Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 51 (2010), No. 1, 251-261.

Characterizing Certain Staircase Convex Sets in R^d

Marilyn Breen

The University of Oklahoma Norman, Oklahoma 73019 U.S.A.

e-mail: mbreen@ou.edu

Abstract. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪· · ·∪C_n. Let T ⊆ S. The set T lies in a staircase convex subset of S if and only if for every a, b in T there is an a−b staircase path in S. This result, in turn, yields necessary and sufficient conditions for S to be a union of k staircase convex sets, k ≥ 1. Analogous results characterize S as a union of k staircase starshaped sets.

Further, when d ≥ 3, the set S above will be staircase convex if and only if for every chain A of boxes in C, each projection of A into a coordinate hyperplane is staircase convex.

Finally, if S is any orthogonal polytope in R^d, d ≥ 2, S is staircase convex if and only if, for every j-flat F parallel to a coordinate flat, F ∩ S is connected, 1 ≤ j ≤ d − 1. MSC 2000: 52.A30, 52.A35 Keywords: orthogonal polytopes, staircase convex sets, staircase starshaped sets

1. Introduction

We begin with some definitions from [2] and [3]. A set B in R^d is called a box if and only if B is a convex polytope (possibly degenerate) whose edges are parallel to the coordinate axes. A set S in R^d is an orthogonal polytope if and only if S is a connected union of finitely many boxes. Let λ be a simple polygonal path in

0138-4821/93 $ 2.50 © 2010 Heldermann Verlag

252 M. Breen: Staircase Convex Sets in R^d

R^d whose edges are parallel to the coordinate axes. For x, y in S, the path λ is called an x − y path in S if and only if λ lies in S and contains the points x and y; λ is an x − y geodesic in S if and only if λ is an x − y path of minimal length in S. (Clearly an x − y geodesic need not be unique.) The path λ is a staircase path if and only if no two of its edges have opposite directions. That is, for each standard basis vector e_i, 1 ≤ i ≤ d, all the edges of λ parallel to e_i have the same direction. For convenience of notation, we use e_i or −e_i to indicate the associated direction. Clearly if λ is a staircase path in S with endpoints x and y, then λ is an x−y geodesic in S. Moreover, if S contains an x−y staircase path, then every x − y geodesic in S is an x − y staircase.

For points x and y in a set S, we say x sees y (x is visible from y) via staircase paths if and only if there is a staircase path in S that contains both x and y. A set S is staircase convex (orthogonally convex) if and only if for every pair x, y in S, x sees y via staircase paths. Similarly, a set S is staircase starshaped (orthogonally starshaped) if and only if for some point p in S, p sees each point of S via staircase paths. The set of all such points p is the staircase kernel of S. For a set S in the plane, S is called horizontally convex if and only if for each x, y in S with [x, y] horizontal, it follows that [x, y] ⊆ S. Vertically convex is defined analogously. Using a result by Motwani et al. [13, Lemma 1], an orthogonal polygon S in the plane is staircase convex if and only if S is both horizontally convex and vertically convex.

We will use a few standard terms from graph theory. For F = {C_1, . . . , C_n} a finite collection of distinct sets, the intersection graph G of F has vertex set c_1, . . . , c_n. Further, for 1 ≤ i < j ≤ n, the points c_i, c_j determine an edge in G if and only if the corresponding sets C_i, C_j in F have a nonempty intersection. A graph G is a tree if and only if G is connected and acyclic. A sequence v_1, . . . , v_k of vertices in G is a walk if and only if each consecutive pair v_i, v_{i+1} determines an edge of G, 1 ≤ i ≤ k − 1. A walk v_1, . . . , v_n is a path if and only if its points are distinct.

Finally, for B_1, . . . , B_n a collection of distinct boxes in R^d, we say that their union is a chain of boxes (relative to our ordering) if and only if the intersection graph of {B_1, . . . , B_n} is the path b_1, . . . b_n (where b_i represents the set B_i in the intersection graph, 1 ≤ i ≤ n). That is, relative to our labeling, for 1 ≤ i < j ≤ k, B_i ∩ B_j ≠ ∅ if and only if j = i + 1.

