifold of a semi-Riemannian manifold (M, g), the set of all vector fields on M which take values in the tangent bundle TM is denoted by X(M). The orthogonal projection T_pM → T_pM will be denoted by [·]^T .

2.5. The Laplacian

The sign of the Laplacian will be chosen so that Δf = f^{′′} for a real-valued function on R.

2.6. The fundamental forms

Let M be a semi-Riemannian hypersurface of dimension m in a semi-Riemannian manifold (M, g). We shall suppose that a unit normal vector field U ∈ X(M) has been chosen on M. The shape operator A, the second fundamental form II and the third fundamental form III of the hypersurface M are defined by the formulae � � � A : X(M) → X(M) : V → −∇_V U ; II : X(M) × X(M) → F(M) : (V, W ) → α g(A(V ), W ) ; III : X(M) × X(M) → F(M) : (V, W ) → g(A(V ), A(W )) , (1) where α = g(U, U) = ±1. It will be assumed that the second fundamental form is a semi-Riemannian metric on M.

2.7. Frame fields

Let {E_1, . . . , E_m} denote a frame field on M which is orthonormal with respect to the first fundamental form g. Define ε_i (i = 1, . . . , m) by ε_i = g(E_i, E_i) = ±1. Furthermore, let {V_1, . . . , V_m} be a frame field on M which is orthonormal with respect to the second fundamental form II. Define κ_i (i = 1, . . . , m) by κ_i = II(V_i, V_i) = ±1.

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 159

2.8. Curvature The following convention concerning the Riemann-Christoffel curvature tensor R will be made: for X, Y, Z ∈ X(M), we define R(X, Y )Z = ∇_{[X,Y ]}Z − ∇_X ∇_Y Z + ∇_Y ∇_X Z. The Ricci tensor and the scalar curvature will be denoted by Ric and S. The mean curvature H of the hypersurface M is defined by H = α m tr(A) = 1 m m� i=1 II(E_i, E_i)ε_i .

The (M, g)-sectional curvature of the plane spanned by two vectors v_p and w_p in T_pM, will be denoted by K(v_p, w_p). The symbols K^{II}(v_p, w_p) and K(v_p, w_p) will be used in accordance with the remark of Subsection 2.3. Similarly, the scalar curvature of the second fundamental form will be denoted by S_{II}.

2.9. The difference tensor L The difference tensor L between the two Levi-Civita connections ∇^{II} and ∇ is defined by L(X, Y ) = ∇^{II}_X Y − ∇_X Y , where X, Y ∈ X(M). The trace of L with respect to II is defined to be the vector field tr_{II}L = m� i=1 L(V_i, V_i)κ_i ,

where V_i and κ_i have been defined in Subsection 2.7.

2.10. The equations of Gauss and Codazzi The Riemann-Christoffel curvature tensor R of the hypersurface M is related to the second fundamental form by means of the Gauss equation

g(R(X, Y )Z, W ) = g(R(X, Y )Z, W ) + α � �II(X, Z) II(Y, W ) − II(X, W ) II(Y, Z) � � , which is valid for all tangent vector fields X, Y, Z, W ∈ X(M). As a consequence, we have

Ric(X, Y ) = Ric(X, Y ) − α g(R(X, U)Y, U) + α m H II(X, Y ) − α III(X, Y ) . (2) The Codazzi equation of the hypersurface is (∇_X A)Y − (∇_Y A)X = R(X, Y )U , for all X, Y ∈ X(M).

160 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

3. The variation of the area of the second fundamental form

3.1. The area functional of the second fundamental form

Let E denote the set of all hypersurfaces in a semi-Riemannian manifold (M, g) for which the first as well as the second fundamental form is a semi-Riemannian metrical tensor. Our first objective is to determine the critical points of the area functional of the second fundamental form

Area_{II} : E → R : M → Area_{II}(M) = � M dΩ_{II} .

3.2. The mean curvature of the second fundamental form

Definition 3.1. Let M be a hypersurface in a semi-Riemannian manifold (M, g), and suppose that the first as well as the second fundamental form of M is a semi- Riemannian metrical tensor. Let

μ : ]−ε, ε[ × M → M : (s, p) → μ_s(p)

be a mapping such that � � � μ_s(M) ∈ E for all s;

μ_s(p) = p for all p outside of a compact set of M and all s; μ_0(p) = p for all p ∈ M.

Then μ will be called a variation of M in E.

