Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 2, 449-468.

Minkowski Minimal Surfaces in R^3_1 with Minimal Focal Surfaces

Friedrich Manhart

Technische Universität, Institute of Discrete Mathematics and Geometry Wiedner Hauptstraße 8–10/104, A–1040 Wien, Austria e-mail: manhart@geometrie.tuwien.ac.at

Abstract. In Euclidean geometry a regular point on a focal surface of a minimal surface has non negative Gauss-curvature. So a focal surface of a minimal surface can never be a minimal surface. We classify the minimal surfaces in Minkowski 3-space the focal surfaces of which are minimal surfaces again.

A (Euclidean) minimal surface Φ ⊂ R^3 only carries points with K_e ≤ 0, where K_e denotes the Gauss-curvature. Parametrizing Φ by a C^2- immersion f : U ⊆ R^2 → f(U) = Φ and assuming K_e < 0, the principal curvatures (eigenvalues of the shape operator) are k_{1,2} = φ(−K_e)^{1/2}, (φ = ±1). Then the focal surfaces Ψ_φ are parametrized by z_φ = f +(k_{1,2})^{−1}n_e = f +φ(−K_e)^{−1/2}n_e, where n_e is the unit normal vector. If a focal point is a regular point on Ψ_φ, then the Gauss-curvature of Ψ_φ is positive. More precisely it is K_e(Ψ_φ) = −1/4 K_e > 0 ([10]), so a focal surface of a minimal surface cannot be a minimal surface again. We will prove that in Minkowski (or Lorentz) 3-space R^3_1 there are (up to scaling and Minkowski isometries) exactly two one-parameter families of minimal surfaces with this property. MSC 2000: 53A15 (primary), 53B30 (secondary) Keywords: Minkowski minimal surfaces, focal surfaces, associated surfaces

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

450 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

1. Preliminaries

A Minkowski (or Lorentz) 3-space R^3_1 is (R^3, ⟨x, y⟩), where ⟨x, y⟩ is the scalar product ⟨x, y⟩ := x_1y_1 + x_2y_2 − x_3y_3, x = (x_1, x_2, x_3). (1) A vector x ∈ R^3_1 is called

spacelike ⇐⇒ ⟨x, x⟩ > 0, timelike ⇐⇒ ⟨x, x⟩ < 0, isotropic(lightlike) ⇐⇒ ⟨x, x⟩ = 0, x ≠ 0.

The (Minkowski-) length of a vector x is defined by

‖x‖ :=^+ � |⟨x, x⟩| ≥ 0. (2)

The (Minkowski-) crossproduct is x × y, where

⟨x × y, z⟩ = det(x, y, z). (3)

A surface Φ in R^3_1 is locally parametrized by f : U ⊆ R^2 → R^3. Here and in the following we assume f ∈ C^∞. Local coordinates are denoted by (u, v) or (u^1 := u, u^2 := v). Partial derivatives of a function s defined in U ⊂ R^2 are denoted by

s,_j := ∂ ∂u^j s, s,_{jk} :=

∂^2 ∂u^j∂u^k s. Via f the scalar product (1) in R^3_1 induces a (pseudo-)Riemannian metric on U, the first fundamental form (I) with components

g_{jk} := � ∂ ∂u^j f, ∂ ∂u^k f � : U → R. (4)

Denoting Δ := det(g_{jk}) a surface Φ = f(U) is called

spacelike ⇐⇒ Δ > 0 in U, timelike ⇐⇒ Δ < 0 in U.

Points with Δ = 0 are excluded. The normal vector is

n := f,_1 ×f,_2 ‖f,_1 ×f,_2 ‖ = f,_1 ×f,_2 � |Δ| , (5)

because of Δ = − ⟨f,_1 ×f,_2 , f,_1 ×f,_2 ⟩. Especially points with Δ ≠ 0 are regular. In the following we denote ε := ⟨n, n⟩. So in case of spacelike and timelike surfaces we have ε = −1 and ε = 1 and the spherical image n(U) is part of the two-sheet hyperboloid ⟨x, x⟩ = −1 and the one-sheet hyperboloid ⟨x, x⟩ = 1,

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 451 respectively. The second fundamental form (II) and the shape operator S are related by ⟨S(f,_j ), f,_k ⟩ = ε (II)(f,_j , f,_k ), where (II)(f_j, f_k) =: h_{jk} = ε⟨n, f,_{jk} ⟩ = ε � |Δ| det(f,_1 , f,_2 , f_{jk}), (6)

S(f,_j ) = −n,_j =: h^s_jf,_s with h^s_j = εh_{jk}g^{ks}. (7) Mean curvature and Gauss-curvature are H := 1 2 trS = ε 2Δ (h_{11}g_{22} − 2h_{12}g_{12} + h_{22}g_{11}), (8)

K := ε det S = ε det(h_{jk}) Δ . (9) In case of K we use the sign convention according to [6], [9] and [11]. From (6) and (9) it is easy to see, that Euclidean and Minkowski Gauss-curvature have different sign. The eigenvalues of S (principal curvatures of Φ) are k_{1,2} = H ± √ H^2 − εK, φ = ±1. (10) The integrability conditions of Codazzi and the Theorema egregium are Co : h_{js},_k −h_{jk},_s = Γ^p_{jk}h_{ps} − Γ^p_{js}h_{pk}, (11) Ga : R_{pjks} = R^t_{jks}g_{pt} = h_{jk}h_{sp} − h_{js}h_{kp}. (12) A regular surface Φ = f(U) ⊂ R^3_1 is called a (Minkowski-) minimal surface iff H = 0 in U. For discussions on these surfaces see for instance [1], [3], [6], [7], [8], [11], [12], [13], [15], [16].

