Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 51 (2010), No. 1, 63-89.

Degree of Triangle Centers and a Generalization of the Euler Line

Yoshio Agaoka

Department of Mathematics, Graduate School of Science Hiroshima University, Higashi-Hiroshima 739–8521, Japan e-mail: agaoka@mis.hiroshima-u.ac.jp

Abstract. We introduce a concept “degree of triangle centers”, and give a formula expressing the degree of triangle centers on generalized Euler lines. This generalizes the well known 2 : 1 point configuration on the Euler line. We also introduce a natural family of triangle centers based on the Ceva conjugate and the isotomic conjugate. This family contains many famous triangle centers, and we conjecture that the degree of triangle centers in this family always takes the form (−2)^k for some k ∈ Z.

MSC 2000: 51M05 (primary), 51A20 (secondary) Keywords: triangle center, degree of triangle center, Euler line, Nagel line, Ceva conjugate, isotomic conjugate

Introduction

In this paper we present a new method to study triangle centers in a systematic way. Concerning triangle centers, there already exist tremendous amount of studies and data, among others Kimberling’s excellent book and homepage [32], [36], and also various related problems from elementary geometry are discussed in the surveys and books [4], [7], [9], [12], [23], [26], [41], [50], [51], [52]. In this paper we introduce a concept “degree of triangle centers”, and by using it, we clarify the mutual relation of centers on generalized Euler lines (Proposition 1, Theorem 2). Here the term “generalized Euler line” means a line connecting the centroid G and a given triangle center P , and on this line an infinite number of centers lie in a fixed order, which are successively constructed from the initial center P

0138-4821/93 $ 2.50 © 2010 Heldermann Verlag

64 Y. Agaoka: Degree of Triangle Centers and . . .

(for precise definition, see Section 3). This generalizes the well known 2 : 1 point configuration on the Euler line, concerning centroid, orthocenter, circumcenter, nine-point center, etc. In addition we exhibit a new class of triangle centers P_C based on the Ceva conjugate and the isotomic conjugate, which contains many famous centers and possesses an intimate relationship to the concept “degree of triangle centers”.

Now we state the contents of this paper. In Section 1 we define the concept “triangle centers” in terms of barycentric coordinate. In this paper we only treat triangle centers whose barycentric coordinates f(a, b, c) are expressed as a quotient of polynomials of edge lengths a, b, c. In Section 2 we give a definition of degree of triangle centers d(f). We remark that for most famous centers the value d(f) takes the form (−2)^k (k ∈ Z). In Section 3 we generalize the notion of the Euler line by using barycentric coordinates, and state the relation between centers on generalized Euler lines and the sequence of infinite homothetic triangles constructed successively by taking the medians of edges (Proposition 1). This result is more or less well known for many situations. For example we already know that the circumcenter of ΔABC is equal to the orthocenter of the medial triangle of ΔABC, which is also equal to the nine-point center of the anticomplementary triangle of ΔABC (see Figure 3).

In Section 4 we give a formula on the degree d(f) of centers on generalized Euler lines (Theorem 2), which is the principal result of the present paper. By this formula, in case deg f ≢ 0 (mod 3), we can read the relative position of centers on the generalized Euler line from the value d(f). On the other hand, in case deg f ≡ 0 (mod 3), the degree d(f) gives an invariant of the generalized Euler line. In Section 5 we give three other invariants of generalized Euler lines. In Section 6 we introduce a new class of triangle centers P_C based on two conjugates: the Ceva conjugate and the isotomic conjugate. This family contains many famous triangle centers, including centers on the generalized Euler line, and is quite naturally adapted to the concept degree d(f). But unfortunately its explicit form is not determined yet. In the final section Section 7, we give several conjectures on the family P_C . Among others we conjecture that for centers f(a, b, c) in the family P_C we have d(f) = (−2)^k (Conjecture 2). The number −2 appears in several places in elementary geometry, and we believe that this conjecture gives one basepoint of our approach to the new understanding of elementary geometry, after it is settled affirmatively.

1. Triangle centers

We denote by Δ the set of triangles in the plane R^2. Remark that vertices and edges of triangles are unnamed at this stage. A triangle center is a map φ : Δ −→ R^2, satisfying the following condition: The map φ commutes with the

Y. Agaoka: Degree of Triangle Centers and . . . 65

action of homothety g, i.e., the following diagram is commutative:

Δ^φ−−−→ R^2 g̃ � � � �^g

Δ −−−→_φ R^2

Here, g : R^2 −→ R^2 is a map defined by g � x y � = kA � x y � + � p q � ,

where k > 0, A ∈ O(2), � p q � ∈ R^2, and g̃ : Δ −→ Δ is a map naturally induced

from g. This condition means that triangle centers do not depend on the choice of a coordinate of R^2, and also not on scaling.

Note that in some special cases we must restrict the domain of φ to a subset of Δ. For example to define the Feuerbach point, we must exclude equilateral triangles from Δ.

For later use we put names to vertices and edges of triangles, and reformulate the above definition of triangle centers. Let ΔABC be a triangle in the plane with vertices A, B, C, and we denote by a, b, c the edge lengths of ΔABC, i.e., a = BC, b = CA, c = AB. Then any point P of the plane can be uniquely expressed as P = xA + yB + zC (x + y + z = 1). The triple (x, y, z) is called the barycentric coordinate of P .

Since the shape of a triangle is determined by its edge lengths a, b, c and the position of a triangle center depends only on the shape of the triangle, we know that the barycentric coordinate (x, y, z) of a triangle center φ(ΔABC) is expressed as functions of a, b, c, i.e., φ(ΔABC) = f(a, b, c)A + g(a, b, c)B + h(a, b, c)C.

Next, since the position of a triangle center φ(ΔABC) does not depend on the naming of vertices A, B, C (for example, φ(ΔABC) = φ(ΔACB) etc.), we obtain the equalities such as

f(a, b, c)A + g(a, b, c)B + h(a, b, c)C = f(a, c, b)A + g(a, c, b)C + h(a, c, b)B.

From these conditions it is easy to see that the map φ(ΔABC) = f(a, b, c)A + g(a, b, c)B + h(a, b, c)C gives a triangle center if and only if g(a, b, c) = f(b, c, a), h(a, b, c) = f(c, a, b) and

f(a, b, c) + f(b, c, a) + f(c, a, b) = 1, f(a, b, c) = f(a, c, b), f(ka, kb, kc) = f(a, b, c) ∀k > 0.

Hence we may say that a triangle center is uniquely determined by a function f(a, b, c) satisfying the above three conditions. (See also [2], [28], [31], [33] concerning this formulation.) For example, we have f(a, b, c) = a/(a + b + c) for the

66 Y. Agaoka: Degree of Triangle Centers and . . .

incenter X_1, f(a, b, c) = 1/3 for the centroid X_2 and f(a, b, c) = a^2(−a^2 + b^2 + c^2)/(a + b + c)(−a + b + c)(a − b + c)(a + b − c) for the circumcenter X_3. Here the symbol X_k means the k-th triangle center listed in [29], [32], [36].

Clearly, the essential part of a function f(a, b, c) is its numerator, since we can recover the denominator of f(a, b, c) by a cyclic sum of its numerator. Two numerators f_1(a, b, c) and f_2(a, b, c) define the same function f(a, b, c) if and only if f_2(a, b, c) = f_1(a, b, c)ψ(a, b, c) for some symmetric function ψ(a, b, c).

In this paper, for the reason which will be clarified in Section 2, we only treat triangle centers f(a, b, c) whose numerators (and also denominators) are expressed as real homogeneous polynomials of a, b, c. (So the Fermat point, Napoleon point, etc., are beyond our scope in this paper.)

We reformulate the above setting as follows: Let H be the set of all real homogeneous polynomials f(a, b, c) satisfying

f(a, b, c) = f(a, c, b), f(a, b, c) + f(b, c, a) + f(c, a, b) ≠ 0.

We say f(a, b, c) and f^′(a, b, c) ∈ H are equivalent if f^′(a, b, c) = f(a, b, c)ψ(a, b, c) for some symmetric function ψ(a, b, c), and denote it by f(a, b, c) ∼ f^′(a, b, c). Then the quotient set P = H/ ∼ constitutes a natural subclass of triangle centers. In the following we often express the representative class of f(a, b, c) by the same symbol. Note that the position P of a triangle center defined by f(a, b, c) ∈ P is given by P = f(a, b, c)A + f(b, c, a)B + f(c, a, b)C f(a, b, c) + f(b, c, a) + f(c, a, b) , and abuse of notations, we often express this point as f(a, b, c), if there is no confusion.

The above formulation on triangle centers seems to be a quite natural one. But actually it contains many redundant points. For example, a point P on the Euler line with GP : P O = 1 : 100 does not perhaps possess any geometrical significance. And so some more restricted class of triangle centers should be considered. We will introduce such a class in Section 6 as one attempt. (For another important formulation of triangle centers, see [43], [44], [45].)