Definition 3.2. Let M be a semi-Riemannian hypersurface of a semi-Riemann-ian manifold (M, g) which belongs to the class E. The vector field Z in X(M) is defined by Z = m� i=1 κ_i A^← � R(V_i, U)V_i

�_T � . Here A^← denotes the inverse of the shape operator A, and V_i and κ_i were defined in Subsection 2.7.

It can easily be seen that the vector field Z vanishes if (M, g) has constant sectional curvature. If M has dimension three, the vector field Z is equal to^{A(Z)}_{detA} , where the vector field Z has been defined in [3, 14] by the condition

∀ X ∈ X(M), Ric(U, X) = II(Z, X) .

Theorem 3.3. Let M be a hypersurface in a semi-Riemannian manifold (M, g) for which the first as well as the second fundamental form is a semi-Riemannian metrical tensor. Let μ be a variation of M in E, for which the variational vector

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 161

field has normal component f U. The variation of the area functional Area_{II} is given by ∂ ∂s � � s=0 Area_{II}(μ_sM) = −α � M f · 1 2 � �m H −^m � i=1 g(R(V_i, U)V_i, U) κ_i + α 2 Δ_{II}log |detA| − α div_{II}Z � � dΩ_{II} .

This theorem can be proved by similar methods to those used in [14] (see also [23]). The formula for the variation of the second fundamental form which was given there, can be generalised to hypersurfaces in the following way: ∂ ∂s � � s=0 II(μ_s)(X, Y ) = α f � �g(R(U, X)U, Y ) − III(X, Y ) � � + Hess_f (X, Y ) .

The left-hand side of this expression, which is valid if the variational vector field is equal to fU, is defined as in [14].

Definition 3.4. Let M be an m-dimensional hypersurface in a semi-Riemannian manifold (M, g) for which both the first and the second fundamental forms are semi-Riemannian metrical tensors. The mean curvature of the second fundamental form H_{II} is defined by

H_{II} = 1 2 � � �m H − m� i=1 g(R(V_i, U)V_i, U) κ_i + α 2 Δ_{II}log |detA| − α div_{II}Z � � � . (3)

If H_{II} = 0, the hypersurface will be called II-minimal.

Remark 3.5. This definition extends those of [9, 10]; in [14], the sign of H_{II} was chosen differently.

Example 3.6. The standard embedding of S^m(^{1√}_2 ) in S^{m+1}(1) is II-minimal. Furthermore, the standard embedding of S^k(^{1√}_2 )×S^{m−k}(^{1√}_2 ) in S^{m+1}(1) (see, e.g., [16]) is a II-minimal hypersurface (k = 1, . . . , m − 1). These assertions can be proved with ease when one takes into account the fact that these hypersurfaces are parallel (in the sense that ∇II = 0).

Remark 3.7. As a consequence of Theorem 3.3 and Definition 3.4, we obtain the following formulae for the variation of the classical area (Area) and of the area of the second fundamental form (Area_{II}): � � � � �

∂ ∂s � � s=0 Area(μ_s(M)) = −m α � fH dΩ ; ∂ ∂s � � s=0 Area_{II}(μ_s(M)) = −α � fH_{II} dΩ_{II} .

162 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

Remark 3.8. The expression for H_{II} can be rewritten in an alternative way at a point p ∈ M where the frame fields can be chosen such that

• the g-orthonormal basis {E_1(p), . . . , E_m(p)} of T_pM is composed of eigenvectors of the shape operator (principal directions) at p:

A(E_i(p)) = λ_i(p) E_i(p) , (i = 1, . . . m) ;

• the II-orthonormal basis {V_1(p), . . . , V_m(p)} of T_pM consists of the rescaled principal directions at p:

V_i(p) = 1 � |λ_i(p)|

E_i(p) , (i = 1, . . . m) .

In this case, the following expression for the mean curvature of the second fundamental form holds at the point p:

(H_{II})_{(p)} = � 1 2 � � �mH − m� i=1 1 λ_i

K(E_i, U) � � � + α 4 Δ_{II}log |detA| − α 2 div_{II}Z � (p) . (4)

Remark 3.9. By using the contracted Gauss equation (2), yet another expression for the mean curvature of the second fundamental form can be derived:

H_{II} = − α 2 � �tr_{II}Ric − tr_{II}Ric + α(m^2 − 2m)H − 1 2 Δ_{II}log |detA| + div_{II}Z � � . (5)

4. A comparison result for the connections

In the sequel of this article we will make use of the following lemma, which slightly extends well-known results ([15] Theorem 7, [20], and [8], Corollary 13). First we recall a useful definition.