Many results in convexity that involve the usual notion of visibility via straight line segments have interesting analogues that instead use the idea of visibility via staircase paths. For example, the familiar Krasnosel’skii theorem [8] says that, for a nonempty compact set S in the plane, S is starshaped via segments if and only if every three points of S see via segments in S a common point. In the staircase analogue [1], for a nonempty simply connected orthogonal polygon S in R^2, S is staircase starshaped if and only if every two points of S see via staircase paths in S a common point. Moreover, in an interesting study involving rectilinear spaces, Chepoi [4] has generalized the planar result to any finite union S of boxes in R^d whose corresponding intersection graph is a tree. In this paper, we examine such a union S of boxes in R^d and extend other planar results to S, obtaining necessary

M. Breen: Staircase Convex Sets in R^d 253

and sufficient conditions for S to be a union of k staircase convex (or k staircase starshaped) sets. Finally, we generalize a planar result [13, Lemma 1] to give necessary and sufficient conditions for an arbitrary union of boxes in R^2 to be staircase convex.

We will use the following terminology. For convenience, we call each of the hyperplanes {(x_1, . . . , x_d) : x_i = 0}, 1 ≤ i ≤ d, a coordinate hyperplane. Similarly, any intersection of coordinate hyperplanes will be a coordinate flat, while any projection of R^d onto a coordinate hyperplane will be a coordinate projection. If λ is a simple path containing points x and y, then λ(x, y) will denote the subpath of λ from x to y (ordered from x to y). Readers may refer to Valentine [14], to Lay [10], to Danzer, Grünbaum, Klee [5], to Eckhoff [6], to Martini and Soltan [11], and to Martini and Wenzel [12] for discussions concerning visibility via straight line segments and starshaped sets. Readers may refer to Harary [7] for information on intersection graphs, trees, and other graph theoretic concepts.

2. The results

We begin with a lemma.

Lemma 1. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ · · · ∪ C_n. Set S is staircase convex if and only if, for every chain A of boxes in C, A is staircase convex.

Proof. We begin with some preliminary comments. Observe that any path δ in S corresponds in an obvious way to an associated walk (not necessarily unique) in the intersection graph of C, where the walk is determined by the C_i sets met by δ. For points a, b in S and for any a − b geodesic λ = λ(a, b) in S, λ corresponds to a path w(λ) in the intersection graph of C. The path w(λ) need not be unique, since the point a may belong to two members of C, as may the point b. Similarly, the geodesic λ lies in a corresponding chain C_{1(λ)} ∪ · · · ∪ C_{k(λ)} of boxes in C, where a ϵ C_{1(λ)}, b ϵ C_{k(λ)}. (Again, C_{1(λ)}, . . . , C_{k(λ)} need not be unique.) Since the intersection graph of C is a tree, clearly C_{1(λ)} ∪ · · · ∪ C_{k(λ)} contains every a − b geodesic in S. Moreover, if k(λ) ≥ 3 then intermediate boxes C_{2(λ)}, . . . , C_{(k−1)(λ)} are uniquely determined by a and b. Of course, if a ∈ C_{2(λ)} then λ ⊆ C_{2(λ)} ∪ · · · ∪ C_{(k−1)(λ)}. Similarly, if a ∈ C_{2(λ)} and b ∈ C_{(k−1)(λ)}, then λ ⊆ C_{2(λ)} ∪ · · · ∪ C_{(k−1)(λ)}. This implies that if k(λ) is as small as possible and k(λ) ≥ 2 then the corresponding boxes C_{1(λ)}, . . . , C_{k(λ)} are uniquely determined by a and b.

