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Abstract. A polynomial near-ring can mean one of several things. Here
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1. Introduction

Near-rings of polynomials should not be confused with polynomial near-rings.
Typically, the former is a set of polynomials over a (commutative) ring (with
identity) which is a near-ring with respect to the usual addition and composition
of polynomials. These near-rings have been studied extensively and their theory
and applications can be found in the books by Pilz [12] and Clay [3].

A polynomial near-ring, on the other hand, is a near-ring of polynomials in
the universal algebraic sense, see for example Lausch and Nébauer [6]. These
polynomials with their coefficients from a near-ring are much more awkward to
deal with, and apart from the more general universal algebraic considerations, not
much has been done. This situation was partly addressed when Andries van der
Walt proposed a model for polynomial near-rings using mappings as a special case
of the more general group near-rings introduced by le Riche, Meldrum and van
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der Walt [9]. This approach led to a number of papers by Bagley [1], [2], Farag
[4], [5], Lee [7] and Lee and Groenewald [8], but covers very little of all that one
would like to know about polynomials.

There are thus three different kinds of polynomials studied in near-ring theory:
the near-rings of polynomials over rings with respect to the usual addition and
composition of polynomials, the polynomial near-rings in the universal algebraic
sense and thirdly, the polynomial near-rings in the sense of van der Walt and
Bagley. Here we will look at certain homomorphic images of the polynomial
near-rings in this latter sense. In particular, we want to describe the quotients
of these near-rings determined by the ideals generated by a single polynomial.
The objective is to find a near-ring analogue of the well-known ring constructions
like that of the algebraic integers or complex numbers. Partial success has been
achieved. It will be shown, for example, that if N[z| is the polynomial near-ring
over a near-field N and the ideal generated by the polynomial 2 + 1 in N|[z] is
denoted by (z? + 1), then N/ (z? + 1) is a near-ring which can be written as a
union J A, where

n=2

Ay ={a+by|abe N},

k
A1 = {Zaiwi |k>1,0;€ Nywe A,} forn>2and y*+1=0.
i=1

Before we discuss polynomial near-rings, we start with a more general construc-
tion. This general construction, which has the polynomial near-ring as a special
case, will have two further applications: It will be used to describe certain homo-
morphic images of the polynomial near-rings and it can be used to define poly-
nomial near-rings in two or more commuting indeterminates, avoiding the usual
iterative construction.

2. General construction

All near-rings will be right distributive, 0-symmetric and with identity 1. As
usual, A << N means A is an ideal of the near-ring N. Let (G, +) be a group. G is
called an N — N-bigroup if there are mappings N x G — G and G x N — G such
that, if we write the images by juxtaposition, then (n4+m)g = ng+mg, (g+h)n =
gn + hn, (nm)g = n(mg), g(nm) = (gn)m and (ng)m = n(gm) for all g,h € G
and n,m € N. We will suppose that all actions are unital and that G is left-
faithful, i.e. (0: G)y :={ne€ N |nG =0} =0.

As is well-known, My (G) :={f € My(G) | f(gn) = f(g)n for all g € G,n €
N7} is a subnear-ring of My(G). By the left-faithfulness, N can be embedded in
My(G) vian : N — My(G) defined by n(a) := n4,1.(9) := ag for all g € G.
We identify a € N with 7, in My(G) and note that the identity map on G is
then the identity of N. We work mostly with the following bigroup: Let N be
a O-symmetric near-ring with identity and let G := N* be the direct sum of k
copies of (N, +) where k € N, N is the set of positive integers, or k = w, the first
limit ordinal. With respect to the usual left and right scalar multiplication, N* is



S. Veldsman: Homomorphic Images of Polynomial Near-rings 121

a unital left-faithful N — N-bigroup. If N does not have an identity, then we can

embed N as a subnear-ring in a near-ring N which has an identity. Then N will
be a left-faithful N — N-bigroup with respect to the canonical actions.

Any u € My(G) — N will be called an indeterminate. A commuting indeter-
minate is an indeterminate which is an N — N-homomorphism, i.e. u(ng) =
nu(g), u(gn) = u(g)n and u(g + h) = u(g) + u(h) for all g,h € G and n € N.
For an indeterminate u, let [V, G, u] be the subnear-ring of My (G) generated by
N U {u}. More generally, if U is a set of indeterminates, then [N, G, U] denotes
the subnear-ring of My (G) generated by N UU.

We will also need: Let G be a left N-group where, as usual, N is O-symmetric
with identity and G is unital. A non-empty subset B of G is called a basis for G
over N if:

(i) Bisa linearly independent set over N, i.e. for any finite subset {by, bs, b3, .. .,
b,} of distinct elements of B, if > a;b; = 0,a; € N, then a; = 0 for all
i=1
1=1,2,3,...,n

400 k
(ii) B generates G over N, ie. G = |J B, where By = B,B,+1 = {>_ a;w; |
n=0 1=1

k>1,a;, € N,w; € B,} for n > 0.

+o0o
Note that for any B, § # B C G, |J B, is always an N-subgroup of G. Trivial,

n=0
but necessary to mention for later use is:

Proposition 2.1. Let N be a 0-symmetric near-ring. For any indeterminate
u € MN(G) and a € N:

(i) —u=(=Du,

(ii ( wu = —u? = (—1)u?,

) —
)
(iii)
)
)

)

(—u) = d’'u for some a’ € N,
(iv) (—a)u = d'u for some a’ € N,
(v) (—a)(—u) = d'u for some a’ € N.

If u s a commuting indeterminate, then:

(i) w(f +g) = uf +ug for all f,g € My(G),

(vii) uf = fu for all f € [N,G,ul,

(viii) u(—u) = —u? = (-u)u,
(ix)
)

i)

(xi

Proof. (i) and (ii) are both trivial, following from basic properties valid in any
near-ring.

For (iii), note that a(—u) = a((—1)u) = (a(—1))u = a’u follows from the definition
of an N — N-bigroup.

(—u)(—u) = v,
(—u)a = u(—a) = (—a)u, but in general a(—u) # (—u)a,
fo u

oranyn > 1, (—u")a = (—a)u" = u"(—a).
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Next we show the validity of (vii). It follows immediately that uf = fu for all
feNU{u}.

Let f,g € [N,G,u] and suppose uf = fu and ug = gu. Then (fg)u = f(gu) =
f(ug) = (fu)g = (uf)g = u(fg) and, by (vi) above, u(f + g) = uf + ug =
fu+gu = (f+g)u. Since each element of [V, G, u] is a finite combination of sums
and products of elements from N U {u}, (vii) follows.

For the second part of (x) let N := My(Zy) where Z; = (Zy, +) is the group
of integers mod k, k > 3. Let G = N? and define v : N*> — N? by u(ay, ) =
(g, 1). Then u is a commuting indeterminate. If a : Zy — Zj is defined
by a(0) = 0 and a(t) = (t+ 1) mod k for 0 # t € Zj, then a(—1) # —a.
Indeed, choose 1 < t < k — 1. Then a(—-1)(t) = a(—t) = alk —t) =k —t+1
and —a(t) = —(t+1) = k—t — 1. Thus a(—u)(0,1) # (—u)a(0,1) and so
a(—u) # (—u)a which justifies the second claim in (x). O

Next we describe the elements in [N, G, u]. We take u® = 1.