Definition 4.1. A totally umbilical, compact hypersurface M of a semi-Riemann-ian manifold (M, g) which satisfies A = ρ id for a constant ρ ∈ R, is called an extrinsic hypersphere.

Lemma 4.2. Let M be a compact hypersurface of a semi-Riemannian manifold (M, g). Suppose that both the first and the second fundamental forms are positive definite and that these metrical tensors induce the same Levi-Civita connection. Furthermore, assume that (M, g) has either strictly positive or strictly negative sectional curvature. Then M is an extrinsic hypersphere.

The lemma can be proved either by methods similar to those used in [20], or by means of the local de Rahm theorem (see [23, p. 96]).

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 163

5. Hypersurfaces in a space form

We shall use M^{m+1}_0 (C) to denote the following Riemannian manifolds of dimension m + 1: � � � the Euclidean hypersphere S^{m+1}(^1√_C ) (for C > 0) ;

the Euclidean space E^{m+1} (for C = 0) ; the hyperbolic space H^{m+1}(^1√_{−C} ) (for C < 0) .

We shall use M^{m+1}_1 (C) to denote the following Lorentzian manifolds of dimension m + 1: � � � the de Sitter space S^{m+1}_1 (^1√_C ) (for C > 0) ;

the Minkowski space E^{m+1}_1 (for C = 0) ; the anti-de Sitter space H^{m+1}_1 (^1√_{−C} ) (for C < 0) .

Each of the above semi-Riemannian manifolds has constant sectional curvature C. Lemma 5.1. Let M be a compact semi-Riemannian hypersurface in a semi-Rie-mannian manifold (M, g) of constant sectional curvature C and dimension m + 1 (with m � 2). Assume that the second fundamental form of M is positive definite. The inequality S_{II} � 2α(m − 1) � �H_{II} + CtrA^← � � (6)

is satisfied if and only if the Levi-Civita connections of the first and the second fundamental forms coincide.

Proof. The following expressions are valid for the curvatures which are involved in the above inequality: � � � � �

H_{II} = 1 2 � �α trA − C trA^← � � + α 4 Δ_{II}detA detA − α 4 II(∇^{II}detA, ∇^{II}detA) (detA)^2 ;

S_{II} = α(m − 1) � �α trA + C trA^← � � + II(L, L) − 1 4 II(∇^{II}detA, ∇^{II}detA) (detA)^2 , where the quantity II(L, L) is defined by

II(L, L) = m� i, j, k =1

(II(L(V_i, V_j), V_k))^2κ_iκ_jκ_k = m� i, j, k =1

(II(L(V_i, V_j), V_k))^2 .

The first expression is an immediate consequence of equation (4). The second expression can be found in, e.g., [19] (if (M, g) is the Euclidean space of dimension m + 1), [2] (if (M, g) is the de Sitter space of dimension m + 1), or [1] (if (M, g)

164 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

is a Riemannian space form of dimension m + 1). The inequality (6) is equivalent to 0 � (m − 1) 2 Δ_{II}detA detA − (2m − 3) 4 II(∇^{II}detA, ∇^{II}detA) (detA)^2

− II(L, L) ,

and this implies detA = constant and ∇ = ∇^{II} .

Conversely, if ∇ = ∇^{II}, it follows that ∇II vanishes. Consequently, detA is a constant and the inequality is satisfied. □

Theorem 5.2. Let M be a compact Riemannian hypersurface in the space form M^{m+1}_e (C) (for m � 2). Assume that the second fundamental form of M is positive definite. The inequality

S_{II} � 2α(m − 1) � �H_{II} + C trA^← � � (7)

is satisfied if and only if M is an extrinsic hypersphere.

Proof. Three cases will be treated separately.

1. M^{m+1}_e (C) is a Riemannian space form.

It has already been shown that inequality (7) implies that M is parallel, in the sense that ∇II vanishes. Such hypersurfaces were classified in Theorem 4 of [16]. If C � 0, the only hypersurfaces with a positive definite second fundamental form which appear in this classification are the extrinsic hyperspheres. If C < 0, the extrinsic hyperspheres are the only compact hypersurfaces in the classification.

2. M^{m+1}_e (C) is a Lorentzian space form with C � 0.

It follows from the Gauss equation that (M, g) has strictly negative sectional curvature. The result follows from Lemmas 4.2 and 5.1.