To establish the lemma, assume that S is staircase convex, with A a chain of boxes in C. For convenience of notation, let A = C_1 ∪ · · · ∪ C_k. To see that A is staircase convex, select a, b in A to find a corresponding a − b staircase path in A. If k = 1 or k = 2, the result is easy, so assume that k ≥ 3. Without loss of generality, assume that a ϵ C_1\C_2, b ϵ C_k\C_{k−1} (for otherwise we could restrict our attention to a subchain). The set S contains an a − b staircase path λ(a, b), and by our preliminary comments λ(a, b) lies in a chain of boxes C^′_1 ∪ · · · ∪ C^′_m in C, where a ϵ C^′_1, b ϵC^′_m, and where m is as small as possible. Since the intersection graph of C is a tree, each set C^′_1, . . . , C^′_m appears in {C_1, . . . , C_k}. Then C^′_1 is

254 M. Breen: Staircase Convex Sets in R^d

either C_1 or C_2, and since a /∈ C_2, C^′_1 = C_1. Similarly, C^′_m = C_k, and the chains are identical. Therefore λ(a, b) lies in our original chain A. We conclude that A is staircase convex, the desired result.

Conversely, assume that each chain of boxes in C is staircase convex to prove that S is staircase convex. Let s, t belong to S, and let λ(s, t) be any s−t geodesic in S. By our preliminary comments, λ(s, t) lies in a chain A of boxes in C. Since A is staircase convex, λ(s, t) must be a staircase path. Hence S is staircase convex, finishing the proof of the lemma.

The first theorem is a d-dimensional analogue of [3, Lemmas 1 and 2].

Theorem 1. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ · · · ∪ C_n. Let T ⊆ S. If for every a, b in T , there is an a − b staircase in S, then T lies in a staircase convex union of boxes B_1 ∪ · · · ∪ B_m, where B_i is a subset of some associated box C_i, 1 ≤ i ≤ m (for an appropriate labeling of members of C).

To establish the theorem, for each a, b in T , let U(a, b) denote the union of all staircase a − b paths in S, and let U = ∪{U(a, b) : a, b in T }. For each C_i, 1 ≤ i ≤ n, select a smallest box B_i (possibly empty) such that B_i ⊆ C_i and B_i∩U = C_i∩U. That is, B_i is the smallest subbox of C_i containing C_i ∩ U. Remove any empty B_i sets. For convenience of notation, assume that B_1, . . . , B_m are the remaining (that is, nonempty) B_i sets, with B_1, . . . , B_m distinct. Let B = {B_1, . . . , B_m}. Clearly B_1 ∪ · · · ∪ B_m is connected, and the intersection graph of B is a tree.

We assert that the union B_1 ∪ · · · ∪ B_m satisfies the theorem. Certainly T ⊆ B_1 ∪ · · · ∪ B_m, so we need only show that B_1 ∪ · · · ∪ B_m is staircase convex. We will prove that any chain of boxes from B is staircase convex. For convenience of notation, let B_1 ∪ · · · ∪ B_k be a chain of boxes in B. The result is true for k = 1 and for k = 2. Inductively, let k ≥ 3 and assume that the result holds for chains of k−1 or fewer boxes in B. Without loss of generality, choose x ϵ B_1\B_2, y ϵB_k\B_{k−1}, to find an x − y staircase in B_1 ∪ · · · ∪ B_k. Select x^′ in B_2 closest to x. Observe that any x − x^′ staircase lies in B_1 and uses at least one and at most d directions. For convenience of notation, we label these directions e_1, . . . , e_j for some j, 1 ≤ j ≤ d, where e_i is orthogonal to a hyperplane H_i supporting B_2 at x^′ and where x is beyond H_i, 1 ≤ i ≤ j. (In case B_2 is fully d-dimensional, then each H_i is determined by a facet F_i of B_2 with x^′ ∈ F_i and with x beyond H_i, 1 ≤ i ≤ j.) For future reference, observe that any staircase from x to B_2 must use at least the directions e_1, . . . , e_j. Moreover, since B_1 ∪· · ·∪B_{k−1} (by our induction hypothesis) is staircase convex, it follows that all points of B_2∪· · ·∪B_{k−1} must lie on or beneath each H_i, 1 ≤ i ≤ j.

