Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 51 (2010), No. 1, 171-190.

Generalized Napoleon and Torricelli Transformations and Their Iterations

Mowaffaq Hajja^∗

Department of Mathematics, Yarmouk University Irbid, Jordan e-mail: mowhajja@yahoo.com mhajja@yu.edu.jo

Abstract. For given triangles T = (A, B, C) and D = (X, Y, Z), the D-Napoleon and D-Torricelli triangles N_D(T ) and T_D(T ) of a triangle T = (A, B, C) are the triangles A^′B^′C^′ and A^∗B^∗C^∗, where ABC^′, BCA^′, CAB^′, A^∗BC, AB^∗C, ABC^∗ are similar to D. In this paper it is shown that the iteration N^n_D(T ) either terminates or converges (in shape) to an equilateral triangle, and that the iteration T^n_D (T ) either terminates or converges to a triangle whose shape depends only on D. It is also shown that if A^∘, B^∘, C^∘, A^⊚, B^⊚, C^⊚ are the centroids of the triangles ABC^′, BCA^′, CAB^′, A^∗BC, AB^∗C, ABC^∗, respectively, then the shape of A^∘B^∘C^∘ depends on both shapes of T and D, while the shape of A^⊚B^⊚C^⊚ depends only on that of D and, unexpectedly, equals the limiting shape of the iteration T^n_D (T ).

Keywords: centroids, (plane of) complex numbers, Fermat-Torricelli point, generalized Napoleon configuration, generalized Napoleon triangle, generalized Torricelli configuration, generalized Torricelli triangle, Möbius transformation, shape convergence, shape function, similar triangles, smoothing iteration

1. Introduction

The configuration that arises from erecting equilateral (similarly oriented) triangles (A_1, B, C), (A, B_1, C), (A, B, C_1) on the sides of a given triangle T =

∗The author was supported by a research grant from Yarmouk University.

0138-4821/93 $ 2.50 © 2010 Heldermann Verlag

172 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

(A, B, C), as shown in Figure 1, is quite well known as it appears in at least the following three contexts:

(a-1) It is the configuration that Torricelli used in solving Fermat’s problem regarding the point P that minimizes the sum |P A|+|P B|+|P C| of distances from the vertices of triangle T = (A, B, C). Torricelli proved that the lines AA_1, BB_1, CC_1 are concurrent and that the point P of concurrence (when no angle of T exceeds 120^∘) is the point that solves the problem. The point P is called the Fermat-Torricelli point of T ; see [3, pp. 21–22], [20], and [1, Chapter 2].

(a-2) It is the configuration that underlies the celebrated Napoleon’s theorem stating that the centers of the erected triangles form an equilateral triangle; see for example [15] and [24].

(a-3) If we set T (A, B, C)=(A_1, B_1, C_1), and apply T to (A_1, B_1, C_1), and so on, then the sequence T^n_D (A, B, C) that we obtain converges in shape, as proved in [15], to an equilateral triangle.

Figure 1. A Torricelli (or Napoleon) configuration in which ABC_1, BCA_1, CAB_1 are equilateral

A generalized configuration that has attracted a great deal of attention is shown in Figure 2, where the erected triangles (A^∗, B, C), (A, B^∗, C), (A, B, C^∗) are (directly) similar to another given triangle D = (X, Y, Z). Amazingly, the three results (1-a), (1-b), (1-c) generalize quite beautifully to this configuration. No matter what D is, we have the following:

(b-1) The lines AA^∗, BB^∗, CC^∗ are concurrent and the point P_D of concurrence is the point that minimizes the weighted sum α|P A| + β|P B| + γ|P C|, where α, β, γ are the side lengths of D; see [19, §356, Theorem, pp. 222–223], [8], [31], [30], [2], [4], [9], [10], [11]. The point P_D is known as the generalized

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 173

Fermat-Torricelli point of T corresponding to the weights α, β, γ. For this to be valid, the weights α, β, γ must be realizable as the side lengths of a triangle (X, Y, Z) and, in addition, the angles X, Y , Z must satisfy the conditions A + X, B + Y, C + Z < 180^∘.

(b-2) The triangle formed by the circumcenters of the erected triangles is similar to D, and thus is equilateral when D is; see [27], [28], [29], [24].

(b-2’) The triangle D_0 formed by the centroids of the erected triangles has a shape that depends only on D; see (24) of Theorem 6.2.

(b-3) The sequence T^n_D (A, B, C) either terminates or converges in shape to a triangle D_∞ whose shape depends only on D; see Theorem 6.3.

(b-4) It must come as a pleasant surprise to know that D_0 and D_∞ (of (b-2’) and (b-3)) are similar. In fact, each is a triangle whose side lengths are proportional to xu : yv : zw, where x, y, z are the side lengths of D and u, v, w are the lengths of the medians of D; see Theorems 6.2, 6.3, and 3.3.

Figure 2. The Torricelli configuration, where A^∗BC, AB^∗C, ABC^∗ are similar to XY Z

In view of the above, the special role played by the circumcenter as manifested in (b-2) is now counterparted by a role of the centroid that, in view of (b-2’), (b-3), (b-4), is even more special. Also, the relation between the shapes of D_0 and D_∞ and that of D (as described in (b-4)) seems to be too intricate to be captured by geometric methods. Thus we do not expect the results above to have purely geometric proofs.

Another popular configuration arises when the erected triangles (A, B, C^′), (B, C, A^′), (C, A, B^′) (and not (A, B, C^′), (A^′, B, C), (A, B^′, C)) are required to be similar to D; see Figure 3 where the same T and D of Figure 2 are used. This configuration

174 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

Figure 3. The Napoleon configuration, where ABC^′, BCA^′, CAB^′ are similar to XY Z

coincides with the previous one when D is equilateral. In this configuration, we have the following:

(c-1) The lines AA^′, BB^′, CC^′ are concurrent if and only if D = (X, Y, Z) is isosceles at Z, i.e., has ZX = ZY ; see [7, §D.11, p. 101] and [13]. It is worth mentioning that the point P_D of concurrence traces, as D ranges over all triangles (X, Y, Z) that are isosceles at Z, what is known as the Kiepert hyperbola; see [19, §357, Theorem, p. 223], [5], [6], and [24].