3. M^{m+1}_e (C) is the de Sitter space.

It follows from (7) that ∇A vanishes. Consequently, M has constant mean curvature and an application of Theorem 4 of [18] concludes the proof. □ 6. Hypersurfaces in an Einstein space

Theorem 6.1. Let (M, g) be a Riemannian Einstein manifold of dimension m+1 (with m � 3) with strictly positive scalar curvature S. Any compact hypersurface M ⊆ M with positive definite second fundamental form satisfies

H_{II} + m � m − 2 m + 1 � S � 1 2 tr_{II}Ric (8)

if and only if it is an extrinsic hypersphere with A =

�_S

(m−2)(m+1) id. Moreover,

in this case there holds H_{II} =

�_S

(m−2)(m+1) .

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 165

Proof. Since Ric =^S_{m+1} g, we deduce that tr_{II}Ric =^S_{m+1} trA^← . Define β and ρ by β = � m − 2 m + 1 � S and ρ = � S (m − 2)(m + 1) . Furthermore, the principal curvatures will be denoted by λ_i (i = 1, . . . , m). It follows now from (5) and the assumption (8) that � tr_{II}Ric dΩ_{II} = � � � �2 H^{II} + β m� i=1 � ρ λ_i + λ_i ρ � � � dΩ^{II} � � 2 � �H_{II} + m β � � dΩ_{II} � � tr_{II}Ric dΩ_{II} .

This is only possible if all principal curvatures are equal to ρ. □

7. Surfaces in a three-dimensional semi-Riemannian manifold

All previous results agree with [14] if the surrounding space is three-dimensional (except for the sign convention of H_{II}). Moreover, some results can be sharpened. Assume M ∈ E and m = 2. Let K_{II} denote the Gaussian curvature of (M, II). Consequently, the relation 2K_{II} = S_{II} is valid.

Theorem 7.1. Let M be a compact surface in a three-dimensional semi-Rie-mannian manifold (M, g) and suppose that the first as well as the second fundamental form of M is positive definite. Suppose that the Gaussian curvature K of M is strictly positive. Then M is an extrinsic hypersphere if and only if

K_{II} � α H_{II} + 1 2 tr_{II}Ric . (9)

Proof. Assume first that (9) is satisfied. A minor adaptation of the proof of Proposition 5 of [14] shows that M is totally umbilical, and that equality is attained in (9). An application of Theorem 6 of [14] shows that we have

K_{II} = α H_{II} + 1 2 tr_{II}Ric − 1 4 Δ_{II}log(detA) ,

and consequently detA is a constant. The converse follows since, if M is an extrinsic hypersphere, Theorem 6 of [14] shows that equality holds in (9). □

The following corollary, which follows immediately from the above theorem and Theorem 5.2, generalises a result of [17], [21].

Corollary 7.2. Let M be a compact Riemannian surface in the space form M^3_0 (C) (with C ∈ R) or the de Sitter space. Assume that the second fundamental form of M is positive definite and that the Gaussian curvature of (M, g) is strictly positive. Then either

H_{II} − α K_{II} + 2 CH K − C changes sign or M is an extrinsic sphere.

166 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

8. Curves in a semi-Riemannian surface

Let γ : ]a, b[ → (M, g) : s → γ(s) be an arcwise parametrised time-like or spacelike curve in a semi-Riemannian surface. Let T denote the unit tangent vector γ^′ along γ. It will be supposed that g(∇_T T, ∇_T T ) vanishes nowhere. By virtue of this property, γ is sometimes called a Frenet curve. On the other hand, this requirement precisely means that II is a semi-Riemannian metrical tensor on γ. Let {T, U} be the Frenet frame field along γ:

T = γ^′, U = 1 � �g(∇_T T, ∇_T T )�

∇_T T .

Further, we set β = g(T, T ) = ±1 and α = g(U, U) = ±1. The geodesic curvature κ of γ in (M, g) is determined by the Frenet-Serret formulae: � � ∇T T ∇_T U � � = � � 0 βκ −ακ 0 � � � � T U � � . (10)

The geodesic curvature κ is equal to the mean curvature of γ ⊆ (M, g). The functional which measures the length of a curve with respect to the second fundamental form, which will be denoted by Length_{II} instead of Area_{II}, can be computed as the integral

Length_{II}(γ) = � γ � |κ| ds .

Let K denote the Gaussian curvature of (M, g). A calculation shows

H_{II} = 1 2 � �−αK κ + κ + αβ 4 � 2 κ^{′′} κ^2 − 3 (κ^′)^2 κ^3 � � . (11)

Example 8.1. A curve γ (with κ > 0) in E^2 is II-minimal if and only if the curvature κ, when regarded as a function of the arc-length, satisfies

4κ^4 + 2κκ^{′′} − 3(κ^′)^2 = 0 .