We need some concepts from affine differential geometry. For details see for instance [14], [2]. From affine point of view a surface f(U) is nondegenerate if D := det(D_{jk}) ≠ 0, D_{jk} := det(f,_1 , f,_2 , f,_{jk} ). (13) By (6) and (9) we have D ≠ 0 ⇐⇒ K ≠ 0. The components of the affine metric G of f(U) are G_{jk} := |D|^{−1/4}D_{jk}, (14) and the affine normal vector of Φ = f(U) is n_a := (1/2)Δ_Gf, (15) where Δ_G is the Laplacian with respect to the affine metric. The affine shape operator B is defined by B(f,_j ) = −n_a,_j, so the components B^k_j of B are given by n_a,_j =: −B^k_j f,_k . (16) Affine curvature K_a and affine mean curvature H_a are K_a := det(B), H_a := (1/2)tr B. (17) In case of a constant affine normal vector the surface Φ is called an improper affine sphere and it is B = 0, K_a = H_a = 0.

452 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

2. Focal surfaces of minimal surfaces

Excluding points with K = 0 on the minimal surface Φ = f(U) the principal curvatures of Φ are from (10) k_{1,2} = φ(−εK)^{1/2}, (φ = ±1). Then the focal surfaces Ψ_φ of Φ are parametrized by

z_φ = f + (k_{1,2})^{−1}n = f + φ(−εK)^{−1/2}n, φ = ±1. (18)

In case of a spacelike minimal surface (ε = −1) the Gauss-curvature is positive (cf. [8, p. 298], [6, p. 518]), so we have two different real nonzero eigenvalues ± √ K. A timelike minimal surface (ε = 1) has real focal surfaces iff K < 0 that means by (6) and (9), that Φ is locally strongly convex. In the following we always assume real focal points so from (18) there are two distinct real nonzero eigenvalues of S. That means locally we can take lines of curvature (defined in the usual way) as parametric lines. These parameters can be normalized in case of minimal surfaces in the following way.

Lemma 1. (T. Weinstein [15, p. 160]) Let Φ be a minimal surface in R^3_1 with K ≠ 0 and real focal surfaces. Then locally there is a parametrization f : U → R^3_1 of Φ, such that

g := g_{11} > 0, g_{22} = −εg, g_{12} = 0, h_{11} = 1, h_{22} = ε, h_{12} = 0,

where ε = −1 and ε = 1 refers to spacelike and timelike surfaces respectively.

The coordinate functions g_{jk} and h_{jk} of (I) and (II) respectively in Lemma 1 fulfil the Codazzi condition (11) while the Theorema egregium (12) reads

G_a : g(g^{′′} − εg̈ + 2) = g^{′2} − εġ^2, (19)

where here as in the following the derivatives of g : U ⊆ R^2 → R are denoted by

ġ := ∂g du , g̈ :=

∂^2g du^2

, g^′ := ∂g dv , g^{′′} :=

∂^2g dv^2

, ġ^′ :=

∂^2g du dv . The following lemma gives some affine quantities of f(U) = Φ using the parameters of Lemma 1.

Lemma 2. [10] Let Φ be a minimal surface in R^3_1 with K ≠ 0. In parameters of Lemma 1 the following holds. The affine normal is

n_a(Φ) = 1 2g^{3/2}

(εġf,_1 +g^′f,_2 +2εg n), (20)

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 453

and the components B^k_j of the affine shape operator B are

B^1 = 1 g^{3/2} � εġ^2 2g − g^{′2} 4g − εg̈ 2 + 1 � , (21)

B^2_1 = 1 2g^{3/2} � ġ^′ − ġg^′ 2g � , (22)

B^1_2 = −ε 2g^{3/2} � ġ^′ − ġg^′ 2g � , (23)

B^2 = 1 g^{3/2} � −εġ^2 4g + g^{′2} 2g − g^{′′} 2 − 1 � . (24)

The next lemma gives some quantities of the focal surfaces Ψ_1 and Ψ_{−1} of Φ = f(U) where f is a parametrization of Φ according to Lemma 1.

Lemma 3. [10] Let f(U) = Φ be a minimal surface in R^3_1 with K ≠ 0. The focal surfaces Ψ_φ of Φ = f(U) are parametrized by z_φ = f + φ(−εK)^{−1/2}n, (φ = ±1). In parameters of Lemma 1 the Gauss-curvature of Φ is K = −ε/g^2 such that z_φ = f + φg n. If Ψ_φ is regular, the following holds.

(1) In case of spacelike surfaces (ε = −1) the mean curvature of Ψ_φ is

H(Ψ_1) = 1 8|g|^{3/2}|g^′|

(4g − g^{′2} − ġ^2) (25)

H(Ψ_{−1}) = −1 8|g|^{3/2}|ġ|

(4g − g^{′2} − ġ^2). (26)

(2) In case of timelike surfaces (ε = 1) the mean curvature of Ψ_φ is

H(Ψ_1) = −1 8|g|^{3/2}|ġ|

(−4g + g^{′2} − ġ^2) (27)

H(Ψ_{−1}) = −1 8|g|^{3/2}|g^′|

(−4g + g^{′2} − ġ^2). (28)

(3) Denoting by g^∗_{jk} := ⟨z_φ,_j , z_φ,_k ⟩ the components of the metric of Ψ_φ = z_φ(U) it holds Δ^∗ = det(g^∗_{jk}) = 2g[εg^{′2}(1 − εφ) − ġ^2(1 + εφ)]. (29)

From this a regular focal surface of a spacelike minimal surface (ε = −1) is timelike, whereas for a timelike minimal surface (ε = 1) one focal surface is spacelike (or singular) and one timelike (or singular).

Concerning the focal surfaces we repeat a result from [10].

Theorem 1. Let f(U) = Φ ⊂ R^3_1 be a regular minimal surface with K ≠ 0 in U and real focal surfaces Ψ_1, Ψ_{−1}. Then the following holds for φ ∈ {1, −1}: (a) If Ψ_φ is a regular surface, then K(Ψ_φ) = −1/4 K, where K(Ψ_φ) denotes the Gauss-curvature of Ψ_φ.