(c-2) The triangle formed by the centroids of the erected triangles has a shape that depends on both D and T ; see (13) of Theorem 5.2.

(c-3) If we set N_D(A, B, C)=(A^′, B^′, C^′), and apply N_D to (A^′, B^′, C^′), and so on, then the sequence N^n_D(A, B, C) that we obtain either terminates or converges in shape to an equilateral triangle; see Theorem 5.3.

(c-4) N_{D1} and N_{D2} commute for all permissible D_1 and D_2.

The results in (b-3) and (c-3) generalize the results in [15] (where T^n_D = N^n_D is investigated for equilateral D), and [14] (where N^n_D is investigated for degenerate D) and they supplement the results in [33] (where N^n_D is investigated for general D). The result in (c-4) is proved in [32] in the special case when D_1 and D_2 are isosceles. As for (b-2), (b-2’), and (c-2), they raise the question of what happens if other centers are considered. This issue awaits further investigation.

Remark 1.1. The Torricelli and Napoleon configurations above do not have direct analogues in higher dimensions since it is not possible to erect similar dsimplices on the facets of an arbitrary d-simplex even when d = 3. However, some of the properties of these configurations that are listed above can be reformulated in such a way that they hold in higher dimensions. This is already done for some of these properties in [25] and [16], where interesting results are obtained. One hopes that the same can be done for the remaining properties.

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 175

2. Basic definitions

We adhere to the notation used in [17] and [15]. Thus we identify the Euclidean plane with the plane C of complex numbers, and we define a triangle to be any ordered triple (A, B, C) of points in C. A triangle (A, B, C) is said to be degenerate if A, B, C are collinear, and is said to be trivial if A = B = C. We avoid denoting a triangle (A, B, C) by ABC and we reserve ABC to stand for the product of the complex numbers A, B, C. Similarly, we let (A, B) denote the line segment that joins A and B.

If a triangle (A, B, C) is non-degenerate, then we call it negatively (respectively, positively) oriented if the movement A → B → C → A is clockwise (respectively, counter-clockwise). If (A, B, C) is degenerate, then we can simply declare that it does not have a well-defined orientation. However, it may be convenient to think of a degenerate triangle (A, B, C) as having a copy that is positively oriented and another copy that is negatively oriented. These two triangles have the same vertex sequence (A, B, C) and are referred to as the positively and negatively oriented triangles (A, B, C). If needed, one may denote them by (A, B, C)^+ and (A, B, C)^−, respectively.

Two non-trivial triangles (A, B, C) and (A^′, B^′, C^′) are said to be directly similar or simply similar if they have the same orientation and if

|A − B| : |B − C| : |C − A| = |A^′ − B^′| : |B^′ − C^′| : |C^′ − A^′|.

Here |A − B| denotes the length of the line segment (A, B).

3. The shape function ϕ

A shape function is any function Ψ from the set of non-trivial triangles to the extended complex plane C_∞ = C ∪ {∞} having the property that

Ψ(T ) = Ψ(T^′) ⇐⇒ T and T^′ are similar.

June Lester’s shape function S (introduced and investigated in [21], [22], [23]) is defined by

S(A, B, C) =

A − B A − C , where the right-hand side is ∞ if C = A ≠ B. The shape function ϕ defined by

ϕ(A, B, C) =

A + ζB + ζ^2C A + ζ^2B + ζC

, (1)

where ζ = e^{2πi/3}, was introduced in [15], where it was seen to be more appropriate for handling the Napoleon transformation. These two shape functions are related by the linear fractional relations ϕ = 1 + ζ^2S ζ^2 + S

, S = ζ^2ϕ − 1 ζ^2 − ϕ ,

176 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

and some of their properties and correspondences between them are given in Table 1 in [15]. This table is reproduced, after some minor corrections and additions, later in this paper. Specifically, corrections are made on rows 2, 4, 5, 6, 7, 9, and rows 11–16 are added. These are justified by Theorem 3.1 below and by the fact that

ϕ(B, C, A) = ζ ϕ(A, B, C).

For simplicity, triangle (A, B, C) is referred to in the table as triangle ABC.

Remark 3.1. We shall freely use the obvious fact that if f is a shape function and g is a bijection on the extended complex plane C_∞, then the composition gf is also a shape function. This is true in particular if g is a Möbius transformation. For properties of Möbius transformations, one may consult [12, Chapter 9], [26, Chapter III.6], or any book on complex analysis.

1 ABC and UV W S(ABC) = S(UV W ). ϕ(ABC) = ϕ(UV W ). are similar.

2 ABC and UV W S(ABC) = S(UV W ). ϕ(ABC) ϕ(UV W ) = 1. are anti-similar.

3 ABC is degenerate. S(ABC) is real. ‖ϕ(ABC)‖ = 1.

4 ABC is non-degenerate Im(S) < 0. ‖ϕ(ABC)‖ < 1.

and positively oriented.

5 ABC is non-degenerate Im(S) > 0. ‖ϕ(ABC)‖ > 1.

and negatively oriented.

6 A = C. S(ABC) = ∞. ϕ(ABC) = ζ^2. 7 A = B. S(ABC) = 0. ϕ(ABC) = ζ. 8 B = C. S(ABC) = 1. ϕ(ABC) = 1.

9 ABC is degenerate with S(ABC) = −1. ϕ(ABC) = −1.

AB = AC and B ≠ C.

10 ABC is equilateral. S(ABC) = −ζ or −ζ^2. ϕ(ABC) = 0 or ∞.

11 AB = BC and ∠ABC = 120^∘. S(ABC) = (1 − ζ^2)/3 or (1 − ζ)/3. ϕ(ABC) = −2ζ^2 or −ζ^2/2. 12 AB = AC and ∠BAC = 120^∘. S(ABC) = ζ or ζ^2. ϕ(ABC) = −2 or −1/2. 13 CA = CB and ∠BCA = 120^∘. S(ABC) = 3/(1 − ζ) or 3/(1 − ζ^2). ϕ(ABC) = −2ζ or −ζ/2.