+o0
Proposition 2.2. For any indeterminate u € My(G), [N,G,u] = |J A, where
0

n—=

Ao = {Lu,v® w3, . .} A = {[Jauw' | m > 1,a; € N,t; > 0} and Ay =
i=1

Dosiwi | m>1s; € A, w; € Ap} forn > 1.
i=1

Proof. Firstly note that 4 UN C A; C A, C A3 C ---. By definition
N U {u} C [N,G,u] and thus A; C [N,G,u|. If A, C[N,G,u] for some n > 1,

+o0
then so is A,+1 since [N, G, u] is a subnear-ring of My(G). Hence | A, C
n=0

+oo m
[N, G, u]. Next we show |J A, is a subnear-ring of My(G). If h = [] a;u’ € Ay,

n=0 =1

“+o00
t; > 0, then —h = (—ap)uau’...au' € A;. Hence, if f,g € |J A,, then
n=0

“+oo
f—g€ U A, Indeed, since the A,’s form an ascending chain, there is an m > 2
n=0

+00 +oo
with f,g € A,,. Then clearly f —g € A,, C |J A,. To see that fg € |J A, for

400

f,9 € U A,, it will suffice to show that A,.A,, C A,.mi1 for all n,m > 0. Note
n=0

that AOAO Q Ao, AlAl Q .Al and thus Ale Q .Al and .A()Al Q Al. Let m Z 0

be fixed and we proceed by induction on n. For n = 1, we have A1 A,, C A,,1
by definition and for n = 0 we have ApA,, C A1A,, C A,,.1. Suppose n > 1 and

m
An Ay € Apimar. Let h=> siw; € Ay, m> 1, s, € Ay, w; € A, and choose
i=1

e € A,,. Then we € A, Ay, € Apgmyr and so he = Y s;wie € Aty 4mt1. Thus
=1

400 +oo

|J A, is a subnear-ring of My (G) which contains NU{u} and [NV,G,u] C |J A,

n=0 n=0

follows. U
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Corollary 2.3. Letu € My(G) be a commuting indeterminate. Then [N, G, u] =
UA where Ag = {1,u,u* v, ...}, Ay = {au' |t >0, a € N} and A,y =

{Zaiwi]mzl, a; € N, w; € A,} forn > 1.

i=1

Proof. Clearly Ay = {au' |t >0, a€ N}. Forn>1and > s;w; € A, 1, m >
i=1
1 s; € .Al, w; € A, we have s; = a;u" for some a; € N and t; > 0. Then

Zslwz = Z(au Nw; = Zaz(u iw;) with v'w; = waul € A, Ay C A, for all .
i=1 i=1
Thus A, = {>_aw; |m>1, a; € N, w; € A,} as required. O
i=1
Since N is a subnear-ring of [N, G, ul, ([N, G,u|,+) is a left N-group with respect
to the canonical action If w is a commuting indeterminate, the above corollary
shows that {1,u,u? ...} generates [N,G,u] as a left N-group. If, in addition,
{1,u,u? ...} is a hnearly independent set over N, then {1,u,u? ...} will be a
basis for [N ,G,u] over N (but in general this need not be the Case).

Any element of [N,G,u| is in one of the A,’s and we will always write an
element from [N, G, u] in the form specified for A,’s elements as above. This
will be our canonical representation of the elements of [N, G,u]. Note that this
representation of an element in [N, G, u| need not be unique. For example, for the
near-ring N define y : N> — N? by y(ay, ) := (—ag +aq, ;) for all ay,ay € N.
Then y? = —1+y and in [N, N2, y] we have y(—1+y) = ¢* = —y+y?* = —y—1+y
where 32 € Ao, y(—1+y) € A3 and —y +y? = —y — 1 +y € Ay. Note that {1,y}
is linearly independent over N, but {1,y} need not generate [N, N2 y] over N.

In general, this lack of unique representation will make it troublesome at times

+o0

to deal with the elements of these near-rings. For f € [N,G,u] = |J A,, we say
n=0

the level of fisnif f € A, and f ¢ A for all & < n. Note that the level of

f is independent of the particular representation chosen for f. For the example
above, f =y(—1+y)=y>= —y+y? = —y — 1 + y has level 0.

As is the case for polynomials over rings, substitutions can be problematic.
For f € [N, G, u], we may replace all u’s in f with any other fixed element from
[N, G, u] or even from My (G) (which could take values outside of [N, G, u]). This,
in itself, is not a problem — the problem arises when functions are defined by
substitution since elements of [V, G, u] may not have unique representations. For
example, let y : N*> — N2 be defined by y(aj,as) = (—as + ay, ;) for all
a1, ay € N and define v : N2 — N2 by u(ay, as) := (ay, ;) for all ag,ay € N.
Then y? = —1 +y and u? = u. Define 0, : [N, N2 y] — [N, N2 u] by 0,(f) := f
where f is obtained from f by replacing all occurrences of y with w. This is
not a well-defined mapping. Indeed, y*> = —1 +y but u = u? # —1 + u. Even
0, : [N,N? y] — N defined by 6,(f) := f where f is obtained from f by replacing
each y with 1 is not well-defined. To have such substitutions well-defined, one
should require that the substitution is independent of the representation chosen
for the element from [N, G, u].
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Proposition 2.4. Let S be a near-ring and v : N — S a near-ring homomor-
phism. Choose w € S fived. For f € [N,G,u], let f be the element in S obtained
from f by replacing each w in f with w in f and each a € N in f with y(a) € S
in f. Suppose that for all f € [N,G,u], if f =0 in [N,G,u], then f =0 in S.
Then 7y @ [N,G,u] — S defined by v,(f) := f is a well-defined homomorphism
with ker v, = {f € [N,G,u] | f =0}. If v is surjective, then s0 is Y.

Proof. 7y, is well-defined, for ff € [N,G,u] with f =g, then h:= f —g =0
and so, by assumption, f — g = f — g = h = 0. Clearly v, is a homomorphism
which is surjective if v is. U

We have a number of corollaries:

Corollary 2.5. Let S be a near-ring and v : N — S a homomorphism. Let G
be a unital left-faithful N — N-bigroup and let H be a unital left-faithful S — S-
bigroup with indeterminates u € My(G) — N and w € Mg(H) — S. Define
Yo i [N, G u] — [S, H,w| by v (f) := f where f is obtained from f by replacing
each w in f with w and each a € N with y(a) € S. If f =0 in [N, G, u] implies
f=01n[S, H,w|, then v, is a well-defined homomorphism which is surjective if
v is.

Corollary 2.6. Let k,l € NU{w} and choose indeterminates u € My(N*) — N
and w € My(NY) — N. Define v, : [N, N¥ u] — [N, N, w] by v,(f) := f where
f is obtained from f by replacing each u with w. If f = 0 in [N, N* u] implies
f=0in[N,N' w], then v, is a well-defined surjective homomorphism.

Proposition 2.7. Let S be a near-ring and 0 : [N,G,u] — S a surjective homo-
morphism with w := 0(u) ¢ O(N) and N Nker® = 0. Then S = [N, S, w]|, i.e
[N,G,u]/ker§ = [N, S, w].

Proof.  Since 0 is surjective, [N, G, u|/kerd = S. For a € N, we have 0(a) =

if and only if @ = 0; hence 0 |y : N — (V) is an isomorphism and we identify N
with §(N) in S. Then (S, +) is a unital left-faithful N — N-bigroup and we may
embed S in My(S) via a +— 7,, 7, : S — S is defined by 7,(s) = as for all s € S.
Hence w = 6(u) € S — N C My(S) — N and from N U{w} C S C My(S), we
get [N, S,w] C S. Since 6 is surjective, for s € S, there is an f € [N, G, u] with
0(f) =s. Then s = 0(f) € [N, S,w] and we conclude that S = [N, S, w]. O

This immediately gives

Corollary 2.8. Let 0 # h € [N,G,u| and let I := (h), the ideal in [N,G,ul
generated by h. Suppose that IN'N = 0 and u + I ¢ N”. Then there is a
near-ring S, which contains N as a subnear-ring, and an element w e S— N with
h =0 where h is obtained from h by replacing u with w.

