Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 1, 11-23.

Hereditary Right Jacobson Radical of type-0(e) for Right Near-rings

Ravi Srinivasa Rao K. Siva Prasad T. Srinivas

Department of Mathematics, P. G. Centre P. B. Siddhartha College of Arts and Science Vijayawada-520010, Andhra Pradesh, India e-mail: dr rsrao@yahoo.com

Department of Mathematics, Chalapathi Institute of Engineering and Technology Chalapathi Nagar, Lam, Guntur-522034, Andhra Pradesh, India

Department of Mathematics, Kakatiya University Warangal-506009, Andhra Pradesh, India

Abstract. Near-rings considered are right near-rings and R is a nearring. The first two authors introduced right Jacobson radicals of type- 0, 1 and 2 for right near-rings. Recently, the authors have shown that these right Jacobson radicals are Kurosh-Amitsur radicals (KA-radicals) in the class of all zero-symmetric near-rings but they are not idealhereditary in that class. In this paper right R-groups of type-0(e), right 0(e)-primitive ideals and right 0(e)-primitive near-rings are introduced. Using them the right Jacobson radical of type-0(e) is introduced for near-rings and is denoted by J^r_{0(e)}. A right 0(e)-primitive ideal of R is an equiprime ideal of R. It is shown that J^r_{0(e)} is a KA-radical in the class of all near-rings and is an ideal-hereditary radical in the class of all zero-symmetric near-rings. MSC 2000: 16Y30 Keyword: right R-group of type-0(e), right 0(e)-primitive ideal, right Jacobson radical of type-0(e), KA-radical, hereditary radical

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

12 R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . .

1. Introduction

R denotes a right near-ring and all near-rings considered are right near-rings and not necessarily zero-symmetric.

The left Jacobson radical J_ν is not a Kurosh-Amitsur radical (KA-radical) in the class of all near-rings, ν ∈ {0, 1, 2}. It is not known whether the left Jacobson radical J_3 is a KA-radical in the class of all near-rings. Veldsman [13] introduced the left Jacobson radicals J_{2(0)} and J_{3(0)} for near-rings. These two are the only known Jacobson-type radicals which are KA-radicals in the class of all near-rings. Moreover, these two radicals are ideal-hereditary in the class of all zero-symmetric near-rings. It is also known that there is no non-trivial ideal-hereditary radical in the class of all near-rings.

In [5] and [6] the first author studied the structure of near-rings in terms of right ideals and showed that as for rings, matrix units determined by right ideals identifies matrix near-rings. In order to show the importance of the right Jacobson radicals of near-rings in the extension of a form of the Wedderburn-Artin theorem of rings involving the matrix rings to near-rings, the right Jacobson radicals of type-ν were introduced and studied by the first and second author in [7], [8], [9] and [10], ν ∈ {0, 1, 2, s}.

In [11] and [12] the authors have shown that the right Jacobson radicals of type-0, 1 and 2 introduced by the first two authors are KA-radicals in the class of all zero-symmetric near-rings but they are not ideal-hereditary in that class. In this paper right R-groups of type-0(e), right 0(e)-primitive ideals and right 0(e)-primitive near-rings are introduced. Using them the right Jacobson radical of type-0(e) is introduced for near-rings and is denoted by J^r_{0(e)}. A right 0(e)- primitive ideal of R is an equiprime ideal of R. It is shown that J^r_{0(e)} is a KAradical in the class of all near-rings and is an ideal-hereditary radical in the class of all zero-symmetric near-rings.

2. Preliminaries

Near-rings considered are right near-rings and not necessarily zero-symmetric. Unless otherwise specified R stands for a right near-ring. Near-ring notions not defined here can be found in Pilz [4].

R_0 and R_c denote the zero-symmetric part and constant part of R respectively. Now we give here some definitions and results of [7] which will be used later. An element a ∈ R is called right quasi-regular if and only if the right ideal of R generated by the set {x - ax | x ∈ R} is R. A right ideal (left ideal, ideal, subset) K of R is called a right quasi-regular right ideal (left ideal, ideal, subset) of R, if each element of K is right quasi-regular.

A right ideal K of R is called right modular if there is an element e ∈ R such that x - ex ∈ K for all x ∈ R. In this case we say that K is right modular by e.

A maximal right modular right ideal of R is called a right 0-modular right ideal of R.

J^r_{1/2}(R) is the intersection of all right 0-modular right ideals of R and if R

R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . . 13

has no right 0-modular right ideals, then J^r_{1/2}(R) = R. The largest ideal of R contained in J^r_{1/2}(R) is denoted by J^r_0(R) and is called the right Jacobson radical of R of type-0.

The largest ideal contained in a right 0-modular right ideal of R is called a right 0-primitive ideal of R. R is called a right 0-primitive near-ring if {0} is a right 0-primitive ideal of R.

A group (G, +) is called a right R-group if there is a mapping ((g, r) → gr) of G×R into G such that 1. (g + h)r = gr + hr, 2. g(rs) = (gr)s, for all g, h ∈ G and r, s ∈ R. A subgroup (normal subgroup) H of a right R-group G is called an R-subgroup (ideal) of G if hr ∈ H for all h ∈ H and r ∈ R.

Let G be a right R-group. An element g ∈ G is called a generator of G if gR = G and g(r + s) = gr + gs for all r, s ∈ R. G is said to be monogenic if G has a generator.