14 AB = AC. ‖S(ABC)‖ = 1. ϕ(ABC) is real. 15 BC = BA. ‖S(ABC)‖ = ‖1 − S(ABC)‖. ϕ(ABC)/ζ^2 is real. 16 CA = CB. ‖1 − S(ABC)‖ = 1. ϕ(ABC)/ζ is real.

Table 1.

Theorem 3.1. Let ϕ be the shape function defined in (1), and let (A, B, C) be a non-trivial triangle. Then

ϕ(A, B, C) = −ζ^2/2 ⇐⇒ ABC is positively oriented and isosceles with

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 177

∠ABC = 120^∘ ϕ(A, B, C) ∈ R ⇐⇒ ABC is isosceles with AB = AC.

Proof. To prove the first statement, apply (1) to the triangle (A, B, C) = (−3, 3, −i √ 3) = (−3, 3, ζ^2 − ζ). This triangle is clearly isosceles with B = 120^∘ and positively oriented.

For the second statement, we may assume A = 0. Then

ϕ(A, B, C) ∈ R ⇐⇒ ζB + ζ^2C ζ^2B + ζC = ζ^2B + ζC ζB + ζ^2C ⇐⇒ (ζ^2 − ζ)BB = (ζ^2 − ζ)CC ⇐⇒ ‖B‖ = ‖C‖,

as desired.

Remark 3.2. For a triangle (A, B, C), we define K, L, M by

3K = A + B + C, 3L = A + ζB + ζ^2C, 3M = A + ζ^2B + ζC. (2)

If (A, B, C) is not trivial, then its shape is given by

ϕ(A, B, C) = L M . It is also easy to see that

(A, B, C) is trivial (i.e., A = B = C) ⇐⇒ L = M = 0. (3)

The next theorem shows how to calculate the shape ϕ(A, B, C) from certain linear dependence relations among A, B, C. It will be used in the next section.

Theorem 3.2. Let (A, B, C) and (α, β, γ) be non-trivial triangles and suppose that α + β + γ = 0. Then

ϕ(α, β, γ) =

−ζ^2(α − ζ^2β) α − ζβ ϕ(A, B, C) = −ϕ(α, β, γ) ⇐⇒ αA + βB + γC = 0.

Here −∞ is understood to be ∞.

Proof.

ϕ(α, β, γ) = α + ζβ + ζ^2γ α + ζ^2β + ζγ = α + ζβ + ζ^2(−α − β) α + ζ^2β + ζ(−α − β) = (1 − ζ^2)α + (ζ − ζ^2)β (1 − ζ)α + (ζ^2 − ζ)β = −ζ^2α + ζβ α − ζβ = −ζ^2(α − ζ^2β) α − ζβ , as claimed in the first statement.

178 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

To prove the second statement, let K, L, M be as in (2). Then

A = K + L + M , B = K + ζ^2L + ζM , C = K + ζL + ζ^2M.

Plugging these in αA + βB + γC and using α + β + γ = 0, we obtain

αA + βB + γC = (α + ζ^2β + ζγ)L + (α + ζβ + ζ^2γ)M.

If M = L = 0, then we obtain the contradiction A = B = C. If M = 0 and L ≠ 0, i.e., if ϕ(A, B, C) = ∞, then

αA + βB + γC = 0 ⇐⇒ (α + ζ^2β + ζγ)L + (α + ζβ + ζ^2γ)M = 0 ⇐⇒ α + ζ^2β + ζγ = 0 ⇐⇒ ϕ(α, β, γ) = ∞.

Thus ϕ(A, B, C) = ∞ ⇐⇒ ϕ(α, β, γ) = ∞. If M ≠ 0, then

αA + βB + γC = 0 ⇐⇒ (α + ζ^2β + ζγ)L + (α + ζβ + ζ^2γ)M = 0 ⇐⇒ L M = −(α + ζβ + ζ^2γ) α + ζ^2β + ζγ ⇐⇒ ϕ(A, B, C) = −ϕ(α, β, γ).

This completes the proof.

Given a triangle D with ϕ(D) = t, the triangle D_∞ with ϕ(T_∞) = t^{−2} will play a special role in Section 6. It is the triangle formed by the centroids of the erected triangles in Figure 2, and it is also the limit of T^n_D (T ) for all T . In view of this, a geometric description of D_∞ in terms of D would be desirable. This is done in Theorem 3.3 below.

Theorem 3.3. Let D and D_∞ be triangles with ϕ(D_∞) = (ϕ(D))^{−2}. If x, y, z are the side lengths of D, and u, v, w are the lengths of the medians of D (in the standard order), then the side lengths of D_∞ are proportional to xu : yv : zw. Proof. Let ϕ(D) = t, and assume that D = (X, Y, Z). Then

ϕ(D_∞) = t^{−2} = � X + ζY + ζ^2Z X + ζ^2Y + ζZ

�_{−2}

= (X^2 + 2Y Z) + ζ(Y^2 + 2XZ) + ζ^2(Z^2 + 2XY ) (X^2 + 2Y Z) + ζ^2(Y^2 + 2XZ) + ζ(Z^2 + 2XY ) = ϕ(X^22Y Z, Y^2 + 2ZX, Z^2 + 2XY ).

The first side length of the triangle (X^2 + 2Y Z, Y^2 + 2ZX, Z^2 + 2XY ) is given by

‖(Z^2 + 2XY ) − (Y^2 + 2ZX)‖ = 2 ‖Z − Y ‖ � �Z + Y 2 − X � � = 2xu.

Similarly for the other sides.

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 179

Corollary 3.1. If x, y, z are the side lengths of a triangle D, and if u, v, w are the lengths of the medians of D (in the standard order), then there is a triangle whose side lengths are xu, yv, zw.

In the context of Corollary 3.1, we recall that the existence and construction of a triangle whose side lengths are u, v, w is quite well known; see for example [19] and [18].