454 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

(b) If Ψ_φ is a regular surface, then it is non degenerate and the affine normal of Ψ_φ intersects the affine normal of Φ orthogonally.

(c) If Ψ_φ is a regular surface then it is an affine minimal surface. (d) If Ψ_1 and Ψ_{−1} are both regular surfaces, then

K_a(Ψ_1) : K_a(Ψ_{−1}) = (−ε)H(Ψ_1)^4 : H(Ψ_{−1})^4, where K_a(Ψ_φ) and H(Ψ_φ) are the affine Gauss-curvature and the Minkowski mean curvature of Ψ_φ respectively.

3. Associated minimal surfaces

Using (I)-isothermal coordinates in case of a spacelike minimal surface we have H = 0 ⇐⇒ h_{11} + h_{22} = 0 ⇐⇒ f,_{11} +f,_{22} = 0, (30) so the coordinate functions f^α : U ⊆ R^2 → R, (α = 1, 2, 3) are harmonic. The conjugate harmonic functions f̄^α : U ⊆ R^2 → R, (α = 1, 2, 3), related to f^α by f,^α_1 = f̄,^α_2 , f,^α_2 = −f̄,^α_1 (α = 1, 2, 3) (31) determine the adjoined minimal surface Φ̄ := f̄(U), and the 1-parameter family (λ)Φ of associated minimal surfaces, parametrized by (λ)f(u, v) := f(u, v) cos λ + f̄(u, v) sin λ, λ ∈ R. (32) A timelike minimal surface in Φ ⊂ R^3_1 is locally a surface of translation with isotropic generating curves g(I) and h(J):

f(u, v) = g(u) + h(v), g : I ⊆ R → R^3_1, h : J ⊆ R → R^3_1, (33) where ⟨ġ, ġ⟩ = ⟨h^′, h^′⟩ = 0; ġ := dg du , h^′ := dh dv (see [15, p. 184] or [7, p. 338]). So we have g_{11} = g_{22} = 0, g_{12} = ⟨ġ, h^′⟩ ≠ 0. (34) The conjugate minimal surface Φ̄ is locally parametrized by f̄(u, v) = g(u) − h(v), (35) and the family of associated minimal surfaces^{(μ)}Φ is parametrized by (μ)f(u, v) = f(u, v) cosh μ + f̄(u, v) sinh μ, μ ∈ R. (36) So the conjugate surface f̄(U) does not belong to the family of associated surfaces ([7, p. 338]).

Associated surfaces are well known to share metric (I), normal vector and Gausscurvature as in the Euclidean situation (see [15, p. 184]). From [10, Theorem 4] the affine normalvector is invariant too.

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 455

4. Minimal focal surfaces

In this section we will classify minimal surfaces the focal surfaces of which are minimal surfaces again. To get examples, we consider minimal surfaces of rotation with isotropic axis and their associates.

Taking the axis g of rotation x_1 = x_3, x_2 = 0 we can parametrize the generating curve c(v) = (v+m(v), 0, −v+m(v)), where m : I ⊆ R → R. Then a parametrization of a surface of rotation with axis g is (see for instance [8, p. 305], [16, p. 348] or Section 5 in [10])

f(u, v) = � � 1 −^{u2}_2 u^{u2}_2 −u 1 u −^{u2}_2 u 1 +^{u2}_2

� � � � v + m(v) 0 −v + m(v) � �

= [v + m(v) − u^2v, −2uv, −v + m(v) − u^2v]. (37)

An easy calculation gives H = 0 ⇐⇒ m(v) = ±a^2v^3 + b, a ≠ 0. By a translation we can take b = 0 and we get

f(u, v) = [±a^2v^3 + v − u^2v, −2uv, ±a^2v^3 − v − u^2v]. (38)

Change of coordinates by u = u^′, v = (a √ 3)^{−1}v^′ gives the isothermic representation

f^′(u^′, v^′) = � v^′(3 − 3u^{′ 2} − εv^{′ 2}) 3a , − 2u^′v^′ a , v^′(−3 − 3u^{′ 2} − εv^{′ 2}) 3a � , (39)

where ε = −1 and ε = 1 leads to spacelike and timelike surfaces respectively. After rescaling and writing without primes the standard representation is

f(u, v) = � −ε v^3 3 + v − u^2v, −2uv, −ε v^3 3 − v − u^2v � . (40)

These minimal surfaces are well known. In case of ε = −1 the surface is called spacelike parabolic catenoid, see [1, p. 302], [8, p. 300], [10], [11, p. 60], [16, p. 349]. In case of ε = 1 it is a timelike parabolic catenoid, see [10], [11, p. 74], [16, p. 351]. In the following we calculate the associates of the surfaces (40). In the spacelike case (ε = −1) we have from (40)

f(u, v) = � v^3 3 + v − u^2v, −2uv, v^3 3 − v − u^2v � , (41)

and the adjoined surface is parametrized by

f̄(u, v) = � u^3 3 − u − uv^2, u^2 − v^2, u^3 3 + u − uv^2 � . (42)

Φ̄ = f̄(R2) is a spacelike ruled minimal surface of order three (Cayley surface) ([1, p. 305], [5, p. 15], [8, p. 301], [11, p. 62], [16, p. 351]). The surface is well

456 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

known to be the orbit of a straight line applying a certain screw motion in R^3_1 ([4, p. 311]).

In the following we denote by Σ_s := {^{(λ)}Φ, λ ∈ R} the pencil of associates of surfaces (41). According to (32),^{(λ)}Φ is parametrized by

(λ)f(u, v) := f(u, v) cos λ + f̄(u, v) sin λ , λ ∈ R. (43)

Figure 1. Associated spacelike surfaces^{(λ)}Φ ∈ Σ_s: λ = 0 (surface of rotation: spacelike parabolic catenoid), λ = 3π/8, λ = π/2 (Cayley-ruled surface)

The surfaces are regular iff v ≠ 0. Calculating normal n and Gauss-curvature K for surfaces (50) we get (independently of λ)

n(u, v) = � 1 − u^2 − v^2 2v , − u v , − 1 + u^2 + v^2 2v � , K(u, v) = 1 4v^4

. (44)

Inserting this according to (18) in the parametrization

(λ)z_φ(u, v) =^{(λ)}f(u, v) + φ(−εK(u, v))^{−1/2}n(u, v), (φ = ±1) (45)

of the focal surfaces^{(λ)}Ψ_φ, a straightforward calculation gives H(^{(λ)}Ψ_φ) = 0 for regular focal surfaces^{(λ)}Ψ_φ.