Recall that B_2 ∪ · · · ∪ B_k is staircase convex as well and hence contains an x^′ − y staircase. If point y is on or beneath each of the hyperplanes H_i, 1 ≤ i ≤ j, then no x^′ −y staircase uses direction −e_i, 1 ≤ i ≤ j. We may combine any x−x^′ staircase in B_1 with any x^′ − y staircase in B_2 ∪ · · · ∪ B_k to produce an x − y staircase in B_1 ∪ · · · ∪ B_k, the desired result.

M. Breen: Staircase Convex Sets in R^d 255

It remains to show that y does lie on or beneath each of the hyperplanes H_i, 1 ≤ i ≤ j. Suppose on the contrary that y lies beyond at least one of these hyperplanes, to obtain a contradiction. For convenience, assume that y lies beyond the hyperplane H_1. Then for some pair c, d in T and for some staircase c − d path λ(c, d) in S, λ(c, d) contains a point y_1 in B_k beyond H_1. Clearly at least one of c, d must lie beyond H_1. Without loss of generality, assume that c lies beyond H_1, and consider the subpath λ(y_1, c) of λ(d, c) from y_1 to c. The staircase path λ(y_1, c) lies in a chain B_k ∪ · · · ∪ B_r of boxes in B, with c ϵ B_r. Observe that the boxes in {B_k, . . . , B_r} are distinct from those in {B_2, . . . , B_{k−1}}, since the staircase path λ(y_1, c) is entirely beyond H_1 while all points of B_2 ∪ · · · ∪ B_{k−1} are beneath (or on) H_1.

Similarly, the point x is beyond H_1, so for some c^′, d^′ in T and some staircase c^′ − d^′ path λ^′(c^′, d^′) in S, λ^′(c^′, d^′) contains a point x_1 in B_1 beyond H_1. Assume that c^′ lies beyond H_1, and choose a chain B^′_s ∪ · · · ∪ B_1 of boxes in B containing λ^′(c^′, x_1), with c^′ ϵ B^′_s. Again observe that the boxes in {B^′_s, . . . , B_1} are distinct from those in {B_2, . . . , B_{k−1}}. Also, since the intersection graph of B is a tree, the union B^′_s ∪· · ·∪B_1 ∪B_2 ∪· · ·∪B_{k−1} ∪B_k ∪· · ·∪B_r defines a chain. Clearly any c^′ −c geodesic in S must lie in this chain. Moreover, since c^′, c ϵ T any c^′ − c geodesic is a staircase path. However, since c^′ and c are beyond H_1, the travel from c^′ to B_1 to B_2 requires direction e_1, while travel from B_2 to c requires direction −e_1. That is, no c^′ − c geodesic in this chain can be straircase. We have a contradiction, our supposition is false, and y lies on or beneath each hyperplane H_1, 1 ≤ i ≤ j.

Using an earlier argument, we conclude that B_1 ∪ · · · ∪ B_k does contain an x − y staircase, finishing the induction. That is, any chain of boxes from B is staircase convex. By Lemma 1, it follows that B_1 ∪ · · · ∪ B_m is indeed staircase convex, completing the proof of Theorem 1.

The following corollaries are d-dimensional analogues of [3, Theorems 1 and 3].

Corollary 1.1. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ · · · ∪ C_n. Assume that, for every finite subset F of S, there is a k-partition of F into subsets F_1, . . . , F_k such that every pair in F_i can be joined by a staircase path in S, 1 ≤ i ≤ k. Then S is a union of k staircase convex sets.

Proof. The argument, just like the proof of [3, Theorem 1], is included for completeness. By a result of Lawrence, Hare, Kenelly [9, Theorem 1], the hypothesis for finite subsets of S implies that there is a corresponding k-partition of S, say {S_1, . . . , S_k}, such that, for every finite subset F of S, every pair in F ∩ S_i can be joined by a staircase path in S, 1 ≤ i ≤ k. Then every pair in S_i can be joined by a staircase path in S and, by Theorem 1, S_i lies in a staircase convex union P_i of boxes in S, 1 ≤ i ≤ k. Hence S = ∪{S_i : 1 ≤ i ≤ k} is a union of the k staircase convex sets P_1, . . . , P_k.