G is said to be simple if G ≠ {0}, and G, {0} are the only ideals of G. A monogenic right R-group G is said to be a right R-group of type-0 if G is simple.

The annihilator of G denoted by (0 : G) is defined as (0 : G) = {a ∈ R | Ga = {0}}.

Lemma 2.1. The constant part of R is right quasi-regular.

Lemma 2.2. A nilpotent element of R is right quasi-regular.

Theorem 2.3. J^r_{1/2}(R) is the largest right quasi-regular right ideal of R.

Theorem 2.4. J^r_0(R) is the largest right quasi-regular ideal of R.

Theorem 2.5. J^r_0(R) is the intersection of all right 0-primitive ideals of R.

Theorem 2.6. Let P be an ideal of R. P is a right 0-primitive ideal of R if and only if R/P is a right 0-primitive near-ring.

Proposition 2.7. Let G be a right R-group of type-0 and g_0 be a generator of G. Then (0 : g_0) := {r ∈ R | g_0r = 0} is a right 0-modular right ideal of R.

Proposition 2.8. Let G be a right R-group. G is a right R-group of type-0 if and only if there is a maximal right modular right ideal K of R such that G is R-isomorphic to R/K.

Proposition 2.9. Let P be an ideal of a zero-symmetric near-ring R. P is right 0-primitive if and only if P is the largest ideal of R contained in (0 : G) for some right R-group G of type-0.

A near-ring R is called an equiprime near-ring if 0 ≠ a ∈ R, x, y ∈ R and arx = ary for all r ∈ R, implies x = y. An ideal I of R is called equiprime if R/I is an equiprime near-ring.

It is known that a near-ring R is equiprime if and only if 1. x, y ∈ R and xRy = {0} implies x = 0 or y = 0.

14 R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . .

2. If {0} ≠ I is an invariant subnear-ring of R, x, y ∈ R and ax = ay for all a ∈ I implies x = y.

Moreover, an equiprime near-ring is zero-symmetric.

If I is an ideal of R, then we denote it by I ◁ R. A subset S of R is left invariant if RS ⊆ S. By a radical class we mean a radical class in the sense of Kurosh-Amitsur.

Let E a class of near-rings. E is called regular, if {0} ≠ I ◁ R ∈ E implies that 0 ≠ I/K ∈ E for some K ◁ I. It is known that, if E is a regular class, then UE = {R | R has no non-zero homomorphic image in E} is a radical class, called the upper radical determined by E. The subdirect closure of a class of near-rings E is the class E = {R | R is a subdirect sum of near-rings from E}. A class E is called hereditary if I ◁ R ∈ E implies I ∈ E. E is called c-hereditary if I is a left invariant ideal of R ∈ E implies I ∈ E. It is clear that a hereditary class is a regular class. If I ◁ R and for every non zero ideal J of R, J ∩ I ≠ {0}, then I is called an essential ideal of R and is denoted by I ◁ · R. A class of near-rings E is called closed under essential extensions (essential left invariant extensions) if I ∈ E, I ◁ · R (I is an essential ideal of R which is left invariant) implies R ∈ E. A class of near-rings E is said to satisfy condition (F_l) if K ◁ I ◁ R, and I is left invariant in R and I/K ∈ E, then K ◁ R.

In [2], G. L. Booth and N. J. Groenewald defined special radicals for nearrings. A class E consisting of equiprime near-rings is called a special class if it is hereditary and closed under left invariant essential extensions. If R is the upper radical in the class of all near-rings determined by a special class of near-rings, then R is called a special radical. If R is a radical class, then the class SR = {R | R(R) = {0}} is called the semisimple class of R.

We also need the following theorem:

Theorem 2.10. (Theorem 2.4 of [13]) Let E be a class of zero-symmetric nearrings. If E is regular, closed under essential left invariant extensions and satisfies condition (F_l), then R := UE is c-hereditary radical class in the variety of all near-rings, SR = E and SR is hereditary. So, R(R) = ∩ {I ◁ R | R/I ∈ E} for any near-ring R.

Remark 2.11. Since all ideals in a zero-symmetric near-ring are left invariant, under the hypothesis of Theorem 2.10, in the variety of zero-symmetric near-rings both R and SR are hereditary and hence the radical is ideal-hereditary, that is, if I ◁ R, then R(I) = I ∩ R(R).

Proposition 2.12. (Proposition 3.3 of [1]) The class of all equiprime near-rings is closed under essential left invariant extensions.

Proposition 2.13. (Corollary 2.4 of [1]) The class of all equiprime near-rings satisfies condition (F_l).

R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . . 15

3. Right Jacobson radical of type-0(e)

Throughout this section R stands for a right near-ring. R_0 and R_c denote the zero-symmetric part and the constant part of R respectively.

Note that if G is a right R-group, then H := {g ∈ G | gR = {0}} is an ideal of G. This means, if G is a right R-group of type-0, then gR = {0} implies g = 0.

Proposition 3.1. Let G be a right R-group. Then GR_c = {0} if and only if G0 = {0}.

Proof. If GR_c = {0}, then clearly, G0 = {0}. Suppose that G0 = {0}. Let g ∈ G. Now 0 = (gr_c)0 = g(r_c0) = gr_c for all r_c ∈ R_c. Therefore, GR_c = {0}. □

Proposition 3.2. Let G be a right R-group of type-0. If R_c is contained in a right quasi-regular right ideal of R, then GR_c = {0}.