2. Degree of triangle centers

Now we define the degree d(f) of triangle centers. We assume that the polynomial f(a, b, c) ∈ P corresponding to a triangle center does not possess a symmetric polynomial of a, b, c as its factor. This is always possible, because we may divide f(a, b, c) by a symmetric polynomial of a, b, c in case f(a, b, c) has such a factor. Then after this modification, the polynomial f(a, b, c) is uniquely determined up to a non-zero constant.

Under this preparation, we define a map d : P −→ R ∪ {∞} by

d(f) = � � � f(1, ω, ω^2) f(1, 1, 1) f(1, 1, 1) ≠ 0,

∞ f(1, 1, 1) = 0,

Y. Agaoka: Degree of Triangle Centers and . . . 67

where ω, ω^2 = (−1 ± √ 3i)/2. Note that the value d(f) is well defined since f(a, b, c) is symmetric with respect to b, c and f(a, b, c) is uniquely determined up to a non-zero constant, as we explained above. Also note that d(f) takes a real value since ω + ω^2 = −1 and ω · ω^2 = 1. The equality f(1, 1, 1) = 0 holds if and only if the triangle center corresponding to f(a, b, c) is undefined for equilateral triangles (such as the Feuerbach point).

Since b and c represent the edge lengths of a triangle, they must be real numbers, and so the value f(1, ω, ω^2) itself does not possess any geometric meaning. But, as we shall explain later, we can attach a nice geometric meaning to the value d(f), which actually expresses a “degree of triangle centers” in a sense.

The assumption that a polynomial f(a, b, c) has no symmetric factor is indispensable in order to obtain the definite value. In fact if we use the expression f(a, b, c) = (a + b)(b + c)(c + a)(−a + b + c) instead of f(a, b, c) = −a + b + c, we have d(f) = 1/4, though the actual value is d(f) = −2.

Interestingly, as the following examples show, the value d(f) takes the form (−2)^k (k ∈ Z) in many (or rather, for most) cases.

Example 1.

X_1 (I, Incenter) : f = a, d(f) = 1, X_2 (G, Centroid) : f = 1, d(f) = 1, X_3 (O, Circumcenter) : f = a^2(−a^2 + b^2 + c^2), d(f) = −2, X_4 (H, Orthocenter) : f = (a^2 − b^2 + c^2)(a^2 + b^2 − c^2), d(f) = 4, X_5 (N, Nine-point center) : f = a^2(b^2 + c^2) − (b^2 − c^2)^2, d(f) = 1, X_8 (Na, Nagel point) : f = −a + b + c, d(f) = −2, X_{10} (S, Spieker center) : f = b + c, d(f) = −^1_2 , X_{11} (F , Feuerbach point) : f = (b − c)^2(−a + b + c), d(f) = ∞, X_{944} (Ho, Hofstadter trapezoid point) : f = −3a^4 + 2a^3(b + c) + 2a^2(b − c)^2 −2a(b − c)^2(b + c) + (b^2 − c^2)^2, d(f) = −20.

3. A generalization of the Euler line

The Euler line is a fundamental line of a triangle, which passes through many famous triangle centers such as centroid, circumcenter, orthocenter, nine-point center, de Longchamps point, etc. Also the Nagel line passes through the centers such as centroid, incenter, Nagel point, Spieker center, etc. In this section, by using f(a, b, c) ∈ P, we generalize these lines and centers lying on it in a unified way (Proposition 1). This result is a preparation for the next section.

First, for a given f(a, b, c) ∈ P we define a new center f_n ∈ P (n ∈ Z) by

f_n(a, b, c) = 2^n(f_a + f_b + f_c) + (−1)^n(2f_a − f_b − f_c),

where f_a = f(a, b, c), f_b = f(b, c, a) and f_c = f(c, a, b). Clearly this definition does not depend of the choice of representatives f(a, b, c) in P. We can easily see that f_0 = f, (f_m)_n = f_{m+n}, (m, n ∈ Z).

68 Y. Agaoka: Degree of Triangle Centers and . . .

(Strictly speaking, we have f_0 = 3f, and so we should write it as f_0 ∼ f. But in the following, we write f_0 = f in such a situation, if there is no danger of confusion.) In particular, two correspondences f −→ f_1 and f −→ f_{−1} give mutually the inverse map to each other since (f_1)_{−1} = (f_{−1})_1 = f_0 = f.

Example 2. In case f(a, b, c) = a^2(−a^2 + b^2 + c^2), then we have f_1(a, b, c) = a^2(b^2 + c^2) − (b^2 − c^2)^2 and f_{−1}(a, b, c) = (a^2 − b^2 + c^2)(a^2 + b^2 − c^2). Note that f corresponds to the circumcenter and f_1, f_{−1} correspond to the nine-point center and the orthocenter, respectively.

The center f_n(a, b, c) ∈ P constructed above possesses the following geometric meaning. First we consider an infinite series of triangles Δ_n(ABC) (n ∈ Z), whose vertices are given by

A_n =^1_3 {A + B + C + � −^1_2

�_n

(2A − B − C)}, B_n =^1_3 {A + B + C + � −^1_2

�_n

(2B − C − A)}, C_n =^1_3 {A + B + C + � −^1_2

�_n

(2C − A − B)}.

Figure 1 Clearly, the triangle Δ_0(ABC) is the initial triangle ΔABC itself. It is easy to see that Δ_1(ABC) is the medial triangle of Δ_0(ABC), and Δ_2(ABC) is the medial triangle of Δ_1(ABC), etc. Also Δ_{−1}(ABC) is the anticomplementary triangle of Δ_0(ABC), and Δ_{−2}(ABC) is the anticomplementary triangle of Δ_{−1}(ABC), etc. In general, the triangle Δ_{n+1}(ABC) is the medial triangle of Δ_n(ABC), and conversely, Δ_n(ABC) is the anticomplementary triangle of Δ_{n+1}(ABC). Further, the property Δ_m(Δ_n(ABC)) = Δ_{m+n}(ABC) holds. We call Δ_n(ABC) the n-th iterated triangle of ΔABC. Note that the centroid of Δ_n(ABC) coincides with the centroid of ΔABC for any n ∈ Z, and the triangle Δ_n(ABC) converges to the centroid as n → ∞. Then we have the following proposition.

Y. Agaoka: Degree of Triangle Centers and . . . 69

Proposition 1. Let f(a, b, c) ∈ P and n ∈ Z.

(1) The triangle center of ΔABC determined by the polynomial f_n(a, b, c) ∈ P coincides with the triangle center of the n-th iterated triangle Δ_n(ABC) which is determined by the initial f(a, b, c). Or more generally, for any k ∈ Z, this point is equal to the center of Δ_k(ABC) determined by the polynomial f_{n−k}(a, b, c).

(2) The infinite centers of ΔABC determined by f_n(a, b, c) (n ∈ Z) together with the centroid G of ΔABC are collinear. For any n ∈ Z the centroid G is situated between two points f_n(a, b, c), f_{n+1}(a, b, c), and the ratio f_n(a, b, c) G : Gf_{n+1}(a, b, c) is always 2 : 1, i.e., −−→ Gf_n = −2

−−−→ Gf_{n+1}. Consequently, lim_{n→∞}f_n(a, b, c) = G.

Figure 2

The above fact (1) implies that in spite of their appearances, the centers determined by the family of polynomials {f_n(a, b, c)}_{n∈Z} define essentially “one” geometric concept in the family of iterated triangles {Δ_n(ABC)}_{n∈Z}.

Figure 3

For example, from Figure 3, we can easily see that the circumcenter of ΔABC, the orthocenter of the medial triangle, and the nine-point center of the anticomplementary triangle give the same point in the plane. This is the special case of the above proposition. We put n = 1 and f(a, b, c) = (a^2 − b^2 + c^2)(a^2 + b^2 − c^2), which corresponds to the orthocenter of ΔABC. Then we have f_1(a, b, c) = a^2(−a^2 + b^2 + c^2) and f_2(a, b, c) = a^2(b^2 + c^2) − (b^2 − c^2)^2, which correspond to the circumcenter and the nine-point center of ΔABC, respectively. And hence, from

70 Y. Agaoka: Degree of Triangle Centers and . . .

Proposition 1 (1), three points determined by f_1 in Δ_0(ABC), f_0 in Δ_1(ABC) and f_2 in Δ_{−1}(ABC) coincide, which is nothing but the above statement.

Moreover, we may add the de Longchamps point to this family of centers, since the de Longchamps point is by definition the orthocenter of the anticomplementary triangle. Actually it corresponds to the polynomial f_{−1}(a, b, c) = 3a^4 − 2a^2(b^2 + c^2) − (b^2 − c^2)^2, and is the circumcenter of Δ_{−2}(ABC). We can also add the point X_{140} to this family since it corresponds to the polynomial f_3(a, b, c) = 2a^4 − 3a^2(b^2 + c^2) + (b^2 − c^2)^2.

Therefore, the orthocenter, the nine-point center, the de Longchamps point, etc., are the circumcenters of Δ_n(ABC) for some n ∈ Z, and so we may say that they indicate essentially one concept in the set of triangle centers. Or in other words, we can draw the Euler line by only plotting circumcenters of triangles Δ_n(ABC). This fact is already stated in many publications.