Corollary 1.2. Let C = {C_1, . . . C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ · · · ∪ C_n. Assume that, for every sequence v_1, . . . , v_m, v_{m+1} = v_1, in S, m odd, at least one consecutive pair v_i, v_{i+1},

256 M. Breen: Staircase Convex Sets in R^d

can be joined by a staircase path in S. Then S is a union of two staircase convex sets.

Proof. The proof replicates the argument in [3, Theorem 3]. For F any finite subset of S, define a corresponding graph G_F as follows: The vertices of G_F correspond to points in F . Further, two points of G_F are adjacent if and only if their associated points in F can be joined by a staircase path in S.

Let G^C represent the graph complement of G_F . It is not hard to show that G^C contains no odd cycles and hence G^C is a bigraph. (See [3, Theorem 3] for details.)

Finally, let {A_1, A_2} be a partition of the vertex set of G^C satisfying the definition of a bigraph. Then {A_1, A_2} induces a corresponding partition of F , and every two points of A_1 (of A_2) can be joined by a staircase path in S. The result follows from Corollary 1.1 above.

Remark. Clearly, the converse of Corollary 1.1 and the converse of Corollary 1.2 hold as well.

Using results of Chepoi [4], we obtain the following starshaped analogues of Theorem 1 and its corollaries. Notice that Theorem 2 is a d-dimensional variation of [3, Lemma 3].

Theorem 2. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪· · ·∪C_n. Let T be a nonempty subset of S. If every two points of T see a common point of S via staircase paths, then T lies in a subset of S that is starshaped via staircase paths.

Proof. For completeness, we include some definitions from [4]. A metric space is called a median space if and only if, for each triple of points x, y, z, there is a unique “median” point between each pair of x, y, z. A median graph is a graph whose standard graph-metric generates a median space, while a median polyhedron in R^d is the geometric realization of some finite median graph. (See [4], [15] for detailed discussions.)

For each point t in T , define V (t) = {x : t sees x via staircase paths in S}. By Chepoi’s results in [4, Corollary 2], S is a median polyhedron. Moreover, by [4, Theorem], each set V (t) is compact and convex in the corresponding median space. Using Helly’s theorem for median spaces [15], since every two of the V (t) sets meet, they all meet. Choose t_0 ϵ ∩ {V (t) : t in T }. Every point of T sees t_0 via staircase paths, so T lies in the starshaped set V (t_0) ⊆ S.

The next two corollaries are d-dimensional analogues of [3, Theorems 4 and 5].

Corollary 2.1. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ · · · ∪ C_n. Assume that for every finite subset F of S there is a k-partition of F into subsets F_1, . . . , F_k such that every two points in F_i see a common point of S via staircase paths, 1 ≤ i ≤ k. Then S is a union of k staircase starshaped sets.

M. Breen: Staircase Convex Sets in R^d 257

Proof. The argument parallels the proof of Corollary 1.1, using Theorem 2 in place of Theorem 1.

Corollary 2.2. Let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ · · · ∪ C_n. Assume that for every sequence v_1, . . . , v_m, v_{m+1} = v_1, in S, m odd, at least one consecutive pair v_i, v_{i+1} sees a common point of S via staircase paths. Then S is a union of two staircase starshaped sets.

Proof. The argument parallels the proof of Corollary 1.2.

Remark. Clearly, the converse of each corollary holds.

Theorem 3 will use projections to determine whether a chain of boxes is staircase convex. The following easy lemma will be helpful.

Lemma 2. For d ≥ 2 and for each i, 1 ≤ i ≤ d, let Π_i denote the coordinate projection from R^d onto the coordinate hyperplane {(x_1, . . . , x_d) : x_i = 0}. Let A, C be boxes in R^d. If A ∩ C = ∅, then for at least d − 1 of the projections Π_i, 1 ≤ i ≤ d, Π_i(A) ∩ Π_i(C) = ∅.