4. General linear transformations of triangles

Throughout this paper, we let ζ = e^{2iπ/3}. We also define P and R (and record P^{−1}) as follows:

P = � � 1 1 1 1 ζ ζ^2 1 ζ^2 ζ � � , P^{−1} = 1 3 � � 1 1 1 1 ζ^2 ζ 1 ζ ζ^2 � � , R = � � 2 0 0 0 −1 0 0 0 −1 � � . (4)

Theorem 4.1. Let A, B, C be complex numbers and let

[A^′ B^′ C^′] = [A B C] M, (5)

where M be a 3 by 3 matrix with complex entries. Let A^∘, B^∘, C^∘, respectively, be the centroids of triangles (A^′, B, C), (A, B^′, C), (A, B, C^′). Let � � K L M K^′ L^′ M^′ K^∘ L^∘ M^∘ � � = � � A B C A^′ B^′ C^′ A^∘ B^∘ C^∘ � � P.

Then

[K^′ L^′ M^′] = [K L M] � P^{−1}MP � , (6) 3 [K^∘ L^∘ M^∘] = [K L M] � P^{−1}MP + R � . (7)

Proof. (6) follows from

[K^′ L^′ M^′] = [A^′ B^′ C^′] P = [A B C] MP = [A B C] P � P^{−1}MP � = [K L M] � P^{−1}MP � . For (7), we have

3 [A^∘ B^∘ C^∘] = [A^′ + B + C A + B^′ + C A + B + C^′]

= [A B C] H + [A^′ B^′ C^′] , where H = � � 0 1 1 1 0 1 1 1 0 � � = [A B C] H + [A B C] M = [A B C] (H + M).

180 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

Therefore

3 [K^∘ L^∘ M^∘] = 3 [A^∘ B^∘ C^∘] P = [A B C] (H + M)P = [A B C] PP^{−1}(H + M)P = [A B C] P � P^{−1}HP + P^{−1}MP � = [K L M] � R + P^{−1}MP � , as desired.

5. The generalized Napoleon transformation ND

Fix a non-trivial triangle D = (X, Y, Z). For a triangle (A, B, C), we would like to define N_D(A, B, C) to be the triangle (A^′, B^′, C^′) for which the triangles (A, B, C^′), (B, C, A^′), (C, A, B^′) are similar to D = (X, Y, Z); see Figure 3. Theorem 5.1 below shows that we have to restrict ourselves to triangles D = (X, Y, Z) in which X ≠ Y , and to triangles (A, B, C) in which no two vertices coincide. Note that [15] is concerned with the transformation N_D(A, B, C) and its iterations in the special case when D is equilateral.

Theorem 5.1. Let D = (X, Y, Z), T = (A, B, C) be non-trivial triangles, and let t = ϕ(D). Then there exist points A^′, B^′, C^′ such that the triangles (A, B, C^′), (B, C, A^′), (C, A, B^′) are similar to D if and only if

(i) X ≠ Y (i.e., t ≠ ζ), (8) (ii) no two vertices of (A, B, C) coincide (i.e., ϕ(T ) /∈ {1, ζ, ζ^2}). (9)

When these conditions hold, A^′, B^′, C^′ are unique and given by

[A^′ B^′ C^′] = [A B C]M, M = 1 ζ(t−ζ) � � 0 ζ(1−ζt) 1−t 1−t 0 ζ(1−ζt) ζ(1−ζt) 1−t 0 � �. (10)

Proof. The case when D is equilateral is trivial and completely studied in [15], as mentioned earlier. Thus we assume that D is not equilateral, i.e., t /∈ {0, ∞}.

Suppose that there exist triangles (A, B, C^′), (B, C, A^′), (C, A, B^′) that are similar to D = (X, Y, Z). We are to prove (i) and (ii).

If A = B, then the assumption that (A, B, C^′) is similar to (B, C, A^′) would imply that B = C, leading to the contradiction A = B = C. Thus A ≠ B. Similarly, B ≠ C and C ≠ A. This proves (ii).

To prove (i), note that if (A, B, C^′) is non-trivial, then

(A, B, C^′) is similar to D ⇐⇒ ϕ(A, B, C^′) = t ⇐⇒ A + ζB + ζ^2C^′ A + ζ^2B + ζC^′ = t ⇐⇒ ζ(t − ζ)C^′ = (1 − t)A + ζ(1 − ζt)B. (11)

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 181

Thus if X = Y , then t = ζ, by row 7 of Table 1, and (1 − ζ)A + ζ(1 − ζ^2)B = 0. Therefore A = B, contradicting (ii). Thus X ≠ Y . This proves (i). Conversely, suppose that (i) and (ii) are satisfied. Then t ≠ ζ and therefore there exists C^′ such that ζ(t − ζ)C^′ = (1 − t)A + ζ(1 − ζt)B. For this C^′, it follows from (11) that either (A, B, C^′) is trivial or (A, B, C^′) is similar to (X, Y, Z). By (ii), (A, B, C^′) is non-trivial and therefore (A, B, C^′) is similar to (X, Y, Z). Similarly for the other two triangles.

The last statement follows from (11) and analogous statements for A^′ and B^′.

Definition 5.1. Let D = (X, Y, Z) be a triangle in which X ≠ Y . For any triangle T = (A, B, C) with pairwise distinct vertices, the D-Napoleon triangle N_D(T ) of T is defined to be the triangle (A^′, B^′, C^′) where A^′, B^′, C^′ are as given in (10). In other words, (A^′, B^′, C^′) is the triangle for which the triangles (A, B, C^′), (B, C, A^′), (C, A, B^′) are similar to D.

Remark 5.1. Let D = (X, Y, Z) be a triangle in which X ≠ Y . Theorem 5.2 below expresses ϕ(N_D(T )) in terms of ϕ(T ) for every triangle T with pairwise distinct vertices and thus makes the study of the sequence N^n_D(T ) a simple matter. There are, however, some technicalities that must be taken care of first. First, since ϕ is not defined for a trivial triangle, we must answer the question of when N_D(T ) is trivial. Secondly, we must answer the question of when two vertices of N_D(T ) coincide since in that case N^2_D(T ) will be undefined. Both questions are answered in Theorem 5.2.