Similarly, we consider the case f(a, b, c) = a which determines the incenter. Then we have f_1(a, b, c) = b + c, f_{−1}(a, b, c) = −a + b + c, and these linear polynomials correspond to the Spieker center X_{10} and the Nagel point X_8, respectively. From the above proposition, we know that the incenter of ΔABC coincides with the Spieker center of the anticomplementary triangle, and also coincides with the Nagel point of the medial triangle. Or in other words, the Nagel point of ΔABC is the incenter of the anticomplementary triangle, and the Spieker center of ΔABC is the incenter of the medial triangle, which is nothing but the definition of the Spieker center. These three points are collinear, including the centroid G. The ratios of distance of these points keep the value 2 : 1, and this line is called the Nagel line. The Nagel line also contains the points f_2(a, b, c) = 2a + b + c, f_{−2}(a, b, c) = −3a + b + c, which are X_{1125} and X_{145}, respectively in Kimberling’s list. In this case the Nagel line is obtained by only drawing incenters of Δ_n(ABC), which is also a well known fact.

Starting from the Feuerbach point X_{11} corresponding to the polynomial f = (b−c)^2(−a+b+c), we know that the points X_{149} (f_{−2}), X_{100} (f_{−1} = a(a−b)(a−c)), X_{11} (f_0), X_{3035} (f_1) and X_2 = G are collinear (see [32], [36]).

In this way, the above proposition shows that there are an infinite number of lines that possess similar property as the Euler line. In the following we call such lines the generalized Euler lines determined by f(a, b, c) (or f_n(a, b, c)).

Perhaps the contents of Proposition 1 are more or less well known, and the proof is not so difficult. For example, see references [2], [6], [8], [14], [17], [18], [19], [22],[46], [47], [48], [61], [62], [63], etc. But as far as the author knows, a unified treatment as stated in Proposition 1 cannot be found anywhere, and so we give here its complete proof.

Proof of Proposition 1. First, we state one remark. In considering the center of Δ_n(ABC) corresponding to the polynomial f, we must substitute in f the edge lengths of the triangle Δ_n(ABC), instead of a, b, c. But since the edge lengths of Δ_n(ABC) are given by B_nC_n = a/2^n, etc., and since f is a homogeneous polynomial, we may use the initial edge lengths a, b, c to calculate the position of the center.

Y. Agaoka: Degree of Triangle Centers and . . . 71

(1) We show that the center of Δ_k(ABC) determined by f_{n−k}(a, b, c) is independent of k. This center is represented by

f_{n−k}(a, b, c)A_k + f_{n−k}(b, c, a)B_k + f_{n−k}(c, a, b)C_k f_{n−k}(a, b, c) + f_{n−k}(b, c, a) + f_{n−k}(c, a, b) . We substitute

f_{n−k}(a, b, c) = 2^{n−k}(f_a + f_b + f_c) + (−1)^{n−k}(2f_a − f_b − f_c), A_k =^1_3 {A + B + C + � −^1_2

�_k

(2A − B − C)},

etc., to the above point. Here f_a = f(a, b, c), f_b = f(b, c, a), f_c = f(c, a, b), as we stated before. Then after some calculations, it follows that the coefficient of A is equal to

2^n(f_a + f_b + f_c) + (−1)^n(2f_a − f_b − f_c) 3 · 2^n(f_a + f_b + f_c) = f_n(a, b, c) f_n(a, b, c) + f_n(b, c, a) + f_n(c, a, b) . And thus the integer k disappears. This point corresponds to the center of ΔABC determined by f_n(a, b, c).

(2) The point determined by f_n(a, b, c) is given by

f_n(a, b, c)A + f_n(b, c, a)B + f_n(c, a, b)C

f_n(a, b, c) + f_n(b, c, a) + f_n(c, a, b)

and hence we have −−→ Gf_n = f_n(a, b, c)A + f_n(b, c, a)B + f_n(c, a, b)C f_n(a, b, c) + f_n(b, c, a) + f_n(c, a, b) − 1 3 (A + B + C).

Substituting f_n(a, b, c) = 2^n(f_a + f_b + f_c) + (−1)^n(2f_a − f_b − f_c), etc., into this equality, we have finally −−→ Gf_n = � − 1 2 �_n

(2f_a − f_b − f_c)A + (2f_b − f_c − f_a)B + (2f_c − f_a − f_b)C 3(f_a + f_b + f_c) . All results follow immediately from this equality. q.e.d.

As we can easily see, the polynomiality assumption on f(a, b, c) is actually unnecessary to prove this proposition. The Euler line itself possesses several interesting properties related to other triangle centers. (See for example [49], [54], [55], [56].) It is natural to ask to what extent these similar properties hold for generalized Euler lines.

4. Main theorem

In Proposition 1 we showed that the center of ΔABC defined by the polynomial f_n(a, b, c) coincides with the center of the n-th iterated triangle Δ_n(ABC) defined by the initial f(a, b, c). And so we may say that the absolute value |n| in

72 Y. Agaoka: Degree of Triangle Centers and . . .

f_n(a, b, c) expresses a sort of complexity of the center, since the geometric situation of f_n(a, b, c) becomes more complicated as the value |n| becomes large.

The following theorem shows that the degree d(f_n) of a center f_n(a, b, c), which we introduced in §2, essentially determines the value n in case deg f ≢ 0 (mod 3), where deg f means the usual degree of the polynomial f. This implies that a complexity of f(a, b, c) can be directly read from d(f) in this case.

Theorem 2. Assume that f(a, b, c) ∈ P does not possess a symmetric factor. Then f_n(a, b, c) also does not possess a symmetric factor for any n ∈ Z, and the following equality holds in case f(1, 1, 1) ≠ 0:

d(f_n) = � � � � −^1_2

�_n d(f) deg f ≢ 0 (mod 3),

d(f) deg f ≡ 0 (mod 3).

Thus, if degf ≢ 0(mod3) and f(1, 1, 1) ≠ 0, we can read the value n from the data d(f_n)/d(f). This number n indicates the relative position of f_n in the generalized Euler line. If n is sufficiently large, its position is close to the centroid G, and conversely if n is sufficiently small, it is situated far from G on the generalized Euler line. For example, the center X_{60} defined by f(a, b, c) = a^2(a + b)^2(a + c)^2(−a + b + c) is situated near G since d(f) = (−1/2)^3.

Example 3. On the Euler line, according to the distance from the centroid G, the nine-point center, the circumcenter, the orthocenter, and the de Longchamps point lie in this order. The degree of these centers is 1, −2, (−2)^2, (−2)^3, respectively.

Similarly, on the Nagel line, X_{1125}, the Spieker center, the incenter, the Nagel point, and X_{145} lie in this order, and the degree of these centers is given by (−1/2)^2, −1/2, 1, −2 and (−2)^2, respectively.

We remark that two different classes {f_n(a, b, c)}_{n∈Z} and {f^′_n(a, b, c)}_{n∈Z} may define geometrically the same line in the plane. For example, the Exeter point X_{22} also lies on the Euler line. But it is defined by the sextic polynomial a^2(−a^4 + b^4 +c^4), and clearly does not belong to the standard family of centers on the Euler line, which is generated by f(a, b, c) = a^2(−a^2 + b^2 + c^2). Similarly, the Schiffler point X_{21} also lies on the Euler line, and this point corresponds to the quartic polynomial a(−a + b + c)(a + b)(a + c). But it is easy to see that this point also does not belong to the standard family.

Proof of Theorem 2. In general, if f^′ is divided by a symmetric polynomial, then f^′_{−n} = 2^{−n}(f^′_a + f^′_b + f^′_c) + (−1)^{−n}(2f^′_a − f^′_b − f^′_c) is also divided by the same symmetric polynomial, where f^′_a = f^′(a, b, c), etc. Now assume that f does not possess a symmetric factor, but f_n admits a symmetric factor. Then by the above reason (f_n)_{−n} = f_0 = f possess a symmetric factor, which is a contradiction. Hence f_n does not possess a symmetric factor.

Now we prove the main part. We express f(a, b, c) as f(a, b, c) = � i,j,k fijka

i(b + c)^j(bc)^k, where deg f = i + j + 2k. Then, since

f_n(a, b, c) = 2^n(f_a + f_b + f_c) + (−1)^n(2f_a − f_b − f_c),

Y. Agaoka: Degree of Triangle Centers and . . . 73

we have f_n(1, 1, 1) = 3 · 2^nf(1, 1, 1). In particular, f(1, 1, 1) ≠ 0 if and only if f_n(1, 1, 1) ≠ 0. On the other hand, we have

f_n(1, ω, ω^2) = 2^n{f(1, ω, ω^2) + f(ω, ω^2, 1) + f(ω^2, 1, ω)} + (−1)^n{2f(1, ω, ω^2) − f(ω, ω^2, 1) − f(ω^2, 1, ω)}.

Here we have

f(1, ω, ω^2) = � f_{ijk}(−1)^j,

f(ω, ω^2, 1) = � f_{ijk}ω^i(−ω)^jω^{2k} = � f_{ijk}(−1)^jω^{i+j+2k},

f(ω^2, 1, ω) = � f_{ijk}ω^{2i}(−ω^2)^jω^k = � f_{ijk}(−1)^jω^{2i+2j+k} = � f_{ijk}(−1)^jω^{2(i+j+2k)}.