Proof. Let g_0 be a generator of G. Suppose that R_c is contained in a right quasiregular right ideal K of R. Since (0 : g_0) = {r ∈ R | g_0r = 0} contains the largest right quasi-regular right ideal of R, K ⊆ (0 : g_0). So g_0K = {0} and hence g_0R_c = {0}. Let g ∈ G. Now g = g_0s for some s ∈ R. So, gr_c = (g_0s)r_c = g_0(sr_c) = 0 for all r_c ∈ R_c as sr_c ∈ R_c. Therefore, GR_c = {0}. □

Corollary 3.3. Let G be a right R-group of type-0. If the normal subgroup of (R, +) generated by R_c is right quasi-regular, then GR_c = {0}.

Proof. Suppose that < R_c >_n is the normal subgroup of (R, +) generated by R_c. Let x ∈ < R_c >_n. Now x = (r_1 + y_1 - r_1) + (r_2 + y_2 - r_2) + ... + (r_k + y_k - r_k), where r_i ∈ R, y_i ∈ R_c. Now xr = ((r_1 + y_1 - r_1) + (r_2 + y_2 - r_2) + ... + (r_k + y_k - r_k))r = (r_1r + y_1r - r_1r) + (r_2r + y_2r - r_2r) + ... + (r_kr + y_kr - r_kr) ∈ < R_c >_n as y_ir ∈ R_c. So, < R_c >_n is a right ideal of R. Since < R_c >_n is a right quasi-regular right ideal of R containing R_c, by Proposition 3.2, GR_c = {0}. □

Corollary 3.4. Let G be a right R-group of type-0. If R_c is a normal subgroup of (R, +), then GR_c = {0}.

Corollary 3.5. Let G be a right R-group of type-0. If (R, +) is an abelian group, then GR_c = {0}.

Corollary 3.6. Let G be a right R-group of type-0. If R is zero-symmetric, then GR_c = G0 = {0}.

Proposition 3.7. Let G be a right R-group of type-0 and G0 = {0}. Then there is a largest ideal of R contained in (0 : G) = {r ∈ R | Gr = {0}}.

Proof. Since G0 = {0}, the zero ideal of R is contained in (0 : G). Let I and J be ideals of R contained in (0 : G). We show now that I + J is contained in (0 : G). Let g_0 be a generator of the right R-group G. Let i ∈ I, j ∈ J and g ∈ G. We get r ∈ R such that g = g_0r. Then g(i + j) = (g_0r)(i + j) = g_0( r(i + j)) = g_0( r(i

16 R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . .

+ j) - ri + ri) = g_0(r(i + j) - ri) + g_0(ri) = g_0j^′ + (g_0r)i = 0 + 0 = 0, where j^′ ∈ J. So i + j ∈ (0 : G) and hence I + J ⊆ (0 : G). From this we get that for any collection of ideals of R contained in (0 : G) their sum is an ideal of R contained in (0 : G). Therefore, the sum K of all ideals T of R such that T ⊆ (0 : G) is the largest ideal of R contained in (0 : G). □

Definition 3.8. Let G be a right R-group of type-0 and G0 = {0}. Suppose that P is the largest ideal of R contained in (0 : G) = {r ∈ R | Gr = {0}}. Then G is said to be a right R-group of type-0(e) if 0 ≠ g ∈ G, r_1, r_2 ∈ R and gxr_1 = gxr_2 for all x ∈ R implies r_1 - r_2 ∈ P.

Remark 3.9. Let G be a right R-group of type-0(e) and P be the largest ideal of R contained (0 : G). Let g_0 be a generator of G. Since g_0R = G, if r_1, r_2 ∈ R and gr_1 = gr_2 for all g ∈ G, then r_1 - r_2 ∈ P.

Let G be a finite additive group and let N be a maximal normal subgroup of G. Let K := (N : G) = {f ∈ M_0(G) | f(G) ⊆ N}. We show in the following example that M_0(G)/K is a right M_0(G)-group of type-0(e).

Example 3.10. Let G be a non-zero finite additive group and let N be a maximal normal subgroup of G. Let K := (N : G) = {f ∈ M_0(G) | f(G) ⊆ N}. Since N is a maximal normal subgroup of G, K is a maximal right ideal of M_0(G). Define (f + K)h := fh + K, f, h ∈ M_0(G). Now M_0(G)/K is a right M_0(G)-group of type-0 as K is maximal and 1 + K is a generator, where 1 is the identity element in M_0(G). Since M_0(G) is a simple near-ring, {0} is the largest ideal of M_0(G) contained in (0 : M_0(G)/K). Suppose that 0 ≠ s + K ∈ M_0(G)/K, f, h ∈ M_0(G) and (s + K)tf = (s + K)th for all t ∈ M_0(G). So, stf - sth ∈ K. Assume that s(g_0) ∉ N and f(g) ≠ h(g) for some g_0, g ∈ G. Let h(g) ≠ 0. We get t ∈ M_0(G) such that t(f(g)) = 0 and t(h(g)) = g_0. So, stf - sth ∉ K, a contradiction. Therefore f = h, that is, f - h ∈ {0}. Hence, M_0(G)/K is a right M_0(G)-group of type-0(e).

From the above example it follows that if (G, +) is a finite simple group, then M_0(G) is a right M_0(G)-group of type-0(e).

Now we give an example of a right R-group of type-0 which is not of type-0(e).