This section is closed with an example.
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Example 2.9. Let v : N¥ — N“ and w : N> — N2 be defined by u(ay, ag, as, ay,

) = (ag, a1, a4, as,...) and w(ay, as) = (ag,a1). Then both u € My (N¥) and
w € My(N?) are commuting indeterminates with u?> = 1 and w? = 1. We will
show [N, N“ u] & [N, N? w| by using Corollary 2.6. Here v, : [N, N“ u] —
[N, N2, w] is defined by 7, (f) := f where f is obtained from f by replacing each
win f with w in f. In order to show that 7, is an isomorphism, we only need to

show that for f € [N, N¥ u], f = 0 if and only if f = 0. This will follow from (i)
and (ii) below.

(i) For every f € [N, N“ u], there is a function F' : N> — N such that for all
ke Nand o; € N,

F(Oék, Oék+1) if k is odd
F(ag, ag_1) if k is even

Te(f (o, ag, 03,04, ...)) = {

where m; : N¥ — N is the k-th projection.

Proof. Let f € [N,N“ u]. Then f € A, for some n > 1 (cf. Corollary 2.3). We
proceed by induction on n. For n = 1 and f = au? with a € N and p € {0, 1},
define F' by

_ Joasitp=0
F(st) { atifp=1 "~

For any k > 1, if p = 0, then mx(f (a1, a2, as, ay, .. .)) = acy, = F(ag, ag1) and if
p =1, then

T(f(a, 02, 03,04, .)) _{

B { F(ag, agyq) if k is odd

F(ag, ag_1) if k is even.

aayyq if k is odd
a1 if k is even

Suppose now n > 1 is fixed and (i) holds for any element of A,. Let f € A1,
say f = > a;f;i,m > 1,a; € N and f; € A,. By the induction assumption, for

=1

each i =1,2,3,...,m, there is a function F} : N> — N such that for all £k > 1,

E(O&k, ozk+1) if kis odd
Fi(au, ap_q) if k is even.

me(filan, ag,a3,04,...)) = {

Define F' : N> — N by F(s,t) := > a;Fy(s,t) for all s,t € N. Then for any
i=1
B>,

me(f(ag, ag, a3, a4,...)) = i a;mi(filar, ag, ag, ay, .. .))

{ > a;Fi(ay, ager) if k is odd
=1

F(Oék, Oék+1> if k£ is odd
ag, 1) if k is even

=
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as required.

(ii) For any f € [N,N“ ], if f(ai,az,a3,04,...) = (o), a3,a3,0ay,...), then
f(Oél,Oég) = (O/17O/2)'

Proof. By induction on n, f € A,. For n = 1, say f = au” for a € N and
p €{0,1},

(acy, aqs, aag, acy,...) if p=20
(acg, aay, any, aag,...)if p=1

f(O{l,OéQ,Oég,Oé4, .. ) = {

On the other hand,

(aap,aas) if p=0
(aqg,a0q) if p=1

flan,az) = {

which completes the proof for n = 1.

Suppose (ii) holds for all elements from .A,, for some fixed n > 1. Let f € A, 1, say
f= Zazfz,m >1,a; € Nand f; € A,. If fi(aq,a0,a3,...) = (ozg),ozg),ozg), ),
thenz:}lle induction assumption gives f;(aq, ag) = (ozg ) o o ) Thus
flag, az, a3, a4, ...) iazfl(al,ag,ag,...)
(%) )

—Zaz(al ,a2 ,ozg Ve

’ITL

= a;ol?, Z aad, Z azag ,...) and
=1

?(061,042) => az_z(OéhOéz)
=1

ai(y”, )

= (3 aaf’. 3 aiof)

1=

Il

LI

which completes the proof for (ii).

It is now shown that for f € [N, N, u], f = 0 if and only if f = 0. Indeed, if
f=0and aj,ay € N, then f(ap,as) = (af, ) where 0 = f(a1,9,0,0,...) =
(o, ay, ay, afy,...). Thus f(ay,as) = 0, i.e. f = 0. Conversely, suppose f = 0.
Let ai,as,a3,... € N and suppose f(Oél,Oég,ag,CY4,...) = (o, a0y, ), .).
Then (o}, a4) = f(ai,a3) = 0. Let F: N> — N be the function given by (i)
above. Then F'(ay, ) = mi(f (a1, o, s, a, .. .)) = m(af, o, af, . ..) = o) =
0. This means for any k£ > 1, we have

F(ag, agsq) if k is odd
{ F(ag, ag_1) if k is even
0.

i (faq, ao, g, 0y, .. )

Thus f = 0 and we are done.



S. Veldsman: Homomorphic Images of Polynomial Near-rings 127

3. Polynomial near-rings and representations of polynomials

Define z : N¥ — N¥ by z(ay, g, as,...)=(0,a1,a2,as,...). Then z€ My(N¥)—
N is a commuting indeterminate and the near-ring [N, N“, z] is called the poly-
nomial near-ring over N. This near-ring will be denoted by N[z|. If N is a ring
with identity, then N[z] coincides with the usual polynomial ring. In general it
need not be the case. For example, let N be a ring with zero multiplication and
let Ng[x] denote the usual polynomial ring over the ring N. Then x is not in the
polynomial ring Ng[z] and 0 # ax is in Ng[z] for all 0 # a € N. On the other
hand, for the polynomial near-ring N[z|, we have 0 # x € N[z] and az = 0 for
all @ € N. The polynomial near-ring N|x] has been studied by Bagley [1], [2],
Farag [4], [5], Lee [7] and Lee and Groenewald [8]; in most cases dealing with their
ideal theory. We investigate quotients of polynomial near-rings, but we need to
develop some tools. Firstly, note that x has a left inverse T in My (N*) defined by
Z(y, g, as,...) = (a9, a3, ay, . ..). Hence, if 28f =0 (or fa* = 0) for any k > 1
and f € My(N*), then f = 0.

Because x is a commuting indeterminate, we have from Corollary 2.3, N|[x] =
1 A, where
0

n=

Ay = {1,x,m2,x3,...},
Ay ={az" |t >0, a € N},

m
Ay ={ E a;x’
i=1

and

le,aiEN,kiZO}

A = {Zaiwi |m>1,a;, € N,w; € A,} forn > 2.

i=1

Ay is a basis for N[z] over N. Indeed, that Ay generates N|x] is clear from
the previous lines and we only show Ay is linearly independent over N. Let

ko
e

m
o , 2% be distinct and ay,as,...,a, € N with > a;2% = 0. Suppose

1=

1
kh < k’iQ < < kim where each kij € {k’l,k'g,...,k’m},j = 1,2,...,771. Then

m

0= aa*)(1,0,0,...) =(0,...,a,,0,...,a,,0,...,0,a, ,0,...)

=1

andsoa; =as =---=a,, = 0.

An element in N[z] may still have many different representations, and we
follow our earlier convention to use the form of the elements of the sets A,, as our
canonical representation of the near-ring polynomials (as was also done in [7] and
[8]). Amongst others, this means we always write x as far to the right as possible
but not as a common factor on the right of a bracket. For example, we write
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ax and not ra and we write a(bx + cz?) and not az(b + cx) nor a(b + cx)z. We
will need an analogue of the concept of the degree of the usual polynomials. But
with different representations of the same polynomial, this is not a straightforward
matter. For example, one could have f = a(bz®+cx) = ax = a(bz?+ cx). We will
define the height of a polynomial as an analogue of the notion of degree. Note
firstly that we will distinguish between the “height of a particular representation
of a polynomial” and the “height of the polynomial” which is independent of the
chosen representation. For 0 # f € N|xz], choose any representation of f. The
height of this representation is the highest power of x in the expression. The
height of the polynomial f is the minimum amongst all the heights of all the
possible representations for f. When f = 0, the height of f is by definition —ooc.
For the polynomial f as above, the representation a(bz® + cx) has height 2, but
f has height 1 (if we know ax # 0).