Hence, by putting i + j + 2k = p, we have

f_n(1, ω, ω^2) = 2^n � f_{ijk}(−1)^j � (1 + ω^p + ω^{2p})

+ (−1)^n � f_{ijk}(−1)^j � (2 − ω^p − ω^{2p}).

If p ≡ 0(mod3), we have f_n(1, ω, ω^2) = 3·2^n � f_{ijk}(−1)^j = 3·2^nf(1, ω, ω^2), which implies d(f_n) = f_n(1, ω, ω^2) f_n(1, 1, 1) = f(1, ω, ω^2) f(1, 1, 1)

= d(f).

If p ≢ 0 (mod 3), we have f_n(1, ω, ω^2) = 3(−1)^n � f_{ijk}(−1)^j = 3(−1)^nf(1, ω, ω^2).

Hence

d(f_n) = f_n(1, ω, ω^2) f_n(1, 1, 1) = � − 1 2 �_n

f(1, ω, ω^2) f(1, 1, 1) = � − 1 2 �_n d(f).

This completes the proof. q.e.d.

5. Invariants of generalized Euler lines

From Theorem 2 we may say that in case degf ≡ 0(mod3), the degree d(f_n) gives an invariant of the generalized Euler line, since the value d(f_n) does not depend on n. In this section we introduce other types of invariants naturally associated with generalized Euler lines.

We first consider the following quantity q(f), assuming that f(a, b, c) ∈ P does not possess a symmetric factor:

q(f) = � � � f(1, α, β) f(1, 1, 1) f(1, 1, 1) ≠ 0, ∞ f(1, 1, 1) = 0,

where α, β = (−1 ± √ 3)/2. Clearly q(f) is well defined. Then we have the following proposition.

74 Y. Agaoka: Degree of Triangle Centers and . . .

Proposition 3. Assume deg f = 2 and f does not possess a symmetric factor. Then the value q(f) gives an invariant of the generalized Euler line determined by f. Proof. By putting f(a, b, c) = pa^2 + qa(b + c) + r(b^2 + c^2) + sbc, we have easily f_n(1, α, β) = 3·2^n(p−q+2r−s/2) = 3·2^nf(1, α, β) and f_n(1, 1, 1) = 3·2^n(p+2q+ 2r + s) = 3 · 2^nf(1, 1, 1), which imply f_n(1, α, β)/f_n(1, 1, 1) = f(1, α, β)/f(1, 1, 1) for any n ∈ Z. Here, we use the relation α + β = −1, αβ = −1/2, α^2 + β^2 = 2 to check this fact. q.e.d.

Curiously, for many triangle centers, the value of this invariant q(f) also takes the form (−2)^k, as in the case of d(f). But in the case of general degree (deg f ≠ 2), the value q(f) does not give an invariant of the generalized Euler line. For example we have q(f_n) = (−1/2)^n for f_n = 2^n(a + b + c) + (−1)^n(2a − b − c). Next, considering the direction of the generalized Euler line, we can construct another invariant of the generalized Euler line.

In the proof of Proposition 1, we showed that the vector

(2f_a − f_b − f_c)A + (2f_b − f_c − f_a)B + (2f_c − f_a − f_b)C 3(f_a + f_b + f_c)

is parallel to the generalized Euler line determined by the family {f_n(a, b, c)}_{n∈Z}. Essentially this direction is determined by the coefficient of A

2f_a − f_b − f_c 3(f_a + f_b + f_c) , since remaining two coefficients can be obtained by cyclic permutation of a, b, c. But the above coefficient depends on n, i.e., if we use f_n instead of f, then n appears in the coefficient. Slightly modifying this quantity, we obtain another invariant as follows.

Proposition 4. Assume f(a, b, c), f^′(a, b, c) ≠ 1.

(1) Two points f(a, b, c) and f^′(a, b, c) lie on the same generalized Euler line if and only if 2f^′_a − f^′_b − f^′_c = (2f_a − f_b − f_c)ψ(a, b, c)

for some symmetric function ψ(a, b, c).

(2) Assume deg f ≢ 0 (mod 3), f(1, ω, ω^2) ≠ 0, and f does not possess a symmetric factor. Then f_n(1, ω, ω^2) ≠ 0, and the polynomial

2(f_n)_a − (f_n)_b − (f_n)_c f_n(1, ω, ω^2)

does not depend on n. Hence the polynomial (2f_a − f_b − f_c)/f(1, ω, ω^2) gives an invariant of the generalized Euler line determined by the family {f_n(a, b, c)}_{n∈Z}.

Y. Agaoka: Degree of Triangle Centers and . . . 75

Proof. The statement (1) is clear from the explanation stated above. We show (2). The property f_n(1, ω, ω^2) ≠ 0 follows immediately from the equality f_n(1, ω, ω^2) = 3(−1)^nf(1, ω, ω^2), as we explained in the proof of Theorem 2 in case deg f ≢ 0 (mod 3). By the definition of f_n(a, b, c), we immediately obtain the equality 2(f_n)_a − (f_n)_b − (f_n)_c = 3(−1)^n(2f_a − f_b − f_c). Hence the statement (2) follows. q.e.d.

Remark. The above invariant is related to the direction of the generalized Euler line as follows. We further assume f(1, 1, 1) ≠ 0 in addition to the assumption in Proposition 4 (2). Then we have f_n(1, 1, 1) ≠ 0, as explained in the proof of Theorem 2, and so the degree d(f_n) has a non-zero finite value. Since deg f ≢ 0 (mod 3), we have d(f_{n+1}) = −^1_2 d(f_n) from Theorem 2. Then, since

−−−→ Gf_{n+1} = −^1_2 −−→ Gf_n (Proposition 1 (2)), we see that the vector −−→ Gf_n/d(f_n) does not depend on n, and it is equal to

{2(f_n)_a −(f_n)_b −(f_n)_c}A+ 1{2(f_n)_b −(f_n)_c −(f_n)_a}B+{2(f_n)_c −(f_n)_a −(f_n)_b}C 3d(f_n){(f_n)_a + (f_n)_b + (f_n)_c} . The coefficient of A is equal to

2(f_n)_a − (f_n)_b − (f_n)_c 3d(f_n){(f_n)_a + (f_n)_b + (f_n)_c} = 2(f_n)_a − (f_n)_b − (f_n)_c f_n(1, ω, ω^2) · f_n(1, 1, 1) 3{(f_n)_a + (f_n)_b + (f_n)_c} = 2(f_n)_a − (f_n)_b − (f_n)_c f_n(1, ω, ω^2) · f(1, 1, 1) 3(f_a + f_b + f_c) , because f_n(1, 1, 1) = 3 · 2^nf(1, 1, 1) and (f_n)_a + (f_n)_b + (f_n)_c = 3 · 2^n(f_a + f_b + f_c). Since f(1, 1, 1)/3(f_a + f_b + f_c) does not depend on n, we know once again that {2(f_n)_a − (f_n)_b − (f_n)_c}/f_n(1, ω, ω^2) gives an invariant of the generalized Euler line.

In this remark, we showed that the symmetric polynomial

(f_n)_a + (f_n)_b + (f_n)_c

f_n(1, 1, 1)

is also an invariant of the generalized Euler line. In the following, assuming that f(a, b, c) ∈ P does not possess a symmetric factor, we put

e(f) = � � � 2f_a − f_b − f_c f(1, ω, ω^2) f(1, ω, ω^2) ≠ 0, ∞ f(1, ω, ω^2) = 0,

s(f) = � � � f_a + f_b + f_c f(1, 1, 1) f(1, 1, 1) ≠ 0, ∞ f(1, 1, 1) = 0.

76 Y. Agaoka: Degree of Triangle Centers and . . .

These two quantities are also well defined. As seen above, the direction of the generalized Euler line is essentially determined by the quotient of two polynomials e(f)/s(f). Remark that e(f) is not an invariant of the generalized Euler line in case deg f ≡ 0 (mod 3), as we see in the next example, though for the invariant s(f) such an assumption is unnecessary.

From Proposition 4 (1), we know that two centers determined by f(a, b, c) and f^′(a, b, c) lie on the same generalized Euler line if and only if e(f) and e(f^′) are equal up to a symmetric function (under the assumption f(1, ω, ω^2), f^′(1, ω, ω^2) ≠ 0). Example 4. For the centers on the Euler line determined by the circumcenter, the orthocenter, the nine-point center, we have the common expression

e(f) =^1_2 {2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2}, s(f) = (a + b + c)(−a + b + c)(a − b + c)(a + b − c).

For the Schiffler point X_{21}, which also lies on the Euler line, the invariant s(f) takes a little different form:

e(f) =^1_2 {2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2}, s(f) =^1_4 (a + b + c){(−a + b + c)(a − b + c)(a + b − c) + 3abc}.

Remark that X_{21} is not contained in the above family of centers on the Euler line.