Since the formula

κ(s) = A A^2(s + Q)^2 + 1

(where A ∈ ]0, +∞[ and Q ∈ R)

describes the general solution of this differential equation, the catenaries are exactly the II-minimal planar curves. (Compare [5, § 27] for the corresponding variational problem for space curves.)

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 167

Example 8.2. For curves on the unit sphere, the equation H_{II} = 0 can be rewritten as 4κ^2 − 4κ^4 − 2κ^{′′}κ + 3(κ^′)^2 = 0 .

This is equation (4) of [4], if the length functional of the second fundamental form Length_{II} is interpreted as the so-called curvature energy functional. As is proved and beautifully illustrated in [4], there exists a discrete family of closed, immersed, II-minimal curves on the unit sphere. Then S^1(^{1√}_2 ) ⊆ S^2(1) is an embedded “IIminimal” curve which belongs to this family. This curve is, as is remarked in [4], actually a local maximum of Area_{II}.

9. Geodesic hyperspheres in a Riemannian manifold

As a final example we shall investigate the (sufficiently small) geodesic hyperspheres in a Riemannian manifold, since these provide us with a naturally defined class of hypersurfaces with a positive definite second fundamental form. We will use the method of power series expansions. The interested reader is referred to [13] or [23] for the technical calculations which are too extensive to be presented here.

It is a straightforward consequence of the calculations of [6], [11], [12] that the locally flat spaces are the only Riemannian manifolds for which all geodesic hyperspheres have either constant mean curvature which is equal to the inverse of their radius, or constant Gauss-Kronecker curvature which is equal to the inverse of the m-th power of their radius. An analysis of the coefficients appearing in the power series expansion of the mean curvature of the second fundamental form for small geodesic spheres (as a function of their radius) establishes the following corresponding property.

Theorem 9.1. A Riemannian manifold (of dimension m + 1) is locally flat if and only if the mean curvature of the second fundamental form of every geodesic hypersphere is equal to the constant^m_{2r} (where r is the radius of the geodesic hypersphere).

Let us denote the geodesic hypersphere of centre n and radius r by G_n(r). It was asked in [12] whether the Riemannian geometry of the ambient manifold (M, g) is fully determined by the area functions

M × ]0, +∞[ → R : (n, r) → Area(G_n(r)) (r sufficiently small)

of the geodesic hyperspheres. It appears that a decisive answer has not yet been given. Similarly, it may be asked whether a Riemannian manifold for which every geodesic hypersphere has the same II-area as a Euclidean hypersphere of the same radius, is locally flat. We were only able to find the following partial answer, which should be compared with Theorem 4.1 of [12] and makes use of similar methods.

168 S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . .

Theorem 9.2. Let (M, g) be a Riemannian manifold of dimension m + 1, and suppose that the area of every geodesic hypersphere of M, as seen in the geometry of the second fundamental form, is equal to r^m2 α_m (where r is the radius of the geodesic hypersphere, and α_m is the area of the unit hypersphere of E^{m+1}). Then there holds � S = 0 ;

‖R‖^2 = ‖Ric‖^2 .

(12)

Further, M is locally flat if any of the following additional hypotheses is made:

(i) dim M � 5;

(ii) the Ricci tensor of M is positive or negative semi-definite (in particular if M is Einstein);

(iii) M is conformally flat and dim M ≠ 6; (iv) M is a Kähler manifold of complex dimension � 5; (v) M is a Bochner flat Kähler manifold of complex dimension ≠ 6; (vi) M is a product of surfaces (with an arbitrary number of factors).

Acknowledgements. Some of the above results have been obtained with the help of useful comments made by B.-Y. Chen, F. Dillen, L. Vanhecke and L. Verstraelen. Furthermore, J. Bolton was so kind to suggest several linguistic improvements. We wish to express our sincerest gratitude to all of them.

