Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 2, 483-493.

Embeddings of Projective Klingenberg Planes in the Projective Space PG(5, K)

Dirk Keppens^∗ Hendrik Van Maldeghem

Department of Industrial Engineering, KAHO Sint-Lieven, Gebr. Desmetstraat 1, B-9000 Gent, Belgium e-mail: dirk.keppens@kahosl.be

Department of Pure Mathematics and Computer Algebra, Ghent University Krijgslaan 281, S22, B-9000 Gent, Belgium e-mail: hvm@cage.ugent.be

Abstract. In this paper embeddings of projective Klingenberg planes in a 5-dimensional projective space are classified. It is proved that if a PK-plane is fully embedded in PG(5, K), for some skewfield K, then it is either isomorphic to the Desarguesian projective Klingenberg plane (projective Hjelmslev plane for bijective σ) PH(2, D(K, σ)) over a ring of ordinary or twisted dual numbers or it is a subgeometry of an ordinary projective plane. As a consequence we have in the finite case that, if a projective Klingenberg plane of order (qt, t) is embedded in PG(5,q), then it is a projective Hjelmslev plane PH(2, D(q, σ)) over a ring of ordinary or twisted dual numbers over the Galois field GF(q). The embeddings related to the twisted case are new. MSC 2000: 51C05, 51A45 Keywords: projective Klingenberg plane, projective Hjelmslev plane, embedding, dual numbers

∗affiliated researcher of Department of Mathematics of Katholieke Universiteit Leuven

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

484 D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . .

1. Introduction

Projective Klingenberg and Hjelmslev planes are natural generalizations of ordinary projective planes. After having been studied intensively in the eighties (see e.g. [7] and [15]) those ring geometries were somewhat forgotten, until they made their comeback in the theory of linear codes over finite rings (see [6] and [11]). This revival was one motivation for us to study embeddings of Klingenberg planes. Only one result, proved by Artmann [1], about the embedding of a class of Desarguesian Klingenberg planes was known. On the other hand embeddings of other point-line geometries such as generalized polygons were studied thoroughly (for a survey see [13] and [14]). Embeddings have helped in understanding the corresponding geometries, and have also directly and indirectly influenced the coding theory that emerged from the geometries. As an example we mention the codes arising from quadrics embedded in projective space, and the codes arising from geometric hyperplanes of hexagons (and the latter arise from embeddings!), see [4]. Hence, studying embeddings of Hjelmslev planes is certainly a worthwhile job.

Another motivating reason for writing this paper comes from a characterization theorem of Cronheim [3]. He proved that the only finite uniform Desarguesian projective Hjelmslev planes are the planes over rings of twisted dual numbers over a Galois field and the planes over Witt rings of length two over a Galois field. He also gives a characterization of both classes in terms of the automorphism group. We prove that the planes over the twisted dual numbers are the only ones that can be embedded in a 5-dimensional projective space, giving a new geometric characterization of this class of planes, and hence of the corresponding class of rings.

The paper is organized as follows. In Section 2 we give some basic definitions about Klingenberg and Hjelmslev planes needed in our main theorem. Section 3 gives an explicit description of the classical embedding of the plane PH(2, D(K, σ)) over the ring of twisted dual numbers over a skewfield. Our description is more explicit (using coordinates) and more general than the result of Artmann (the latter is only valid for the non-twisted case). New embeddings are contained in this description for proper PK-planes which are not PH-planes. Section 4 formulates the main theorem: the classification of all (full) embeddings of PK-planes in PG(5, K). As a consequence we obtain in the finite case a characterization of the PH-planes over the rings of twisted dual numbers over a Galois field. Finally, in Section 5, the main theorem is proved in a series of lemmas.

2. Definitions and preliminaries

Definition 2.1. A projective Klingenberg plane (PK-plane) S = (P, L, ∈, ∼) is a point-line incidence structure with neighbor relation ∼ = (∼_P , ∼_L) satisfying the following three axioms :

(PK1) There exists an epimorphism ϕ from S onto a projective plane S such that ϕ(p) = ϕ(q) if and only if p ∼_P q for all p, q ∈ P and ϕ(L) = ϕ(M)

D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . . 485

if and only if L ∼_L M for all L, M ∈ L.

(PK2) Two non-neighboring points are incident with exactly one common line. (PK3) Two non-neighboring lines are incident with exactly one common point.