Theorem 5.2. Let D = (X, Y, Z) be a triangle in which X ≠ Y and let T = (A, B, C) be a triangle in which no two vertices coincide. Let N_D(T ) = (A^′, B^′, C^′), and let A^∘, B^∘, C^∘ be the centroids of triangles (B, C, A^′), (C, A, B^′), (A, B, C^′), respectively. Let t = ϕ(D). Then

(A^′, B^′, C^′) is trivial ⇐⇒ (A, B, C) and (X, Y, Z) have the same orientation, (A, B, C) is equilateral, and (X, Y, Z) is isosceles with ∠Y ZX = 120^∘. (12) (A^∘, B^∘, C^∘) is trivial ⇐⇒ (A, B, C) and (X, Y, Z) are equilateral and have the same orientation.

If (A^′, B^′, C^′) is not trivial, then

ϕ(A^′, B^′, C^′) =

−(t + 2ζ) 2t + ζ ϕ(A, B, C), (13) and � �−(t + 2ζ) 2t + ζ � �^2 = 1 + 3 (1 − ‖t‖^2) ‖2t + ζ‖^2

. (14)

182 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

If (A^∘, B^∘, C^∘) is not trivial, then

ϕ (A^∘, B^∘, C^∘) = −ζ t ϕ(A, B, C). (15)

In particular,

(A^′, B^′, C^′) is equilateral ⇐⇒ (A, B, C) is equilateral or (X, Y, Z) is isosceles with ∠Y ZX = 120^∘.

(A^∘, B^∘, C^∘) is equilateral ⇐⇒ (A, B, C) or (X, Y, Z) is equilateral. Also, two vertices of (A^′, B^′, C^′) coincide if and only if

ϕ(A, B, C) =

−ζ^i(2t + ζ) t + 2ζ for some i, where the values i = 0, 1, 2 correspond to B^′ = C^′, A^′ = B^′, C^′ = A^′, respectively.

Proof. Following the notation of Theorem 4.1, we let � � K L M K^′ L^′ M^′ K^∘ L^∘ M^∘ � � = � � A B C A^′ B^′ C^′ A^∘ B^∘ C^∘ � � P,

where P is as given in (4). Then using (6), (7), (10), we see that

[K^′ L^′ M^′] = [K L M] Diag � 1 t + 2ζ t − ζ

−(2t + ζ) t − ζ � , (16)

[K^∘ L^∘ M^∘] = [K L M] Diag � 1 ζ t − ζ −t t − ζ � , (17)

where Diag[a b c] stands for the diagonal matrix with a, b, c on its main diagonal. Thus (A^′, B^′, C^′) is trivial ⇐⇒ L^′ = M^′ = 0 (by (3)) ⇐⇒ (t + 2ζ)L

t − ζ = (2t + ζ)M t − ζ = 0 ⇐⇒ (t = −2ζ or L = 0) and (t = −ζ/2 or M = 0) ⇐⇒ (L = 0 and t = −ζ/2) or (M = 0 and t = −2ζ) ⇐⇒ (ϕ(T ) = 0 and ϕ(D) = −ζ/2) or (ϕ(T ) = ∞ and ϕ(D) = −2ζ) , as claimed. Similarly,

(A^∘, B^∘, C^∘) is trivial ⇐⇒ L^∘ = M^∘ = 0 ⇐⇒ ζL t − ζ = −tM t − ζ = 0 ⇐⇒ (L = 0 or t = ∞) and (M = 0 or t = 0) ⇐⇒ (L = 0 and t = 0) or (M = 0 and t = ∞) ⇐⇒ (ϕ(T ) = ϕ(D) = 0) or (ϕ(T ) = ϕ(D) = ∞) ,

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 183

as claimed.

The statement (13) follows from ϕ(A^′, B^′, C^′) = L^′/M^′ and (16); (15) follows from ϕ(A^∘, B^∘, C^∘) = L^∘/M^∘ and (17); and (14) follows from � �−(t + 2ζ)

2t + ζ � �^2 − 1 = (t + 2ζ)(t + 2ζ^2) − (2t + ζ)(2t + ζ^2) ‖2t + ζ‖^2 = 3 (1 − ‖t‖^2) ‖2t + ζ‖^2 . The last statement follows from (13) and the facts that B^′ = C^′ ⇐⇒ ϕ(A^′, B^′, C^′) = 1, etc.

Remark 5.2. Let us now study separately the case when D = (X, Y, Z) is degenerate. Since X ≠ Y , we may assume that (X, Y, Z) = (0, 1, s) for some real s. The relation between s and t = ϕ(D) is given by

t = ϕ(D) = ζ + sζ^2 ζ^2 + sζ = sζ + 1 s + ζ , or equivalently s = 1 − tζ t − ζ

. (18)

Letting N_D(A, B, C) = (A^′, B^′, C^′) be the D-Napoleon triangle of (A, B, C), we see that A^′, B^′, C^′ are the points that divide the sides (B, C), (C, A), (A, B) in the ratio s : 1 − s. Thus (A^′, B^′, C^′) is what is referred to in [14] as the s-medial triangle of (A, B, C). In other words, N_D = M_s, where t = ϕ(D) and s are related by (18). The sequence M^n_s (T ) of s-medial triangles is studied in detail in [14]. In particular, we mention the fact that the sequence M^n_s (T ) converges in shape if and only if T is equilateral or s = 1/2. To see this once more, we use (13) and (14) and the fact that ‖t‖ = 1 (because D is degenerate) to conclude that ϕ (M^n_s (A, B, C)) = c^n ϕ(A, B, C), where c = −(t + 2ζ) 2t + ζ . Since ‖c‖ = 1, it follows that ϕ (M^n_s (A, B, C)) converges if and only if ϕ(A, B, C) = 0, ϕ(A, B, C) = ∞, or c = 1. Using (18), we see that c = 1 ⇐⇒ t = −ζ ⇐⇒ s = 1/2, as claimed.

In view of the remark above, we can assume that D is non-degenerate, i.e., ‖t‖ ≠ 1. We can also exclude the exceptional cases mentioned in (12) in Theorem 5.2. We also mention that when D is equilateral, then we obtain the ordinary (positive and negative) Napoleon triangles of (A, B, C) studied in [15].