Proof. Let A be the product of intervals [a_i, b_i], 1 ≤ i ≤ d, and let C be the product of intervals [c_i, d_i], 1 ≤ i ≤ d. If A ∩ C = ∅, then for at least one i, say for i = 1, [a_1, b_1] ∩ [c_1, d_1] = ∅. Without loss of generality, assume a_1 ≤ b_1 < c_1 ≤ d_1. Let H_1 be a hyperplane orthogonal to the x_1 axis at any point of the segment (b_1, c_1). Then H_1 strictly separates A and C. For i ≠ 1, the (d − 2)-flat Π(H_i) strictly separates Π_i(A) and Π_i(C). That is, Π_i(A) ∩ Π_i(C) = ∅ for 2 ≤ i ≤ d.

Theorem 3. Let A ≡ B_1 ∪ · · · ∪ B_k be a chain of boxes in R^d, d ≥ 3. The chain A is staircase convex if and only if, for every subchain D of A, each projection of D into a coordinate hyperplane is staircase convex.

Proof. If A is staircase convex, so are its subchains. Let D be any subchain of A, and let Π(D) denote the projection of D into the coordinate hyperplane defined by x_1 = 0. Let a^′, b^′ ϵ Π(D), where a^′ = Π(a), b^′ = Π(b) for a, b in D. Since D is staircase convex, D contains an a − b staircase λ(a, b). It is easy to see that Π(λ) defines an a^′ − b^′ staircase in Π(D): Vectors in λ parallel to the x_1-axis map to singleton sets in Π(λ). Each remaining vector (⃗v) in λ maps to a vector Π(⃗v), parallel to ⃗v and having the same direction as ⃗v in Π(λ).

To establish the converse, assume that, for every subchain D of A, each projection of D into a coordinate hyperplane is staircase convex, to prove that A is staircase convex. We use induction on the number of boxes in the chain A. Clearly the result holds for chains of one or two boxes. Inductively, assume that the result holds for chains of k − 1 or fewer boxes, 3 ≤ k, to prove the result for a chain of k boxes. Let A be the chain B_1 ∪ · · · ∪ B_k. To show that A is staircase convex, select a, b in A to find an appropriate a − b path in A. Without loss of generality, assume that a ϵ B_1\B_2, b ϵ B_k\B_{k−1}. As in the proof of Theorem

258 M. Breen: Staircase Convex Sets in R^d

1, select a^′ in B_2 closest to a. Observe that any a − a^′ staircase lies in B_1 and uses exactly the j directions e_1, . . . , e_j for some 1 ≤ j ≤ d, where e_i is orthogonal to the hyperplane H_i supporting B_2 at x^′ and where x is beyond H_i, 1 ≤ i ≤ j. Moreover, any staircase from a to B_2 must use at least the directions e_1, . . . , e_j. Since B_1 ∪ · · · ∪ B_{k−1} is staircase convex, at all points of B_2 ∪ · · · ∪ B_{k−1} must lie on or beneath each H_i, 1 ≤ i ≤ j.

We will show that the point b must lie on or beneath each H_i, 1 ≤ i ≤ j, as well. Suppose on the contrary that b lies beyond the hyperplane H_1, to obtain a contradiction. (See Figure 1.) Since k ≥ 3, the boxes B_1 and B_k are disjoint. Hence we may use Lemma 2 to conclude that for at least d − 1 of the coordinate projections Π_i, 1 ≤ i ≤ d, Π_i(B_1) ∩ Π_i(B_k) = ∅. Since d ≥ 3, we may select such a Π_i with i ≠ 1. For convenience of notation, assume that Π_2(B_1) ∩ Π_2(B_k) = ∅. However, then the corresponding projection of our chain, Π_2(B_1 ∪· · ·∪B_k), cannot be staircase convex, since any geodesic joining Π_2(a) to Π_2(b) will require at least one vector in direction e_1 (to travel from Π(a) to Π(B_2 ∪ · · · ∪ B_{k−1})) and at least one vector in direction −e_1 (to travel from Π(B_2 ∪ · · · ∪ B_{k−1}) to Π(b)). This contradicts our hypothesis. Our supposition must be fals, and we conclude that point b indeed lies in or beneath each H_i, 1 ≤ i ≤ j.