Example 3.11. Consider G := Z_8, the group of integers under addition modulo 8. Now T : G → G defined by T(g) = 5g, for all g ∈ G is an automorphism of G. T fixes 0, 2, 4, 6 and maps 1 to 5, 5 to 1, 7 to 3 and 3 to 7. A := {I, T} is an automorphism group of G. {0}, {2}, {4}, {6}, {1, 5} and {3, 7} are the orbits. Let R be the centralizer near-ring M_A(G), the near-ring of all self maps of G which fix 0 and commute with T. An element of R is completely determined by its action on {1, 2, 3, 4, 6}. Note that for f ∈ R, we have f(2), f(4), f(6) are arbitrary in 2G and f(1), f(3) are arbitrary in G. This example was considered in [3] where it was shown that J := (0 : 2G) = {f ∈ R | f(h) = 0 for all h ∈ 2G} is the only non-trivial ideal of R. Let K := (2G : G) = {t ∈ R | t(G) ⊆ 2G} ≠ R. Let t_0 be the identity element in R. Now t_0 + K is a generator of the right R-group R/K. Let h ∈ R - K. We show now that (h + K)R = R/K. Since h ∉ K,

R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . . 17

there is an a ∈ G - 2G such that b := h(a) ∉ 2G. We construct an element s ∈ R such that s = 0 on 2G and s(1) = s(3) = a, so that s(5) = s(7) = a + 4. Since s maps G - 2G to G - 2G, we get that t_0 - hs ∈ K and hence (h + K)s = t_0 + K. So (h + K)R = R/K. Therefore, R/K is a right R-group of type-0. Moreover, (R/K)J ≠ {K}. Therefore, {0} is the largest ideal of R contained in (K : R) = {f ∈ R | Rf ⊆ K} and hence J^r_0(R) = {0}. Consider s_1, s_2 ∈ R, where s_1(1) = 1 and 0 on G - {1, 5} and s_2(1) = 5 and 0 on G - {1, 5}. Clearly, (h + K)s_1 = (h + K)s_2 for all h ∈ R as h(1) - h(5) ∈ 2G for all h ∈ R. But s_1 - s_2 ∉ {0}. Therefore, by Remark 3.9, R/K is not a right R-group of type-0(e).

Proposition 3.12. Let G be right R-group of type-0(e). Then (0 : G) is an ideal of R.

Proof. Let P be the largest ideal of R contained in (0 : G). Let r ∈ (0 : G). We have gr = 0 = g0, for all g ∈ G. Since G is a right R-group of type-0(e), by Remark 3.9, r = r - 0 ∈ P. Therefore, (0 : G) ⊆ P and hence (0 : G) = P. □

Definition 3.13. A right modular right ideal K of R is called right 0(e)-modular if R/K is a right R-group of type-0(e).

Definition 3.14. Let G be a right R-group of type-0(e). Then (0 : G) is called a right 0(e)-primitive ideal of R.

Definition 3.15. A near-ring R is called right 0(e)-primitive if {0} is a right 0(e)-primitive ideal of R.

Definition 3.16. The intersection of all right 0(e)-primitive ideals of R is called the right Jacobson radical of R of type-0(e) and is denoted by J^r_{0(e)}(R). If R has no right 0(e)-primitive ideals, then J^r_{0(e)}(R) is defined to be R.

Note that if R is a ring, then J^r_{0(e)}(R) = J(R), where J is the Jacobson radical of rings.

Proposition 3.17. Let G be a monogenic right R-group. If g_0 is generator of G, then K := (0 : g_0) = {r ∈ R | g_0r = 0} is a right modular right ideal of R and G ≃ R/K as right R-groups. Hence, if G is a right R-group of type-0(e), then K is a right 0(e)-modular right ideal of R.

Remark 3.18. Let K be a right ideal of R. Then the ideal {0} of R is contained in K. Since K is a subgroup of (R, +), if I and J are ideals of R contained in K, then I + J ⊆ K. So, there is a largest ideal of R contained in K.

Proposition 3.19. Let G be right R-group of type-0(e) and P := (0 : G) = {r ∈ R | Gr = {0}}. Then P is the largest ideal of R contained in (0 : g_0), g_0 is a generator of the right R-group G.

18 R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . .

Proof. Let g_0 be a generator of the right R-group G. Since GP = {0}, we have g_0P = {0}. So P ⊆ (0 : g_0). Let Q be the largest ideal of R contained in (0 : g_0). So, we have P ⊆ Q. Since R_c ⊆ P, R_c ⊆ Q and hence RQ ⊆ Q. Let g ∈ G. Now g = g_0r for some r ∈ R. So, gQ = (g_0r)Q = g_0(rQ) ⊆ g_0Q = {0}. Therefore, Q ⊆ (0 : G) = P and hence Q = P. □

Corollary 3.20. Let P be an ideal of R. P is a right 0(e)-primitive ideal of R if and only if P is the largest ideal of R contained in a right 0(e)-modular right ideal of R.

Proposition 3.21. Let P be an ideal of R. P is a right 0(e)-primitive ideal of R if and only if R/P is a right 0(e)-primitive near-ring.