Any ordinary projective plane is a PK-plane with the epimorphism ϕ the identity map and with the neighbor relations ∼_P and ∼_L the trivial equality relations. A PK-plane is called proper, if it is not a projective plane.

Definition 2.2. A projective Hjelmslev plane (PH-plane) H is a projective Klingenberg plane with two additional axioms concerning the behaviour of neighboring elements. More precisely H is a PH-plane if: (PH1) H is a PK-plane.

(PH2) Two neighboring points are incident with at least two distinct common lines.

(PH3) Two neighboring lines are incident with at least two distinct common points.

Projective Klingenberg and Hjelmslev planes were introduced by Wilhelm Klingenberg in [9] and [10].

Next we pay attention to finite PK- and PH-planes. Let S be a finite PK-plane. Then there exists a unique pair (s, t) of non-zero integers such that for any flag (p, L) of S there are exactly t points on L neighboring with p and exactly s points on L not neighboring with p. The pair (s, t) is called the order of S.

In a finite PK-plane of order (s, t) the following holds : |P| = s^2 + st + t^2, |L| = s^2 + st + t^2, any line is incident with s + t points, any point is incident with s + t lines, any point has t^2 neighbors, any line has t^2 neighbors, t|s and r =^s_t is the order of the projective plane S and s ≤ t^2 or t = 1 (see [5] and [8]). The PK-planes of order (s, 1) are the ordinary projective planes of order s.

The first examples of projective Klingenberg and Hjelmslev planes given by Klingenberg in [9] are constructed in an algebraic manner and they are now called Desarguesian PK- (viz. PH-planes). We recall here briefly this construction.

For a local ring R with unique maximal ideal J the incidence structure (P, L, I) is defined as follows.

The points are the triples (x, y, z) ∈ R × R × R up to a right scalar which is a unit in R and with (x, y, z) ∉ J × J × J. The lines are the triples [u, v, w] ∈ R × R × R up to a left scalar which is a unit in R and with [u, v, w] ∉ J × J × J. The point represented by (x, y, z) is incident with the line represented by [u, v, w] if and only if u · x + v · y + w · z = 0. Finally, two points, represented by (x, y, z) and (x^′, y^′, z^′) are neighbors if and only if (x^′, y^′, z^′) − (x, y, z)λ ∈ J × J × J for some λ ∈ R \ J and similarly for lines.

The projective ring plane S defined in this way is a PK-plane (with the epimorphism from S onto a projective plane S induced by the natural mapping from the local ring R onto its residue skewfield R = R/J) and S is denoted by PK(2,R). If R is finite, the plane PK(2,R) has order (s, t) with s = |R| and t = |J|.

486 D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . .

Two additional properties of the local ring make the plane PK(2, R) a projective Hjelmslev plane. Indeed, if R is a left and right chain ring and if every nonunit is a left and right zero divisor in R, then neighboring points (lines) are incident with at least two lines (points). A local ring which is a left and right chain ring and whose maximal ideal consists of two sided zero divisors is called a Hjelmslev ring or H-ring. In the finite case the maximal ideal always consists of two sided zero divisors. Hence, a finite chain ring is always a H-ring. An important class of H-rings are the so-called twisted dual numbers over a skewfield.

Let K be a skewfield and σ an automorphism of K. Then the ring of σ-dual numbers over K is defined as the set K × K with addition (a + bt) + (c + dt) = (a + c) + (b + d)t and multiplication (a + bt) · (c + dt) = ac + (ad + bc^σ)t.

It is easy to see that this is an H-ring with unique maximal ideal J = Kt satisfying J^2 = (0) and we use the notation D(K, σ) for this ring of twisted dual numbers. If K is the finite field GF(q), the rings are denoted D(q, σ).

For σ the identity automorphism one obtains the well-known ring of dual numbers D(K) over K.

If σ is in the above definition an endomorphism, but not an automorphism, then we obtain a left chain ring that is not a right chain ring. With abuse of notation, we will denote the corresponding projective Klingenberg plane by PH(2, D(K, σ)), although it is not a Hjelmslev plane.

3. The classical embedding of PH(2, D(K, σ))

In [1] B. Artmann shows that the PH-plane PH(2, K[t]/t^n) over the ring of polynomials with coefficients in the field K modulo t^n can be embedded in the (3n − 1)- dimensional projective space over K. As a special case he obtains an embedding of the projective Hjelmslev plane PH(2, K[t]/t^2) ∼= PH(2, D(K)) over the ring of dual numbers over the field K in the projective space PG(5,K).