Proposition 3.1. Let f € N[x] with given representation of height k, k > 0.
Then there is a function F : N¥*' — N such that for all i > 1 and for all
ap,ag,a3,... € N, mi(flag, e, a3,...) = Fa;_k, gi1,- .-, 01, ;) where m;
N® — N 1is the i-th projection and where we take a; = 0 for j < 0.

Proof. For f € N[z] with given representation of height k, & > 0, de-
fine F : N*¥' — N by F(ay, qa,...,a511) = Trp1(flag, ag, ..., apy1,0,0,...))
for all ay,as,...,ap11 € N. Note that in the definition of F' it is immate-
rial what we put in positions k + 2,k 4+ 3,k + 4, ... of the vector on the right
hand side, since these components will not appear in the (k + 1) component of
flag,ag, ..., agi1,0,0,...). We show that F' has the desired property by induc-
tion on the level n of f.

If f = ax® for some a € N and k > 0, then F(ay,q,...,ar41) = aay. For

any ¢ > 1,
0ife <k
mi(flan, a2, 0,..0)) - = { aai_k_ifi >k

= acoy_, where a; = 0 for 7 <0
= F(ai—ka it 1y - -+ Qj—1, ai)‘

Let n > 1 and suppose that for any polynomial in A,,, its associated function
m

has the desired property. Let f = Y ajw; € A,41 with given representation
=1

of height k, £ > 0, where m > 1,j a; € N and w; € A,. We suppose w;

has height k; and then, by definition, k& = max{ky, ks,...,k,}. By the induc-

tion assumption, for each j = 1,2,...,m there is a function W; : N&+! — N

with 7(w;(a, ag, 3,...)) = Wji(di—k,, Qig,41,- .., -1, 04) for all ¢ > 1 and

a1, Qo, a3, ... € N. Using the definition of F',
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F(ozl, o, . .. ,Oék+1) = 7Tk+1(f<041, Ao,y ..., Oy, 0, 0, .. ))
m
= Tr1(D ijj((ah g, .., ky1,0,0,...)))
j=1
m
= Z ajmpe1(wi(ar, ag, ..., arg1,0,0,. )
]’;7,1
= Z ajo(ak+1—kj7 Of42—k;y -+ - s Ak Oék;+1)-
j=1
But .
Wi(f(Odl, g, 3, . . )) = 7'('1(2 CljU)j(CYl, g, O3, .. ))
j=1

[
NFE

a;mi(w;(ag, ag, as,...))

<.
Il
—

ajWi(Qizy, Qig1k;, -+ Qio1, Q).

I

Il
,_.

J
Since k; < k for all j =1,2,...,m, it follows from the above

m
F<aifk7 Q15 -+ o5 D1, Oéi) = Z Gjo(Oéifkj, it 1—Fkjs -+ -5 Gi—1, Oéi)
j=1
- ﬂ-i(f(ah Qg, 3, .. ))

for all oy, an, as,... € N as required. O

For later use, we record a number of properties of a polynomial and its associated
function:

Remark 3.2. (1) Recall, for given f € N|[x] with height k, the representation of
f may not be unique. Suppose f = g where g € N[z] is another representation
for f with height [, say k < [. Let F : N¥' — N and G : N**! — N be the
associated functions. We now describe the relationship between F' and G. Since

f =g, we have for all i« > 1 and for all oy, as,as,... € Na,
F(otiog, Qipgrs -y i, ) = mi(fan, o, a3,...))
- ﬂ-i(g(ala Qa, (3, . . ))
= G(Qi—1, Qimp41, -, Qim1, OG).
In particular, for i = k+ 1 and since k+1—-1<Il+1-1=1,
F(og, a,. .., agq1)
= GO 11y a1y -y 1, O, Oy e ey Oy gt 1)
= G(0,0,...,0,aq,q9,...,0441) with zeros in the first [ — k positions.

Likewise, with i = [ + 1, we get
Glar, o, ..., app1) = F(ou—ps1, g2, - -5 00, 0q41).

(2) For f € Nlx] with ht(f) = k, the associated function F : N**' — N com-
pletely describes the polynomial f. For some special cases, it may be possible
to use a function with fewer than k + 1 arguments (e.g. f = ax*), but in gen-
eral it may not be possible nor desirable. However, it is possible, and we will
have a need to do so later, to increase the number of arguments of the associ-
ated function to [ with [ > k + 1. This is achieved by defining G : N' — N
by G(ay, e, ...,aq) = m(f(ag,ag,...,0,0,0,...)). Then G(ay,as,...,0q) =



130 S. Veldsman: Homomorphic Images of Polynomial Near-rings

F(ay—g, k41, - - -, q;—1, ;) which can also be written as F(aq, g, ..., 1) =
G(0,0,...,0,a1, g, ...,ags 1) for all a; where there are [ — k — 1 zeros at the start
of G’s argument. In fact, it does not matter what we put in these [—k—1 positions.
Indeed, G(aq, ..., 01 k1, gy 0q_1,0q0) = m(f(aq,a,...,04,0,0,...)). Since
f has height k, we will have at most 2°, z, 22, ..., 2% somewhere in the represen-
tation of f which means that the only a;’s we will find in the [-th component will
be from oy, _gi1,...,_1 and q;.

(3) Let F': N¥*1 — N be the function associated with the polynomial f € N|x]
with a given representation of height k. Then F' and f determine each other
according to the following rule: Given f, then F' can be obtained from f by
replacing each =7 in f by a1, for j = 1,2,... k. Conversely, given F', then
the given representation for f can be obtained from F' by replacing each «; with
x**+1=7 . Care must be taken with 2° — the only a € N which is actually regarded
as az” will be those a in f which do not have a left bracket immediate to their
right. For example, a(b + cx) + d = a(bz’ + cz) + dx°. For this association it
is important to remember that we always write the polynomials in the agreed
canonical form. If this is overlooked, this association may not be valid. For
example, if ¢ = axb, then the canonical representation is f = abx (we take
ab # 0). The associated function F: N — N is given by F(ay, ) = aba; which
may not be the same as aa;b. In fact, the associated function can be used to
get the canonical representation of any polynomial: For a polynomial, whether in
canonical form or not, determine the associated function and use the rule above
(replace a; with zFt177) to get the canonical representation of the polynomial.

We will adopt the following notation: If we write f = f[2° z,22,...,2*], then
Flay,ag,...,ap1) = fl2° = g1, = ag, 22 = ag_1,...,2% = a1] where the
latter means 27 in f is replaced by a1 for all j =0,1,... k.

(4) For f € Nlz] with ht(f) = k, define the coefficient of 27 in f by f; =
coeff(z7; f) :== m;11(f(1,0,0,...)). Note that coeff(2?; f) = F(0,...,0,1,0,...,0)
where 1 is in position k 4+ 1 — j for 0 < j < k. As usual, the coefficient of x°
is called the constant term of f. The coefficients are uniquely determined by
the polynomial and do not depend on the chosen representation. The converse
is not true: For example, if f = a(b+ cx) + d and g = ab + d + acx then
coeff (z%; f) = ab + d = coeff(2°; g) and coeff(z; f) = ac = coeff(x;g) but f and
g need not be the same. Another unexpected consequence of this definition is
given by the polynomial f = a(b+ z) — ax — ab. Here f need not be 0, but
coeff (2% f) = 0 = coeff(z; f).