For other points on the Euler line such as X_{22}, X_{23}, X_{24}, we have

X_{22} : � e(f) =^1_2 (a^2 + b^2 + c^2){2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2}, s(f) = (−a^2 + b^2 + c^2)(a^2 − b^2 + c^2)(a^2 + b^2 − c^2) + 2a^2b^2c^2,

X_{23} : � e(f) =^1_3 (a^2 + b^2 + c^2){2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2}, s(f) = ∞,

X_{24} : � � � e(f) = −^1_8 {(−a^2 + b^2 + c^2)(a^2 − b^2 + c^2)(a^2 + b^2 − c^2) + 4a^2b^2c^2} ×{2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2}, s(f) = (a + b + c)(−a + b + c)(a − b + c)(a + b − c)

×{2a^2b^2c^2 − (−a^2 + b^2 + c^2)(a^2 − b^2 + c^2)(a^2 + b^2 − c^2)}.

As for the centers X_{22} and X_{23}, corresponding to the sextic polynomials f(a, b, c) = a^2(−a^4 + b^4 + c^4) and f(a, b, c) = a^2(−a^4 + b^4 + c^4 − b^2c^2), we have

e(f_n) =^1_2 (−^1_2 )^n(a^2 + b^2 + c^2){2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2}, e(f_n) =^1_3 (−^1_2 )^n(a^2 + b^2 + c^2){2a^4 − a^2(b^2 + c^2) − (b^2 − c^2)^2},

respectively, and these values clearly depend on n. The values e(f) for these centers imply that X_{21}, X_{22}, X_{23}, X_{24} all lie geometrically on the same Euler line, though they do lie on “algebraically different” generalized Euler lines.

As for the Nagel line, we have

e(f_n) = 2a − b − c, s(f_n) = a + b + c

Y. Agaoka: Degree of Triangle Centers and . . . 77

for f_n(a, b, c) = 2^n(a + b + c) + (−1)^n(2a − b − c), and so the polynomial 2a − b − c gives a fundamental invariant of this line.

Finally, we remark that f(a, b, c) has a natural decomposition into three quantities d(f), e(f), s(f) as follows. Assume f(1, 1, 1), f(1, ω, ω^2) ≠ 0. Then we have

d(f)e(f) + s(f) = f(1, ω, ω^2) f(1, 1, 1) · 2f_a − f_b − f_c f(1, ω, ω^2) + f_a + f_b + f_c f(1, 1, 1) = 3 f(1, 1, 1) f(a, b, c) = f(a, b, c),

since 3/f(1, 1, 1) is a non-zero constant. This equality means that a triangle center in P is uniquely determined by these three quantities (or invariants).

6. A new family of centers

In this section we introduce a new family of triangle centers P_C that is based on two conjugates: The isotomic conjugate and the Ceva conjugate. This family P_C is a subset of P that was introduced in Section 1. The family of centers P is a natural one, on which we can introduce the concept degree d(f). But most centers in P do not possess a geometric meaning. For example, on the Euler line, the point which divides the centroid and the circumcenter with ratio 1 : x seems to have no geometric meaning for most x ∈ R. (Perhaps, geometrically important centers appear discretely, though the term “geometrically important” has no precise definition here.) So it is desirable to restrict centers to a subclass of P, all of which possess some definite geometric meaning. The class P_C which we introduce here contains many famous centers. It also contains the family {f_n(a, b, c)}_{n∈Z} on the generalized Euler line if f(a, b, c) ∈ P_C .

Definition. P_C is a minimum subset of P satisfying the following conditions:

(i) 1, a ∈ P_C , (ii) f, f^′ ∈ P_C =⇒ f_bf^′_c + f^′_bf_c ∈ P_C , (iii) f, f^′ ∈ P_C =⇒ f^′_a(−f_af^′_a + f_bf^′_b + f_cf^′_c) ∈ P_C .

Here, f^′_b means f^′(b, c, a) etc., as before. Note that the conditions (ii), (iii) do not depend on the choice of representatives of f and f^′. The subclass P_C actually exists. In fact it is the intersection of all subsets of P satisfying the above conditions (i), (ii), (iii). But unfortunately, its explicit form is not clear at present (see Section 7).

Before stating several properties of P_C , we must give some explanation on the definition of P_C . The condition (i) clearly means that the centroid G and the incenter I are contained in P_C . To explain the remaining two conditions (ii) and (iii), we review the concept “Ceva conjugate”.

Let P and Q be two centers corresponding to f(a, b, c), f^′(a, b, c), respectively. Then the P -Ceva conjugate of Q, which we denote by C_P (Q), is a point defined

78 Y. Agaoka: Degree of Triangle Centers and . . . by f^′_a � − f^′_a f_a + f^′_b f_b + f^′_c f_c � . We remark that if P , Q ∈ P, then C_P (Q) ∈ P, because the above expression is equivalent to f^′_a(−f^′_af_bf_c + f_af^′_bf_c + f_af_bf^′_c) ∈ P up to a symmetric function. The geometric meaning and many examples of C_P (Q) are exhibited in Kimberling’s book [32]. By computation, we can easily check that the property C_P (C_P (Q)) = Q holds for any P , Q, i.e., if we put C_P (Q) = R, then we have C_P (R) = Q.

In this situation, from two points Q and R, we can determine the point P as follows. We put f^{′′}_a = f^′_a � − f^′_a f_a + f^′_b f_b + f^′_c f_c � , which corresponds to the point R. Then we have

f^{′′}_b = f^′_b � f^′_a f_a − f^′_b f_b + f^′_c f_c � , f^{′′}_c = f^′_c � f^′_a f_a + f^′_b f_b − f^′_c f_c � . From these equalities we have

2f^′_a f_a = f^{′′}_b f^′_b + f^{′′}_c f^′_c = f^′_bf^{′′}_c + f^{′′}_bf^′_c f^′_bf^′_c , and thus we have f_a = 1 f^′_bf^{′′}_c + f^{′′}_bf^′_c . (Note that 2f^′_af^′_bf^′_c is a symmetric function, and so we may cut it.) The point P is usually called the Ceva point of Q and R.

Here we assume that a set of centers is closed under the following three geometric operations (a) the isotomic conjugate, (b) the Ceva conjugate,

(c) the operation (f, f^′) −→ 1 f_bf^′_c + f^′_bf_c . Then this set satisfies the conditions (ii) and (iii).

In fact, the condition (a) means that if f is contained in this set of centers, then 1/f = f_bf_c is also contained in the set. (Remind that in terms of barycentric coordinates, the isotomic conjugate of f is given by 1/f.) Then from the condition (c), this set satisfies the condition (ii). Similarly, from the conditions (b) and (a), the condition (iii) follows.

Conversely, assume that a set of centers satisfies the conditions (ii) and (iii). Then it satisfies (a), (b), (c). First, we put f^′ = f in (ii). Then we know that 2f_bf_c = 1/f is contained in this set, which implies the condition (a). Next, from

Y. Agaoka: Degree of Triangle Centers and . . . 79

the conditions (iii) and (a), we have (b). The condition (c) immediately follows from (ii) and (a).

Thus we see that the conditions (ii) and (iii) in the definition of P_C have quite natural geometric meaning based on two conjugates. Of course, by only imposing the conditions (ii), (iii), there exists a trivial set {1}, consisting only one center (the centroid). Thus we add the condition (i) to exclude this case.

Now we state some properties of P_C that can be obtained directly from the definition.

Proposition 5. Let f(a, b, c) ∈ P_C . Then:

(1) f^n ∈ P_C for any n ∈ Z. (We consider f^{−1} = f_bf_c, f^{−2} = (f_bf_c)^2, etc.) (2) (f_a)^n(f_b + f_c) ∈ P_C for any n ∈ Z. (3) f_a(f_b^2 + f_c^2) ∈ P_C . (4) f_n ∈ P_C for any n ∈ Z. (5) f_mf_n ∈ P_C for any m, n ∈ Z.

Proof. By putting f^′(a, b, c) = 1 in (ii) and (iii), we know that f_1(= f_b + f_c), f_{−1}(= −f_a + f_b + f_c) ∈ P_C if f ∈ P_C . Hence, using the property (f_m)_n = f_{m+n}, we have inductively f_n ∈ P_C , which shows (4).

We prove f^n, (f_bf_c)^n(f_b +f_c) ∈ P_C for integer n ≥ 0 by induction. The case n = 0 is clear. We assume f^n, (f_bf_c)^n(f_b + f_c) ∈ P_C for some integer n ≥ 0. Then by putting f = (f_bf_c)^n(f_b + f_c), f^′ = f^n in (iii), we obtain f^{n+1} ∈ P_C . Next, by putting f = f^{n+1}, f^′ = (f_bf_c)^n(f_b + f_c) in (iii), we have (f_bf_c)^{n+1}(f_b + f_c) ∈ P_C . Hence by induction, we obtain f^n, (f_bf_c)^n(f_b + f_c) ∈ P_C for integer n ≥ 0. The latter means (f_a)^{−n}(f_b + f_c) ∈ P_C .

We already showed that 1/f = f_bf_c ∈ P_C if f ∈ P_C . Hence, (1) immediately follows from this fact.