In the timelike case (ε = 1) we have from (40)

f(u, v) = � − v^3 3 + v − u^2v, −2uv, − v^3 3 − v − u^2v � . (46)

Change of parameters u = −(u^′ + v^′)/2, v = (−u^′ + v^′)/2 gives a representation as a surface of translation with isotropic generating curves (u^′, v^′ nullcoordinates). If we write without primes again this reads

f(u, v) = g(u) + h(v) := � u^3 6 − u 2 , − u^2 2 , u^3 6 + u 2 � + � − v^3 6 + v 2 , v^2 2 , −v^3 6 − v 2 � . (47)

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 457

Then the conjugate surface is parametrized by f̄(u, v) = g(u) − h(v). (48)

We denote the pencil of associates of surfaces (46) by Σ_t := {^{(μ)}Φ, μ ∈ R}. According to (36),^{(μ)}Φ is parametrized by

(μ)f(u, v) := f(u, v) cosh μ + f̄(u, v) sinh μ , μ ∈ R. (49)

The surfaces are regular iff u ≠ v. The normal and the Gauss-curvature are

n(u, v) = � uv − 1 v − u , −v − u v − u , uv + 1 v − u � , K(u, v) = − 4 (v − u)^4

. (50)

As above a straight forward calculation shows that regular focal surfaces^{(μ)}Ψ_φ are minimal.

Figure 2. Associated timelike surfaces^{(μ)}Φ ∈ Σ_t: μ = 0 (surface of rotation: timelike parabolic catenoid), μ = 3π/4, μ = π/2

Remark 1. The surface (48) is

f̄(u, v) = � v^3 6 − v 2 + u^3 6 − u 2 , − 1 2 (u^2 + v^2), v^3 6 + v 2 + u^3 6 + u 2 � . This fulfils the equation

−12x_1 + (x_1 − x_3)^3 + 6(x_1 − x_3)(x_2 + 1) = 0.

Replacing (x_1, x_2, x_3) by ((x_1 + x_3)/ √ 2, x_2, (x_1 − x_3)/ √ 2) and rescaling gives the equation x^3 + 3x_2x_3 − 3x_1 = 0, so the surface is a Cayley ruled minimal surface again but in a timelike version. Because of −εK < 0 holds for f̄(U), this surface and their associates have no real focal surfaces.

458 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

The following theorem contains a classification of minimal surfaces the focal surfaces of which are minimal.

Theorem 2. Assume Φ a minimal surface in R^3_1 and Ψ a regular focal surface of Φ. Then the following assertions are equivalent: (A) Ψ is a minimal surface.

(B) In parameters according to Lemma 1 the first fundamental form of Φ = f(U) has the components

g_{11}(u, v) =: g(u, v) = (au + bv)^2, (a, b) ∈ R^2 \ {(0, 0)}, b^2 − εa^2 = 1, g_{12}(u, v) = 0, (N) g_{22}(u, v) = −εg(u, v), where ε = −1 and ε = 1 refers to spacelike and timelike surfaces respectively.

(C) Φ is an improper affine sphere.

(D) Φ is a minimal surface of rotation with isotropic axis or an associate of such a surface: Φ ∈ {Σ_s ∪ Σ_t}.

Proof. (A) ⇒ (B): Let f : U ⊆ R^2 → R^3_1 be a local parametrization of Φ according to Lemma 1. This means up to a Minkowski isometry in R^3_1 the surface is determined by a C^∞-function g := g_{11} : U ⊆ R^2 → R^+. Using Lemma 3 a focal surface Ψ_φ (φ = ±1) of Φ is parametrized by z_φ := f + φgn and by (25), (26) and (27), (28) respectively we have H(Ψ_φ) = 0 ⇐⇒ g^{′ 2} − εġ^2 = 4g. (51) From (19) the Theorema egregium is g(g^{′′} − εg̈ + 2) = g^{′2} − εġ^2, what implies together with (51) g^{′′} − εg̈ = 2. (52) Differentiating (51) by u and v and multiplying by g^′ and ġ respectively gives g^{′ 2}ġ^′ − εġg^′g̈ = 2ġg^′ ġg^′g^{′′} − εġ^2ġ^′ = 2ġg^′.

Adding these equations using (51) and (52) gives 2gġ^′ − ġg^′ = 0, or g(u, v) = (α(u) + β(v))^2, (53) because of g > 0. Inserting in (51) gives β^{′ 2} − εα̇^2 = 1.

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 459

Using this and (53) calculating (52) gives

α(u) = au + a_1, β(v) = bv + b_1, a, b, a_1, b_1 ∈ R, (a, b) ≠ (0, 0), b^2 − εa^2 = 1, or g(u, v) = (au + bv + c)^2, c ∈ R.

If for instance a ≠ 0 rescaling u → u−^c_a (which does not affect the other coordinate functions of the fundamental forms) gives

g(u, v) = (au + bv)^2, (a, b) ∈ R^2 \ {(0, 0)}, b^2 − εa^2 = 1. (54)

(B) ⇒ (A) is straight forward from (51).

(B) ⇒ (C): (B) is valid means that in terms of parameters according to Lemma 1 the metric of the minimal surface Φ = f(U) is given by (N). The components B^k_j of the affine shape operator B of f(U) are given by (21)–(24). A short calculation shows B = 0, so Φ is an improper affine sphere.