Proof. Let P be a right 0(e)-primitive ideal of R. So, we get a right 0(e)- modular right ideal M of R such that P is the largest ideal of R contained in M. Now M/P is a right 0(e)-modular right ideal of R/P. Since P is the largest ideal of R contained in M, the zero ideal of R/P is the largest ideal of R/P contained in M/P. Therefore, R/P is a right 0(e)-primitive near-ring. Suppose now that R/P is a right 0(e)-primitive near-ring. So, we get a right 0(e)-modular right ideal M/P of R/P such that the zero ideal of R/P is the largest ideal of R/P contained in M/P. Clearly, M is a right 0(e)-modular right ideal of R. Since the zero ideal of R/P is the largest ideal of R/P contained in M/P, P is the largest ideal of R contained in M. Therefore, P is a right 0(e)-primitive ideal of R. □

From Proposition 3.21, we have the following:

Proposition 3.22. J^r_{0(e)} is the Hoehnke radical corresponding to the class of all right 0(e)-primitive near-rings.

Definition 3.23. Let G be a right R-group of type-0(e). Then G is called faithful if (0 : G) = {0}.

Theorem 3.24. Let R be a right 0(e)-primitive near-ring. Then R is an equiprime near-ring.

Proof. Since {0} is a right 0(e)-primitive ideal of R, by Proposition 3.12, {0} = (0 : G) for a right R-group G of type-0(e). Let 0 ≠ a ∈ R, r_1, r_2 ∈ R and axr_1 = axr_2 for all x ∈ R. Since (0 : G) = {0}, there is a g ∈ G such that ga ≠ 0. Let h := ga. Now hxr_1 = hxr_2 for all x ∈ R. Since G is a right R-group of type-0(e), by Proposition 3.12, r_1 - r_2 ∈ (0 : G) = {0}. Therefore, r_1 = r_2 and hence R is an equiprime near-ring. □

Corollary 3.25. A right 0(e)-primitive ideal of R is an equiprime ideal of R.

Corollary 3.26. A right 0(e)-primitive near-ring is a zero-symmetric near-ring.

Theorem 3.27. Let G be a right R-group of type-0. Suppose that S is an invariant subnear-ring and a right ideal of R. If GS ≠ {0}, then G is also a right S-group of type-0.

R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . . 19

Proof. Suppose that GS ≠ {0}. Clearly, G is a right S-group. Let g ∈ G and gS := {gs | s ∈ S} ⊆ G. Consider the normal subgroup < gS >_n of (G, +) generated by gS. Let r ∈ R, h ∈ < gS >_n. Now h = (x_1 + δ_1(gs_1) - x_1) + (x_2 + δ_2(gs_2) - x_2) + ... + (x_k + δ_k(gs_k) - x_k), s_i ∈ S, x_i ∈ G, δ_i ∈ {1, -1}. Since SR ⊆ S, hr = (x_1r + δ_1(g(s_1r)) - x_1r) + (x_2r + δ_2(g(s_2r)) - x_2) + ... + (x_kr + δ_k(g(s_kr)) - x_kr) ∈ < gS >_n. So, < gS >_n is an ideal of the right R-group G and hence it is also an ideal of the right S-group G. Let 0 ≠ h ∈ G. Suppose that hS = {0}. Since hR ≠ {0}, < hR >_n is a non-zero ideal of the right R-group G. Since G is a simple right R-group, < hR >_n= G. So, GS = < hR >_nS ⊆ < hS >_n = {0}, a contradiction to GS ≠ {0}. Therefore, hS ≠ {0}. Let g_0 be a generator of the right R-group G. So g_0 is a distributive element of the right R-group G and g_0R = G. Clearly, g_0 is a distributive element of the right S-group G and hence g_0S is a subgroup of (G, +). We have (g_0S)R = g_0(SR) ⊆ g_0S. So g_0S is an R-subgroup of G. Let g ∈ G and s ∈ S. Since g_0R = G, g = g_0r for some r ∈ R. So g + g_0s - g = g_0r + g_0s - g_0r = g_0(r + s - r) ∈ g_0S, as S is a normal subgroup of (R, +). Therefore, g_0S is an ideal of the right R-group G and hence g_0S = G. So g_0 is also a generator of the right S-group G. Let K be a non-zero ideal of the right S-group G. Let 0 ≠ y ∈ K. As seen above < yS >_n is a non-zero ideal of the right R-group G and hence < yS >_n = G. Since G = < yS >_n ⊆ K, G = K. Therefore, {0} and G are the only ideals of the right S-group G and hence G is a right S-group of type-0. □

Theorem 3.28. Let G be a right R-group of type-0(e). Suppose that S is an invariant subnear-ring and a right ideal of R. If GS ≠ {0}, then G is also a right S-group of type-0(e).

Proof. Suppose that GS ≠ {0}. By Theorem 3.27, G is a right S-group of type-0. Clearly, G0 = {0}. Let P be the largest ideal of S contained in (0 : G)_S = {s ∈ S | Gs = {0}}. Let 0 ≠ g ∈ G, s_1, s_2 ∈ S and gxs_1 = gxs_2 for all x∈ S. Let r ∈ R. Fix x ∈ S. We have g(rx)s_1 = g(rx)s_2. So gr(xs_1) = gr(xs_2). Since G is a right R-group of type-0(e), by Proposition 3.12, xs_1 - xs_2 ∈ (0 : G) = {r ∈ R | Gr = {0}} which is an ideal of R. Let g_0 be a generator of the right S-group G. Now g_0(xs_1 - xs_2) = 0 and hence g_0xs_1 = g_0xs_2. Since g_0S = G, we have g_0R = G. So g_0rs_1 = g_0rs_2, for all r ∈ R. Since G is a right R-group of type-0(e), by Proposition 3.12, s_1 - s_2 ∈ (0 : G). We have (0 : G)_S = (0 : G) ∩ S is an ideal of S and hence P = (0 : G)_S. Now s_1 - s_2 ∈ (0 : G) ∩ S = P. Therefore, G is a right S-group of type-0(e). □

Corollary 3.29. If R is a right 0(e)-primitive near-ring and I is a nonzero ideal (or a nonzero invariant subnear-ring and a right ideal) of R, then I is a right 0(e)-primitive near-ring.