Theorem 5.3. Let D = (X, Y, Z) be a non-degenerate triangle, and let T = (A, B, C) be a triangle with pairwise distinct vertices.

(i) If D and T have the same orientation with T equilateral and D isosceles with ∠Y ZX = 120^∘, then N_D(T ) is trivial.

184 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

(ii) If there exist positive integers j and k such that

ϕ(T ) = ζ^j � 2t + ζ −(t + 2ζ)

�_k

, (19)

then the sequence N^n_D(T ) terminates at the stage when n is the smallest such k. (iii) Otherwise, the sequence N^n_D(T ) converges in shape to an equilateral triangle whose orientation is opposite to that of D.

Proof. To prove (ii), let k be the smallest positive integer satisfying (19). Using (13), we see that k is the smallest positive integer such that ϕ � N^k_D(T ) � ∈ {1, ζ, ζ^2}, and N^n_D(T ) terminates at n = k.

For (iii), suppose that there is no k such that ϕ � N^k_D(T ) � ∈ {1, ζ, ζ^2}. Thus the sequence does not terminate. Using (14), we see that the limit of ϕ (N^n_D(T )), as n → ∞, is ∞ if ‖t‖ < 1 and 0 if ‖t‖ > 1. Thus N^n_D(T ) converges to an equilateral triangle whose orientation is opposite to that of D.

We conclude this section by proving that N_{D1} and N_{D2} commute for all feasible D_1 and D_2. This was proved in [32, Remark 1, p. 128] in the special case when D_1 and D_2 are isosceles.

Theorem 5.4. Let D_1 = (X_1, Y_1, Z_1) and D_2 = (X_2, Y_2, Z_2) be non-trivial triangles in which X_1 ≠ Y_1 and X_2 ≠ Y_2. Then N_{D1} (N_{D2} ) = N_{D2} (N_{D1} ).

Proof. Let t_1 = ϕ(D_1), t_2 = ϕ(D_2), and let M be the matrix given in (10). Let M_1, M_2 be obtained from M by replacing t by t_1, t_2, respectively. Then N_{D2} (N_{D1} (A, B, C)) = [A B C]M_1M_2. Direct calculations show that ζ^2(t_1 − ζ)(t_2 − ζ)M_1M_2 is the circulant matrix whose first row is [ζ(1 − ζt_1)(1 − t_2) + ζ(1 − ζt_2)(1 − t_1) (1 − t_1)(1 − t_2) ζ^2(1 − ζt_1)(1 − ζt_2)]. Thus M_1M_2 = M_2M_1 and therefore N_{D2} (N_{D1} ) = N_{D1} (N_{D2} ), as desired.

6. The generalized Torricelli transformation TD

We now turn to the Torricelli transformation T_D(T ) shown in Figure 2, and we study the sequence of iterations T^n_D (T ). We see that T^n_D (T ) either terminates or converges, in shape. Unexpectedly, the limiting shape is not that of an equilateral triangle, but that of a triangle whose shape depends only on that of D.

Our first theorem shows that for T^n_D (T ) to be defined, we must restrict ourselves to triangles D and T in which no two vertices coincide.

Theorem 6.1. Let D = (X, Y, Z) and T = (A, B, C) be non-trivial triangles and let t = ϕ(D).

If no two vertices of D coincide (i.e., t /∈ {1, ζ, ζ^2}), then there exist points A^∗, B^∗, C^∗ such that the triangles (A, B, C^∗), (A, B^∗, C), (A^∗, B, C) are similar

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 185

to D if and only if no two vertices of T coincide. In this case, A^∗, B^∗, C^∗ are unique and given by

[A^∗ B^∗ C^∗] = [A B C] M, M = � � � 0^{−ζ(t−1)}_{t−ζ2}^{−ζ2(t−1)}_{t−ζ}

−ζ^2(t−ζ^2)

t−1 0^{−ζ(t−ζ2)}_{t−ζ}

−ζ(t−ζ) t−1 −ζ^2(t−ζ) t−ζ^2 0

� � � . (20)

If Y = Z, then such points A^∗, B^∗, C^∗ exist if and only if B = C, in which case B^∗ = C^∗ = B = C and A^∗ is any point different from B = C. Similar statements hold for the cases Z = X and X = Y .

Proof. Suppose that the vertices of D are distinct, i.e., t /∈ {1, ζ, ζ^2}.

If there exist points A^∗, B^∗, C^∗ such that the triangles (A, B, C^∗), (A, B^∗, C), (A^∗, B, C) are similar to D, then clearly A, B, C must be distinct, and (20) follows directly from the equations

ϕ(A, B, C^∗) = ϕ(A, B^∗, C) = ϕ(A^∗, B, C) = t

and the definition of ϕ.

Conversely, if A, B, C are distinct, we define A^∗, B^∗, C^∗ by (20), and we verify that (A, B, C^∗), (A, B^∗, C), (A^∗, B, C) are similar to D.

The last statement about Y = Z etc. is immediate.

In view of the last statement in Theorem 6.1, we restrict our attention in the next definition to the cases when each of D and T has distinct vertices.

Definition 6.1. Let D = (X, Y, Z) and T = (A, B, C) be triangles in which no two vertices coincide. Then the D-Torricelli triangle T_D(T ) of T is defined to be the triangle (A^∗, B^∗, C^∗) whose vertices A^∗, B^∗, C^∗ are as given in (20). In other words, (A^∗, B^∗, C^∗) is the triangle for which the triangles (A, B, C^∗), (A, B^∗, C), (A^∗, B, C) are similar to D.