(C) ⇒ (B): (C) is valid means B = 0. By (21)–(24) this is equivalent to

2 εġ^2 − g^{′ 2} − 2 εgg̈ + 4g = 0, (55) −ε ġ^2 + 2g^{′ 2} − 2gg^{′′} − 4g = 0, (56) 2gġ^′ − ġg^′ = 0. (57)

Subtracting (56) from (57) and using Theorema egregium (19) gives

g^{′ 2} − εġ^2 = 4g.

So from (51) it is H(Ψ_φ) = 0. This means (A) is valid and from the first step it is (A)⇒(B). (D) ⇒ (B):

(a) If Φ ∈ {Σ_s} then by (41), (42) and (43) Φ =^{(λ)}Φ =^{(λ)}f(U) where

(λ)f(u, v) = � v^3 3 + v − u^2v, −2uv, v^3 3 − v − u^2v � cos λ + + � u^3 3 − u − uv^2, u^2 − v^2, u^3 3 + u − uv^2 � sin λ , (58)

(u, v) ∈ R^2, v ≠ 0, λ ∈ R. The change of parameters

u(u^′, v^′) = √ 2 2 � cos λ 2 u^′ − sin λ 2 v^′ �

v(u^′, v^′) = √ 2 2 � sin λ 2 u^′ + cos λ 2 v^′ � (59)

gives for every fixed λ ∈ R a parametrization according to Lemma 1 with

g(u^′, v^′) = � u^′ sin λ 2 + v^′ cos λ 2 �_2

=: (au^′ + bv^′)^2. (60)

460 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

Because^{(λ)}Φ is spacelike we have ε = −1, so it holds b^2 − εa^2 = 1. (b) If Φ ∈ {Σ_t} then by (47), (48) and (49) Φ =^{(μ)}Φ =^{(μ)}f(U) where

(μ)f(u, v) = (g(u) + h(v)) cosh μ + (g(u) − h(v)) sinh μ;

g(u) = � u^3 6 − u 2 , − u^2 2 , u^3 6 + u 2 � , (61)

h(v) = � − v^3 6 + v 2 , v^2 2 , − v^3 6 − v 2 � , (u, v) ∈ R^2, u ≠ v, μ ∈ R. For every fixed μ the reparametrization

u(u^′, v^′) = √ 2 2 � cosh μ 2 − sinh μ 2 � (u^′ − v^′)

v(u^′, v^′) = √ 2 2 � cosh μ 2 + sinh μ 2 � (u^′ + v^′) (62)

gives a parametrization of^{(μ)}Φ according to Lemma 1 with

g(u^′, v^′) = � u^′ sinh μ 2 + v^′ cosh μ 2 �_2

=: (au^′ + bv^′)^2. (63)

Because of ε = 1 it holds b^2 − εa^2 = 1.

(B) ⇒ (D): Assuming (B) holds, the metric of f(U) = Φ is given by (N) with suitable constants a and b; w.l.o.g. we take b ≥ 0. From the proof (D)⇒(B) it is easy to see that there is a surface Φ̃ ∈ {Σ_s ∪ Σ_t}, parametrized by f̃ : U → R^3_1 where the first fundamental form induced by f̃ on U coincides with (N). Then by the theorem of H. Schwartz there is an isometry of R^3_1 the application of which to Φ gives an associate of Φ̃ (see [15, p. 185, 187]). This means (D) holds.

The next two theorems classify the focal surfaces of the surfaces characterized in Theorem 2.

Theorem 3. Assume Φ ∈ Σ_s. Then a regular focal surfaces Ψ_φ of Φ (φ = ±1) is element of Σ_t.

Proof. A representation of Φ =^{(λ)} Φ ∈ Σ_s is given by (58)

(λ)f(u, v) = � v^3 3 + v − u^2v, −2uv, v^3 3 − v − u^2v � cos λ + + � u^3 3 − u − uv^2, u^2 − v^2, u^3 3 + u − uv^2 � sin λ . (64)

The focal surfaces^{(λ)}Ψ_φ of^{(λ)}Φ can be parameterized because of ε = −1 from (18)_{(λ)} z_φ =^{(λ)}f + φK^{−1/2}n, φ = ±1, (65)

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 461

where Gauss-curvature K and normal vector n are given by (44). This gives

(λ)z_φ(u, v) = � v^3 3 + v − u^2v � cos λ + � u^3 3 − u − uv^2 � sin λ + φ(v − vu^2 − v^3),

−2 uv cos λ + (u^2 − v^2) sin λ + φ(−2uv), (66) � v^3 3 − v − u^2v � cos λ + � u^3 3 + u − uv^2 � sin λ + φ � −v − vu^2 − v^3 � . From (64) and (65) we get

(λ+π)f = −(λ)f ⇒ (λ)z

1 = −^{(λ+π)}z_{−1},^{(λ+π)} z_1 = −^{(λ)}z_{−1}. (67)

Therefore we take without restriction λ ∈ [−π/2, π/2] and λ ∈ [π/2, 3π/2] in case of φ = 1 and φ = −1 respectively. In case of φ = 1 the reparametrization

u(u^′, v^′) = � c + 1 8 �_{1/2}

u^′ + � c − 1 8 �_{1/2} v^′

v(u^′, v^′) = � c − 1 8 �_{1/2}

u^′ − � c + 1 8 �_{1/2} v^′ (68)

with c := (cos^λ_2 )^{−1} ∈ [1, √ 2 ] gives the coordinate functions of the fundamental forms of the focal surface^{(λ)}z_1(U^′) =^{(λ)}Ψ_1 according to Lemma 1

g^∗_{11}(u^′, v^′) = : g^∗(u^′, v^′) = � − � c − 1 2 �_{1/2}

u^′ + � c + 1 2 �_{1/2} v^′

�_2

=: (au^′ + bv^′)^2

g^∗_{22} = −g^∗_{11}, g^∗_{12} = 0, h^∗_{11} = h^∗_{22} = 1, h^∗_{12} = 0. (69)

The surfaces^{(λ)}Ψ_1 are timelike (ε^∗ = 1), so it is b^2 − ε^∗a^2 = 1. Theorem 2 gives (λ)Ψ_1 ∈ Σ_t.