For an explicit description of this embedding, we make use of an adaptation of the embedding given by Thas in [12] for the more general case of projective planes over full matrix rings M_n(GF(q)). From that embedding one easily derives an embedding for finite PH-planes over non-twisted dual numbers D(q) = {a + bt | a, b ∈ GF(q)} as this ring can be identified with the subring � a b 0 a � | a, b ∈ GF(q) �

of the full matrix ring M_2(GF(q)).

In fact, it is easy to see that the construction also works in the infinite case, and so we present it in full generality for general dual numbers D(K) over a field or even a skewfield K.

The embedding α goes as follows. Any point of PH(2, D(K)) represented by (x_0 + x_1t, y_0 + y_1t, z_0 + z_1t) is mapped by α to the line of PG(5, K) through the points represented by (x_0, 0, y_0, 0, z_0, 0) and (x_1, x_0, y_1, y_0, z_1, z_0). These two 6- tuples represent indeed two distinct points of PG(5, K) since (x_0, y_0, z_0) ≠ (0, 0, 0)

D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . . 487

and it is easy to see that the line α(p) is independent of the choice of the representative triple for p. The representatives of neighboring points can always be chosen as (x_0 + x_1t, y_0 + y_1t, z_0 + z_1t) and (x_0 + x^′_1t, y_0 + y^′_1t, z_0 + z^′_1t). Hence if p and q are neighboring, then the corresponding lines p^α and q^α have the point (x_0, 0, y_0, 0, z_0, 0) in common.

Now we look at the lines. Any line of PH(2, K) represented by [u_0 + u_1t, v_0 + v_1t, w_0 + w_1t] is mapped to the 3-space of PG(5, K) which is the intersection of the two hyperplanes [0, u_0, 0, v_0, 0, w_0] and [u_0, u_1, v_0, v_1, w_0, w_1]. Again the two 6- tuples represent two distinct hyperplanes of PG(5, K) since (u_0, v_0, w_0) ≠ (0, 0, 0) and the 3-space L^α is independent of the choice of the representative triple for L. The 3-spaces corresponding to neighboring lines (with chosen representatives [u_0 + u_1t, v_0 + v_1t, w_0 + w_1t] and [u_0 + u^′_1t, v_0 + v^′_1t, w_0 + w^′_1t]) are contained in the same hyperplane [0, u_0, 0, v_0, 0, w_0].

The incidence relation in the PH-plane corresponds with the natural incidence in PG(5, K).

The embedding described above is called the classical embedding of PH(2, D(K)) in PG(5, K).

We can generalize this embedding to the case of twisted dual numbers D(K, σ) by defining the image of a point represented by (x_0 + x_1t, y_0 + y_1t, z_0 + z_1t) as the line through the points represented by (x_0, 0, y_0, 0, z_0, 0) and (x_1, x^σ_0 , y_1, y^σ_0 , z_1, z^σ_0 ) and the image of a line represented by [u_0 + u_1t, v_0 + v_1t, w_0 + w_1t] as the 3-space which is the intersection of the hyperplanes represented by [0, u^σ_0 , 0, v^σ_0 , 0, w^σ_0 ] and [u_0, u_1, v_0, v_1, w_0, w_1]. Here, σ can be non-bijective.

We also call this embedding the classical embedding of PH(2, D(K, σ)) in PG(5, K).

We mention that the same kind of embedding for the projective line over D(K, σ) can be found as Example 5.4 in [2].

4. Main result

In the preceding section we saw how the PH-plane over the (twisted) dual numbers over the skewfield K can be classically embedded in PG(5, K). In this section we characterize this embedding under some natural hypotheses.

Definition 4.1. Consider a projective Klingenberg plane S with point set P and line set L possessing a proper epimorphism ϕ onto a projective plane S. Let K be a skewfield and let PG(5, K) be the 5-dimensional projective space over K with line set Π and set of solids Σ (a solid is a 3-dimensional subspace). Let α be a map from P to Π and from L to Σ satisfying the following properties. (PE1) For x ∈ P and L ∈ L, we have x ∈ L if and only of x^α ∈ L^α. (PE2) For x, y ∈ P, we have that x ∼ y if and only if x^α meets y^α nontrivially;

for L, M ∈ L, we have that L ∼ M if and only if L^α and M^α are contained in a hyperplane.