Corollary 3.30. The class of all right 0(e)-primitive near-rings is hereditary.

Corollary 3.31. The class of all right 0(e)-primitive near-rings is regular.

Theorem 3.32. Suppose that S is an invariant subnear-ring of R. If G is a right S-group of type-0, then G is also a right R-group of type-0.

20 R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . .

Proof. Suppose that G is a right S-group of type-0 and g_0 is a generator. We have that g_0 is distributive over S and g_0S = G. For g ∈ G and r ∈ R, define gr := g_0(sr) if g = g_0s, s ∈ S. We show now that this operation is well defined. Suppose that g = g_0s = g_0t, s, t ∈ S. Let r ∈ R and h := g_0(sr) - g_0(tr). Now hk = (g_0(sr) - g_0(tr))k = g_0((sr)k) - g_0((tr)k) = g_0(s(rk)) - g_0(t(rk)) = g(rk) - g(rk) = 0, for all k ∈ S. Therefore, hS = {0} and hence h = 0, that is, g_0(sr) = g_0(tr). We show that G is a right R-group of type-0. It is clear that G is a right R-group. g_0 = g_0e for some e ∈ S. Now G ⊇ g_0R = g_0(eR) ⊇ g_0(eS) = g_0S = G. So g_0R = G. Let p, q ∈ R and x = g_0(p + q) - (g_0p + g_0q). Then xs = (g_0(p + q) - (g_0p + g_0q))s = (g_0(p + q))s - (g_0p + g_0q)s = g_0(ps + qs) - (g_0ps + g_0qs) = (g_0(ps) + g_0(qs)) - (g_0(ps) + g_0(qs)) = 0, for all s ∈ S. Therefore, x = 0 and hence g_0 is a generator of the right R-group G. It can be easily verified that the action of R on G is an extension of the action of S on G. So, an ideal of the right R-group G is also an ideal of the right S-group G. Since the right S-group G has no non-trivial ideals, the right R-group G also has no non-trivial ideals. Therefore, G is also a right R-group of type-0. □

Theorem 3.33. Let I be an essential left invariant ideal of R. If I is a right 0(e)-primitive near-ring, then R is also a right 0(e)-primitive near-ring.

Proof. Let I be a right 0(e)-primitive near-ring and G be a faithful right I-group of type-0(e). Let r ∈ R. Let g_0 be a generator of the right I-group G. Define gr := g_0(ar) if g = g_0a, a ∈ I. By Theorem 3.32, G is a right R-group of type-0. Suppose that 0 ≠ g ∈ G, r, s ∈ R and gxr = gxs, for all x ∈ R. Fix a ∈ I. Now g((ba)r) = g((ba)s) and hence g(b(ar)) = g(b(as)) for all b ∈ I. Since G is a faithful right I-group of type-0(e), ar - as = 0, that is ar = as. Now ar = as for all a ∈ I. Since I is a right 0(e)-primitive near-ring, by Theorem 3.24, I is an equiprime near-ring. Also, since I is an essential left invariant ideal of R, by Proposition 2.12, we get that R is an equiprime near-ring. Since R is equiprime and ar = as for all a ∈ I and I is a left invariant ideal of R, we get that r = s. So, 0 = r - s ∈ P, P is the largest ideal of R contained in (0 : G) = {r ∈ R | Gr = {0}}. Therefore, G is a right R-group of type-0(e). Let r ∈ (0 : G). Now Gr = 0. So g_0(ar) = 0, for all a ∈ I and hence 0 = g_0((ba)r) = g_0(b(ar)) = (g_0b)ar for all a, b ∈ I. Since g_0I = G, we have G(ar) = 0 for all a ∈ I and hence Ir = 0, as (0 : G)_I = 0. Also, since ar = 0 = a0 for all a ∈ I and I is an invariant subnear-ring of R and R is an equiprime near-ring, we get that r = 0. Therefore, G is a faithful right R-group of type-0(e) and hence R is a right 0(e)-primitive near-ring. □

Theorem 3.34. The class of all right 0(e)-primitive near-rings is closed under essential left invariant extensions.

Remark 3.35. By Proposition 2.13, the class of all equiprime near-rings satisfies condition F_l. So, the class of all right 0(e)-primitive near-rings which is a class of equiprime near-rings also satisfies condition F_l.

By Theorem 2.10, Corollaries 3.26 and 3.31, Theorem 3.34 and Remark 3.35, we get the following:

R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . . 21

Theorem 3.36. Let E be the class of all right 0(e)-primitive near-rings and UE be the upper radical class determined by E. Then UE is a c-hereditary Kurosh- Amitsur radical class in the variety of all near-rings with hereditary semisimple class SUE = E. So, J^r_{0(e)} is a KA-radical in the class of all near-rings and for any ideal I of R, J^r_{0(e)}(I) ⊆ J^r_{0(e)}(R) ∩ I with equality, if I is left invariant.