(5) Bagley [1] defined the degree of a polynomial by deg(f) := max{|f(a)| — |o] |
a € N@Y where N@ := {a € N¥ | a has finite support} and for 3 € N¢,
|| = min{k € N | a; = 0 for all i > k}. It was shown that any polynomial has
some degree. The unusual behaviour of near-ring polynomials as demonstrated
by their coefficients above is also seen with respect to this notion of degree. If
a(b+ ¢) — ac — ab # 0 in the near-ring N, then f = a(b+ cx) — acx — ab has
deg(f) = 0. However, ht(f) = 1. This is one of the main reasons why we found
it necessary to work with the height rather than the degree.
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(6) For ring polynomials, we know that a polynomial is 0 if and only if all the
coefficients are 0. For a zero near-ring polynomial, also all the coefficients must
be 0, but the converse need not be true (see (4) above).

(7) For f € N[x] with ht(f) = k and any oy, e, ..., € Nym > 1, f(ag, ag, ...,
am,0,0,...) € (N,N,...,N,0,0,0,...) where the non-zero components could go
up to the (k 4+ m)-th position. Indeed, let F' : N*' — N be the associated
function. Since all the functions in Nz| are O-symmetric, F'(0,0,...,0) = 0. If
we take a,4; = 0 for all j > 1, then by Proposition 3.1 we get

Thtm; (f (a1, 00, ..., 04,,0,0,...))

= F(Qhgmsj—ks Qhrmei—ht1s - - - s Uhgrmej—15 Uhm-+j)

= F(Oém+ja Omtj+15 - - -5 Omtk, k1)

= F(0,0,...,0) =0 for all 7 > 1.
We close this section with some remarks on the construction of polynomial near-
rings with multiple indeterminates. For a ring R, the usual definition of R[z,y] is
as an iterated polynomial ring construction R[x,y] = (R[z])[y]. This means the
constants of R[x,y| are the elements from R[z] which is not really desirable and a
more formal approach is better. For polynomial near-rings, Lee and Groenewald
[8] have shown that (N[z])[y] = (N[y])[z] by showing that both are isomorphic
to a certain near-ring of self-mappings of a group of infinite matrices. We give
a different construction of N[z,y] which avoids the iterated approach and also
the use of infinite matrices. Moreover, this construction is easy to generalize to
polynomial near-rings of three or more indeterminates.

If (N*)? denotes the direct sum of two copies of (N“, +), then (N*)? is an N —
N-bigroup with respect to the canonical actions. Here we will use s : N¥ — N¥
to denote the shift function s(«a) := (0, a1, as, as, . ..) where a = (o, az, a3, ...) €
N¢. Define x : (N¥)? — (N¥)? and y : (N¥)? — (N¥)? by z(a, B) := (s(a), 3)
and y(o, ) = (a,s(f)) for a, € N¥. Then both z and y are commuting
indeterminates in My((N*)?) and also zy = yx. We then define N[z, y], the
polynomial near-ring in the two commuting indeterminates x and y over NN, as the
subnear-ring of My ((N“)?) generated by N U {x,y}. If N is a ring with identity,
then N|[z,y] is just the ring of polynomials in the two commuting indeterminates
x and y.

+o0
It can be shown that N[z,y] = |J A, where
n=>0

Ao = {2"y™ | n,m > 0},
Ay = {az"y™ | n,m >0,a € N},

As = {Z a;x"My"™
i=1

m>1,a; € N, n;;m; >0}

and

A = {Zaiwi |m>1,a, € N,w; € A,} forn > 2.

=1
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4. Divisibility

We will need a division algorithm analogous to that of ring polynomials. Let
0 # h € N[z] with height £ > 1 and let H := (h) be the ideal in N[z] generated
by h. We suppose that we can write 2% as 2% = hy +p where hy € H and p € N|[z]
has height < k—1. In a near-field N, the expression for 2* can readily be obtained
for some choices of h. For example, if h = a(b + cx3) + dx with a # 0, ¢ # 0, we
have
3 =cYa Y (h—dr)—D)
=c Y a ' (h—dz) —a(—dz) + a (—dx) — D)
=c Yhy +a(=dx) =) —c(a Y (—dz) — b) + ¢ (a"(—dz) — b)

for some hy,hy € H and p := ¢ '(a"!(—dx) — b) € N[z] has height at most 1.
However, when for example i = a(b+ x?) — az? — ab, then it is not clear (if indeed
possible) how to isolate z?.

Proposition 4.1. Let 0 # h € N[z| with height k > 1 and let H := (h) be the
ideal in N(x] generated by h. Suppose x* can be expressed as x* = hy + p where
hy € H and p € N[z| has height < k — 1. Then any f € Nlz| can be written as
f=Nn+r where W € H and r € N[z| with r =0 or if r # 0, then it has height
<k-1.

Proof. 1f 0 # f € N|x] has height < k, let f = 0+ r where r = f and we are
done. Suppose thus f has height k +n, n > 0 and we proceed by induction on n.
Let n = 0. We show that f has the required form by induction on the level
of f. If f = ax® for some a € N, then
f =az®
= a(hy + p) where hy € H and p € N[z] has height <k —1
=a(hy +p) —ap+ap
= hy + ap with hy € H and ap = 0 or ap has height < k — 1.

Let f = Y aa% € Ay with k; < k for all j = 1,2,...,m. Suppose k =
j=1

kj, = k;j, = --- = kj, (there must be at least one such kj,) and k; < k for all
ki € {ki, ko, ..., kn} — {kj,kj,, ..., kj,}. By the first step of this induction, we
know a;,x*ii = h;, + r;, for some hj, € H and r;, = 0 or height r;, < k — 1 for all
1=1,2,...,t. Then

m
=3 ah
=1

= a ™ +"'+(hj1+7"j1)+"‘+dj$kj +"'+(hjt+rjt>+"'+am$km
=W +aa 4+ Ay o aEh o+ agate
=h'+r
for some ' € H and r:= ayz™ + -+ rj, + -+ a;z" + - 4 1j, + -+ apatr
is zero or has height < k — 1. Let [ > 2 and suppose the statement is true for

all polynomials g € A; with height < k. Let f = )" ajw; € A1 with height &
7j=1
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where m > 1, a; € N and w; € A;. We suppose aw; has height k; and then, by
definition, k = max{ki, ko, ..., k,}. By the induction assumption, w; = h; +r;
for some h; € H and r; = 0 or height r; <k —1forall j =1,2,...,m. Then

f

a;W;

I
Ms

<.
Il
—_

[
NE

> (aj(hy +15) — ajry + agry)

<.
I
—

[
NIE

(P + ajr;) for some h; € H

I
D‘\’
ﬂ‘

Z a;r; for some h' € H
7=1

where either Z a;r; = 0 or it has height < k — 1. We thus conclude that for
j=1

n = 0 the result holds, i.e. for any f € N[z] with ht(f) < k, f has the required

form.

Let n > 1 be fixed and suppose for any g € N|x] with height < k + (n — 1)
we have g = b/ +r where b’ € H and r = 0 or r has height < k— 1. Let f € N|x]
with ht(f) = k + n. We show f has the required form by induction on the level
of f.

If f=ax**" for some a € N, then

f — axk:—i—n
— (aIkJrnfl)x
= (hy + r1)x for some hy € Hyry =0 or ht(r;)) <k —1
= hix + (hy + 13) for some hy € H, 79 =0 or ht(ry) < k—1
= (hix + hg) + ro as required.