Then we call α an embedding.

488 D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . .

By Lemma 5.5 below, there is a natural embedding of S into a plane π of PG(5, K). If this embedding is full, i.e. if all points and lines of π are images of points and lines of S, then we call α full. In the next section, we will prove the following theorem.

Theorem 4.2. If S is a projective Klingenberg plane with a natural proper epimorphism onto a projective plane S and if S is fully embedded in PG(5, K), for some skewfield K, then either

(i) S is a projective Hjelmslev (or Klingenberg for non-bijective σ) plane PH(2, D(K, σ)) over a ring of twisted dual numbers and the embedding is the classical one, or (ii) S is a subgeometry of a projective plane (and in this case two distinct lines always meet in at most one point, and, dually, every two distinct points are joined by at most one line).

This has the following consequence in the finite case.

Corollary 4.3. If S is a finite projective Klingenberg plane of order (qt, t), for some natural numbers q, t, and if S is embedded in PG(5, q), then S is a projective Hjelmslev plane PH(2, D(q, σ)) over a ring of twisted dual numbers and the embedding is the classical one.

5. Proof of the main result

We prove the theorem in a series of lemmas. Throughout we assume that S is a projective Klingenberg plane with point set P and line set L, and with a natural proper epimorphism ϕ onto a projective plane S. We assume that S is embedded in PG(5, K), for some skewfield K.

Lemma 5.1. Let x_1, x_2, x_3 be three distinct points of S with x_1 ∼ x_2 ∼ x_3. Then x^α_1 , x^α_2 and x^α_3 all contain the same point z.

Proof. Since there are at least 3 lines through x^ϕ_1 in S, and since the lines of S through both x_1 and x_2, and through both x_1 and x_3, determine at most two line neighborhood classes, we can select a line L ∈ L incident with x_1 and not incident with either x_2 or x_3. Let x_4 ∈ P be such that x_1 ∼ x_4 and x_4 is incident with L. Let π be the plane determined by x^α_1 and x^α_4 . Note that π ⊆ L^α. Since neither x_2 nor x_3 are incident with L, none of x^α_2 , x^α_3 is contained in π. But since both x^α_2 , x^α_3 must meet both x^α_1 and x^α_4 , we deduce that x^α_1 , x^α_2 , x^α_3 , x^α_4 all meet in the same point z. □

Lemma 5.1 easily implies that all lines of PG(5, K) that are the image under α of points of the same point neighborhood N, meet in a unique point, that we may denote as N^α. Dually, every line of a fixed line neighborhood M maps under α to a solid contained in a fixed hyperplane M^α.

D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . . 489

Lemma 5.2. If N_1, N_2, N_3 are three distinct point neighborhoods of S, then N^ϕ_1 , N^ϕ_2 , N^ϕ_3 are collinear if and only if N^α_1 , N^α_2 , N^α_3 are collinear. Hence all images under α of the point neighborhoods are contained in a same plane π and there is a natural monomorphism φ_p : S → π.

Proof. Suppose first that N^ϕ_1 , N^ϕ_2 , N^ϕ_3 are collinear, and assume, by way of contradiction, that N^α_1 , N^α_2 , N^α_3 are not collinear, say they span the plane π. Then for every line L of S contained in the neighborhood M of lines that meet N_1, N_2, N_3 nontrivially, we see that π ⊆ L^α ⊆ M^α. This implies that, whenever a point x ∈ N_1 is incident with at least two elements of M (and every such point is!), then it is incident with all members of M, a contradiction.

In order to show the converse, we first claim that it suffices to prove that not all N^α, with N running through the set of point neighborhoods, are incident with a common line of PG(5, K). Indeed, suppose this is true, and suppose that N_1, N_2, N_3 are three point neighborhoods with N^α_1 , N^α_2 , N^α_3 on a common line K of PG(5, K), but with N^ϕ_1 , N^ϕ_2 , N^ϕ_3 not collinear. Let N be an arbitrary point neighborhood. Then choose any point neighborhood N^′ ≠ N and the line joining N^ϕ and N^{′ϕ} meets the union of the three lines determined by N^ϕ_1 , N^ϕ_2 , N^ϕ_3 in at least two different points N^{∗ϕ} and N^{∗∗ϕ}. By the previous paragraph, both N^{∗α} and N^{∗∗α} are incident with K, and hence, again by the previous paragraph, so is N^α, which shows our claim. So suppose by way of contradiction that all N^α are incident with a common line K. Then clearly, for every line L ∈ L, the image L^α contains K. Let x ∈ P be arbitrary and let L_1, L_2 ∈ L both be incident with x and such that L_1 ≁ L_2. Then L^α_1 and L^α_2 span PG(5, K) and hence their intersection is precisely K. This means that x^α = K, contradicting injectivity of α on P. □

We now prove two easy properties of the plane π.