Theorem 6.2. Let D = (X, Y, Z) and T = (A, B, C) be triangles in which no two vertices coincide. Let T_D(T ) = (A^∗, B^∗, C^∗) be the D-Torricelli triangle of T , and let A^⊚, B^⊚, C^⊚ be the centroids of the triangles (A^∗, B, C), (A, B^∗, C), (A, B, C^∗), respectively. Let T^∗ = (A^∗, B^∗, C^∗) and T^⊚ = (A^⊚, B^⊚, C^⊚). Let t = ϕ(D), and let ψ be the shape function defined by ψ = −t^2ϕ + 1

ϕ − t

; (21)

see Remark 3.1. Then (A^∗, B^∗, C^∗) is never trivial and

ϕ(A^∗, B^∗, C^∗) =

−(t^3 + 2)ϕ(A, B, C) + 3t (2t^3 + 1) − 3t^2ϕ(A, B, C)

, (22)

ψ(A^∗, B^∗, C^∗) = −1 2 ψ(A, B, C). (23)

186 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

Also, (A^⊚, B^⊚, C^⊚) is trivial if and only if (A, B, C) and (X, Y, Z) are similar, in which case (A^∗, B^∗, C^∗) = (A, B, C). Otherwise, ϕ � A^⊚, B^⊚, C^⊚ � = 1 t^2

. (24)

In particular,

(A^∗, B^∗, C^∗) is equilateral ⇐⇒ ϕ(A, B, C) = 3t t^3 + 2 or 2t^3 + 1 3t^2 , � A^⊚, B^⊚, C^⊚ � is equilateral ⇐⇒ (X, Y, Z) is equilateral.

Proof. We adhere to the notation of Section 3 with the understanding that (i) A^′, B^′, C^′, K^′, L^′, M^′ are to be replaced by A^∗, B^∗, C^∗, K^∗, L^∗, M^∗, (ii) A^∘, B^∘, C^∘, K^∘, L^∘, M^∘ are to be replaced by A^⊚, B^⊚, C^⊚, K^⊚, L^⊚, M^⊚, (iii) M is as given in (20). Then it follows from (6) and (7) by direct calculations of P^{−1}MP and P^{−1}MP + R that

[K^∗ L^∗ M^∗] (t^3 − 1) = [K L M] � � t^3 − 1 0 0 3t t^3 + 2 3t^2 −3t^2 −3t −(2t^3 + 1) � �(25)

� K^⊚ L^⊚ M^⊚ � (t^3 − 1) = [K L M] � � t^3 − 1 0 0

t 1 t^2 −t^2 −t −t^3 � � . (26)

Hence

(A^∗, B^∗, C^∗) is trivial ⇐⇒ L^∗ = M^∗ = 0 ⇐⇒ −(t^3 + 2)L + 3tM = (2t^3 + 1)M − 3t^2L = 0 ⇐⇒ L M = 3t t^3 + 2 = 2t^3 + 1

3t^2 =⇒ 3t(3t^2) = (t^3 + 2)(2t^3 + 1) ⇐⇒ t^6 − 2t^3 + 1 = 0 ⇐⇒ t^3 = 1 ⇐⇒ t ∈ {1, ζ, ζ^2},

contradicting the assumption that no two vertices of D coincide. Therefore (A^∗, B^∗, C^∗) is never trivial.

(22) follows immediately from ϕ(A^∗, B^∗, C^∗) = L^∗/M^8 and (25). Also (23) follows directly from (22) and (21), Also,

(A^⊚, B^⊚, C^⊚) is trivial ⇐⇒ L^⊚ = M^⊚ = 0 ⇐⇒ L − tM = t^2(L − tM) = 0 ⇐⇒ L − tM = 0 ⇐⇒ L M = t ⇐⇒ ϕ(T ) = t.

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 187

Therefore (A^⊚, B^⊚, C^⊚) is trivial if and only if T and D are similar. In this case, it is clear that (A^∗, B^∗, C^∗) = (A, B, C) and (A^⊚, B^⊚, C^⊚) = (G, G, G), where G is the centroid of (A, B, C). Otherwise, (24) follows from ϕ(A^⊚, B^⊚, C^⊚) = L^⊚/M^⊚ and (26).

The last statements follow from (22) and (24).

Remark 6.1. It is worth explaining how ψ in (21) came about. Following the procedure used in solving a system of two linear difference equations in two variables, we form the matrix M = � t^3 + 2 −3t 3t^2 −(2t^3 + 1) � of (22). It is routine to see that the zeros of the characteristic equation of M are t^3 − 1 and −2(t^3 − 1). The corresponding eigenvectors are (−t^2, 1) and (1, −t). Thus we introduce the new shape function ψ defined by (21) and we see that

ψ(A^∗, B^∗, C^∗) = t^3 − 1 −2(t^3 − 1) ψ(A, B, C) = −1 2 ψ(A, B, C),

as claimed.

The shape function ψ introduced in Theorem 6.2 is useful in deciding whether the sequence T^n_D (T ) converges in shape. Here we note that (23) is valid provided that ϕ(A, B, C) /∈ {1, ζ, ζ^2}, i.e., ψ(A, B, C) /∈ Ω = {t + 1, ζ(t + ζ), ζ^2(t + ζ^2)}. Thus for T_D(T ) to be defined, ψ(T ) should not belong to Ω. Similarly, for T^2_D(T ) to be defined, ψ(T^∗) /∈ Ω, i.e., ψ(T ) /∈ −2Ω. Thus, for the sequence T^n_D (T ) to be defined for all n, ψ(T ) must not belong to the set ∞� n=0 � (−2)^n(1 + t), (−2)^nζ(t + ζ), (−2)^nζ^2(t + ζ^2) � . Equivalently, ϕ(T ) must not belong to the set ∞� 0 � (−2)^nω(t + ω) + 1 t^2 + (−2)^nω(t + ω)

: ω ∈ Ω � . Thus we have proved:

Theorem 6.3. Let D = (X, Y, Z) and T = (A, B, C) be triangles in which no two vertices coincide. Let t = ϕ(D), and let ψ be as defined in (21).

(i) If (A, B, C) is similar to D, then T^n_D (T ) is identical with (A, B, C) for all n. (ii) If there exists a non-negative integer k and an ω ∈ {1, ζ, ζ^2} such that

ϕ(A, B, C) =

(−2)^kω(t + ω) + 1 t^2 + (−2)^nω(t + ω) , then the sequence T^n_D (T ) terminates when n equals the smallest such k.

188 M. Hajja: Generalized Napoleon and Torricelli Transformations . . .

(iii) Otherwise, the sequence T^n_D (T ) converges in shape to a triangle D_∞ with

ϕ (D_∞) = 1 t^2 .