Finally, as in the proof of Theorem 1, we may combine any a − a^′ staircase in B_1 with any a^′ − b staircase in B_2 ∪ · · · ∪ B_k to produce an a − b staircase in B_1 ∪ · · · ∪ B_k. This finishes the induction and completes the proof of Theorem 3.

Figure 1.

Corollary 3.1. For d ≥ 3, let C = {C_1, . . . , C_n} be a family of distinct boxes in R^d whose intersection graph is a tree, and let S = C_1 ∪ . . . ∪ C_n. The set S is staircase convex if and only if for every chain A of boxes in C each projection of A into a coordinate hyperplane is staircase convex.

Proof. This follows immediately from Lemma 1 and Theorem 3.

Our final results concern arbitrary unions of boxes in R^d and provide a d-dimen-sional analogue of a well-known planar result obtained from [13, Lemma 1].

M. Breen: Staircase Convex Sets in R^d 259

Theorem 4. Let S be a connected, finite union of boxes in R^d, d ≥ 2. The set S is staircase convex if and only if, for every hyperplane H parallel to a coordinate hyperplane, H ∩ S is staircase convex.

Proof. For the necessity, assume that S is staircase convex, and let H denote a hyperplane parallel to a coordinate hyperplane with H ∩ S ≠ ∅. For a, b in H ∩ S, S contains a staircase a − b path λ ≡ λ(a, b). Clearly λ contains no vector orthogonal to H, since leaving H on such a vector in one direction e would require a return to H on a vector in the opposite direction −e. Thus λ ⊆ H ∩ S, so H ∩ S is staircase convex.

To establish the sufficiency, assume that every hyperplane parallel to a coordinate hyperplane satisfies the condition in our hypothesis, to prove that S is staircase convex. We use a contrapositive argument. Suppose on the contrary that S fails to be staircase convex. Then for certain pairs a, b in S, every a − b geodesic in S requires vectors in opposing directions. Select such a pair a_0, b_0 whose a_0 − b_0 geodesic λ = λ(a_0, b_0) has fewest possible edges n. (That is, no such a, b has a corresponding geodesic with fewer than n edges.) Say λ(a_0, b_0) = [v_0, v_1] ∪ · · · ∪ [v_{n−1}, v_n], where a_0 = v_0, b_0 = v_n. Clearly n ≥ 3. Moreover, by our choice of λ, we may assume that none of the intermediate vectors −−→v_1v_2, . . . , −−−−−→ v_{n−2}v_{n−1} are parallel to −−→v_0v_1, while −−→v_0v_1 and −−−−→v_{n−1}v_n are parallel and in opposite directions. Choose a hyperplane H containing −−→v_1v_2, . . . −−−−−→v_{n−2}v_{n−1} and parallel to a coordinate hyperplane such that v_0 and v_n are in the same open halfspace determined by H. Of course, H will be orthogonal to −−→v_0v_1. (See Figure 2.) Without loss of generality, assume that v_0 is at least as close to H as v_n is to H. The translate H_0 of H containing v_0 meets [v_{n−1}, v_n], say at v^′_n. Observe that there can be no v_0 − v^′_n staircase in H_0 ∩ S, for such a staircase δ would use no edge parallel to [v_0, v_1], so δ ∪ [v^′_n, v_n] would provide a v_0 − v_n staircase in S. That is, there exists a hyperplane H_0 parallel to a coordinate hyperplane such that H_0 ∩ S is not staircase convex. The contrapositive statement yields the desired result, establishing Theorem 4.

Figure 2.

Corollary 4.1. Let S be a finite union of boxes in R^d, d ≥ 2. The set S is staircase convex if and only if S is connected and for every j, 1 ≤ j ≤ d − 1, and for every j-flat F parallel to a coordinate flat, F ∩ S is connected.