To prove the remaining part of (2), we show (f_a)^n(f_b + f_c) ∈ P_C for integer n ≥ 0. Assume (f_a)^n(f_b + f_c) ∈ P_C for some integer n ≥ 0. Then by putting f = (f_a)^{−n}, f^′ = (f_a)^n(f_b + f_c) in (iii), we have (f_a)^{n+1}(f_b + f_c) ∈ P_C , which completes the proof of (2).

Next, in (ii), we put f^′ = f_bf_c. Then we have f_bf^′_c + f^′_bf_c = f_a(f_b^2 + f_c^2) ∈ P_C , and hence (3) follows.

Finally we prove (5). From (1) and (4) we have f_n^2 ∈ P_C . Next, by putting f = 1 and f^′ = f_{n+1} in (iii), the property f_nf_{n+1} ∈ P_C holds for any integer n.

Hence, to complete the proof of (5), we have only to show the following property: If f_nf_{n+k} ∈ P_C for any n ∈ Z, then the polynomial f_nf_{n+k+2} is also contained in P_C for any n ∈ Z. Assume f_nf_{n+k} ∈ P_C . Then, putting f = f_n and f^′ = f_nf_{n+k} in (ii), we have (f_n)_b(f_nf_{n+k})_c + (f_nf_{n+k})_b(f_n)_c = (f_n)_b(f_n)_c(f_{n+k+1})_a ∈ P_C , after some calculations. Then taking the inverse, we have (f_n)_a(f_{n+k+1})_b(f_{n+k+1})_c ∈ P_C . Finally we put f = (f_n)_a(f_{n+k+1})_b(f_{n+k+1})_c and f^′ = f_{n+k+1} in (iii). Then we have (f_{n+k+1})_a^2(f_{n+k+1})_b(f_{n+k+1})_c {−(f_n)_a + (f_n)_b + (f_n)_c} = f_{n−1}f_{n+k+1} ∈ P_C , which implies f_nf_{n+k+2} ∈ P_C for any integer n. q.e.d.

80 Y. Agaoka: Degree of Triangle Centers and . . .

Starting from 1 and a in P_C , we can successively construct famous centers as follows: First, from Proposition 5 (1), we know a^2 ∈ P_C , which corresponds to the Lemoine point X_6. Then, since the circumcenter X_3 is the X_2-Ceva conjugate of X_6, we know that X_3 is contained in P_C . From this fact it follows that the centers on the Euler line such as the orthocenter X_4, the nine-point center X_5, the de Longchamps point X_{20}, etc., are also contained in P_C .

Similarly, since the incenter X_1 is contained in P_C , the centers on the Nagel line such as the Nagel point X_8, the Spieker center X_{10}, etc., are contained in P_C . The Gergonne point X_7 is the isotomic conjugate of X_8, and the Mittenpunkt X_9 is the X_2-Ceva conjugate of X_1, and so these points are also contained in P_C .

By developing such procedures, we know that among Kimberling’s list X_k (k = 1 ∼ 400) in [32], at least the following 167 points are contained in P_C :

k = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 19, 20, 21, 22, 25, 27, 28, 29, 31, 32, 33, 34, 37, 38, 39, 40, 41, 42, 43, 46, 47, 48, 51, 52, 53, 54, 55, 56, 57, 58, 63, 65, 66, 69, 71, 72, 73, 75, 76, 77, 78, 81, 82, 83, 84, 85, 86, 87, 92, 95, 97, 140, 141, 142, 144, 145, 154, 155, 157, 158, 159, 160, 165, 169, 170, 184, 189, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 204, 205, 206, 207, 208, 209, 210, 211, 212, 213, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 233, 251, 253, 255, 261, 264, 269, 270, 271, 273, 274, 275, 276, 278, 279, 280, 281, 282, 283, 284, 286, 288, 304, 305, 306, 307, 308, 309, 310, 311, 312, 313, 314, 315, 318, 321, 322, 324, 326, 329, 330, 331, 332, 333, 341, 342, 343, 345, 346, 347, 348, 349, 393, 394.

We may say that the family P_C constitutes a network of triangle centers, and this network is constructed from the initial centers G and I, by applying only two geometric operations (ii) and (iii).

On the other hand, unfortunately, we have no effective method to show X_k ∉ P_C for a given center X_k at present. For example, we cannot determine whether X_{24}, X_{26}, X_{35}, X_{49}, . . . are contained in P_C or not, and we conjecture certainly that the Feuerbach point X_{11} is not contained in P_C (see Conjecture 2 in Section 7). Finally we remark that there were several attempts to grasp a meaninful set of triangle centers by Kimberling [30], [34], [35], etc., and there may further exist other type of natural set of centers deserve to study.

7. Conjectures on PC

Explicit determination of the set P_C is an important but difficult problem. The essential difficulty comes from a reduction by a symmetric factor, which suddenly appears during the operations (ii) and (iii). (See the example after Conjecture 2.) In this section we state several conjectures concerning P_C .

Y. Agaoka: Degree of Triangle Centers and . . . 81

Conjecture 1. The set P_C is closed under the multiplication, i.e., the following property holds:

f, f^′ ∈ P_C =⇒ ff^′ ∈ P_C .

For example, we conjecture X_{60} ∈ P_C , since it corresponds to the polynomial f(a, b, c) = a^2(a + b)^2(a + c)^2(−a + b + c) and both X_8 (f = −a + b + c), X_{81} (f = a(a + b)(a + c)) are contained in P_C . At present we cannot find a counterexample to Conjecture 1.

The following is the most important conjecture on P_C . This gives one necessary condition for a point f(a, b, c) ∈ P to belong to P_C .

Conjecture 2. For any f(a, b, c) ∈ P_C the degree d(f) takes the form (−2)^k (k ∈ Z).

As above, we have no counterexample to this conjecture at present. For all centers X_k ∈ P_C (k ≤ 400) listed at the end of Section 6, this property holds. The following “incomplete proof ” partially supports our Conjecture 2.

“Incomplete” proof of Conjecture 2. Let f, f^′ ∈ P_C , and we put f^{′′} = f_bf^′_c +f^′_bf_c, i.e., f^{′′}(a, b, c) = f(b, c, a)f^′(c, a, b)+f^′(b, c, a)f(c, a, b). Then we have f^{′′}(1, 1, 1) = 2f(1, 1, 1)f^′(1, 1, 1), and

f^{′′}(1, ω, ω^2) = f(ω, ω^2, 1)f^′(ω^2, 1, ω) + f^′(ω, ω^2, 1)f(ω^2, 1, ω).

Now assume that deg f = p and deg f^′ = q. Then we have f(ω, ω^2, 1) = f(ω, ω^2, ω^3) = ω^pf(1, ω, ω^2), and similarly f(ω^2, 1, ω) = ω^{2p}f(1, ω, ω^2). Hence we have f^{′′}(1, ω, ω^2) = (ω^{p+2q} + ω^{2p+q})f(1, ω, ω^2)f^′(1, ω, ω^2).

Thus, if the polynomial f^{′′} does not possesses a symmetric factor, we have d(f^{′′}) = 1 2 (ω^{p+2q} + ω^{2p+q})d(f)d(f^′). We can easily see that 1 2 (ω^{p+2q} + ω^{2p+q}) = � 1 p ≡ q (mod 3), −^1_2 p ≢ q (mod 3).

Hence if both d(f), d(f^′) are of the form (−2)^k, and in addition if f^{′′} does not possess a symmetric factor, then d(f^{′′}) is also the power of −2.

In case f^{′′} = f^′_a(−f_af^′_a + f_bf^′_b + f_cf^′_c) we can similarly calculate its degree under the same assumption:

d(f^{′′}) = � d(f)d(f^′)^2 p + q ≡ 0 (mod 3), −2d(f)d(f^′)^2 p + q ≢ 0 (mod 3).

Hence under the assumption that f^{′′} never possess a symmetric factor under the operations (ii) and (iii), we have “proved” that d(f) = (−2)^k for any f ∈ P_C . “q.e.d”.

But of course, the above assumption does not hold in general. For example we consider the following case:

82 Y. Agaoka: Degree of Triangle Centers and . . .

f =(b + c)(−a + b + c), f^′ =(b + c)(−a + b + c){a^3(b + c) − 2a^2bc − a(b + c)(b^2 − 3bc + c^2) − bc(b − c)^2}.

Then we have

f^{′′} = f_bf^′_c + f^′_bf_c = 2a^2(a + b)(b + c)(c + a)(−a + b + c)(a − b + c)(a + b − c) = a^2.

As this example shows, it is hard to judge whether f^{′′} admits a symmetric factor or not by only seeing f and f^′, and in case it admits, it is also hard to find its symmetric factor without explicit calculations. This is the principal difficulty in the explicit determination of P_C .