Lemma 5.3. Let π be the plane defined in Lemma 5.2. Then for every point x ∈ P, the line x^α meets π in a unique point.

Proof. Let x be any point of S, and suppose that it belongs to the point neighborhood class N. Then N^α belongs to the intersection of π and x^α. Hence we only must show that x^α is not contained in π. Suppose, by way of contradiction, it is. Choose two points y, z of S not in N such that the lines xy and xz are not neighboring. Since y and z do not belong to N, the lines y^α and z^α do not meet x^α. Hence these lines meet π in unique points and it follows that both (xy)^α and (xz)^α contain the plane π, contradicting the fact that xy and xz are not neighboring. □

Lemma 5.4. Let π be the plane defined in Lemma 5.2. Then for every line L ∈ L, the solid L^α meets π in a line.

Proof. Clearly L^α contains a line of π. Suppose, by way of contradiction, that π is contained in L^α. Select a point x ∈ P on L, and a line L^′ ∈ L not neighboring L, but incident with x. The solid L^{′α} contains a line of π, and it contains x^α (and these two lines are distinct by Lemma 5.3). Hence L^α and L^{′α} share a plane, a contradiction. □

490 D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . .

Let π be a plane of PG(5, K). With the dual of π, we mean the projective plane obtained from π by considering as points all solids through π, and as lines all hyperplanes through π.

Dually to Lemma 5.2 one proves that the hyperplanes M^α, with M running through all line neighborhood classes, are lines of a dual plane π^′ of PG(5, K), and we denote the corresponding natural monomorphism by φ_l. Note also that, for any line neighborhood class M, the hyperplane M^α is generated by all lines x^α, with x running through the points of S incident with a member of M.

So with every point neighborhood class N of S corresponds a point N^α in the plane π, and also a solid through the plane π^′ (which is the intersection of all hyperplanes M^α, with M running through the set of line neighborhood classes such that M^ϕ is incident with N^ϕ). We denote that solid by N^{α∗}. Likewise, for a line neighborhood class M, there is a line M^{α∗} of PG(5, K) spanned by the points N^α, with N running through the point neighborhood classes such that N^ϕ is incident with M^ϕ.

Note that M^{α∗} ⊆ M^α, for M a line neighborhood, and N^α ⊆ N^{α∗}, for N any point neighborhood.

The condition on the embedding of being “full” now precisely means that the monomorphism φ_p is an isomorphism. However, for the time being, we do not assume this extra condition yet.

Next we prove that both planes π and π^′ either are disjoint, or coincide. A digon is a pair of distinct lines, each one incident with a pair of distinct points.

Lemma 5.5. The planes π and π^′ either are disjoint, or coincide. Also, as soon as S contains a digon, the planes are disjoint.

Proof. We first show that, if S contains two lines L, L^′ that meet in at least two points x, x^′, then π and π^′ are not disjoint. Suppose, by way of contradiction, that they are disjoint.

Let R be the intersection in PG(5, K) of L^α and π. By Lemma 5.4, R is a line, which is clearly also contained in L^{′α} (as L and L^′ are neighboring). Since x, x^′ are incident with L, L^′ in S, we also have that x^α and x^{′α} are contained in L^α and L^{′α}; hence the plane L^α ∩ L^{′α} contains the line R and the points z := x^α ∩ π^′ and z^′ := x^′α ∩ π^′ (the latter are indeed points by the dual of Lemma 5.4). If z ≠ z^′, then the line R, contained in π, meets the line zz^′ in a point of π^′, contradicting our hypothesis. Hence z = z^′. But since x^α and x^{′α} also share a point in π, this easily implies x^α = x^{′α}, and hence x = x^′.