Let f = Zajxkj € Ay with ht(f) = k+n = max{k; | j =1,2,...,m}. Then

for each ], a;xki = h; —|—7"] for some h; € H and r =0 or ht(r;) < k — 1. Hence
f= Z(h +rj)—h/+27’j where b/ € H and Zr] = 0 or has height < k — 1.

Fmally, let [ > 2 be ﬁxed and suppose for each g € A, with ht(g) < k+n

we have g of the required form. Let f = Z ajw;j € Ajyq with ht(f) =k +n =
j=1

max{ht(a;w;) | j = 1,2,...,m} where m > 1,a; € N and w; € A;. By the

induction assumption, w; = h; +r; for some h; € H and r; =0 or ht(r;) < k—1

forall j =1,2,...,m. Then

f

<
I
—

[

NGENIINGE
£
E

(%(h +15) — ajr; + agry)

<.
Il

[
M=l

(R} + a;r;) for some R € H

S

I
3‘“
i
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for some b’ € H where either ) a;r; = 0 or it has height < k — 1. O
j=1

5. Quotients of polynomial near-rings

In this section we develop the theory and techniques to describe quotients of
polynomial near-rings of the type ]\%C] for certain h € N[z] where (h) is the ideal

in N[z| generated by h. But firstly, we recall: For rings there is a well-developed
theory with many applications. For example, if h = ? + 1 € R[z], the ring of
polynomials over the reals, then - Q_f]l ~fa+by|abeR y>+1=0} Inthis
set y is, like z in R[z], a placeholder and a reminder of the multiplication rule,
but not an indeterminate in the ring polynomial sense of the word. Also note that
f=fo+ fir+- -+ frx” = 0 means the coefficients fy = f1 =--- = f, = 0. But
for y as above if, for example, ag+a;y+azy? = 0, then it does not necessarily mean
ag = a1 = ag = 0 while ag + a1y = 0 does imply ag = a; = 0. In the model we
are using for polynomial near-rings, = is not an indeterminate in the ring theory
sense — here it is a very specific function with a clearly described definition. Also,
concepts like coefficient and degree are no longer as obvious as in the ring case (if
at all).
Let 0 # h := 2% — p where p € N|z] with ht(p) < k —1 and k > 2. Let
P : N¥ — N be the function associated with p. Even if ht(p) < k — 1, we will
always take the domain of the associated function P as N* (cf. Remark 3.2(2)).
Let H := (h). From Proposition 2.7, if NNH =0and x+ H ¢ (N+ H)/H, then
IB] [N, S,y| where S = NM and y :=x+ H. Here y : NM % is defined by
y(f+H) =xzf+H= rf—l—H where z f is reduced to 7y mod H withry =0or 7y
has height < k — 1. Note that y, being the homomorphic image of the commuting
indeterminate z, is a commuting indeterminate and y* = 2* + H = p+ H =D
where P is obtained from p by replacing each = in p with y in p (and for a € N,
since N N H = 0, we identify a + H with a).
Whereas any f € N|z|is a function f : N — N“, f+ H could be thought of
as having maximum height k£ — 1 (after reduction mod H). This means it may
be possible to describe the elements of M2 as functions f + H : N¥ — N rather

than as functions 1—[136] — N[x . We explore this possibility further.

Let f € Nlx] with ht(f) k—1 and let F : N* — N be the associated
function. From y(f + H) = xf + H and remembering that the action of z is just
a shift to the right, we may think that the “associated function” of y(f + H) is
F : N¥ — N defined by F(ay,as,...,a;) = F(P(a),a,...,a,1) where P(a)
has the following meaning: Every ac; in F' comes from az*~! in f. This means,
in y(f + H), ax*~! becomes az* which mod H is ap and thus P(aa) in F for
a = (ag,as,...,a;) € N*. We cannot just replace every aa; in F with aP(a)
in F since in general aP(a) and P(aa) need not coincide. In particular, we
may think of y = # + H : N¥ — N* as a shift function which is, unlike z, not
open-ended at the right. Rather, 2% is reincarnated and appears as P(a) in the

original position of ;. In particular, y(01, 5, ..., Bk) := (P(B), 1, B2, - -, Bk-1)
for all B = (B1,02,...,0:) € N¥. But still there is a problem. In Nlz], z is
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a commuting indeterminate and if y is to be its homomorphic image, it better
also be commuting. However, this need not be the case and to ensure that y
will be commuting, we have to assume that p is such that P(aa) = aP(«) and
Pla+ ) = P(a) + P(B) for all a € N and «, 3 € N*. Note that, since k > 2,
we have y € My(N¥) — N. Indeed, if y = a for some a € N, then for all
B=(5,0a,...,0r) € N¥,
(aBy,aBa, ... aBk) = a(Bi, Ba; ... Br)

=y(Br, B2, - - -, Br)

= (P(B), Br, B2y - - s Br—1)-
Thus P(8) = af; and (3; = af;;1 for all i > 1. Since k > 2, this gives y = a =0
and so (P(0), 1,082, --.,Bk—1) = y(B) = 0 for all §;. But then the contradiction
By = 0 for all 3; € N follows. Hence y € My(N*) — N and it can be verified that
y is a commuting indeterminate. We will show that [z] >~ [N, N* y], but for this
we need to establish more tools.

Lemma 5.1. For k > 2, let P : N* — N be a function which satisfies P(3a) =
P(B)a for all 3 € N¥,a € N. Definey : N* — N¥ by y(B1,52,...,0) =
( (5) ﬁlaﬁ?a"')ﬁk 1)f07”allﬂ (ﬁl,ﬁQ,--.7ﬁk)€Nk FOTfGN[]letfbe
the element of [N, N* y| obtained from f by replacing every x if f with y in f.

Then:

(1) Forany j > 1 and = (B1,Ba,...,0:) € N¥,
¥ (8) = (P(y~1(3), P(y'*(B)), ..., Py’ *(B))) where, by definition, we
take P(y=%(B)) := B; fori=1,2,... k. In particular, the i-th component of
¥ (8) is m(y’ (B)) = P(y’~*(8))-

(2) If f € N[z| has ht(f) = m and associated function F : N™' — N then
foralli =1,2,....k and B = (B1,Bs,...,0) € Nk, m(f(By, Bas ..., Br))
= F(P(y™(8)), Py™ " 7H(B)), ... Ply™*1(8)), Py~"(9)))-

(3) If r € N[x] with ht(r) =1 <k —1 and T =0, then r = 0.

Proof. (1) By definition of y, for § = (51, Bs, ..., Bk), we have

y(B) = (P(B), b, P2, -, Br-1),
v (B) = (Py(B)),P(B),Br,Bs, ..., Pr-2),
v (B) = (PW(B)), P(y(B)), P(B), B, B2s - - Br-s) ete.
If we let P(y=%(8)) := B; for i =1,2,...,k, then

v (B) = (P~HP), P(y'~2(B)), ... P(y'"(B))) for all j =0,1,2,3,....
In particular, the i-th component of yf(ﬁ), 1<i<k, ism(y(8) =Py (0)).
(2) For f € N[z] with ht(f) = m, we have f : N¥ — N*. Let F : N™ — N
be the function associated with f. By Remark 3.2(3), 2/ in f becomes a,11-;
in ' (and conversely) and 27 becomes 3’ in f. The i-th component of (/) is
P(y’~(3)) as was shown in (1) above. This means we have the correspondences