In case of φ = −1 the reparametrization

u(u^′, v^′) = � s + 1 8 �_{1/2}

u^′ + � s − 1 8 �_{1/2} v^′

v(u^′, v^′) = − � s − 1 8 �_{1/2} u^′ + � s + 1 8 �_{1/2} v^′ (70)

with s := (sin^λ_2 )^{−1} leads analogously to

g^∗(u^′, v^′) = � − � s − 1 2 �_{1/2}

u^′ + � s + 1 2 �_{1/2} v^′

�_2 (71)

and as above^{(λ)}Ψ_{−1} ∈ Σ_t.

462 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

Remark 2. From (69), (71) and (63), the focal surface^{(λ)}Ψ_1 and^{(λ)}Ψ_{−1} of^{(λ)}Φ is up to a Minkowski isometry the surface^{(μ)}Φ ∈ Σ_t where λ and μ are related by

(λ)Ψ_1 : μ = ln

1 − sin^λ_2 cos^λ_2

, λ ∈ [−π/2, π/2] (72)

(λ)Ψ_{−1} : μ = ln

1 − cos^λ_2 sin^λ_2

, λ ∈ [π/2, 3π/2].

Theorem 4. If Φ ∈ Σ_t then one of the focal surfaces Ψ_φ is an isotropic straight line or a timelike surface, the other one belongs to Σ_s.

Proof. In case of Φ =^{(μ)}Φ ∈ Σ_t a parametrization is by (47), (48) and (49)

(μ)f(u, v) = � u^3 6 − u 2 − v^3 6 + v 2 � cosh μ + � u^3 6 − u 2 + v^3 6 − v 2 � sinh μ, � − u^2 2 + v^2 2 � cosh μ + � − v^2 2 − u^2 2 � sinh μ, (73) � u^3 6 + u 2 − v^3 6 − v 2 � cosh μ + � u^3 6 + u 2 + v^3 6 + v 2 � sinh μ � , which is an immersion iff u ≠ v what is assumed in the following. The focal surfaces^{(μ)}Ψ_φ are from (18) because of ε = 1

(μ)z_φ =^{(μ)}f + φ(−K)^{−1/2}n, φ = ±1, (74)

where Gauss-curvature K and normal vector n are given by (50). This gives

(μ)z_φ(u, v) = � u^3 6 − u 2 − v^3 6 + v 2 � cosh μ + � u^3 6 − u 2 + v^3 6 − v 2 � sinh μ+ φ 2 (uv − 1)(−u + v), � − u^2 2 + v^2 2 � cosh μ + � − v^2 2 − u^2 2 � sinh μ + φ 2 (u^2 − v^2), (75) � u^3 6 + u 2 − v^3 6 − v 2 � cosh μ + � u^3 6 + u 2 + v^3 6 + v 2 � sinh μ) + φ 2 (uv + 1)(−u + v) � . From (73) it is^{(−μ)}f(u, v) = −^{(μ)}f(v, u) (compare [7, p. 338]). Because of K(u, v) = K(v, u) and n(u, v) = −n(v, u) we get

(−μ)z

φ(u, v) = −^{(μ)}z_φ(v, u). (76)

So w.l.o.g. we assume μ ≥ 0 in the following.

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 463

In case of φ = 1 the coefficients of the fundamental forms of the focal surfaces (μ)Ψ_1 =^{(μ)}z_1(U) are from (75) g^∗_{11} = (u − v)^2(1 − cosh μ − sinh μ) g^∗_{12} = 0 g^∗_{22} = (u − v)^2(1 − cosh μ + sinh μ), (77) h^∗_{11} = h^∗_{22} = 0, h^∗_{12} = √ 2 � cosh μ − 1.

From this it is (μ)Δ^∗ = det(^{(μ)}g^∗_{jk}) = −2(u − v)^4(cosh μ − 1) ≤ 0.

Because of u ≠ v it is^{(μ)}Δ^∗ = 0 ⇐⇒ μ = 0. From (75)^{(0)}z_1(U) is the isotropic axis of rotation of the timelike parabolic catenoid^{(0)}f(U) from (73). In case of μ ≠ 0 the focal surface^{(μ)}Ψ_1 =^{(μ)}z_1(U) is timelike (ε^∗ = 1). From (77) the Gauss-curvature is K^∗(u, v) = (u − v)^{−4} > 0. Because of −ε^∗K^∗ < 0 it follows from (18) that there are no real eigenvalues of the shape operator and therefore the timelike surfaces^{(μ)}Ψ_1 cannot belong to Σ_t. In case of φ = −1 we calculate from (75) g^∗_{11} = (u − v)^2(1 + cosh μ + sinh μ) g^∗_{12} = 0 g^∗_{22} = (u − v)^2(1 + cosh μ − sinh μ), (78) h^∗_{11} = h^∗_{22} = 0, h^∗_{12} = − √ 2 � cosh μ + 1.

Because of u ≠ v it is (μ)Δ^∗ = 2(u − v)^4(cosh μ + 1) > 0, so we have spacelike surfaces. Reparametrization of (75) (φ = −1) u(u^′, v^′) = a_1u^′ + b_1v^′ v(u^′, v^′) = c_1u^′ + d_1v^′, with

a_1 = 1 2 � 1 − tanh μ 2 �_{1/2} , b_1 = a_1

c_1 = − 1 2 � cosh μ 2 � cosh μ 2 − sinh μ 2 �_{−1/2}

, d_1 = −c_1

gives parameters according to Lemma 1. Straight forward calculation gives

g^∗_{11}(u^′, v^′) = : g^∗(u^′v^′) = � − � 1 + d 2 �_{1/2}

u^′ + � 1 − d 2 �_{1/2} v^′

�_2 =: (au^′ + bv^′)^2

g^∗_{22} = g^∗_{11}, g^∗_{12} = 0, h^∗_{11} = 1, h^∗_{12} = 0, h^∗_{22} = −1. (79) where d := (cosh^μ_2 )^{−1}. Because of ε^∗ = −1 it yields b^2 − ε^∗a^2 = 1, so from Theorem 2 it follows^{(μ)}Ψ_{−1} ∈ Σ_s.