But if we can succeed to show Conjecture 2, we can easily see that some centers does not belong to P_C . For example, for the point X_{45} corresponding to the polynomial f(a, b, c) = a(−a + 2b + 2c), we have d(f) = −1, and so we “know” that X_{45} ∉ P_C . Similarly concerning the Feuerbach point X_{11}, we can “show” X_{11} ∉ P_C by applying Conjecture 2, since d(f) = ∞ in this case. The converse to Conjecture 2 certainly does not hold. For example, for the quadratic polynomial f(a, b, c) = a^2 + b^2 + c^2 − (−2)^n(a^2 + b^2 + c^2 − 3bc), we have d(f) = (−2)^n. But we conjecture that f(a, b, c) ∉ P_C for n ≠ 0, 1, as we will explain later (Conjecture 4). It seems that some more conditions are necessary to characterize the set P_C in addition to Conjecture 2. As known from the above “incomplete proof ”, the degree d(f) roughly gives the number of operations (ii), (iii) to obtain the center f from the initial one, unless symmetric factors appear during these operations. Hence we may say again that the degree d(f) indicates a sort of complexity of the center f.

Next, we state two conjectures concerning polynomials in P_C with lower degree. For linear polynomials, we have the following conjecture.

Conjecture 3. Linear polynomials in P_C are exhausted by

2^n(a + b + c) + (−1)^n(2a − b − c) (n ∈ Z).

Note that these centers are lying on the Nagel line and we already know that they are contained in P_C . We can easily see that this conjecture is an easy consequence of Conjecture 2. If Conjecture 3 holds, we can uniquely specify the linear polynomials in P_C by one invariant d(f).

Concerning quadratic polynomials in P_C , we have the following conjecture.

Conjecture 4. Quadratic polynomials in P_C are exhausted by the following two families, depending on three parameters l, m, n ∈ Z:

Y. Agaoka: Degree of Triangle Centers and . . . 83

Q_1 : (a + b + c)^2 − (−^1_2 )^{m+n−1}(a^2 + b^2 + c^2 − ab − bc − ca) + {(−^1_2 )^{l+m} + (−^1_2 )^{l+n}}(a + b + c)(2a − b − c)

+ (−^1_2 )^{l+m+n}{2a^2 − 2a(b + c) − b^2 + 4bc − c^2}, Q_2 : (a + b + c)^2 − (−^1_2 )^{m+n}(a^2 + b^2 + c^2 − ab − bc − ca) + {(−^1_2 )^{l+m+1} + (−^1_2 )^{l+n+1}}(a + b + c)(2a − b − c) + (−^1_2 )^{l+m+n}{2a^2 − 2a(b + c) − b^2 + 4bc − c^2}.

These two families are actually contained in P_C . In fact, by putting f(a, b, c) = a, the first family Q_1 coincides with the polynomial (f_mf_n)_l. (See Proposition 5 (5), (4).) Under the same notations, the second family Q_2 is given by {(f_m)_b(f_n)_c + (f_n)_b(f_m)_c}_l.

These two families Q_1 and Q_2 have quite similar expressions. But they actually constitute different families. For example, the polynomial a^2 is contained in Q_1, but not in Q_2. Conversely, the polynomial a^2 +bc is contained in Q_2, but not in Q_1. (The intersection Q_1 ∩ Q_2 is non-empty, because bc is contained in both families.) We also note that these polynomials can not be divided by the symmetric linear polynomial a + b + c, and hence these polynomials are essentially quadratic.

Now we calculate the invariants of these quadratic polynomials. First we have d(f) = (−1/2)^{l+m+n} for both families. The exponent l + m + n is almost equal to the number of operations (ii), (iii) to obtain polynomials in Q_1, Q_2 from the initial f = a.

For the polynomial in Q_1, we have q(f) = (−1/2)^{m+n} and

e(f) =^1_3 � 2a^2 −2a(b+c)−b^2 +4bc−c^2 +{(−2)^m +(−2)^n}(a+b+c)(2a−b−c)] ,

and for the polynomial in Q_2, we have q(f) = (−1/2)^{m+n+1} and

e(f)=^1_3 � 2a^2 −2a(b+c)−b^2 +4bc−c^2 +{(−2)^{m−1} +(−2)^{n−1}}(a+b+c)(2a−b−c) � . The invariant s(f) has a common expression in terms of q(f):

s(f) =^1_3 {(a + b + c)^2 + 2q(f)(a^2 + b^2 + c^2 − ab − bc − ca)}.

Triangle centers defined by linear polynomials 2^n(a + b + c) + (−1)^n(2a − b − c) all lie on the Nagel line, as we examined above. As for the quadratic centers Q_1 ∪ Q_2, they constitute a curious figure like a milky way, possibly contains several lines. We here plot them for small l, m, n as a reference (Figure 4).

For higher degrees it seems difficult to characterize the centers in P_C . We conjecture that polynomials in P_C with degree n contain 2n − 1 free parameters as in the case of n = 1, 2. (See [24] for other interesting point configuration consisting of triangle centers.) The points in P_C are situated discretely in the plane, and we may say that three invariants d(f), e(f) and s(f) give a “discrete coordinate” of the points in P_C . Conjecture 2 implies that among these invariants d(f) must

84 Y. Agaoka: Degree of Triangle Centers and . . .

Figure 4

take a special form. Perhaps there are another restrictions on polynomials e(f) and s(f), and it is an important problem to characterize the set of these polynomials. We conjecture that e(f) and s(f) admit some decompositions consisting of finer invariants. And many geometric facts can be verified in terms of these finer invariants. For example, we suppose that three points in P_C are collinear if and only if these finer invariants satisfy some simple algebraic relations, as in Proposition 4 (1) for generalized Euler lines. It is our final problem to give an atlas of triangle centers in terms of several invariants, by which we can understand many geometric facts in a simple unified manner.

Finally, we state one more conjecture concerning isogonal conjugate. In defining the set P_C , we used the barycentric coordinate. But if we use trilinear coordinate instead of barycentric coordinate, we obtain another class of triangle centers P^′_C . (We consider f(a, b, c) as a trilinear coordinate of the triangle center, and construct P^′_C completely by the same procedure as P_C .) Geometrically we can say that the set P^′_C is closed under the Ceva conjugate and the isogonal conjugate, since 1/f(a, b, c) means the isogonal conjugate of f(a, b, c) in trilinear coordinate. But this set may coincide with P_C itself.

Conjecture 5. P_C = P^′_C .

In barycentric coordinate the isogonal conjugate of f(a, b, c) is given by a^2/f(a, b, c). Hence if Conjecture 1 holds, then Conjecture 5 follows immediately, since a^2 ∈ P_C .

In this paper we considered a sequence of infinite triangles Δ_n(ABC). But there are many other sequences such as orthic triangles, as recently discussed in [16]. (For other examples, see [1], [3], [5], [10], [11], [13], [15], [20], [21], [25], [27], [38], [39], [40], [42], [53], [57], [58], [59], [60], [64], [65], etc.) (See the list of publications in References at the end of this paper.) It seems an interesting

Y. Agaoka: Degree of Triangle Centers and . . . 85

Figure 5

problem to investigate a trajectory of a fixed triangle center for each sequence of triangles, keeping in mind the results in Proposition 1.

As one example, we consider a sequence of infinite Cevian triangles determined by a fixed triangle center P (see Figure 5). In case P is the centroid of ΔABC, this sequence is nothing but Δ_n(ABC) we discussed above. For a general triangle center P , we can show that the trajectory of the centroid of this sequence of triangles lies on a cubic curve, not on a line. If P is the orthocenter H of ΔABC, then this cubic curve possesses a cusp singularity at H, and three asymptotic lines of this cubic curve form a triangle which is homothetic to the original ΔABC. Many interesting properties seem to hold in this setting. As one important problem, we ask whether a similar result as in Theorem 2 holds or not in this sequence of Cevian triangles, or more generally for other sequences of central triangles listed in [32], [37].

Acknowledgments. Professor Kimberling’s book [32] and homepage [36] play a crucial role in preparing the contents of this paper. Also Professor Longuet- Higgins’ paper [48] gives a decisive clue to develop the author’s study on triangle centers. The author expresses his sincere thanks to both geometers for exhibiting such excellent publications.

References

[1] Abbott, S.: Averaging sequences and triangles. Math. Gazette 80 (1996), 222–224.

[2] Abu-Saymeh, S.; Hajja, M.: Coincidence of centers for scalene triangles.

Forum Geom. 7 (2007), 137–146. Zbl 1162.51311 [3] Alexander, J. C.: The symbolic dynamics of the sequence of pedal triangles.

Math. Mag. 66 (1993), 147–158. Zbl 0830.58010

86 Y. Agaoka: Degree of Triangle Centers and . . .

[4] Altshiller-Court, N.: College Geometry. Dover Publ., New York 2007. Zbl 0048.37303 [5] Ambrus, G.; Bezdek, A.: On iterative processes generating dense point sets.

Period. Math. Hung. 53 (2006), 27–44. Zbl 1121.52015 [6] Baptist, P.: Über Nagelsche Punktepaare. Math. Semesterber. 35 (1988), 118–126. Zbl 0652.51026 [7] Bottema, O.: Topics in Elementary Geometry. Second ed., Springer, 2008. Zbl 1159.51006 [8] Bradley, C. J.: Another line of centres of a triangle. Math. Gazette 73 (1989), 44–45.