Corollary 3.37. J^r_{0(e)} is an ideal-hereditary KA-radical in the class of all zerosymmetric near-rings.

Corollary 3.38. J^r_{0(e)} is a special radical in the class of all near-rings.

4. Relations with other radicals

In this section we see the relations of the radical J^r_{0(e)} with other known radicals of near-rings.

P and P_e denote the prime and equiprime radicals of near-rings respectively. In view of Corollary 3.25, we have the following:

Proposition 4.1. Let R be a near-ring. Then P(R) ⊆ P_e(R) ⊆ J^r_{0(e)}(R).

Let (S, +) be a group containing more than two elements. Define a trivial multiplication in S by rs = r if s ≠ 0 and 0 if s = 0 for all r, s ∈ S. Now S is a zero-symmetric right near-ring. Clearly, S is a left S-group of type-2 and hence S is a simple near-ring. Therefore, S is 2-primitive on the left S-group S. So J_2(S) = {0} = P(S). It is clear that S is not equiprime and hence J^r_{0(e)}(R) = P_e(S) = S ≠ {0} = P(S) = J_2(S).

Now we give an example of a centralizer simple near-ring with identity which is an equiprime, right 0(e)-primitive and left 3-primitive near-ring.

Example 4.2. Let G := Z_5 × Z_5, Z_5 is the additive group of integers modulo 5. Define t : G → G by t(x) = 2x. t is an automorphism of the abelian group (G, +), where (a, b) + (c, d) = (a + c, b + d), (a, b), (c, d) ∈ G. Now order of t ∈ Aut G is four. So, A := {I, t, t^2, t^3} is a fixed point free cyclic subgroup of Aut G. By Corollary 7.4 of Veldsman [14], the centralizer near-ring U := C(A, G) = {f ∈ M_0(G) | fs = sf for all s ∈ A} is a simple zero-symmetric near-ring with identity. Moreover, U is equiprime and left 2-primitive. So U is a left 3-primitive near-ring. Clearly, M_1 := Z_5 × {0}, M_2 := {0} × Z_5 and M_3 := {(a, a) | a ∈ Z_5} are the maximal (minimal) subgroups (normal subgroups) of G. Note that t maps M_i onto M_i, i = 1, 2, 3. We show now that K_i := {f ∈ U | f(G) ⊆ M_i}, i = 1, 2, 3 are the maximal right ideals of U. Clearly, K_i is a proper right ideal of U. Let K be a maximal right ideal of U. Let G_K = {x ∈ G | x = f(y), for some f ∈ K, y ∈ G}. Let x, z ∈ G. We get f_1, f_2 ∈ K such that f_1(y_1) = x and f_2(y_2) = z for some y_1, y_2 ∈ G. If y_2 = 0, then z = 0 and hence x - z = x ∈ G_K. Suppose that y_2 ≠ 0. We get h ∈ U such that h(y_2) = y_1 and h = 0 on G \ Ay_2. Now f_1h ∈ K and hence f_1h - f_2 ∈ K. So x - z = f_1(y_1) - f_2(y_2) = (f_1h - f_2)(y_2) ∈ G_K. Therefore, G_K is a (normal) subgroup of G. We show that G_K ≠ G. Suppose that G_K = G.

22 R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . .

Now G \ {0} = ∪^n_i Ab_i for some b_i ∈ G and positive integer n, Ab_i are pair wise disjoint. Since b_i ∈ G_K, we get h_i ∈ K such that b_i = h_i(c_i) for some c_i ∈ G. We also get s_i ∈ U such that c_i = s_i(b_i) and s_i = 0 on G \ Ab_i. Clearly, the identity mapping I of G is given by I = h_1s_1 + h_2s_2 + · · · + h_ns_n ∈ K and that K = U, a contradiction to K ≠ U. Therefore, G_K ≠ G. We get a maximal normal subgroup M of G containing G_K. Now K ⊆ (M : G) = {f ∈ U | f(G) ⊆ M} ≠ U. Since K is maximal, K = (M : G). Now it follows that each K_i is a maximal right ideal of U. We show now that U/K is a right U-group of type-0(e) under the operation (f + K)h := fh + K, f, h ∈ U. Since U has the identity and K is maximal in U, U/K is a right U-group of type-0. Obviously, (U/K)0 = {0}. Let I ≠ v ∈ A and let d ∈ G \ M. We show that d - v(d) ∉ M. We get a normal subgroup N of G such that G = M + N and M ∩ N = {0}. Note that v(M) = M and v(N) = N. Let d = m_1 + n_1 and v(d) = m_2 + n_2, m_1, m_2, ∈ M and n_1, n_2 ∈ N. If d - v(d) ∈ M, then n_1 - n_2 ∈ N ∩ M = {0} and hence n_1 = n_2. Since m_2 + n_2 = v(d) = v(m_1 + n_1) = v(m_1) + v(n_1) = v(m_1) + v(n_2), we have n_2 = v(n_2), a contradiction to the fact that v is fixed point free and n_2 ≠ 0. Therefore, d - v(d) ∉ M. Since U is simple, {0} is the largest ideal of U contained in (0 : U/K) = {f ∈ U | Uf ⊆ K}. Let q ∈ U \ K, r, s ∈ U and qfr - qfs ∈ K for all f ∈ U. Now q(w) ∉ M for some w ∈ G. Suppose that r ≠ s. We get e ∈ G such that r(e) ≠ s(e). Let r(e) ≠ 0. Suppose that s(e) ∉ Ar(e). Define f_0 on G by f_0(r(e)) = w and f_0 = 0 on G \ Ar(e). Clearly, f_0 ∈ U. Now (qf_0r - qf_0s)(e) = q(w) ∉ M, a contradiction. Assume now that s(e) ∈ Ar(e), that is, s(e) = v(r(e)) for some v ∈ A. Now (qf_0r - qf_0s)(e) = q(w) - v(q(w)) ∉ M, a contradiction. Therefore, r = s and U/K is a right U-group of type-0(e). Hence U is a right 0(e)-primitive near-ring.