With an eye on Theorem 5.4, we conclude this section by mentioning that T_{D1} and T_{D2} do not commute, even shape-wise, when D_1 and D_2 have different shapes. This follows by using (22) to calculate ϕ(T_{D1} (T_{D2} (T ))) and ϕ(T_{D2} (T_{D1} (T ))) and compare the two results.

Acknowledgments. The author is supported by a research grant from Yarmouk University, and is grateful for this grant. He is also grateful to Professor Horst Martini for valuable suggestions and to Mostafa and Saja Hayajneh for carefully reading an earlier draft and making several corrections and suggestions.

References

[1] Boltyanski, V.; Martini, H.; Soltan, V.: Geometric Methods and Optimization Problems. Kluwer Academic Publishers, Dordrecht 1999. Zbl 0933.90002 [2] Chorlton, F.: The generalised Steiner point for a triangle. Math. Gaz. 75 (1991), 440–441.

[3] Coxeter, H. S. M.: Introduction to Geometry. John Wiley & Sons, Inc., New York 1961. Zbl 0095.34502 [4] De Villiers, M. D.: A generalisation of the Fermat-Torricelli point. Math.

Gaz. 79 (1995), 374–378.

[5] Eddy, R. H.; Fritsch, R.: The conics of Ludwig Kiepert. A comprehensive lesson in the geometry of the triangle. Math. Mag. 67 (1994), 188–205. Zbl 0821.51020 [6] Eddy, R. H.; Fritsch, R.: On a problem of Bottema and van Hoorn. Nieuw.

Arch. Wiskd. IV. Ser. 13 (1995), 165–172. Zbl 0838.51011 [7] Gibbins, N. M.: The eternal triangle. Math. Gaz. 18 (1934), 95–104. JFM 60.1245.02 [8] Greenberg, I.; Robertello, R. A.: The three factory problem. Math. Mag. 38 (1965), 67–72. Zbl 0135.20603 [9] Gueron, Sh.; Tessler, R.: The Fermat-Steiner problem. Am. Math. Mon. 109 (2002), 443–451. Zbl 1026.51009 [10] Ha, N. M.: Extending the Fermat-Torricelli problem. Math. Gaz. 86 (2002), 316–321.

[11] Ha, N. M.: An elementary proof of the generalised Fermat problem. Math.

Gaz. 92 (2008), 141–147.

[12] Hahn, L.-s.: Complex Numbers and Geometry. Mathematical Association of America, Washington, D. C. 1994. Zbl 0848.30001 [13] Hajja, M.: The Kiepert triangle. (in preparation).

M. Hajja: Generalized Napoleon and Torricelli Transformations . . . 189

[14] Hajja, M.: On nested sequences of triangles. Result. Math. (to appear). [15] Hajja, M.; Martini, H.; Spirova, M.: On converses of Napoleon’s theorem and a modified shape function. Beitr. Algebra Geom. 47(2) (2006), 363–383. Zbl 1116.51013 [16] Hajja, M.; Martini, H.; Spirova, M.: New extensions of Napoleon’s theorem to higher dimensions. Beitr. Algebra Geom. 49(1) (2008), 253–264. Zbl 1142.51015 [17] Hajja, M.; Spirova, M.: A characterization of the centroid using June Lester’s shape function. Forum Geom. 6 (2006), 53–55. Zbl 1123.51018 [18] Ismailescu, D.; Jacobs, J.: On sequences of nested triangles. Period. Math.

Hung. 53(1–2) (2006), 169–184. Zbl 1127.52019 [19] Johnson, R. A.: Advanced Euclidean Geometry. Dover Publications, Inc., New York 1960. Zbl 0090.37301 [20] Kupitz, Y. S.; Martini, M.: Geometric aspects of the generalized Fermat- Torricelli problem. In: I. Bárány and K. Böröczky (eds.): Intuitive Geometry (Budapest 1995), Janos Bolyai Mathematical Society. Bolyai Soc. Math. Stud. 6 (1997), 35–127. Zbl 0911.51021 [21] Lester, J. A.: Triangles I: Shapes. Aequationes Math. 52 (1996), 30–54. Zbl 0860.51009 [22] Lester, J. A.: Triangles II: Complex triangle coordinates. Aequationes Math.

52 (1996), 215–245. Zbl 0860.51010 [23] Lester, J. A.: Triangles III: Complex triangle functions. Aequationes Math.

53 (1997), 4–35. Zbl 0868.51018 [24] Martini, H.: On the theorem of Napoleon and related topics. Math. Semesterber. 43 (1996), 47–64. Zbl 0864.51009 [25] Martini, H.; Weissbach, B.: Napoleon’s theorem with weights in n-space.

Geom. Dedicata 74 (1999), 213–223. Zbl 0920.51008 [26] Pedoe, D.: Circles: A Mathematical View. MAA, Washington, D. C. 1995. Zbl 0830.51001 [27] Rigby, J. F.: Napoleon revisited. J. Geom. 33(1–2) (1988), 129–146. Zbl 0655.52003 [28] Suzuki, F.: Some properties of a triangle and a point. Math. Gaz. 87 (2003), 548–552.

[29] Suzuki, F.: Generalizations of the Napoleon theorems, and triangles circumscribing a given triangle. Math. Gaz. 92 (2008), 115–124.

[30] Tong, J.; Chua, Y. S.: The generalized Fermat’s point. Math. Mag. 68 (1995), 214–215. Zbl 0837.51006 [31] Van de Lindt, W. J.: A geometrical solution of the three factory problem.

Math. Mag. 39 (1966), 162–165. Zbl 0145.41301 [32] Van Lamoen, F. M.; Yiu, P.: The Kiepert pencil of Kiepert Hyperbolas. Forum Geom. 1 (2001), 125–132. Zbl 0986.51024

190 M. Hajja: Generalized Napoleon and Torricelli Transformations . . . [33] Ziv, B.: Napoleon-like configurations and sequences of triangles. Forum Geom. 2 (2002), 115–128. Zbl 1022.51015

Received October 5, 2008