260 M. Breen: Staircase Convex Sets in R^d

Proof. We use induction on d. Let d = 2. Using [13, Lemma 1], S is staircase convex in R^2 if and only if S is connected and both horizontally and vertically convex. Thus the result is true in the plane.

Inductively, assume that the result holds in R^{k−1}, 3 ≤ k, to prove it in R^k. Let S be a finite union of boxes in R^k. If S is staircase convex, certainly S is connected. Moreover, by Theorem 4, for every hyperplane H parallel to a coordinate hyperplane, H ∩ S is staircase convex, hence connected. For any j-flat F parallel to a coordinate flat, 1 ≤ j ≤ d − 1, F lies in a hyperplane H_F parallel to a coordinate hyperplane. Since H_F ∩ S is staircase convex, by our induction hypothesis in R^{k−1} ≡ H_F , F ∩ S is connected, too.

To establish the converse in R^k, assume that for every j, 1 ≤ j ≤ d, and for every j-flat F parallel to a coordinate flat, F ∩ S is connected. Then S is connected. Let H be any hyperplane parallel to a coordinate hyperplane. If we identify H with R^{k−1}, then by our induction hypothesis H ∩ S is staircase convex. Since this is true for every such H, we may use Theorem 4 to conclude that S is staircase convex. This finishes the induction and establishes the corollary for every d ≥ 2.

References

[1] Breen, M.: An improved Krasnosel’skii-type theorem for orthogonal polygons which are starshaped via staircase paths. J. Geom. 51 (1994), 31–35. Zbl 0815.52005 [2] Breen, M.: Staircase kernels for orthogonal d-polytopes. Monatsh. Math. 122 (1996), 1–7. Zbl 0866.52005 [3] Breen, M.: Unions of orthogonally convex or orthogonally starshaped polygons. Geom. Dedicata 53 (1994), 49–56. Zbl 0814.52002 [4] Chepoi, V.: On staircase starshapedness in rectilinear spaces. Geom. Dedicata 63 (1996), 321–329. Zbl 0866.52006 [5] Danzer, L.; Grünbaum, B.; Klee, V.: Helly’s theorem and its relatives. Proc.

Sympos. Pure Math. 7 (1963), 101–180. Zbl 0132.17401 [6] Eckhoff, J.: Helly, Radon, and Carathéodory type theorems. In: P. M. Gruber (ed.) et al., Handbook of Convex Geometry. Vol. A, North Holland, New York 1993, 389–448. Zbl 0791.52009 [7] Harary, F.: Graph Theory. Addison-Wesley, Reading 1969. Zbl 0182.57702 [8] Krasnosel’skii, M. A.: Sur un critère pour qu’un domaine soit étoilé. Mat.

Sb., N. Ser. (61) 19 (1946), 309–310. Zbl 0061.37705 [9] Lawrence, J. F.; Hare Jr., W. R.; Kenelly, J. W.: Finite unions of convex sets. Proc. Am. Math. Soc. 34 (1972), 225–228. Zbl 0237.52001 [10] Lay, S. R.: Convex Sets and Their Applications. John Wiley, New York 1982. Zbl 0492.52001 [11] Martini, H.; Soltan, V.: Combinatorial problems on the illumination of convex bodies. Aequationes Math. 57 (1999), 121–152. Zbl 0937.52006

M. Breen: Staircase Convex Sets in R^d 261

[12] Martini, H.; Wenzel, W.: Illumination and visibility problems in terms of closure operators. Beitr. Algebra Geom. 45 (2004), 607–614. Zbl 1074.52001 [13] Motwani, R.; Raghunathan, A.; Saran, H.: Covering orthogonal polygons with star polygons: The perfect graph approach. J. Comput. Syst. Sci. 40 (1990), 19–48. Zbl 0705.68082 [14] Valentine, F. A.: Convex Sets. McGraw-Hill, New York 1964. Zbl 0129.37203 [15] van de Vel, M. L. J.: Theory of Convex Structures. Elsevier, Amsterdam 1993.

Zbl 0785.52001

Received July 6, 2009