References

[1] Aledo, J. A.; Alías, L. J.; Romero, A.: A New Proof of Liebmann Classical Rigidity Theorem for Surfaces in Space Forms. Rocky Mt. J. Math. 35(6) (2005), 1811–1824. Zbl 1100.53003 [2] Aledo, J.A.; Romero, A.: Compact Spacelike Surfaces in 3-dimensional de Sitter Space with non-degenerate Second Fundamental Form. Differ. Geom. Appl. 19(1) (2003), 97–111. Zbl 1041.53037 [3] Aledo, J. A.; Haesen, S.; Romero, A.: Spacelike Surfaces with Positive Definite Second Fundamental Form in 3-dimensional Spacetimes. J. Geom. Phys. 57(3) (2007), 913–923. Zbl 1108.53027 [4] Arroyo, J.; Garay, O. J.; Mencía, J. J.: Closed Generalized Elastic Curves in S^2(1). J. Geom. Phys. 48(2–3) (2003), 339–353. Zbl 1045.53002 [5] Blaschke, W.: Vorlesungen über Differentialgeometrie und geometrische Grundlagen von Einsteins Relativitätstheorie. I: Elementare Differentialgeometrie. (3. erweiterte Auflage, bearbeitet und herausgegeben von G. Thomsen.) Springer, Berlin 1930. JFM 56.0588.07 [6] Chen, B.-Y.; Vanhecke, L.: Differential Geometry of Geodesic Spheres. J.

Reine Angew. Math. 325 (1981), 28–67. Zbl 0503.53013 [7] Dillen, F.; Sodsiri, W.: Ruled Surfaces of Weingarten Type in Minkowski 3-space. J. Geom. 83(1–2) (2005), 10–21. Zbl 1094.53005

S. Haesen, S. Verpoort: The Mean Curvature of the Second Fundamental . . . 169

[8] Gardner, R. B.: Subscalar Pairs of Metrics and Hypersurfaces with a nondegenerate Second Fundamental Form. J. Differ. Geom. 6 (1972), 437–458. Zbl 0248.53049 [9] Glässner, E.; Simon, U.: Zur Geometrie der zweiten Grundform. Überblicke Math. 6 (1973), 197–235. Zbl 0273.53046 [10] Glässner, E.: Über die Minimalflächen der zweiten Fundamentalform. Monatsh. Math. 78 (1974), 193–214. Zbl 0284.53006 [11] Gray, A.: The Volume of a Small Geodesic Ball of a Riemannian Manifold.

Mich. Math. J. 20 (1973), 329–344. Zbl 0279.58003 [12] Gray, A.; Vanhecke, L.: Riemannian Geometry as Determined by the Volumes of Small Geodesic Balls. Acta Math. 142(3–4) (1979), 157–198. Zbl 0428.53017 [13] Haesen, S.; Verpoort, S.: The Mean Curvature of the Second Fundamental Form of a Hypersurface. An extended version of the current article arXiv:0709.2107v3.

[14] Haesen, S.; Verpoort, S.; Verstraelen, L.: The Mean Curvature of the Second Fundamental Form. Houston J. Math. 34(3) (2008), 703–719. Zbl 1161.53044 [15] Hicks, N.: Linear Perturbations of Connexions. Mich. Math. J. 12 (1965), 398–397. Zbl 0135.22501 [16] Lawson, H. B. Jr.: Local Rigidity Theorems for Minimal Hypersurfaces. Ann.

Math. 89 (1969), 187–197. Zbl 0174.24901 [17] Manhart, F.: Relativgeometrische Kennzeichnungen euklidischer Hypersphären. Geom. Dedicata 29(2) (1989), 193–207. Zbl 0733.53006 [18] Montiel, S.: An Integral Inequality for Compact Spacelike Hypersurfaces in de Sitter Space and Applications to the Case of Constant Mean Curvature. Indiana Univ. Math. J. 37(4) (1988), 909–917. Zbl 0677.53067 [19] Schneider, R.: Closed Convex Hypersurfaces with Second Fundamental Form of Constant Curvature. Proc. Am. Math. Soc. 35 (1972), 230–233. Zbl 0222.53047 [20] Simon, U.: On the Inner Geometry of the Second Fundamental Form. Mich.

Math. J. 19 (1972), 129–132. Zbl 0222.53023 [21] Stamou, G.: Kennzeichnungen Euklidischer Hypersphären durch relativgeometrische Grössen. Stud. Sci. Math. Hung. 40(3) (2003), 349–358. Zbl 1066.53017 [22] Verpoort, S.: On the Area Functional of the Second Fundamental Form of Ovaloids. Preprint KULeuven, arXiv:0709.1644v2.

[23] Verpoort, S.: The Geometry of the Second Fundamental Form: Curvature Properties and Variational Aspects. Ph.D. Dissertation, K. U. Leuven 2008.

http://hdl.handle.net/1979/1779

Received August 21, 2008