464 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

Remark 3. From (60) and (79) the spacelike focal surface^{(μ)}Ψ_{−1} of^{(μ)}Φ ∈ Σ_t is up to a Minkowski isometry the surface^{(λ)}Φ ∈ Σ_s where λ and μ are related by

λ = −2 arcsin � 1 2 + 1 2 cosh^μ_2

, λ ∈ � −π, − π 2 � , where surfaces^{(λ+π)}Φ and^{(λ)}Φ are congruent (with^{(λ)}f(U) =^{(λ)}Φ it is^{(λ+π)}f = −^{(λ)}f from (67)). Because λ = ±^π_2 would imply μ = ∞, the Cayley surface

(±π/2)Φ ∈ Σ

s does not appear as a focal surface of a surface^{(μ)}Φ ∈ Σ_t.

Proposition. Every regular focal surface Ψ of a surface Φ ∈ {Σ_s ∪ Σ_t} is an improper affine sphere.

Proof. (a) In case of Φ ∈ Σ_s this is true by Theorem 3 and Theorem 2(c). (b) In case of Φ ∈ Σ_t and Ψ spacelike the assertion is true by Theorem 4 and Theorem 2(c). If Ψ is timelike, that means Ψ =^{(μ)}Ψ_1 =^{(μ)}z_1(U) where^{(μ)}z_1 is given by (75) (φ = 1), a straight forward calculation gives a constant affine normal vector parallel to the isotropic direction x_1 = x_3, x_2 = 0.

Remark 4. The surfaces Φ ∈ {Σ_s ∪ Σ_t} are not characterized by the fact, that the focal surfaces are improper affine spheres (see for instance Chapter 4 in [10]).

Example 1. The spacelike parabolic catenoid Φ is from (41)

f(u, v) = � v^3 3 + v − u^2v, −2uv, v^3 3 − v − u^2v � . The focal surfaces are from (66) (λ = 0)

(0)z_φ(u, v) = � v^3 3 + v − u^2v � + φ � v − vu^2 − v^3 � , −2 uv + φ(−2uv), � v^3 3 − v − u^2v � + φ � −v − vu^2 − v^3 � . (0)Ψ_{−1} =^{(0)}z_{−1}(U) is the isotropic axis of rotation,^{(0)}Ψ_1 =^{(0)}z_1(U) is a timelike surface. Reparametrization of^{(0)}Ψ_1 according to (68) (c = 1)

u(u^′, v^′) = u^′/2, v(u^′, v^′) = −v^′/2

gives (0)z_1(u^′, v^′) = � v^{′ 3} 12 − v^′ − u^{′ 2}v^′, u^′v^′, v^{′ 3} 12 + v^′ + u^{′ 2}v^′ � . (80) and g^∗_{11} = u^{′ 2}, g^∗_{12} = 0, g^∗_{22} = −u^{′ 2}, h^∗_{11} = 1, h^∗_{12} = 0, h^∗_{22} = 1. (81) On the other hand the timelike catenoid is from (47) (we write f̃ instead of f)

f̃(u, v) = � u^3 6 − u 2 , − u^2 2 , u^3 6 + u 2 � + � − v^3 6 + v 2 , v^2 2 , −v^3 6 − v 2 � .

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 465

Reparametrization according to (62) (μ = 0)

u(u^′, v^′) = √ 2 2 (u^′ − v^′), v(u^′, v^′) = √ 2 2 (u^′ + v^′)

gives

f̃^′(u^′, v^′) = �√ 2 � − v^{′ 3} 12 + v 2 − 1 4 u^{′ 2}v^′ � , u^′v^′, √ 2 � − v^{′ 3} 12 − v 2 − 1 4 u^{′ 2}v^′ � (82)

and as in (81)

g_{11} = u^{′ 2}, g_{12} = 0, g_{22} = −u^{′ 2}, h_{11} = 1, h_{12} = 0, h_{22} = 1.

Due to the Theorem of Schwarz there is (according to Theorem 3) a Minkowski isometry α : R^3_1 → R^3_1 mapping^{(0)}z_1(U^′) to f̃(U^′). With respect to the standard basis the coordinate matrix of α is

A := � � −^{3√2}_4 0^{√2}_4 0 1 0 √ 2 4 0 −^{3√2}_4

� � (83)

and from (80) and (82) it yields

f̃^′(u^′, v^′) = A (^{(0)}z_1(u^′, v^′))^T .

That means the (regular) focal surface of a spacelike parabolic catenoid is a timelike parabolic catenoid. An analogue consideration shows that the converse is also true. Surface (λ = 0) ∈ Σ_s (first surface in Figure 1) corresponds to surface (μ = 0) ∈ Σ_t (first surface in Figure 2) and vice versa.

Example 2. The (spacelike) Cayley surface (conjugate to the spacelike parabolic catenoid (41)) is from (42)

(π/2)f(u, v) = � u^3 3 − u − uv^2, u^2 − v^2, u^3 3 + u − uv^2 � . The focal surfaces of^{(π/2)}Φ =^{(π/2)}f(U) are the timelike surfaces^{(π/2)}Ψ_φ parametrized by (66) (λ = π/2)

(π/2)z

φ(u, v) = � u^3 3 − u − uv^2 � + φ(v − vu^2 − v^3), (u^2 − v^2) + φ(−2uv), � u^3 3 + u − uv^2 � + φ � −v − vu^2 − v^3 � , what implies^{(π/2)}z_1(u, v) =^{(π/2)} z_{−1}(u, −v).