Now we assume that π and π^′ are different, but not disjoint. Notice that π^′ is the intersection of any three hyperplanes M^α_i , i = 1, 2, 3, where M_1, M_2, M_3 are three line neighborhood classes with non-concurrent epimorphic images under ϕ. But we can choose M_i, i = 1, 2, 3, in such a way that none of M^{α∗}_1 , M^{α∗}_2 , M^{α∗}_3 contains the intersection π ∩ π^′. Since M^α_i contains both π^′ and M^{α∗}_i , it then follows that M^α_i contains π and the proof is complete. □

We now first treat the case π ≠ π^′.

D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . . 491

Lemma 5.6. If π ≠ π^′, then S is a subgeometry of PG(2, K).

Proof. By Lemma 5.5, we know that π and π^′ are disjoint. Hence, for any point neighborhood N, the solid N^{α∗} is generated by N^α and π^′. It follows easily that, for each point x ∈ P, the line x^α meets π^′ in a unique point, which we denote by x^β, and for each line L ∈ L, the solid L^α meets π^′ in a unique line, which we denote by L^β. Also the mapping β thus defined is clearly injective and preserves incidence and non-incidence. Hence β is a monomorphism and the result follows. □ From now on, we assume that the embedding is full, and we classify the case π = π^′.

Lemma 5.7. Suppose π = π^′. If α is full, and if N is a point neighborhood class of S, then the set {x^α : x ∈ N} runs through all lines of PG(5, K) that are incident with N^α and are contained in N^{α∗}, except for the lines in π.

Proof. Let N be a point neighborhood class. Let x ∈ N be arbitrary. The solid N^{α∗} contains π and x^α. Let K ≠ x^α be an arbitrary line through N^α in N^{α∗}. Let M be the unique line neighborhood class of S with the property that M^{α∗} is contained in the plane generated by K and x^α. Let L ∈ M be such that x is incident with L, and let y ∈ N be such that y is not incident with L. The plane generated by y^α and K meets π in a unique line M^{′α∗}. Let L^′ ∈ M^′ be such that y is incident with L^′. Note that M ≠ M^′ since both L^α and L^{′α} contain the line K, and since, if M^′ = M, they would also both contain M^{α∗}, they would both meet the solid x^{α∗} in the same set, implying that y would belong to both lines L, L^′, a contradiction. Hence L and L^′ meet in a unique point z, and so L^α and L^{′α} meet in the unique line z^α. But they both contain K, so K = z^α. □

Lemma 5.8. If π = π^′, then the projective Klingenberg plane S is isomorphic to PH(2, D(K, σ)), for some endomorphism σ and the embedding α is classical.

Proof. We introduce coordinates X_0, X_1, X_2, . . . , X_5 in PG(5, K). We choose for π the plane with equation X_1 = X_3 = X_5 = 0. Consider the plane π^′ with equation X_0 = X_2 = X_4 = 0. Let N be any point neighborhood class and let N^{α∗} be the corresponding solid. Since it contains π as a consequence of Lemma 5.5, it meets π^′ in a unique point u_N outside π and by Lemma 5.7, the line of PG(5, K) through u_N and N^α is the image x^α of a point x ∈ N. Since solids of the form L^α, L ∈ L, meet π^′ in a line, it is now easy to see that the mapping β : π → π^′ : N^α → u_N is an injective collineation. We can choose the coordinates such that β maps (1, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0), (0, 0, 0, 0, 1, 0) and (1, 0, 1, 0, 1, 0), respectively, to (0, 1, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 0, 1) and (0, 1, 0, 1, 0, 1), respectively. It follows with elementary linear algebra (a version of the Fundamental Theorem of Projective Geometry) that there exists an endomorphism σ of K such that β maps (x_0, 0, y_0, 0, z_0, 0) to (0, x^σ_0 , 0, y^σ_0 , 0, z^σ_0 ). It now follows easily that the points of S are mapped under α onto lines generated by points (x_0, 0, y_0, 0, z_0, 0) and (x_1, x^σ_0 , y_1, y^σ_0 , z_1, z^σ_0 ). All these lines are precisely the lines of the standard

492 D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . .

embedding of PH(2, D(K, σ)). Since the solids of PG(5, K) corresponding to lines of S are determined by the lines of PG(5, K) corresponding to points of S, the embedding is completely determined and standard. The lemma is proved. □

In the finite case, the embedding is automatically full under the conditions of Corollary 4.3. Moreover, it is clear that finite proper Klingenberg planes always contain digons. Indeed, if not, then consider a line L of a finite Klingenberg plane of order (qt, t) without digons. Through each point of L, there are t lines neighboring L. Since there are no digons, all these lines are different and we obtain a set of (q + 1)t(t − 1) + 1 lines of the same line neighborhood class. This contradicts (q + 1)t(t − 1) + 1 > t^2. Consequently Corollary 4.3 follows.