;jin F < 2™ in f o y™ T in f

and y™*177(3) has i-th component P(y™=7=4(3)) for all j = 1,2,...,m + 1
which justifies the claim.
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(3) Let R : N*' — N be the function associated with r. For all i = 1,2,3, ...,
mi(r(on, e, as,...)) = Rlay_, 141, ..., q4) for all @ € N. By the assumption
and (2) above, we have for all 1 < i < k and all 3;, 0 = m;(T (61,62,...,6k)) =
R(P(y~(8)), Py (3)), ..., Py~ (3)), Ply~*(8))). Recall that P(y*(3))=
Gy fort=1,2,... k. Since | < k,
0 =m(F(B1, By, 0k))

= R(P(y'""(8)), P(y'*1(B)), ... Ply™1(B)), P(y~"(B)))

= R(Br—1, Be—t41,- - Be—1, Bx) for all §;.
Thus, for any oy, as, ..., € N,
Ry, a, ... 1) = m(T(o. . a1, q0,...,qp41)) = 0 where the first £ — (I +
1) places in the argument of r can be filled arbitrarily. This means for any
aj,ag,... € N oand i = 1,2,3,... it then follows that m;(r(ay, s, as,...)) =
R(a—, 441, ... ,05) = 0. Thus r = 0. O

This brings us to our main result:

Proposition 5.2. Let h = 2* —p € N[z] withp € Nlx], ht(p) < k—1 and k > 2.
Define y : N* — N* by y(8) = (P(8), 31, Ba; - - ., Bx_1) where P: N¥ — N s the
function associated with p and 3 = (31, B2, ..., k) € N*. Suppose the function P
satisfies: P(aa) = aP(a) and P(a+ ) = P(a) + P(B) for all a,3 € N*,a € N.

Then % >~ [N,N* y] and h = 0 where h is obtained from h by replacing all

occurrences of x in h with y in h.

Proof. Define 0 : N[z] — [N, N* y] by 6(f) := f where f is obtained from f by
replacing all occurences of z in f with y in f. We firstly show 6 is well-defined.
Let f,g € Nlx] with f = g,ht(f) = m,ht(g) = n, say m < n, and associated
functions F : N™*! — N, G : N™*' — N. We show f = 7.

Forall i =1,2,...,k and 8= (B, 5,...,0:) € N*¥ we have from Lemma 5.1
and Remark 3.2(1),

Wi(g(51752,-~ 5k)

—G( (y"(8)), Py"="1(B)), ... Ply™*(B)), Py~ ()
(( ((y ’ﬁ’"( ))6P)(y”m1(ﬁ))7~-,P( yH(B), P(y™(8)))

Hence f = g and 6 is well-defined. Clearly @ is a homomorphism and surjective
with ker = {f € N[z] | f = 0}. To complete the proof, we show ker§ = (h).
For 6 = (ﬁl,ﬁg,...,ﬂk) € N¥ and i = 1,2,...,k, by Lemma 5.1 7;(h(3)) =
T (8) - B(8)) = P (8) — P*~(8)) = 0. Thus b = 0 and h € kerf.
Conversely, let f € kerf. Then f = 0 and by Proposition 4.1 f = hy + r where
hy € (h)yandr =0or ht(r) <k —1. Weshowr =0. Now0=f =h +7 =T
since h; € (h) C ker . From Lemma 5.1 (3) we have r = 0 and we conclude that
ker @ = (h). d

Proposition 5.3. With the notation as in the previous proposition, B := {1,y, y?,
., y*71} is a basis for [N, N* y] over N.
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Proof.  Let t € {1,2,...,k} be fixed; let al,ag,.. ,a; € N and kl,kg,...,k

distinct elements from {0, 1,2, ..., k—1} such that Z a;y¥i = 0. Let r := Z a;x
i=1

Then r € N[z| with ht(r) < k—1 and 7 = Zaiyi = 0. By Lemma 5.1(3)

i=1

Zax i =r = 0. Since {1,z,2%, ...} is a basis for N[x] over N, we get a; =
Cl2 = .. = a; = 0. Lastly, it is clear that B generates [N, N* y] over N since
y* =p € B, for some n > 1. 0
6. Examples

6.1. Let H # 0 be a proper subgroup of the group GG. Let N be the near-ring
N :={a € My(G) | a(H) C H}. N is O-symmetric and has an identity.

(a) Let a,b and ¢ be non-zero elements of N with a(H) = 0,b6(G) € H and
¢(G) € H. For any u,v,w € N and positive integers k,l,m and n, we have
0 = a(bz® + c(ux™ + v(x™ + wa')) € N[z] of level 4 and height max{k,n,m,}.
(b) Let a,b,c € N with a(H) = 0,a(G—H) = ag where 0 # a9 € G,0 # b(G) C H
and 0 # ¢(H) C H,c(G— H) C G — H. For k > 1, a(bz® + cx) = ax # 0. Here
a(bz® + cz) has level 2 and height k& and ax has level 1 and height 1 (actually a
distributes over bz* + cx, ab = 0 and ac = a).

6.2. Let N be the following 0-symmetric near-ring with identity on N = Zy @ Zo,
which for ease of reference, we write as N = {0,a,b,1} witha+b=1,a+1 =
bb+1 =a,at =0 for all t,ba = a and b> = b. Then —t =t for all t € N,
(N,+) is commutative and x(—1) = z = —z. From Proposition 5.2 it follows
é\;[f}w >~ [N, N2 y| where y : N? — N2 is defined by y(a, ag) == (—ag, 1) =
(g, ). This near-ring has a unit y since y> = —1 = 1. Note that in N[z] we
have a(a + ax) = 0 and b(a + ax) = a + ax.

6.3. For any h = 2* — p where p € N[z] with ht(p) <k — 1,k > 2, we can define
y : N¥ — N* by y(Br, B2, - -5 Br) = (P(B1, B2, -, Bk), B1, B2, - -, Br—1). Here
P : N¥ — N is the function associated with p. Then we may form the near-ring
[N, N* y] in which y* = p where D is obtained from p by replacing each z with
y. In general the indeterminate y need not be commuting. On the other hand,

we have o [i> = [N, S, w] where § := <;\£[i and w : S — S is the commutative

indeterminate defined by w(f+ H) := xf + H (provided v+ H ¢ (N+ H)/H and
NNH =0). Here H = <:r;k —p> In general we need not have e ki) >~ [N, Nk 4.
6.4. Let N, as usual, be a 0-symmetric near-ring with identity and let e € N
be a central element (i.e. ea = ae for all @ € N). Let k,l € N with & > 2
and 0 <1 < k—1. Let h = 2% — ex! € N[x] and let p := ex! with associated
function P : N¥ — N defined by P(ay,as,...,a) = eag_;. Then y : N¥ — N¥
is defined by y(51, B2, .-, Ok) := (eBk—i, B1s- -, Br—1). It is clearly a commuting
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+o0o
indeterminate. From Proposition 5.2 we know < iv[m]l> ~ [N,NFy] = U A,
i —ex ne0
where y* = ey! and

Ao={Ly, 22 ..y Yu{ew™ |n>1, j=01,2,...,k—1—1},
Ay ={ay' |t >1, a€ N} and

=1

A1 = {Zaiwi|m21, a; € N, wiGAn} for n > 1.

Some special cases are:
(a) Let h = 2?2 +1,ie. k=21=0,e = —1. Suppose N is a near-ring with

a(—1) = —a for all @ € N (and then (N, +) is necessarily commutative, e.g. if N
400

is a near-field). Then % ~ [N,N? y| = J A, where 4> +1 =0 and
0

n—=

AO - {17_17y7 _y}7
Ay ={ay' |0<t<1, a€ N} and

A1 = {Zainle, a; € N, wiEAn} for n > 1.

i=1

(b) h = 2¥ — 1 € N|z] meets the above requirements. This example will be
discussed in more detail later (see 6.5 below).