Proposition 4.3. Let G be a finite group and A be a fixed point free cyclic subgroup of Aut G. Suppose that for each maximal normal subgroup M of G there is an element a_M ∈ G \ M and I ≠ t ∈ A such that s(a_M ) - s(t(a_M )) ∈ M for all s ∈ A. Then the simple left 3-primitive near-ring C(A, G) is a J^r_{0(e)}-radical near-ring with identity.

Proof. We have that U := C(A, G) is a simple near-ring with identity. Let T be a right U-group of type-0(e). Now T is U-isomorphic to U/K for some maximal right ideal K of U. By the same arguments used in Example 4.2 one can easily get that K = (M : G) = {f ∈ U | f(G) ⊆ M} for some maximal normal subgroup M of G. By our assumption we get a_M ∈ G \ M and I ≠ t ∈ A such that s(a_M ) - s(t(a_M )) ∈ M for all s ∈ A. Define h_1 on G by h_1(a_M ) = a_M and h_1 = 0 on G \ Aa_M . Also define h_2(a_M ) = t(a_M ) and h_2 = 0 on G \ Aa_M . Now h_1, h_2 ∈ U \ K. Now (h_1fh_1 - h_1fh_2)(s(a_M )) = s(p(a_M )) - s(p(t(a_M ))) if f(a_M ) = p(a_M ) for some p ∈ A and 0 if f(a_M ) ∈ G \ Aa_M . Therefore, h_1fh_1 - h_1fh_2 ∈ K for all f ∈ U, but h_1 - h_2 ∉ {0} which is the largest ideal of U contained in (0 : U/K). This is a contradiction to the fact that U/K is a right U-group of type-0(e). Therefore, U has no right U-group of type-0(e) and hence U is a J^r_{0(e)}-radical near-ring. □

Acknowledgments. The authors thank the referee for his valuable suggestions.

R. S. Rao et al.: Hereditary Right Jacobson Radical of type-0(e) . . . 23

The first author would like to thank the Management of the Siddhartha Academy of General and Technical Education, Vijayawada, for providing necessary facilities.

References

[1] Booth, G. L.; Groenewald, N. J.; Veldsman, S.: A Kurosh-Amitsur prime radical for near-rings. Commun. Algebra 18(9) (1990), 3111–3122. Zbl 0706.16025 [2] Booth, G. L.; Groenewald, N. J.: Special radicals of near-rings. Math. Jap.

37(4) (1992), 701–706. Zbl 0770.16017 [3] Kaarli, K.: On Jacobson type radicals of near-rings. Acta Math. Hung. 50 (1987), 71–78. Zbl 0644.16027 [4] Pilz, G.: Near-rings. Revised edition. North-Holland, Amsterdam 1983. Zbl 0521.16028 [5] Srinivasa Rao, R.: On near-rings with matrix units. Quaest. Math. 17(3) (1994), 321–332. Zbl 0818.16034 [6] Srinivasa Rao, R.: Wedderburn-Artin theorem analogue for near-rings. Southeast Asian Bull. Math. 27(5) (2004), 915–922. Zbl 1086.16030 [7] Srinivasa Rao, R.; Siva Prasad, K.: A radical for right near-rings: the right Jacobson radical of type-0. Int. J. Math. Math. Sci. 2006(16) (2006), 1–13. Zbl 1133.16034 [8] Srinivasa Rao, R.; Siva Prasad, K.: Two more radicals for right near-rings:

the right Jacobson radicals of type-1 and 2. Kyungpook Math. J. 46(4) (2006), 603–613. Zbl 1122.16037 [9] Srinivasa Rao, R.; Siva Prasad, K.: A radical for right near-rings: the right Jacobson radical of type-s. Southeast Asian Bull. Math. (to appear).

[10] Srinivasa Rao, R.; Siva Prasad, K.: Right semisimple right near-rings. (submitted).

[11] Srinivasa Rao, R.; Siva Prasad, K.; Sinivas, T.: Kurosh-Amitsur right Jacobson radical of type-0 for right near-rings. (submitted).

[12] Srinivasa Rao, R.; Siva Prasad, K.; Sinivas, T.: Kurosh-Amitsur right Jacobson radicals of type-1 and 2 for right near-rings. Result. Math. (to appear).

[13] Veldsman, S.: Modulo-constant ideal-hereditary radicals of near-rings.

Quaest. Math. 11 (1988), 253–278. Zbl 0656.16017 [14] Veldsman, S.: On equiprime near-rings. Commun. Algebra 20(9) (1992), 2569–2587. Zbl 0795.16034

Received September 23, 2007