Remark 5.9. By Lemma 5.7 it follows that all point neighborhoods are affine planes. A PH-plane with this property is called uniform. Cronheim [3] has proved that the only finite uniform Desarguesian projective Hjelmslev planes are either planes over a ring of twisted dual numbers over a Galois field or planes over a Witt ring of length two over a Galois field. Corollary 4.3 now gives a characterization of the first class. These are the only uniform planes that are embeddable in PG(5, q).

Remark 5.10. The problem in the non-full case is considerably more involved, and it is even not clear what the examples are. Possibly there might be non- Desarguesian PK-planes non-fully embedded, as some preliminary work seems to indicate.

References

[1] Artmann, B.: Hjelmslev-Ebenen in projektiven Räumen. Arch. Math. 21 (1970), 304–307. Zbl 0202.51102 [2] Blunck, A.; Havlicek, H.: Projective representations. I. Projective lines over rings. Abh. Math. Semin. Univ. Hamb. 70 (2000), 287–299. Zbl 0992.51001 [3] Cronheim, A.: Dual numbers, Witt vectors, and Hjelmslev planes. Geom.

Dedicata 7 (1978), 287–302. Zbl 0399.51004 [4] De Wispelaere, A.; Van Maldeghem, H.: Codes from generalized hexagons.

Des. Codes Cryptography 37 (2005), 435–448. Zbl 1142.05311 [5] Drake, D.; Lenz, H.: Finite Klingenberg planes. Abh. Math. Semin. Univ.

Hamb. 44 (1975), 70–83. Zbl 0322.05021 [6] Honold, T.; Landjev, I.: Linear codes over finite chain rings. Electron. J.

Comb. 7 (2000), 1–22. Zbl 1025.94017 [7] Keppens, D.: Klingenberg incidence structures, a contribution to the study of ring geometries. Ph.D. thesis, University of Ghent, 1987.

[8] Kleinfeld, E.: Finite Hjelmslev planes. Ill. J. Math. 3 (1959), 403–407. Zbl 0090.37106 [9] Klingenberg, W.: Projektive und affine Ebenen mit Nachbarelementen.

Math. Z. 60 (1954), 384–406. Zbl 0057.12601

D. Keppens, H. Van Maldeghem: Embeddings of Projective Klingenberg . . . 493

[10] Klingenberg, W.: Desarguessche Ebenen mit Nachbarelementen. Abh. Math.

Semin. Univ. Hamb. 20 (1955), 97–111. Zbl 0066.14202 [11] Landjev, I.: On blocking sets in projective Hjelmslev planes. Adv. Math.

Commun. 1 (2007), 65–81. Zbl 1112.51003 [12] Thas, J.: The m-dimensional projective space S_m(M_n(GF (q))) over the total matrix algebra M_n(GF (q)) of the n×n-matrices with elements in the Galois field GF (q). Rend. Mat. 4 (1971), 459–532. Zbl 0233.05010 [13] Thas, J.; Van Maldeghem, H.: Embeddings of geometries in finite projective spaces. http://cage.rug.ac.be/~fdc/intensivecourse2/hvm-jat.pdf, 1–39.

[14] Thas, J; Van Maldeghem, H.: Generalized polygons in finite projective spaces, in Distance-Regular Graphs and Finite Geometry. In: S. Bang, J. H. Koolen, M. Hirasaka, S. Y. Song (eds.) Special issue: Conference on association schemes, codes and designs, Com^2MaC 2004, selected papers of the conference in Busan 2005, Korea, July 19–23, 2004 and two satellite workshops, July 16–18 and July 24–26, 2005, 57–71. Zbl 1139.05301 [15] Veldkamp, F.: Geometry over rings. In: F. Buekenhout (ed.): Handbook of Incidence Geometry, Elsevier Science Publishers, 1995, 1033–1084. Zbl 0822.51004

Received May 30, 2008