[9] Bradley, C. J.: Challenges in Geometry. Oxford University Press, Oxford 2005. Zbl 1070.00001 [10] Chang, G. Z.; Davis, P. J.: Iterative processes in elementary geometry. Am.

Math. Mon. 90 (1983), 421–431. Zbl 0527.51026 [11] Cobb, R. H.: Some homothetic triangles related to the Euler line. Math.

Gazette 26 (1942), 209–211.

[12] Coxeter, H. S. M.; Greitzer, S. L.: Geometry Revisited. Random House, New York 1967. Zbl 0166.16402 [13] de Villiers, M.: From nested Miquel triangles to Miquel distances. Math.

Gazette 86 (2002), 390–395.

[14] Dickinson, D. R.; Wynne-Willson, W. S.: Lines associated with a triangle.

Math. Gazette 45 (1961), 47–48.

[15] Ding, J.; Hitt, L. R.; Zhang, X. M.: Markov chains and dynamic geometry of polygons. Linear Algebra Appl. 367 (2003), 255–270. Zbl 1024.51026 [16] Dixmier, J.; Kahane, J. P.; Nicolas, J. L.: Un exemple de non-dérivabilité en géométrie du triangle. Enseign. Math. (2) 53(3–4) (2007), 369–428. Zbl 1151.26002 [17] Donaldson, J. A.: An infinite series of triangles and conics with a common pole and polar. Proc. Edinburgh Math. Soc. 30 (1911–12), 13–30.

[18] Eperson, D. B.: The Euler line and the Eperson line. Math. Gazette 80 (1996), 239.

[19] Goggins, J. R.: Perimeter bisectors. Math. Gazette 70 (1986), 133–134.

[20] Hajja, M.; Martini, H.; Spirova, M.: On converses of Napoleon’s theorem and a modified shape function. Beitr. Algebra Geom. 47 (2006), 363–383. Zbl 1116.51013 [21] Hitt, L. R.; Zhang, X. M.: Dynamic geometry of polygons. Elem. Math. 56 (2001), 21–37. Zbl 1004.51022 [22] Hofstadter, D. R.: Discovery and dissection of a geometric gem. In:

J. R. King; D. Schattschneider (eds.): Geometry Turned On! 3–14, MAA Notes 41, Washington 1997. Zbl 0876.68108

Y. Agaoka: Degree of Triangle Centers and . . . 87

[23] Honsberger, R.: Episodes in Nineteenth and Twentieth Century Euclidean Geometry. New Mathematical Library 37, Math. Assoc. Amer., Washington 1995. Zbl 0829.01001 [24] Iorio, M.; Ismailescu, D.; Radoičić, R.; Silva, M.: On point sets containing their triangle centers. Rev. Roum. Math. Pures Appl. 50 (2005), 677–693. Zbl 1108.52016 [25] Ismailescu, D.; Jacobs, J.: On sequences of nested triangles. Period. Math.

Hung. 53 (2006), 169–184. Zbl 1127.52019 [26] Johnson, R. A.: Advanced Euclidean Geometry. Dover Publ., New York 2007. Zbl 0090.37301 [27] Jones, S.: Two iteration examples. Math. Gazette 74 (1990), 58–62. [28] Kimberling, C.: Functional equations associated with triangle geometry. Aequationes Math. 45 (1993), 127–152. Zbl 0774.39006 [29] Kimberling, C.: Central points and central lines in the plane of a triangle.

Math. Mag. 67 (1994), 163–187. Zbl 0821.51014 [30] Kimberling, C.: Constructive systems in triangle geometry. Nieuw Arch.

Wiskd., IV. Ser. 15 (1997), 163–173. Zbl 0905.51006 [31] Kimberling, C.: Major centers of triangles. Am. Math. Mon. 104 (1997), 431–438. Zbl 0880.51005 [32] Kimberling, C.: Triangle Centers and Central Triangles. Congr. Numerantium 129 (1998), 1–285. Zbl 0912.51009 [33] Kimberling, C.: A class of major centers of triangles. Aequationes Math. 55 (1998), 251–258. Zbl 0903.39007 [34] Kimberling, C.: Enumerative triangle geometry part 1: The primary systems, S. Rocky Mt. J. Math. 32 (2002), 201–225. Zbl 1034.51007 [35] Kimberling, C.: Bicentric pairs of points and related triangle centers. Forum Geom. 3 (2003), 35–47. Zbl 1028.51019 [36] Kimberling, C.: Encyclopedia of Triangle Centers. Available at

http://faculty.evansville.edu/ck6/encyclopedia/ETC.html

[37] Kimberling, C.; van Lamoen, F.: Central triangles. Nieuw Arch. Wiskd., IV.

Ser. 17 (1999), 1–19. Zbl 1040.51020 [38] Kingston, J. G.; Synge, J. L.: The sequence of pedal triangles. Am. Math.

Mon. 95 (1988), 609–620. Zbl 0655.51008 [39] Kiss, S.: The orthic-of-intouch and intouch-of-orthic triangles. Forum Geom.

6 (2006), 171–177. Zbl 1123.51019 [40] Krasopoulos, P. T.: Kronecker’s approximation theorem and a sequence of triangles. Forum Geom. 8 (2008), 27–37. Zbl 1163.51010 [41] Lalesco, T.: La Géométrie du Triangle. Éditions Jacques Gabay, 2003.

cf. 2. edit. Ann. Roum. de Math. 1, Libr. Vuibert, Paris 1937. Zbl 0016.36701 [42] Lax, P. D.: The ergodic character of sequences of pedal triangles. Am. Math.

Mon. 97 (1990), 377–381. Zbl 0729.28011

88 Y. Agaoka: Degree of Triangle Centers and . . .

[43] Lester, J. A.: Triangles I: Shapes. Aequationes Math. 52 (1996), 30–54. Zbl 0860.51009 [44] Lester, J. A.: Triangles II: Complex triangle coordinates. Aequationes Math.

52 (1996), 215–245. Zbl 0860.51010 [45] Lester, J. A.: Triangles III: Complex triangle functions. Aequationes Math.

53 (1997), 4–35. Zbl 0868.51018 [46] Leversha, G.; Smith, G. C.: Euler and triangle geometry. Math. Gazette 91 (2007), 436–452.

[47] Longuet-Higgins, M.: A fourfold point of concurrence lying on the Euler line of a triangle. Math. Intell. 22(1) (2000), 54–59. Zbl 1052.51506 [48] Longuet-Higgins, M. S.: On the principal centers of a triangle. Elem. Math.

56 (2001), 122–129. Zbl 0998.51013 [49] Macnab, D.: The Euler line and where it led to. Math. Gazette 68 (1984), 95–98.

[50] Martini, H.: Neuere Ergebnisse der Elementargeometrie. In: O. Giering, J. Hoschek (eds.): Geometrie und ihre Anwendungen, 9–42, Hanser, Munich 1994. Zbl 0815.51002 [51] Martini, H.: Recent results in elementary geometry, Part II. Proc. 2nd Gauss Symposium, Conf. A: Mathematics and Theoretical Physics (Munich 1993), 419–443, Symposia Gaussiana, de Gruyter, Berlin 1995. Zbl 0852.51013 [52] Martini, H.: On the theorem of Napoleon and related topics. Math. Semesterber. 43 (1996), 47–64. Zbl 0864.51009 [53] Nakamura, H.; Oguiso, K.: Elementary moduli space of triangles and iterative processes. J. Math. Sci. Tokyo 10 (2003), 209–224. Zbl 1048.51016 [54] Oldknow, A.: Computer aided research into triangle geometry. Math. Gazette 79 (1995), 263–274.

[55] Oldknow, A.: The Euler-Gergonne-Soddy triangle of a triangle. Am. Math.

Mon. 103 (1996), 319–329. Zbl 0864.51015 [56] Scott, J. A.: Back to the Euler line, Math. Gazette 89 (2005), 65–67. [57] Scott, J. A.: Another decreasing sequence of triangles. Math. Gazette 89 (2005), 296.

[58] Scott, J. A.: An attenuation formula for the Neuberg sequence. Math. Gazette 90 (2006), 311–314.

[59] Scott, J. A.: On generalised Feynman sequences. Math. Gazette 91 (2007), 132–134.

[60] Shapiro, D. B.: A periodicity problem in plane geometry. Am. Math. Mon.

91 (1984), 97–108. Zbl 0528.51009 [61] Snapper, E.: An affine generalization of the Euler line. Math. Rep. Acad.

Sci., R. Soc. Can. 1 (1979), 279–281. Zbl 0416.51006 [62] Snapper, E.: An affine generalization of the Euler line. Am. Math. Mon. 88 (1981), 196–198. Zbl 0456.51015

Y. Agaoka: Degree of Triangle Centers and . . . 89

[63] Tester, H. E.: Lines associated with a triangle. Math. Gazette 46 (1962), 51–52.

[64] Trimble, S. Y.: The limiting case of triangles formed by angle bisectors. Math.

Gazette 80 (1996), 554–556.

[65] Ziv, B.: Napoleon-like configurations and sequences of triangles. Forum Geom. 2 (2002), 115–128. Zbl 1022.51015

Received October 15, 2008