(c) If e = 1, then h = 2% — 2! is another example that meets the above require-
ments.

(d) For e = 0, we get h = zF and y(B1,52,...,0k) = (0,0,...,05) with
y* = 0. Then M4 = [N, N* y]. Recall from Lee [7] that (z*) = {f € N[a] |

xk
f(a) € (0,0,...,0,N,N,...) for all @« € N“} where the first k positions of
(0,0,...,0,N,N,...) are zeros.

6.5. We firstly recall the construction of the well-known circulant matrix rings.
Let R be a ring, k > 2 and My(R) the ring of k x k matrices over R. If R[z] is
the polynomial ring over R, then

Rl|x -
(ah [_]1> = {ag +ay +azy’ + -+ apy* Ty = 1,0, € R}
ap a, az ... QAp—1
~ Qp—1 Qo ap . Qp—9 | a; c R
aq as az ... Qo

which is a subring of M (R).

It will be shown that a similar result holds for near-rings. Let N be a near-ring

with N[z] the polynomial near-ring. For k > 2 and h = 2% —1, % >[N, N* y]
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where y: N* — N* is the commuting indeterminate defined by y(51, Ba, . . ., Bp) ==
(B, B1y-- -, Be-1). Then y* = 1 and y is a unit with inverse y=! = y*1 €
[N, N*_ 4y]. The elements of [N, N* 3] are functions f : N¥ — N* but so are the el-
ements of the k x k matrix near-ring M (N) over N. For the basics on matrix near-
rings, see Meldrum and van der Walt [10] or Clay [3]. We recall just the following:
My (N) is the subnear-ring of My(N*) generated by {f% |1 <4,j < k,a € N}
where ff : N*¥ — N* is defined by 561, B2, -5 Bk) = (0,...,0,a8;,0,...,0)
with af; in the i-th position. (Contrary to what we do here, it is customary in
matrix near-ring theory to write the vectors in the arguments as column vectors.)

We will show that ;Z[f]l =~ [N, N* y] € My(N). The isomorphism is by

Proposition 5.2 and the inclusion will follow if we can show the inclusions N U
{y} € Mi(N) C My(N*) C My(N*) because [N, N* y] is the subnear-ring of
My (N*) generated by N U {y}.
For the first inclusion, it can be shown that for a € N, regarded (as usual)
as the function a : N¥ — N defined by a(81, 3s,...,0k) = (aBi,aBs,. .., a0,
k

k
we have a = Y f; € M(N) and y = fi, + > fj; 1. The other two inclusions
j=1 j=2

are obvious and we conclude that <NA >~ [N, N* y] C M(N). The near-ring

Ik—1>
[N, N* 9] can be regarded as the near-ring analogue of the circulant matrix rings.
When (N, +) is commutative, then the defining classes simplify somewhat and

+o0o
take on a more ring-like appearance: [N, N* y] = |J A, where y* =1,
n=0

AO - {17y7y27"'7yk_1}7
A ={ay' |0<t<k—1, ae N},

AQZ{a1+a2y+---+akyk_1|ai€N} and

A1 = {Zaiwi|m21, a; € N, wiEAn} for n > 2.

=1

6.6. We conclude with another ring analogy. Let M, (R) denote the ring of w X w
column finite matrices over the ring R. Then the polynomial ring R[x] can be
embedded in M, (R) by

fo i o oo fu 0O O

0 U ()
fot i+ for® + -+ fuz" = | go ;% ;j fa f fn

(One may still think of this image of a polynomial as an infinite circulant matrix.)

It will be shown that a similar result holds for near-rings, but firstly we need
some preparations. For the near-ring N, let N := {a | a : N — N a function
with finite support}. As is well known (see for example [9]), if the polynomial
near-ring N|[z] is defined using N“) instead of N*, then a near-ring isomorphic
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to N[z] is obtained. Indeed, for N[z] = [N, N“, 2] and N;[z] = [N, N z] where
in both cases x is just the shift function, the function 6 : N[z] — My(N®))
defined by restricting f € N[z] to a function f : N® — N® is a well-defined
monomorphism (see 3.2(7)) with 0(N[z]) = Ny[z]. We will thus identify N|[z]
with Ny[z].

For every s,t € N and a € N define the function f% : N« — N®) by

( ;(O&))(T) = { aQ(t) if r : S

0 otherwise

forall« € N® r € N. Then f% € My(N®) and one may think of this function
as the elementary matrix with a in ‘row s, column #’. For notational reasons,

is often written as [s, t; a).
+700
Next we want to give meaning to infinite sums > [ry, s;;a;] as elements of
i=1

+o0

My (N@). The infinite sum > [r;, 8;; a;] is said to be defined if for every a € N«
i=1

74, 8i5a;](a) = 0 for almost all ¢ (i.e., it is 0 for all but possibly a finite number

of i’s). In such a case, the sum (g:o[ri, Si; ai]) () == g:o[ri,si; a;](«) where the
right-hand side is a finite sum of I;(:)il—zero terms. Any Z[7“13' a] can be written as
such an infinite sum JFZO:O[TZ, si;a;) withry =7, 81 = s,a1 = a,a; = 0 foralli > 2 and
r;, 8; arbitrary for ¢ >12 Not all infinite sums need to be defined. For example,
Jio[z, 1;1] is not defined. In fact, if a; = 0 for almost all ¢, then Jio[rz, si; a;) is
delﬁned and when most of the a;’s are not zero, then it can be Verlﬁed that the
infinite sum io[ri, si; a;) is defined if and only if almost all of the s;’s are different.

Let MW(E )1 be the subnear-ring of My (N®)) generated by the set of all defined
infinite sums io[ri, si; a;]. For our purposes, we will call this near-ring the infinite
matriz near-;;llg over N. When N is a ring, then M, (N) is just the ring of all
w X w column finite matrices over N. For example, the matrix

11 Qa2 aiz a4 A1z Qaie
asr ag aszz 0 ags ag
0 Q32 Aa33 0 ass 0
0 492 0 0 Q45 0
0 0 0 0 as55 0
0o o0 0 0 0 O

+oo

is the defined infinite sum Z[n,sl,az] with (r1,s1) = (1,1), a1 = a1, (19, 82) =

(2,1), ag = ag, (rs3,s3) = (1 2), az = a1z, (r1,51) = (2,2), a4 = as, (135,55) =
(3,2), as = asg, etc.
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We now show N[z] C M, (N). This will follow if we can establish N U
{r} C M,(N) € My(N®). Firstly, for a € N, the mapping a : N® —

—+o00 —+oco
N©) coincides with Y f¢ and this mapping > f¢ is defined. Indeed, if o =
= =

=1 g %
(o1, ag,...,0,0,0,...) € N@ with a; # 0, then f%(ay,a,...,0,0,0,...) =0
for all i > k + 1. Secondly, the shift function = : N — N defined by

x(ag, a9, ..., a5,0,0,...) := (0,a9,0a9,...,04,0,0,...) can be written as = =
+o0

> fii1; and this sum is defined. We conclude that N[z] € M, ().

i=1

An alternative way to see N[x] as a subnear-ring of an infinite matrix near-
ring is as follows. In [11] Meyer defines an w X w row-finite matrix near-ring
RF,(N) over the near-ring N as the subnear-ring of My(/N“) generated by the
set C:={f|f: N“— N¥ a function such that for each ¢ > 1 there isan r € N
and a j > 1 such that m;f = f"n;}. Here m; : N¥ — N is the i-th projection and
fr: N — N is the function f"(n) := rn for all n € N. It can be shown that
C C My(N*) and hence RF,(N) C My(N¥). Moreover, N U{z} C RF,(N)
and so N[z] C RF,(N).
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