466 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

Figure 3. Cayley surface with the two (coinciding) sheets of focal surfaces.

Reparametrization of^{(π/2)}Ψ_1 according to (68) (c = √ 2) gives

(π/2)z

1(u^′, v^′) = � − �√ 2 − 1 12 � 3 v^{′2}u^′ + 6 u^′ + u^{′3} − v^{′3} − v^{′3} √ 2 − 3 v^′u^{′2}−

3 v^′u^{′2} √ 2 + 6 v^′ √ 2 + 6 v^′ � , u^′v^′, − �√ 2 − 1 12 � 3 v^{′2}u^′ − 6 u^′ + u^{′3} − v^{′3}−

v^{′3} √ 2 − 3 v^′u^{′2} √ 2 − 3 v^′u^{′2} − 6 v^′ √ 2 − 6 v^′ � , (84)

where (u^′, v^′) are parameters according to Lemma 1. It is

g^∗_{11} = � − �√ 2 − 1 √ 2 u^′ + �√ 2 + 1 √ 2 v^′

�_2

, g^∗_{12} = 0, g^∗_{22} = −g^∗_{11} (85)

h^∗_{11} = 1, h^∗_{12} = 0, h^∗_{22} = 1.

Reparametrization of^{(π/2)}Ψ_{−1} according to (70) (c = √ 2) gives

(π/2)z

−1(u^′, v^′) =^{(π/2)} z_1(u^′, v^′).

On the other hand the surfaces of the timelike pencil Σ_t given by (61) can be

F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . . 467

reparametrized by (62). This gives

(μ)f̃(u^′, v^′) = � −1/12 √ 2 � sinh(μ/2)u^3 + 6 sinh(μ/2)u + 3 sinh(μ/2)uv^2+

cosh(μ/2)v^3 − 6 cosh(μ/2)v + 3 cosh(μ/2)u^2v � , uv, (86) −1/12 √ 2 � sinh(μ/2)u^3 − 6 sinh(μ/2)u + 3 sinh(μ/2)uv^2+ cosh(μ/2)v^3 + 6 cosh(μ/2)v + 3 cosh(μ/2)u^2v � where due to (63) it is

g(u^′, v^′) = � u^′ sinh μ 2 + v^′ cosh μ 2 �_2 . (87)

Comparing (87) with (85) gives

μ =: μ_0 = ln( √ 2 − 1). (88)

Inserting μ = μ_0 in (86) gives^{(μ0)}f̃(u^′, v^′) and comparison with (84) shows

(μ_0)f̃(u′, v′) = (π/2)z

1(−u^′, −v^′),

so the two sheets^{(π/2)}Ψ_1 and^{(π/2)}Ψ_{−1} of focal Cayley-surfaces of a (spacelike) Cayley-surface coincide with each other and with the surface^{(μ0)}Φ ∈ Σ_t where μ_0 is given by (88).

References

[1] Alias, L. J.; Chaves, R. M. B.; Mira, P.: Björling problem for maximal surfaces in Lorentz-Minkowski space. Math. Proc. Camb. Philos. Soc. 134 (2003), 289–316. Zbl 1027.53063 [2] Blaschke, W.: Vorlesungen über Differentialgeometrie. Band II: Affine Differentialgeometrie. Springer, Berlin 1923. JFM 49.0499.01 [3] Calabi, E.: Examples of Bernstein problems for some non-linear equations.

Proc. Symp. Pure Math. 15 (1970), 223–230. Zbl 0211.12801 [4] Dillen, F.; Kühnel, W.: Ruled Weingarten surfaces in Minkowski 3-space.

Manuscr. Math. 98 (1999), 307–320. Zbl 0942.53004 [5] Dillen, F.; Sodsiri, W.: Ruled surfaces of Weingarten type in Minkowski 3- space. J. Geom. 83 (2005), 10–21. Zbl 1094.53005 [6] Estudillo, F. J. M.; Romero, A.: Generalized maximal surfaces in Lorentz- Minkowski space L^3. Math. Proc. Camb. Philos. Soc. 111 (1992), 515–524. Zbl 0824.53061 [7] Inoguchi, J.; Toda, M.: Timelike Minimal Surfaces via Loop Groups. Acta Appl. Math. 83 (2004), 313–355. Zbl pre02128493 [8] Kobayashi, O.: Maximal surfaces in the 3-dimensional Minkowski space L^3.

Tokyo J. Math. 6 (1983), 297–309. Zbl 0535.53052

468 F. Manhart: Minkowski Minimal Surfaces in R^3_1 with . . .

[9] Kühnel, W.: Differentialgeometrie. 2. Auflage, Vieweg, Braunschweig 2003. Zbl 1049.53003 [10] Manhart, F.: Affine geometry of Minkowski minimal surfaces in R^3_1. KoG 11 (2007), 15–23. Zbl pre05492144 [11] McNertney, L.: One-parameter families of surfaces with constant curvature in Lorentz 3-space. Ph.D. thesis, Brown University, 1980. (unpublished).

[12] Klotz Milnor, T.: Entire Timelike Minimal Surfaces in E^{3,1}. Mich. Math. J.

37 (1990), 163–177. Zbl 0729.53015 [13] Mira, P.; Pastor, J. A.: Helicoidal Maximal Surfaces in Lorentz-Minkowski Space. Monatsh. Math. 140 (2003), 315–334. Zbl 1050.53014 [14] Nomizu, K.; Sasaki, T.: Affine differential geometry. Cambridge University Press, 1994. Zbl 0834.53002 [15] Weinstein, T.: An Introduction to Lorentz Surfaces. De Gruyter Expositions in Mathematics 22, de Gruyter, Berlin 1996. Zbl 0881.53001 [16] van de Woestijne, I.: Minimal Surfaces in 3-dimensional Minkowski space.

In: M. Boyom et al. (eds.), Geometry and Topology of submanifolds II, World Scientific, Singapore 1990, 344–369. Zbl 0731.53057

Received March 19, 2008